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A MODEL FOR TWO COUPLED TURBULENT FLUIDS
PART II: NUMERICAL ANALYSIS
OF A SPECTRAL DISCRETIZATION*
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Abstract. We consider a system of equations that models the stationary flow of two immiscible
turbulent fluids on adjacent subdomains. The equations are coupled by nonlinear boundary condi-
tions on the interface which is here a fixed given surface. We propose a spectral discretization of
this problem and perform its numerical analysis. The convergence of the method is proven in the
two-dimensional case, together with optimal error estimates.
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1. Introduction. In this paper, we are interested in the numerical analysis of
the spectral discretization of a model for two stationary turbulent fluids coupled by
boundary conditions on the interface:

—div (ai(ki) Vui) +gradp; = f; inQ;, 1<i<2,
divu; =0 inQ;, 1<i<2,
—div (%(ki) Vki) = a;(ki) [Vu)? inQ;, 1<i<2,

11) {wu;=0 onT;, 1<i<2,
ki=0 onl;, 1<i<2,
a;(ki) Op,ui —pim; + (u; —uj) |u; —ujl =0 onl, 1<iz#j<2
ki = |uy — ug)? onl, 1<i<2,

where each triple (u;, k;, p;) is defined in the domain Q;, 1 < ¢ < 2. The vector field u;
represents the velocity of a turbulent fluid in €2;, p; represents its pressure, and k;
represents its turbulent kinetic energy (TKE in what follows). The domains 2, are
two- or three-dimensional bounded open sets with common interface I', while each I';
stands for 9Q; \ T.
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System (1.1) is motivated by the coupling of two turbulent fluids F;, i = 1 and 2,
which appears in the framework ocean/atmosphere or in the case of two layers of a
stratified fluid (see, e.g., [16, Chaps. 1 and 3] or [18]). Note that, in these situations,
the operator —div (e (k;) V) in (1.1) should be replaced by a different one, derived
from the deformation rate tensor [11, sect. 2]. However, this change leads to more
technical proofs, involving additional Korn-type inequalities, and we prefer to avoid
it for simplicity of the presentation. These fluids F; are coupled through the interface
condition on their common boundary I', which is supposed to be fixed. Indeed, we
assume that the so-called “rigid lid hypothesis” holds, which is standard in geophysics
and oceanography. According to this assumption, I' is a fixed mean interface and in
fact the values of u;, p;, and k; on I' are mean values of the velocity, pressure, and
TKE. This law characterizes mean momentum exchanges between the fluids (see
[16, Chap. 1] and [1]), and it is derived in a rather different way from standard wall
laws [21] (but the mathematical formulation is rather similar): the turbulent mixed
layer of the two turbulent fluids is modelled by the sixth and seventh lines in (1.1)
which summarize the information related to a realistic interface ocean/atmosphere
(see, e.g., [16, sect. 1.4] for more details about this model). Slightly more realistic
models, obtained, for instance, by adding the convection term u; - Vu; in the first line

of problem (1.1) and/or the dissipative term —+ kzg (where L represents the mixing
length) in the right-hand side of the third line of this problem, can also be considered.
Since their analysis relies on exactly the same arguments as for problem (1.1), we skip
these further terms for brevity.

The analysis of problem (1.1) is performed in [3] for two- or three-dimensional
domains ; which are either convex or of class C!. In that paper, an equivalent vari-
ational formulation of problem (1.1) is written, where the equations for the TKE are
taken in the transposition sense (see [23] and [17, Chap. 2, sect. 6] for the definition
of a solution by tranposition). Indeed, due to the lack of regularity of the right-hand
side in the third line of (1.1) which belongs only to L(£;), a standard formulation
cannot be used here. However, the present formulation by transposition allows one to
derive a priori estimates. Next the existence of a solution is proved. The uniqueness
of smooth solutions is also established under some rather restrictive assumptions on
the parameters and the data, and some regularity properties of the solutions are de-
rived when the domains §2; are two-dimensional rectangles. Note, moreover, that the
transposition formulation of the equations on the TKE is equivalent to the standard
variational one when the solution is sufficiently smooth. We also refer to [2] for a
slightly different proof of the existence result.

In the present paper, we are interested in the spectral discretization of prob-
lem (1.1), which relies on the approximation by high-degree polynomials. For sim-
plicity, we consider only the key geometry where the domains are rectangles or rectan-
gular parallelepipeds. However, in order to take into account the possible anisotropy
of the flows which can be induced by the large aspect ratios of the domains, we use
different degrees of polynomials with respect to the horizontal and vertical variables.
We propose a discrete problem which, as usual for spectral methods [7, Chap. III],
relies on the variational formulation of the equations for the velocity, the pressure, and
also the TKE: it combines a conforming approximation in these spaces of polynomials
with the use of numerical integration relying on tensorized Gauss—Lobatto formulas.

As standard for nonlinear systems, the numerical analysis of the discrete prob-
lem is performed via the discrete implicit function theorem of Brezzi, Rappaz, and
Raviart [10]. As for the continuous problem, the main difficulty is due to the lack of
regularity of the right-hand sides in the discrete TKE equations, and, as far as we
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know, the numerical analysis of problems with data in L' has been performed only in
a few works (see [14], [13], and [12]). Thanks to the Brezzi-Rappaz—Raviart theory, in
the two-dimensional case, we derive the existence of a solution of the discrete problem
in a neighborhood of a nonsingular exact solution under some reasonable assumptions
on its regularity. We also prove the convergence of the method, together with optimal
error estimates. The same properties hold in the three-dimensional case; however, we
think that the assumptions that are needed to prove them are no longer reasonable.
A different analysis, leading to weaker convergence results, is under consideration.

To conclude, we propose an algorithm for solving the discrete problem. Its con-
vergence is currently checked via numerical experiments and is likely at least for small
variations of the functions a; and ~;.

The numerical analysis of the finite element discretization of system (1.1) is under
consideration, and its convergence seems to be likely in the two- and three-dimensional
cases under realistic assumptions.

An outline of the paper is as follows.

o In section 2, we recall from [3] the variational formulation and the main prop-
erties of problem (1.1). We also write a different formulation in view of the discretiza-
tion.

e In section 3, we describe the choice of the approximation spaces and the discrete
problem. We also write a different and equivalent formulation of this problem, which
is needed for its analysis.

e Section 4 is devoted to the numerical analysis of the discrete linear Laplace
and Stokes problems with variable coefficients that are involved in the discretization.

e In section 5, we perform the numerical analysis of the coupled system. We
prove the existence of a solution and derive error estimates.

e In section 6, we propose some conclusions and present a numerical algorithm
for solving the discrete problem in the two-dimensional case.

2. Main properties of the continuous problem. In what follows, 1 and Q9
stand for disjoint bounded domains in R%, d = 2 or 3, which are either convex or of
class C"'. The generic point in R2 (resp., in R3) is denoted by & = (x,2) (resp.,
x = (z,y,2)). We assume for simplicity that the interface T' = 91 N 92 coincides
with the intersection of both Q; and Qy with the hyperplane z = 0, while €; and €5
are contained in the half-spaces z > 0 and z < 0, respectively. We denote by I'; the
part of the boundary 92;\I". It must be noted that, in a number of practical situations,
the vertical heights of the €; are much smaller than their horizontal diameters.

Throughout the paper, we assume that the functions «; and v;, 1 < i < 2,
are continuous and bounded on R, and are continuously differentiable with bounded
derivatives. Moreover, we assume that there exists a positive constant v such that,
for 1 <i <2,

(2.1) Vk € R, ai(k) >v and (k) > v

We now write a variational formulation of problem (1.1). Next we recall its
properties. Finally, we write another formulation of it that relies on the introduction
of the Stokes and Laplace operators.

