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Abstract. In this paper we present a local result on the existence of insensitizing controls
for a semilinear heat equation when nonlinear boundary conditions of the form 9,y + f(y) = 0
are considered. The problem leads to an analysis of a special type of nonlinear null controllability
problem. A sharp study of the linear case and a later application of an appropriate fixed point
argument constitute the scheme of the proof of the main result. The boundary conditions we are
dealing with lead us to seek a fixed point, and thus also control functions, in certain Holder spaces.
The main strategy in this paper is the construction of controls with Hélderian regularity starting
from L2-controls in the linear case. Sufficient regularity in the data and appropriate assumptions on
the right-hand side term £ of the equation are required.
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1. Statement of the problem and main result. Let Q@ ¢ RY be, with N > 1,
a bounded domain with boundary 99 of at least class C?. Let w and O be nonempty
open subsets of Q. For T' > 0, we denote by @ the cylinder 2 x (0,7) and by ¥ its
lateral boundary 92 x (0,7"). We consider a semilinear heat equation with nonlinear
boundary conditions of Fourier type and partially known initial data:

Oy — Ay + F(y) =& +vl, inQ,
(1.1) Oy + fy) =0 on X,
y(x,0) = yo(z) + 7go(z) in €,

where F and f are given C' functions defined on R; & and yo are, respectively, a
known heat source and a given initial datum, both regular enough; 7 is an unknown
small real number; and o is unknown in an appropriate Banach space X «— L?(Q)
(the embedding being continuous and dense), with ||go||x = 1. Here, v = v(x,t) is
a control function to be determined, 1, is the characteristic function of the set w,
0; denotes the time derivative, and 0,, represents the derivation with respect to the
outward unit normal to ).
Let us define

1
(1.2) )= [ e tino)Pded,
2 ) Joxo,m)

y = y(-,-;7,v) being a solution of (1.1) (associated to 7 and v) defined in (0,7, if
one exists. In this paper we analyze the existence of control functions that make
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the functional ® locally insensitive to small perturbations in the initial condition. A
possible physical interpretation of this problem would be the following. The function
y = y(x,t) can be viewed as the relative temperature of a body (with respect to the
exterior surrounding air). The semilinear parabolic equation in (1.1) means that there
is a fixed heat source £ acting on the body and that we can also act on a small part w
of the body by means of a heat source v1,,. On the boundary, —g—z can be viewed as
the normal heat fluz, directed inward, up to a positive coefficient. Thus, the equality

% _

~on fy)

means that this flux is a (nonlinear) function of the temperature. The problem with
insensitizing ® means that we are seeking a control function acting on w such that the
energy in O is invariant for small perturbations in the initial data. A natural physical
hypothesis would be to suppose that f is nondecreasing with f(0) = 0. Throughout
this paper, we will assume no special behavior on the increasing of f.

By reasons that will be seen later, in this work we will slightly change the usual
notion of insensitizing controls (see [1], [4], [10], [11]), which is equivalent to the usual
one in the linear case.

DEFINITION 1.1. A control function v is said to insensitize ® if there exists 79 > 0
such that system (1.1) admits a weak solution y(-,-;7,v) € L?(0,T; H(Q)) N C(Q)
for |1 < 19 and if the following insensitivity condition holds:

8(1)(2/(, 5T, 'U))

(1.3) =

=0 Vo € X with ||golx = 1,
7=0

where X = C?TA(Q) N HE(Q).

By a weak solution of (1.1) (associated to 7 and v) we will define a function (if
one exists) y = y(-,;7,0) € L%0,T; HY(Q)) N C°(Q), with 9,y € L*(0,T; H1(2)),
such that

(Owy(t),w) (1 )y, m1 () + /Q Vy(t) - Vudz + /Q F(y(®)udr + (y(t)udo

BQf
= /(5(t)+v(t)1w)uda: in L2(0,T) Yue H'Y(Q),
Q

y(0) = yo + 7 Jo-

Insensitivity problems were originally introduced by J.-L. Lions in [10] and were
first studied for semilinear heat equations with globally Lipschitz-continuous non-
linearities F = F(y) and Dirichlet boundary conditions. In [1], the existence of
the so-called e-insensitizing controls for partially known data in both the initial and
boundary conditions is proved. In [11] it is shown that one cannot expect the existence
of insensitizing controls for every yo € L%(2) when Q\ @ # 0, even if F = 0. In addi-
tion, for yy = 0 and suitable assumptions on the source term &, de Teresa proves the
existence of insensitizing controls (see Theorem 1 in [11]). This last result is extended
in [2] and [3] to nonlinearities with certain superlinear growth at infinity. It is also
generalized in [4] to the case of a heat equation with a nonlinear term involving the
state y and its gradient. In [4], the authors also present an insensitivity result for a
semilinear heat equation with a nonlinear term F(y) and linear boundary conditions
of Fourier type. In the present paper, we prove a local result on the existence of in-
sensitizing controls for system (1.1), which is, to our knowledge, the first insensitivity
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result in the literature for a semilinear heat equation with nonlinear Fourier boundary
conditions. In the framework of the controllability, both approximate and null con-
trollability of the classical heat equation with nonlinear Fourier boundary conditions
are analyzed in [5].

