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We present a systematic study of the effect of the ion pairing on the gas-liquid phase transition of hard-core
1:1 electrolyte models. We study a class of dipolar dimer models that depend on a parameterRc , the maximum
separation between the ions that compose the dimer. This parameter can vary froms6 that corresponds to the
tightly tethered dipolar dimer model toRc→` that corresponds to the Stillinger-Lovett description of the free
ion system. The coexistence curve and critical point parameters are obtained as a function ofRc by grand-
canonical Monte Carlo techniques. Our results show that this dependence is smooth but nonmonotonic and
converges asymptotically towards the free ion case for relatively small values ofRc . This fact allows us to
describe the gas-liquid transition in the free ion model as a transition between two dimerized fluid phases. The
role of the unpaired ions can be considered as a perturbation of this picture.
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I. INTRODUCTION

In recent years there has been an increasing intere
phase transitions between fluid phases of different electro
concentrations in ionic solutions. Two different regimes ha
been identified experimentally@1#. The ‘‘solvophobic’’ re-
gime occurs for large solvent dielectric constants that eff
tively turn off Coulombic interactions. Consequently, solv
phobic phase transitions are primarily driven by unfavora
interactions between solute and solvent. This behavio
well described by the usual theory of nonelectrolyte so
tions with short-range interactions, and clearly leads to Isi
like critical behavior. By contrast, in the ‘‘Coulombic’’ re
gime the solvent has a low dielectric constant a
electrostatic interactions between the solute ions drive
phase separation. In this case, the phase diagrams are
asymmetric, and apparently mean-field critical behavior
been claimed@2–4#, although Ising-mean-field crossover h
also been seen within a narrower range of temperat
around the critical than in nonionic fluids@5–8#. Some of
these experimental studies suggest that there exists a
characteristic length in these systems that competes with
correlation length for density fluctuations@7,8#.

Electrolyte systems in the Coulomb regime are of
modeled as charged hard spheres embedded in a uni
dielectric continuum~primitive models!. Most studied is the
‘‘restricted primitive model’’~RPM!, in which the ions are of
equal size. A vapor-liquid phase transition at very low te
peratures and densities was predicted theoretically 25 y
ago @9# and by early computer simulation studies@10#. Im-
provement of computer simulation techniques has allowed
increasingly precise determination of the coexistence par
eters@11–16#. There have also been recent studies of prim
tive models with asymmetry in size@17–19# and charge
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@19,20#. Very recent results suggest that the critical behav
of the RPM belongs to the Ising universality class@16#.

From a theoretical point of view, different approach
have been used in order to explain the vapor-liquid transit
of the primitive models. Integral equations such as the m
spherical approximation@21,22#, as well as the Debye
Hückel theory@21# and Poisson-Boltzmann approaches@23#
have succesfully been applied to it. For the RPM, the m
succesful theories are the pairing theories that consider
ionic fluid as a mixture of bound pairs and free ions
chemical equilibrium@21,24#, in the spirit of the Bjerrum’s
ideas @25#. However, in all these theories the transition
driven by the free ions, even when in same cases, as in
Debye-Hückel-Bjerrum approach, the associated pairs
the dominant species. Analytical@26# and computer simula-
tion @27# results, on the other hand, show that the structure
the vapor phase is dominated by neutral clusters, mo
dimers and tetramers. Computer simulations have also d
onstrated that the phase envelope of the RPM resembles
of the charged hard dumbbell model@28,17#. This result has
been confirmed by theoretical studies@29,30#. The question
that the present work examines in detail is the influence
ionic association on the vapor-liquid transition of primitiv
model electrolytes. In contrast to an earlier study@17#, which
only considered tightly bound dimers, here we examine
range of models with varying values ofRc , the maximum
separation between ions in a dimer.Rc→` corresponds to
the Stillinger-Lovett description@31# of the free ion system.

