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EXACT CONTROLLABILITY TO TRAJECTORIES FOR SEMILINEAR HEAT
EQUATIONS WITH DISCONTINUOUS DIFFUSION COEFFICIENTS

ANNA DouBoval, A. Osses? AND J.-P. PUEL?

Abstract. The results of this paper concern exact controllability to the trajectories for a coupled
system of semilinear heat equations. We have transmission conditions on the interface and Dirichlet
boundary conditions at the external part of the boundary so that the system can be viewed as a single
equation with discontinuous coefficients in the principal part. Exact controllability to the trajectories
is proved when we consider distributed controls supported in the part of the domain where the diffusion
coefficient is the smaller and if the nonlinear term f(y) grows slower than |y|log®?(1 + |y|) at infinity.
In the proof we use null controllability results for the associate linear system and global Carleman
estimates with explicit bounds or combinations of several of these estimates. In order to treat the terms
appearing on the interface, we have to construct specific weight functions depending on geometry.
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1. INTRODUCTION AND HYPOTHESIS

Let Q@ ¢ RN, N > 1 be a bounded connected open set with boundary I' of class C2. Let w C  be a
nonempty open subset and T' > 0. We will use the following notation: @ = Q x (0,7), ¥ =T x (0,T). For any
p € [1,4+00], we will denote by || - ||, the usual norm in L?(Q).

There are two different situations that will be analyzed in this paper. More precisely, let Qs and €2; be a
partition of €2 in two non empty open sets such that

Case 1: QpCCQ, O =0N\Q (see Fig. 1, left); (1)
Case 2: O CCQ, Q =\Q (see Fig. 1, right). (2)
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FIGURE 1. Two geometrical cases covered in this paper depending on €y CC 2 or £ CC Q.

We denote by S = Q¢ N the interface, which will be supposed of class C? and by n the outward unit normal
to Q1 at the points of S and also the outward unit normal to 2 at the points of I'. Let ST (resp. S™) be the
part of S corresponding to the positive (resp. negative) direction of the normal n.

Remark 1.1. The two cases mentioned above are not exhaustive, we do not treat other possible geometrical
situations in this paper.

In both cases mentioned above, we will consider the following transmission problem for semilinear heat
equation

Oy — div(ao(x)Vy) + f(y) = vls + go in Qg x(0,7),

Oy — div(ai(2)Vy) + f(y) = vl, + ¢ in O x(0,7),

Yls+x(0,1) = Yls—x(0,1)5 3)
ao(2) Onylg+ 0,1y = 01(%) Inyls- 0,1 »

y =0, on X

y(z,0) = yo in Q.

Here f : R — R is a locally Lipschitz-continuous function, 0,y denotes the outward normal derivative to 1,
yo € L?(Q) and v € L™(0,T; L™ (w)), g; € L™(0,T; L"(;)), i = 0,1 with r such that

1 N

-+ —<1 ifN>2

7"+27"< ' - (4)
r=2 it N =1

Remark 1.2. We could in fact consider v € LP(0,T; LY(w)), g; € LP(0,T; LY(£);)), i = 0,1 with 1/p+ N/(2q)
< 1 in order to have L solutions, but in the sake of simplicity we take p = ¢ = r.

Remark 1.3. Without loss of generality we can assume yo € L>(2). Otherwise, taking v = 0 for ¢ € (0,0),
0 > 0 and thanks to the regularizing effect of parabolic equations, y(§) € L*°(Q) for some 6 > 0 [21,22].

In (3), y = y(z,t) is the state and v = v(z,t) is the control which acts on the system through w since 1, is
the characteristic function of the set w.
We will assume that the diffusion coefficient in (3) satisfies the following:

a; € C?(Q;) fori=0,1,

aols+ # ailg- -

(5)

System (3) represents the coupling between two parabolic semilinear equations whose diffusion coefficient has
a jump. At the interface S, we impose the continuity of the solution y and also of the fluxes.
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Let us set

. ao(IL') if x € Q,
alw) = { ar(z) if x €. (6)

We also set

g(z) _ { go(l‘) if z¢ Qo,

gi(z) if zeQy. (7)

Taking into account notations (6) and (7), problem (3) can be written in the divergence form (with discontinuous
diffusion coefficients) as follows:

Oy — div(a(z)Vy) + f(y) =vl,+9g in Q,
y=0 on X, (8)
y(.l?, O) =1%o in Q.

We will require a to satisfy
a(z) >a>0 ae. inf 9)
and the following additional hypothesis:
aols+ < ails- - (10)

We assume that for each n > 0, there exists (), > 0 such that

2/3

R < Cp+nlog(l+]s—s'|) Vs,s €R. (11)

‘f(S) — f(s)

Let us also consider an “ideal” trajectory y*, solution of the problem (without control)

Oy” — div(a(z)Vy*") + f(y") =g in Q,
y*=0 on %, (12)
y(x,0)" =5 n Q
where y5 € L%(Q) and g € L"(0,T;L"(Q)), with 7 as in (4). We know that under conditions (9) and (11),
problem (12) possesses exactly one local solution in time (¢f. [21] and [22]). Moreover, we can say that there exists

a time T* > 0, such that for T' < T, the solution y* of (12) satisfies y* € C°([0,T]; L3(Q2)) N L>(5,T; L*>=°(£2)),
for every § > 0.

The main goal of this paper is to analyze the controllability properties of (8).

Definition 1.1. We say that (8) is exactly controllable to the trajectories if, for any trajectory y* solution
of (12) and for any initial condition yo € L*(Q2), for every T < T*, there exists a control v € L"(0,T; L"(w))
such that (8) has a solution y on (0,7") satisfying

y(x, T) = y*(va) in (2. (13)
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Definition 1.2. System (8) is said null controllable at time T if, for each yo € L2(f2), there exists v €
L"(0,T; L"(w)) such that the corresponding initial boundary problem (8) admits a solution y € C°([0,T]; L?(Q2))
satisfying

y(x,T)=0 1in Q. (14)
For linear problems, it is easy to see that the notions of null controllability and exact controllability to the

trajectories are equivalent, but this is not true for nonlinear systems.

Definition 1.3. It will be said that (8) is approzimately controllable in L?(2) at time T if, for any yo € L%(Q),
any yq € L*(Q) and any € > 0, there exists a control v € L"(0,T; L"(w)) such that the corresponding initial
boundary problem (8) possesses a solution y € C°([0,T]; L(9)), with

ly(-.T) = yallL2(o) <. (15)

In the case in which the diffusion coefficients are sufficiently regular, the controllability of linear and semilinear
parabolic systems has been analyzed in several recent papers. Among them, let us mention [1,5,11,13,15-17],
and [8] concerning null controllability [9,12,13,25] and [8] for approximate controllability [16] and [13] for exact
controllability to the trajectories.

2. MAIN RESULT

2.1. Geometric hypothesis and main result
In order to state the main result of this work, we need the following geometrical conditions.

Condition 2.1 (corresponding to case (1)). We assume that there exists a vector field C : O — RN, ¢ €
C1(Q4), such that

((z) -n(z) <0 Vaxel, (16)
¢(z) -n(x) >0 VYzelb, (17)
(@) #0 Vz e (18)

and if we consider the characteristics associated to

dz(t)
a C(z(t), t>0, (19)
x(0) = xo,

with g € T', we also assume that for some time Ty > 0 and for every xg € ', there exists t1(xo) < Th1 such that
the solution x(t) of (19) verifies

x(t) € for 0 <t <ti(xo) (20)
and
x(t1(zo)) € S forazo €T (21)

Remark 2.1. Condition 2.1 implies that I' and S are isotopic, but it is not clear whether isotopy is sufficient
to ensure this condition.

Remark 2.2. Notice that Condition 2.1 is fulfilled for usual domains, see for example the cases of Figure 2.
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(a) (b) (© (d) (e)

FIGURE 2. Condition 2.1 is fulfilled in situations (a, ¢, €) but not in (b) and (d). The boundary
T is represented by a solid line and the interface S by a dashed line, the dashed region represents
Qo and the black dot the location of the control zone.

(d) C)

@ (b)

F1GUuRE 3. Condition 2.2 is fulfilled in situations (a—d) but not in (e) with the same notations
as in the previous figure.

Condition 2.2 (corresponding to case (2)). We assume that there exist two disjoint open sets O1, 0y CC 1
(with always a unit outward normal n) and vectors fields £ : Qy — RN, ¢ € C1(Qy), i = 1,2, such that

& (x) -n(z) >0 VzeSI,
E(z) -n(z) >0 VYredO;, i=1,2, (22)
fl(l‘) 75 0 Va e Ql\(’)i

and for the characteristics associated to &°

- gi(;ﬁ(t)), t>0, (23)

with z}, € S, we assume also that for some time T4 > 0, and for all x§ € S, there exists th(x}) < T4 such that
the solution z*(t) of (23) verifies

' (t) € W\O;  for 0 <t < ty(x})
and
o' (th(xh)) € 00; for xf €S, i=1,2.

Remark 2.3. Notice that this hypothesis is essentially Condition 2.1 written for the case (2). It is also fulfilled
in usual geometrical cases, see for example the cases in Figure 3.
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The aim of this paper is to prove the following theorem:

Theorem 2.1. Assume that in problem (8) the coefficient a satisfies (5, 6, 9, 10), f is a locally Lipschitz-
continuous function satisfying (11) or Condition 2.1 in case (1) or Condition 2.2 in case (2) are fulfilled. If
wN QY #0, for each connected component Qf of Qo, then for each case (1) or (2, 8) is exactly controllable to
the trajectories.

The idea of the proof of Theorem 2.1 is the following. With a simple change of variables we reduce the
problem of exact controllability to the trajectories for (8) to null controllability for a still nonlinear similar
transmission problem. For this null controllability result we use approximate controllability to the zero state
for an associated linear transmission problem with controls in L"(0,7'; L"(w)) for r as in (4) and then we apply
a fixed point method. For this we need explicit estimates on the cost of approximate controllability which
is obtained from observability inequalities (see Props. 4.1 and 4.2). These estimates are deduced from global
Carleman inequalities. In case (1), we use one single global Carleman inequality (see Th. 3.3) with a suitable
weight function, whose construction is presented in Lemma 3.1. Case (2) is more complicated and we have to
combine two different global Carleman inequalities (see Th. 3.4) with two appropriate weight functions whose
construction are given in Lemma 3.2. The growth condition of the non linear term f is analyzed using the
arguments of [13].

The idea of combining the controllability of a linearized system and a fixed point argument in the proof is
rather general. It was introduced in [23] in the context of the boundary controllability of the semilinear wave
equation. For other controllability results proved in a similar way, see for instance [9,13,15] and [8].