Before stating the main result in this paper, let us introduce the following nota-
tion. For p € [1,00] and any Banach space Y, || - ||Lr(y) will denote the norm in the
space LP(0,T;Y"). For simplicity, the norm in LP(Q) will be represented by || - ||» for
p € [1,00), || - |loc Will stand for the norm in L*°(Q), and || - || oc;x Will denote the norm
in L>°(X). For r € (2,00) and any open set V C RY, we introduce the Banach space

X"(0,T;V) = {ue L"(0,T; W>"(V)) : due L"(0,T;L"(V))},
with its natural norm
lullxro,7v) = lullLrwar vy + 10wl e v))-
On the other hand, for 3 € (0,1) and u € C°(Q), we define the quantity

u(z, ) — u(a’, 1) u(z, ) — u(z, t')|
] |z —a'|P 2 it—|5

We will consider the space C%3(Q) = {u € C°(Q) : [u] 5 5 < oo}, which is a Banach
i)

space with its natural norm |ulz s 5 = |lullc + [ulg 5. We will also consider the

Banach spaces defined by

CH@#(@) = {u € C’Q): g—u € C’ﬁ’g(@) Vi, sup u(z, t) — u(z, )] < oo} )

z; q -

T

i@ = fue @ P e @) viawe @),

and

Lg

348 %57 () = {U €C’@Q): g—u € CHPITE(Q) Vi, Oy € CHﬁ’l;ﬁ(Q)} ’

with norms denoted by | - |n+ﬁ,%‘*;§7 n = 1,2,3. The Banach space formed by the

restrictions to 3 of the functions in C"+5: "5 (Q) will be represented by C"*5 32 ()
and its norm by | - |n+ﬁ’#;§. Finally, we shall write | - |,, 5 to denote the norm in
C*+P(Q), and the norm in the space L2(0,T; H'(2))NC([0, T]; L?(2)) will be denoted
by || - lz2caryne(r2)-

The main goal in this paper is to prove the following local insensitivity result for
system (1.1).

THEOREM 1.2. Assume that 00 € C3F° for some B € (0,1), wN O # 0,
and yo = 0. Let F,f € C3(R) verify F(0) = f(0) = 0. Then, there exist two
positive constants M and n (depending on Q, w, O, T, F, and f) such that, for any

¢ e C’B’%(@) satisfying
exp </;;l)§

<,
L2

(1.4) €ls,85 +
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one can find a control function v € P (Q) that insensitizes the functional ® defined
by (1.2).

It is of interest to notice that the explicit way the constant M depends on T and
F can be known (see Remark 1).

As usual in insensitivity problems, the insensitivity condition (1.3) leads us to
analyze a nonstandard nonlinear null controllability problem. In the case under con-
sideration, the following holds.

PRrROPOSITION 1.3. If there exists a control function v insensitizing the functional
O given by (1.2), then this control v solves the null controllability problem

0y — Ay + F(y) =&+vl, inQ,
(1.5) WY+ fH) =0 on3,
¥(z,0) = yo(x) inQ,

=0 — Aq+ F'(Y)g=7lo inQ,
(1.6) g+ f'(¥)g=0 onX,
q(z, T)=0 inQ,

(1.7) q(z,0)=0 in Q.

Furthermore, if a control function v solves (1.5)—(1.7) and there exists 19 > 0 such
that (1.1) admits a weak solution y(-,-;T,v) € L*(0,T; H (Q)) N C°(Q) for || < 7o,
then v s insensitizing the functional ®.

Proof. We reason as in [10] and [1]. Assume the existence of a control v insen-
sitizing the functional ® given by (1.2) in the sense of Definition 1.1. Then, system
(1.5) admits a weak solution y(-, ;7,v) € L?(0,T; H1()) N C°(Q) for all || < 7o, for
some 79 > 0. The derivative of ®(y(-,-; 7,v)) with respect to 7 at 7 = 0 is given by

0P (y(-,57,0)) :// 5(a, )10 yr (. 1) dz dt,
=0 Q

where 7 = y(-,:0,v) € C°(@) and y, = 20

or

is the solution of the linear

7=0
system

Oyr — Ay + F/(y)y'r =0 inQ,
Outs + @y =0 on
yr(2,0) = go(x) in Q.