The structure of this paper is as follows. In Sec. II, w
examine the microscopic structure of the coexisting pha
of the ionic fluid and compare the correlation functions
those of a tightly tethered dimer model. In Sec. III, an ex
chemical representation of the ionic fluid as a mixture
associated pairs and free ions is introduced. The role of
associated pairs on the phase coexistence is studied in d
in Sec. IV and the paper closes with discussion and con
sions.
©2002 The American Physical Society04-1
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II. MICROSCOPIC STRUCTURE OF THE IONIC AND
TETHERED DIMER SYSTEMS AT COEXISTENCE

In this section we analyze the role of pairing on gas-liqu
coexistence of primitive model ionic fluids. We have studi
by computer simulation an 1:1 size-asymmetric primiti
model, in which the ions are modeled as hard sphere
diameterss1 and s2 , carrying charges1q and 2q, re-
spectively, embedded on a dielectric continuum of dielec
constantD (D51 for the vacuum!. The interaction potentia
between two ions separated by a distancer i j is given by

ui j ~r i j !5uhs~r i j !1
qiqj

Dr i j
, ~1!

whereuhs(r i j ) is the hard-core potential that takes the va
1` if r i j ,

1
2 (s i1s j ) and 0 otherwise.

The size asymmetry is characterized by the parametel,
defined as

l5
s2

s1
. ~2!

Monte Carlo simulations in the neutral grand-canoni
ensemble were performed, characterized by a temperatuT
and theconfigurationalchemical potential for a pair of un
like ions m52m real23kBT ln(L1L2), with m real[(m1

1m2)/2 andL6 being the thermal de Broglie wavelength
of the ionic species,

L65A h2

2pm6kBT
. ~3!

As usual, cubic boxes of lengthL under periodic boundary
conditions are used. The long-ranged character of the C
lombic interactions is handled by the use the Ewald sum
tion technique with conducting boundary conditions, w
518 Fourier-space wave vectors and real-space damping
rameterk55. The relative error due to the infinite sum
truncation in the electrostatic energy is less than 1025 for
random configurations in small systems@32#, and this choice
has been also validated by direct simulations of the R
@15#. In order to speed up the simulations, the basic step
the simulations~insertion and deletions of pairs of unlik
ions! are biased following Ref.@11#. Moreover, a fine-
discretization approximation is used: the positions availa
to each ion are the sites of a simple cubic lattice of spacina.
This methodology has succesfully been applied to the R
@14#, to 1:1 size-asymmetric primitive models@17#, and to
z:1 size-asymmetric primitive models@14#, and allows a
speedup relative to the continuum calculations of a facto
100 for small systems. The results are almost indistingu
able from the continuum ones for a discretization param
z[s6 /a510 @14,17,19#, where s65 1

2 (s11s2) is the
unlike-ion collision diameter. This value of the discretizati
parameter (z510) was used in the present study. Histogra
reweighting techniques@33# and mixed-field finite-size scal
ing methods@34# were used to obtain the vapor-liquid env
lopes and the effective critical points, respectively. For
sake of comparison, we have also studied tightly tethe
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dipolar dimer systems@17,28#, consisting ofN pairs of a
positive and a negative ion restricted to remain at separat
sd satisfying s6<sd<1.02s6 . Simulation details and
some preliminary results for a range of values ofl are pre-
sented in Ref.@17#.

The unlike-ion collision diameters6 provides the basic
length scale appropriate for defining both the reduced te
perature and reduced density via

T* 5kBTDs6 /q2 and r* 52Ns6
3 ,/L3 ~4!

whereN15N2[N is the particle number of each ionic sp
cies@11,17,22#. The reduced simulation box length is define
similarly via L* 5L/s6 , and the reduced energies an
chemical potential as U* 5UDs6 /q2 and m*
5mDs6 /q2.

The value of the asymmetry parameter considered in
paper isl53. For that case, the gas-liquid coexistence
the ionic fluid shows a shift in both temperature and dens
with respect to the tethered dimer fluid~see Fig. 1!, which is
a general feature when comparing ionic and tethered di
systems@17#. On the other hand, the asymmetry is not hi
so as to favor large chainlike neutral clusters, as occurs
bigger values ofl @17,18#. These features qualify this case
be a typical example for moderately asymmetric 1:1 elec
lytes, including the RPM.

