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THE q-RACAH-KRALL-TYPE POLYNOMIALS

R. ÁLVAREZ-NODARSE AND R. SEVINIK ADIGÜZEL

Abstract. In this paper the Krall-type polynomials obtained via the addition of two
mass points to the weight function of the standard q-Racah polynomials are introduced.
Several algebraic properties of these polynomials are obtained and some of their limit
cases are discussed.

1. Introduction

In the last decades the study of the discrete analogues of the classical special functions
and, in particular, the orthogonal polynomials, has received an increasing interest (for a
review see [2, 16, 14]). Special emphasis was given to the q-analogues of the orthogonal
polynomials or q-polynomials, which are closely related with different topics in other fields
of actual science: Mathematics and Physics (see e.g., [3, 4, 14, 17, 18] and references
therein). One of the possible extensions of the classical polynomials are the so-called
Krall-type polynomials.

The Krall-type polynomials are polynomials which are orthogonal with respect to a
linear functional ũ obtained from a quasi-definite functional u : P 7→ C (P, denotes the
space of complex polynomials with complex coefficients) via the addition of delta Dirac
measures. In the last years the study of such polynomials have attracted an increasing
interest with a special emphasis on the case when the starting functional u is a classical
continuous, discrete or q linear functional (for more details see [7] and references therein).
These kind of polynomials appear as eigenfunctions of a fourth order linear differential
operator with polynomial coefficients that do not depend on the degree of the polynomials.
They were firstly considered by Krall in 1940 (see e.g. [13, chapter XV]) and further studied
by several authors (for more details see [7] and references therein). For the case of the
discrete lattice A. Durán has discovered very recently [10, 11] a method for obtaining the
orthogonal polynomials satisfying higher order differential and difference equations.

In two recent papers [7, 8] a general theory of the Krall-type polynomials on non-uniform

lattices was developed. In fact, in [7, 8] the authors studied the polynomials P̃n(s)q which

are orthogonal with respect to the linear functionals ũ = u +
∑N

k=1Akδxk
defined on the

q-quadratic lattice x(s) = c1q
s+c2q

−s+c3. For these polynomials the following expression
have been found [7, Eq. (13)]

(1) P̃n(s)q = Pn(s)q −

M∑

i=1

AiP̃n(ai)qKn−1(s, ai),
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2 R. ÁLVAREZ-NODARSE AND R. SEVINIK ADIGÜZEL

provided that the sequence of monic polynomials (P̃n)n exist. Here, (Pn)n are the polyno-
mials orthogonal with respect to u, Ai ∈ C and Kn(x, y) are the n-th reproducing kernels
given by the Christoffel-Darboux formula

Kn(s1, s2) :=

n∑

k=0

Pk(s1)qPk(s2)q
d2k

=
αn

d2n

Pn+1(s1)qPn(s2)q − Pn+1(s2)qPn(s1)q
x(s1)− x(s2)

.

Moreover, in [7], we have studied the modifications of the non-standard q-Racah polyno-
mials defined on the lattice x(s) = [s]q[s + 1]q [6, 14], where [s]q denotes the symmetric

q-numbers [s]q = (qs/2 − q−s/2)/(q1/2 − q−1/2), whereas in [8] we developed the theory for
the Askey-Wilson-Krall polynomials. Here, in this paper we will consider the “standard”
(or classical) q-Racah-Krall polynomials defined on the lattice x(s) = q−s + δq−Nqs in-
troduced in [9] (see also [16, page 422]). For doing that we will follow the general results
obtained in [7, section 2, 3].

The structure of the paper is as follows. In Section 2, the standard q-Racah-Krall
polynomials are introduced and all their main characteristics are studied in detail. Finally
in Section 3, some important limit cases are considered.

2. Standard q-Racah-Krall polynomials

In this section, we study the standard q-Racah-Krall polynomials, i.e., the polynomials

obtained from the standard q-Racah polynomials Rα,β
n (s)q via the addition of two mass

points. In the following we follow the notations introduced in [7].

