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Abstract. We analyze the controllability properties of systems which provide a description,
at first approximation, of a kind of viscoelastic fluid. We consider linear Maxwell fluids. First, we
establish the large time approximate-finite dimensional controllability of the system, with distributed
or boundary controls supported by arbitrary small sets. Then, we prove the large time exact con-
trollability of fluids of the same kind with controls supported by suitable large sets. The proofs
of these results rely on classical arguments. In particular, the approximate controllability result is
implied by appropriate unique continuation properties, while exact controllability is a consequence
of observability (inverse) inequalities. We also discuss questions concerning the controllability of
viscoelastic fluids and some related open problems.
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1. Introduction and main results. Let Ω ⊂ R
N (N = 2 or 3) be a bounded

connected open set with boundary ∂Ω of class C2 (for example). Let O ⊂ Ω be a
nonempty open set and let γ ⊂ ∂Ω be a nonempty relative open set such that the set
∂Ω \ γ has positive measure.

In this paper, we will sometimes (but not always) assume that

(1) γ ⊃ Γ(x0) := { x ∈ ∂Ω : (x− x0) · �n(x) > 0 }

for some x0 ∈ R
N , where �n(x) is the outward unit normal vector to Ω at the point

x ∈ ∂Ω. We will also set

(2) �m(x) ≡ x− x0, R(x0) = max
x∈Ω

|�m(x)|, T (x0) = 2R(x0).

(We have used the notation introduced by J.-L. Lions in [15].) Similarly, we will
sometimes consider open sets O satisfying

(3) O ⊃ Gδ(x
0) :=

⋃
x∈Γ(x0)

B(x; δ) ∩ Ω

for some δ > 0, where B(x; δ) is the open ball centered at x of radius δ.
In fact, assumption (1) or (3) will be needed when dealing with exact controlla-

bility results, but not in the framework of approximate controllability; see below for
the definition of these properties and the precise statements.

Let T > 0 be a prescribed final time. In the paper, we will use the following
notation: Q = Ω × (0, T ), Σ = ∂Ω × (0, T ), Σ(x0) = Γ(x0) × (0, T ); LS(R

N ) will
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CONTROLLABILITY RESULTS FOR VISCOELASTIC FLUIDS 901

denote the space of symmetric real N × N -matrices; | · | and ‖ · ‖ (resp., (· , ·) and
((· , ·))) will stand for the usual norms (resp., scalar products) in L2(Ω) and H1

0 (Ω);
〈· , ·〉 will be used to denote several duality products; and C will denote a generic
positive constant.

The following spaces will be needed:⎧⎪⎪⎨
⎪⎪⎩
V = {φ ∈ C∞

0 (Ω)N : ∇ · φ = 0 in Ω },
H = {w ∈ L2(Ω)N : ∇ · w = 0 in Ω, w · n = 0 on ∂Ω },
V = {w ∈ H1

0 (Ω)
N : ∇ · w = 0 in Ω },

Φ = L2(Ω;LS(R
N )).

Moreover, for any τ0 ∈ Φ, we will set

Φ0 = {Dw : w ∈ V } and Φ∗(τ0) = e−aT τ0 +Φ0,

where Dy is the usual deformation tensor:

Dy =
1

2
(∇y + t∇y).

The spaces H , V , and Φ are Hilbert spaces for the norms | · |, ‖ · ‖, and | · |,
respectively. On the other hand, V is dense in H and V .

We will consider the following system, which describes at least at first approxi-
mation the behavior of a viscoelastic fluid of the Maxwell kind :

(4)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂ty +∇π = ∇ · τ + v1O in Q,
∇ · y = 0 in Q,
∂tτ + aτ = 2bDy in Q,
y = 0 on Σ,
y(0) = y0, τ(0) = τ0 in Ω.

Here, 1O is the characteristic function of O; the functions y = y(x, t), π = π(x, t),
and τ = τ(x, t) are, respectively, the velocity field, the pressure distribution, and the
elastic stress tensor of the fluid (of course, y = {yi} and τ = {τij} for some scalar
functions yi and τij with τij = τji). It is assumed that the mass density of the fluid
is ρ0 ≡ 1. a and b are positive constants, y0 ∈ H and τ0 ∈ Φ.

The constants a and b have the dimensions of (time)−1 and (velocity)2, respec-
tively.

We can obviously make (4) dimensionless with the help of suitable length, time,
and velocity reference units. For instance, we can introduce

L = λ
−1/2
1 , T0 and U = λ

−1/2
1 T−1

0 ,

where λ1 is the first eigenvalue of the Dirichlet Laplacian in Ω and T0 is a characteristic
time of the flow. In that case, (4) is rewritten as a similar system where the new
parameters a and b satisfy the following:

• a = We−1, the reciprocal of the Weissenberg number of the fluid. By defini-
tion, We is the ratio of the relaxation time and the characteristic time T0 and
physically represents the rate at which elastic energy is stored or released. In
other words, We can be used as a “measure” of the elasticity of the media.

• b = We−1 Re−1, where Re is the Reynolds number of the fluid, i.e.,

Re =
UL

ν
=

1

λ1T0ν
,

where ν is the kinematic viscosity.
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902 BOLDRINI, DOUBOVA, FERNÁNDEZ-CARA, AND GONZÁLEZ-BURGOS

For more details on the physical meaning of these parameters, see, for instance, [24,
13].

In (4), v ∈ L2(O × (0, T ))N is a distributed control with support in the cylinder
O × (0, T ). It can be interpreted as an external force field that is active in a part
of the fluid domain. We will refer to (4) as the distributed controlled problem for a
Maxwell fluid.

We will also consider similar boundary controlled problems, that is, systems of
the form

(5)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂ty +∇π = ∇ · τ in Q,
∇ · y = 0 in Q,
∂tτ + aτ = 2bDy in Q,
y = 1γr on Σ,
y(0) = y0, τ(0) = τ0 in Ω,

where 1γ is the characteristic function of γ and r ∈ L2(γ × (0, T ))N is a boundary
control, acting on γ × (0, T ).

Notice that in this case, we must deal in principle with linear time-dependent
equations where we prescribe some nonregular data on a part of the boundary. Never-
theless, we will be able to solve problems of this kind by introducing suitable auxiliary
systems.

These models can be respectively viewed as first approximations (when y and τ
are small) of the following nonlinear systems (see [13]):

(6)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂ty + (y · ∇)y +∇π = ∇ · τ + v1O in Q,
∇ · y = 0 in Q,
∂tτ + (y · ∇)τ + g(∇y, τ) + aτ = 2bDy in Q,
y = 0 on Σ,
y(0) = y0, τ(0) = τ0 in Ω,

and

(7)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂ty + (y · ∇)y +∇π = ∇ · τ in Q,
∇ · y = 0 in Q,
∂tτ + (y · ∇)τ + g(∇y, τ) + aτ = 2bDy in Q,
y = 1γr on Σ,
y(0) = y0, τ(0) = τ0 in Ω.

Here, (y · ∇)y and (y · ∇)τ are the usual transport terms and

g(∇y, τ) = τ ·Wy −Wy · τ − κ(Dy · τ + τ ·Dy),
where Wy = 1

2 (∇y − t∇y) is the vorticity tensor and κ ∈ [−1, 1].
In this paper, we will analyze some controllability properties of the linear systems

(4) and (5). This has already been the objective of some previous works; see [22, 19].
To this purpose, let us first see that after an appropriate change of variables, (4)

and (5) can be equivalently rewritten as second-order in time hyperbolic systems.
More precisely, let (y, π, τ) be a solution to (4) and let us set

(8)

⎧⎪⎪⎨
⎪⎪⎩
z(t) =

∫ t

0

easy(s) ds, Z = eatπ, u = eatv, and

τ(t) = e−atτ0 + 2b

∫ t

0

e−a(t−s)Dy(s) ds ≡ e−atτ0 + 2be−atDz(t).
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From these identities, we easily see that τ satisfies the second equation of (4) and
the initial condition τ(0) = τ0 and also that

∂ty +∇π = 2be−atΔz + e−at∇ · τ0 + v1O.