Figure 1 makes the similarity between the phase diag
of the ionic and the tethered dimer fluids clear. It also su
gests in an indirect way that the pairing plays a decisive r
on the gas-liquid coexistence in the ionic fluid. In order
clarify such a role, we have studied the ion-ion radial dis
bution functionsgi j (r ) corresponding to the ionic system
and the corresponding ones for the tethered dimer syste
For this purpose, we have considered the gas and liq
states at coexistence for a temperatureT'0.95Tc , with Tc
being the corresponding critical temperature. The ion-ion
dial distribution functions of the ionic systems, forT*
50.0425 and the coexisting densitiesr* 50.0076(15) and

FIG. 1. Gas-liquid phase diagram for the ionic system~dia-
monds! and the tethered dimer fluid~circles! with a tether length
equal to 1.02s6 . The size asymmetry parameter is setl53. The
critical parameters have been obtained from the extrapolation
L* →` of the results forL* 512,15, and 18 while the subcritica
coexistence curves were obtained usingL* 515.
4-2
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r* 50.162(3) are plotted in Figs. 2 and 3, respectively.
both cases, the unlike-ion radial distribution function b
comes very large close to contact, indicating the associa
in bound pairs of unlike ions. Moreover, the like-ion rad
distribution functions show maxima aroundr * [rs651.5
~in the case ofg22 , this peak coincides with the conta
value!, and there is a secondary maximum ing12 for r *
'2.5. These observations allow us to conclude that ther
high correlation between pairs of associated unlike ions.
recall that the range of densities in which the gas-liquid
existence occurs prevents packing effects, so the structu
completely given by the Coulombic interactions.

The ion-ion radial distribution functions for the tethere
dimer fluid are plotted in Fig. 4 for the gas branch@T*
50.0405, r* 50.0119(15)] and in Fig. 5 for the liquid
branch @T* 50.0405, r* 50.206(2)]. The comparison be-
tween the ionic fluid and tethered dimer fluid microscop
structures confirms the qualitative similarity between b
systems. A further test of this similarity is found in the com
parison of the neutral cluster populations in the gas bran
We use Gillan’s definition of a cluster@26#. Two ionsi and j
are directly bound when the distance between them is
than Ri j

c . This condition defines mathematically an equiv

FIG. 2. Ion-ion radial distribution functions corresponding to t
ionic system atT* 50.0425 andr* 50.0076(15)~the gas phase!.
The inset shows the behavior ofg12(r * ) at distances close to th
contact value.

FIG. 3. Same as in Fig. 2 in the liquid branch:T* 50.0425 and
r* 50.162(3).
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lence relationship, and the equivalences classes in which
ions group are the clusters. As the interaction between
ions is repulsive, the dependence of the cluster definition
R11

c or R22
c should be very weak~if they are taken smaller

than the mean distance between two like ions!. On the other
hand, the cluster definition is not very sensitive to the va
of R12

c if that value lies between the first minimum ofg12

and the mean distance between aggregates. In this work
have usedR11

c 5R22
c 5R12

c 51.5s6 . As expected, the mi-
croscopic structure of the gas phase is dominated by
N-ion neutral clusters@17,27#. Their fractionsf N for the ionic
and tethered ion systems at the gas phase in coexistenc
T50.95Tc are quite similar~see Fig. 6!, although the teth-
ered dimer systems have slightly higher fractions of neu
clusters than do ionic systems, specially for largeN, in agree-
ment with the results previously reported@17#.