2.1. Preliminaries. The standard q-Racah Rα,β
n (s)q := Rn(x(s), α, β, γ, δ|q) are polyno-

mials on the q-quadratic lattice x(s) = q−s + δγqs+1 introduced in [9] (see also the more
recent book [16, page 422]). They are defined by the following basic series (for properties
of basic series see [12])

Rn(x(s), α, β, γ, δ|q) =
(αq, βδq, γq; q)n
(αβqn+1; q)n

4ϕ3

(
q−n, αβqn+1, q−s, δγqs+1

αq, βδq, γq

∣∣∣∣q; q
)
,(2)

where x(s) = q−s + δγqs+1, and αq = q−N , βδq = q−N , γq = q−N , N , a nonnegative
integer. Their main data can be found in table 1. Notice from (2) that we have

Rα,β
n (0)q := Rn(x(0), α, β, γ, δ|q) =

(αq, βδq, γq; q)n
(αβqn+1; q)n

,

and Rα,β
n (N)q := Rn(x(N), α, β, γ, δ|q)

Rα,β
n (N)q = (δγqN+1)n

(q−N , βγ−1q−N , δ−1q−N ; q)n
(βqn−N ; q)n

, if αq = q−N ,

Rα,β
n (N)q = δn

(q−N , βq, δ−1αq; q)n
(αβqn+1; q)n

, if γq = q−N ,

Rα,β
n (N)q = (β−1γ)n

(q−N , βq, δ−1γ−1αq−N ; q)n
(αβqn+1; q)n

, if βδq = q−N .

We also need the following identity for the standard q-Racah polynomials which follows
from [7, Eq. (7)]

(3) Rα,β
n−1(s)q = Θ(s, n)Rα,β

n (s)q + Ξ(s, n)Rα,β
n (s+ 1)q,
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Table 1. Main data of the monic q-Racah polynomials

Pn(s) Rn(x(s), α, β, γ, δ|q) , x(s) = q−s + δγqs+1 , ∆x(s) = q−s(1− δγq2s+2)(q−1 − 1)

(a, b) [0, N ]

ρ(s)
(αβ)−s

(q−1/2 − q1/2)

(α−1β−1q−1, α−1γδq, β−1γq, δq; q)∞

(α−1β−1γ, α−1δ, β−1, γδq2; q)∞

(δγq, αq, βδq, γq; q)s

(q, α−1δγq, β−1γq, δq; q)s

σ(s) δ2q−2N (q1/2 − q−1/2)2q−2s(qs − 1)(qs − δ−1)(qs − βγ−1)(qs − αδ−1γ−1)

Φ(s) (q1/2 − q−1/2)2q−2s(1 − αqs+1)(1 − βδqs+1)(1 − γqs+1)(1 − δγqs+1)

τ(s)

(q−1/2
−q1/2)q−s

(1−γδq2s+1)

[
(1− αqs+1)(1 − βδqs+1)(1 − γqs+1)(1 − δγqs+1)− (δγq)2(qs − 1)

×(qs − δ−1)(qs − βγ−1)(qs − αδ−1γ−1)
]

τn(s)
−q−n(q1/2 − q−1/2)

{
(1− αβq2n+2)x(s+ n

2
) + q−n/2

[
(1 − αqn+1)(1 − βδqn+1)(1 − γqn+1)

−(1 + δγqn+1)(1− αβq2n+2)
]}

λn −q−n+
1
2 (1− qn)(1 − αβqn+1)

d2n
(1− αβq)(δγq)n

(1 − αβq2n+1)

(αq, βδq, γq, q, qαβγ−1, αδ−1q, βq; q)n

(αβq, αβqn+1, αβqn+1; q)n

βn

1 + δγq −
(1 − αqn+1)(1 − αβqn+1)(1 − βδqn+1)(1 − γqn+1)

(1− αβq2n+1)(1 − αβq2n+2)

−
q(1 − qn)(1 − βqn)(γ − αβqn)(δ − αqn)

(1− αβq2n)(1 − αβq2n+1)

γn
(1 − αqn)(1 − αβqn)(1 − βδqn)(1 − γqn)

(1 − αβq2n−1)(1 − αβq2n)

q(1 − qn)(1 − βqn)(γ − αβqn)(δ − αqn)

(1− αβq2n)(1 − αβq2n+1)

αn = α̂n q−n+
1
2 (q−1/2 − q1/2)(1 − αβq2n+1)

βn(s)
q−n/2+1/2(q1/2 − q−1/2)

(1− αβqn+1)