Let g be the solution of (1.6). Replacing y1p with the left-hand side of the PDE
satisfied by ¢ and integrating by parts, one obtains

//Qy(ax,t)lo yr(z,t) dz dt = /ﬂq(%o)go(x) dz,

regardless of what o € L?((2) is. Finally, from (1.3) one deduces that

q(0)=0 in X',
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whence (1.7) follows, in view of the Hahn-Banach theorem. The rest of the proof
follows immediately from Definition 1.1. 0

Notice that a control function v solving (1.5)—(1.7), if one exists, does not neces-
sarily insensitize the functional ® (think, for instance, of an initial datum yo+7 go not
lying in C°(€2), for which system (1.1) admits no weak solution in C°(Q)). In other
words, in this case the problem of seeking insensitizing controls cannot be reformu-
lated in an equivalent way as a null controllability problem, as is usual in insensitivity
problems. In order to prove Theorem 1.2, we will thus argue as follows (see section 3).
Under the assumptions in the theorem, we will first prove the existence of a control
v solving (1.5)—(1.7). In a second step, we will see that, for 7y regular and small
enough, such a control v can be chosen so that it also insensitizes the functional ¢
defined by (1.2).

The existence of a control function solving (1.5)—(1.7) will be proved by lineariza-
tion and a later application of an appropriate fixed point argument. This technique,
introduced in [12] in the context of the controllability of the semilinear wave equa-
tion, has been used to prove several controllability results (cf., for example, [6], [7]).
Analyzing a linear null controllability problem similar to (1.5)—(1.7) (see (2.1), (2.2),
and (1.7)), we realize that the potentials a,b € L*>(X) need to have time derivatives
in L°°(X). This requirement comes from applying Lemma 1.2 of [8] to obtain an
adequate observability inequality (see Proposition 2.1) for the solutions of the corre-
sponding adjoint systems (2.5) and (2.6). To solve the nonlinear problem, we would
have to search for a fixed point in a space containing the functions z € L*>°(Q) such
that the trace of 9;z lies in L>°(X). As was observed in Remark 15 of [5], we are not
too far from imposing 0;z € L (0, T; WHN+7(Q)), with v > 0. But these spaces are
too small to achieve compactness and good estimates for the fixed point mapping.
We will then seek a fixed point, and thus also control functions, in the Holder spaces
introduced above. In fact, one of the main points in this paper relies on the construc-
tion, in the linear case, of control functions with Holderian regularity starting from
L?-controls.

In order to ensure the existence of a solution to system (1.1) in the above-
mentioned Holder spaces, appropriate regularity assumptions on the data and a com-
patibility condition on the initial datum are required (see Lemma 3.2). This is the
reason why we have introduced the space X = C**4(Q) N HZ(Q), with 3 € (0,1), in
Definition 1.1.

In the next section, we will analyze the corresponding linear null controllability
problem, while section 3 will be devoted to proving our main result.

2. The linear null controllability problem. From now on, we will assume
that w N O # () and yg = 0. This section is devoted to solving a linearized version of
the null controllability problem (1.5)—(1.7). We consider the linear systems

Oy —Ay+cy=£E+vl, inQ,
(2.1) Ony+ay=0 on 3,
y(z,0) =0 1in Q,

—0iq—Agq+dg=ylo inQ,
(2.2) Onqg+bg=0 on?X,
q(z,T)=0 inQ,
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where a,b € L>®(X), ¢,d € L*=(Q), and £ € L?(Q) (at least). For each v € L?(Q), the
cascade of linear systems (2.1), (2.2) admits exactly one solution (y, ¢) satisfying

Y,q € L2(O, T, Hl (Q)) N C([Ov T]a LQ(Q))a atya 8tq € LQ(Oa T; Hil(Q))a
with

(2:3)  Nyllzzcamnows) + 10llc2 -y < C (T [|allooss [ellco) (€]l 2 + [lvllz2)

lgllz2(myne ey + 110l L2 g1y

(2.4)
< C( T, flalloosss [1llocszs llellocs l[dlloo) (1€l L2 + [[vllz2) -

Under additional assumptions on the potentials and on the source term &, we will
build a regular control v, acting on a nonempty open subset of w N O, such that the
corresponding solution (y, q) of (2.1), (2.2) satisfies (1.7).

We proceed as follows. Let us fix a nonempty open set By such that By CC wNO.
In a first step, using an appropriate observability inequality, we obtain an L?-control
supported on By x [0,7]. Then, by means of a construction similar to that made in
[2] and [3] and due to the regularizing properties of the heat equation, we will be able
to furnish a regular control with a slightly larger support.

Let us consider the adjoint systems

Op—Ap+dp=0 inQ,
(2.5) Onp+bp=0 on,
p(2,0) = ¢%(z) inQ,

—p =AY+ cp=plo nQ,
(2.6) Oy +ayp =0 onk,
Y(xz,T)=0 1in Q,

where ¢’ € L?(Q). For simplicity, we will denote by a; (resp., b;) the time derivative
of a (resp., of b). Let By CC w N O be the open set considered above. In [4], the
following observability inequality for the solutions of (2.5), (2.6) is proved.

