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THE ¢-RACAH-KRALL-TYPE POLYNOMIALS

R. ALVAREZ-NODARSE AND R. SEVINIK ADIGUZEL

ABSTRACT. In this paper the Krall-type polynomials obtained via the addition of two
mass points to the weight function of the standard ¢-Racah polynomials are introduced.
Several algebraic properties of these polynomials are obtained and some of their limit
cases are discussed.

1. INTRODUCTION

In the last decades the study of the discrete analogues of the classical special functions
and, in particular, the orthogonal polynomials, has received an increasing interest (for a
review see [2 (16, [14]). Special emphasis was given to the g-analogues of the orthogonal
polynomials or g-polynomials, which are closely related with different topics in other fields
of actual science: Mathematics and Physics (see e.g., [3| [, [14] 17, 18] and references
therein). One of the possible extensions of the classical polynomials are the so-called
Krall-type polynomials.

The Krall-type polynomials are polynomials which are orthogonal with respect to a
linear functional u obtained from a quasi-definite functional u : P — C (P, denotes the
space of complex polynomials with complex coefficients) via the addition of delta Dirac
measures. In the last years the study of such polynomials have attracted an increasing
interest with a special emphasis on the case when the starting functional u is a classical
continuous, discrete or ¢ linear functional (for more details see [7] and references therein).
These kind of polynomials appear as eigenfunctions of a fourth order linear differential
operator with polynomial coefficients that do not depend on the degree of the polynomials.
They were firstly considered by Krall in 1940 (see e.g. [13, chapter XV]) and further studied
by several authors (for more details see [7] and references therein). For the case of the
discrete lattice A. Duran has discovered very recently [10] [IT] a method for obtaining the
orthogonal polynomials satisfying higher order differential and difference equations.

In two recent papers [7, [§] a general theory of the Krall-type polynomials on non-uniform
lattices was developed. In fact, in [7, 8] the authors studied the polynomials ﬁn(s)q which
are orthogonal with respect to the linear functionals U = u + Zévzl A0z, defined on the
g-quadratic lattice x(s) = ¢1¢°+cog™*+c3. For these polynomials the following expression
have been found [7, Eq. (13)]
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provided that the sequence of monic polynomials (ﬁn)n exist. Here, (P,), are the polyno-
mials orthogonal with respect to u, A; € C and K,,(z,y) are the n-th reproducing kernels
given by the Christoffel-Darboux formula

n

Ko(s1,82) = 3 Pi(51)qPk(52)q _ n Prt1(s1)qPu(s2)q = Pri1(s2)ePn(s1)q.

a2 a2 x(s1) — x(s2)

k=0

Moreover, in [7], we have studied the modifications of the non-standard g-Racah polyno-
mials defined on the lattice z(s) = [s]q[s + 1], [6 14], where [s], denotes the symmetric
g-numbers [s], = (¢*/2 — ¢~%/%)/(¢"/* — ¢~/?), whereas in [§] we developed the theory for
the Askey-Wilson-Krall polynomials. Here, in this paper we will consider the “standard”
(or classical) g-Racah-Krall polynomials defined on the lattice z(s) = ¢~* + ¢ V¢® in-
troduced in [9] (see also [16l page 422]). For doing that we will follow the general results
obtained in [7, section 2, 3.

The structure of the paper is as follows. In Section 2, the standard g¢-Racah-Krall
polynomials are introduced and all their main characteristics are studied in detail. Finally
in Section 3, some important limit cases are considered.

2. STANDARD ¢-RACAH-KRALL POLYNOMIALS

In this section, we study the standard g-Racah-Krall polynomials, i.e., the polynomials
obtained from the standard g-Racah polynomials Rﬁ’ﬁ (s)q via the addition of two mass
points. In the following we follow the notations introduced in [7].