(1 − αβq2n+2)

{
(1 − αβq2n+2)x(s+

n

2
) + q−n/2

[
(1 − αqn+1)

×(1− βδqn+1)(1 − γqn+1)− (1 + δγqn+1)(1 − αβq2n+2)
]}

β̂n(s) βn(s)− q−s−n+
1
2 (q1/2 − q−1/2)(1 − qn)(1 − αβqn+1)(1 − δγq2s+1)

where

Θ(s, n) = −Ξ(s, n) +
(1− αβq2n−1)(1− αβq2n)2

(1− αqn)(1− αβqn)(1− βδqn)(1− γqn)(1− qn)(1− βqn)

×
1

(γ − αβqn)(δ − αqn)

[

(q−s
− 1)(1− δγq

s+1) +
(1− αqn+1)(1− αβqn+1)

(1− αβq2n+1)(1− αβq2n+2)

× (1− βδq
n+1)(1− γq

n+1) +
q(1− qn)(1− βqn)(γ − αβqn)(δ − αqn)

(1− αβq2n)(1− αβq2n+1)

]

−
(1− αβq2n−1)(1− αβq2n)2

(1− αqn)(1− αβqn)(1− βδqn)(1− γqn)(1− qn)(1− βqn)(γ − αβqn)

×
1

(δ − αqn)

{

q
n/2 (1− αβqn+1)

(1− αβq2n+2)

{

(1− αβq
2n+2)xn(s) + q

−n/2
[

(1− αq
n+1)

× (1− βδq
n+1)(1− γq

n+1)− (1 + δγq
n+1)(1− αβq

2n+2)
]}

− q
−s(1− q

n)

× (1− αβq
n+1)(1− δγq

2s+1)

}

,
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Ξ(s, n) = −
q−s−1+n(1− αβq2n−1)(1− αβq2n)2(1− αqs+1)

(1− αqn)(1− αβqn)(1− βδqn)(1− γqn)(1− qn)(1− βqn)

×
(1− βδqs+1)(1− q−N+s)(1− δγqs+1)

(γ − αβqn)(δ − αqn)(1− δγq2s+2)
.

2.2. The case of two mass point. Let us now consider the modification of the stan-
dard q-Racah polynomials defined in (2). Let u be the functional with respect to which
the standard q-Racah polynomials (2) are orthogonal. Then we study the orthogonal
polynomials that are orthogonal with respect to the following linear functional ũ = u +
Aδ(x(s) − x(0)) + Bδ(x(s) − x(N)). In other words, the q-Racah-Krall polynomials,

Rα,β,A,B
n (s)q := RA,B

n (x(s), α, β, γ, δ|q) satisfying the following orthogonality relation

N∑

s=0

Rα,β,A,B
n (s)qR

α,β,A,B
m (s)qρ(s)∆x(s− 1/2) +ARα,β,A,B

n (0)qR
α,β,A,B
m (0)q

+BRα,β,A,B
n (N)qR

α,β,A,B
m (N)q = δn,md̃2n,

(4)

where ρ is the standard q-Racah weight function (see table 1 (as in [7] we have chosen ρ(s)
to be a probability measure). From [7, Eqs. (31)-(32)] it follows that

(5)

Rα,β,A,B
n (0)q =

(1 +BKα,β
n−1(N,N))Rα,β

n (0)q −BKα,β
n−1(0, N)Rα,β

n (N)q

κα,βn−1(0, N)
,

Rα,β,A,B
n (N)q =

−AKα,β
n−1(N, 0)Rα,β

n (0)q + (1 +AKα,β
n−1(0, 0))R

α,β
n (N)q

κα,βn−1(0, N)
,

d̃2n = d2n+
A(Rα,β

n (0)q)
2{1 +BKα,β

n−1(N,N)}+ B(Rα,β
n (N)q)

2{1 +AKα,β
n−1(0, 0)}

κα,β
n−1(0, N)

−
2ABRα,β

n (0)qR
α,β
n (N)qK

α,β
n−1(0, N)

κα,β
n−1(0, N)

,

where

κα,βm (s, t) = 1 +AKα,β
m (s, s) +BKα,β

m (t, t)

+AB
{
Kα,β

m (s, s)Kα,β
m (t, t)− (Kα,β

m (s, t))2
}
,

(6)

where Kα,β
m (s, t) are the kernels Kα,β

m (s, t) =
∑m

k=0R
α,β
k (s)qR

α,β
k (t)q/d

2
k, and d2n denotes

the squared norm of the n-th standard q-Racah polynomials (see table 1). Notice that

∀A,B > 0 and a 6= b, Kα,β
m (a, b) > 0. Thus, by the Proposition 1 in [7] the polynomials

Rα,β,A,B
n (s)q are well defined for all values A,B > 0.