PROPOSITION 2.1. Assume that a,b,a;,by € L>®(X) and ¢,d € L*(Q). Then,
there exist positive constants M and C, depending on Q, w, O, T, ||allco;s, ||b]loc;x,
latllooiz: [1btllocizs llello, and [|dl|oc, such that

// exp (M) |2 da dt < c// 4|2 d dt,
Q t Box(0,T)

for every ©° € L?(Q), where ¢ solves (2.6), ¢ being the solution of (2.5).

The proof of this result follows the scheme of demonstration of Proposition 2
in [11] and uses a global Carleman inequality for the classical heat equation with
linear boundary Fourier conditions (see Lemma 1.2 of [8]).

Remark 1. In the previous proposition, and throughout this section, the depen-
dence of the constants with respect to T" and the potentials ¢ and d could be stated
precisely. This would allow one to know the precise way the constant M in Theo-
rem 1.2 depends on T and F'. Nevertheless, the dependence on the boundary data a
and b is not explicit. This comes from the proof of Lemma 1.2 of [8].
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Due to a unique continuation property for the solutions of (2.5) and (2.6) inferred
from Proposition 2.1, under suitable assumptions on &, one obtains L2-controls as
follows.

PROPOSITION 2.2. Assume that a,b,a;,by € L>®(X) and ¢,d € L™(Q). Let M
and C' be the positive constants (depending on Q, w, O, T, ||allco;s; [|bllcoss; ll@t]loo:ss
16|25 llclloos and ||d||oc) provided by Proposition 2.1. Then, for any & € L*(Q)
verifying

(2.7) //Q exp (J\f) €| dx dt < oo,

there exists a control function © € L*(Q), with suppd C
solution (§,4) of (2.1), (2.2) associated to ¥ satisfies (1.7).
so that

(2.8) o]z < VC <//Q exp <J\f) [€]? d dt)w-

The proof of this proposition is given in [4] and will be omitted here. The main
result in this section is the following.

PROPOSITION 2.3. Assume that 0Q € C3TP for some 5 € (0,1), a,b,a;,b; €
L>(%), c e C’ﬁ7§(@), and d € Cl+ﬁ7#(@). Let M > 0 be the constant (depending
on Q, w, O, T, ||a||00;27 ||b||<>0;27 HatHOO;E; Hbt||<>0;27 ||c||<>07 and HdHOO) provided by

Proposition 2.1. Then, for any £ € C’B’g(Q) satisfying (2.7), one can find a control
v € Cﬁ’%(@) such that the associated solution (y,q) of (2.1), (2.2) satisfies (1.7).
Moreover, the 5 -norm of v can be estimated as follows:

)

M
exp (%)5

where C is a new positive constant depending on Q, w, O, T, |lallco:s; |[Dlloc:s,
NS N A ¢ S

The regularity of v and, accordingly, that of (y, ¢), will enable us to deal with the
nonlinear null controllability problem (1.5)—(1.7).

Before proving Proposition 2.3, for the convenience of the reader we repeat some
relevant material from [3] and [9] without proofs, thus making our exposition self-
contained. We first recall a technical result on local regularity given in [3, Proposi-
tion 2.1 and Remark 4].

LEMMA 2.4. Let a € L*=(Q) and h € L*(Q) be given. Let us consider a solution
u € L2(0,T; HY(Q)) N C([0,T]; L*(Q)) of

Bo x [0,T), such that the
Moreover, © can be chosen

(2.9) \U|57§;@ <C (|£ﬁ,§;Q +

(2.10) { Ou—Au+au=nh inQ,

u(z,0) =0 in Q,

and let V C Q be an arbitrary open set.

(a) If h € L"(0,T; L"(V)), with r € (2,00), then u € X"(0,T;V") for any open
set V' CC V. Moreover, there exist two positive constants C = C (Q,V,V',T,N,r)
and KK = IC(N) such that

(2.11) ull xr 0,0y < C (14 [lalloo)® [[1BllLrrovy) + lull 2caynere)] -
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(b) Assume, in addition, that h € L"(0,T; WY (V)), r > 2, and Va € L7(Q)",
with

max{r,];[—l—l} if r#ﬂ—l—l

y = 2
N . N
?—Fl—f—f 'Lf 7":54-17

and € being an arbitrarily small positive number. Then, for any open set V' CC V, one
has uw € L™(0, T; W3 (V')), Opu € L™(0,T; WHT(V')), and for a new positive constant
C=C(QV,V' T N,r), the following estimate holds:

||uHL'r(W3,r(Vl)) + ||atu||Lr(W1,r(vl)) S CH [Hh||L7(W17(V)) + Hu||L2(H1)ﬁC(L2)] 5
where
H=H(N. [[a]loc, [Vl Lr) = (L + allo) (1 + [IVal -),

K = K(N) being as in (2.11).

We also recall the following result, which is readily obtained by rewriting
Lemma 3.3 of [9, p. 80] with the notation introduced at the beginning of this pa-
per (also see Lemma 2.3 of [3]).