2.1. Preliminaries. The standard g-Racah R%’B(s)q = R, (x(s),a, 8,7, 0d|q) are polyno-
mials on the g-quadratic lattice x(s) = ¢~ + dy¢**! introduced in [9] (see also the more
recent book [16], page 422]). They are defined by the following basic series (for properties

of basic series see [12])
(aBq" L)y aq, g, vq q’q> ’

where z(s) = ¢~° + dv¢*t!, and aqg = ¢V, Bdq¢ = ¢V, v¢ = ¢V, N, a nonnegative
integer. Their main data can be found in table [l Notice from (2) that we have

(2)  Ru(x(s),a,8,7,6lq) =

(g, B4, 7q; )n < ¢ " B g8, 6ygttt

N

(g, BOG, Y5 @)n
(@B q)n

R?{’ﬁ(O)q = Rn(x(O),OZ,,B,'Y,(HQ) =

and R%’B(N)q = Rn(l'(N),Oé,B,’Y,(S‘Q)

g N, By g N, 67 g N g),

REP(N), = (g L ifag=gq ",
64,5~ agi)
Rz,ﬁ N). = §* (q ,BQa ) n, if _ ,N,
( )q (OZ,BQHJFI;C])” 7q q
—-N 571 7104 —N. n )
R%’B(N)q — (/8_17)” (q 7/BQ7 v q 7Q) if ,85(] _ q—N.

(aBq" T q)n ’
We also need the following identity for the standard ¢-Racah polynomials which follows
from [7, Eq. (7)]

(3) R (8)g = ©(s5,n)RYP (5)q + E(s,n) RSP (s + 1),

n—1
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TABLE 1. Main data of the monic g-Racah polynomials

[ Pa(®) || Rale(s)a.By.0la), a(s) =q* +ovg"t | Au(s) =g *(1—6y¢>*2)(g~! — 1)
(a,b) [0, N]
o(s) (aB)™* (a8 lqg7 o 1y0q, B71vq,6q;9)0 (874, aq, BSq, a5 q)s
(@712 —q/2) (@187 1y,a716, 871, v0¢% @)oo (a, ™ 16vq, B~ 1vq,6q; q)s
o(s) 622N (q1/2 —q71/2)2¢7 25 (¢* — 1)(¢® — 6 1) (¢® — By 1) (¢ — sy 1)
B(s) (¢/% —q71/2)2¢725(1 — ag* 1) (1 — Bog*+1) (1 — yg*+1)(1 — 6yg°+)
. o P (10— g™ ) (1 = BogH)(1 =71 = byg ) — (570)2 (" — 1)
T(S
x(g° = 571)(g* = B 1)(g* — s~y )]
© —q " (q"/? - q_l/Q){(l — aBg®" T )z(s + ) +q /2 [(1 —aq"TH(1 = Bég" 1)1 — vq" )
TnlS
~( (1 - apg )|}
1
An —¢ " 2(1—¢")(1 - aBg" )
2 (1 — aBq)(8vq)" (g, Béq,vq,q,qeBv~ L, 0671 q, Bg; q)n
" (1 — apg?ntl) (aBq, aBg™tL, aBq™ L q)n
(1 —ag" (1 —aBg" (A — Bég"TH(1 — ¢
8 e (1 = aB 1) (1 — afig+2)
" _ad—gM)(A —Bg") (v — aBg™)(6 — oq™)
(1 —aBg®?)(1 — afg?ntl)
” (1 —ag™)(d —aBg™)(1 = Bég™)(1 —v¢") q(1 —¢")(A — Bg")(y — aBq")(0 — aq™)
" (1 —aBg®=1)(1 — afe®™) (1 —aBg®™)(1 — afg? 1)
1
@y, = an q—n+ 2 (q71/2 q1/2)(1 - a6q2n+l)
. 19y (1—aBq"Th) " CA— n
sl /241/2(g1/2 _ 1/2)7(1 ) {1 = aBe®™+2)a(s + J)ta 2 [(1 =g
x(1— BAq"H1)(1 — g™+ — (1+59g" 1) (1 — B 2)[ |
~ _ 1
Bn(s) Ba(s) —q " 3(q"/2 — q=V/2)(1 — ¢M)(1 — aBg" (1 — 5y tY)
where
O(s,n) = —Z(s,n) + (L—afg™ )1 —apg™)”

)
(1 —aqm)(1 —aBq™)(1 - Bog™)(1 —~vg™)(1 —q™)(1 — Bqm)
1 )

—-s _ _ s+1 (1 B aqn+1 (1 _ aﬂq"+l)
o ey o | e G R Rl 7oy ooy
s oty ontty . 90— a1 = Bg")(y — aBg") (6 — aq”)
A L B (e P T
N (1—aBg® (1 — apg™™)?