Despite the similarities found between the ionic fluid a
the tethered dimer fluid, there are some differences that
rationalize the quantitative differences between their ph
diagrams. The unlike-ion radial distribution functions of th
tethered dimer fluid differ qualitatively from the ionic coun
terparts close to the contact value, since in the former the
a jump at the maximum allowed separation of two ions o

FIG. 4. Ion-ion radial distribution functions corresponding to t
tethered dimer system atT* 50.0405 andr* 50.0119(15)~the gas
phase!. The inset shows the behavior ofg12(r * ) at distances close
to the contact value.

FIG. 5. Same as in Fig. 4 in the liquid branch:T* 50.0405 and
r* 50.206(2).
4-3
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ROMERO-ENRIQUE, RULL, AND PANAGIOTOPOULOS PHYSICAL REVIEW E66, 041204 ~2002!
dimer, while the ionicg12 takes smoothly higher values o
that range of values ofr * . Consequently, the condition o
the confinement of the ions that compose a tethered di
must be relaxed in order to refine the pairing concept in
ionic fluids. In the following section we will introduce a
appropriate framework for such a goal.

III. CHEMICAL PICTURE OF IONIC FLUIDS

We consider an ionic fluid (q152q2[q) contained in a
volumeV and in equilibrium with a reservoir at a temper
ture T and chemical potentialsm1 and m2 . For simplicity,
the neutral grand-canonical ensemble, in which only neu
configurations are allowed, will be considered. This e
semble has been shown to be equivalent to the usual gr
canonical ensemble in the thermodynamic limit@35#. The
neutral grand-canonical partition function can be written

J5 (
Ni50

` S ebm

L1
3 D NiS ebm

L2
3 D Ni

ZU~Ni ,Ni !, ~5!

where Ni is the number of ions of each species,b
51/(kBT), m[(m11m2)/2, L1 andL2 are the thermal de
Broglie wavelengths corresponding to each species,
ZU(Ni ,Ni) is the canonical configurational partition functio
corresponding to a fixed number of ions at the temperatuT
and enclosed in the volumeV,

ZU~Ni ,Ni !5
1

~Ni ! !2EV2Ni

dr1
1dr1

2 . . . drNi

1 drNi

2 e2bU ~6!

with U[Uphys5Uhc1( i , jqiqj /(Dr i j ) the total potential
energy andUhc the hard-core contribution, equal to1` if
two particles overlap, and 0 otherwise~other tempered po
tentials can be used, but the main results of this section
remain unchanged!. If the fluid particles are strongly assoc
ated into bound (1,2) pairs, as occurs in the low
temperature and low-density region in which the vap
liquid transition occurs for the ionic fluids, the ‘‘physical

FIG. 6. Fractionf N of N-ion neutral clusters. The squares co
respond to the ionic fluid atT* 50.0425 andr* 50.0076(15), and
the triangles to the tethered dimer fluid atT* 50.0405 andr*
50.0119(15).
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representation described above will be inadequate, and it
be replaced by a ‘‘chemical’’ picture, in which the fluid i
composed of associated pairs and free ions. First, a rule
unequivocally identifies bound pairs for each configurat
of the ionic fluid~up to a set of null measure in the config
rational space! is needed. Once such a rule is defined, we c
write the canonical configurational partition function as

ZU~Ni ,Ni !5 (
Np50

Ni

ZU* ~Nf ,Nf ,Np!, ~7!

whereNp is the number of bound pairs,Nf5Ni2Np is the
number of free ions of each species, andZU* (Nf ,Nf ,Np) is
the canonical configurational partition function correspon
ing to a system ofNp associated pairs andNf free ions of
each species,

ZU* ~Nf ,Nf ,Np!5
1

Np!

1

~Nf ! !2EV2(Np1Nf )
d~1! . . .

3d~Np!dr1
1dr1

2 . . . drNf

1 drNf

2 e2bU* ,

~8!

where (i )[$r1,r2% i are the positions of the ions that com
pose the associated pairi, andr i

1(2) corresponds to the co
ordinates of a1(2) free ion i, respectively. The potentia
energyU* [Uchem does notcoincide, in general, with the
physical potential energyUphys, since different configura-
tions of the ‘‘chemical’’ mixture can be compatible with
given ionic configuration.