In the proofs we will suppose that £y and €2; are connected sets and we assume the simpler hypothesis
wNQy # 0. Otherwise the weight functions for Carleman inequalities are constructed analogously on each
connected component of 2y and ;.

The paper is organized as follows. In Section 3 we deduce global Carleman inequalities, that we use for
proving the main result. Section 4 is devoted to obtain some observability estimates. In Section 5, we prove
Theorem 2.1. Finally, in Section 6, we give an explicit construction of suitable weight functions, needed for the
global Carleman inequalities.

2.2. Some consequences and extensions

1. Observe that, the controllability result holds if the control acts in the part of the domain where the diffusion
coefficient is smaller. To our knowledge, this result is the first one in the literature related to exact controllability
to the trajectories when the diffusion coefficients are discontinuous.

2. In the case s’ =0 and f(0) = 0, notice that assumption (11) can be simply read as follows:

/() =0. (24)

1m =
sl |s|log® % (1 + [s])

The proof of Theorem 2.1 also gives the result of null controllability for (8) with a suitable hypothesis on g
under the hypothesis and the same geometrical cases considered in Theorem 2.1 by taking condition (24) instead
of (11).

3. Notice that approximate controllability for a linear transmission problem is always true and it is independent
of the choice of the part of the domain where the control acts as a consequence of unique continuation property.
Nonlinear problem (8) with f growing as in (11) is still approximately controllable under the conditions of
Theorem 2.1. This is due to the fact that approximate controllability in this case can be proved as a consequence
of exact controllability to the trajectories. This idea is taken from [12], where approximate controllability for
semilinear heat equations is obtained in such a way.
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4. We can also consider in (8) the more general case in which the diffusion coefficients are represented by a real
symmetric uniformly elliptic matrix A, i.e. there exists a constant o > 0 such that

N
A, &,8) = D Ayt > of¢]’ VEERY, forae z€Q (25)

ij=1

and A is regular in each €;, i = 0, 1. In this case, condition (10) has to be replaced by

det A
>0, 26
[An . n] s (26)
where [ |s denotes the jump across S.
Until now, null controllability for semilinear parabolic systems (in the divergence form) has been analyzed
when the diffusion coeflicients are sufficiently regular. More precisely, when A = (4;;), ¢, = 1,... , N with
A;j € CH2(Q) (see [15]).

2.3. Open problems related to Theorem 2.1

1. If w C 91 we do not know whether or not system (8) is exactly controllable to the trajectories. Is in this
case null controllability also an open problem.

2. In [13], it is proved that even in the case of regular diffusion coefficients, for each 5 > 2, there exist functions
f = f(s) with f(0) =0 and

im % =a with a >0, (27)
Is|—oc |s|log” (1 + |s|)
such that the corresponding system (for the semilinear heat equation) is not null-controllable for any 7' > 0. In
view of point 2 in Section 2.2, we see that, when f satisfies (27) with 3/2 < § < 2, null-controllability of (8) is
an open question.

3. On the other hand, it is proved in [13], that also in the case of regular diffusion coefficients, for each 8 > 2,
there exist functions f satisfying (27) such that the corresponding system (for the semilinear heat equation) is
not approximately controllable for all T > 0. Then, approximate controllability for the transmission problem (8)
with 3/2 < 3 < 2, is also an open question.

4. An abstract result due to Russell [20] shows that boundary exact controllability for the wave equation implies
boundary exact null controllability for the heat equation with the same type of control and geometry. This
result is proved in the case of smooth coefficients. If we consider this principle still true in the case of non
smooth coefficients, the geometrical hypothesis that we consider here seems to be too restrictive in the case
N =1 (cf. [7] for the controllability of the corresponding wave equation) but not for N > 2.

5. In [14], it is proved null controllability result for the one-dimensional linear heat equation like p(x) —
(a(x)zz)z + m(xz)z = 0 with only BV coefficients without any assumption on the control zone. However, the
proof is definitely strictly one dimensional relying on the corresponding one for the wave equation and null
controllability result is true if the potential m depends only on space variable, but not on time. Then, even in
the one-dimensional case it is not clear how to treat with this method a similar nonlinear problem.
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3. GLOBAL CARLEMAN INEQUALITIES

In this section we will deduce two global Carleman inequalities, that we need for the proof of Theorem 2.1.
For this purpose, we will introduce suitable weight functions. Let us first consider the situation of case (1) (see
Fig. 1, left). The first weight function is given by the following result:

Lemma 3.1. Assume that we have the geometrical situation of case (1) (see Fig. 1). Assume that the function
a defined in (5, 6) satisfies (9, 10) and that Condition 2.1 holds. If w N Qo # O then for every open set
wo CC wN Qg there exists a function B € C°(Q), B; = Bla, € C?(), i =0,1, 3> 0 in Q, such that

B=0 onT, (28)
0,3<0 onT, (29)
B=1 onS, (30)
OnB0>0,0,8 >0 onS, (31)
aoé)ngo = alﬁngl on S (32)
and
V3 >0 inQ\wp. (33)

The proof of Lemma 3.1 will be given in Section 6.

Now, we consider the geometrical case (2) (see Fig. 1, right). For the second Carleman inequality, which we
will use to treat the situation 2, we need two suitable weight functions.
We have the following result:

Lemma 3.2. Assume that we have the geometrical situation of case (2) (see Fig. 1). Assume that the function
a defined in (5, 6) satzsﬁes (9, 10) and that there exist two open disjoint sets (91 , Oy CC Q4 wverifying Condi-
tion 2.2. Let B; and Bz, i =1,2 be balls such that By CC 31 cc Oy and By CC Bg CC Os. If wN Qo # 0 then
for every open set wy CC w N Qg there exist two functions ﬂl and 62 such that

~ Bo(z) if z € Qo, ~ Bolz) if =€,
e T S (34)
61 (1’) Zf T € Qla 61 (l‘) Zf YIS Qla
with the following properties: By € C2 (), Bo >0 in Qo,
Bo=0onT, O,Bo<0onT, (35)
OnfBo >0 on S, 50:2 on S, (36)
|V50| >0 ﬁo\u)o. (37)

And fori=1,2, ﬁ} € 0% (), Bf >0 in Q,
Bi = BO =2 on S, (
a0Onfo = a10,5.  on S, i=1,2, (39
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and
IVBi| >0 inW\B;, i=1,2. (42)

The proof of Lemma 3.2 will also be given in Section 6.

Remark 3.1. Notice that in geometrical case (2) (21 CC ) it is impossible to have a function E which is
constant on S and such that V3 # 0 in €.

Let us consider the functions
- 5

with K > 0 such that K > 5max B, and B is given by Lemma 3.1.

Q
Let A be a sufficiently large positive constant that only depends on €2 and w. It will be fixed later on. For
t € (0,T) and following [16] and [12], we introduce the following functions:

M3 (@) B _ B »
)= — =" .
p(z,t) =0 n(z,t) ) (44)
Notice that
Vn==-XpVE, Vo= ApVg. (45)

Let us set -
Zo={q:qeC?(Qix[0,T]), i=0,1, qls+x01) =as-x(1)

a00nq|s+x 0,1y = 10nqls-x©0,1), ¢=0 on X}
We have the following Carleman estimate:

Theorem 3.3. Assume that wN Qo # 0, a satisfies (5, 6, 9) and (10) and Condition 2.1 in case (1) is fulfilled.
There exists A\1(Q,w,a) > 0 such that for each A > A1 there exists a positive constant C' that only depends on (,
w and a, and s1(\) > 0 so that the following estimate holds

53 // e*QSWt*B(Tft)*3|q|2d:£dt+s// e 2N T — )" Vq|* dw dt
Q Q

<C <s3 // e 2 3(T — ) 73|q|? da dt (46)
wx(0,T)

+ // e 25|0yq + div(a(x)Vq)|? dz dt)
Q

for all ¢ € Zy and s > s1. Moreover, s1 is of the form sy = o1(Q,w,a,\)(T? + T), where o1 is a positive
constant that only depends on €2, w, a and A.

Proof of the Theorem 3.3. In the sequel, C' will stand for a generic positive constant only depending on €2, w
and a, whose value can change from line to line. We will also use the usual convention of repeated indices.
Let us assume q € Zp and s > 0. We set

f = 0wq + div(a(z)Vq)
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and

P =e g (47)
Notice that
$(0) =(T) =0. (48)
We have the following equality:
e~y (€M) + div(a(z)V(e¥)) = e f. (49)
Using (45), we can write (49) in the form
Myt + My = = f + shg div(a(2) V)Y — sX*pa()| V", (50)
where
My = div(a(x) V) + s*X*0* |V 5| 2a(x)y + Oy (51)
and
Motp = Oyth — 25 \pa(x)VBVY — 257 2pa(z)|VB[2 . (52)
Let set
fs =71 f + shpdiv(a(x)VB)Y — sX*pa(x)| VB> (53)
From (50), we obtain
M3 + | May[| + 2(Mrep, Matp) = || f5]]3, (54)

where (-, -) denotes the scalar product in L?(Q). Let us compute the scalar product in the left hand side of (54).
We can write

(M, Motp) = I + Iy + Inyr + Iovr + Inor + Iogr + Isv + Isor + Isgr (55)

In (55), all the integrals denote the respective scalar products for the terms of M1 and Mstp. For simplicity,
in the sequel, we will write a instead of a(z). We have

I ://Q div(avw)atwdxdtz—//Q aVip 0¢(Vp) dz dt

T T 1 (56)
+/O/Sa1V¢-n8twdxdt—/o/SaOV1p-n6twdxdt:—5//Qa0t(|vw|2)dxdt:0.
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Here we have used (48) which says that ¢(0) = (T = 0.

Ty = 725)\2// @ div(a; V), VAV de dt = QSAZ// 104,10z, (pa10y, BOy,1b) Az dt
Q

_ 2(v3, . . 2o | 57
23)\/0/790a1(vﬁ1 V) (Vi -n) d<7d1f—|—25)\/0/5+ a2 (V3o - V) (Vi - n)do dt

T
725)\/0 /Fcpaf(Vﬂ -V) (V) - n)do dt.

