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Abstract

In this paper some results are obtained for a smectic-A liquid crystal model with time-
dependent boundary Dirichlet data for the so-called layer variable ¢ (the level sets of ¢
describe the layer structure of the smectic-A liquid crystal). First, the initial-boundary
problem for arbitrary initial data is considered, obtaining the existence of weak solutions
which are bounded up to infinity time. Second, the existence of time-periodic weak so-
lutions is proved. Afterwards, the problem of the global in time regularity is attacked,
obtaining the existence and uniqueness of regular solutions (up to infinity time) for both
problems, i.e. the initial-valued problem and the time-periodic one, but assuming a dom-

inant viscosity coefficient in the linear part of the diffusion tensor.

Keywords: solution bounded up to infinity time, time-periodic solutions, global in time reg-
ular solutions, Navier-Stokes equations, Smectic-A liquid crystal, coupled non-linear parabolic

system.

1 Introduction

In this work, we study the time evolution of a smectic-A liquid crystal model proposed
in [E’97]. Smectic crystals are in a liquid-crystalline phase, where the molecules of the liquid

crystal not only have a certain orientational order (as in the nematic case) but also have a
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certain positional order (layer structure); the molecules are arranged in almost incompressible
layers of almost constant width. Within each layer, the smectic-A system consists of a single
optical axis m perpendicular to the layer such that V x n = 0. In this case, n = Vi for a
potential function ¢, and the level sets of ¢ will represent the layer structure in the sample.

This study is motivated by the following problem in liquid crystals. The usual nematic
molecule configuration is determined by minimizing the Oseen Frank energy, which in the
more simple case of equal constants derives to Dirichlet energy \Vd]2. Here, the unit
vector d stands for the orientation of liquid crystal molecules. “

Now, in the smectic-A case, this orientation d coincides with the normal vector n of each
layer. Then, in order to study the energy /Q|V(V<,o)]2 under the constraint |Vp| = 1, it is

natural to introduce the penalized energy

/Q %\AW + f(Ve)

where fis the Ginzburg-Landau penalization function

which has the potential function
F(n) =

verifying f(n) = VpF(n) for each n € RY. As e — 0, one can hope that the minimizer of

the penalized energy, or the solution of the corresponding Euler-Lagrange equation

will be convergent to the minimizer of the energy fQ %\Agp]z with the non-convex constraint
V| =1 (cf. [Kinderlehrer,Liu’96] and [E’97]). Thus, it is important to study the asymptotic
behavior as e — 0 (cf. [Guillén,Rojas’02] for nematic crystal models). However, very little is
known about this.

We assume the smectic-A liquid crystal confined in an open bounded domain ©Q ¢ RN
(N = 2 or 3) with regular boundary 0€2. We consider the following PDE system in  x
(0, +00):

p(Ou+ (u-V)u) = V- (0¢+A10°) +Vp=0, V- -u=0, n
Oep +u- Vo + (A% = V- f(Vy)) =0,
where u : Q x [0,400) — RY is the flow velocity, p : Q x [0, +00) +— R describes the fluid
pressure and ¢ : 2 x [0, +00) — R is the layer variable. The constants p, A, and =y are positive,

representing respectively, the density of the fluid, the ratio between the kinetic energy and



the elastic one, and the elastic relaxation time. Moreover, we consider the same constitutive

laws for the dissipative stress tensor o¢ and the elastic stress tensor ¢ as in [Liu’00]:
0% = (M D(w)n)n @ n+ paD(u) + ps(D(u)n @ n+ n@ D(u)n),

o =—-fn)@n+V(V-n)@n—(V-n)Vn

where p11 > 0, pg > 0, us > 0 are dissipative constant coefficients, n = Vy and D(u) denotes
1
the symmetric tensor of the velocity gradient: D(u) = 5(Vu+ Viu).
The problem (1) is completed with the (Dirichlet) boundary conditions

ulon =0, ¢laa =¢1, Onplan = p2 (2)

(assuming time-depending boundary data 1,9 : 9Q x (0,400) — RY) and one of the

following conditions:

e cither the initial conditions
uw(0) =uy  ¢(0)=¢o inQ 3)
e or the time-periodic conditions:
u(0) = w(T),  ¢(0)=¢(T) in, (4)
where T' > 0 is a given final time.

In the first case, the compatibility condition ¢glgn = ¢1(0) must be assumed. In this last
case, one assumes ¢1(0) = ¢1(7) and p2(0) = pa(T).

By splitting the symmetric dissipative tensor into the linear and nonlinear part
0 = D (u) + oy (D(uw), Vo),
where ¢, := 1 (n'D(u)n)n® n+ ps(D(w)n® n+ n® D(u)n), notice that
—V 0=V -D(u) - V-0l = —%Au— V-o¢

since V - u = 0. By decomposing the term due to the penalization to the other terms in the
elastic tensor as follows

o= —f(’l’l,) ®n+ O-’rc;p(n)a

where ¢, :=V(V-n) ® n— (V- n)Vn is the non-penalized tensor, and taking into account

that

P

V- (fin)@n) = (V- fiVp))Ve + fi(Ve)0iVe = (V- fiVe)) Ve + VE (V)



and

(V-05);=(V-(V(V-n)@n—(V-n)Vn)); = (V- (V(Ap) @ Vo — ApV3p));
= 0i(0;(Ap)0jp — Apdijp) = A%pd;p + 0;(Ap)0;0;0 — 0;(Ap)Dijp — Apd;dijep
1
= A208jp — ApdjAp = A?pdjp — 533'(!A90|2),

we have

2
—V 0% = (V- fiVp)) Ve + VF(Vp) — A’V + V (m; | > '

Then, joining together all the gradient terms, the momentum system of (1) can be written

as:
p(Ou+ (u-V)w) = ELAu—V - ol = N(A% = V- f(V))Vio + Vg = 0 (5)

Aovl?
where ¢ is the potential function ¢ = p + AF (V) + )\‘;0’.

One observes that the liquid crystal model (1)-(2) lacks of maximum or comparison prin-

ciples (for V) so one looses one of the strongest tools in analyzing nonlinear pdes.