Substituting Eq.~7! into Eq. ~5! and rearranging the re
sulting expression, the neutral grand-canonical partit
function can be written as

J5 (
Nf50

`

(
Np50

` S ebm

L1
3 D NfS ebm

L2
3 D NfS ebmp

Lp
6 D Np

ZU* ~Nf ,Nf ,Np!

~9!

with mp[2m andLp5AL1L2. These last definitions cor
respond to the chemical equilibrium conditions between
free ions and the associated pairs@21,36#. We remark that
this derivation isindependentof the criterion chosen to de
fine the pairs. However, the choice must be such t
matches the microscopic structure of the fluid. As we ha
seen in the preceding Section, the vapor structure is do
nated by neutral aggregates, mostly dimers and tetram
This fact is consistent with the Bjerrum ideas of pairing@25#.
Consequently, a distance-based criterion seems to be
most appropriate: two unlike ions that are closer thanRc (Rc
being a suitable cutoff distance! are considered as an assoc
ated pair. It is easy to see that such a criteriondoes notdefine
uniquely the associated pairs when the population of tetr
ers and higher-order neutral clusters is not negligible, a
can be seen from Fig. 7, since there are different arran
ments of associated pairs that are compatible with the s
ionic configuration. Hence, a more systematic criterion
needed in order to be able to define associated pairs foal-
most everyionic configuration, while keeping the intuitive
4-4
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definition of an associated pair as encompassing unlike
that are at the closest distances. We use a suitable mod
tion of the Stillinger-Lovett pair definition on a given ioni
configuration@31#. In this prescription, all the distances b
tween two unlike ions are computed, and then the first pa
definedas the two unlike ions at the closest distance. T
step is repeated, taking into account only ions that rem
unpaired from previous steps for the evaluation of (1,2)
distances. We stop when the minimum distance between
unlike ions is greater thanRc , considering the remaining
ions as free ions~no free ions were considered in Ref.@31#,
and consequentlyRc[` in that case!. This protocol provides
a unique configuration of associated pairs and free ions
almost each ionic configuration, since the method is amb
ous only in a subset of the ionic configurations in which
least two (1,2) distances are equal, and the measure
such a set is null in the configurational space.

Obviously, different pairing prescriptions can be use
However, this protocol provides an explicit expression
the chemical potential energyUchem,

Uchem5Uphys1(
i 51

Np

vp~$r1,r2% i !

1 (
1< i , j <Np

vpp~$r1,r2% i ,$r1,r2% j !

1(
i 51

Np

(
j 51

Nf

vp1~$r1,r2% i ,r j
1!

1(
i 51

Np

(
j 51

Nf

vp2~$r1,r2% i ,r j
2!

1(
i 51

Nf

(
j 51

Nf

v12~r i
1 ,r j

2!, ~10!

whereUphys is the physical potential energy due to the ha
core and eletrostatic interactions, and the other terms co
spond to effective interactions of entropic origin needed

FIG. 7. Different ways of pairing ions using the criterion th
two unlike ions are paired if the distance between them is sho
than the cutoffRc . The cation 4 can be paired with either the ani
1 or the anion 2. In the first case the ions 2 and 3 remain free,
in the latter case the ions 1 and 3 constitute another associated
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reduce the configurational space of the chemical system.
term vp($r1,r2% i) depends only on the positions of the ion
that compose an associated pair and confines them to be
distance shorter thanRc ,

vp~$r1,r2% i !5H 0, ur i
12r i

2u<Rc

1` ur i
12r i

2u.Rc
~11!