(1 —aqm)(1 —aBq™)(1 = B3g™)(1 —vg™)(1 — ¢™)(1 — Bg™) (v — aBg™)

1 {qn/g (1—aBg™™) {(1 _ aﬁqQ"H)xn(s) T qfn/Q [(1 _ aqn+1)

8 (6 —aqm) (1 - afg?+2)

x (1= B6g" ™) (1 —vg" ") — (14 6v¢" ) (1 — aﬁq2”+2)] } —q *(1—q")

x (1—aBg" ™)1 - 57(123“)},
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g (1 - aBe* (1 - apg”)? (1 — ag®t)
(1= ag™)(1 —aBq)(1 = Bog™)(1 —vq™)(1 — q")(1 — Bq™)
L (L= B0 (1 — g~ *)(1 — dyg™" )
(v — aBq) (6 — aqn)(1 — dyg>+2)

2(s,n) = —

2.2. The case of two mass point. Let us now consider the modification of the stan-
dard g-Racah polynomials defined in (2]). Let u be the functional with respect to which
the standard g-Racah polynomials (2]) are orthogonal. Then we study the orthogonal
polynomials that are orthogonal with respect to the following linear functional u = u +
Ad(xz(s) — x(0)) + BI(z(s) — x(N)). In other words, the g-Racah-Krall polynomials,
Rf{’ﬁ’A’B(s)q = R;?’B(x(s), a, 3,7, 0|q) satisfying the following orthogonality relation

N
@) Z R%’@A’B(s)ngi@A’B(S)qP(s)Ax(s -1/2) + AR%’@A’B(O)qR%B’A’B(O)q
s=0

+ BRYPAB(N) REPAB(N), = 6, d?

where p is the standard g-Racah weight function (see table[I] (as in [7] we have chosen p(s)
to be a probability measure). From [7, Egs. (31)-(32)] it follows that

(1+ BKYP (N, N) R (0), — BKS”, (0, N) Ry (N),

Ry PP (0), = ,

(5) . g 8 5 (0.) 8 p
pedaB gy — “AKG (N O R (0)g + (14 ARG (0,0) B (N)g
! ’%gfl(ovN) 7

A(RgP(0)g)* {1 + BER Y (N, N)} + B(Ry P (N),)*{1 + AK; ", (0,0)}

n

&2 =d>+

" " H%fl (0’ N)
2ABRg(0) Ry " (V)oK (0, N)
K (0,N) ’
where
o KB (s,1) = 1+ AKS (s, 5) + BKSA(1,1)
6

+ AB {K5 (s, )K5 (t.1) — (K5 (s,0) }

where K37 (s, 1) are the kernels K3 (s, ) = Y7, Rg’ﬁ(s)ng’ﬁ(t)q/dQ, and d? denotes
the squared norm of the n-th standard ¢-Racah polynomials (see table [I). Notice that
VA,B > 0 and a # b, K%’B(a, b) > 0. Thus, by the Proposition 1 in [7] the polynomials
Rﬁ’ﬁ’A’B(s)q are well defined for all values A, B > 0.

Remark 1. If A, B are in general complex numbers then, according to Proposition 1 in [1],

in order that there exists a sequence of orthogonal polynomials ( ﬁ’ﬁ’A’B(s)q) the condition

ﬁg;ﬁl(O, N) # 0, where k%P (0, N) is defined in (@), should be hold for alln € N, A, B € C.

n—1
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Representation formulas for RS ’A’B(s)q. Let us now obtain some explicit formulas

for the g-Racah-Krall polynomials. The first formula follows from [7, Eq. (29)] (see also
(@) from above)

(7) Rﬁ’ﬁ’A’B(S)q = Rz’ﬁ(s)q - AR%’B’A’B(O)qKzﬁ(S’ 0) - BRgﬁ’A’B(N)qKS:’—Bl(S’ N)
where
VRzﬂ(S)q