Remark 1. If A,B are in general complex numbers then, according to Proposition 1 in [7],

in order that there exists a sequence of orthogonal polynomials (Rα,β,A,B
n (s)q) the condition

κα,βn−1(0, N) 6= 0, where κα,βn−1(0, N) is defined in (6), should be hold for all n ∈ N, A,B ∈ C.
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Representation formulas for Rα,β,A,B
n (s)q. Let us now obtain some explicit formulas

for the q-Racah-Krall polynomials. The first formula follows from [7, Eq. (29)] (see also
(1) from above)

Rα,β,A,B
n (s)q = Rα,β

n (s)q −ARα,β,A,B
n (0)qK

α,β
n−1(s, 0)−BRα,β,A,B

n (N)qK
α,β
n−1(s,N)(7)

where

(8) Kα,β
n−1(s, 0) = κ

α,β
0 (s, n)Rα,β

n−1(s)q + κ
α,β
0 (s, n)

∇Rα,β
n−1(s)q

∇x(s)
,

κ
α,β
0 (s, n) =

(δγq)−n+1(1− αβqn)(1 − δγqs+n)(αβq, αβqn+1; q)n−1

(1− αβq)(1 − δγqs+1)(q, αβγ−1q, αδ−1q, βq; q)n−1
,

κ
α,β
0 (s, n) =

q2−s(δγ)−n+3(αβq, αβqn+1; q)n−1(q
s − 1)(qs − δ−1)

(1− αβq)(1 − δγq2s+2)

×
(qs − βγ−1)(qs − αδ−1γ−1)

(q, αβγ−1q, αδ−1q, βq; q)n−1
,

(9)

and

(10) Kα,β
n−1(s,N) = κ

α,β
N (s, n)Rα,β

n−1(s)q + κ
α,β
N (s, n)

∆Rα,β
n−1(s)q

∆x(s)
,

κ
α,β
N (s, n) =

(γ)−n+1(1− αβqn)(1− δqs−n+1)(αβq, αβqn+1; q)n−1

(1− αβ)(1 − δqs)(β−1δ−1q−n, αq, βδq, q, αβγ−1q; q)n−1
,

κ
α,β
N (s, n) =

(γ)−n+1q−s(1− αqs+1)(1− βδqs+1)(1− γqs+1)(1− δγqs+1)

(1− αβq)(1 − δγq2s+2)

×
(αβq, αβqn+1; q)n−1

(β−1δ−1q−n, αq, βδq, q, αβγ−1q; q)n−1
.

Inserting (8) and (10) into the formula (7) one finds the 1st representation formula

Rα,β,A,B
n (s)q = Rα,β

n (s)q +A(s, n)Rα,β
n−1(s)q +B(s, n)

∇Rα,β
n−1(s)q

∇x(s)

+ C(s, n)
∆Rα,β

n−1(s)q

∆x(s)

(11)

with

A(s, n) =−ARα,β,A,B
n (0)qκ

α,β
0 (s, n)−BRα,β,A,B

n (N)qκ
α,β
N (s, n),

B(s, n) =−ARα,β,A,B
n (0)qκ

α,β
0 (s, n), C(s, n) = −BRα,β,A,B

n (N)qκ
α,β
N (s, n),

where Rα,β,A,B
n (0)q and Rα,β,A,B

n (N)q are given in (5). Notice that Rα,β,A,B
n (s)q defined in

(7) is a polynomial of degree n in x(s). However, it is not easy to see that Rα,β,A,B
n (s)q is

a polynomial of degree n in x(s) by the formula (11) since the functions A, B and C as

well as ∇Rα,β
n−1(s)q/∇x(s) and ∆Rα,β

n−1(s)q/∆x(s) in (11) are not, in general, polynomials
in x(s).