Multiplying by eat the previous identity and taking into account that

∂tz = eaty, ∂ttz = a∂tz + eat∂ty,

we deduce that z solves, together with some Z, the linear problem

(9)

⎧⎪⎪⎨
⎪⎪⎩
∂ttz − a∂tz − bΔz +∇Z = ∇ · τ0 + u1O in Q,
∇ · z = 0 in Q,
z = 0 on Σ,
z(0) = z0, ∂tz(0) = z1 in Ω,

where (z0, z1) = (0, y0).
A similar reformulation can be found for (5). Indeed, if (y, π, τ) solves (5), we

conserve the definitions of z and Z in (8) and we set

(10) w =

∫ t

0

easr(s) ds;

we also find that

(11)

⎧⎪⎪⎨
⎪⎪⎩
∂ttz − a∂tz − bΔz +∇Z = ∇ · τ0 in Q,
∇ · z = 0 in Q,
z = w1γ on Σ,
z(0) = z0, ∂tz(0) = z1 in Ω.

From (8) and (10), it becomes clear that the existence, uniqueness, and control-
lability properties of (4) and (5) can be reformulated in terms of similar properties
of (9) and (11), respectively.

Notice that in view of the expression of τ in (8), τ(T ) belongs to the linear
manifold Φ∗(τ0). Thus, in order to introduce good definitions of controllability, we
will always fix the desired elastic stress tensor τd in Φ∗(τ0). For technical reasons, it
will also be assumed that ∇ · τ0 ∈ L2(Ω)N .

It will be said that (4) (resp., (5)) is approximately controllable in H × Φ at
time T if for any y0, yd ∈ H , any τ0 ∈ Φ, any τd ∈ Φ∗(τ0), and any ε > 0, there exist
distributed controls v ∈ L2(O×(0, T ))N (resp., boundary controls r ∈ L2(γ×(0, T ))N)
such that the associated solutions satisfy

(12) |y(T )− yd| ≤ ε, |τ(T )− τd| ≤ ε.

It will be said that (4) (resp., (5)) is approximately finite dimensional controllable
if for any finite dimensional space

Y ⊂ H × Φ0 (resp., Ỹ ⊂ H × Φ0),

any initial and final (desired) data as above, and any ε > 0, the previous controls v
and r can be chosen such that in addition to (12), the following holds:

(13) PY (y(T ), τ(T )) = PY (yd, τd) (resp., PỸ (y(T ), τ(T )) = PỸ (yd, τd)).

Here, PY : H × Φ �→ Y and PỸ : H × Φ �→ Ỹ are the usual orthogonal projectors.
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It will be said that (4) (resp., (5)) are exactly controllable at time T if for any
y0, yd ∈ H , any τ0 ∈ Φ, and any τd ∈ Φ∗(τ0), there exists v ∈ L2(O × (0, T ))N

(resp., r ∈ L2(γ × (0, T ))N) such that the associated solutions satisfy

(14) y(T ) = yd, τ(T ) = τd.

Finally, if this is satisfied for any y0 ∈ H , any τ0 ∈ Φ, and the desired states
yd = 0 and τd = 0, it will be said that the considered system is null controllable at
time T .

The controllability properties of systems (4) and (5) will be deduced from the
properties of the solutions to the linear hyperbolic systems (9) and (11). The latter can
be viewed as incompressible nonscalar versions of the wave equation. Consequently,
it will be convenient to recall some known results on the exact and approximate
controllability of the wave equation and, also, of systems of the Stokes kind.

For any nonempty O and γ (not necessarily satisfying (1)), the approximate
distributed and boundary controllability of the wave equation hold if T is large enough;
see [15].

In [11], it was proved that the boundary exact controllability result for the wave
equation also holds if γ ⊃ Γ(x0) and T > 0 is large enough. Later, this result was
improved in [15], where the optimal control time T (x0) was found. These results
were proved by the multipliers method, which relies on computing the global integral
in Q of the product of the equation by the gradient of the solution following some
convenient vector field and then performing appropriate integrations by parts. Let
us also mention the work [16], where a more general kind of boundary control sets
was found. The distributed exact controllability of the wave equation was deduced
in [15] from the boundary exact controllability if O is a neighborhood of Γ(x0) and
T > T (x0).

In [1], by using microlocal analysis and geometric optic techniques, a necessary
and sufficient condition and a minimal control time were obtained for the exact con-
trollability of the wave equation in regular domains. We also refer to [18], [27], and
the references therein for boundary and distributed exact controllability results for
the wave equation with a potential. These last results were established with the help
of global Carleman estimates.

The approximate controllability of the classical Stokes equations is well known.
For general linear systems of the Stokes kind with distributed control, the same prop-
erty was estalished in [6]. Some partial results concerning the approximate controlla-
bility for the Navier–Stokes system can be found, for example, in [6, 7, 3, 4]. The null
controllability of the Stokes and Navier–Stokes systems has been studied intensively
in recent years. For instance, let us mention the papers [10, 12, 8, 9].

Our first main result concerns the approximate-finite dimensional controllability
of (4).

Theorem 1.1. There exists a positive time T1 = T1(b,Ω,O) such that if T > T1,
(4) is approximately finite dimensional controllable at time T .

The proof relies on a unique continuation property for the solutions of a system
similar to (9). We need a large time T due to hyperbolicity. This property will
be established in section 2.1 as a consequence of the classical Holmgren uniqueness
theorem.

A consequence of Theorem 1.1 is that for large T , (5) is also approximately
controllable.

Theorem 1.2. There exists a positive time T̃1 = T̃1(b,Ω, γ) such that if T > T̃1,
then (5) is approximately finite dimensional controllable at time T .
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The main tool for the proof of these two results is a uniqueness theorem that
ultimately relies on Holmgren’s principle. See [15, Chapter 1, section 8]. This provides
unique continuation only for large times, depending on b but independent of a.

Our third main result deals with the exact controllability of (4).
Theorem 1.3. Let us assume that (3) is satisfied for some x0 ∈ R

N and some
δ > 0 and

(15) 0 < a < 2
√
λ1b,

where λ1 is the first eigenvalue of the Dirichlet Laplacian in Ω. There exists T2 =
T2(a, b,Ω, x

0, δ) with the following property: for all T > T2, there exists a Hilbert
space F such that (4) is exactly controllable at time T with initial and final data
in F ′. More precisely, for all (y0, τ0), (yd, τd) ∈ F ′ with τd ∈ Φ∗(τ0), there exists
v ∈ L2(O × (0, T ))N such that

y(T ) = yd, τ(T ) = τd.

Moreover, F ′ contains all couples (y, τ) with y ∈ H and τ ∈ Φ.
Concerning the exact controllability of (5), we have the following.
Theorem 1.4. Let us assume that (1) is satisfied for some x0 ∈ R

N , a and b
satisfy (15), and T > T̃2, where

T̃2 =
T (x0)

min(1, b− a2/(4λ1))

and T (x0) is given by (2). There exists a Hilbert space F̃ such that (5) is exactly
controllable at time T with initial and final data in F̃ ′. Moreover, F̃ ′ contains all
couples (y, τ) with y ∈ H and τ ∈ Φ.

The first key point of the proofs of these results will be a “boundary” observability
inequality for a hyperbolic (adjoint) system similar to (11). The second key point will
be a similar “distributed” estimate. Then, the proofs will be achieved by adapting
the Hilbert uniqueness method (HUM), introduced by J.-L. Lions in [14] and [15].

Note. Notice that, in physical terms, taking into account that a = We−1T−1
0 and

b = We−1Re−1λ−1
1 T−2

0 , (15) can be rewritten as follows:

Re

We
< 4.

If we denote by Tr the relaxation time, then

We =
Tr
T0

and the assumption (15) reads

Re∗ :=
1

λ1Trν
< 4.

This means that the “elastic Reynolds number” Re∗ cannot be large in Theorems 1.3
and 1.4. The extension of these results to the case of more general control sets O or
γ (for instance, as in [16]) or general positive a and b not necessarily satisfying (15)
is an open question; see section 4 for more details.

The rest of this paper is organized as follows.
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In section 2, we will analyze the approximate-finite dimensional controllability of
(4) and (5): we prove a unique continuation property and we give the proofs of the
first two main results (Theorems 1.1 and 1.2). For these proofs, the main ideas have
been taken from [15] and [28].

Section 3 is devoted to proving the exact controllability of (4) and (5), that
is, Theorems 1.3 and 1.4. The key point is to deduce a suitable boundary inverse
inequality that holds when γ satisfies (1) and T is large enough. To this end, we
apply the multipliers method.