Va(s)
(0yq) " (1 = aBg™)(1 — bvg* ™) (aBq, aBg" 5 @)1

(1 —aBq)(1 = dvg*+1)(q, By q, a6 q, Bg; @)n—1
©) 085 m) _@*(0) " (B, aBg™ T @)1 (@® — 1) (¢ — 07

(1 —aBq)(1 - dvyg*+?)
=By (e —adT iy
(¢, By g, 67 q, B @)1’

(8) K5 (5,0) = 557 (5,n) R, (5)4 + 525" (s,7m)

%g’ﬁ(s,n) =

and
ARzﬁ(s)q

Ax(s)
28 (s, ) == aBg") (1 — 60" ) (0fg, B0 )1
N (1—aB)(1—0d¢%)(B~16" g™, aq, BSq,q,B7 1 q;q)n—1
B ()T (1 = agt (1 = BT (1 — vt T (1 = Syt
N (e m) = (1— aBq)(1 — 6yg>+2)

(aBq, aB¢" 5 @)1

(B-167 g™, aq, Boq, ¢, By ¢ @)n1’
Inserting (§)) and (I0) into the formula (7)) one finds the 1st representation formula

(10) K (5, N) = 55%(s,n) R, (8)g + 725 (s, )

— %) VRa7ﬁ
Ry P48 (s)y = BB (s)g + Als,n) Ry (s)g + Bs, ”)%()S)q
T\Ss
(11) n
+T(s.m AF )
’ Ax(s)
with

Z(S’ ’I’L) == AR2’67A’B(O)Q%(?,6(S’ n) - BR2’67A’B(N)Q%JO\{;[3(S’ ’I’L),

B(s,n) =— AR%’B’A’B(O)q?g’B(s,n), C(s,n) = —BRg’ﬁ’A’B(N)q%?\;ﬁ(s,n),

where Rﬁ’ﬁ’A’B(O)q and Rﬁ’ﬁ’A’B(N)q are given in (). Notice that Rﬁ’ﬁ’A’B(s)q defined in

(@) is a polynomial of degree n in x(s). However, it is not easy to see that R ’A’B(s)

Ry 5)q is
a polynomial of degree n in z(s) by the formula (II]) since the functions A, B and C as
well as VRz;ﬁl(s)q/Vx(s) and ARz;ﬁl(s)q/Aaz(s) in (I are not, in general, polynomials
in z(s).

The 2nd representation formula of the g-Racah-Krall polynomials follows from [, section
3, (17)] and has the following form

(12) qﬁ(s)Rf{’ﬁ’A’B(s)q = A(s, n)Rf{’ﬁ(s)q + B(s, n)Ri’_ﬁl(s)q,
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¢(s) = (1 —vg" M g®) (1 — 69" ) (q* = 1) (g 5 —q V),

Als,n) = é(s) - d2 AR OB O0)(a - a0 = 090" )
(13) +BR$:ﬂ’AvB<N>qR§f1< )o(1 = 5va ) (g™ = 1)},
Bls,n) = o ARZ#AB(0), R 0), (a7 —a~)(1 — 570V )

-1
+ BRYPAP(N) RN, (1= g ) (g™ = 1) },

where RYP45(0), and RYP4P(N), are given in (). Note that the functions ¢(s) and
A(s,n) are polynomials of degree 2 in x(s) and B(s,n) is 1st degree polynomial in z(s).
Therefore it is obvious from the right hand side of the formula (I2]) that (ﬁ(s)Rﬁ’B ’A’B(s)q
is a polynomial of degree n + 2 in z(s).

Another representation formula for the g-Racah-Krall polynomials may be obtained by
putting the relation (B) into (I2])

O(5)RYPAP(s), = als; ) REP()y + b(sim) R (s + 1),

where a(s;n) = A(s;n) + B(s;n)O(s;n), b(s;n) = B(s;n)=(s;n), and A, B and O, = are
given by (I3) and (@), respectively.

We note that from Proposition 3 in [7] it follows that the polynomials RYP ’A’B(s)q
satisfy a second order linear difference equation where the coefficients can be computed
explicitly. Since the expression is large enough we will omit them here.