The 2nd representation formula of the q-Racah-Krall polynomials follows from [7, section
3, (17)] and has the following form

(12) φ(s)Rα,β,A,B
n (s)q = A(s, n)Rα,β

n (s)q +B(s, n)Rα,β
n−1(s)q,
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φ(s) = (1− δγqN+1qs)(1− δγqs+1)(q−s − 1)(q−s − q−N ),

A(s, n) = φ(s)−
1

d2n−1

{
ARα,β,A,B

n (0)qR
α,β
n−1(0)q(q

−s − q−N )(1− δγqN+1qs)

+BRα,β,A,B
n (N)qR

α,β
n−1(N)q(1− δγqs+1)(q−s − 1)

}
,

B(s, n) =
1

d2n−1

{
ARα,β,A,B

n (0)qR
α,β
n (0)q(q

−s − q−N )(1− δγqN+1qs)

+BRα,β,A,B
n (N)qR

α,β
n (N)q(1− δγqs+1)(q−s − 1)

}
,

(13)

where Rα,β,A,B
n (0)q and Rα,β,A,B

n (N)q are given in (5). Note that the functions φ(s) and
A(s, n) are polynomials of degree 2 in x(s) and B(s, n) is 1st degree polynomial in x(s).

Therefore it is obvious from the right hand side of the formula (12) that φ(s)Rα,β,A,B
n (s)q

is a polynomial of degree n+ 2 in x(s).
Another representation formula for the q-Racah-Krall polynomials may be obtained by

putting the relation (3) into (12)

φ(s)Rα,β,A,B
n (s)q = a(s;n)Rα,β

n (s)q + b(s;n)Rα,β
n (s+ 1)q,

where a(s;n) = A(s;n) +B(s;n)Θ(s;n), b(s;n) = B(s;n)Ξ(s;n), and A, B and Θ, Ξ are
given by (13) and (3), respectively.

We note that from Proposition 3 in [7] it follows that the polynomials Rα,β,A,B
n (s)q

satisfy a second order linear difference equation where the coefficients can be computed
explicitly. Since the expression is large enough we will omit them here.

Finally, by use of [7, Eq (33), section 3] one can obtain the TTRR for Rα,β,A,B
n (s)q

x(s)Rα,β,A,B
n (s)q = Rα,β,A,B

n+1 (s)q + β̃nR
α,β,A,B
n (s)q + γ̃nR

α,β,A,B
n−1 (s)q

with the following coefficients

β̃n = βn −A

(
Rα,β,A,B

n (0)qR
α,β
n−1(0)q

d2n−1

−
Rα,β,A,B

n+1 (0)qR
α,β
n (0)q

d2n

)

−B

(
Rα,β,A,B

n (N)qR
α,β
n−1(N)q

d2n−1

−
Rα,β,A,B

n+1 (N)qR
α,β
n (N)q

d2n

)
,

γ̃n = γn
1+∆α,β,A,B

n

1+∆α,β,A,B
n−1

, ∆α,β,A,B
n =

ARα,β,A,B
n (0)qR

α,β
n (0)q

d2n
+
BRα,β,A,B

n (N)qR
α,β
n (N)q

d2n

(14)

where we use the notations defined in Eqs. (5).

Representation of Rα,β,A,B
n (s)q in terms of basic series. Let us now introduce the

representation of Rα,β,A,B
n (s)q in terms of the basic hypergeometric series. To this end, we

substitute (2) into the formula (12) which leads to

φ(s)Rα,β,A,B
n (s)q =

(αq; q)n−1(βδq; q)n−1(γq; q)n−1

(αβqn; q)n−1
×

∞∑

k=0

(q−n, αβqn, q−s, δγqs+1; q)k
(αq, βδq, γq, q; q)k

qkΠ1(q
k),
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where φ(s), A(s, n) and B(s, n) are given in (13) and

Π1(q
k) = A(s, n)

(1− αqn)(1 − βδqn)(1− γqn)(1− αβqn+k)

(1− αβq2n−1)(1− αβq2n)
+B(s, n)

(1− q−n+k)

(1− q−n)

= −
1

1− q−n

{
αβqnA(s, n)ϑα,β,δ,γ

n +B(s, n)q−n
}
(qk − qβ1),

(15)

where

qβ1 =
A(s, n)ϑα,β,δ,γ

n +B(s, n)

A(s, n)αβqnϑα,β,δ,γ
n +B(s, n)q−n

,

ϑα,β,δ,γ
n =

(1− αqn)(1− βδqn)(1 − γqn)(1 − q−n)

(1− αβq2n−1)(1− αβq2n)
.