In section 4, we make some additional remarks and comments and we mention
some open questions. Finally, the proof of a basic existence and uniqueness result is
sketched in an appendix.

2. Proofs of Theorems 1.1 and 1.2. In this section, we consider the controlled
linear Maxwell systems (4) and (5).

Recall that thanks to the change of variables (8), (4) is equivalent to (9) with
(z0, z1) = (0, y0). Accordingly, we will first prove that (9) is approximately finite
dimensional controllable, and we will then deduce Theorem 1.1 from this.

Theorem 1.2 will be a straightforward consequence of this result.
We will denote by A the usual Stokes operator in Ω. Recall that A : D(A) �→ H

with

D(A) = H2(Ω)N ∩ V, Aw = PH(−Δw) ∀w ∈ D(A),

where PH : L2(Ω)N �→ H is the orthogonal projector.
We will begin by considering a slightly more general problem:

(16)

⎧⎪⎪⎨
⎪⎪⎩
∂ttz − a∂tz − bΔz + cz +∇Z = f in Q,
∇ · z = 0 in Q,
z = 0 on Σ,
z(0) = z0, ∂tz(0) = z1 in Ω,

where a, c ∈ R, b > 0, and z0 and z1 are given.
We have the following existence, uniqueness, and regularity result.
Theorem 2.1. Let us first assume that f = 0. For any (z0, z1) ∈ H × V ′,

there exists a unique solution (z, Z) to (16) (Z is unique up to a distribution in
W−1,∞(0, T )) that satisfies

z ∈ C0([0, T ];H) ∩ C1([0, T ];V ′) ∩ C2([0, T ];D(A)′).

If (z0, z1) ∈ V ×H, one also has

z ∈ C0([0, T ];V ) ∩ C1([0, T ];H) ∩ C2([0, T ];V ′)

and the pressure Z can be chosen in L2(0, T ;L2(Ω)). Moreover, if (z0, z1) ∈ D(A)×V ,
then

z ∈ C0([0, T ];D(A)) ∩ C1([0, T ];V ) ∩C2([0, T ];H)

holds, and Z can be chosen in C0([0, T ];H1(Ω)).
Let us now consider nonzero data f in (16). If f ∈ L1(0, T ;H−1(Ω)N ) and

(z0, z1) ∈ H × V ′, there exists a unique “generalized” solution to (16) with z ∈
C0([0, T ];H)∩C1([0, T ];V ′). That solution is “classical,” that is, z ∈ C0([0, T ];V )∩
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C1([0, T ];H) ∩ C2([0, T ];V ′), if one additionally has ∂tf ∈ L1(0, T ;H−1(Ω)N ) and
(z0, z1) ∈ V ×H.

If f ∈ L1(0, T ;H) and (z0, z1) ∈ V × H, the solution to (16) satisfies z ∈
C0([0, T ];V ) ∩C1([0, T ];H); if ∂tf ∈ L1(0, T ;H) and (z0, z1) ∈ D(A)× V , then (16)
satisfies z ∈ C0([0, T ];D(A)) ∩C1([0, T ];V ) ∩ C2([0, T ];H).

Finally, all these assertions hold with continuous dependence with respect to the
data. Thus, for instance, if f = 0 and (z0, z1) ∈ V ×H, the solution to (16) satisfies{‖z‖C0([0,T ];V ) + ‖∂tz‖C0([0,T ];H) + ‖∂ttz‖C2([0,T ];V ′) + ‖Z‖L2(0,T ;L2)

≤ C‖(z0, z1)‖V×H

for some positive C only depending on a, b, c, Ω, and T .
This result can be proved using classical and very well known arguments from

semigroup theory; for completeness, we provide a sketch of the proof in the appendix.
Notice that due to the time reversibility of (16), Theorem 2.1 also holds if in (16)

the initial conditions are replaced by the final conditions

z(T ) = z0, ∂tz(T ) = z1 in Ω.

Taking c = 0 and using (8), we easily deduce the following.
Theorem 2.2. Let us assume that y0 ∈ H, τ0 ∈ Φ, and v ∈ L2(O × (0, T ))N .

Then there exists a unique solution (y, π, τ) to (4) with

y ∈ C0([0, T ];H), ∂ty ∈ C0([0, T ];V ′), τ ∈ C0([0, T ]; Φ).

Furthermore, if one also has y0 ∈ V , ∇·τ0 ∈ L2(Ω)N , and ∂t(1Ov) ∈ L2(O×(0, T ))N ,
then

y ∈ C0([0, T ];V ), ∂ty ∈ C0([0, T ];H), τ ∈ C1([0, T ]; Φ).

2.1. A first unique continuation property. In this section, we will present
a unique continuation property which will be crucial in the proof of Theorem 1.1.
Our starting point is the following result, which is proved in [15] as a consequence of
Holmgren’s principle (see, for instance, [2]).

Lemma 2.3. There exists a positive time T1 = T1(b,Ω,O) such that if T > T1,
the following holds: If h ∈ L∞(0, T ;H1(Ω)), ∂th ∈ L∞(0, T ;L2(Ω)),

(17)

{
∂tth− a∂th− bΔh = 0 in Q,
h = 0 on Σ,

and

h = 0 on O × (0, T ),

then h ≡ 0.
Notice that if h has the regularity in this lemma and satisfies (17), one actually

has h ∈ C0([0, T ];H1
0 (Ω)) and ∂th ∈ C0([0, T ];L2(Ω)).

Lemma 2.4. Let us assume that T > T1, where T1 is furnished by Lemma 2.3.
Then the following holds: If ϕ ∈ L∞(0, T ;V ), ∂tϕ ∈ L∞(0, T ;H), p ∈ D′(Q),

(18)

⎧⎨
⎩
∂ttϕ− a∂tϕ− bΔϕ+∇p = 0 in Q,
∇ · ϕ = 0 in Q,
ϕ = 0 on Σ,
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and

(19) ϕ = 0 in O × (0, T ),

then ϕ ≡ 0.
Proof. Thanks to (19), we deduce from the first equation of (18) that

∇p = 0 in O × (0, T ).

Therefore, p is space-independent in O × (0, T ). On the other hand, applying the
divergence operator to the first equation of (18) and using that ∇ · ϕ = 0, we obtain

Δp = 0 in Q.

Consequently,

∇p = 0 in Q

and p is also space-independent in Q.
The system satisfied by ϕ is thus reduced to N uncoupled scalar equations. By

applying Lemma 2.3 to the components of ϕ, we find that ϕ ≡ 0.
This ends the proof.
As we said in section 1, the time T1 provided by Lemma 2.3 is independent of a.

This is clearly seen in the arguments in [15], where only the principal part of the PDE
in (17) is relevant.

2.2. Approximate-finite dimensional controllability. This section is de-
voted to proving Theorems 1.1 and 1.2.

The proof of Theorem 1.1 will be a consequence of the following result.
Proposition 2.5. Let us assume that T > T1, where T1 = T1(b,Ω,O) is fur-

nished by Lemma 2.3. Then, the approximate-finite dimensional controllability of (9)
holds.

In other words, for any τ0 ∈ Φ, any (z0, z1), (w0, w1) ∈ V ×H, any finite dimen-
sional space E ⊂ V ×H, and any ε > 0, there exists u ∈ L2(O × (0, T ))N such that
the associated solution of (9) satisfies

(20) ‖(z(T ), ∂tz(T ))− (w0, w1)‖V×H ≤ ε

and

(21) PE(z(T ), ∂tz(T )) = PE(w
0, w1),

where PE : V ×H �→ E is the usual orthogonal projector.
Proof. We will write the solution to (9) in the form

z = η + ẑ,

where η ∈ C0([0, T ];V ) ∩ C1([0, T ];H) is (together with some pressure) the solution
to (9) with u ≡ 0 (the uncontrolled solution) and ẑ is (together with Ẑ) the solution
to

(22)

⎧⎪⎪⎨
⎪⎪⎩
∂ttẑ − a∂tẑ − bΔẑ +∇Ẑ = u1O in Q,
∇ · ẑ = 0 in Q,
ẑ = 0 on Σ,
ẑ(0) = 0, ∂tẑ(0) = 0 in Ω.
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The proof of Proposition 2.5 is then reduced to see that for any τ0, (z0, z1),
(w0, w1), and E and ε > 0, there exists a control u ∈ L2(O × (0, T ))N such that the
solution to (22) satisfies

(23) ‖(ẑ(T ), ∂tẑ(T ))− (ŵ0, ŵ1)‖V ×H ≤ ε, PE(ẑ(T ), ∂tẑ(T )) = PE(ŵ
0, ŵ1),

where (ŵ0, ŵ1) = (w0 − η(T ), w1 − ∂tη̂(T )).
To this end, we will adapt the arguments in [28]. Thus, for any (ϕ0, ϕ1) ∈ H×V ′,

let us consider the adjoint system

(24)

⎧⎪⎪⎨
⎪⎪⎩
∂ttϕ+ a∂tϕ− bΔϕ+∇p = 0 in Q,
∇ · ϕ = 0 in Q,
ϕ = 0 on Σ,
ϕ(T ) = ϕ0, ∂tϕ(T ) = ϕ1 in Ω.