Finally, by use of [7, Eq (33), section 3] one can obtain the TTRR for RP ’A’B(s)q
’ A B el HagrEs) ~ ) 7A7B
w(s) By NP (5)g = RGP (), + BuB P (), + B (),

with the following coefficients

« Q, a,B,A, o

E :ﬂ _A Rn’B7AB( ) Rn—ﬂl(o)q Rn—i-Bl B( )an’B(O)q
dy d,
« Q, a,B,A, a

4 _p (RMAB( N)oFai(N)y Ryt quﬂN)q)

dn 1 dn 7
T = L+ ARSAE A@BAB _ AR%’ﬁ’A’B(O)qR?{’ﬁ(O)q+BR${’[3’A’B(N)¢1R${’§(N)¢1
S T e A d2 7,

where we use the notations defined in Eqgs. (5.

Representation of Rf{’ﬁ’A’B(s)q in terms of basic series. Let us now introduce the

representation of Rﬁ’ﬁ ’A’B(s)q in terms of the basic hypergeometric series. To this end, we

substitute (2)) into the formula (I2)) which leads to

aBAB, (@ @)n1(80¢ Q) n-1(7¢ Q)1
(b(S)Rn (S)q - ((X,Bq q)n 1
— (7", B¢, q%,6v¢* @)k I,
Z% (g, BoG, V4, q; ) (@),
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where ¢(s), A(s,n) and B(s,n) are given in ([3]) and

n n n n+k —n+k
(kY = As L= @™ = 85¢") (1 —7g")(A —aBg"™) o (1—g ")
(15) A (1= apg? 1)1~ afg>") e
= {oB A9 5+ Bl 0,
where
= A(s,n)vﬂ%’ﬁ’é’7 + B(s,n)

A(s,n)aBg05 ™ + B(s,n)g
gassn _ (L= aq")(1 = Boq")(1 —7q")(1 —g¢ ")
" (1 —apfg* 1)1 - aBg®™) '

Moreover, by use of the identity (¢* — ¢*)(¢ %;¢)x = (1 — ¢*)(¢*~%;q) we arrive at the
following representation
q, Q> )

-n nog=s § s+1 . 1-37
1 04,6714,3 :Da’ﬁ’ﬁl q I CV/Bq 9 q 9 ’Yq Y q
( 6) (b(s)Rn (s)q n (8)5()04 Ocq,ﬁ5q,'yq,q*51

where
DIBP(s) = (agq; @)n-1(89g; O)n—1(7¢; O)n—1 (1— g™
(aBq™; @)n—1
n,.qa,B3,0,y -n
X = {A(s, n)afq" I, + B(s,n)q }

Remark 2. Notice that qﬁ(s)Rﬁ’ﬁ’A’B(s)q in (18) is a polynomial of degree n+ 2 in xz(s).
To see that formula (I8) gives a polynomial of degree n+2 it is sufficient to notice that the
function 11y defined in {I3) is a polynomial of degree 2 in x(s) since A(s,n) and B(s,n)
defined in (I3) are polynomials of degree 2 and 1 in x(s), respectively.

Finally let us mention that the direct substitution of (2]) into (I2) leads to the following
representation formula

— +1 ,,—s s+1
a,BAB( _ B, q ", aBq" g%, 6vq
¢(S)Rn (S)q A(Svn)An 403 ( aq,ﬁ5q,7q q,q
q, q) ,

—n+1 aﬁqn q—s 5,}/qs+1
+B s, Aaf,&’y q ) ) 9
(5:m) A7 e aq, 884,74

where

posBoa _ (24804, 7¢: 0)n
" (aBq™; q)n
2.3. The case of one mass point. In this section we introduce the standard g-Racah
polynomials but with one mass point at the value s = 0. All the formulas follow by

replacing B = 0 into the ones in section For example the first representation formula
of R%’B’A(s)q is produced by inserting B = 0 into ([ITI),