Let us consider the first term of (57). Also for simplicity, we will make the computation only for the integrals
in Q1. We set

T
I, = 23)\// 102, Op, (9010, 30,;1) da dt.
0
We will use (45) and

VB =(VB-n)n+V-.p, (58)

Vi = (Vi - n)n + Vb, (59)

where V., and V¢ denote the tangential gradients. Thanks to the choice of 5 we know from (30) and (43)
that (3 is a constant on S, then V.3 = 0 on S and we can write

T T
I, = 25)\2// (102,902, 8) (0104, 0,,7) dx dt + 25)\// 010z, Oz, (0104, 3) 0,1 da dt
0 Ql 0 Q1

- (60)
oA / / a1 (@19, )05, (IV4[?) da dt.
0Jo
Integrating now by parts in the third term of (60) we obtain
T T
1112/ = 28)‘2 / /Q @(alaziwam 6) (alazj 6895] l/}) dzdt + 25}‘/ /Q 3001(911-1/1 8931 (a'lail)j ﬂ)a%w dz dt
0 1 0 1
T T
—s)\2/ / ©la1 VB VY| dxdt—s)\/ / ©a10y,(a105, B)| V| dz dt
o Jo, 0Jo (61)

T T
fs)\// 30(8zja1)(a18zjﬂ)|vw|2 d:Edt+s)\// cpa?(8n61)|vw|2 do dt
0 Ql 0 S—

T
—i—s)\//(pa%(@nﬁﬂvwﬁdadt.
0Jr

For the integrals in €2 it is sufficient to take into account that n is the outward unit normal to £2; and replace
n (61), n by —n, S~ by ST and Q; by Qo.
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Consequently, from (57) and (61), using again (59) we deduce

Iy = —s)\? // ©|aV B2 |V|? da dt 4 2572 // (aVip - VB)? da dt

,5)\// (Onf1) |a18n1/)|2d0dt+s)\// (0n o) |a08n1/)|2d0dt

(62)
—i—sA// @al(a10n51)|VTw|2dadt—s)\// wao(aodnfo)|V-? do dt
0.Js- 0Js+
T
—s)\//@a%(@nﬁﬂ&lwﬁdadt—i—Xl
0Jr
with
X1 *25)\// 00y, Oy, ( aamjﬂ)ﬁmjwdmdtfs)\// a0y, (aamj6)|V1/)|2d:cdt
Q
(63)
—SA// (02, ) (ad, B)| VO da dt.
Q
Finally, we get
Iio = —s\? // ©laV B2 |Ve|? da dt + 252 // o(aVi - VB)* dz dt
Q Q
T T
+5A//@|aan¢|2 10, dadt—s)\//¢|V7w|2(a0nﬁ)[a]sdadt (64)
0Js 0Js

T
_5)‘//<P|aan¢|2(8nﬁ)dadt+X1,
0o Jr

where X is given by (63), and [-]s denote the jump on S. Notice that in (64), due to the choice of 3 the
boundary integrals are nonnegative and this is essential. In fact, from (9) and (10) we have

[als =ap—a1 <0 on S. (65)
On the other hand, from (10, 31, 32) and (43), we deduce that
[anﬂ]s = anﬂO - anﬁl >0 on Sa (66)

since n is the outward unit normal to ;. Moreover, thanks to (29) and (43), we have 9,8 < 0 on I'. This
justifies the above statement.
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Let us compute the scalar product of the first term of Mj and the third one of M.

Ly = —25)\22// div(a; V) pa; |V 8%y da dt = 25\? // aVipV (pa|V B|2) dz dt
o)
—23)\2// a1 (Op1h)ay |V 12 do dt + 23)\2// wao(On1h)aog|V Bo|*¢ do dt
= 25)\? // ©laV B2 |V dxdt+23)\22// oaV(a;|VB1*) Ve dz dt (67)
+25\3 // 0a?VB|IVBIAViep de dt
Q
T T
—23)\2// a1 (On)ar|0nB1)? do dt + 23)\2// ©ao(0n))ag|0nBo|? do dt.
0Js- 0Js+
n (67), again we have used (58) and the fact that V.3 =0 on S. Finally, we have
Iz = 25)\2 // ©laV B2V |? dr dt + X, (68)
Q

where

X, = 25)\2 // 0aV (a|VB|*)Vipp de dt + 2s\® // ©a?V BV B2 Viprp dx dt
Q Q

T (69)
+25)\2/ / ©(adn1h)(adyB) [0n 6] g ¥ do dt.
0Js
The scalar product of the second term of M1 with the first one of My gives
Iy = s2)\? // ©*|V B2 adprp dz dt = —s?\? // 00, p|V B2alp|? dz dt. (70)
Q Q

We now consider the scalar product between the second term of M;v with the second one of M. The following
holds:

Ly = —233)\32// a?|V B2 (VB) Vi dz dt

:353)\4//Q a?|va|* |w|2dxdt+33)\32// ©*div(al| VB[PV E)||? dz dt (
71)

T
—53)\3// <p3|a18nﬁ1|2(8nﬁ1)|w|2dadt—|—53)\3//+<p3|a08nﬁo|2(8nﬁo)|w|2dadt
0 - 0JS

T
_ 38\ // <p3a2|Vﬁ|4|1p|2dxdt+33)\3//<p3|a6nﬁ|2[anﬁ]s|w|2dadt+X3,
Q 0Js
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where
1 .7
X3:53A3Z// O3 div(a?|V B2V B)[¥|? dz dt. (72)
1=0 70 JLu

Observe again that the last boundary integral in (71) is nonnegative because (66) holds.
Now we consider the third and the second terms of Mj1) and Ma, respectively. Using (45) we can write

1 T
I3 = —252)\2// cp(?malVﬂ~Vz/n/)dmdt:52)\// I div(aVE)|[¢|* dz dt

1=0 70 /S Q@

202 / / SOl VB[ d i — 232 / / P(0r0)al VARG dardt (73)

Q Q

T T

_ / / 0m(a1d, )]0l dordt + s / / 000D Bo) V]2 dor
0JS— 0JS+

Since (32) holds we know that a0, 0|5+ — a10n51]|s- = 0, then we get

Isor = 52)\// I div(aV ) [¢|* da dt + s\ // ©(0)a|V B[y da dt — s\ // ©(0sp)a| VB 1p|* da dt.
Q Q Q

(74)
The last integrals give
Iz = —253)\4 // ©*a?|VB[*|y|? dz dt, (75)
Q
1
I3y = s// ooy de dt = f—s// OZn|y|* dz dt (76)
Q 2 JJq
and
I3y = —25%)\2 // 0adm|V B2 |y|* da dt. (77)
Q
Finally from (55), taking into account (56, 64, 67, 70, 71, 74-76) and (77) we deduce that
(M), Mot)) = sA? // ©laVB?|V|? do dt + 25)\? // o(aVi - VB)* dadt
Q Q
T
IS // FPa2|V B[ dz dt + 33)\3/ / P 1adn I [0nB]g ]2 do dt
Q 0Js (78)

T T
2 — 2
Leh /O /S ladn |2 98] s dodt — s /O /S oV (B, B)[al s do

T
*SA/ / ©ladnh[*(0,8) do dt + X1 + Xo + Io1 + X3 + Iz + Isor + 33,
0Jr



CONTROLLABILITY FOR HEAT EQUATION WITH DISCONTINUOUS COEFFICIENTS

635

where X1, Xo, In1r, X3, I31/, I3o,, and I35/, are given by (63, 69, 70, 72, 74, 76) and (77) respectively. Thus, we

have from (54) the following identity:
| Myap||3 + || Ma2p||3 +23)\2// ©laVB?|V|? do dt + 4s)\? // o(aVi - VB)? dadt
Q Q
T
e // <p3a2|VB|4|w|2dxdt+233)\3//<p3|a8n5|2[8nﬁ]s|w|2dadt
Q 0Js

T T
2 B 2
+23A/0[3@|aan¢| [0,8]5 do dt zsx/o/swmm (a8 B)[a)s dodt

T
725>\/ / ©]a0,V|?(0,8) do dt = || fs||2 — 2(X1 + Xo 4 Torr + X3 + I3y + Isor + I330).
0oJr

(79)

As we mentioned above, since 9,8 < 0 on I" and thanks to (66) and (65), all the boundary integrals in the left
hand side of (79) are nonnegative. Moreover, we know that (9) and (33) hold. Then, for some A\g(Q,w,a) > 1

we have

NplaV B2 > C(Q,w,a) 2 in (Q\wo)
3a2|V6|4 > C(vaaa)A4<p3 in (Q\WO)

X X

On the other hand, we use that

a0z, (adz,B)| < C(Q,w,a),

alVA]? < C(Q,w,a),
IV(a|VBP)| < C(Qw,a), 1=0,1,
div(a?|VB2V3) < C(Qw,a), 1=0,1,

div(aVB) < C(Q,w, a).

Then, it is not difficult to check that for every € > 0, there exists C; > 0 such that

|X1] < C(Q,w,a)s)\// ©|Vip|? da dt,
Q

| X5 < C(Q,w,a) (S)\// <p|V1/)|2dxdt+s)\3T4// <p3|w|2d:cdt)
Q Q

+55A2// @|V¢|2dxdt+CasA4T4// O |* da dt
Q Q

T T
et [ [ pladul 0,8)5 dodt + Coon'* [ 100,67 0,815 0P do .
0Js 0JSs

1Xs] < C(,w,a)s°)3 / / S| da dt.
Q

In the estimate (87), we have used Young inequalities and the fact that

© < CPPA(T —t)? < OT*p?

(83)
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and we will chose € > 0 sufficiently small. Moreover, we have

T -2t 5 2
= <CQ,w)T
|8t(10| tQ(T_t)Qe = C( aw) ¥
T — 2t|(e?P — e*P) Tes T 5
= < Q — = < Q) — < Q T
|at77| tQ(T _ t)2 = C( ’w) tQ(T — t)2 = C( 7""’) tQ(T — t)g = C( 7""’) ¥
2|72 — 3Tt 4 3t2| (e — M) 14T T2e28 ,
I <O, w)——— < C(Q,w)T25.
|attn| t3(T _ t)g — tg(T _ t)3 — C( ’w) t3(T _ t)g — C( 7""’) P

In (90) and (91), we have used that e < ¢ This is implied by the fact that

B: §ma@{ﬁSQminﬁ,
4 9 9}

(92)

which is a consequence of the choice of K in (43). Taking into account, equations (82, 85, 89, 90) and (91) we

deduce

21| < yw,a)l's %) x dt,
I c(Q Ts%\? 3l dad
Q
31/ S ,W,a S ()0 X t7
I c(Q T2 3112 dzd
Q
32/ S ,w,a S 2 X ta
I c(Q Ts?)\? 39| dad
Q

|I33/] < C(Q,w,a)Ts*\? // ©3[ap|? da dt.
Q

On the other hand, from (53) we can write that

I1£5lI3 < e £113 + C(Q, w, a)s*A* / /Q Gl < e F13 + C(Qw, a)s*X T2 / /Q Oy,

Using (80, 86-88, 93-96) and (97) in (79), we obtain:

T T
||M1w|\%+|\M2w|\%+Cs3/\4// ¢3|1/)|2dmdt+05>\2// ©| VY| dz dt
0 Q\wg 0 Q\WO

T T
+233)\3//<p3|a8nﬁ|2 [anﬁ]s|w|2dodt+2s)\//<p|a6nw|2 0u8]¢ dodt
0JS 0JS

(93)