We know that (24) possesses a unique solution (ϕ, p) (p is unique up to a distri-
bution in W−1,∞(0, T )) satisfying ϕ ∈ C0([0, T ];H) and ∂tϕ ∈ C0([0, T ];V ′). Let us
introduce the functional⎧⎨

⎩J(ϕ
0, ϕ1) =

1

2

∫∫
O×(0,T )

|ϕ|2 + ε‖(I − PE)(A
−1
0 ϕ1, ϕ0)‖V×H

− 〈(ϕ0, ϕ1), (ŵ1 − aŵ0,−ŵ0)〉 ∀ (ϕ0, ϕ1) ∈ H × V ′,

where 〈· , ·〉 denotes the duality pairing for H × V ′ and H × V and A0 : V �→ V ′ is
the usual isomorphism induced by the Stokes operator in Ω. Notice that since E is a
finite dimensional space, the operator PE is compact.

From the unique continuation property in Lemma 2.4 and the compactness of PE ,
it can be deduced, arguing as in the proof of Theorem 1.3 of [28], that J : H×V ′ �→ R

is continuous and strictly convex and, moreover,

lim inf
‖(ϕ0,ϕ1)‖H×V ′

J(ϕ0, ϕ1)

‖(ϕ0, ϕ1)‖H×V ′
≥ ε.

Therefore, J possesses exactly one minimizer (ϕ̂0, ϕ̂1). Let us check that the
control u = ϕ̂|O×(0,T ), where (ϕ̂, p̂) solves (24) with (ϕ̂0, ϕ̂1) as final data, is such that
the solution to (22) satisfies (23).

Indeed, for any (ψ0, ψ1) ∈ H × V ′ and any λ ∈ R, we have

J(ϕ̂0, ϕ̂1) ≤ J(ϕ̂0 + λψ0, ϕ̂1 + λψ1).

From this inequality, it is immediate that

0 ≤ λ

∫∫
O×(0,T )

ϕ̂ ψ +
λ2

2

∫∫
O×(0,T )

|ψ|2

+ ε|λ|‖(I − PE)(A
−1
0 ψ1, ψ0)‖V ×H − λ〈(ψ0, ψ1), (ŵ1 − aŵ0,−ŵ0)〉.

If we now take λ > 0, divide by λ, and take limits as λ→ 0+, we get∫∫
O×(0,T )

ϕ̂ψ − 〈(ψ0, ψ1), (ŵ1−aŵ0,−ŵ0)〉 ≥ −ε‖(I−PE)(A
−1
0 ψ1, ψ0)‖V ×H .

This, together with the same compuations for λ < 0, leads to the following:

(25)

⎧⎪⎨
⎪⎩
∣∣∣∣∣
∫∫

O×(0,T )

ϕ̂ ψ − 〈(ψ0, ψ1), (ŵ1 − aŵ0,−ŵ0)〉
∣∣∣∣∣

≤ ε‖(I − PE)(A
−1ψ1, ψ0)‖V×H ∀(ψ0, ψ1) ∈ H × V.
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On the other hand, if we multiply by ψ the equation satisfied by ẑ (see (22)) and
we integrate by parts in Q, we see that∫∫

O×(0,T )

ϕ̂ ψ = 〈(ψ0, ψ1), (∂tẑ(T )− aẑ(T ),−ẑ(T ))〉.

Taking into account this identity in (25) we deduce that{∣∣〈(ψ0, ψ1), (∂tẑ(T )− aẑ(T ),−ẑ(T ))〉 − 〈(ψ0, ψ1), (ŵ1 − aŵ0,−ŵ0)〉∣∣
≤ ε‖(I − PE)(A

−1
0 ψ1, ψ0)‖V×H ∀(ψ0, ψ1) ∈ H × V,

which is clearly equivalent to (20)–(21).
We can now achieve the proof of Theorem 1.1.
Proof. Let us fix y0, yd ∈ H , τ0 ∈ Φ, τd ∈ Φ∗(τ0), a finite dimensional space

Y ⊂ H × Φ, and a real number ε > 0.
First, notice that

‖w‖2 ≡
∫
Ω

|∇w|2 dx = 2

∫
Ω

|Dw|2 dx ∀w ∈ V.

As a consequence, Φ0 is a closed subspace of Φ (and thus Φ∗(τ0) is a closed affine
subspace of Φ) and D : V �→ Φ0 and B : (z1, z2) ∈ V ×H �→ (z2, Dz1) ∈ H × Φ0 are
linear, bijective, and isometric.

Let wd ∈ V be such that τd = e−aT τ0 + wd and let us set (w0, w1) = ( 1
2be

aTwd,
eaT yd) and E = B−1Y . By applying Proposition 2.5 to (9) for this (w0, w1) and
recalling again the change of variables (8), we deduce that there exists v ∈ L2(O ×
(0, T ))N such that the unique solution to (4) satisfies (12) and (13).

This ends the proof.
Let us now give the proof of Theorem 1.2.
Proof. Let y0, yd, τ0, τd, Ỹ , and ε be given and let us consider the boundary

controlled system (5).
Let us introduce an auxiliary distributed controllability problem as follows.
Let D be a new regular bounded domain with D ⊃ Ω, D �= Ω, such that the

restriction to Ω of any function z ∈ H1
0 (D) satisfies

z = 0 on ∂Ω \ γ.
Let us denote by H(D), V (D), and Φ(D) the spaces H , V , and Φ relative to D. We
will use that the extension by zero to D of any w ∈ H (resp., any w ∈ V , any σ ∈ Φ)
belongs to H(D) (resp., V (D), Φ(D)); this is obvious and well known.

Let ŷ0, ŷd, τ̂0, τ̂d, and Ŷ by the extensions by zero of y0, yd, τ0, τd, and Ỹ ,
respectively. We then have ŷ0, ŷd ∈ H(D), τ̂0, τ̂d ∈ Φ(D), τ̂d = e−aT τ̂0 +Dŵ for some
ŵ ∈ V (D) and Ŷ ⊂ H(D).

We can now choose an open set Ô ⊂ D \ Ω and consider the system

(26)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂tŷ +∇π̂ = ∇ · τ̂ + v̂1Ô in Q̂,

∇ · ŷ = 0 in Q̂,

∂tτ̂ + aτ̂ = 2bDŷ in Q̂,

ŷ = 0 on Σ̂,
ŷ(0) = ŷ0, τ̂ (0) = τ̂0 in D,

where we have used the notation Q̂ = D × (0, T ) and Σ̂ = ∂D × (0, T ).
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From Theorem 1.1, we know that there exist L2 controls v̂ such that the corre-
sponding states satisfy

|(ŷ(T ), τ̂ (T ))− (ŷd, τ̂d)| ≤ ε, PŶ (ŷ(T ), τ̂(T )) = PŶ (ŷd, τ̂d).

Now, if y, π, and τ , respectively, denote the restrictions of ŷ, π̂, and τ̂ to Ω×(0, T ),
it is clear that they satisfy (5) for some r ∈ L2(γ × (0, T ))N and also the desired
controllability requirements.

This shows that (5) is approximately finite dimensional controllable at time T
and ends the proof.

3. Proofs of Theorems 1.3 and 1.4. This section is devoted to proving ex-
act controllability results for (4) and (5). To this end, we will first establish some
observability (inverse) estimates for the solutions to the linear system (24).