Moreover, by use of the identity (qk − qz)(q−z ; q)k = (1 − qz)(q1−z; q)k we arrive at the
following representation

φ(s)Rα,β,A,B
n (s)q =Dα,β,β1

n (s)5ϕ4

(
q−n, αβqn, q−s, δγqs+1, q1−β1

αq, βδq, γq, q−β1

∣∣∣∣q, q
)
,(16)

where

Dα,β,β1
n (s) = −

(αq; q)n−1(βδq; q)n−1(γq; q)n−1

(αβqn; q)n−1
(1− qβ1)

×
1

1− q−n

{
A(s, n)αβqnϑα,β,δ,γ

n +B(s, n)q−n
}
.

Remark 2. Notice that φ(s)Rα,β,A,B
n (s)q in (16) is a polynomial of degree n+ 2 in x(s).

To see that formula (16) gives a polynomial of degree n+2 it is sufficient to notice that the
function Π1 defined in (15) is a polynomial of degree 2 in x(s) since A(s, n) and B(s, n)
defined in (13) are polynomials of degree 2 and 1 in x(s), respectively.

Finally let us mention that the direct substitution of (2) into (12) leads to the following
representation formula

φ(s)Rα,β,A,B
n (s)q = A(s, n)Λα,β,δ,γ

n 4ϕ3

(
q−n, αβqn+1, q−s, δγqs+1

αq, βδq, γq

∣∣∣∣ q , q
)

+B(s, n)Λα,β,δ,γ
n−1 4ϕ3

(
q−n+1, αβqn, q−s, δγqs+1

αq, βδq, γq

∣∣∣∣ q , q
)
,

where

Λα,β,δ,γ
n =

(αq, βδq, γq; q)n
(αβqn; q)n

.

2.3. The case of one mass point. In this section we introduce the standard q-Racah
polynomials but with one mass point at the value s = 0. All the formulas follow by
replacing B = 0 into the ones in section 2.2. For example the first representation formula

of Rα,β,A
n (s)q is produced by inserting B = 0 into (11),

Rα,β,A
n (s)q = Rα,β

n (s)q +A(s, n)Rα,β
n−1(s)q +B(s, n)

∇Rα,β
n−1(s)q

∇x(s)
,

where

A(s, n) = −ARα,β,A
n (0)qκ

α,β
0 (s, n), B(s, n) = −ARα,β,A

n (0)qκ
α,β
0 (s, n),
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and

(17) Rα,β,A
n (0)q =

Rα,β
n (0)q

1 +AKα,β
n−1(0, 0)

in which κ
α,β
0 (s, n) and κ

α,β
0 (s, n) are defined in (9), respectively. Moreover, the second

representation formula follows by evaluating (12) for B = 0

φ(s)Rα,β,A
n (s)q = A(s;n)Rα,β

n (s)q +B(s;n)Rα,β
n−1(s)q,

where φ(s) = (q−s − 1)(1 − δγqs+1),

A(s, n) = φ(s)−
A

d2n−1

Rα,β,A
n (0)qR

α,β
n−1(0)q, B(s, n) =

A

d2n−1

Rα,β,A
n (0)qR

α,β
n (0)q,(18)

and Rα,β,A
n (0)q is given in (17). Finally, the third representation formula follows by use of

the same idea

(19) φ(s)Rα,β,A
n (s)q = a(s;n)Rα,β

n (s)q + b(s;n)Rα,β
n (s+ 1)q,

where a(s;n) = A(s;n) + B(s;n)Θ(s;n) and b(s;n) = B(s;n)Ξ(s;n), and A, B and Θ,
Ξ are given by (18) and (3), respectively. Notice that, as for two mass points case, from

the above representation formula (19) the second order difference equation for Rα,β,A
n (s)q

follows [1, 7].
Furthermore, one can obtain the coefficients of the TTRR by replacing B = 0 into (14)

as the following

β̃n = βn −A

(
Rα,β,A

n (0)qR
α,β
n−1(0)q

d2n−1

−
Rα,β,A

n+1 (0)qR
α,β
n (0)q

d2n

)
,

γ̃n = γn
1 + ∆α,β,A

n

1 + ∆α,β,A
n−1

, ∆α,β,A
n =

ARα,β,A
n (0)qR

α,β
n (0)q

d2n
.