(97)

T T
< ||e_5"f|\§+Cs>\3T4//3503|a8n6|2 [8nﬂ]s|1/)|2dodt+ss)\/[Sga|a8nz/1|2 [0n0]g do dt
0 0

+CS)\// <,0|V¢|2dacdt+es)\2// @|V¢|2dxdt+053)\3// O [p|* dw dt
Q Q Q

+Cs2(\T? + AQT)// Q|2 dadt + Cs(T? + A4T4)// O3|* de dt.
Q Q
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From this, for A > A\ (Q,w,a) > A\(Q,w, a), with A1 not depending on T, and for e small enough, we can write

| M]3 +|\Mzw|\%+s3v// O |Y|? dz dt + sA? // ©| V| de dt
Q Q
T
250 [ [ a0, 5P 0,0)s 6P dode < € [l 13
0JS
T T
+s3>\4// ¢3|¢|2dzdt+sA2// ¢|Vz/;|2dxdt+s(T2+>\4T4)// O [|* da dt
0 Jwo 0 Jwo Q
T
+52()\4T2+)\2T)// Al dz dt + 3A3T4//<p3|a6nﬁ|2 [6nﬁ]s|w|2dadt].
Q 0Js
We take now s > 0¢(Q,w,a,\)(T? + T), then we also have

||M1¢H§+HM2¢H§+33A4// <p3|¢|2dxdt+s)\2// ©| V|2 de dt
Q Q

<C

T T
e rpg s [ e dear o [ so|vw|2dxdt] (%)
0 Jwo 0 Jwo

Let us deduce from (98) that (46) holds for all s > s; where s; = 01(Q,w, a, \)(T? +T).
Recall that ¢ = e *"q. Then,

Oz, =€ ¥1(0r,q — 802,mq) = € *"(0r,q + sAp0x, 3 q).

So we can write that
e *M0,,q = 0z, — she” "0, B q.
Consequently, we find the following;:

sA\2 // e 2 p|Vq|? do dt = s\ // ©|Vip — e s oV 3| da dt
Q Q
< Os\? // ©|VY|? dedt + C(Q,w)s> A // e 23| g|? d dt.
Q Q

Then, from (98) we have

s34 // e 253 |g|? da dt 4 s\ // e 25| Vq|* dz dt
Q Q

T T (99)
< C(Q,w,a) l”e_”’f@ + 53)\4/ / e 253 |g|* do dt + s)\Q/ / e 2Mp|Vq|? dz dt] .
0 w 0 wo
In order to conclude the proof of the Carleman inequality (46) it is sufficient to prove that
T b T b
S>\2/ / ef2snsa|vq|2 dedt < C ”efsnf”% + 53)\4/ / 672577<p3|q|2 dx dt

0 Jw 0 Jw

’ (100)

T T
+ s2(A\*T2 + \27) / / e 253 q|> da dt + s(A3T* + N3T? + \2T3) / / e 253 q|* da dt] .
0 Jw 0 Jw
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In fact, combining (99) and (100), we deduce that the global Carleman estimate (46) is true for s > 01(Q,w, a, \)
(T? + T3/ + T). Notice that it is possible to drop the term in 7%/2 since T3/2 < 1/2(T? +T).

In order to obtain (100), we consider a function p € C§°(w) such that p =1 in wg and p > 0. We consider
w C O and the estimates obtained below remain true for larger w. Multiplying by sAe™2%"ppq the equation

Owqg + div(aVq) = f

and integrating in w x (0,7"), we obtain

9 T
A // —2en ¢8t|q|2+s>\2// ‘2s"ps0div(qu)qd:cdt=SAQ//e‘QS"pwfqdwdt- (101)
0 Jw

In (101), the second term, can be written after integration by parts as follows:

T T 2 T
A
8>\2//e’QS”pwamq,(aaxq,Q)qdwdt=—5>\2//e’anpWIVQIQdIdt— 87//axq,(efzs”pso)aaxiquQdwdt-
0 Jw 0 Jw 0 Jw

Then, from (101) we deduce

2
8)\2// 20| Vgl* drdt < C(a )S;\ + C(a)s\?

T
//e_%"pgofqudt
0 Jw

/ / e 2% pdy|q|* da dt
0

a)s\? / / e 22 | (e ¥ pp)|q|* dz dt|. (102)
Let us consider the first term of the right hand side of (102). We have
A2 A2
i / / 2 ppdy|q|* da dt = - / / Or(e™2 pp)|q|? da dt
(103)
s\2 T
= 52)\2 / / e 25 pdyn|q|? da dt — 7/ / e 2% pdyplq|? da dt.
0 Jw 0 Jw
Using now (89) and (90) in (103) we obtain
T ) T
| X4| < C’SQ)\QT/ / 6725”p<p3|q|2d:£dt+CsA2T3/ / e 25 pp®|q|? da dt. (104)
0 Jw 0 Jw

On the other hand, for the third term of the right hand side of (102), we can write

[ e mata ara

sA\2 < 053)\4// ~25153 plq|? da dt

T
FO(S2ANT? 4 sA3T + sA3T?) / / e 23 plg|? dedt.  (105)
0 Jw
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This is a consequence of the particular form of 7 and . Indeed, after the following calculation
0, (672 pp) = €72 [Dy, pp + pOa,p — 25pp0u, ]

9, (e_anp(p) =e % [_25<P8xj N0z, p — 25P8x,~ Nz, + 432§Dpaxj n0z,n

TiTj
+ 902 4,0+ O, pO;p + Oy pOu,p + P03, p — 25905, PO 1) — 28D, 01 — 25pp03 . n}

and using the following straightforward estimates
[0de,nl < A% |VB| < CAp? < TN,
10,1000 < NIV < OX2? < OT2N¢P,
|08z, n00:m] < A2 IVBP < A%,
02,01 < AV < Ohp < OTAY?
02,01 < MplABl+ NP VB> < Chp + N2p?) < C(T*A+ T?M?)®

|02

Ty

nl < AP|ABl+ N VBI? < CT?Ag® + CN*¢°

it is not difficult to see that (105) holds. On the other hand we have

T
//e_Qs"pgofqudt
0 Jw

T
sA? SCHe_S"fH%—l—CsQ)\‘l//e_Qs”go2p2|q|2dxdt
0 Jw

; (106)
< Clle=®"f|3 + CS2>\4T2/ / e 253 q|? dx dt.
0 Jw

Using (104, 105) and (106) in (102) we get (100). As we mentioned above, this ends the proof of Carleman
inequality (46) of Theorem 3.3.

The situation of Case 2 is quite different. Let us consider the functions
i _ i i =D i .
B =p+K" 6:ngxﬂ, fori=1,2, (107)
Q

with K* > 0 such that K’ > 5max Bi, and BZ is given by the Lemma 3.2. We also introduce the following
Q
weight functions:

QB (@) _ QBT A

W =1 nz(x,t):m, i=1,2. (108)

Sﬁi(%t) -

Our second Carleman estimate is the following:

Theorem 3.4. Assume that wNQy # 0, a satisfies (5, 6, 9) and (10) and Condition 2.2 in case (2) is fulfilled.
There ezists A2(Q,w,a) > 0 so that for each A > Ao there exists a positive constant C that only depends on
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w, 01, Oy and a, and sg(\) > 0 so that the following estimate holds
53 // (6725771 + e725"2)t73(T —t)3gl*dzdt + s // (e725’71 + 6725’72)t71(T — 1) Vq* dz dt
Q Q
< Cs // (e 2" 4+ o725 =3(T — £)=3)¢|2 da dt (109)
wx(0,T)
+C // (6_28"1 + e_2s”2)|8tq + div(a(x)Vq)|? dz dt
Q

for all ¢ € Zy and s > sg. Moreover, sg is of the form sg = 06(,w,O1,02,a,\)(T? + T), where o is a
positive constant that only depends on 0, w, O1, Oz, a and .
Proof of Theorem 8.4. In order to obtain (109), we will apply the global Carleman inequality (46) from
Theorem 3.3 and the properties of weight functions (108).

We observe, that from Lemma 3.2, we know that V/3° can vanish only in wy and B; for i = 1,2, where the
open subsets By and Bs are fixed balls defined in Lemma 3.2. Taking into account these statements, we can

use two weight functions given by (108) and write two Carleman estimates like (46). More precisely, there exist
a positive constant C and s; that only depends on 2 w and a, such that

83 // e 3T — 1)) dadt + s // e 21T — 1) V| Vg|* da dt
Q Q

<C|s // e*QSWit*S(T —t)3lgl*dadt + 53 // e 23T — 1)~ |g)? da dt (110)
wx(0,T) B;x(0,T)
+ // o2’ |0rq + div(a(z)Vq)|* dz dt)
Q

for i = 1,2, for all ¢ € Zy and s > s1. Moreover, s; is of the form s1 = o1(Q,w, a, \)(T? +T).
Let us show that from (110), using the properties of the functions g and 32, we can deduce the Carleman
estimate (109). For this, it will be sufficient to see that for each C' > 0, there exists s4 such that
e 2 > 902 in By, (111)
e 2 > 20e 2" in B, (112)

for s > s4 = 04(Q,w, 01,02, \)T?.
Indeed, adding the two Carleman inequality (110), we deduce

3 // (e_2$771 + e_2s”2)t_3(T —t)3|q/*dzdt + s // (6_28"1 + e_25”2)t_1(T — 1) Vg|? dz dt
Q Q
<Cs® / / (727 4+ e 2 3T — ) 3g2 dadt
wx(0,T)

+C (s // e*QSnlt*S(Tft)*3|q|2d:£dt+s3 // 6725"215*3(T7t)*3|q|2 dx dt
By x(0,T) By x(0,T)

+C / / (727 + e 27)|9,q + div(a(z)Vq)|* dz dt
Q

(113)

for s > s5 = max(sy, $4).
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On the other hand, according to (111) and (112), we obtain that

Cs? // e*25"1t73(T — 1) 3> dz dt + Cs® // 6725’72t*3(T —t)73¢|? de dt
By x(0,T) By x(0,T)
55 —2sn?,—3 -3 12 55 —2sn' ,—3 -3 12
<= et (T —t)°|q|  dedt + — e =Mt (T —t)"°|q|* dxdt (114)
2 JJB.xo,1) 2 JJByx0,1)

3 1 <
< %//(e*%’? e 23T — )3 g2 dar dt
Q

for s > s = 06(Q,w, 01,02, \)T?. Combining (113) and (114), we find (109).
To conclude the proof, let us justify (111) and (112). By construction, we have that

32 >28F inB. (115)

Using (115), we can deduce that for all A > 1 there exists a positive constant «, which only depends on 2, w,
01, O5 such that

n'—n?>an' inB. (116)

Indeed, equation (116) is a consequence of the following;:

L, Mol . Q2ABL _ A N ae,\El _ N ol B
2 = i )
L A N (A Y (/) K !