3.1. Some inverse inequalities. The first result of this section is the following
boundary inverse inequality.

Lemma 3.1. Let γ, a, b, and T satisfy the assumptions of Theorem 1.4. There
exists a positive constant C, only depending on a, b, Ω, x0, and T , such that

(27) ‖(ϕ0, ϕ1)‖2V×H ≤ C

∫∫
γ×(0,T )

∣∣∣∣∂ϕ∂n
∣∣∣∣
2

dσ dt

for any
(
ϕ0, ϕ1

) ∈ D(A)×V , where ϕ is, together with some p, the associated solution
to (24).

Proof. Let us first perform a new change of variables in (24):

(28) ψ = e−at/2ϕ, q = e−at/2p.

Then (24) can be rewritten equivalently as follows:

(29)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ψtt − bΔψ − a2

4
ψ +∇q = 0 in Q,

∇ · ψ = 0 in Q,
ψ = 0 on Σ,
ψ(T ) = ψ0, ψt(T ) = ψ1 in Ω.

Lemma 3.1 will be proved if for some C only depending on a, b, Ω, x0, and T , we
establish the following inverse inequality for the solutions to (29):

‖(ψ0, ψ1)‖2V×H ≤ C

∫∫
γ×(0,T )

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt

for all
(
ψ0, ψ1

) ∈ D(A) × V . To this purpose, we will use the multipliers method,
adapting arguments from [14, 15].

From Theorem 2.1, we deduce that the solution to (29) satisfies (ψ, q) ∈ C0([0, T ];
D(A))×L2(0, T ;H1(Ω)). By multiplying the first equality in (29) by (�m ·∇)ψ (where
�m = �m(x) is given in (2)) and integrating in Q, we get

(30)

∫∫
Q

∂ttψ ·mk
∂ψ

∂xk
− b

∫∫
Q

Δϕ ·mk
∂ψ

∂xk

− a2

4

∫∫
Q

mk
∂ψ

∂xk
ψ +

∫∫
Q

∇q ·mk
∂ψ

∂xk
= 0,

where we have used the standard convention of repeated index summation.
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After some integrations by parts, we see that the first term in the left-hand side
of (30) is equal to

∫∫
Q

∂ttψ ·mk
∂ψ

∂xk
=

1

2

∫∫
Q

∂mk

∂xk
|∂tψ|2 +

∫
Ω

∂tψ ·mk
∂ψ

∂xk

∣∣∣∣
t=T

t=0

.

The second term in the left-hand side can be written in the form

b

∫∫
Q

Δψ ·mk
∂ψ

∂xk
= − b

∫∫
Q

∂ψ

∂xj
·
(
∂mk

∂xj

∂ψ

∂xk
+mk

∂2ψ

∂xj∂xk

)

+ b

∫∫
Σ

∂ψ

∂n
·mk

∂ψ

∂xk
dσ dt.

Integrating by parts, we also obtain that

b

∫∫
Q

∂ψ

∂xj
·mk

∂2ψ

∂xj∂xk

= − b

2

∫∫
Q

∂mk

∂xk
|∇ψ|2 + b

2

∫∫
Σ

mknk|∇ψ|2 dσ dt.

Using that ψ = 0 on Σ, we deduce that

|∇ψ|2 =

∣∣∣∣∂ψ∂n
∣∣∣∣
2

on Σ.

Thus, from (30) the following identity is found:

(31)

∫
Ω

∂tψ ·mk
∂ψ

∂xk

∣∣∣∣
t=T

t=0

+
1

2

∫∫
Q

∂mk

∂xk

(
|∂tψ|2−b|∇ψ|2+ a2

4
|ψ|2

)

+ b

∫∫
Q

∂mk

∂xj

∂ψ

∂xj
· ∂ψ
∂xk

− b

2

∫∫
Σ

mk nk

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt

=

∫∫
Q

(−∇q) ·mk
∂ψ

∂xk
.

Let us deduce the inverse inequality (27) from (31).
It is not difficult to see that∫∫

Q

(−∇q) ·mk
∂ψ

∂xk
= 0.

Indeed, integrating by parts and taking into account that ∇ · ψ = 0, we get∫∫
Q

(−∇q) ·mk
∂ψ

∂xk
=

∫∫
Q

q
∂mk

∂xi

∂ψi

∂xk
−
∫∫

Σ

q mk
∂ψi

∂xk
ni dσ dt.

The two integrals in the right-hand side of this equality vanish: the first one vanishes
because ∂mk

∂xi
= δik for 1 ≤ i, k ≤ N and ∇ · ψ = 0; the second one is zero because

ψ = 0 on Σ and thus

∂ψi

∂xk
ni =

∂ψi

∂n
nink =

∂ψi

∂xi
nk ≡ 0.
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Consequently, thanks to the choice of the function �m, (31) can be rewritten as
follows:

(32)

∫
Ω

∂tψ ·mk
∂ψ

∂xk

∣∣∣∣
t=T

t=0

+
N

2

∫∫
Q

(
|∂tψ|2−b|∇ψ|2+ a2

4
|ψ|2

)

+ b

∫∫
Q

|∇ψ|2 − b

2

∫∫
Σ

mk nk

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt = 0.

Notice that by multiplying by ψ the first equation in (29) and integrating by parts
in Q, we have

A1 :=

∫∫
Q

(
|∂tψ|2 − b|∇ψ|2 + a2

4
|ψ|2

)
=

∫
Ω

∂tψ · ψ
∣∣∣∣
t=T

t=0

.

Let us also introduce

A2 :=

∫
Ω

∂tψ ·mk
∂ψ

∂xk

∣∣∣∣
t=T

t=0

and let us denote by E(t) the total energy of ψ at time t, that is,

E(t) :=
1

2

∫
Ω

(
|∂tψ(t)|2 + |∇ψ(t)|2 − a2

4
|ψ(t)|2

)
.

Then, it is immediate that

E(0) = E0 :=
1

2

∫
Ω

(
|ψ1|2 + b|∇ψ0|2 − a2

4
|ψ0|2

)

and

(33) E(t) = E0 ∀ t ∈ [0, T ].

Taking into account this equality and the definitions of A1 and A2, we deduce
from (32) that

A2 +
N − 1

2
A1 + TE0 +

a2

4

∫∫
Q

|ψ|2 =
b

2

∫∫
Σ

mk nk

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt.

Since �m · �n ≤ 0 on Σ \ Σ(x0) and |�m · �n| ≤ R(x0) on Σ(x0), this gives

(34) A2 +
N − 1

2
A1 + TE0 +

a2

4

∫∫
Q

|ψ|2 ≤ bR(x0)

2

∫∫
Σ(x0)

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt.

In what follows, we will estimate the first two terms in the left-hand side of (34).
First, we have∣∣∣∣A2 +

N − 1

2
A1

∣∣∣∣ ≤ 2‖
∫
Ω

∂tψ ·
(
mk

∂ψ

∂xk
+
N − 1

2
ψ

)
‖L∞(0,T ).
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914 BOLDRINI, DOUBOVA, FERNÁNDEZ-CARA, AND GONZÁLEZ-BURGOS

Second,

2

∣∣∣∣
∫
Ω

∂tψ ·
(
mk

∂ψ

∂xk
+
N − 1

2
ψ

)∣∣∣∣
≤ R(x0)

∫
Ω

|∂tψ|2 + 1

R(x0)

∫
Ω

∣∣∣∣mk
∂ψ

∂xk
+
N − 1

2
ψ

∣∣∣∣
2

dx

≤ R(x0)

∫
Ω

(|∂tψ|2 + |∇ψ|2)

−N(N − 1)

2R(x0)

∫
Ω

|ψ|2 + (N − 1)2

4R(x0)

∫
Ω

|ψ|2

≤ R(x0)

∫
Ω

(|∂tψ|2 + |∇ψ|2)− N2 − 1

4R(x0)

∫
Ω

|ψ|2

≤ R(x0)

∫
Ω

(|∂tψ|2 + |∇ψ|2)
for all t ∈ [0, T ].

On the other hand, using (33) and taking into account the assumption (15), we
find that for all t,

E0 =
1

2

∫
Ω

(
|∂tψ|2 + b|∇ψ|2 − a2

4
|ψ|2

)

≥ 1

2

∫
Ω

|∂tψ|2 + 1

2

(
b− a2

4λ1

)∫
Ω

|∇ψ|2

≥ 1

2
min

(
1, b− a2

4λ1

)∫
Ω

(|∂tψ|2 + |∇ψ|2) ,
where λ1 is the first eigenvalue of the Dirichlet Laplacian in Ω. Therefore,

(35)

∣∣∣∣A2 +
N − 1

2
A1

∣∣∣∣ ≤ R(x0)

∥∥∥∥
∫
Ω

(|∂tψ|2 + |∇ψ|2)∥∥∥∥
L∞(0,T )

≤ 2R(x0)

min
(
1, b− a2

4λ1

) E0.