Notice that putting B = 0 in the basic series representation formulas (16) we obtain the

corresponding basic series representations for the q-Racah-Krall polynomials Rα,β,A
n (s)q.

2.4. Some limit cases. We first consider the modification of standard dual q-Hahn poly-
nomials defined on the lattice x(s) = q−s + γδqs+1 by

Rn(x(s), γ, δ,N |q) = (q−N , γq; q)n3ϕ2

(
q−n, q−s, δγqs+1

q−N , γq

∣∣∣∣q; q
)
,

that are related with the q-Racah polynomials by the expression [16]

(20) lim
β→0

Rα,β
n (s)q = Rn(s)q.

In order to obtain the modification of standard dual q-Hahn polynomials by adding

two mass points at the end of the interval of orthogonality, i.e., RA,B
n (s)q satisfying the

orthogonality relation

N∑

s=0

RA,B
n (s)qR

A,B
m (s)qρ(s)∆x(s− 1/2) +ARA,B

n (0)qR
A,B
m (0)q

+BRA,B
n (N)qR

A,B
m (N)q = δn,md̃2n.

(21)
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where

ρ(s) =
qNs−(s2)(γq)N

(−γ)s(1− γδq)(q−1/2 − q1/2)

(δq; q)N
(γδq2; q)N

(γq, γδq, q−N ; q)s
(q, δγqN+2, δq; q)s

.

Using the same procedure as before it follows that

RA,B
n (0)q =

(1 +BKn−1(N,N))Rn(0)q −BKn−1(0, N)Rn(N)q
κn−1(0, N)

,

RA,B
n (N)q =

−AKn−1(N, 0)Rn(0)q + (1 +AKn−1(0, 0))Rn(N)q
κn−1(0, N)

,

d̃2n = d2n+
A(Rn(0)q)

2{1 +BKn−1(N,N)}+B(Rn(N)q)
2{1+AKn−1(0, 0)}

κn−1(0, N)

−
2ABRn(0)qRn(N)qKn−1(0, N)

κn−1(0, N)
.

In the above formulas

κm(s, t) = 1 +AKm(s, s) +BKm(t, t) +AB
{
Km(s, s)Km(t, t)− (Km(s, t))2

}
,

Km(s, t) =
∑m

k=0Rn(s)qRn(t)q/d
2
k, and d2n denote m-th Kernel and the norm of the stan-

dard dual q-Hahn polynomials

d2n = (γδq)n(q, δ−1q−N , γq, q−N ; q)n.

If we now fix αq = q−N in the orthogonality relation for the standard q-Racah polyno-
mials (4) and take the limit β → 0, then using (20) we obtain the orthogonality relation
(21), and therefore, it is straightforward to see that

lim
β→0

Rα,β,A,B
n (s)q = RA,B

n (s)q.

Thus, all properties of the modified dual q-Hahn polynomials RA,B
n (s)q can be obtained

from the corresponding properties of the modified q-Racah polynomials Rα,β,A,B
n (s)q by

taking the appropriate limit.
To conclude this paper we discuss two other important limit cases of the q-Racah-Krall

polynomials Rα,β,A,B
n (s)q.

The first one is when we take the limit q → 1. In fact, as q → 1 in (2) we recover the
Racah polynomials in the quadratic lattice x(s) = s(s+ γ + δ + 1) [16], i.e.,

lim
q→1

Rn(q
−s + δγqs+1, qα, qβ , qγ , qδ)q = Rn(s(s+ γ + δ + 1), α, β, γ, δ),

where

Rα,β
n (s) =

(α+ 1)n(β + δ + 1)n(γ + 1)n
(α+ β + n+ 1)n

×

4F3

(
−n, α+ β + n+ 1,−s, s+ γ + δ + 1

α+ 1, β + δ + 1, γ + 1

∣∣∣∣ 1
)
.