The pairwise potential energyvpp($r1,r2% i ,$r1,r2% j ) cor-
responds to a steric hindrance condition between two ass
ated pairs@31#, since the distances between two unlike io
corresponding to different pairs cannot be shorter than
minimum distance between the ions that compose each

vpp~$r1,r2% i ,$r1,r2% j !5H 1` ur i
72r j

6u<di j

0 otherwise
~12!

with di j [min(ur i
12r i

2u,ur j
12r j

2u).
The interaction between the associated pairs and the

ions is modified by the termvp6($r1,r2% i ,r j
6), which pre-

vents the free ion from being closer to the unlike ion of t
associated pair than its partner,

vp6~$r1,r2% i ,r j
6!5H 1`, ur i

72r j
6u<ur i

12r i
2u

0, otherwise
~13!

Finally, two unlike free ions cannot be at a shorter d
tance thanRc due to the termv12(r i

1 ,r j
2),

v12~r i
1 ,r j

2!5H 1`, ur i
12r j

2u<Rc

0, ur i
12r j

2u.Rc
~14!

It is not hard to see that a mixture of associated pairs
free ions with a potential energy given by Eq.~10! is com-
pletely equivalent to the original ionic system. It is intere
ing to note that, except the term onvp that ties the ions tha
compose an associated pair, the other terms are pairw
short-ranged modifications of the hard-core conditions,
the potential energy of an allowed mixture configuration
the same as in the corresponding ionic configuration. Mo
over, every configuration of associated pairs and free i
obtained from an ionic configuration by the pairing proc
dure described above fulfil the constrains induced by
added potentials. Conversely, the mixture configuration is
same as the one obtained from the corresponding ionic c
figuration by the Stillinger-Lovett protocol.

This analysis provides an exact chemical representatio
the ionic system as a mixture of bound pairs and free ion
chemical equilibrium. The equivalence between represe
tions of the system is not only at the level of thermodynam
properties, but also in the microscopic structure, unlike p
vious studies based on the matching of the chemical and
physical free energies, e.g., via the virial coefficients@37,38#.
In those studies the effective potentials given by Eqs.~11!
and ~14! could be guessed, but the other terms~that arise
from matching third- and higher-order virial coefficient!

er

nd
air.
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ROMERO-ENRIQUE, RULL, AND PANAGIOTOPOULOS PHYSICAL REVIEW E66, 041204 ~2002!
were not clearly identified. Furthermore, they have not b
used at all in pairing theories of electrolytes. We must str
the importance of the effective new term given by Eq.~12! in
the potential energy, which reduces the configuration sp
available to the associated pairs. This effect is specially
portant for high values ofRc . An extreme case that illus
trates the effect of missing the steric hindrance term is
loosely tethered dimer fluid, in which the ions that compo
the pair can be at any relative distance greater thans6 . In
this case, the canonical partition function of the dimer fluid
Np!ZU(Np ,Np), where Np is the number of dimers
ZU(Np ,Np) is given by Eq.~6! and theNp! factor is the
number of different ways of pairing the unlike ions in ea
ionic configuration and lead to different dimer configur
tions. As a consequence, in the thermodynamic limit
Helmholtz free energy per particlef d of the loosely tethered
dimer fluid diverges as

f d

kBT
;2 ln Np1S 2 f i

kBT
11D , ~15!

wheref i is the ionic Helmholtz free energy per ion, which
well behaved in the case of neutral systems@35#.

The association degree of the ionic fluid in the coex
ence region has been studied by computer simulation in
framework of the previous analysis. In the usual gran
canonical simulations, we have identified the associated p
by the Stillinger-Lovett rule withRc5A3L/2, i.e., all the
ions are associated, and the minimum image conventio
used in order to calculate the distances between unlike i
The probability distributionsp(r ) of a pair having an inter-
nal separation distancer between ions is plotted in Fig. 8 fo
the gas and liquid phases atT* 50.0443. Surprisingly, both
distributions are practically identical, despite the fact that
corresponding densities are quite different. The distributi

FIG. 8. Probability distributionp(r * ) of having a pair an inter-
nal separation distancer * between ions atT* 50.0443 and reduced
densities r* 50.0064(7) ~solid line!, corresponding to the ga
phase, andr* 50.149(3)~dashed line!, corresponding to the liquid
phase. The dot-dashed line corresponds to the ideal dimer
approach~see text!. The inset shows the cumulant distributio