We find from (34) and (35) that⎛
⎝T − 2R(x0)

min
(
1, b− a2

4λ1

)
⎞
⎠ E0 ≤ bR(x0)

2

∫∫
Σ(x0)

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt.

Since

T > T̃2 =
2R(x0)

min
(
1, b− a2

4λ1

) =
T (x0)

min
(
1, b− a2

4λ1

)
we deduce (27) with

C =
bR(x0)

T min
(
1, b− a2

4λ1

)
− 2R(x0)

.

This completes the proof.
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Note. Let us assume that T > T̃2 and let us set

‖(ϕ0, ϕ1)‖2G =

∫∫
Σ(x0)

∣∣∣∣∂ϕ∂n
∣∣∣∣
2

dσ dt

for any (ϕ0, ϕ1) ∈ D(A)× V , where ϕ is, together with p, the solution to (24). Then
‖ · ‖G is a norm in D(A) × V . Let us denote by G the completion of D(A) × V for
this norm. Then G is a Hilbert space and we have

D(A) × V ↪→ G ↪→ V ×H

with dense and continuous embeddings.
We will now prove a distributed inverse inequality for the solutions to (24).
Lemma 3.2. Let O, a, and b satisfy the assumptions in Theorem 1.3. There

exists T2 = T2(a, b,Ω, x
0, δ) with the following property: for any T > T2, there exists

a positive constant C only depending on a, b, Ω, x0, δ, and T such that

(36) ‖(ϕ0, ϕ1)‖2H×V ′ ≤ C

∫∫
O×(0,T )

|ϕ|2

for any (ϕ0, ϕ1) ∈ H × V ′, where ϕ is, together with some p, the associated solution
to (24).

Proof. Let us again introduce the change of variables (28). It is then clear that
it suffices to prove that there exists T2 such that for all T > T2, one has

‖(ψ0, ψ1)‖2H×V ′ ≤ C

∫∫
O×(0,T )

|ψ|2

for all (ψ0, ψ1) ∈ H × V ′, where C only depends on a, b, Ω, x0, δ, and T .
Let γ and T̃2 be given by

γ =
⋃

x∈Γ(x0)

B(x; δ/2) ∩ ∂Ω, T̃2 =
T (x0)

min(1, b− a2/(4λ1))
.

Let us assume that T > T̃2 and let α > 0 be such that T − 2α > T̃2. We will
assume for the moment that there exists C(δ) > 0 such that for all (u0, u1) ∈ V ×H ,
the solution u to (29) with final data (u0, u1) satisfies

(37) ‖(u0, u1)‖2V ×H ≤ C(δ)

∫∫
Gδ(x0)×(0,T )

|∂tu|2.

Let (ψ0, ψ1) ∈ H × V ′ be given, let us set u1 = ψ0, let u0 be the unique function
satisfying

((u0, w)) = 〈ψ1, w〉 ∀w ∈ V, u0 ∈ V

(i.e., u0 = A−1
0 ψ1), and let us introduce u with

u(t) = u0 +

∫ T

t

ψ(s) ds ∀t ∈ [0, T ],
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916 BOLDRINI, DOUBOVA, FERNÁNDEZ-CARA, AND GONZÁLEZ-BURGOS

where ψ is (together with some q) the solution to (29). It is then easy to check that u
is, together with some pressure h, the unique solution to (29)with final data (u0, u1).
Moreover,

‖(u0, u1)‖2V×H = ‖(ψ0, ψ1)‖2H×V ′ .

Consequently, we see from (37) that

‖(ψ0, ψ1)‖2H×V ′ ≤ C(δ)

∫∫
Gδ(x0)×(0,T )

|ψ|2

for all (ψ0, ψ1) ∈ H × V ′.
This shows that in order to get (36), we only have to prove (37).
Let us now establish (37). Obviously, it will suffice to prove this inequality when

(u0, u1) ∈ D(A)× V . To this aim, we will use Lemma 3.1 and, more precisely, that if
T > T̃2, there exists C > 0 such that

‖(u0, u1)‖2V×H ≤ C

∫∫
γ×(0,T )

∣∣∣∣∂u∂n
∣∣∣∣
2

dσ dt

for every (u0, u1) ∈ D(A)× V .
Observe that if ε > 0 is such that T − 2ε > T̃2, we still have

(38) ‖(u0, u1)‖2V×H ≤ C

∫∫
γ×(ε,T−ε)

∣∣∣∣∂u∂n
∣∣∣∣
2

dσ dt

for some C = C(a, b,Ω, x0, T ).
Now, let ε′, δ′, and δ′′ be such that

δ/2 < δ′ < δ′′ < δ and 0 < ε′ < ε.

Let � = �(x, t) be a vector field in W 1,∞(Q)N such that

�(x, t) = �n(x) ∀(x, t) ∈ γ × (ε, T − ε),

�(x, t) = 0 ∀(x, t) ∈ Q with t ≤ ε′ or t ≥ T − ε′,
�(x, t) = 0 ∀(x, t) ∈ Q with x �∈ Gδ′ (x

0),

�(x, t) · �n(x) ≥ 0 ∀(x, t) ∈ γ × (0, T ).

Multiplying the equation satisfied by u and h by � ·∇u and integrating in Q, we easily
obtain∫∫

γ×(ε,T−ε)

∣∣∣∣∂u∂n
∣∣∣∣
2

dσ dt ≤
∫∫

∂Ω×(ε′,T−ε′)
� · �n

∣∣∣∣∂u∂n
∣∣∣∣
2

dσ dt

≤ C

∫∫
Gδ′ (x0)×(ε′,T−ε′)

(|u|2 + |∂tu|2 + |∇u|2 + |h| |∇u|) .
For any small κ > 0, we have that∫∫
Gδ′ (x0)×(ε′,T−ε′)

|h| |∇u| ≤ κ‖h‖2L2(Q) + C(κ)

∫∫
Gδ′ (x0)×(ε′,T−ε′)

|∇u|2

≤ Cκ‖(u0, u1)‖2V×H + C(κ)

∫∫
Gδ′ (x0)×(ε′,T−ε′)

|∇u|2,
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in view of Theorem 2.1. On the other hand, using localized energy estimates, we find
easily that∫∫

Gδ′ (x0)×(ε′,T−ε′)
|∇u|2 ≤ C

∫∫
Gδ′′ (x0)×(0,T )

(|u|2 + |∂tu|2 + |h| |u|)
≤ κ‖h‖2L2(Q) + C(κ)

∫∫
Gδ′′ (x0)×(0,T )

(|u|2 + |∂tu|2
)

≤ Cκ‖(u0, u1)‖2V ×H + C(κ)

∫∫
Gδ′′ (x0)×(0,T )

(|u|2 + |∂tu|2
)
.

Consequently, we also have the following estimate for any small κ > 0:

∫∫
γ×(ε,T−ε)

∣∣∣∣∂u∂n
∣∣∣∣
2

dσ dt

≤ Cκ‖(u0, u1)‖2V ×H + C(κ)

∫∫
Gδ(x0)×(0,T )

(|u|2 + |∂tu|2
)
.

In view of (38), by choosing κ small enough, we deduce that

‖(u0, u1)‖2V ×H ≤ C

∫∫
Gδ(x0)×(0,T )

(|u|2 + |∂tu|2
)
.

Finally, using a straighforward uniqueness-compactness argument (see, for exam-
ple, Appendix 1 in [15] for a similar argument), we can eliminate the zero-order term
|u|2 in the previous estimate.

This gives (37) for a new constant C = C(δ) and ends the proof.

3.2. The distributed exact controllability result. The goal of this section is
to give the proof of Theorem 1.3. This will be possible thanks to the inverse inequality
in Lemma 3.2.

We can easily connect the controllability properties of systems (4) and (9). More
precisely, the exact controllability of (9) starting from (0, y0) is equivalent to the
exact controllability for the velocity field y and the stress tensor τ in (5) starting from
(y0, τ0).