Straightforward calculations show that all the properties of the standard q-Racah polyno-

mials Rα,β
n (s)q becomes into the properties of the standard Racah ones. In particular, we

have the following limit relation

lim
q→1

Rα,β,A,B
n (q−s + δγqs+1)q = Rα,β,A,B

n (s(s + δ + γ + 1)),

where Rα,β,A,B
n (s(s + δ + γ + 1)) denotes the modification of the Racah polynomials by

adding two delta Dirac masses at the points 0 and N . Thus, taking appropriate limits one
can construct the analogue of the Askey Tableau but for the Krall type polynomials.
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Another important family of Krall-type polynomials are the so called q-Hahn-Krall
tableau of orthogonal polynomials considered in [5, 7]. In order to obtain it first of all notice
that the standard q-Racah polynomials are defined on the lattice x(s) = c1q

s + c2q
−s + c3

where c1 = γδq, c2 = 1 and c3 = 0. Then, making the transformation qδ−Nx(s) = c1µ(s),
α = ν, β = µ, γq → q−N and δ → qδ in (2) and then taking the limit qδ → 0 by use of
the identity [2]

(q−s; q)k(q
s+ζ ; q)k=(−1)kqk(ζ+

k−1

2
)
k−1∏

i=0

[x(s)−c3
c1

− q−
ζ
2 (qi+

ζ
2 + q−i−

ζ
2 )
]
,

we obtain

(22) CnRn(x(s), α, β, γ, δ|q)
qδ→0
−→ hµ,νn (µ(s);N |q),

where hµ,νn (µ(s);N |q) are the q-Hahn polynomials on the lattice µ(s) = q−s

hµ,νn (µ(s);N |q) :=
(νq; q)n(q

−N ; q)n
(µνqn+1; q)n

3ϕ2

(
q−n, µνqn+1, µ(s)

νq, q−N

∣∣∣∣ q , q
)
,

and Cn := 1. Then we get the q-Hahn-Krall polynomials by use of the above limit relation
and the property that

(23) CnR
α,β
n (0)

qδ→0
−→ hµ,νn (µ(0);N |q) CnR

α,β
n (N)

qδ→0
−→ hµ,νn (µ(N);N |q),

and

Ckd
2
k

qδ→0
−→ d

2
k = (−νq)nq(

n
2 )−Nn (q, µq, νq, q

−N , µνqN+2; q)n
(µνq2; q)2n(µνqn+1; q)n

,

where dk and d
2
k denote the norms for the standard q-Racah and the q-Hahn polynomials,

respectively. The following limit relation for the kernels of the standard q-Racah and
q-Hahn polynomials are introduced by applying the aforesaid transformation

Kα,β
n (s1, s2) :=

n∑

k=0

CkR
α,β
k (s1)qCkR

α,β
k (s2)q

C2
kd

2
k

qδ→0
−→

n∑

k=0

hµ,νk (x(s1);N |q)hµ,νk (x(s2);N |q)

d
2
k

:= Kµ,ν
n (s1, s2).

(24)

Therefore, as a result of the limit relations defined by (22), (23), and (24) and the formula
by (7), we obtain that

lim
qa→0

CnR
α,β,A,B
n (s)q = hµ,ν,A,B

n (µ(s);N |q) := hµ,ν,A,B
n (s)q,

where Cn = 1. In other words, we obtain the q-Hahn-Krall polynomials on the lattice
µ(s) = q−s which satisfy the orthogonality relation

N∑

s=0

hµ,ν,A,B
n (s)qh

µ,ν,A,B
m (s)qρ(s)∆x(s− 1

2) +Ahµ,ν,A,B
n (0)qh

µ,ν,A,B
m (0)q

+Bhµ,ν,A,B
n (N)qh

µ,ν,A,B
m (N)q = δn,md

2
k, µ(s) = q−s,

where ρ is the weight function of the q-Hahn polynomials [16, page 445].
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Galdeano. Universidad de Zaragoza. Vol. 26. Prensas Universitarias de Zaragoza, Zaragoza, Spain,
2003. (In Spanish).
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[7] R. Álvarez-Nodarse, R. Sevinik Adıgüzel, On the Krall type polynomials on q-quadratic lattices,
Indagationes Mathematicae 21 (2011), 181-203.
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