Assuming time-independent boundary data 1, 2, an important fact of the model (1)-(2)

is its dissipative character, because this system admits (at least formally) the following energy

equality: ; 1 ,
dt Jo <2|u|2+)\ (2|ASDP+F(V¢)>> (6)
+ [ (519uP + ol s Dlw)+ M16% = V- V) =0

This equality is obtained multiplying the p-equation by —A(A2%p — V - f(V)), the u-system
(5) by u and integrating by parts, because all the nonlinear convective and elastic terms cancel
and the boundary terms vanish by using that u|spg = 0, drplagg = 0 and 0,0, plon = 0 (see
(20) below for an energy equality related to a system with time-dependent boundary data). In
particular, since [, ogl : D(w) > 0 (see (22) below), this equality implies that the total energy
(that is, the kinetic energy % [,, [u|? plus the elastic energy A [, 3|A¢|*> + F(V)) decreases
respect to the time. Now, since time-dependent boundary data 1, 2 will be considered, (6)
must be modified with a right hand side depending on time derivatives of ¢1, p2 which act as

force terms, see (20).

If we consider again time-independent boundary data, it is important to remark that the

following (static) critical points are particular solutions of the time-periodic problem:

u=0,

¢ : any solution of the problem: A2p —V - fiVy) =01in Q, ¢ = 1, dup = 2 on 01,
Aovl?

p=—-AF(Vyp)— )\|;0|.



Therefore, in order to consider a nontrivial time-periodic problem, it will be essential to

assume time-dependant boundary data for ¢.
Definition 1 We say that (u,y) is a weak solution of (1)-(3) in [0,T), 0 <T < 400 if
Veu=0inQ, us=0, ¢lx=¢1, hels=¢
we L®(0,T; L* () N L*(0,T; H'(Q)), ¢ € L>(0,T; H*(Q) N L*0,T; H(Q)), (7)
verifying

(Orw, v) + ((w- V)u,v) + ((a/2)Vu+ 0, Vo) = A(A2%p — V- f(Ve))Vp,v) =0 Vve 'V,
O+ (u-V)p+7(A%0 -V -f(Vp) =0, ae inQ

u(0) =up, ¢(0)=po in

Definition 2 We say that a weak solution (u, @) is a strong solution of (1)-(3) in [0,T) if
we L0, T H'(Q) N L*(0,T; H(Q), ¢ € L=(0,T; H'(Q) N L*(0,T; HY(Q)),  (8)
verifying point-wise the fully differential system (1).

In [Liu’00], considering a problem like (1)-(3), with variable density and time-independent
boundary conditions for ¢, author proves the existence of weak solutions using a semi-Galerkin
procedure keeping the transport equation for density and the p-equation at infinity dimension.
Moreover, the global regularity of weak solutions (for big enough p4 if N = 3) is deduced in
[Liu’00], and a preliminary analysis about the asymptotic behavior in time is made (see also
[Lai,Liu’06] for other asymptotic behavior study for a related model).

The main results of present paper are the following, always for boundary data 1 and (o

depending on the time:
1. the uniqueness of weak/strong solutions of the initial-value problem (1)-(3),

2. the existence of global weak solutions of problem (1)-(3), which is bounded up to infinity

time (with an exponential weighted norm for the L?(0, +-00)-norm, see (31)),
3. the existence of weak time-periodic solutions,

4. the existence of regular solutions for both previous cases, the initial-valued problem and
the time-periodic one, but assuming a dominant viscosity coefficient p4 in the linear part

of the diffusion tensor.



The results obtained in this paper are in a certain sense similar to the results presented in
[Climent et al.’06] and [Climent et al.] for the weak solutions and the regular solutions of a
nematic liquid crystal model, respectively.

The paper is organized as follows. In Section 2, some differential inequalities are deduced,
which will be used in the rest of the paper. In Section 3, the uniqueness of weak/strong
solutions of the initial-value problem (1)-(3) is analyzed. In Section 4, the global in time
solution of the initial valued problem is studied at infinity time and the existence of weak
time-periodic solutions is obtained in Section 5. Finally, under the constraints of viscosity
coefficient p4 big enough, the existence and uniqueness of global regular solutions of the initial
valued problem is proved in Section 6 and the existence of regular time-periodic solutions is
deduced in Section 7.

For simplicity we fix the constants excepting the viscosity w4, taking

Notation
e We denote Q = (0,+00) xQ, Qr = (0,T) xQ, X = (0,+00) x 9N and X7 = (0,T) x 9.

e In general, the notation will be abridged. We set LP = LP(Q), p > 1, H} = H}(Q), etc.
If X = X(Q) is a space of functions defined in the open set 2, we denote by LP(X) the
Banach space LP(0,T; X). Also, boldface letters will be used for vectorial spaces, for

instance L? = L2(Q)V.

e The LP norm is denoted by |- [p, 1 < p < oo, the H™ norm by || - ||, (in particular
|-|l2 =1 " llo) and the product norm in H™ x H™ by || - |[nxm. The inner product of
L?() is denoted by (-, -).

e We set V the space formed by all fields u € CgO(Q)N satisfying V- u = 0. We denote H
(respectively V') the closure of V in L? (respectively H'). H and V are Hilbert spaces

for the norms | - |2 and || - ||1, respectively. Furthermore,

H={ucIL?’V -u=0,u-n=0ondN}, V={uc H; V- -u=0, u=0on 9N}

e In the sequel, C,C1,Cy > 0 will denote different constants, depending only on the fixed
data of the problem, as Q, @1, 2, € (and wug, ¢ for the initial-value problem).



2 Preliminaries

2.1 A lifting function

We define ¢ = ¢(t) as the weak solution of the problem

~A%5 =0 in Q,
(9)

@ =i(t) O = o(t) on Q.

In the time-periodic case, since by hypothesis ¢1(0) = ¢1(T") and 2(0) = @2(T") on 0, then

$(0) = (T) in Q.
Therefore, if we define $(t) = p(t) — @(t), then A%2P = A2pin Q and $ = V@ = 0 on

~

Y. In the time-periodic case, one has ¢(0) = ¢(T) if and only if $(0) = $(T'). Then, we can

~ ~

rewrite the problem (1)-(2) respect to the variables (u, ») (with @(t) = ¢(t) — @(t)) as follows

(recall that all coefficients have been taken equal to one, excepting viscosity v = u4/2):

Ou+ (u-V)u—vAu— V-0l — (A25 -V - f{Vp))Vp+Vg=0 in Qr,

V-u=0 in QT,
(10)
Xp+u-Vo+ A0 —V-f(Vp)=0¢ in Qr,

~

u=0, =0, Ohp=0 on Xp

\

jointly with either the initial conditions w(0) = wup, »(0) = ¢o — ©(0) or the time-periodic
conditions u(0) = u(T"), ¢(0) = o(T).