The variational formulation. Throughout the paper, we use the spaces LP(;),
1 < p < o0, and the Sobolev spaces H?(€);) and H{(£;) for any real number s, pro-
vided with the standard norm || - ||gs(q,) and seminorm | - |gs(q,), together with

1

their analogues on I We also need the special space HZ ('), defined, e.g., in
[17, Chap. 1, Thm. 11.7].
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For 1 <i < 2, we introduce the spaces
(22) X, = {’Ui S Hl(Qz)d, v; =0 on Fz}

For reasons explained in [3, sect. 2], we also define the functions G;, 1 <4 < 2, by

k
(2.3) Gilk) = [ ity

Problem (1.1) can be written (see [2] and [3]) as the following variational system
of two coupled problems:
Find (w;,p;) in X; x L2(Q;), 1 <i < 2, such that, for 1 <i# j <2,

V’Ui S Xi, Oél(kz) V’Ull : V’Ui dx 7/ pl(dlv ’Ui) dx

i

Q;
(2.4) + / lw; —uj| (u; —uy) - ’UidT:/ fi - vide,
r Q;

Vql € LQ(QZ), —/ ql(dIV ’LL,L) dx = 0;
Q.

i

Find k; in L?(Q;), 1 <i <2, such that, for 1 <i <2,
Yo € H*(Q) N H(Q),
(2.5) Q r

-l-/ ai(ki)\Vutipidw.
Q

Note that the equations for the velocities and the pressure are of standard varia-
tional type and involve the bilinear forms, for 1 <17 < 2,

(26) ai(ti;ui,vi) = / O[Z(tz) VU1 . V’Ui ddﬁ, bz(vz,qz) = 7/ ql(le ’Ui) dx.

However, the equation on the TKE is formulated in the transposition sense of Stam-
pacchia [23] and of Lions and Magenes [17, Chap. 2, sect. 6].
As standard for the Stokes problem, we consider the kernel

‘/i = {’Ui € X,'; diV’Ui =0in 91}7

and we observe that, for each solution (w;,p;) of problem (2.4), the velocity u; is a
solution of the following problem:
Find u; in Vi, 1 <i <2, such that, for 1 <i#j <2,

V’Ui S ‘/1', / Olz(k'l) V’uli : V’Ui dx

(2.7) &

+ / lw; —uj| (u; —u;) - ’UidT:/ fi - v dx.
r Q;

Conversely, we recall from [3, Lem. 3.1] that, for 1 < ¢ < 2, there exists a positive
constant ; such that the following inf-sup condition holds:
bi(vi, gi)

(2.8) Vg € L*(Q),  sup ——— > B |lqil 2 ()
V;eX; ‘vi”Hl(Qi)d
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This yields, for any solution u; of problem (2.7), the existence of a unique function p;
in L2(€2;) such that the pair (u;,p;) is a solution of problem (2.4). So, for the next
results, we work with the simpler system (2.5)—(2.7).

Main properties. We first recall from [3, Lems. 3.3 and 4.2] the following a priori
estimates: for any f,; in L2(2;)¢, 1 <i < 2, every solution (u1,uz) of problem (2.7)
satisfies

(2.9)

(1F 1 z2(@0ye + 1 £2l L2 (@0)0),

C
[wtll g1y + lwell e < >

1

and, for any real number s, 0 < s < 5, and for 1 < i < 2, every solution ¢; of

problem (2.5) satisfies

. il|Hs(Q;) = Cs 1 %l(gl)d 2 ?ql(QQ)d .
(2.10) [14: ] < s ([l + [Juz| )

The constants ¢ and ¢; depend on the geometry of €2, on v, and on the maximal value
of the «; and ~;; moreover, the constant ¢, depends on s.

Using these estimates, an existence result is proved in [3, Cor. 5.3]. We only state
it.

THEOREM 2.1. For any f; in L?*(Q;)%, 1 < i < 2, system (2.4)~(2.5) has a
solution ([71, 02) with each U; = (wi, pi, ki) in X x L2(80;) x L*(Q;). Moreover, each
function k;, i =1 and 2, is nonnegative and belongs to H*(§2;) for all s < %

In contrast, the uniqueness result in [3] (see also [11] for a similar result) is rather
disappointing. It states that, if system (2.4)—(2.5) admits a solution (w;,p;, k;i)1<i<2
such that each u; belongs to W1P(Q;)? for some p > 2d, and if its norm in this space
is small enough with respect to the relative variation of the «;, then this solution
(w;, pi, ki)1<i<2 is unique. So our idea is to give up making any uniqueness assumption
for the analysis of the discretization.

Finally, let us recall the regularity property of the solution which is proved in
[3, Thm. 7.5] when the domains Q; and Q are two-dimensional rectangles: let (U, Uy)
be any solution of system (2.4)(2.5), with U; = (w;, p;, k;), such that u;, i = 1 and 2,
belong to H*-(£2;)? for some s_ > 1; then, this solution satisfies

Uy e H () x H7Y(Q) x H5(), i=1and?2,

for all s < sp ~ 1.5946, where the value of sy is derived from [20, Cor. 4.2]. So the
following assumption seems reasonable, especially in dimension d = 2.

Hypothesis 2.2. System (2.4) and (2.5) admits a solution (U}, U3) such that each
UF, 1 <14 <2, belongs to H* (Q;)% x H* ~1(Q;) x H* (%) for some s* > 4.

Remark 2.3. Assume that the functions u;, i = 1 and 2, belong to H*(£2;)?, for
some § > g. If a solution k; of problem (2.5) belongs to H'(£2;), then it satisfies the
more standard formulation of this problem:

Find k; in HY(Q), 1 <i <2, with

2

ki=0 onTy and ki = |u; —us on I,
such that, for 1 <i <2,
(2.11) Vi € HYQ). ik ko) = [ i) [Vus? o1 da.
Qi

where the bilinear form ¢;(¢;; -, ) is defined by

(2.12) ci(ti;fi,goi) :/ 'Yi(ti) sz . V(Pi dx.

i
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The discretization below relies on this last formulation. However, for technical reasons,
we consider in what follows its extension to the case where k; is sought for in H17¢(£2;)
and ¢; runs through H'*¢(Q;) for a small positive ¢.

Another presentation. For 1 <7 < 2, we first introduce a generalized Laplace
operator, which we still denote by £; for simplicity: for a fixed ¢; in L'(Q;), the
operator L;(t;) associates with any g; in L*(;) and ); in L?(T) the solution k; =
Li(t:)(gi, Ni) in H3(8;), s < %, defined by transposition, of the problem

Cdiv (w(t) Vk) =g i,
(2.13) ki =0 on I';,
ki =X\ onl, 1<4<2.
The existence and uniqueness of this solution are checked for instance in [3, sect. 4].

Similarly, we introduce the Stokes operator S;: for a fixed ¢; in L*(£2;), the operator
Si(t;) associates with any g, in the dual space of X; and A; in the dual space of

1
HE () the solution u; = S;(t;)(g;, Ai) in V; of the Stokes problem

—div (a;(t;) Vu;) +gradp; =g,  in €,

div u; = 0 in Qi7
(2.14)

u; =0 on I';,

@i(ti) On, i —pimi = A onT.

Next it is readily checked that problem (1.1) can be written as

U1 Sl(lﬁ) 0 0 0 (—fl,)\l(ul,u2))
kl + 0 El(kl) 0 0 (—gl(khul),)\(ul,uQ)) -0
Uy 0 0 Sa (k) 0 (=f2: A2(u1, uz2)) ’
k2 0 0 0 Lo(ko) (—g2(ka; u2), AMu1, uz))

(2.15)

with

Xi(ur,uz) = (u; —uy) [ug —ujl,  gi(ki,wi) = (k) |V,
(2.16) ,
)\(’U,l,UQ):7|’U/17’U,2| .

Let T (k1, k2) denote the diagonal matrix made of the operators S;(k;) and £;(k;)
that appears in (2.15), and let G(Uy, Us) stand for the last vector in this formula. For
technical reasons, we introduce a small parameter ¢, 0 < ¢ < %, and we consider the
spaces

(2.17) X = X; x H75(Q,), X =X X X,

Then problem (1.1) is equivalent to finding a solution (Uy,Us) in X of the equation

(2.18) (g.;) + T k1, ko) G(UL, Us) = 0,
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In view of [10], we work with a solution (U7, Uy) of (2.18) which satisfies the following
hypothesis, as usual for the discretization of nonlinear problems.

Hypothesis 2.4. The solution (U, Us), of system (2.5)—(2.7), with each U} =
(uf, kF), is such that the operator

(2.19) Id + DT (ky, k3)G(UT, U) + T (k1, k3) DG (U, Uy)

(where D stands for the differential operator) is an isomorphism of X.