) ) o — VRY(s)
Rnﬁ’A(S)q - anﬁ(s)q + A(Sa n)RnLﬁl (S)q + B(S’ H)W’

where

A(s,n) = —ARYPA(0),55%(s,n), B(s,n) = —ARY»40),323 (s,n),
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and

o R (0)
(17) Rnﬂ’A(O)q = a,f 1
1+ AK;"(0,0)

in which ¢ P(s,n) and ?3’5 (s,n) are defined in (@), respectively. Moreover, the second
representation formula follows by evaluating (I2]) for B =0

$(5)RYPA(5)g = A(s: )R (s)g + B(s;n) R, (5)q,
where ¢(s) = (¢~ = 1)(1 = dyg*t),

(18 Alsn) = 0l = 5

A
d2

n—1

RyPA0), R (00, Blsin) = Ry (0)gRyP(0),,

and R>7? ’A(O)q is given in ([I7). Finally, the third representation formula follows by use of
the same idea

(19) d(s)RYPA(5)q = als;n) Ry (s)g + b(s;n) Ry P (s + 1),

where a(s;n) = A(s;n) + B(s;n)O(s;n) and b(s;n) = B(s;n)=(s;n), and A, B and O,
= are given by (I8]) and (B]), respectively. Notice that, as for two mass points case, from
the above representation formula (I9) the second order difference equation for RYP ’A(s)q

follows [11 [7].

Furthermore, one can obtain the coefficients of the TTRR by replacing B = 0 into (14
as the following

a,B3,A a, a,3,A a,
/g — B —A R"B (O)an—ﬁl(o)q - Rnfl (O)an 5(0)(1
o dy_ d3 ’
~ ARt e ARYT0), R0,
Vn_fynl—l—Az’_ﬁiA’ n - d%

Notice that putting B = 0 in the basic series representation formulas (6] we obtain the
corresponding basic series representations for the g-Racah-Krall polynomials Rﬁ’ﬁ ’A(S)q.

2.4. Some limit cases. We first consider the modification of standard dual g-Hahn poly-
nomials defined on the lattice z(s) = ¢=* + vd¢**! by

B 7n’ 73’ 5 s+1
R (2(5),7:6, Nla) = (¢, 74; )z ( Eod T g q>,
q 74
that are related with the g-Racah polynomials by the expression [16]
(20) éii% RYP(5)y = Ru(s),-

In order to obtain the modification of standard dual g-Hahn polynomials by adding
two mass points at the end of the interval of orthogonality, i.e., R ’B(s)q satisfying the
orthogonality relation

N
(21) > RP(5)g R (s)ap(s)An(s — 1/2) + ARF (0)g R (0)g
s=0

+ BR;?’B(N)quéL’B(N)q = 5n7mdv121-
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where .
o(s) = ¢V~ B (g™ (6a:a)n (va, 700,45 q)s
(=7)*(1 = v9q)(q~1/% = ¢'/2) (vda*; q)n (4, 694N +2,6q:¢)s
Using the same procedure as before it follows that

Rf’B(O)q _ (1 + BK,_1(N, N))f:_((l)zg,N])BKnﬂO, N)Rn(N)q,

= AK,_1(N,0)R,, (0)g + (1 + AKy,—1(0,0)) R (N)g

N Kn—1(0,N) ’

A(Rn(0)g)*{1 + BK,—1(N, N)} +B(Rn(N)y)* {1+ AK,,—1(0,0)}
Rnp—1 (0, N)

2ABR,,(0),Rn(N),K,,—1(0,N)

B fin—1(0,N) '

Rf’B(N)q

2 =d>+

In the above formulas
Km(8,1) = 1+ AK, (8, 8) + BKpn (1) + AB {Kp (s, 8)K(t, 1) — (K (s,1))}
Kin(s,t) = Y0 g Ru(8)gRn(t)g/d2, and d? denote m-th Kernel and the norm of the stan-
dard dual g-Hahn polynomials
dy = (v69)" (0,64, 74,47 @)
If we now fix ag = ¢~ in the orthogonality relation for the standard ¢-Racah polyno-

mials (@) and take the limit 8 — 0, then using (20) we obtain the orthogonality relation
(1), and therefore, it is straightforward to see that

. A A
lim RSB (), = R (),

N

Thus, all properties of the modified dual ¢-Hahn polynomials Rfl‘ ’B(s)q can be obtained
from the corresponding properties of the modified g-Racah polynomials Rﬁ’ﬁ ’A’B(s)q by
taking the appropriate limit.