We have the following result, which provides the exact controllability of (9).
Theorem 3.3. Let O, a, b, and τ0 satisfy the assumptions of Theorem 1.3 and

let us assume that T > T2. For any (z0, z1), (w0, w1) ∈ V ×H there exists a control
u ∈ L2(O × (0, T ))N such that the unique solution to the associated problem (9)
satisfies

(39) (z(T ), ∂tz(T )) = (w0, w1).

Proof. Let us give the sketch of the proof of Theorem 3.3. We will adapt the HUM
of J.-L. Lions [14, 15]. The argument is very classical and well known; consequently,
we only give a sketch of the proof.

Since (9) is linear and reversible in time (up to a change of sign of a), it can be
assumed that τ0 = 0 and it suffices to prove a null controllability property, that is,
(39) for (w0, w1) = (0, 0).

On the other hand, the change of variables

z∗ = e−at/2z, Z∗ = e−at/2Z
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allows us to rewrite (9) (with τ0 = 0) as follows:

(40)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

z∗tt − bΔz∗ − a2

4
z∗ +∇Z∗ = u1O in Q,

∇ · z∗ = 0 in Q,
z∗ = 0 on Σ,

z∗(0) = z0, ∂tz
∗(0) = z1 − a

2
z0 in Ω

and it is obviously sufficient to prove that the same property holds for (40).
Let us assume that

(
ϕ0, ϕ1

) ∈ H × V ′ and let us consider the following homoge-
neous problem:

(41)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
∂ttϕ− bΔϕ− a2

4
ϕ+∇p = 0 in Q,

∇ · ϕ = 0 in Q,
ϕ = 0 on Σ,
ϕ(0) = ϕ0, ∂tϕ(0) = ϕ1 in Ω.

This problem admits a unique solution (ϕ, p) with

ϕ ∈ C0([0, T ];H), ∂tϕ ∈ C0([0, T ];V ′).

Let us now introduce the following backward problem:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
∂ttψ − bΔψ − a2

4
ψ +∇q = ϕ1O in Q,

∇ · ψ = 0 in Q,
ψ = 0 on Σ,
ψ(T ) = 0, ∂tψ(T ) = 0 in Ω.

Again, this problem possesses exactly one solution ψ. Now,

ψ ∈ C0([0, T ];V ), ∂tψ ∈ C0([0, T ];H).

Let us introduce the linear operator B : H × V ′ �→ H × V with

B(ϕ0, ϕ1) = (∂tψ(0),−ψ(0)) ∀(ϕ0, ϕ1) ∈ H × V ′.

Then B is a well-defined linear continuous mapping.
Let us consider an initial data (ξ0, ξ1) ∈ H × V ′ and let us denote by (ξ,Ξ) the

solution to the corresponding problem (41). Then, taking into account the definition
of B, it is clear that

〈B(ϕ0, ϕ1), (ξ0, ξ1)〉 =
∫∫

O×(0,T )

ϕ · ξ

for all (ϕ0, ϕ1) ∈ H×V ′, where 〈· , ·〉 denotes the duality pairing associated to H×V ′

and H × V . In particular, we have

〈B(ϕ0, ϕ1), (ϕ0, ϕ1)〉 =
∫∫

O×(0,T )

|ϕ|2 := ‖(ϕ0, ϕ1)‖2F

for all (ϕ0, ϕ1) ∈ V ×H .
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Since T > T2, we know from Lemma 3.2 that

‖(ϕ0, ϕ1)‖F :=

(∫∫
O×(0,T )

|ϕ|2
)1/2

is a norm in H × V ′ equivalent to the usual product norm. Consequently, for any
(z0, z1) ∈ V ×H there exists a unique (ϕ0, ϕ1) ∈ H × V ′ satisfying

(42) B(ϕ0, ϕ1) =
(
z1 − a

2
z0, z0

)
.

Let us take in (40) the control u = ϕ1O, where ϕ is, together with p, the solution
to (41) associated to this (ϕ0, ϕ1). Then, taking into account the definition of B, it is
obvious that

(z∗(T ), ∂tz∗(T )) = (0, 0).

Thus, we have solved the null controllability problem for (40) with a control u ∈
L2(O×(0, T ))N and an associated state that starts from the initial data (z0, z1− a

2 z
0).

This ends the proof.
We can now achieve the proof of Theorem 1.3.
Let the assumptions in this theorem be satisfied and let T , y0 , yd , τ0, and τd be

given with T > T2, y0, yd ∈ H , τ0 ∈ Φ, and τd ∈ Φ∗(τ0). Let us show that there exists
v ∈ L2(O × (0, T ))N such that the solution to (4) satisfies (14).

Let us set

z0 = 0, z1 = y0, w1 = eaT yd

and let us choose w0 ∈ V such that

τd = e−aT τ0 + bDw0.

Then, using again (8), it becomes clear that what we have to prove is that for some
u ∈ L2(O × (0, T ))N , the solution to (9) satisfies (39). But this is true in view of
Theorem 3.3.

Consequently, Theorem 1.3 holds.

3.3. The boundary exact controllability result. This section is devoted
to proving Theorem 1.4. Thus, let us consider the system (5), where T > T̃2 and
(y0, τ0) ∈ H̃ × Φ, and let us fix yd ∈ H and τd ∈ Φ∗(τ0).

Our aim is to find a control r ∈ L2(γ× (0, T ))N and an associated solution to (5)
satisfying (14).

Since γ is an open neighborhood of Γ(x0) in ∂Ω, there exists a bounded regular
open set D ⊃ Ω with the following two properties:

• If z ∈ H1
0 (D), then z = 0 on ∂Ω \ γ.

• Let us set

Λ(x0) = { x ∈ ∂D : (x− x0) · �n(x) > 0 }.
Then, for some δ > 0, one has

Hδ(x
0) :=

⋃
x∈Λ(x0)

B(x; δ) ∩D ⊂ D \ Ω.

• Let us denote by S̃2 the time T̃2 relative to D. Then T > S̃2.
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As in section 2.2, we can denote by H(D), V (D), and Φ(D) the spaces H , V ,
and Φ relative to D and we can extend by zero the functions y0, yd, τ0, and τd to
get ŷo, ŷd ∈ H(D), τ̂0 ∈ Φ(D), and τ̂d ∈ Φ(D) with τ̂d = e−aT τ̂0 + Dŵ for some
ŵ ∈ V (D).

In view of Theorem 3.3, there exist L2 controls such that the solution to the
auxiliary problem (26) satisfies

ŷ(T ) = ŷd, τ̂ (T ) = τ̂d.

Then, the trace on γ × (0, T ) of ŷ and the restrictions to Q of the functions ŷ, π̂,
and τ̂ solve the considered exact controllability problem.

This proves Theorem 1.4.

4. Further remarks and open questions.

4.1. Exact controllability of linear Maxwell fluids with general controls.
The exact controllability of the Maxwell models (4) and (5) with controls supported
by more general sets is unknown. To our knowledge, we only have “abstract” results.
Thus, for instance, the following holds:

Assume that, for instance, τ0 = 0 and T > T1 (this is the minimal
time furnished by Theorem 1.1). Then there exists a Hilbert space F1

that contains V as a dense subspace such that for any y0 ∈ F ′
1 ∩ H

there exist controls v ∈ L2(O × (0, T ))N such that the corresponding
solutions to (4) satisfy

(43) y(T ) = 0, τ(T ) = 0.

The proof can be obtained by adapting again the HUM method of [15]. For
completeness, let us present a sketch.

First, by means of the change of variables (8), we see again that (4) is equivalent
to (9) with (z0, z1) = (0, y0) and the null controllability of (9) starting from (0, y0) is
equivalent to the null controllability of (4) starting from (y0, τ0).

On the other hand, it can be proved that whenever y0 is chosen in an appropriate
space, (9) is null controllable if T > T1 and τ0 = 0. More precisely, let F0 be the
completion of V × V for the norm

‖(ϕ0, ϕ1)‖F0 = ‖ϕ‖L2(O×(0,T )),

where ϕ is the solution to the adjoint system (24). Notice that ‖ · ‖F0 is a true norm
in V ×V (because T > T1 and, consequently, the previous adjoint system satisfies the
unique continuation property). Let F ′

0 be the dual space of F0. Then, for any (z0, z1)
such that (z1 − az0,−z0) ∈ F ′

0, there exist controls u ∈ L2(O × (0, T ))N such that
the corresponding solution of (9) satisfies

z(T ) = 0, ∂tz(T ) = 0.