The idea is that the conditions for the global uniqueness of the solution (U}, Uy),
if they exist, are most often too restrictive (see [3, Thm. 6.3]). Hypothesis 2.4 ensures
only the local uniqueness of the solution, which is much weaker. Indeed the analogous
assumption for the standard Navier—Stokes equations is often used for the numerical
analysis of the discretization and is not at all restrictive. Note that Hypothesis 2.4 is
equivalent to the well-posedness of the linearized system for any data (g,, A;) in the
dual space of X; x Hey(T') and (g;, \s) in H~1=5(Q;) x H3~<(T):

Find (w;,r;) in X; x L2(Q;), 1 <i <2, such that, for 1 <i#j <2,

Yv; € XZ‘,

/ a; (k) Vw,; : Vv, dm—i—/ o (k)e; Vul : Vv, dz —/ ri(divw;) de
Q; Q; Q;

(2.20)+ r (ui —uj) - vidr + F|ui*uj|('wi*’wj)"vi T

|uj —uj]
:/ gi~vidw+/)\i-vid7,
Qi r

i

Vg € L* (), —/ gi(divw;) de = 0;
Q;
Find 0; in H'75(Q;), 1 <1 < 2, with
l;=0 only and bi=X+2(u] —ul) - (wy —wsy) onT,
such that, for 1 <i <2,
Y, € HyTe (),

/ (k)Y - Vapidas—l—/ Yi(kI)e; VES - Ve, dw:/ gi p; dx
+2/ a; (k) Vu] : Vw; gpid:n—i—/ (kD) |Vul | g, d.
Q

Even if this is nothing but a linear problem, writing it is rather technical.

In what follows, we always assume that Hypotheses 2.2 and 2.4 hold. These
assumptions are nearly realistic and seem necessary for proving the convergence of
any type of discretization.

3. Description of the discrete problem. From now on, we assume that the
Q); are rectangles in the case d = 2, and rectangular parallelepipeds in the case d = 3.
More precisely, as illustrated in Figure 1, by an appropriate scaling, we take Qy (resp.,
Q) equal to |—1,1[1 x]0, hy[ (vesp., |—1, 1[4~ x]—hs,0[ ), where the h; are positive
real numbers. As already said, the h; are often small in practical situations.
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N Q,

r2 Q

Fic. 1.

We first describe the discrete problem. Second, as for the continuous problem,
we write it in a different form, in order to apply the theory of Brezzi, Rappaz, and
Raviart [10] for its numerical analysis.

The discrete problem. For each pair of nonnegative integers (k,n), we intro-
duce the space Py ,,(€;) of restrictions to €; of polynomials with degree < k with
respect to = (and also to y in the case d = 3) and with degree < n with respect to z.
We denote by Py (T") the space of restrictions to I" of polynomials with degree < k with
respect to each tangential variable. We fix a 4-tuple § = (K7, N1, K2, N3) of positive
integers, in order to define the discrete spaces of velocities and turbulent energies,

(3.1) Xis = Pr, v, ()0 X5, Yis = Pr, v, (%) 0 H ().

As for the standard Stokes problem, two different choices exist for the discrete spaces
of pressures M;s, namely

(32) Mjs=Px,_on—2(%) and M =Px, o n,—2(%) NP v (20),

for a parameter A, 0 < A < 1, where the brackets [-] denote the integral part.

We denote by (Ly,),>0 the orthogonal basis of L?(—1,1) made by the Legendre
polynomials. Each L,, has degree n and satisfies L,,(1) = 1. For any positive integer n,
let £ and p7, 0 < j < n, be the nodes (in increasing order) and weights of the Gauss—
Lobatto formula on ]|—1, 1], which is exact on all polynomials with degree < 2n — 1.
We recall that i (resp., &) is equal to —1 (resp., 1), that the £, 1 <j <n —1, are
the zeros of L], and that the p; are given by

2

(3.3) S T D)

0<j<n.

For simplicity, we denote by z;; and p;r, 0 < k < K;, the nodes 5,51' and
weights pkK In the z-direction, we set, for 0 < j < NN,

Zij = 5 ((—1) +1 +§ij) and Wij = Epévb
We introduce the grids
- {(xik,zij); 0<k<K;, ogjgNi} in the case d = 2,
=i {(xik,xig,zij); 0<k(<K;,0<j< Ni} in the case d = 3,
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and we denote by Z;s the Lagrange interpolation operator on the grid Z;5 with values
in Pk, n,(€;). Two different grids are then defined on the interface I': we denote
by I}; the Lagrange interpolation operator on the grid ;s NI" with values in Py, (T').

Finally, we introduce the discrete product, for all functions u and v continuous
on Qi7

Ef:io ;y:"o W(Zik, 2ij )U(Tik, Zij) Pikwij in the case d = 2,
(u,v) 5 = Ki —Ki —N; .
D ko 2o ijo W( Tk, Tie, 2ij)V(Tik, Tie, Zij) PikpPiewi;  in the case d = 3,

and its analogue on I"

(u )I‘ { ZkK=o u(Tik)v(Tir) pik in the case d = 2,

i ZkK:io Zf:io w(ik, Tio)0(Tik, Tie) PiPie in the case d = 3.

We fix an operator IIl; from HO%O(F) into Pk, (I") N HO%0 (T") which will be made
precise later on. We are now in a position to state the discrete problem associated
with problem (1.1). It reads as follows:

Find (Uhs, 025), with each Uié = (uiﬁ,pi(s, kié) n Xisx MisxPg, N, (Qi),
such that, for 1 <i#£j <2,

(3.4) kis=0 onI; and k= H£5(|u15 —ugs|?) onT,
and
Vvis € Xis,
(3.5 as (Kis; wis, Vis) + bis(Vis, pis) + (|wis — wjs| (wis — uj&),vus); = (fi vis) 5

7 Vais € Mis,  bis(wis, is) = 0,
Vis € Yis, cis(kis; kis, 0is) = (Oéi(/fié) \VUMF,SOM)W

where, for any continuous function t¢;, the bilinear forms a;s(t;;-,+), bis(+, ), and
cis(ti; -, ) are now defined by

(3.6) ais (tis Wis, vis) = (i(ti) Vis, Vvis) 5o bis(vVis, qis) = — (qis, div vis) .5,
cis (ti; kis, wis) = (7i(ti) Vkis, Vis) ;5

Remark 3.1. A natural choice of operator HES would be the Lagrange interpo-
lation operator Iil:s. However, for K7 # K>, since two different discrete products are
defined on the interface I', the trace of w15 on I' must be re-interpolated on the nodes
of Z9sNI" and conversely. Moreover, the convergence of the interpolate of a function ¢

toward this function in HO%O(F) or even in H2~¢(I") would require too much regularity
of the function ¢; see [7, sect. 14]. Other choices of operator HES, such as orthogonal
projection operators, are possible but seem more expensive to implement.

Remark 3.2. For the choices Milé and Mfé of discrete pressure spaces introduced
in (3.2), and thanks to the exactness property of the quadrature formula, each b;s(-, -)
can be replaced by b;(-,-) in formulation (3.5).

The numerical analysis of system (3.4)—(3.5) is rather technical. However, we
begin with the same simplication as for the continuous problem. For ¢ = 1 and 2, we
introduce the discrete kernel

Vis = {vis € Xis; Vais € Mis, bis(vis, qis) = 0}.
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Note that, for the two choices M;s = M) and M;s = M2 proposed in (3.2), Vs is
not contained in Vj, i.e., is not made of exactly divergence-free polynomials. It is
readily checked with this definition that, for each pair (0’15, 025) solution of system
(3.4)—(3.5), the reduced pair (Uys,Usas) of discrete velocities and discrete turbulent
energies is a solution of the following system:

Find (Uys,Uss), with each Uss = (wis, kis) in Vis ¥ Pgk, N, (%),

satisfying (3.4) and such that, for 1 <i# j <2,
Vvis € Vis,  ais(kis; wis, vis) + (|wis — wjs| (wis — u;s), Um)ipé = (fi,vis) 150

(3.7) )
Vipis € Yis,  cis(kis; kis, pis) = (ai(kié) Vs 7(Pi6)i(5'

The converse property relies on a discrete inf-sup condition, which is derived in
two steps, relying on the arguments in [8] and [9], respectively. For a while, let M[g
stand for the subspace of M/ made of polynomials with a null integral on €2;.

LEMMA 3.3. For i =1 and 2, and for the discrete spaces Mi’g, m =1 and 2,
there exists a constant Bzg > 0 such that

~ bis(vis, qi
(3.8) Vais € M]3, sup M

> B |ais || 2 ) -
Vis €XisNHE ()2 Hvié”Hl(Qi)d

Moreover, these constants Blm satisfy, fori =1 and 2,

Nl

- 2-d _ 1 ~
(3.9) B} >cK,;? inf{K; *,N, } and B?>c.