Then, from (116) we obtain that, for each C' > 0, there exists s2 such that

2
e—2577

can’ so min -
: > 6250577 > eQaammn > 20 in ‘B1
e—2sn

for s > s9 = 02(Q,w, O1,02)T?. This is exactly the inequality (111) for s > ss.
By similar arguments, using the fact that

Bi >287 in Oy, (117)
it is easy to see that, for each C > 0, there exists s3 such that

1
672577

e_2—5772220 IHBQ

for s > s3 = 03(Q,w,01,02)T?. Then, equation (112) holds for s > s3. Taking now s4 = max(sa,s3) we
get (111) and (112) for s > s4. This ends the proof of Theorem 3.4.

4. OBSERVABILITY INEQUALITIES AND TECHNICAL RESULTS

In this section we will deduce some observability estimates as a consequence of appropriate global Carleman
inequalities and regularizing effect of the heat equation. This will be needed to prove the null controllability
result for a linear transmission problem with controls in L"(0,T'; L"(w)) with r sufficiently large, such that (4)
holds.
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Let us consider the following linear (adjoint) transmission problem:

—0iq — div(a(z)Vq) + bg=0in Q,
qg=0 on X, (118)
q(x,T) = qr in €,

where a satisfies (5, 6, 9) and (10), b € L>(Q), and g7 € L?*(f2). First of all, let us prove the observability
estimate with L?(0, T; L?(w))-norm in the right hand side. This can be used to deduce null controllability result
(and estimates) for linear transmition problem with bounded potential, with controls in L?(0,T; L?(w)). We
have the following;:

Proposition 4.1. Assume that w N Qo # O and that Condition 2.1 (resp. Condition 2.2) in case (1) (resp. in
case (2)) are fulfilled. Then for any a satisfying (5, 6, 9, 10), b € L>=(Q) and qr € L?*(Q), there exists a positive
constant C' that only depends on Q, w and a (resp. Q, w O1, Oz and a), such that

1
IOy < exp € (14 3+ Tlbll 4 1022) | [ g asa (19)
wx(0,T)

where q is the solution to the corresponding system (118).

For simplicity, we only present the proof of Proposition 4.1 for the situation (1). We just note, that the proof
corresponding to the situation (2) is similar, it suffices to take into account the different estimates (in space) for
the weight functions that appear in the global Carleman inequality (109). Thus we also obtain the constants
depending on O; and Os.

Proof of Proposition 4.1. We will use global Carleman inequality (46) from Theorem 3.3 and some estimates
for the weight functions. Let b and gy be given and let ¢ be the solution to (118).

Step 1: We will first see that

1
// lq|*> dzdt < exp {C’ (1 + -+ ||b||§</33>} // |q|? da dt. (120)
QX (T/4,37/4) T wx (0,T)
By density, we can write (46) for ¢ being the solution of (118). This gives
s // e 23T — ) 3> dedt < C | 8° // e 23T — 1) 73|q|* dw dt
Q wx(0,T)

+// 625”|bq|2dmdt> (121)
Q

for all s > s1. We can estimate the second term in the right as follows:

// e 25 |bg|? da dt < 27°T5||b| |2 // e 23T — t) 73 |g|? dz dt.
Q Q

Thus, we deduce from (121) that

// e 23T — ) 3|g)2 de dt < C// e 2 3(T — ) 73|q|* da dt (122)
Q wx(0,T)
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provided
$ > $7 = max (51, CT2||b||gé3) . (123)

On the other hand, it can be easily verified that

e 23t —T) 3 < 2T Cexp (—CsT™?) V(z,t) €Q (124)
and
—2sm,—3 -3 16\ -6 -2 o
e M3t —T) 7% > 5) T exp (—CsT~?) V(z,t) € Qx [T/4,3T/4], (125)
whenever

s > sg = max (s7, C’TQ)

(constants C' in (124) and (125) may be different). If we analyze the structure of the constants s7 and sg, we
see that sg < sg, where sg is of the form

59 = 09(Q, w, a) (T+T2+T2||b||§g3). (126)

Let us fix the constant s = sg. We write (122) for s = sg taking into account (124) and (125) and we deduce
that (120) is satisfied for any solution ¢ of (118).

Step 2: Let us now prove that

1
(e, 0)|3 < exp [O (T n T||b||oo)] /I o de dt. (127)
Qx (T/4,3T/4)

The estimate (127) together with (120) leads to the desired observability inequality (119).

Let 6y € C'[0,1] be a function such that, 0 <6y <1, 6y = 1 in [0,1/4], 6y = 0 in [3/4,1]. Now, we consider
a function 6(t) = 0y(t/T) and we write (118) for 6(t)q. We obtain

—0:(0q) — div(a(z)V(0q)) + b(0q) = —g0,0 in Q x (0,3T/4),
6g=0 on 00 x (0,37/4), (128)
0q(x,3T/4) =0 in Q.

Multiplying (128) by f¢ and integrating in 2, we have

1
——3/ |9q|2dx+/a|V(9q)|2dx:—/b|9q|2dx—/9(8t9)|q|2dx Wt > 0,
2dt Jq Q Q Q
Thus,
—i/ |9q|2dx+2/a|V(9q)|2dx§2||b||oo/ |9q|2d$+2/9|0t9||q|2dx
dt Jq Q Q Q
and

d
- (exp<2||b||oot> / |eq|2dx) < 2exp (2[bl]nct) / 610,6)lg[? dz (129)
Q Q
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for all ¢ > 0. Integrating this inequality with respect to time in [0, t] with ¢ € [3T/4,T], we obtain

t
/|q(m,0)|2dx§/ exp(2||b||oot)2/ 10]200,0 da
Q 0 Q

2C 3T
2 exp <7||b||oo> /I gl dadt.
Qx(T/4,3T/4)

In (130), we have used the fact that @ < 1 and [0,0| = |0:00(t/T)|/T < C/T. This justifies the estimate (127)
and ends the proof of Proposition 4.1.

(130)

IN

As we mentioned above, to analyze the controllability for nonlinear problem (8) we need the controls in
L7(0,T; L"(w)) for r sufficiently large (1/r + N/(2r) < 1). For this we are going to prove a refined version of
the observability inequality (119), i.e. with L"/(O, T, L’“/(w))—norm in the right hand side, where 7’ is the dual
exponent to r. We have:

Proposition 4.2. Assume that w N Qo # O and that Condition 2.1 (resp. Condition 2.2) in case (1) (resp. in
case (2)) are fulfilled. Then for any a satisfying (5, 6, 9) and (10), b € L>=(Q), qr € L*() and any r’'
sufficiently small, there exist a positive constant C that only depends on Q, w, a, " and N (resp. Q, w Oy, O,
a, " and N) and a positive constant C depending on Q, w, a (resp. Q, w O1, Oz and a) such that

2/r
IIq(-,O)II%m)Jr//Qe_QSCT1/(T_t)(T—t)_3|q|2dxdtSexp[CH(Tvllblloo)]<// (OT)IqI’“/dIdt> (131)
wx (0,

for all s > o(Q,w,a)(T* +T + T2Hb|\gé3), where o is a positive constant depending on ), w and a (resp. Q, w,
a, O1, Oz), H(T, ||b]|o) is given by

1
H(T,|blloc) =1+ 7+ T+ (T +T"2)[[bl|oo + 10|27 (132)

and q is the solution to the corresponding system (118).

As before, for simplicity, we only present the proof corresponding to case (1). We take into account the
estimates for the weight functions in (109) for treatment of case (2). In the sequel, o(Q,w,a) will stand for a
generic positive constant only depending on 2, w and a, whose value can change from line to line. Let us first
prove the following technical lemma:

Lemma 4.3. Let @ be a nonempty open set such that @ CC w. Then, for any a satisfying (5, 6) and (9),
be L™(Q), qr € L3(Q) and any v sufficiently small, there exists C = C(Q,w,a) > 0 such that

2/r
// =213 (T )32 dw dt < CT3TK(T, ||b||oo)ve—csT*2 (// |¢I|7-/ dxdt) (133)
o wx(0,T)

for all s > 0(Q,w,a)T?, where o is a positive constant depending on 2, w and a, o, v are positive numbers only
depending of N, K(T,||b||s) s given by

K(T, [blloc) = 1+ TY2(1+ |[blloc) + T7*(s + T?) (134)

and q is the solution to the corresponding system (118).
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Proof of Lemma 4.3. Let @w be a nonempty open set such that @ CC w. Notice that without loss of generality
we can consider w CC €y or w CC §2; with a smooth boundary and the estimates obtained below remain true
for a larger w. Let us consider a function 6 € D(w), such that § =1 in &. We set

w(xv t) - 9(1‘)@(1’, t)Q(I7 t)a
where ¢ is the solution of (118) and ¢ is given by

e %"

oz, t) = BAT 37 (135)

Notice that w(T) = w(0) = 0. Taking into account (118), we deduce that w satisfy the following problem:

—0yw — div(a(z)Vw) = =blgp — 090y — 2aV (8¢) - Vg — div(aV (8¢))g in  Q,
w=0 on 3, (136)
w(z,T) =0 in Q.

For simplicity of the computations, we put w(x,t) = w(z,T —t) for (z,t) € Q. In a similar way, we introduce
the functions a, b, ¢ and ¢. Then we have

By — div(a(z)V) = —b8GE + 0G0, 5 — 2aV () - Vi — div(aV(3))§ in Q,
w=0 on X, (137)
w(zr,0) =0 in Q.

On the other hand, let z be the solution of the problem

—0-z —div(a(x)Vz) =0 in w x (0,1),
z=0 on dw x (0,1), (138)
z(x,t) = in w,

where ¢ € L?(Q) is given. Multiplying (137) by z and integrating in w and in 7 € (0,¢), we obtain the following
for ¢t € (0,T):

t t
(@(t), #(1)) = / / (=003 + 60,3 — div(aV (69)))dz du dr — 2 / / av(63) - Vizdadr
0 Jw 0 Jw
t t
<O(1+ ||b||<><>)/O 1P L () 121l £ () AT + C/O 1@l L (@ IV 2| Ly AT (139)

t
+ / 1031 1 o 17

Lm(w) d’l‘,

where C is a positive constant depending on w, @ (i.e. on w) and a. In (139), we have used that |[V@| < C|@|
and that |Ag| < C@).