LEMMA 2.5. Let V C RN, N > 1, be a reqular open set. The following continuous
embeddings hold

L Ifr < 5§ +1, then X7(0,T;V) — LP(V x (0,T)), where § = 5 — x5
Ifr_ 5 +1, then X7(0,T;V) — LIV x (0,T)) for all ¢ < oo.
If §+1<r<N+2, then X"(0,T;V) — C*%(V x [0,T]), a =2 — &2,
Ifr = N +2, then X"(0,T;V) — CL2(V x [0,T)) for all l € (0,1).
CIfr > N+ 2, then X7(0,T;V) < G857 (V x [0, 7)), where =1 — M2,

We are now ready to prove Proposition 2.3. From now on, we will specify only the
dependence of the constants on the arguments that will be relevant in our analysis.
Thus, for instance, the dependence on the dimension N, on By, or on the other open
sets appearing later will be omitted.

Proof of Proposition 2.3. Assume that 9Q € C3+P for some 3 € (0,1). Let a,
b, ¢, and d be as in the statement, and let M > 0 be provided by Proposition 2.1.
Given ¢ € C%%(Q) verifying (2.7), Proposition 2.2 provides a control & € L%(Q
such that the associated solution (g, q) of (2.1), (2.2) satisfies (1.7). Moreover,
verifies estimate (2.8) and supp 9 C Bg x [0, T, with By being the open set considered
at the beginning of this section. One has 9,4 € L?(0,T; H*(Q)) N C([0,T]; L?(12)),
0v),0:G € L*(0,T; H~1(2)), and estimates such as (2.3) and (2.4) hold.

Let B, By, and By be regular open sets such that By CC By CC By CC B CC
wNO. As was anticipated above, a construction similar to the one made in [2] and [3]
will allow one to construct a regular control supported on B x [0, T]. Indeed, we set

(2.12) q=(1-0)q,

G o

9

(2.13) y=(1-0)§+2V0-Vi+ (A0)q,

with 8 € D(B) satisfying § = 1 in B;. We will analyze the interior regularity of §
and ¢, inferring that (y, q) solves (2.1), (2.2), and (1.7) with control term v € Cﬁ’g(Q)
given by

(2.14) v = —06 +2V0- Vi + (A0 + (8 — A +¢) [2V0 - VG + (A0) ],
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which is, in fact, supported on B x [0, T].
First, as ¢ € L*>®(Q) and £+91p, € L?(Q)NL>(0,T; L>°(2\ By)), one can apply
Lemma 2.4 with r = (N +2)/(1 — ), 8 € (0,1) given in the statement, to deduce

that ¢ lies in X"(0,T; (wn O) \ By) (notice that, without loss of generality, we can
assume that w N O CC Q and that w N O is regular enough). Since r > N + 2, this

space is continuously embedded in C’H‘ﬁ’#((u) NO)\ By x [0,T]), by Lemma 2.5.
Thus,

(2.15) g e C B (wn0)\ By x [0,T]),

and estimates (2.11) and (2.3) give

(216) |g‘1+67#;mx[o,T] <C (Qawa OaTv ||a||00;27 HC”OO) (Hg”OO + ”’[}”LZ) .

By the choice of 6, the term vy = 2V - Vi + (Af)g in (2.14) then lies in C[”g(@)
and one can estimate

vilg,8.5 < C(Q,0,0,T, ||a]loo;s, llclloo) ([€]loc +[10]]22) -
According to the interior regularity of ¢, an argument such as the one above
implies that ¢ € C1+5 5 (B\ B, x [0,7]), and estimates (2.11), (2.16), and (2.4)
give

(217) ‘q|1+ﬁ,#;m><[0,T] < C(”f”oo + HﬁHLQ) ’

with C = C(Q,w,O0,T, ||allco:x; ||b]lco:; lI€lloos [|d]|eo)- By the C# % regularity of ¢
and ¢, it is then clear that v = —0 + ¢[2V0 - Vi + (Ab)§] € ch:5 (Q) and

0215, < O, 0) (15, 5.5+ lel5 201,132 B3 0,71 -

which combined with (2.17), yields

|U2|,3’§;§ < C(Qawa O.T, Ha”OO;E’ Hb”OO;E’ |C 8.5:Q> ||d||<>0) (|£‘ﬁ%,§ + H@”Lz) .

We now analyze the term vz = (9; — A)[2V0 - V§ + (AB)4]. To this end, we use
the following result on interior Holderian regularity, whose proof is given at the end
of this section.