Proof. Since any ¢;s in M;s has a null integral on €2;, there exists [15, Chap. I,
Cor. 2.4] a function v; in H}(€;)¢ such that

div V; = (is in Q, and ||'Ui||H1(Qi)d <c ||Qi5||L2(Qi)-

Next, we recall from [8, Lems. 3.2 and 3.3] that, for any p, 0 < p < 1, there exists
an operator 7/ from Hg(—1,1) onto Pt pn (=1,1) N H}(—1,1) which preserves all
polynomials in P,,_1(—1,1) and satisfies, for all  in H(—1,1),
[(7he) 21,1y < 9 l2(-1,1) and [ 7hell2—11) < cp™2 [lellr2-1,1)-
w(K5)

The idea consists of choosing the operator 77 in the - or y-direction equal to m, ",
with

K —1 ifm=1,
(14 p(K;))M =K; and M = { LA K] ifm=2

recall that ) is introduced in (3.2)), and denoting them by 7-*) and 7(*)
g K K

. .7, respec-
tively. Similarly, the operator 7} in the z-direction is equal to W%Ni), with
N; —1 ifm=1,
(14 u(N)M =N; and M = { ERN] ifm—2,
and denoted by 7'(']?:;1_(2). Next we set
7@ o 7@y, in the case d =2
s K; N i — 4
Vie T\ @) | _m(y) | _m(2)
W}?i"L omp. ) omy Vv, in the case d = 3.
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From the properties of these operators, it is readily checked that

bis(vis, qis) = —/

qis (diV 'Ui) dx = / (qi5)2 dx,
Q;

Qis

while the norm of v;s in Hg(Q2)? is bounded by

2-d 1 1-d
visll 10,y < e sup {p(K) 2 p(Ni) ™2, w(Ki) 2} llvill g,y

Evaluating the quantities p(K;) and u(N;) as a function of N; or K; for m =1 or 2
leads to the desired result.

LEMMA 3.4. Fori =1 and 2, and for the discrete spaces M]3, m =1 and 2,
defined in (3.2), there exists a constant Bl > 0 such that

bis(vis, Gis
(3.10) Vas € M, sup D00 o gy,
Vis€Xis HviéHHl(Qi)d

Moreover, these constants B, i =1 and 2, satisfy (3.9).
Proof. Any function g¢;5 in M]j admits the expansion

. . _ 1
qis = 4is + q;s» with qis = 2d71 h / qzﬁ(w) dz.

Since the function §;s belongs to M{gﬁ it follows from Lemma 3.3 that there exists a
Vis in X5 N HE ()% such that
L - 12 - 1
bis(Vis, Gis) = Gisll 120, and  [[Visllgr e < = lGisllz20.)-
i6

On the other hand, the function ©;s equal to (0,v;s) in dimension d = 2, and to
(0,0, v;s) in dimension d = 3, with

Vi — { (Lo(x) = La(2)) (1) hi — 2) Tis in dimension d = 2,
7 (Lo(x) = La(2)) (Lo(y) — La(y)) (1) h; — 2) G5 in dimension d = 3,

belongs to X;s and satisfies, for a fixed constant ¢,
bis(Tis, Uis) = @is T2y and  [Tisll e < co[@isllz2 (-

Next we take v;s equal to v;5 + AD;s for a fixed constant A\. Indeed, it follows by
integration by parts that b;s(9;s,q;s) vanishes so that

bis(Vis, Gis) = bis(Vis, Gis) + A bis(Vis, Gis) + A bis(Vis, Gis)-
The previous properties, together with the continuity of b;s(-,-) (which coincides
with b;(+,-) everywhere in the previous equation), yield
bis(vis, qis) > Hq~i6H%2(Qi) +A ||@:5||%2(Qi) — MDisll () 1disli L2
> |Gis |72,y + M@is 11720y — ccoX sl L2, (sl 220
whence

1, . AN
bis(viss 4is) = 5 ldis 320 + A1 = 52 el
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1

We now choose A equal to —,
0

in L2 (Ql))

which gives (note that ¢;s and g5 are orthogonal

. 1 A
bis(vis, gis) > 1ﬂf{§7 5} ||Qi6H%2(Qi)‘

We also have

- _ 1 \2 2
lvis |l 1 iye < 10isll 1 (iye + AMVisll (02 < <<Bm> +C(2)/\2> llgis |l L2 (0:)
i6
which concludes the proof.
Remark 3.5. From the previous proofs, the constants 57y given in (3.9) a priori
depend on h;. However, by using the vertical homothety that maps €2; onto the
reference square or cube, it is readily checked that these constants satisfy

2—d
(3.11) B> eK,® imt{h K, *,N_®}  and B2 >chi,

where ¢ is now independent of h;.

So we now work with system (3.4)—(3.7). The first idea consists of writing it in a
more appropriate form which is the discrete analogue of (2.18).

Another presentation. For ¢ = 1 and 2, we introduce the discrete Laplace
operator L;s. For a fixed continuous function t;, the operator L;s(t;) associates with
any g; in H~1(Q;) and any function ); in HO%O(I‘), the solution k;s = L;5(t;)(gs, A;) of
the following problem:

Find k;s in Pk, n,(8;) such that

(3.12) kis=0 onT; and ki =1IIs\; onT,

and

(3.13) Vipis € Yis,  cis(tis kis, pis) = / gi pis dx.

It follows from (3.3) that the weights p;; and w;; are positive. When combined
with (2.1), this yields that the only solution of (3.12)—(3.13) for g; = 0 and A\; = 0
is zero. Hence, since problem (3.12)—(3.13) results into a square linear system, the
operator L;s(t;) is well-defined.

Similarly, we introduce the discrete Stokes operator S;s. For a fixed continuous
function ¢;, the operator S;s(t;) associates with any g, in the dual space of X; and
; in the dual space of HO%O(F)”Z the solution u;s = S;s(t;)(g,, Ai) in Vis of the following
Stokes problem:

Find u;s in Vis such that

(3.14) Vis € Vis,  ais(tis Uis, vis) = / g; - Visdx + / Ai - v dT.
Q r

There also it follows from (3.3) and (2.1) that the operator S;s(t;) is well-defined.
Finally, the matrix 75(t1,t2) is defined by

Si5(t1) 0 0 0

_ 0 Lis(t1) 0 0

(3.15) Ts(t1,t2) = 0 0 Saslta) 0
0 0 0 Los(t2)
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We introduce the vector Gs(Uss, Usas),

(—Ff15, Ais(w1s, was))
| (—g15(kis, u1s), AM(uis, uas))

(3.16) Gs(Uis, Uzs) = (—Fosy A2s(u1s, uas))
(—9g25(k2s, u2s), A(w1s, U2s))

where the functions f,s, gis, and A;s are defined by duality, for smooth enough func-
tions v; and ¢; (we do not make precise the spaces),

(3.17) <f¢5,vz‘> = (fi,vi)w <)\i5(u157u25),’0i> = (|u2i§ - uj§| (wis — ujé)v'ui)f&v
<gi§(ki6vui6)a@i> = (Oéi(km) V| 7%0i)i5~

The quantity A(ui,ug) is defined in (2.16).
Thus, it is readily checked that problem (3.4)-(3.7) can be equivalently written

U1
ks

U2s
ks

(3.18) Us + Ts5(k1s, k2s) Gs(Urs, Uas) = 0, with  Us =

This formulation is fully appropriate for performing its numerical analysis thanks to
the theory of Brezzi, Rappaz, and Raviart [10].

4. The discrete Laplace and Stokes operators. As a first step for the nu-
merical analysis of the discrete problem (3.4)—(3.5), we investigate the properties of
the discrete quasi-linear operators L;s and S;s5; more precisely, we prove stability and
error estimates. In all that follows, ¢, ¢/, and ¢” stand for generic constants that may
vary from one line to the other but are always independent of 6.

The discrete Laplace operator. For ¢ = 1 and 2, and for a fixed continuous
function t;, let us first consider the operator L;s(t;) defined from problem (3.12)-
(3.13). In order to prove its stability, we first recall [7, Form. (13.10)] that, for any
polynomial ¢,, of degree < n on |—1,1],

(4.1) ||</7n||2L2(—1,1) < Z @%(fjn) P;'L <3 ||<Pn||2L2(—1,1)~
§=0

Combined with the boundedness and positivity of ; (see (2.1)), this obviously yields
some basic properties of the form ¢;s(-, ) that we now state.