Since u € Hy and $ € H3, the following norms are equivalents:
lully = [Vulz, (@l [AZ [18]a = [A%3]2.

2.2 Some inequalities

We will give two inequalities in the next two lemmas, relating the elliptic operator A?p —
V - fiVy) and the penalized energy / F (V) with some norms.
Q

Lemma 3 The following inequality holds:
2, Lo Liaes 2
|A80|2+27€2W80|4§ §|A o=V -fVe)lz+Cy, (11)
where C1 > 0 is a constant depending on ¢, |Q|, and [|[V@||poo(p1)-
Proof. We denote w = A%25 — V- (V). Testing this equality by @ one has:

(w, @) = (A3,3) — (V- f(V), ) = |ABI5 + (Vp), VD). (12)



The last term on the right hand side of (12) can be written as

(f(Ve), Vo) = (f(Ve) = VD), Vo) + (fIVE), VY)

oy s Lioaa o Lo (13)
= (AVe) — AVP), Vo) + 5IVeli — 5IVal;
From (12) and (13), one has
2 Ligan L oa2 /T
A2l + 5|VEls = (W, @) + 5IVEl — (AVy) - AVP), VE). (14)
The first term on the right hand side of (14) can be bounded as
~ ~ 1 C,_ . 1 1 ~
@, 8)| < lwlalle < sl + S IVER < Slwld + o5Vl +C<? (15)

where the constant C' depends on ¢ and ||

On the other hand, the second term on the right hand side of (14) will be bounded as:

C

€7|V80|2 < @’VSOM t 3 (16)
Now, we are going to bound the third term of (14). Taking into account that
1
fa) - fib) = 5 (la?+[b*+a-b—1)(a—b) Va,beR",
in particular
~ 1 ~ ~ ~
AVe) = f(V8) = 5 (Vo + V3 + Vi - VG - 1) V. (17)

Consequently, by using that Vi € L°°(L4), the Holder and Young’s inequalities, the last term
on the right hand side of (14) can be bounded as follows

~ N 1 - - - -
[(AVe) — f(VP),VP)| < ;QHVsOI2 +VOP + Ve VG — 12| VR4 VP4

C . ~
< S(Iveli + 1vald +1) Vel (18)
C /oo . 1 o4 C
< S(IValk+1) Vel < vl + 5.
where C' depends on |Q] and ||V Q|| oo (r4)-
Finally, from (14)-(18), the inequality (11) is deduced. ]

Lemma 4 The following inequality holds:

Co

1
< e
| P70 < slvalti+ 5 (19)

where Cy depends on [ and ||V@|| poo(r4)



1
Proof. Since F (V) = =2 (IVep]* = 1)2, one has
5

1
/QF(VsO) = / Vel + o5 /IVsO\2 IQ\
< /\V¢I4+ <3 o

where C' depends on || and Cy depends, moreover, on ||V||p4(4). Therefore, (19) holds. m

2.3 Energy Inequality

Lemma 5 (Energy equality) If (u,p) is a reqular enough solution of (10), the following
energy equality holds:

d ~
% (3l + 31808 + [ F(70)) + 196" DOVl + D)Vl
@ (20)
+v|Vul3 + |w|3 = (0:5,w) + (0:V P, (V).
where w = A5 — V - (V).
Proof. Taking u as test function in the u-system of (10), one has
5 L3+ IV + (o, V) — (- Vip, w) = 0. (21)
The nonlinear dissipative tensor UZZ verifies:
(o5, V) = (o5, D(w)) = [Vo" D(w)Vel3 +[D(w)Vels, (22)
since
(n® n) : D(u) = nyn;D(u);; = n’ D(u)n
and

(D(w)yn®n+n® D(uw)n) : D(u) = 2(D(w)n® n) : D(uw) = D(w);xnn;D(w); = |D(u)n|?.

Therefore, from (21) we obtain

1d

5 dtlﬂlz +v|Vull + Ve  D(w)Vel3 + [D(w)Vel; +w]f — (w- Ve, u) =0.  (23)

On the other hand, by taking w as test function in the ¢-equation of (10), one has

S GIABE — (A6, Y - {(V)) + (w- Vi) +|wl} = (5,). (24)

The second term on the left hand side of (24) can be written as

~(07.V - 199) = OV, AIV)) ~ (095 70) = 5, [ F(V9) = (05074 (25)

By adding (23) and (24) and into account (25) we obtain (20). ]



Corollary 6 (Energy inequality) Under hypothesis of Lemma 5, the following energy in-
equality holds:

C3

= (26)

d ~ R 1
p (M% + A3+ 2/QF(V¢)> + 20| Vul3 + A5 - V- (V)5 < 5|Vl +

where Cs depends on ||V @l poo(ray and [|0:V Q|| Loo 14y
Proof. The first term on the right hand side of (20) can be bounded as follows:
~ 1o 1 9 1
(Grp,w) < 510l + Slwlz < Slwlz + C.

Into account the expression of f and that [|0;V§| pe(r4y < C, the second term on the right
hand side of energy equality (20) can be written as

~ 1 - C
@VE.AVE) < SVl = 1sVelalaVEl < < (1Veld +1)Vels

< S (8B + 19 +1) (198l + 1V 3la)
c

< S(veR+1)(1vel +1) < IVl + 5.