LEMMA 2.6. Assume that 00 € O34 for some 3 € (0,1). Let us consider a
solution u € L2(0, T; H(Q)) N C([0,T]; L2(Q)) of (2.10), with @ € C**5*5%(Q) and
h e L*Q)nN 18,157 (V x [0,7]), V being a nonempty open subset of 2. Then, for
any open set V' CC V, one has u € C35%5 (V' x [0,T]) and

(2.18) \U|3+B,#;V’x[o,ﬂ <C (‘h|1+6,#;7X[O,T] + ||UHL2(H1)HC(L2)> J

where C is a positive constant depending on Q, V, V', T, and \6|1+57#@,
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On account of (2.15) and the regularity of the potential d, Lemma 2.6 can be
applied to u = ¢, with V = (wnNO)\ By, V' = B\ By, h = 1, and @ = d, to deduce
that ¢ lies in C3+5’¥(B \ Bz x [0,T]). Moreover, estimates (2.18), (2.16), and (2.4)
give

dly 5552 B 0.1 < C (€lloo + 19]122)

with €' = C(Q,w, 0, T, [lallsc;s; [1bllocis; lI€llocs |dl1 4 5 125 5). We infer from the choice
2

of 6 that 2V6 - V§ + (Af)¢ € C2F51+%(Q), and hence that vs lies in C% % (Q), and
one can estimate

lvslg,8.5 < C(Qw,0,T, [lallco;s, [lloc;s; [lelloos [dl 45,150 ) (I€lloo + [19]]22) -

In view of the previous considerations on each term v;, 1 < i < 3, and using
estimate (2.8), one concludes that v given by (2.14) lies in Cﬁ’g(@) and that (2.9)
holds. Finally, it is an easy exercise to see that (y,q) defined by (2.13) and (2.12),
together with this control function v, solves (2.1), (2.2), and (1.7). The only deli-
cate point could be to check that y(x,0) = 0 in Q. But this follows immediately
from the interior regularity of ¢ (which, in particular, gives ¢ € C([0,T]; HY(B \
By))), the choice of 6, and the fact that ¢(z,0) = 0 in Q. This ends the proof of
Proposition 2.3. ]

We end this section by giving the proof of Lemma 2.6, which relies on a localization
argument.

Proof of Lemma 2.6. Assume the hypothesis in the statement, with 8 € (0,1)
and V being fixed. Given an open set V' CC V, we consider a regular open set Vi,
with V' cC V; CcC V. According to the regularity of h and the potential @, we can
apply the second point of Lemma 2.4, with » = (N + 2)/(1 — ) (thus v = r, since
r > N + 2), and deduce that u, 37“ € X"(0,T;V1), i =1,...,N, together with the
estimate

ull x-0,001) + VUl xr o,y < C [IhlL-wiroy) + lullL2@mnew]

with ¢ > 0 depending on Q, V, V', T, |ld|lcc and ||Val||z-. Since r > N + 2, by
Lemma 2.5 we get

9 _
(2.19) u, a—; e CVBSE (W x [0,T]), i=1,...,N,
with

(2.20) [uly15,252 5, xj0,) + 1V U116, 148 5, x0,7)

<C@QVV.T ]l [VallLr) (11|

Lr(wtr(v) T ||UHL2(H1)HC(L2)) :

We claim that, indeed, u lies in C3+8:*%" (V/ x [0,T]) and satisfies (2.18). To this
end, let ¢ € D(V;) be such that ¢ =1 in V' and set w = (u. Then w solves

{atw—Aw—E in Q,

(2.21)
w=0 onX, w(z0)=0 inQ,

with b = Ch — [aCu + 2V( - Vu + (AC)u]. The regularity of h and @, together with
(2.19), gives h € C’Hﬁ’#(@)7 and using (2.20), one has

(2.22) [Alyyp150.5 < C (Ihllw,#@m] + HUI|L2<H1>mc<L2>) )
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with C' = C(Q,V, V', T\ [al,, 45 145 5). Since 90 € C3*# and the compatibility condi-
tion of order 1 for system (2.21) is trivially fulfilled, one can apply Theorem 5.2 of [9]
to obtain w € 03“‘5’#(@), with

(2.23) [l 52805 < COQ Tl 150 5

Finally, recalling that u = w in V', one infers the desired interior regularity of u, and
estimate (2.18) holds, using (2.23) and (2.22). O

3. Proof of Theorem 1.2. We begin this section by recalling the following
result for linear systems of the form

Ou —Au+cu=h in Q,
(3.1) Opu+au=0 on,
u(z,0) =wup(x) in Q,

whose proof is given in [9, Theorem 5.3, p. 320].

LEMMA 3.1. Assume that 9Q € C**P for some 3 € (0,1). Leta € CH‘B’#(E)
and ¢ € Cﬁ’g(@) be given. Then, for any h € Cﬁ’g(@) and ug € C*P(Q) satisfying
the compatibility condition

Onug(z) + a(z,0)ug(z) =0 on 99,

system (3.1) admits exactly one solution u € C’2+B’1+g(@) verifying the estimate

. ~< - - - =)
(32)  Julyypr18G=C (QvTv lal 11 p,150 5 |C|ﬁ,§;¢2> (Wﬁ,%;Q + |u0|2+6;ﬂ>

Let us now prove Theorem 1.2. Assume the hypothesis in the statement. From
the considerations in the first section, the proof falls naturally into two steps.