LEMMA 4.1. For any continuous function t;, the form c;s(t;;-,-) satisfies the
following properties of continuity:
Vipis € Pre, n, (), Vis € Pr, n, (),

(4.2)
cis(ti; is, pis) < c||Visll 1) l0isl 51 (00

and of ellipticity
(4.3) Vibis € Yas,  Cis(tis Yis, bis) = ¢ |Wisl 7 a,)-

Let R; be a continuous lifting operator form HO%O(F) into H'(€);), defined as
1
follows. For any A in HZ(T), R;A belongs to H'(Q;), is equal to A on T, vanishes
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on I';, and satisfies (this is proven by using the analogous lifting operator on the unit
square or cube), for all s > 1,

(4.4) VA€ D). IRALeqay < chf U IN
where Hiié (I") stands for the intersection H*~ = (I') ﬁHO%O(F)7 provided with the norm

1
of HZ)(T) if s is equal to 1, of Hs=2(T) if s > 1. A similar operator Rys, satisfying
the same properties, is constructed in [19] and [4], which maps polynomials in Pg, (")
vanishing on OI' into Pg, g, (€2;). Moreover, this operator satisfies, for all s > 1,

1 1,
(4.5) VAs € Pr, (D) N Hg (), [[RisAsllme(o,) < ch? ”)‘5”115’%@)'

However, in order to obtain a lifting operator of the same space of polynomials into
Pk, n,(I"), we apply the interpolation operator Z;s to R;sAs and derive from the sta-
bility properties of this operator on polynomials (see [7, Forms. (13.27) and (13.28)])
that

1 _1 1
(4.6) Y5 € Px,(T) N Hgo(T), | ZisRisAsllar ) < ¢ Sup{hi e } A 6“ by’
0

LEMMA 4.2. For any continuous function t;, the following stability property holds
for any g; in H=1(Q;) and any continuous function \; on I':

K; 1
fala) ISV
Iy ).

Proof. The function kY% = L;5(t:)(g:, A\i) — Zis RisIIs\; belongs to Yis so that
applying the ellipticity property (4.3) leads to

1

(47) st a1 Ay < (ol + sunf

ksl 3 )y < cis(tis ks, kis) = /Q gi ki da — cis (ti; Lis RisTis i, ks ).

The continuity property (4.2) gives

ksl 1 20y < € (lgill -1 () + |1 Zis RisIisAill i )

whence, by a triangle inequality,

1236 (t:) (g5 M)l 7122y < € (gill =22y + i Ris il 112 2:))-

The desired estimate then follows from (4.6).
Remark 4.3. Note from the previous proof that estimate (4.7) can be replaced
by

1 K; o1
(48) It Ml < e (o, +su{it 22} G )
where the dual norm | - [|y is defined in a trivial way by

gipis dx
lodlv, = sup Jo, gieie dz-
o pevis lwisllae)
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This modified estimate is needed later on.

Next we define the integers K and N/ as the integral parts of Kgl and %,
respectively. For technical reasons, we introduce the modified parameter § =
(K1, Ni, K3, N3).

LEMMA 4.4. For any continuous function t;, the follmluz'ng error estimate holds for
any g; in H=1(Q;) and any continuous function \; in HZy(T) such that L;(t;)(gi, Mi)
belongs to H*(;), s > 1,

[(Li = Lis)(ti)(gis M)l 1)
1 K; o1 _ _ _ 1_g
< esup{n;®, 7 (K7 4 h 7 NI RE T L) (90 M) e

N,
(4.9) RS 5 L VTN
=+ ||/\l ZéAIHHi(F)
inf [l = sl o 1€t (96 A1 )-

Yis! 6HDK{,N{ (£24)

Proof. We set k; = L;(t;)(gs, M), kis = Lis(ti)(gi, Ai). The proof is performed in
several steps.

(1) We introduce an approximation \;s: of A; in P/ (") which vanishes on 9T" and
we take ki = k; — R;(A\; — \isr). It follows from (4.4) that

1
kl—k; 1(Q). SCh;E )\i—Ai/ 1
s = kil I =Dl

and also that

s
Willrecay < Whillirecoy + €hE ™ (il my oy + INisllmg )

Next we set ks = Lis(t:)(gi, Mis') and we deduce from Lemma 4.2 that

1 K’L

feis — K < {h._2 —h%}(&-f)\i/ . A — TN . )
kis — Kisl (i) < c supqh, ', | 5HHO;O(F)+|| is ”Ho%o(r)

Thanks to the triangle inequality

ki = ksl ) < ki = Killar ) + 1k = ksl + ks — kisll a0

it remains to estimate ||k} — ks g1 (q,)-
(2) The functions kY = k! — Rjs\is and k% = kls — Ziss Risr \iss belong to
H}(Q;) and Yis, respectively, and satisfy

ciltinky, oi) = / gipi dx — ci(ti; Ris: Nigr, 0i) — ci(ts; Ri(Ni — Nigr ), ©4),

i

(4.10)

Vs € Yis, cis(tis ks, pis) = / Giis dx — cis(ti; Lis' Ris' Nist, pis)-

i

So, denoting by ¢Y%, the orthogonal projection of k{ onto Y;s for the norm of H}(£2;)
and adding the difference of these equations, we deduce from the ellipticity prop-
erty (4.3) that

k35 — oI5 o) < cisltis ks — @055 kis — oisr)
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<c (ci(t“ K — % ks — 0% + ei(tis Ri(Ni — Nisr), ks — %)
+ci(tis (1d — Zisr) Ris Nisr, ks — ¢00)
+(ci = cio) (tis s kils — Phsr) + (i — cio) (ti; Lior Risr Niov s — <p?5,))
Thanks to a triangle inequality, this yields
1K} — Kisll mr1. o)

,l
c <|k? — sl +chy 1A — /\us’H 3 )+ Il(Id — Zisr) Rist Nist || 71 (20

+ sup
Xis€Yis ||Xi5||H1(Qi)

(3) In order to evaluate the last term, we observe that, for any y;s in Yy, any ;s

in P n:(92), and any e in Pyer vr(€),

/ Yis' Vibisr - Vxis dx = (Visr Vbisr, VXis)is
O,

Adding and subtracting this quantity and using the continuity property (4.2) leads
to, for any x;s in Yis,

/ Yi(t:) V(p3s + Lisr Risr Nist) - VXis dx — cis(tis phs + Lis Ris' Nist , Xis)

i

+ Zis' Ris' Nis ||

< cllyilti) — e ||
Moreover, it follows from the definition of ¢Js, that

||</716' +ZLis Rise 15/HH1 < ”kOHH1 )t ||Iz6’Ru5/ 16’||H1(Q
< kil ) + 1 Ris Nist L (2, + (1 Zisr Ris Nio | 1.2

Thanks to (4.5) and (4.6), we obtain

1 Kl 1
il + Tis Bist Nl < il oy + esun{ g ®, b a3

" N; )

(4) To conclude, we note that the trace A; of k; belongs to H*~%(I') and choose
the polynomial A;s: such that (see [7, Thm. 7.4])

[[Ai = s |l c K Al [[ i

. < el

HAT) HHD) T H3 (D)’

Next it can be observed that, for any polynomial ;s in Pg, N;(Qz‘),
[(Id — Zis ) Ris' Nist | e (92,) = [|(Id — Zisr ) (Risr Nise — 7ise )| 11 () -

Using the stability properties of the operator Z;s on polynomials (see [7, Forms. (13.27)
and (13.28)]) and taking 75 equal to the orthogonal projection of R;s: \jsr in H'(£2;)
yields

ol

3\3

1
1(Id=Tis) Risr A | 110 o <csup{h 2 h2}(K1 RSN | Ri Mise | e (0

fQi i(ti) V(Y5 + Liss Risr 15/) Vxis d — cis(ts; 9% + Lisr Ris Nisy Xié))
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whence, from (4.5),

|(I1d—Zis ) Riss A | <csu {h*% K h%} (K15 £hs =L N1=5) h3=2 | Aol
76’ 16/ NS || H () = p i Nz i i i i 6’ HS_%(F)'
Finally, using the previous estimates also yields
i-s
160 = 0% |1 ey < € (K}~ + h3TINI) (Ilkéllmmn +hi s HHS,%(F)).

To conclude, we observe that ||/\i||HS’%(F) is bounded by a constant ||&;||fs(q,). This
ends the proof.