Hence, as |[VoT D(u)Ve|3 + |D(u)Vl|3 is positive, (26) is obtained. |

Corollary 7 The following inequality holds:

d ~ ~
o (101828 +2 [ F(7)) + 20190 + g

Lo Liazs 2 (27)
+@W80’4 +olAe -V (V)| < Cy
where Cy depends on €, |Q|, [V roo(ra) and [|0:VP|| Lo L4y
Proof. Recalling (11), by adding C; to both terms of inequality (26), we have
d N - 1 ~
G (31808 +2 [ F(70)) + 270 + 208 + 551Vl
Q 9
1 N 1 ~
+§\A2<P — V- f(Vp)l5 < @\Vﬂi + Ca
and therefore (27) holds. [ ]

10



3 Weak/strong uniqueness

The aims of this section is to check that the classic argument to prove uniqueness of
weak /strong solutions of the Navier-Stokes model (see for instance [Lions’96]) is valid now
for the smectic-A model (1)-(3) even taking into account the high nonlinear character of the
dissipative stress tensor 0?. The sketch of the proof given in [Liu’00] is very short and, in
our opinion, the most important nonlinear terms are not clearly bounded. Then, we will do
a formal proof, see [Lions’96] for a rigorous justification in the Navier-Stokes case. We will

need this result of weak/strong uniqueness twice later.

Theorem 8 If (u1,p1) and (ug, p2) are respectively a weak and a strong solution of (1)-(3)
in [0,T], then u; = ug, and p1 = w2 a.e. in Q x [0,T].

Proof. We denote u = u; — uy and ¢ = p1 — ¢y (notice that ¢ = ). Making the difference
between (1) for (w1, 1) and (ug, ¢2), considering u and A%y as test functions, the following

equalities holds

1d
5 7| w3+ VIVl + ((u V)uz, u) + (o7, (Dw, Veor) — oy (Duz, Vipa), D(w))
(A% = V- (f{Ve1) = AV@2)) Vi1, u) + (A%p2 — V- f(iVip2))Vip, u) = 0, o8)
1d
5 g7 APl + 1A%15 + (u- Veor, A%p) + (up - Vip, A%)
—(V- (V1) = f(V2)), A%p) = 0.
From (28), cancelling the term (u- V1, A%p) in both equations, we obtain
1d
5 77 (113 + [8¢]3) + v Vul3 + [A%]5 = —((u- V)up, w)
—(0%(Du1, V1) — 0% (Dug, Vipa), D(w)) + (A%p2Vip, u)
(29)
—(V-f(Ve2) Vo, u) = (V- (fVe1) = fiV2)) Vo1, u)
7
—(up - Vo, M%) — (V- (f(Vip1) — f(V2)), A2%p) := Y I;.
i=1

The first, third, fourth and six terms on the right hand side of (29) are bounded, respec-
tively, by
I <ov|Vul3 + C[Vuslylul3, Iz < 6v|Vaul; + C|A g3 A3

1
Iy < 6v|Vul3 + ¢ (3IVealilApals + [Apala) [Apl3, s < 3]A%0[3 + ClApl3

for any § > 0 a small enough constant. Taking into account the equality

V-f(Vp1) = V- f(Vp2) = E%((?)\Vsol? —1DAp +3(Ver + Vm)Ame)

11



the fifth term on the right hand side of (29) can be written as
1 ) 1
Is = = (BIVeil” = )V dp,u) + 5 (3(Ver + Vo) Vo1 Apa Vi, u)

and it is bounded by

C
(168196112 = 1)Ve1ls| Ala + 3(Ve1 + Viga) Vor Al | Vipls ) ulg

I, <
< sVl + £ (1BIVerl? = DVi2 + 3(Ver + Vo) VerAesl2) A2
< w|Vul + 5 (I8IVeLl® = DVeils + B(Ver + Vo) Vi Agaly) [Agls.

Analogously, the seventh one is bounded as follows:

C
I (181961[2 = UsclAglz + 3(T01 + Vip2) Apals [ Vigls ) 1A%

e2

IN

C
3| A%l + 2 (BIVer® = 12, + 13(Veor + Vipa) Aga[3) |A%05.
With regard to the second term (recall that n; = Vi and n= V),
(o (Duy, 1) — 0 (Duy, ny), D(u)) = ((n} D(w)n;)n, ®@ny, D(u))+ (the rest of terms, D(w)),

taking into account that

((nt D(u)ny)ny ® n1, D(w)) >0,

the problem is to born appropriately |the rest of terms]%. Concretely, the more nonlinear

term can be bounded as follows

(i D(w)m)m @ nf2 < |D(w)3mi|S[n)% < Cllwller 3l I3 lalels
3/2 3/2 1/2
< Cllell el el < sllel3 + Cllea 212113

Here, the interpolation inequalities |p|%, < C||¢|2|lells and [|¢]|3 < C|l¢ll2]l¢lla have been

used jointly with the L in time estimates ||uz||1 < C and ||¢1]2 < C.

Therefore, one arrives at
d 2 2 2 2
o (ulz+180) < a(t)(lulz +[A¢l)

|u(0)I3 + [Ap(0)5 =0,

where a(t) is bounded in L(0,T). Applying Gronwall’s Lemma, one has u = 0 and Ay = 0.
Finally, since ¢ = 0 on 0f2, then ¢ = 0 in Q7. Therefore, uniqueness of Galerkin approximate

solution for the initial-boundary problem (42) is proved. ]

12



4 Global weak solution of the initial-value problem.

Definition 9 We say that (u, @) is a weak solution of (1)-(3) in [0,400) if
Viu=0in@Q, us=0, ¢ls=¢1, 0Opls=¢

[(u(t), o(t)lloxz < C1 VE>0 (30)

Vy >0, e /Ot V|| (u(s), 0(8))||3y ds < Co <1 + i) , Vt>0, (31)
where C,Ce > 0 are constants independent of v, verifying
(Opu, v) + ((u- V)u, v) + v(Vu, Vo) + (04, Vo) — (A% — V- fiVp))Vp,v) =0 YveV,
oo+ (u-V)p+ A% -V -f(Vp) =0, ae inQ
w(0) = uo, ¢(0) =0 in Q.
In the finite time case (T < 00), (31) holds even when v =0, i.e. (u,p) € L*(0,T; H' x H*).

Remark: (30) and (31) imply that O,u € L4/3([0,oo); V') and Oy € L2 ([0,00); L?). In

loc loc

particular, (9;u, v) denotes the duality product between V' and V.