Notice that, since the diffusion coefficients are sufficiently regular in w and thanks to the regularizing effect
of the heat equation (cf. [19] and [6]), we know that for all ¢ > 0 and 1 < p, ¢ < 400 the following holds:

1 1

1@ ull o) < CF G0 |ul| gy Yu € LI(w), (140)
IS ullwroew < Ct 2G5 73 u)| poy Yu € LI(w), (141)

where {S(t) : t > 0} denotes the semigroup generated by the heat equation with Dirichlet boundary conditions.
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We apply to z (solution of (138)) the estimates (140) and (141) with ¢ = 2 and p = 7, so we can write
from (139) that

1

(@(1), 2(8)) < C(1+ [b]o) / 131t — )~ 3D g, 7]

L (@) 1Yl L2 d7

t
~ _N(L_1)_ 1,
4 [ 1ol = 1 DG D Il ac dr (142)
0
t

1 1

+C [ |2l (¢ —m)~FG)

1q( T 1 (@Il 2wy d7

for all ¢ € [0, T]. Thus, from (142) we have

t
_ ~ - IN(11Y
B0l = sw (@0, ) < C+ ble) [ 171 =1 EEDIEC o dr
1ol L2y =1 0
b SN (4-1)—L )~ b SN (3-1) s
+C [ el =)= =2 lq( )| per oy AT + € | 10ep] (8= 7) 72 2 |G (s 7)o oy AT
0 0
for all ¢ € [0,T]. This gives,
~ 1/2 1/2 t ~ 7ﬂ(lfl)7l ~
[@(, )l 2@y < CQA+TY2+TY ||b||oo)/ ol (& =)~ 2272 |q (e 7)o ) AT
, 0 (143)
~ IN(1o1y 1
+0T1/2/0 10:3] (t — ) F G4 )1G0 1)l o )
Using the definition of 7, it is not difficult to see that
7] <CT 2T V(1,t) € Q (144)
and
o A Y (x,t) € Q (145)
2T —4)7/2 = '
for s > 0(Q,w,a)T?. Moreover, using (135) and (145), we can write that
~ e (T —2t) 3 3 2 —6 2y, —CsT~2
N P S —— Sy - =2 <
|0:4] AT — 1)/ <s+ ST = 5T ) <OT (s +T%e (146)
for s > 0(Q,w,a)T?. Thanks to (145) and (146), from (143) we have
t
@(, )|l p2z) < CT3(1+TY2 + T2 ||b|| oo )e C5T / (t — T)—%(%—%)—% NG, |t (o) AT
0
(147)

t
+CT1/2T—6(3+T2)e‘csrz/0 (=)~ F O, )l o o A7

for s > o(Q,w,a)T?. If ' is such that
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that is to say

2(N +2)
s = 14
r > Nid ( 8)

then, we can apply Young’s inequality to (143) and estimate the L2(0,7T; L?(@))-norm of w as follows:

1/r’

@] 20102 @) < CTRT=3(1+ TY2 + TY/2||b|| o0 )e=C<T < / / lg|” da dt)
x(0,T)

1/r’
FOTFTY2T8(s + T2)e=CsT " // lg|” da dt :
wx(0,T)

where C is a new positive constant depending on €2, w, @ r’ and N, k depends on N and r and s > o(Q, w,a)T?.
Notice that for N < 4 and ' as in (4) the condition (148) is satisfied. For N > 4 we apply again this process in
order to obtain the inequality (133) for 7 sufficiently small, in such a way that (4) holds for s > o(Q,w,a)T?
and with a and « only depending on N (¢f. [13]). This ends the proof of Lemma 4.3.

(149)

Proof of Proposition 4.2. We will use a global Carleman inequality (46) from Theorem 3.3, some estimates for
the weight functions, classical parabolic estimates and technical result of Lemma 4.3.

Step 1: Let b and ¢r be given and let ¢ be the solution to (118). We will first see that

1
// g2 dzdt < TS exp [c (1 + Ly |b|gg3)] // 23T — ) B|gdwdt.  (150)
Qx(T/4,3T/4) T wx(0,T)

Let us consider (122), that is true for s > s7 with s7 given by (123). Then, using (125), we obtain that

// lg]*dzdt < CTC exp (CsT?) // e 23T — ) 73 |g|* d dt (151)
Qx(T/4,3T/4) wx (0,T)

for all s > sg. Thanks to the structure of the constant sg, given by (126), the inequality (151) written for s = sg
implies that (150) is satisfied for any solution ¢ of (118).

Step 2: Let us now prove the first part of desired observability estimate (131), i.e. the following inequality:

2/r
4, 0) |20 < exp [CH(T, [b]a0)] / / gl” dadt (152)
wx(0,T)

with H (T, ||b]lc) given by (132). Let & be a nonempty open set such that @ CC w N Qy. We consider (130),

that is to say
2C
lo(e 030y < e (G0 ) [ of?
Qx(T/4 ,3T/4)

We apply to the right hand side of this inequality, the estimates (150) written for @ and we obtain

1 ;
oo 0y < CT%exp (14 o+ Tlol + I22) [ emomesr - Slapacar. 153)
wx(0,T)
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On the other hand, we notice that the constant o(2,w, a)T? appearing in Lemma 4.3 is less then the constant sg
given by (126). So, we can write technical estimate (133) for s = sg. This gives

2/r
J[ e and < T R bl) ( J[ e dt) SECED)
Tx(0,T) wx(0,T)

where
1 2/3) o 1/2 L1 0m\]]
Ku(T, [[blloo) = exp { 1+ o + T[blloo + [IDISE7 ) T |1+ T { 14 [[blloc + 75 + 7110115 : (155)
Combining (153) and (154), we deduce that
2/r’
la(, 0) oy < CT? (T, [b]0) ( i Ll dt) . (156)
wx (0,

Consequently, we also have (152).

Step 3: Let us finally deduce that

2/r’
// e 20T /(T—1) (T —t)3|q|? dzdt < exp [CH(T, ||b||o0)] (// |Q|T/ dz dt) ) (157)
Q2% (0,T) wx(0,T)

where H(T, ||b]|) is done by (132). Integrating (129) with respect to time and using that 8 = 1 in [0,7'/4], we
obtain for all ¢ € [0, 37'/4]

3T/4
exp (2||b||oot)/ |9q(:v,t)|2dx§/ 2exp(2||b||oo7')/ 0/0,6/|g|2 dz dr. (158)
Q T/4 Q

Since 6 < 1, |0:0| = 0:00(t/T)/T| < C/T, from (158) we obtain

2 3T
/ (2, )P de < 2 exp (—||b||oo) // lgl? dardit (159)
Q T 2 Qx(T/4,3T/4)
for all t € [0,7/4]. Then, we have
2 3T 2
lg(z,t)|" dz < exp | —[bl[o |q| d dt. (160)
Qx(0,7/4) 2 Qx(T/4,3T/4)

On the other hand, using the definition (44) of the function 7, we can say that there exist a positive constants C'
and C, depending on 2, w and a, such that

e 2T — )3 > T 3T — ) Be 20T /TD ypeQ, Vie[l/4,T) (161)



CONTROLLABILITY FOR HEAT EQUATION WITH DISCONTINUOUS COEFFICIENTS 649

whenever s > 0(Q,w,a)T?. We can write

// e—2s€T71/(T—t) (T _ t)_3|q|2 da dt
Qx(0,T)
< // e 20T /(T=0(T _ )=3|¢2 dw dt + CT® // e 23T — ) 73|q|? da dt
Q% (0,T/4) Qx(T/4,T)
< T3e7205T7° // l¢|? dz dt 4+ CT3 // e 23T — 1) 3|g> de dt
Ox(0,T/4) Qx(T/4,T)

< P3,C(=sT 2T b)) // lq|? dz dt
- Qx(T/4,3T/4)
JrCT3 // e—2snt—3(T _ t)_3|q|2 dz dt. (162)
Qx(0,T)

Here, we have used (161) and (160). Applying (151), written for @ to the first term of the right hand side
of (161) and Carleman inequatily (122) (written also for @) to the second one, we deduce that for s = sg the
following holds:

// e—QSéTil/(T—t) (T _ t)_3|q|2 da dt
Q
<CT? (14exp [C(sT >+ T|bll)]) // e 2 =3(T — t)73|q|? da dt (163)
wx(0,T)
1 ;
< CT?exp [C <1 + =+ T|b]|cc + ||b||i</33>} // e 23T — 1) 73|q|? da dt.
T &x(0,T)

Using (154) in (163), we get (157). This ends the proof of Proposition 4.2.

5. PROOF OF THEOREM 2.1

We will first prove a null controllability result for a corresponding linear problem which is interesting for
itself. For this proof we use a result of approximate controllability to the zero state and then apply an observ-
ability inequality to obtain estimates which enable us to pass to the limit. We could then try to use this null
controllability result and apply the fixed point method to treat the nonlinear problem. For technical reasons,
we prefer here to apply the fixed point method to the approximate controllability problem to the zero state and
then use the observability inequality to obtain the desired result of exact controllability to the trajectories for
the nonlinear system.

5.1. A null controllability result for a linear problem
We will consider the linear system
Oy — div(a(z)Vy) + by =vl, +kin Q,

y=0 on X, (164)
y(xa 0) = Yo in Q7
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where a satisfies (5, 6, 9), b € L>(Q), k € L"(0,T; L"(R)), and yo € L*() are given. The following holds:

Theorem 5.1. Let T > 0. Assume that w N Qo # 0, Condition 2.1 (resp. Condition 2.2) in case (1) (resp. in
case (2)) are fulfilled and a satisfies (5, 6, 9) and (10). We take data b € L*°(Q), yo € L*(Q), k € L*(Q) and
such that

/ / o2CT /(T (7 _ 13|12 dr dlt < +o00 (165)
Q
for s > o(Qw,a)(T +T? + T2Hb|\gé3). Then for each case (1) or (2), there exists a control v € L™ (O x (0,T))
such that the corresponding solution § of (164) verifies
Y, T)=0 1in Q. (166)
Moreover, ¥ can be chosen satisfying the estimate
1l w0 < A0 T loe) (Iolleze + 1€ TD@ = 02kl |g)) . (167)
with
~ 1 1/2 2/3
H(Qw,a,T,[[blloc) = exp |C | 1+ o + T+ (T + T 5)[[blloo + [IDI[5° || - (168)

Remark 5.1. Notice that if £ € L"(0,7; L"(€2)) such that (165) holds, then k vanishes exponentially at ¢ = T'.
If £ = 0 in a neighbourhood of t =T and k € L"(0,T; L"(2)) then (165) is satisfied.