Step 1. FEuxistence of a regular control solving the nonlinear null controllability
problem (1.5)—(1.7): The fized point argument. Let G and g be the C? functions
defined by

F(s) . fls) .
Gls) = . if s # 0, gs) =4 s if s # 0,
F'(0) ifs=0, f/(0) ifs=0.

Let us set
Z=CYQ)nCH Q).
For fixed z € B(0;1) C Z, we consider the linear systems
Oy — Ay +G(2)y =& +vl, inQ,

(3.3) oy+g(z)y=0 onX,
y(x,0) =0 in £,

—0iq — Aq+ F'(z)g =ylo inQ,
(3.4) Ong+ f'(2)g=0 on X,
q(z,T)=0 1in Q,
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with potentials G(z), F'(z) € Z and g(z), f'(z) € Z = Cl(i)ﬂCH‘ﬁ’#(i). By abuse
of notation, from now on we will let g(z) (resp., f'(z)) stand for both the function
g(2) in Z and its restriction to ¥ (resp., for both f/(z) € Z and its restriction to X).
Let us set

(3.5) M(Qw,O0,T,F, f)= sup M,,
2€B(0;1)

where M, is, for fixed z € B(0;1), the positive constant (depending on Q, w, O, T,
lg()lz, I (2)lz, IG(2)|lz, and ||[F'(%)]|z) provided by Proposition 2.1. Let £ in
Cﬁ’g(@) satisfy (1.4), with # > 0 to be chosen later (hence also verifying (2.7) with
M = M, for all z € B(0;1)). From Proposition 2.3, there exists v, € Cﬁ’g(@) such
that the associated solution (y.,q.) of (3.3), (3.4) lies in C2+5:1+5 (Q) x C2A1+5 (Q)
(by Lemma 3.1) and satisfies (1.7). Moreover, one has

o)

M,
exp (%)5

with C(Q,w,0,T,z) = C(Q,w, 0, T, |g(2)| 2 1/ (2)ll 2, |G(2)llz, [ F"(2)]| z), and y.
satisfies an estimate such as (3.2); hence
M,
exp | — :
()i,

with C1(Q,w,0,T, 2) = C1(Q,w,0,T, ||g(2)| 2, [l (2)] 2, |G(2) 2, | F'(2) | z) (and a
similar estimate for g, holds). Then, for any z € B(0;1) one has

021565 < C(Qw,0,T, 2) (|§|5,§;Q+

rhossnas < C0.0,0.7.9) (I 55+

~ M
(36)  |ulyeg < CQw. O ) (ag,g@ + ||exp <2t)§ LQ) ,
M
(37> |yZ|2+ﬁ71+g;§ S CQ(Qawv Oa Ta F7 f) |§|ﬂ7§,§ + exp E g )
L2

together with a similar estimate for q,, with

5(Q7w7 O’ T’ F7 f) = sup C(Q,w7 07 T7 Z)7
2€B(0;1)

CZ(vavoaTa Fv f) = sup Cl(vavoaTv Z)
2€B(0;1)

For each z € B(0;1) C Z, we consider the families
A(z) = {’U € Cﬁ’g(@) : (y, q) satisfies (3.3),(3.4), and (1.7), v verifying (3.6)},
A(z) ={y : (y,q) solves (3.3),(3.4) with v € A(2)}.

One can then define the set-valued mapping A : z € B(0;1) C Z — A(z) C Z. For
fixed z € B(0;1), each y € A(2) lies in C2H+B1+5 (Q) and satisfies (3.7), and thus

M
exp (2t>£ L2> .

(3.5) lllz < Co(@w, 0.7, F, f) (|f|ﬁ,g@ "
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We claim that there exists n(Q,w, O, T, F, f) > 0 such that if a source term
€ € Cﬁ’g(@) satisfies (1.4), with M given by (3.5), then the Kakutani fixed point
theorem can be applied to A. First, for fixed z € B(0;1) C Z, it is easy to check that
A(z) is a nonempty closed convex subset of Z (here we use the linear character of
systems (3.3) and (3.4)). By estimate (3.7), A(z) is a bounded set in C2+5:1+% (Q).
Since this space is compactly embedded into Z, one infers that each A(z) is a compact
subset of Z. Furthermore, there exists a fixed compact set K C Z such that A(z) C K
for all z € B(0;1).

In the second place, A is proved to be an upper hemicontinuous multivalued
mapping, or, equivalently, it is proved that for any bounded linear form pu € Z’, the
function

2€ B(0;1)C Z+ sup (u,y) €R
yEA(2)

is upper semicontinuous. To this end, it suffices to show that the set
By, =1<z€B(0;1): sup {(p,y) > A
yEA(2)

is closed in Z for any A € R and any p € Z'. Let us fix A € R and g € Z’, and
consider a sequence {2}, ~; C By, such that

(3.9) Zn — zin Z.