Theorem 10 (Existence of weak solutions of the initial-valued problem) Let uy €

H and oo € H?. Let Q, o1 and pa be reqular enough, verifying the compatibility conditions

volaa = ¢1(0), Owpoloa = v2(0) and such that the lifting function @ defined in (9) satisfies
@ € L°(0,4+00; HY(Q)) and 0@ € L0, 4+o00; WH(Q)).

Then, there exists a weak solution (u, ) of (1)-(3) in [0, +00).

Proof. The proof is based on a semi-Galerkin method as in [Liu’00]. The novelty respect to

[Liu’00] is that now we will find a weak solution with regularity up to infinity time, even for

the time-dependent boundary conditions for the layer variable .

Let {w;}; > 1 a “special” basis of V formed by eigenfunctions of the Stokes problem
(Vw;, Vo) = \ij(w;, v) Voe V, w; € V, with |will;2=1, X\ 7 +oc.

Let V™ be the finite-dimensional subspace spanned by {w;, wa, ..., wy,}.

For each m > 1, we say that (u,, ¢n,) is an approximate solution, if w,, : [0, +o00) — V™
and @y, : [0, +00) — H* with @,, = ¢ — @ (@ being the lifting function defined in (9)) and
the following variational formulation holds:

(Ot (£), V) + (i (£) - V) U (£), V) + (Vi (1), Vo) + (05", Dvya)
—((A20m(t) = V- f(Vem () Vom(t), o) =0 Yu, € V', ae. t>0,

8t@m<t) + (um(t) ’ V)me(t) + AQ@m(t) -V f(QOm(t)) = at@(t)) a.e. l € Qa

(32)

U (0) = om = Pn(wo), ¢m(0) =90  in Q.
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Here, P, : H— V™ denotes the usual orthogonal projector from H onto V™. In particular,
Ugm — o in L?. Moreover, we have denoted ag’lm = Uzl(D(M% Vom).

The existence and uniqueness of local in time solution of (32) is proved in [Liu’00]. More-
over, one has the following estimates (independent of m): w,, is bounded in L*°(0,7"; H) N
L%*(0,T; V) and ¢,, is bounded in L>®(0,T; H?) N L*(0,T; H'). This suffices to control the
nonlinear terms and to pass to the limit in (32), obtaining a weak solution of the initial-valued
problem (1)-(3) in [0, 7], with T' > 0 a finite fixed final time. Next, to extend the solution to
the whole time interval [0, +00), we will prove that the approximate solutions (u, (), pm(t))
of (32) are bounded in [0, +00).

From (11) and (26), one has

d N ~ 3 o
& (1unB+ 18608+ 2 [ F(T0n) ) 4 21Vunl3 + 2400+ IVonli € (39

(since the @,,-equation is verified pointwise in @ and (w,, pm) are regular functions, it is easy
to justify the computations of Lemma 3 and Corollary 6, in order to arrive at (33)). Applying
inequality (19) and the Poincaré inequality P|u| < |Vu| (with P > 0 a constant) to (33) one

obtains
d ~ o~
& (1w 138 +2 [ F(V0)) + o (lunlt + 18508 +2 [ FTow) <C0 (31
Q Q
where Cy = min{2vP,3/4}. Multiplying by e“* and integrating in s € [0, ] we have

()3 + 1AGn (0B +2 [ F(Vigy) < e (ruOm\% +lagol+2 [ F(WJO))
LO(1 - e=Ot) < o} + [Aol} + 2 / F(Vo) + C
Q

for all ¢ > 0. Therefore, one deduces the following estimates independently of m: w,, is
bounded in L>°(0, +o0; H), ¢, is bounded in L>(0, +-00; H?(Q2)), and / F (V) is bounded
in L*(0, +00). N

Now, using (27), multiplying by €7 for any v > 0, we get

d ~
& (b + 18508 +2 [ F70m))

(36)
~t 2 S 12 i 5o |4 } 26— 2 vt
+e (20| Vunls +[ACml; + 5 Vomli + 51A0m = V- fVen)l; ) < Ce™,
hence it is easy to deduce the estimates
—t ¢ s 2 Co
Vy >0, e ¥ |um(s)||7 ds < > vt > 0, (37)
0
and .
Yy >0, e_ﬁft/ €% A%5,,(5) = V- fiV@m(s))|3 ds < Cy, Vt>0. (38)
0
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From the equality
3 1
V- f(v@m) = ?|v¢m|2A@m - ?Agpm (39)

and previous estimates Ag,, is bounded in L>(0,+o00; L*(Q)) and |V,,|? is bounded in
L>°(0, +00; L*(Q)), one has that V - f(Ve,,) is bounded in L>(0, +-00; L5/°(Q)) (recall that
@ is in L>°(0, +o0; H())). In particular,

t
Vv > 0, e_Vt/ MY -f(V(pm)\g/g) ds < Cq, Vt>0.
0
Therefore, into account (38), we obtain
t
Yy >0, e—vf/ A% G (5)[5 /5 ds < Ca,  VE >0, (40)
0
Applying to the imbedding of W3/ (Q) into H*(Q), to the sequence V@,,, one has
t
V>0, e—wt/ |V Gm(s)2 ds < Co, Vit >0, (41)
0

From (41), the bound of V@, in L>(0, +oo; H'(Q)) and the interpolation inequality |g|eo <

1/2 1/2 .
g1/ 1g]13/%, we obtain

t
vy >0, 6_7t/ VIV B (s)|L, ds < Co, V> 0.
0
By using (39) and the bound of ¢, in L>(0, +o0; H?), one has
v f(v‘Pm)g <C (‘v@m|§o|A@m‘% + ‘ASOm’%) <C (’v@m‘éo + 1) :

Therefore,

t
vy > 0, evt/ V|V - f(Bm(s))|3 ds < Cy,  Vt>0.
0
From this last inequality and (38) one has
t
Yy >0, e'yt/ V5| A%D,,(5)]3 ds < Co, V>0,
0

hence the regularity (31) for ¢ can be deduced.
At this point, the existence of weak solutions of (1)-(3) in (0, +00) can be proved by means

of a rather standard pass to the limit argument (see [Liu’00] for the finite time case). |
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5 Weak time-periodic solutions

In this section, let 7' > 0 a finite fixed number which states the time period.