In particular, setting F0 = F1 × F2 and F ′
0 = F ′

1 × F ′
2, we see that whenever T > T1

and τ0 = 0, for each y0 ∈ F ′
1 there exists a control v ∈ L2(O × (0, T ))N such that the

solution to (4) satisfies (43).
This proves our assertion.
The space F0 is defined as the completion of V × V for a suitable norm and,

obviously, depends on a, b, Ω, O, and T . Unfortunately, it is not easy to identify F0
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in terms of usual functional spaces (and this is why we say that we are only able to
obtain “abstract” results).

Mainly, this is because we do not know how to prove suitable inverse inequalities.
For instance, if Ψ = Ψ1 ×Ψ2 were an easy-to-handle Banach space containing V × V
as a dense subspace and the inverse inequality

(44) ‖(ϕ0, ϕ1)‖2Ψ ≤ C

∫∫
O×(0,T )

|ϕ|2 ∀ (ϕ0, ϕ1) ∈ V × V

were satisfied, then we would have F0 ⊂ Ψ with a continuous and dense embedding
and, therefore, we would also have F ′ ⊃ Ψ′. The consequence would be that any
initial (y0, 0) ∈ Ψ′ can be driven exactly to zero with controls v ∈ L2(O× (0, T ))N at
time T .

A related question is the following: which conditions on O and T ensure that (44)
holds, for instance, for Ψ = H × V ′?

In view of what is known for the wave equation, it seems reasonable to expect
that the well-known geometric control conditions on O and T suffice. In fact, it is
maybe possible to adapt the microlocal analysis techniques in [1] and/or the Carleman
techniques in [18, 27] to this context. But, at present, this is an open question.

4.2. On the exact controllability of linear Maxwell fluids for large a2/b.
For large a2/b, the arguments in section 3 cannot be applied and do not lead to exact
controllability directly. What we need is, again, an inverse inequality of the form

(45) ‖(ψ0, ψ1)‖2V ×H ≤ C

∫∫
γ×(0,T )

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσdt

for the solutions to (29) with (ψ0, ψ1) ∈ D(A) × V .
A natural and quite tempting strategy to get (45) is to apply a compactness-

uniqueness argument. Thus, we write the solution to (29) in the form ψ = η + ζ,
where η is, together with some β, the solution to⎧⎪⎪⎨

⎪⎪⎩
∂ttη − bΔη +∇β = 0 in Q,
∇ · η = 0 in Q,

η = 0 on Σ,
η(T ) = ψ0, ∂tη(T ) = ψ1 in Ω,

and ζ is, together with some pressure, the solution to (29) for (ψ0, ψ1) ≡ (0, 0) with
the right-hand side f ≡ a2η/4.

Assume that T > T̃2. Then, in view of Lemma 3.1, one has

‖(ψ0, ψ1)‖2V×H ≤ C

∫∫
γ×(0,T )

∣∣∣∣ ∂η∂n
∣∣∣∣
2

dσ dt

≤ C

∫∫
γ×(0,T )

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt+ C

∫∫
γ×(0,T )

∣∣∣∣ ∂ζ∂n
∣∣∣∣
2

dσ dt

≡ C

∫∫
γ×(0,T )

∣∣∣∣∂ψ∂n
∣∣∣∣
2

dσ dt+ C‖Λ̃(ψ0, ψ1)‖2L2(γ×(0,T ).

Consequently, in order to deduce (45), it would be sufficient to check that
• Λ̃ : V ×H �→ L2(Σ)N is well defined, linear, and compact and

• (ψ0, ψ1) �→ ∂ψ

∂n

∣∣∣∣
γ×(0,T )

is one-to-one.D
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The first of these assertions is relatively easy to prove. However, the second one
(a unique continuation property) is an open question. As in the previous section, it
is reasonable to expect that appropriate techniques lead to a positive answer, at least
for T sufficiently large, depending on a. But this is unknown.

4.3. Controllability problems for nonlinear Maxwell system. In control
theory, it is relatively frequent to deduce local controllability properties for a nonlinear
state equation from the controllability of its linearization at a well-chosen state.

Thus, for instance, it should make sense to view (4) as the linearization at zero
of (6) and to try to use Theorem 1.3 as a first step in the proof of the following local
exact controllability property: there exists κ > 0 such that whenever y0, yd ∈ H ,
τ0 ∈ Φ, τd ∈ Φ, and

‖y0‖+ ‖yd‖+ ‖τ0‖+ ‖τd‖ ≤ κ,

there exists v ∈ L2(O × (0, T ))N such that the associated solution satisfies (14).
However, there are reasons to think that this will not be easy. First, several recent

works by Renardy show that the solutions to (4) necessarily satisfy, even in the case
of (simplified) parallel shear flows, particular structural properties of the form

τ(T ) ∈ R(τ0, T ),

where R(τ0, T ) is a nontrivial subset of Φ that can be complicated and not easy
to identify; see [20, 21, 23, 25]. Furthermore, even if we were able to characterize
attainable states, we would have to find an appropriate mathematical framework to
formulate the problem and pass from the linear to the nonlinear setting (in short, an
adequate inverse function theorem).

Appendix A. A technical result. In this section, we will give a sketch of the
proof of Theorem 2.1.

Proof. Let us present the sketch of the proof of Theorem 2.1. This result is
implied by classical semigroup theory; see, for example, [5, 17, 26]. For instance, let
us prove the results that have been claimed when f = 0 and (z0, z1) ∈ V ×H .

We can introduce the Hilbert space X = V × H and the unbounded operator
B : D(B) �→ X with D(B) = D(A)× V and

B(z, w) = (w + az, bAz + cz) ∀(z, w) ∈ D(B),

where A : D(A) �→ H is the usual Stokes operator.
It is not difficult to check that B is the generator of a continuous group {S(t)}t∈R

of bounded linear operators in X . Consequently, for all (z0, z1) ∈ V ×H , the function
t �→ S(t)(z0, z1 − az0) is well defined and continuous and provides a solution to the
Cauchy problem ⎧⎨

⎩
dz

dt
= w + az,

dw

dt
= bAz + cz, t ∈ R,

z(0) = z0, w(0) = z1 − az0.

Taking into account the definition of the Stokes operator and using the classical
De Rham lemma, we find that z is, together with some Z, the unique solution to (16)
with f = 0 and satisfies the required properties.
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The regularity and estimate of Z can be established as follows. Let us first assume
that (z0, z1) ∈ D(A)× V and let us normalize Z by imposing∫

Ω

Z = 0 in (0, T ).

Then, for some constants C = C(a, b, c,Ω, T ), we have

|Z(t)|2 ≤ C‖∇Z(t)‖2H−1

≤ C
(‖∂ttz(t)‖2H−1 + ‖∂tz(t)‖2H−1 + ‖z(t)‖2H−1 + ‖Δz(t)‖2H−1

)
≤ C‖∂ttz(t)‖2H−1 + C‖(z0, z1)‖2V×H .

Also,∫ T

0

‖∂ttz(t)‖2H−1 dt =

∫ T

0

〈∂ttz(t), (−Δ)−1∂ttz(t)〉H−1,H1
0
dt

=

∫ T

0

〈a∂tz(t) + bΔz(t)− cz(t)−∇Z(t), (−Δ)−1∂ttz(t)〉H−1,H1
0
dt

= −b
∫ T

0

(z(t), ∂ttz(t)) dt

+

∫ T

0

〈a∂tz(t)− cz(t)−∇Z(t), (−Δ)−1∂ttz(t)〉H−1,H1
0
dt

≤ −b
∫ T

0

(z(t), ∂ttz(t)) dt+ C‖(z0, z1)‖2V×H

and, finally,

−
∫ T

0

(z(t), ∂ttz(t)) dt =

∫ T

0

|∂tz(t)|2 dt− (z, ∂tz)
∣∣∣t=T

t=0
≤ C‖(z0, z1)‖2V ×H .

These estimates show that Z ∈ L2(0, T ;L2(Ω)) and

‖Z‖L2(0,T ;L2) ≤ C‖(z0, z1)‖V×H

for some C = C(a, b, c,Ω, T ). Now, an elementary density argument allows us to
deduce the same for general data (z0, z1) ∈ V ×H .
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