Our aim is to see that z € By ,. As stated above, each A(z,) is a compact set in Z.
Then for fixed n > 1 one has

(3.10) sup (1, y) = (K, Yn) = A
YyEA(2n)

for some y, € A(z,). By the definition of A(z,) and A(z,), there exist v, € Cﬁ’g(@)

satisfying
M
> (3)q]..)
L2

(C(Q,w,O,T,F, f) as in (3.6)) and ¢, € 02+ﬂ’1+§(@) such that (yn.,q,) together

with v,, solve

(311) ‘U’nlﬁ’%;a S C(Q,W,O,T, Fa f) <§|5’27Q +

8tyn - Ayn + G(zn)yn = 5 + vn]-w in Q7
(3'12) anyn + g(zn)yn =0 on},
yn(2,0) =0 in ©,

—0iqn — Agn + F'(20)qn = ynlo in Q,
(3-13) OnGn + f/(zn)Qn =0 on?3,

an (2, T) =0, ¢n(z,0)=0 1in Q.
From (3.11) and (3.7), {v,} and {(yn,@.)} are uniformly bounded in Cﬁ’g(é) and
C2HB+5(Q) x C*81+5 (), respectively. Taking into account the compact embed-

ding of %% (Q) (resp., CHAI+E (Q)) into C°(Q) (resp., Z), there exist subsequences
(still denoted by {v,} and {(yn,qn)}) such that

v, — U in CO(@), (Ynsqn) — (¥,q) In Zx Z
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for some v € C°(Q), (¥,q) € Z x Z. Tt is easily seen that, in fact, v € Cch3 2(Q). On
account of the regularity of F' and f, from (3.9) one also has

G(zn) — G(z) and F'(z,) — F'(2) in~Z7
g(z) = 9(z) and f(z) — /() i Z.

We can then pass to the limit in (3.11)—(3.13) and deduce that (7, q) solves (3.3),
(3.4), and (1.7) with control term v € A(z). Thus, ¥ € A(z), and taking limits in
(3.10), one infers that

sup (u,y) > (,y) > A
yEA(2)

We conclude that z € B ,; hence, A is an upper hemicontinuous mapping.

Now let n = n(Q,w, O, T, F, f) > 0 be such that n < C(Q,w, O, T, F, f)~'. Then,
for a given source term ¢ € CP:% 2 (Q) satisfying (1.4), with M given by (3.5), we infer
from (3.8) that any y € A (B(0;1)) verifies ||y||z < 1; that is, A maps the nonempty
closed convex set B(0;1) into itself. We can then apply the Kakutani fixed point
theorem and conclude that there exists § € Z such that ¥ € A(y). Hence, there

exists v € %% (Q), solving the nonlinear null controllability problem (1.5)—(1.7) (for
yo = 0). Moreover, by (3.6) one can estimate

(3.14) < C(Qw, O, T, F, f)n.

Mﬁ 80>

Step 2. Existence of a control insensitizing the functional ®. Let us see that there
exists 7(Q,w, O, T, F, f) > 0 such that for any & € C%% (Q) satisfying (1.4), with M
given by (3.5), the control v in the previous step can be chosen so that, for 7 small

enough, the existence of a solution of (1.1) (with yo = 0) in C2+5’1+§(@) is ensured.
This will conclude the proof of the theorem, since such a control v will then insensitize
the functional ® given by (1.2), in view of Proposition 1.3.

We use the following result, which can be proved by linearizing and applying an
appropriate fixed point argument.

LEMMA 3.2. Assume that 0Q € C?*F for some 3 € (0,1). Let F € C*(R) and
f € C3(R) be given. Then, there exists § > 0 (depending on Q, T, F, and f) with
the property that for any h € P (Q) and ug € C*B(Q) satisfying

[h = F(0)|5.8.4 + [f(0)] + [uolyypm < 6
and the compatibility condition
(3.15) Onug + f(ug) =0 on 09,
the nonlinear system

Ou — Au + F(U) n Qa
Opu+ f(u)=0 onX,
u(z,0) =wup(z) inQ,

admits a unique solution u € C’QJFE’H%(@).
Let us consider X = C**#(Q) N H2(Y), with 8 € (0,1) as in the statement.
Let 6 > 0 be provided by Lemma 3.2 and let M(Q,w, O, T, F, f) be given by (3.5).
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Recalling (3.14), one can choose n = n(Q,w, O, T, F, f) > 0 small enough so that for

any £ € Cﬁ’g(@) verifying (1.4), Jo € X with ||o||lx = 1, and 7 € R small enough,
one has

€+ vluls g g+ ITholarpm <6

Since the initial datum 79 satisfies (3.15) (by choice of X), one infers from Lemma 3.2

that system (1.1) possesses a solution y(-, -;7,v) € C2HB1+5 (@), which ends the proof
of Theorem 1.2. o

(11]

(12]
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