Definition 11 We say that (u, ) is a weak time-periodic solution of (1), (2) and (4) if
we L®(0,T; H) N L20,T; H'), ¢ e L>®(0,T; H?) N L*0,T; H)

satisfying (1) and boundary conditions (2) as in Definition 9 and time-periodic conditions

uw(0) = w(T), p(0) = ¢(T) in the sense of spaces L* and H? respectively.

Theorem 12 (Existence of weak time-periodic solutions) Let ), ¢ and @y be reqular
enough with ¢1(0) = ¢1(T"), v2(0) = w2(T), and such that the lifting function ¢ defined in
(9) satisfies

€ L™(0,T; H(Q)), 8@ € L>(0,T; WH(Q)).

Then, there exists a weak time-periodic solution of (1), (2) and (4).

Proof. In the proof of this theorem, a fully Galerkin method (approximating in finite dimen-
sion both variables uw and ¢) will be used. The reason is that this finite-dimensional Galerkin
problem let us to find time-periodic approximate solutions via a fixed-point argument for the
operator mapping the initial and final time values. Firstly, we consider the initial-boundary
Galerkin problem associated to any arbitrary finite-dimensional initial data. Afterwards, the
key is to find an initial data at ¢ = 0 which will be “reproduced” at final time ¢ = 7. Finally,
by means of a pass to the limit procedure, a weak time-periodic solution will be found.

We divide the proof in several steps.
Step 0: Ezistence of local in time Galerkin solution.
Let {w;}n, > 1 and {¢;},, > 1 “special” basis of V and HZ(Q), respectively, formed by
eigenfunctions of the Stokes problem
(Vw;, Vo) = \j(w;, v) Voe V, w; € V, con ||lwilz=1, N\ /4
and of the bilaplacian problem
(A¢i, Ae) = pi(¢i,e) Vec HS, ¢; € HE, con |¢illpz =1, pi 7 +oo.

Let V™ and W™ be the finite-dimensional subspaces spanned by {w;,ws,..., w,} and

{é1,02,...,dn} respectively.
Given ug € H and ¢y € HE, for each m > 1, we seek an approximate solution (wy,, om),

with u,, : [0,7] — V™ and ¢ = @m + @, with @, : [0,7] — W™, verifying the following

variational formulation a.e. t € (0,7):
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(Ot (), V) + (o (£) - V) (), ) + V(Vthn (£), Vo) + (007" (£), Do)
—(Qm (AQS/O\m(t) -V 'f(v@m(t))) Vom(t), vm) =0 Vo, € V7,
(0eBm(t)s em) + (wn(t) - Vgm(t), em) + (A%@n(t) = V- f(Vem(t)), em) (42)

= (Op(t), em), Ve,e W™

U (0) = om = Pr(0),  ©m(0) = om = Prn(p0) in Q.
Here, P,, : H — V™ denotes the usual orthogonal projector from H onto V™, and Q,, :
L? — W™ the orthogonal projector from L? onto W™. In particular, ug,, — 4o in L? and
Yom — o in H? (as m — 0).

If we write

Un(t) =D &Em(t)di and  Bm(t) = Y Gim(t)ps,
j=1 j=1

(42) can be rewritten as a first order ordinary differential system (in normal form) associated
to the unknowns (& (t), im(t)). Then, one has existence of a maximal solution (defined
in some interval [0,7,,) C [0,7]) of the related Cauchy problem. Moreover, from a priori

estimates (independent on m) which will be obtained below, in particular one has that 7,,, = T'.

Step 1: Energy estimates.

By taking in (42) v, = uy, € V" and e = Qi (A%5, — V - flom(t))) € W™ as test
functions in (42), one can arrives at a similar inequality to (26) changing (u, ) by (tm, ©m)
and |A25,, — V - flom(t))|3 by |Qm(A%5, — V - flom(t)))]3. That is, one has

d . ~
G (1B 4180042 [ F(Tm)) + 201908 +10n(8% ~ 7 - AT
R (43)
~ 14
< @\meh +C.

On the other hand, the proof of Lemma 3 can be mimic for the case of Galerkin solutions,

obtaining the following inequality (similar to (11))
~ 1 o 1 N
|A(¢0m‘§ + 27€2|v90m‘j11 < §|Qm(A2<pm -V f(VSOm))’% + Ch. (44)

Following the same argument of the proof of Theorem 10, from (43) and (44) one has (35)

and (36). Since now the final time 7" > 0 is finite, in particular, the following estimates holds:

Uy, is bounded in L>(0,T; H) N L*(0,T; V),
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©m is bounded in L (0, T; H?)

and
Wm = Qm(A2@m — V- f{Vipn)) is bounded in L2(07 T; L2)'

Step 2: m is bounded in L*(0,T; HY).

We have defined wy,, = Qun(A2@, — V - f{V@m)), namely,
Wm € Wm’ (wmy em) = (AQS/’Bm -V f(VSOm% em) Ven,eWm. (45)

By taking e,, = A?p,, € W™ as test function in (45) (that is possible because a spectral

basis of the eigenfunctions of the bilaplacian has been considered), one obtains

’A2$m|% < |v f(VWm))‘2’A2SBm|2 + ’wm|2‘A2{0\m’27

hence

1Emlls < C(IV - ATem)la + wml2)- (46)
From (39) and by using the bound of ,, in L>(0, +00; H?) and the interpolation inequality
lells < Cllellylll3’*, one has

V- fVem)3 < C(IVemls| VVemlE + 1ApmI3) < C (llemllzlloml3 + loml3)

< O (lpmllallomllz +1) < 8llEmli + 6ll@lE + C < bllmli + C.

By using this last inequality for § small enough in (46) we obtain ||§,,]|3 < C + Clwm|3. As
W, is bounded in L2(Q), integrating in [0, 7] we have that (,, is bounded in L?(0,T; H*).