Remark 4.5. The following estimate can be derived by combining [7, Thm. 7.4]
with a Gagliardo—Nirenberg inequality: if the function -; is of class C™ with bounded

derivatives of order < m and if the function ¢; belongs to H*(£;), % < s <m,

d_g s—2 d_g
(4.11) inf 17i(t:) = vier Loy < e (K7~ + Ry 2 N2 7)) till e )
Vist €Px; N, (i)

Moreover, a more sophisticated argument, using the full regularity of L£;(¢;)(gi, \i)
allows us to replace when s is > g the last term in (4.9) by the better estimate

(4.12) e (K™ + by N il e

Li(t:)(gi, M)l 5o (020)-

Remark 4.6. If the function ~y; is differentiable with bounded derivative and if
the function t; belongs to H"(€;) for r > 1, the Aubin—Nitsche duality argument
[7, Thm. 15.4] leads to the improved estimate

(Li = Lis) (i) (gis Ai)l| - (0,
< ¢ (K72 + R NTOE: = Lio) (1) (920 1)
L;(t:)(gs, Ai)HHl(Qi))-

(4.13)

inf () — A .
Yis! GPKE«NZ Q) H’Yz( Z) Yié ||L Q)
Finally, we investigate the dependency of L;s(t;)(g:, A;) with respect to ¢;.

LEMMA 4.7. For any continuous functions t; and t}, the following stability prop-
erty holds for any g; in H=1(Q;) and any continuous function \; on T':

L3 (ti)(gis \i) — Lis(t;)(gis M)l 1 2

(4.14)
<cllviti) = vt = (o,

Lis(ti)(gir Ni) | 21 (02,

Proof. Setting kis = L;5(t:)(gi, \i) and ks = Lis(t;)(gi, Ai), we observe that the
function k;s — kl; belongs to Y;s and satisfies

Yois € Yis,  (vi(ti) Vkis, Vis) ;5 = (7i(t}) Vs, Vipis) 15
whence

cis (i kis — kis, kis — kig) = (vi(t;) (Vkis — Vkis), (Vkis — Vkis)) s
—((va(ts) = 2(t7)) Vkis, (Vkis — Vis)) -

So the desired estimated follows from the properties of ¢;s(+; -, -); see Lemma 4.1.
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The discrete Stokes operator. We now present similar properties for the
Stokes operator S;s defined by (3.14); however, we skip the proofs except for the error
estimates.

LEMMA 4.8. For any continuous function t;, the form a;s(t;;-,-) satisfies the
following properties of continuity:

(4.15) Yuis € Xis, Vvis € Xis, ais(ti;wis, vis) < cl|wisl g ,yallvisl zr ,)4,
and of ellipticity:
(4.16) Vs € Xis,  ais(tiivis, vis) > C”’UMH?—U(Qi)d-
LEMMA 4.9. For any continuous function t;, the following stability property holds
1
for any g; in L2(Q;)* and any X; in the dual space of Hgy(T)%:

(4.17) [1Sis (t:) (g5 M)l e < e (lgillzz@pya + 1INl y ).
Hg ()

Remark 4.10. As for the Laplace operator, the norms of g, and A; in the right-
hand side can be replaced, respectively, by the dual norms of X;s (when provided with

1
the norm || - || 1 (q,)e) and of P, (T)* N HE(T')* (provided with the norm || - ||H% (F)d)'
00

However, the proof of the convergence estimate is slightly different (but simpler).
LEMMA 4.11. For any continuous function t;, the following error estimate holds

for any g; in L?(S;)% and any X; in the dual space of HO%O(I‘)d:
1(Si = Sis) (ti)(gis Al 1 (2,4

< inf (t)(gis Ai) — wis|| 1 (a,
(4.18) = 'uh'(sEl)r}m/ﬁVi<||Sl(tl)(gl7 /\l) w“SHH ()

inf llovi(ts) — cvist || o (02,)

Ww;s 1 vd).
oo €Prcr e (2) i ||H (%)

Proof. Setting u; = S;(¢;)(g;, Ai) and u;s = Sis(t:)(g;, Ai), we derive from (4.16)
that, for any w;s in X;5 NV,
lwis — wié’”?—jl(ﬁi)d < cais(ti;wis — Wig, Wis — Wig' ).
Using (2.14) (in variational form) and (3.14), we derive
lwis — ’ww/“%{l(gi)d <c (ai(fi; Ui, Uis — Wis) — Qs (L35 Wisr, Ui — ’wus/))-

Next we deduce from the exactness of the quadrature formula that, for any a;s in
Pr; n; (S0),

/Q. aisr Vwisr - V(uis — wisr) de = (s Vwisr, V(wis — wisr) )is-
Adding and subtracting this quantity yield
lwis — wi&’”?{l(ﬂi)d <c (ai(ti§ U; — Wisr, Wis — Wis')
+ /Q(ai(ti) — ;s ) Vwgs - V(us — wis ) de

— ((@s(t) = ) Vawisr, V(a5 = wisr)is ).
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So the desired estimate follows from the continuity property (4.15), together with a
triangle inequality.

Remark 4.12. In dimension d = 2, it is easy to evaluate the distance of a func-
tion w; in V; to X;sNV; by introducing the stream function ; such that w; = curl ;.
Indeed, the functions curl ;5, where ;s belongs to P, n,(€;), satisfies the desired
boundary conditions and approximates 1; in H?(;), belongs to X;sNV;, and provides
a good approximation of u;. The case of dimension d = 3 is more complex; however,
the right approximation properties have been proved in [22] for smooth functions and
extended in [5] to arbitrary functions. So the general result reads as follows: for any
function u; in H*(Q:)4NV;, s > 1,

(419)  inf O l1Si(ti)(gi M) — wisllm (e < (K7 + b NG Jlwill s -
Note also that the last term in (4.18) can be bounded analogously to (4.11) or (4.12).
LEMMA 4.13. For any continuous functions t; and t}, the following stability

property holds for any g; in L*(;)% and any X; in the dual space of HO%O(F)‘Z:

[Sis (t:) (i, Ai) = Sis(t7) (@3 Xi) | 111 (02,)
< clla(ts) = ai(ti) | Lo (@) 1Sis () (gis M)l 1,y

5. Numerical analysis of the discrete problem. The aim of this section is to
prove that, if Hypotheses 2.2 and 2.4 hold, problem (3.4)—(3.5) has a unique solution
in a neighborhood of (U7, UJ) and that this solution converges to (Us,Us). We also
derive optimal error estimates. To this aim, we check the assumptions of the theorem
of Brezzi, Rappaz, and Raviart [10] in Propositions 5.5 to 5.7.

From now on, we denote by X;s, i = 1 and 2, the space X;5 X Pk, n,(£2;), provided
with the norm of X;, and by X5 the product &X7s x Xos.

In view of (4.6), (4.9), and (4.19), for instance, we decide to take the N;, i =
1 and 2, such that, for a fixed constant k,

(5.1) kh, K; < N; <kh; K; +1,

(4.20)

and we do not any longer take into account the dependency of the constants with re-
spect to the h;. We also choose an approximation (Ujy,, Ujs, ), with U, = (u}s, ki),
of the solution (U7,U3) in Hle(Xiy X P n/(€;)) which satisfies the following
approximation properties for 0 < r < s*, where s* is introduced in Hypothesis 2.2:

w; —uis larye < K% [Juilge= (),

(52) * * r—s* *
ki — Eis () < K] ||k HHS*(Qi)'

The existence of such an approximation is stated in [7, Thm. 7.4]. Finally, we assume
that the functions a; and ~; are of class C 2, with bounded derivatives up to order 2 and

_1
also that the operators II%; satisfy, for all s > £ (the notation Hg *(T') is introduced
in (4.4)),

(5.3) VA€ H (D), ||IA— H%)\HH%

00\*%

<RI A

In a first step, we must prove the analogue of Hypothesis 2.4 for the discrete
operator. The proof relies on the expansion
Id + D75 (ki k35 )9s(Uts, Ussr) + Ts(Kis s ks ) DGs (Utsr, Uzsr)
4
= Id + DT (k}, k3)G(UT, Us) + T (ki, k3)DG(UT, Us) + Y O;,

Jj=1
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with

Oy = —(DT (k, k3)G(UT,U3) — DT5(k, k3)G(Ufsr, Uss:))
— (T = Ts) (k7. k3) DG (U, Uy ),
Os = —(DTs(kj, k3) — DTs(kis, k35))G(Uss, Ussr)
— (T5(k7, k3) — Ts(KYsr, k3s)) DG(UT, Us),
O3 = =T5(kis, k35 ) (DG(UT, U3 ) — DG(Usr, Usyr)),
04 = _DZS(]“T&» k§§,)(Q(U{‘5,, U;é’) - gé(UikéuU;é'))
— Ts(kis s k35) (DG (Uss, Uss) — DGs(Utsr, Ussr))-

So we now prove that each O; tends to zero when K; and K3 go to 400, in the norm
of the space L (Xs, Xs) of linear mappings from Xjs into itself. These properties are
stated in the following lemmas.