To conclude this paper we discuss two other important limit cases of the ¢-Racah-Krall

1 a767AyB

polynomials R, (s)q-

The first one is when we take the limit ¢ — 1. In fact, as ¢ — 1 in ([2) we recover the
Racah polynomials in the quadratic lattice z(s) = s(s+~v + 0 + 1) [16], i.e.,

lim Ry, (¢7° + 0vq"™, ¢, 0°,0",4°)qg = Ru(s(s + v+ 6 +1),a,8,7,6),
q

where
och1)n(ﬂ+5+1)n(’y+1)n><
(a+p+n+1),
4F3< —n,a+pf+n+1,—s,s+y+d+1 1>
a+1,84+0+1,v+1 :

Straightforward calculations show that all the properties of the standard ¢-Racah polyno-

R?(s) =4

mials Rﬁ’ﬁ (s)q becomes into the properties of the standard Racah ones. In particular, we
have the following limit relation

lim RSP (g7 + yg )y = Ry PP (s(s + 94+ + 1)),
where RS ’A’B(s(s + 0 + v+ 1)) denotes the modification of the Racah polynomials by
adding two delta Dirac masses at the points 0 and N. Thus, taking appropriate limits one
can construct the analogue of the Askey Tableau but for the Krall type polynomials.
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Another important family of Krall-type polynomials are the so called ¢g-Hahn-Krall
tableau of orthogonal polynomials considered in [5,[7]. In order to obtain it first of all notice
that the standard g-Racah polynomials are defined on the lattice z(s) = ¢1¢° + c2¢™* + ¢3
where ¢; = vdq, co = 1 and ¢3 = 0. Then, making the transformation q‘s*Nx(s) = cru(s),
a=v,=u vq¢—q¢ " and § — ¢° in @) and then taking the limit ¢° — 0 by use of
the identity [2]

k—1

(0% k(@ k=~ = T [E£%£:£§A*q*%(qf*%A%q*i’%)}
1=0
we obtaln
5 0 v
(22) CrRo((s), . B,7,8lg) = B (u(s); Nlq),

—S

where hf” (u(s); N|q) are the g-Hahn polynomials on the lattice u(s) = ¢

. —N. -n n+1
vq;q q 3 q , vV s S
( In )n@2<q 224 N()'q,q>’

htY (u(s); N|q) := _

and C), := 1. Then we get the g-Hahn-Krall polynomials by use of the above limit relation
and the property that

5 5
(23) CLROP(0) T2 1 (u(0); Nlg)  CuREP(N) 2 hi? (u(N); Nlg),
and

Cd2 U0 T = (—g)rg®)-n (¢ 1q,vq, N, prg" % @)n
(1% @)on (g™t q)n

)

where di and Ei denote the norms for the standard ¢-Racah and the g-Hahn polynomials,
respectively. The following limit relation for the kernels of the standard g-Racah and
g-Hahn polynomials are introduced by applying the aforesaid transformation

" CpRYP(51),CLREP (s 550
K (s, 59) 1= 3 P 00O (o) oo
k=0 k7k

— hy" (x(31); Nlg)hy " (2(52); Nlg)
D = -
k=0 dy,
Therefore, as a result of the limit relations defined by ([22]), ([23]), and (24]) and the formula
by (), we obtain that

lim CpRy» 4P (s)g = R (u(s); Nlg) = by P (s)q,

q@—0

(24)

where C),, = 1. In other words, we obtain the ¢-Hahn-Krall polynomials on the lattice
w(s) = q¢~* which satisfy the orthogonality relation

N
D A (s) bl P (5)4p(s) A (s — §) + Ahfy P (0)ghtn P (0),
s=0

v v =2 _
+ Bhiy ’A7B(N)qh% ’A7B(N)q = Onmdy, H(s)=q 7,

where p is the weight function of the g-Hahn polynomials [16l page 445].
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