Step 3: Uniqueness of Galerkin solution

By applying the arguments given in Theorem 8 to (wy,, ¢m ), we can obtain the uniqueness

of Galerkin solution. Notice that this is possible because A%p,, € W™ (and u,, € V).
Step 4: Ezistence of time-periodic Galerkin solution
Given (ug', o) € V™ x W™, we define the map
Lm0, 7] —» R™xR™
to= (Em()s - Emm (t), Cim (t), - G (1))

where (&1p(2), o, Emm(t)) and (Cim(%), ..., Gmm(t)) are the coefficients of ., (t) and @, ()
respect to V™ and W™ respectively, being (wy,(t), Pm(t)) the (unique) approximate solution

0" 20')-

of (42) corresponding to the initial data (ug’, ¢

18



Now, varying the initial data (ug', ¢f"), we are going to define a new map ®” : R™ xR™
R™ x R™ as follows: given L{' € R™ x R™, we define ®™(L{') = L™(T), where L™(t) is
related to the solution of problem (42) with initial data L{'(= L™(0)).

By uniqueness of approximate solution of (42), this map is well-defined. Moreover, using
regularity of the corresponding ordinary differential system (equivalent to (42)), this map is
continuous.

In order to prove existence of fixed point of ", we will use Leray-Schauder’s Theorem.

Consequently, we have to prove that for all A € [0, 1], solutions L{'(\) of
Lg'(A) = A@™(Lg" (V)

are uniformly bounded (independent of X). Since L{'(0) = {0}, it is suffices to analyze

A € (0,1] and the equation
1
L) = B(LE ).
Since we have considered the eigenfunctions of A? to furnish W™ and (45), it is easy to justify
the computations of lemma 3, lemma 4 and Corollary 6, in order to arrive at (35). Considering

the norm || L™ (t)||gmxrm = (||um()]122 + ||A@m(t)\|%2)1/2 in R™ xIR™, inequality (35) yields
1 B N
158 ) e < €T LG O [fon g + €1 = eP7).

Since A € (0, 1], one has

C(1 — efT)
2

IL6" (M [ e = —gm 7

which is a bound independent of A (and m). Consequently, Leray-Schauder Theorem implies
the existence of fixed point of @™, and therefore the existence of time-periodic Galerkin
solutions.

Moreover, for each time-periodic Galerkin solution (%, ¢m ), their corresponding initial-
end data (4, (0), 9,(0)) = (U (T), pm(T)) is bounded in the L? x H?-norm, i.e

| (%, ©m) (0)|| 252 < C (C independent of m).
Step 5: Pass to the limit in time-periodic Galerkin solutions

The pass to the limit in variational formulation (42) can be done using estimations (inde-
pendents of m) and compactness obtained in order to control nonlinear terms. Consequently,
here we will only write the pass to the limit in time-periodic conditions.

From estimations of (¢,,) in L=(H?) and (dypm,) in L*(L%?) and using the triplet of
spaces H? < H' < L3/?  one has that (¢,,) is relatively compact in C([0,7]; H'), hence
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om(T) = om(T) and ¢, (0) — ©(0) in H(Q). Since ©m(T) = o1 (0), then o(T) = ¢(0)
in H'(Q2). Moreover, it is easy to see that ¢ € Cy([0,T]; H?) (i.e. ¢ is continuous from
[0,7] onto H?, respect to the weak topology in H?), therefore o(T) = (0) in H%(2). The
argument for w is similar.

Consequently, we have found a weak time-periodic solution of problem (1)-(2), (4) and

the proof of Theorem 12 is finished. [ |

6 Regularity for the initial-value problem

The idea now is to obtain regularity for the weak solutions of the initial-value problem
(1)-(3) (see [Lin,Liu’95], [Lin,Liu’00] for a nematic liquid crystal case and [Liu’00] for the
smectic-A case, imposing time-independent boundary data in all these previous cases). In
this sense, we will see that a global regularity result hold but only for the case of dominant
viscosity, that is for v big enough.

In our opinion, the global regularity imposing constraints of initial data near of special
equilibrium solutions is an interesting problem, which up to our knowledge remains as an

open problem.
Definition 13 We say that a weak solution (u, ) of (1)-(3) is a strong solution if
[(u(t), o(t)|lixa < C3 ¥t >0, (48)
e /0 [ (uls), ()3 ds < Ca, ¥t >0 (49)
and verifying point-wise the fully differential system (1).

Theorem 14 In the conditions of theorem 10, if moreover (ug, po) € H' x H* with ||ug|; <
Ry, [leolla < Ra,

@ € L*®(0,4+00; WHH(Q))  and 0y € L*°(0, +oo; L*(Q)),

then for each v > vy, with vy = vo(R1, Ra, 0rp, 0up), there exists a unique strong solution of
(1)-(3) in [0,400), which verifies (48) and (49) with constants Cs and Cy depending on vy
(but independent of v ).

Proof. We define
0=-0p— (u-V)p. (50)

By owing to @|s, =0, V@|x = 0 and u|y, = 0, we have
Wy =0, Va|g=0. (51)
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On the other hand, we are going to obtain the following inequalities:
lella < C(I@l2 + ulz + 1), lelle < C([@]l2 + lullz +1). (52)
Indeed, as w = A2p — V- f(Vyp) = -0y — (u- V) =@ — ;¢ — (u- V)@, one has
AG=A%=w+V -filVp) =0 —u Vo -+ V- f(Vep). (53)
Hence

1@lla < [@l2 + [V@loolulz + [0:pl2 + [V - IVP)2.

Proceeding in the analogous way that in (47) to bound the term |V - fiV¢)|2 and using the
regularity of ¢ one arrives at the bound of ||@||4 given in (52). The bound for ||@|/¢ given in
(52) can be obtained in a similar way.
Notice that,
1d
2dt
= (@,0(A*F ~ V- f(Vp) + u- VG + )

O3 = @,00) = (@, 0w+ u- VG + 0P))

= (AD, B AP) + (V@,0:f(V)) + (©,0iu -V + u- VP + 0up).
By using (50), one has
HAP = —AL — A((u-V)P) = —AL — V2uVE — VuV?3g — (u- V)AP

and

af(Ve) = BIVel* = 1), Ve = 8|Vel* - 1)(=Va = V((u- V)@) + VO,$)
= (3|Vp2 = 1)(-V® — VuV3 — (u- V)VE + VI,p),

Therefore, we obtain that
5@\“42

—(V©,3|Ve|PVuVp) — (V©,3|Ve|2(u- V)VY)) + (VE, VE) + (VI, VuVp)