Let us first observe that, for any W = (Wy, W3) in X, with W; = (w;, m;),

(54) DG(U;,Us)- W =

with

(uj —uj) - (w; —wy)

DAi(uI’uz)'(wl’w2) = |u: _U;I(wi_wj)—i_ : |qj* —u* (u:_u;)v
5.5 Lo
(5:5) Dg;(kf,wl).(mi, wy) = 2 (k}) V! - Vw, + o (k7)m; [Vul|?,
DA(u7,u3).(wi,ws) = =2 (u] —ul) - (w1 — wa).

Moreover, we have the following formula (which can be derived from the explicit form
(2.20)—(2.21) of the linearized problem):

DT (ky, k3)G(UY, Uz) + T (K7, k3) DG(UY, Us)

5.6
(5:6) (k1) (DG(UE, US) + DH(UY, U3)).
with
(—div (a) (K )m Vu), 0)
. | (div (04 kDmy VD, 0)
DAL U2)-(masma) = | iy (ot (k5 )ma Vi), 0)
(—div (7] (k2 )maVk3),0)

A similar formula would hold for the discrete problem

DTs(k1, k3)G(UT, Uy) + Ts(k7, k) DG(UY, Us)

5.7
(5.7) — Tk}, k) (DU, U) + DHs (UL, U3)),

where the duality product of the first part of the first and third components with a v;s
in Vjs, respectively, of the second and fourth components with a ¢;5 in Yy, are given
by the formulas

(af (K )mis Vus, Vus)is, (Vi(k;)mis VES , Vi) is.
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(Here, the differential operator is applied to a Wy = (Wys, Was) in Xs, with each Wi
equal to (w;s, mys).)
From now on, we fix € such that 2¢ < s* — %.
LeEmMA 5.1. If Hypothesis 2.2 is satisfied, the following property holds:

(5.8) ympd MOl (.25 =0-

Proof. Due to formulas (5.6) and (5.7), we observe that
1Ol (5,200 < (T = To) (KT, k3) (DG(UT, Us) + DHUT, U) I (5.x5)
+|Zs (k7 k3) (DH(UY, Us) — DHs (U, Uss)) Il (s,x)-

(1) To bound the first term, we note that, when (W5, Was) runs through the unit
sphere of X, the quantities

DA;(ui,us).(wis, was), Dgi(ki,u)).(mis,w;s), and DA(ul,u3).(wis, was)

belong to a bounded set in L2(;)¢, H~1(£;), and HO%O(F), respectively. Then it
can be checked that S;(kf)(0, DA;(u}, ul).(wys, was)) remains inside a bounded set
of H%(Q;)? for some s > 1. Thanks to (4.18), (4.19), and the analogue of (4.11),
this yields the uniform convergence of (S; —S;s) (k) (0, DX, (uf, u3).(w1s, we,)). The
convergence of the other terms, say

(Li — Lis) (k) (Dgi(k],u]).(mis, wis), DA(uy, u3).(wis, was)),
follows from (4.13) together with the fact that both
Li(Dgi(k7, ui)-(mi, wi), DA(uy, uz). (w1, wa))
and its discrete analogue
Lis(k7)(Dgi(k7, ui)-(mi, w;), DA(ul, u3).(w1, w2))
are bounded in H'(;); see (4.7). So combining these facts yields

o dm T = T E)DGT Ul ey =0
(2) Similarly, we observe that, when (Wjs, Was) runs through the unit sphere
of Xs, the quantities o (k})m;s Vu) and ~](k})mis VE} belong to a bounded set
of HS(Qi)d2 and H*(£;)?, for some s > 0, so that their divergence belongs to
H*~1(Q;)9 and H*~1(€);), respectively. This implies

li T —T) (k3 k5)D ~Us =0.
K1ﬁ+oolg}2ﬂ+oo II( 5)(k7, k3) DH(UT, Us) I (xx) =0

(3) To prove the convergence of the last term, we observe from (4.8) that it
suffices to prove, for any m;s in the intersection of Pk, n,(£2;) with the unit sphere
of H'=¢(€);), the convergence of

fQi ’y{(kf)mm V/CZ* . Vfi(s da: - (’y{(k;‘)m“s Vk%/ 5 V@m)m
sup .

Lis€Yis ”EiénHl(Qi)
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Handling the other terms is similar. Denoting by 6" the 4-tuple (K{, Ni', K4, NJ)
with each K’ equal to the integral part of Kfl and each N/’ equal to the integral part

of & i4_1 , we derive from the exactness of the quadrature formula for any ;s and m;s

in Pgr no(§),

/ Yisr s Vkis - Vs dx = (visnmisn Vg, Viis)is.
Q.

i

By adding and subtracting this line, we prove that the previous quantity is bounded
by the sum of the terms

17 (k) | oo () llmis V(K7 — K ) 2 (a4
17 () | oo () [ (mis — misn) Vs |l L2 (0,)a
17 (k5) = Fise | oo 0y Imis VEs | 20,y
17; (B oo 00 || Zis (mis — mis) VEs) || 20,4
17i (k3s) — Fior | oo (i) | Zis (mis Vs L2,y

Thanks to the choice of &, the product of two functions is continuous from
H'75(Q;) x H ~'=5(€;) into L?*(Q;) so that the uniform convergence of the first
term follows from (5.2). Again, thanks to the choice of ¢, the product of two functions
is continuous from H'~2¢(Q;) x H* ~1(€;) into L?*(€;) so that the uniform conver-
gence of the second term is obtained by taking m;s~ equal to the projection of m;s
onto Pgyr nv () for the scalar product of H'~%(€);) and using the approximation
properties of this projection operator; see [7, Thm. 7.4]. Similarly, the convergence of
the third term follows from (4.11). The convergence of the last two terms is derived by
similar arguments combined with the stability on the operator Z;s on polynomials; see
[7, Form. (13.28)].

So the proof is complete.

LEMMA 5.2. If Hypothesis 2.2 is satisfied, the following property holds:

(5.9) ympdm 102l (.25 =0

Proof. From (5.7), we have
1021lL (x5, 205) = 1 (Ts (KT, k3) = Ts (K5, k3o ) (DG(UT, Uz )+DHs(Ursr, Usg)) L (2,65
When (Wis, Was) runs through the unit sphere of Xy, the quantity
Ts(ki, k3)(DG(UT, Us) + DHs(UT, Uss))

remains bounded in X so that the desired convergence result follows from (4.14) and
(4.20), combined with (5.2) and the embedding of H*(£;) into L>(€;) for all s > 4.
LEmMMA 5.3. If Hypothesis 2.2 is satisfied, the following property holds:

(5.10) e NOsll (.25 = 0-

Proof. Here, the convergence of each term is a straightforward consequence
of (5.2).

LEMMA 5.4. If Hypothesis 2.2 is satisfied and if the data f,, 1 <1i < 2, belong
to H°(Q;)? for some o > g, the following property holds:

(5.11) reymgdim L Oall .2 = 0.
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Proof. Thanks to (4.8) and its analogue for the Stokes problem, the convergence
of the term

175 (kis, k35) (DG(Uis, Uss:) — DGs(Utsr, Ussr)) I (s,05)
is a consequence of the convergence of the terms

fQi 047(14:5) V’u,:& . V’wi(s dCC — (ai(k%)vu%, qu;(g)i(g

sup ,
Wis€Xis ”wiﬁHHl(Qi)d
sup fsz ;i (kis)mis Vuls - Vuisde — (ag(kfs)mis Vujs, Vuis)is
mis€Yis Imis || 1< 2,

and of their analogues for the Stokes problem. As in the end of the proof of Lemma 4.1,
this is obtained by adding and subtracting appropriate terms of lower degree.
Similar arguments yield the convergence of Gs(Ufy/, Uss/) toward G(Ufs,, Uss: ),
whence the convergence of the second term in Oy.
Combining the results of Lemmas 5.1 to 5.4 leads to the following result.
PROPOSITION 5.5. If Hypotheses 2.2 and 2.4 are satisfied and if the data f;,
1 <i <2, belong to H?(Q;)? for some o > g, there exists a constant K such that,
for K1 > K and Ko > K, the operator