Proof of Theorem 5.1. Let us fix T > 0, b € L>=(Q), yo € L*(Q), k € L"(0,T; L"(R)), with r verifying (4) and
such that (165) holds. For every € > 0, let us consider the functional J. definite by

2/r
1 /
Je(qr) = 3 (// o) lg|” dxdt) +€llgr|l2(o) +/Qq(x,0)y0(x) dz —i—//Q kqdzdt Vgr € L*(Q), (169)
wx (0,

where ¢ is the solution of (118) associated to g7 € L?*(Q) and 7’ is the dual exponent of r. It is easy to see
that J. is a continuous and strictly convex functional. Furthermore, from (122), it is immediate to deduce the
following unique continuation property for the adjoint problem (118):

If¢q=0inwx (0,T), then ¢ =0.
Then, arguing as in [9] and [10], we see that

n JE(QT)
larlipz—oo [lgr L2

>¢€

and, therefore, J. achieves its minimum at a unique point gr. € L?(2). Let g be the solution of (118) associated
to gr.. Arguing again as in [9], we take in (164) v = v, where

e = sgn() 1" el 1 (0,1 Lo (170)
then, we find a solution 7. satisfying

9=, T L2(0) < e. (171)
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Moreover, we can obtain the estimates of the L"(w x (0,T"))-norm of the control independent of . We claim
that for a suitable C' = C(Q,w,a) > 0 we have:

[[VellLrwx 0,1y < H(Q,w, T, a,|[blloo) (||y0||L2(sz> + [T /(T (T — t)3/2k||L2(Q)> (172)

for all € > 0 and with H given by (168). Indeed, from (170) we can write that

1/r’
[Oel|Lr(wx (0,1)) = (// G| da dt) . (173)
wx(0,T)

On the other hand, at the minimum gr ., we have
JE((/Z\T,E) § J5(0> =0.

Taking (169) into account, we see that

2/r
1 o - -
: ( I dxdt> < [ @eomorde ~ [ kadedt < g, 0) oy oo 2o
wx(0,T) Q Q

- 1/2 - 1/2
+ <// e2sCT™ /(Tt)(Tt)3|k|2dmdt> (// e 20T /(Tt)(Tt)3|q|2d:ndt> . (174)
Q Q

In view of (131) and (165), the estimate (172) holds.
Since ¥ is uniformly bounded in L"(w x (0,T")), for an appropriate subsequence, we deduce that

U. — v weakly in L™(w x (0,T)), (175)
where U € L"(w x (0,7T)) and satisfies (167). Accordingly,
J-(T) — y(T) in L*(Q),

where 7 is the solution of (164) associated to v. Since we have (171) for all € > 0, we also have (166). This ends
the proof of Theorem 5.1.

Remark 5.2. Notice that, using the argument of [13] and [9], it is also possible to obtain the controls
in L>=(0,T; L™ (w)).

5.2. The fixed point method. Conclusion

We are now ready to complete the proof of Theorem 2.1. We will apply a fixed point method to obtain
g-approximate controllability to the zero state for the nonlinear transmission problem, using the ideas of [9]
and [10]. Then the main ingredients of our proof are the explicit estimates of the controls needed for control-
lability of a linear transmission problem, which have been obtained in the previous section and the choice of
the control time depending on the size of the potential. This will allow us to pass to the limit in the nonlinear
problem when ¢ tends to zero and obtain the complete results of Theorem 2.1.
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Step 1: Let us consider a trajectory y*, solution of the problem (12) without control. We introduce the change
of variable p = y — y*, where y is a solution of (8). Then, we obtain that

Op — div(a(z)Vp) + f(y* +p) — fy*) =vl, in Q,
p=0 on X, (176)
p(z,0) = po in Q,

where pg = yo — y5. Theorem 2.1 will be proved if we show that, for each py € L?(f2), there exists v €
L™ (w x (0,T)) such that

p(z, T)=0 1in Q. (177)
We will first consider the case in which pg € L> and f € C* in R. We denote by h the following function:

flats) = 1) o

h(a,s) = s
f(a) if s =0.

Then h is continuous. Thanks to hypothesis (11) we know that for each n > 0, there exists C,, > 0 (depending
only of n and the function f) such that

Ih(y*(z,t),8)|® < Cp +nlog(1+s)) VseR, V(zt)eQq. (178)

Step 2: Let 7 > 0 and R > 0 be given positive constants whose values will be fixed later on.
Let us fix a time

. —2/3 —1/3
T = min {7, |28y I} (179)

For simplicity, in the sequel, we will refer only to the case (1), but we also take into account the dependence of
the constants corresponding to the case (2).

Step 3: (a) We consider the truncation function Tg : R — R, which is given as follows:

s if |s| <R,
R sgn (s) otherwise.

Tr(s) = {

For each z € L?(Q), we consider the linear system

Owp — div(a(z)Vp) + h(y*(x,t), Tr(2))p = vl, in  Q x (0,TF),
p=0 on I x (0,TH), (180)
p(x,0) = po in Q.

Notice that (180) is of the form (164), with b = h(y*, Tr(2)) € L>°(Q). Then we can apply the arguments of
the proof of Theorem 5.1 to (180). In fact, we will apply this result in a time interval (0, T*?), where T'® is given
by (179). This is a key point in this proof that will drive to appropriate estimates (the idea is taken from [13]
and it has been applied later in [8]).

(b) More precisely, for every € > 0, let us consider the functional J; of the form (169). Arguing as in the proof
of Theorem 5.1, we obtain the existence of a control vS € L"(w x (0,T%)), minimizing the L"(w x (0, T%))-

l_
"]

norm of the form v = sgn(q¢s)|qS L (wx(0,7)) Lw, (r > 1) with ¢Z the solution of the corresponding
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problem (118), such that the solution pS of (180) with v = v satisfies

PS¢ Tl 22(0) < e (181)
Then, from (172) we have
02l Lr(wx 0,7m)) < CL(Q,w,a, T, || Loe (— 1)) P0l | 2(0) (182)
where
Cl (Q,w, a,TR, ||h||L°°(—R,R)) = eC(Q7w7a)(1+TLR+TR+(TR+TR1/2)HM‘Lm(fR’R)th"i/oz(*R’R))- (183)

Using now the definition of T%, we deduce

2] C2(Qw,a, 1) (1+RIF2 )

Lr(wx(0,TRY) < € llpollz2(q)- (184)
Moreover, thanks to (178), from (184) for each z € L?(Q) we obtain the following:

||'U§||LT(<U><(O,TR)) < eCz(Q,wﬁaﬁT)(HCnJrnlog(1+R))||p0||L2(Q)
= C3(Qw,a,T,n,po)(1 + R)"1C2(Hw.aT) (185)

Here we have used the fact that from (178) we can easily write that

RN gy < oy +mlog(1 + [R]). (186)

(c) For each ¢ > 0 and z € L?(Q) we introduce the mapping A : L?(Q) +— L?(Q) defined as follows: for each
2 € L*(Q), A(z) = pS, where pS is the the solution of (180) satisfying (181) with v = v constructed in the point
(b) of this step. In fact, A is of the following form

2 € L*(Q) = Tr(z) € L¥(Q) = h(y", Tr(2)) € L™(Q) — vi € L"(w x (0,T7)) v pZ € L*(Q).

Arguing as in [9], we apply Schauder’s theorem and we deduce for each € > 0 the existence of a fixed point p°
(associated to v®) of A which verifies

= (- T 2y < e (187)

Notice that we have used that the solution pS of (180) is bounded (uniformly in 2) in L2(0,7%; H}()) and its
time derivative 9;pS is bounded in L2(0,T%; H=1(Q)).

(d) Let p® be a fixed point of A associated to the control v¢ constructed as above. Since (185) holds for v°,
then v is bounded in L"(w x (0,T%)) uniformly in ¢, p° is bounded in L2(0,T%; H}(Q2)) and 9;p is bounded
in L2(0,T%; H='(Q)). For an appropriate subsequence, we deduce that as e — 0

v® — % weakly in L"(w x (0,TH)), (188)
where o7 € L"(w x (0, TF)) also satisfies (185), and

p° — pf  weakly in L2(0,TF; H}(Q)),
0ip° — 0:p®  weakly in L2(0,TH; H~1(Q)),
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where p% is the solution of the following problem:

0ip" — div(a(z)Vp®) + h(y* (1), Tr(p™)p™ = 071, in - Q x (0,T7),
PR =0 on T x (0,TH), (189)
ﬁR(IL',O) = pg in €.

Then
p (TH) — p™(T") in L*(Q)

and since we have (187) for all € > 0, we also have
pH(TT) = 0. (190)
On the other hand, since 9% € L7 (0, T%; L"(w)), with r as in (4), we can write (cf. for example [2] and [3]) that

||ﬁR||OO < eTRllh(y*,TR(ﬁR))Hoo||p0||oo _’_TReTRHh(y*,TR(ﬁR))IIx HT)R|

L7(0,TR;L7(w)) - (191)

Using again the definition of 7% and also taking into account (185) and (186), we deduce from (191) that p%
verifies

eC4(Q,w,a,T)(1+Hh||2L/£(7R’R)) (

A

Ipollos + 107l 0,77 L7 (w)))

< C5(Q,w,a, T, 0, po)(1 + R)"Ce(wal), (192)

16%]loe <

Notice that in (192) the constant C5 is independent of R and the constant Cg is independent of  and R. Let us
extend by zero pf* and o to the whole cylinder Q = Q x (0,7 and for simplicity, we still call them pf and v%.
It is clear that (192) holds and that %t is such that

PYT) = 0.

(e) In order to conclude the proof of this theorem, it is sufficient to check that for  and R suitably chosen, p*
(defined on € x (0,7T)) satisfies

15| < R. (193)

Then we can say that T (p) = pf*. Of course, this implies the existence of a control v € L"(0,7T; L"(w)) such
that the solution of (176) satisfies (177). Indeed, from (192) we can choose n = 1/(2Cs) and R > 0 such that

C'5(Q,(,u7 a, T7 pO)(l + R)nCa(Q,w,a,T) < R.

Then we obtain (193). This proves Theorem 2.1 when py € L>°(Q2) and f € C'(R). We just mention that we
treat the case in which f is only locally Lipschitz continuous as for example in [9] and [13] using approximations
of f by C* functions. Then, in this case we deduce the existence of a control v € L"(0,T; L"(w)) such that the
corresponding solution to (176) verifies (177).

Finally, if pg € L?(Q), for § > 0 sufficiently small we set v = 0 for t € (0,6). Using the regularizing
effect of the heat equation (see, for example [21] and [22]), we deduce that the corresponding (local) solution p
of (176) satisfies p(-,0) € L>(§2). Then, we argue as above for p in the interval [4,T] and we obtain a control
v e L"(0,T; L"(w)) such that (177) holds. This ends the proof of Theorem 2.1.
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6. PrROOFS OF LEMMA 3.1 AND LEMMA 3.2

In this section we will present the construction of the weight functions we used for our global Carleman
inequalities.
Proof of the Lemma 3.1. We will proceed in several steps.