+ |AB|3 = —(AD, VZuVY) — (AD, VuV23) — (AD, (u- V)AR) — (VE, 3|Vp|* V)

+(V@, (u- V)VP)) + (@, 0w V@) + (@, u- V) + (@, 0up) + (V©, 3|Vl — 1)8; V).
By bounding the terms on the right hand side of previous equality one arrives at

d . N v 1 c . N . ~
DB+ 1013 < Yl + 510 + IR+ 12l + 1819 + CRE+C. (54

where C > 0 may denote different constants, always independent of v.
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On the other hand, taking Au—+ 0,u as test functions in the u-system (A being the Stokes
operator, i.e. A = —PA with P the Leray projector onto H) it is easy to obtain

d 1, .. C
53+ DR+ vl + 20l < 51013 + (S ) sl

c\ C /iand . 1~
+<c+y>m@+uwn+yawé+w%+mnw%

the last term on the right hand side of previous inequality is a bound of |V - ¢%,|2). Since we
g p q Yy nll2

want to choose v big enough, for instance we assume 1y > 1. Then, for each v > vy > 1, we

get
d 1 ~
(@ D) + w3+ [0euld < S1015 + C ([l flull3 + B + [ull)
. (55)
+— (185 + 1215 + 1) | u3.
Adding (54) and (55) we have
d . v 1 1. .. C, . ~ ~
(@ Dlluli+ BE) + Slluls + S0uls + @113 < —@l51 + 12lls + 1213)
(56)

. C i~ ~
+D([[ulls[[ull3 + B[ + [lull) + — (12113 + 1215 + 1) lul3 + E

where C, D and FE are constants independent of ¥ > 1. On the other hand, using (52),
the regularity of u, @, ¢ and the interpolation inequality ||@||s < C||<ﬁ|];/2\|g5||}1/2 we get

lolls < C(1+ |@]%/2) Hence, from (56) one has the following inequality:

d N v 1 1, .. (G ~1/2 i~
—(w+Dllul} + 18B) + Sllul} + 510l + S1IBI3 < =131+ Bl + [@l2)
dt 2 2 2 v
. 657)
+D([[ull1[[ull3 + B + 1) + — (B + [@ls + 1) [lul; + E.
If we denote
Oi(t) = llulf,  @t) =105, W) =ul3  Ta(t) = @3,
we obtain from (57),
d C
(1)1 + @) + <’; - Day* - = (<1>2 + o) 1)) U,
(58)

e
+ (2 - V(1+<1>§/4+<1>§/2)> Uy < D(@; + /%) + E.

Let Ry, Ry, M and vg > 1 some positive constants that we will specify below, such that if
®1(0) < Ry and ®5(0) < Ra, we will prove that

v+ 1)Pi(t) + P2(t) <M Vte|0,+00), (59)
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for any v > vy. Indeed, by contradiction, let ¢* > 0 the first value such that (v + 1)®;(¢*) +
Oy (t*) = M, hence
v+ 1)P1(t") + Po(t") =M and (v+1)P1(t) + Po(t) <M Vite[0,t%).
Then,
M
v+1

Assume that there exists vy big enough such that, for each v > 1y

1/2
V_D<M> —Q(M+M1/2+1)ZV—+1
v

D(t) < and ®o(t) <M Vtelo,tr].

2 v+1 4
and c
1 1
5= (T MY ) = (60)
Then, for each ¢ € [0, t*]
d +1 1
S+ 1)1+ o) + V4 Uit (¥ < D(®2 + 9% + E. (61)

We define P = min{P;, P} where 1/P, and 1/P, are the Poincaré constants that verify
1 1

P < —WU; and 9 < — Wy respectively. Therefore,
P, P

d P
(D@1 )+ (v + 1)1 + $2) < D( + 21%) + E. (62)

Multiplying (62) by e”’*/4 and integrating in [0, t*] we deduce
(v + 1)@ (1) + Po(t*) < (v + 1)1 (0) 4+ Do (0))e /4
o [F 1/ (63)
e Pr /A / (D(®@a(s) + 8/2(s)) + B)eP*/4 ds.
0
By (53), 0 = A2+ u- V@ + 0@ — V- f(Vyp), hence we get

®2 = [ < CUIRIE + [uf? + 1+ 118]la) < CUBIT + |ul® +1).

Therefore, taking into account weak estimates (31), the second term on the right hand side
of (63) is bounded by a constant C, independent of v (in fact, Cy, depends on the constant
C5 given in (31)) and

(v 4+ 1)@ (t7) + P2(t") < (v + 1)P1(0) + D2(0)) + Cy (i + 1) < ((v+1)R1 + Ra) +2C,,.

Hence, if we choose
M > (v+1)Ry + R + 2Cy, (64)
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then we arrives at a contradiction. Therefore, we could get the estimate (59) whether there
exists big enough constants M and vy such that (60) and (64) hold, for each v > 1. Indeed,
if we choose M = Av then (64) holds for any A > 2Ry + Ry + 2C,,. If we fix A with this

condition, then the two conditions given in (60) hold if

AL/2 1
2 <e and (14 AWML AVZ2) <6
v v

for € > 0 small enough. But these conditions hold for each v > 1y with 1y big enough respect
to A. Therefore, we get estimates (59).

From (59), we obtain u € L>(0, +o0; H') and @ € L*°(0, +o0; L?). Recalling (52) we also
obtain ¢ € L>(0, +oo; HY). By going back to (61), multiplying by €?* for any v > 0 and

integrating in [0, t] we deduce
t
Vv >0, e”t/ V|| (u(s),(8)) |3y ds < Ca, Vit >0.
0

Again, by applying (52) we get (49). [

7 Regularity for the time-periodic problem

The results obtained up to now allow us to obtain, for big enough v, the regularity given
in Definition 13 also for the time-periodic problem. Indeed, arguing as in [Climent et al.] for
a nematic crystal model, to prove that weak time-periodic solution is regular it suffices to use

the following three results:
1. the existence of the weak time-periodic solution (proved in Section 4),
2. the weak/strong uniqueness of the initial-valued problem (proved in Section 3),

3. the existence of global strong solution for big enough viscosity of the initial-valued

problem (proved in Section 6).

Consequently, the regularity for time-periodic solutions can be deduced.
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