(5.12)  Id+ DTs(kisr, k35 )Gs (Uts Uss ) + Ts (ks ks ) DGs (Utsr, Uzgr)

is an isomorphism of Xs. Moreover, the norm of its inverse is bounded by a constant ~y
independent of K1 and Ks.
The following proposition states a Lipschitz property for the discrete operator.
Since its proof is simpler than for the previous result, we only sketch it.
PROPOSITION 5.6. The following property holds for all nonnegative real numbers
a and for any (Z1s, Zas) in Xs which satisfies ||(Z1s, Zas) — (Ussr, Uss )|l x < @, with
Zis = (245, Tis):

| DTs(kisr, k3s)Gs(Urs, Uss:) + T (Kiss ks ) DGs(Utsr, Uss)

5.13
(5:13) — DT5(r15,725)G5(Z15, Z2s) — Ts(r16,726) DGs(Z15, Zas) Il (x5,x5) < Chs

where according to the dimension d the constant ks is given by
(5.14) ks = K202 (1og ;) 727
Proof. We must bound the four terms

175 (r16,725) (DGs (Utss, Uss:) — DGs(Z1s, Zas)) L (xs,x5)
1(Zs (KT, 755) = Ts(r18,725) ) DGs (Ui, Uss I (s,05)
175 (16, 726) (DHs(Usss, Uss:) — DHs(Z167, Zas)) I (x5,25)
1(Zs (KT, 7550) = Ts(r18,m28) ) DHs (U, Uss )L (s,5)-

For instance, in the first term, we must bound the quantity, for m;s running through
the unit ball of Yjs,

Z (aj (k) mis |V (wis — zis)[?, is) ;5

fe=ry [€is || 1 02:)
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Applying the inverse inequalities
d—2+2¢

cK; ||90u5||H1 ()5
Vois € Pr, v, (i), |lwisllnoe (i) < !
@)= e K2 (log Ki) ' Mlpisll i ),

we have to bound the term, for all m;s in Pk, v, (%),

2(d 2)+2¢ (lo gK) ||V( wiy — Zis) |l 2(0)

(uis + zis)|l L2 ()

This yields the value of k5. The other terms are simpler; they can be evaluated by
similar arguments.
Finally, we must evaluate the quantity

U ’ *
(515) H < 16 > + 7:5 klé’ k2(§/) g§(U1§/ UQ&/)
26’

x

PROPOSITION 5.7. If Hypothesis 2.2 is satisfied and if the data f;, 1 <1¢ < 2,
belong to H? (Q;)? for some o > %, the following estimate holds for a constant C' only
depending on the norm of (Uy,Us) in H?:I (HS*(Qi)d X HS*(QZ))

(5.16) es < C (inf{Ky, Ky})'*
Proof. By using formulation (2.18), we observe that

es < |Uf — Ugsllay + U3 — Uss|lxs
+ (T = To) (k1. k3) G(UT, Us)llx + (Ts (KT, k3) — Ts(kis, k3s)) G(UT, Us)llx

+ 1 Ts (Ko, k3s) (G(UT, U3) = G(Ufy, Usy))llx
+ |5 (KT, K30) (G(Urs Uss) = Gs(Uisr, Uss))llx

The bound for the first two terms in the right-hand side comes from (5.2), and the
bound for the third term is derived from (4.9) and its analogue for the Stokes problem
together with the regularity Hypothesis 2.2. The fourth term is easily bounded from
(4.14) and (4.20), while estimating the fifth one relies on (4.7) and (4.17), combined
with (5.2). Finally, estimating the last term also relies on (4.7) and (4.17) together
with the introduction of approximations of a; (k) and v;(k}) in P n/(€2;); see (4.12).

We are now in a position to apply the BrezzifRappaszaviarlt theorem [10] (see
also [15, Chap. IV, Thm. 3.1]).

THEOREM 5.8. If Hypotheses 2.2 and 2.4 are satisfied with s* > 2(d — 2) + 1
and if the data f;, i = 1, 2, belong to H?(Q;)? for some o > sup{%,s* — 1}, there
exist an integer Ko and a constant A such that, for K1 > Kqg and Ky 2 Ky, problem
(3.4)—(3.7) has a unique solution (Uis,Uas), with each U;s equal to (u;s, kis), in the
neighborhood U of U = (U5, Uy) defined as follows:

(5.17) U = {Zs = (215, Z20) € X; |U = Zllx < A"}
Moreover, the following error estimates hold for i =1 and 2:
(5.18) ;= wis|l 10y + k7 — Kisll L2,y < Co (inf{Ky, Ko})'~

for a constant Cy depending ogly on the norms of (Uy,U3) in H?Zl(HS*(Qi)d X
H® (Q;)) and of (fy, f2) in [T, HU(Qi)d-
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We conclude with an estimate on the pressure, which is easily derived from the
inf-sup condition established in Lemma 3.4.

COROLLARY 5.9. If the assumptions of Theorem 5.8 are satisfied, for the solution
(Uis,Uas) exhibited in Theorem 5.8, there exists a unique pair (pis,pas) in Mg x MR
such that (Uis,Uss), with each U;s equal to (w;s, pis, kis), is a solution of problem

(3.4)—(3.5). Moreover, the following error estimates hold for i =1 and 2:
(5.19) lp; = pisllzz () < Co (B5) ™" (inf{K1, Kz})'

for the constants By evaluated in (3.9) and a constant C}), depending only on the norms
of (U, Us) in [Ti—y (H*(Q)*x H* =1 () x H* (%)) and of (f1, f2) in [Ti—y H" ().

6. Conclusions and numerical algorithms. The regularity assumptions in
Theorem 5.8 in the three-dimensional case are very unlikely; however, they seem
unavoidable. This comes from the fact that the linearized problem (2.20) and (2.21)
makes sense only for a smooth solution U*. Nevertheless, this does not prevent the
convergence of numerical experiments.

In contrast, the assumptions of Theorem 5.8 are fully reasonable in the two-
dimensional case and, if these assumptions hold, optimal error estimates are derived
for the velocity, the kinetic energy, and the pressure for appropriate choices of the
spaces M;s. In this case, the maximal regularity s* would very likely coincide with
the so ~ 1.5946 introduced in section 2 so that the error would be smaller than
Co (inf{ K1, K5})~9%946 Moreover, in the case of the rectangle, the explicit form of
the singular functions associated with the Stokes operator with Dirichlet—Neumann
boundary conditions is known [20]. As usual [6], this would lead to double the con-
vergence order: for smooth enough data f,;, ¢ = 1 and 2, the error would be smaller
than C (inf{Kl, KQ})71'1892.

The most standard choice of an operator H% satisfying (5.3) would be the orthog-
1 1 1
onal projection operator 17 from H (") onto P, (T') N Hy (T'); however, computing

1
this operator is not easy. So we take IIl; equal to I %, . Indeed, estimate (5.3)
is still satisfied by this operator and, in this case, the boundary conditions at the
interface can be written in a very simple way:

kié = Iil;(|u15 — u25|2) on I.

Note, moreover, that in the present situation there is no theoretical reason to choose
K, # K5 and that, when K7 and K> coincide, these conditions are still less expensive
to enforce. However, for more complex geometries (for instance, if the €; are convex
quadrilaterals), different values of K; and Ks can be needed since the regularity
properties of the velocities in 2; and )5 are different.

Exactly the same arguments as for Theorem 5.8 prove [10] the convergence of New-
ton’s algorithm for solving the nonlinear problem (3.4)-(3.5), when the initial guess
(UYs, Uds) belongs to the domain U introduced in (5.17); however, this method seems
too expensive for the present problem. Instead of this, for an initial guess (U2, Uds),

we propose to solve iteratively the following problem: if the pair (~1”6,U§%), with

j 7% = (uls, pls, kTs), is supposed to be known, then we solve the following problem:
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Find (u%ﬂ,p%ﬂ) i X;s X M;s such that

Yvis € Xis,

(6.1)

ais (ks ultt vis) + bis(vis, ps)

I
+ ( lugs — u?§| (“?&H - u?grl)a”ié)w = ( iv'”it?)m’

Vais € Mis, bis(uls", qis) = 0;

(6.2)

(6.3)

Find k;s in Pk, n, (%), such that
kz;'l =0 onI; and k%“ = I};(m’fg‘l — u§;'1|2) on I,
and

Vipis € Yis,  cis(kfsi kst 0is) = (alkis) IVuls™ 1%, 0is) 15

Clearly, these two linear problems are well-posed and the sequence (ﬁﬁs, (72’%)” con-

verges. Numerical experiments to check the efficiency of the algorithm are under
consideration.
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