Step 1: Let ¢ and = be vector fields verifying Condition 2.1. First, we will construct a function 51 € CH(y),
such that

B> 0in 4, (194)
Bi=0onT, (195)
9,51 <0 onT, (196)
Bi=1onS, (197)
8,01 >0 on S, (198)
V3 #0 in 0. (199)

For ¢ € [0,t1(zg)], let us introduce the following change of variables:

, T€0,1], Z(r)=x(¢).
Observe that, if we take x € Qy, then there exists zg € T such that x = x(t, zg) for ¢t € [0,t1(x)] or, in other
words, there exists 7 € [0, 1] such that Z(0) = zg € T, Z(7) = z(¢) and (1) = x(t1(x0)) € S. Moreover

dz dz

E = E tl(xo) = C($(t))t1 (IQ) (200)

Let us set

Bi(x(t) = hi(@(r) =7, T€[0,1]. (201)

This function verifies the following properties:

(ii—il(x) =1 forallz€Qy, (202)
0<fBi(z) <1 forallzeQy, (203)
Bi(z)=0 forallzel, (204)
and
Bi(z) = B(Z(1)) =1 forallze S. (205)

On the other hand, from (200) and (202), for all 2 € 4, we have

dy
dr

dz

(1) = VA @)¢ ()t (o) = 1, (206)

(2(r)) = Vi (3(r))

therefore B
Vi (z) A0 forallz e Q.
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Moreover, using (200, 205) and (206), we can write that

Vﬁl(x)j—f = (Vgl(ac) n) (j—f n) = (Vﬁl(x) n) (C(z) -n)ti(zg) =1 forallz e S.

Then, taking into account (17), we deduce that
VA (z)-n>0 forallzesS.

This means (198). By the similar way, it is easy to check (196). Thus we also have (199).
In order to obtain 8, € C2(£2;), we just notice that we can approximate the function of class C*, which we

have constructed above by an other function of class C? (that we keep calling 51), such that it still satisfies the
properties (194-199).
Let us now consider the diffusion coefficients a;, i = 0,1 such that (5) holds and let wy CC w N Q.

Step 2: For € > 0 small enough, we set
Uc(S)={z: 2€Qp, dist(z,5)<e}

We can construct a function g in U.(S), such that ag € C?(U.(S)) and

apg=1 onlS, Opcg >0 on S, (207)
ap >0 in U (S), Vag #0 in U (S)
and
agOp0g = alﬁngl on S. (208)

Now, we extend this function in €y to a function that we call again ag, with ag € C?(£) and ag > 0 in Q.

Step 3: Thanks to the Morse theorem, we deduce that there exists a sequence of Morse functions 6, k > 1
(functions with isolated critical points i.e. their gradient vanishes only in a finite number of points), such that

Hk — in 02 (ﬁo) ifk — +00. (209)

If 0y, is close enough to ap, the points where V8 vanishes can not be in U (S). Moreover, we can assume that
for some 0 > 0 we have

[Vag| > 6 >0 in U(S). (210)

Let us construct a Morse function pu € C?(Qg), such that

p=1 onsS, Oppu>0 onls (211)
0Ot = 10,01 on S (212)

and
Vi #0 in U(S). (213)

For this, we consider ¢ € D(U.(S)) and ¢ =1 in U,,(S), with 0 < g9 < . We set

pn (@) = Ok(x) + () (a0 (z) — Ok (2)).
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It is clear that

pr = oo in Ug, (S). (214)
Then, the function py, satisfies (211) and (212). Moreover, we have
Ve = VO, in Qo\U.(S)
and

Ve = VO, + o(Vayg — VO;) + Vo(ag — 0;)  in U(5). (215)

Then, using (209) and (210) in (215), we deduce that there exist a positive number ko = ko(0) such that, if
k > ko we have

5
[Viel = V66| = 2lellcn oo = beller > 5 in Q0N UL(S).

We choose k > ko and we set p(z) = pp(z). Then, u is a Morse function whose gradient vanishes only in the
set of points where the gradient of ), vanishes. This, together with (214), implies that (211) and (213) hold.

Step 4: On the other hand, arguing as in [15], we can deduce that there exists a mapping g : Qp — o which
is a diffeomorphism on g, which leaves invariant U.(S) and transports the points where the gradient of u
vanishes in wy. We set

Bo(w) = n(g(x)).
Then, equation (33) holds. Thanks to the properties (211) of the function u, we also have (30, 31) and (32).
This ends the proof of Lemma 3.1.

Proof of the Lemma 3.2. Assume that we are in the situation of Case (2). Let wyp CC w N Qy be an arbitrary
fixed open subset of .

Step 1: We assume that there exist 01,02 CC ); two open disjoint subsets, such that Condition 2.2 holds
between (2; and each one of two sets 01 and Oz. Then, as in the first part of the proof of Lemma 3.1, we
construct two functions 8 € C1(Q;\0O; ), B > 0 in Q;\O;, i = 1,2, such that

Bi=2 onS, i=1,2,
OpBi >0o0n S, i=1,2,
OnBi >00n00;, i=1,2, (216)

Bi=1 ond0;, i=1,2,
VB #0 in Q\O;, i =1,2,

where n stands for the unit exterior normal to £; and O;, i =1, 2.

Step 2: Let EZ and Bi7~i = 1,2 be balls such that B; CC El cC Oy and By CC Eg cC Os. We will present
only the construction of 31. The second function will be obtained by the same arguments. Let us set

W.={z: ze€ 0, dist(z,00;)<e}

First, we observe that since 8,31 > 0 on 00; and 3} = 1 on 901, we construct a function 3 € C*(W.), such
that there exists § > 0 such that

Bi<1l inW., 0<pB{<1-45 ondW.\00O; and Vg #0in W..
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Then, we can extend this function by a function still called 5} € C*(0;), such that
0<p<1-30 inO;\W. and Vji #0 in W..
Now, we approximate 3; by Morse functions in such a way that
0< B <1-20 in O\W,, (217)

where we keep the name [} for this approximation. The gradient of this function vanishes only in a finite
number of points. As we already mentioned in the Step 3 of this proof, we can deduce the existence of a
diffeomorphism on 7, which keeps invariant W, and transports the points where the _gradient of 3} vanishes
in B;. We obtain then a new function (that we keep on calling 4;) such that 8 € C1(€;), 31 > 0 in £; and

VBl #0 in Q\B. (218)
Moreover, from (217) we obtain that for 6 > 0 we have

Bl <1—46 in By. (219)
Analogously, we construct a function 52 € C1(Q;), 2 > 0 in Q;, which verifies

VB2 40 in Q)\By (220)
and

B} <1-6 in By. (221)
Step 3: Let us finally prove that the properties (40) and (41) are satisfied. For this, we will see that it is
possible to modify 5} (resp. 4%) in By (resp. Bz) in order to obtain the conditions (40) and (40). We will be
able to do this without changing the values of these functions in O1\B; and O2\B,. For simplicity, we will
present the details of the construction of only one of such a function, because the same arguments will be valid

for the other one. B
Let us define a new function 3{ as follows:

~ 1z if ze\0,,
Bi(x)={ﬁ @) € (222)

(BL(2))" if z €Oy,

with

n(z) = (@)p, (223)

where p € N will be fixed later on. We can write that
Br=(BH)" =emogfi in 0. (224)
Since 3 =1 on 901, we have that n = 1 on 907 and then, from (224) we deduce that

Bi=p=1 ondo. (225)
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Moreover, we have that
VB = VB on 00, (226)

and that the gradient of B% vanishes only in By, where the gradient of 3} is zero, i.e.

VAL £0 in Q;\Bi. (227)
Indeed, using (224) and (223), we have
~ n nV 31 n —plog 1 1

Taking into account (217), it is easy to deduce from (228), that (226) and (227) hold.
In order to modify the values of 3} in By, we first use (219) and we obtain that

1 p
> (=) .
"—<1—6)

Bl < (1—g)/u=or, (229)

Next, from (224) we deduce that

On the other hand, we know that the second function that we constructed in the Step 5 of this proof satisfies

0<B?<f?=maxf?>0 in B.

1

Choosing now p large enough, we can deduce from the estimate (229) the following:

This gives (41). The same arguments applied to the function 37 lead to the existence of a new function
3% e C1(TY), B2 > 0 in Qy, such that satisfies (38, 40) and (42) for i = 2.

To conclude this step, we observe that we can approximate the functions of class C! already constructed by
functions of class C2, preserving the properties of the functions B% and Bf

Step 4: For ¢,&’ > 0 small enough, we set
Vo) ={a: z€Qo, dist(z,T') <e}
and

Vo (S)={z: z€Qy, dist(z,S) <&’}

We can locally construct a function g in Vz(T'), such that ag € C?(V-(T)) and

ag=0 onT, Onag >0 onT, (230)
ap >0 inV,(I'), Va#0 in V().
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On the other hand, in V./(S) we construct another function, which for simplicity, we also will denote by ay,

such that g € C?(V./(S)) and

ag=2 onlS, Opag >0 on S, (231)
ap >0 in Vo(S), Vag #0 in V. (S5)
and
agOnog = alanﬁf onS, i=12. (232)

Now, we extend both functions in €, to a function which we keep on calling ay, with the following properties:

050602(60), ag >0 in Qq,
ao=0 onT, 0,09 >0o0nT, (233)
ag=2 onS, Opag>0o0nS.

Step 5: In the sequel, we will use same arguments as for the proof of Lemma 3.1.
Thanks to the Morse theorem, we deduce that there exists a sequence of Morse functions 6, k > 1 (functions
with isolated critical points i.e. their gradient vanishes only in a finite number of points), such that

O — ap in C?(Q) if k — +oo0. (234)

If 0y is close enough to «p, the points where V0 vanishes can not be in V.(I') U V./(S). Moreover, we can
assume that for some § > 0 we have

Vag| >8>0 in V(1) UVa(S). (235)

We can construct a Morse function p € C2(Qp), such that

u=0 onl, d,up<0 onT, (236)
=2 onsS, Oyu>0 onsS (237)

and
Vu#0 in VD) UV (8). (238)

Indeed, it suffices to consider ¢ € D(V;(I') U V./(S)) and ¢ = 1 in a neighborhood of I' U S and to define

pn (@) = Ox(x) + () (a0 (z) — Ok (2)).

Arguing as in the proof of Lemma 3.1, we can choose k > ko and p(z) = px(x) in such a way that p is a
Morse function with gradient vanishing only in the points contained in the set of points where the gradient of 6y,
vanishes and satisfying the previous properties.

Step 6: Finally, we can deduce that there exists a mapping g : £ — € which is a diffeomorphism on 2, which
leaves invariant V(T") U Vz/(S) and transports the points where the gradient of u vanishes in wy. We set

Bo(z) = ulg(x)).

This ends the proof of Lemma 3.2.
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