`(r * )[*1
r* p(t)dt. The meaning of the symbols is the same

before.
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show a very pronounced peak forr 5s6 , and a local maxi-
mum aroundr 52.5s6 , approximately whereg12 presents
the second local maximum. For large values ofr, the distri-
butionsp(r ) decay to zero. These results confirm the stro
association in the ionic fluid at low temperatures, and that
structure is weakly affected by variations in density, at le
in the range in which the gas-liquid coexistence occurs.
values ofr close to the contact value, the distribution is we
described by the noninteracting pair fluid probability dist
bution, given by the following expression:

pideal~r !'

r 2expS q2

DkBTr D
E

s6

Rc
y2expS q2

DkBTyDdy

;
q2r 2

DkBTs6
4

expS q2

DkBTs6
Fs6

r
21G D ~16!

valid for T* !1 and an internal cutoffRc@s6 . However,
for r *1.5s6 , p(r ) deviates from the ideal expression as
consequence of the interaction between associated pairs
local maximum showed by the distribution function indicat
that the most bound pairs are solvated by less bound pair
form stable neutral tetramers~and higher order clusters, bu
their inclusion does not seem to affect the conclusions of
section!. This fact is in agreement with the features observ
in the pair correlation functions in the preceding section.
must stress that the structure thatp(r ) presents is only due to
the Coulombic interactions.

It is instructive to compare our results in the coexisten
region to the higher temperature ones. We have compu
p(r ) at T* 51 and the same range of densities~see Fig. 9!.
The qualitative behavior ofp(r ) at high temperatures is
similar to that predicted by Stillinger and Lovett@39#. First,
it shows a maximum localized inr;r21/3. On the other
hand,p(r ) takes significant values in a wider range than t
corresponding functions at lower temperatures, decaying

id

FIG. 9. Probability distributionp(r * ) at T* 51. At r * 51,
from bottom to top the lines correspond to reduced densitiesr*
50.00113(1),0.00618(1),0.01453(2),0.0456(3), and0.1566(6).
4-6
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DIPOLAR ORIGIN OF THE GAS-LIQUID . . . PHYSICAL REVIEW E66, 041204 ~2002!
large values ofr as r 2n, with n'3. The latter prediction
differs from the valuen54 given in Ref.@39# and requires
further study to elucidate it.

The probability distributionpRc(r ) of a pair having an
internal separation distance between ions when the cu
distance to define a pair is equal toRc can be obtained from
p(r ) as

pRc~r !5
p~r !

`~Rc!
5

p~r !

E
s6

Rc
p~ t !dt

~17!

where`(r )[*s6

r p(t)dt is the cumulant distribution corre

sponding top(r ). The density of associated pairs is equal
r`(Rc)/2, and the total density of free ions isr@1
2`(Rc)#, wherer is the total density of ions in the physica
picture. It can be seen from Fig. 8 that forRc*3s6 , more
than 95% of ions are associated into pairs in both vapor
liquid phases. So, if the associated pair fluid phase sepa
in the same (T,r) region as the ionic fluid, it is expected th
the free ions do play a mere perturbative role in the ph
coexistence. Actually, the free ionic subsystem is a nona
tive binary charged hard-sphere mixture, whereRc plays the
role of the unlike-ion collision diameter. However, the inte
actions between like ions are purely repulsive, and we do
expect differences between the behavior of this mixture
the RPM as soon ass1 and s2 are less thanRc . Further-
more, this system is in a polar environment given by
associated pair subsystem, and consequently the effectiv
electric constantDe f f of the background will be increased
Then the free ion subsystem is expected to have the s
behavior as the RPM at the effective reduced temperatuT̃

T̃5
De f fkBTRc

q2
5

De f f

D

Rc

s6
T* , ~18!

where T* is the reduced temperature. ForRc*3s6 , the
critical temperature reduces at least to one-third of the R
reduced critical temperature. Consequently, any possible
ion-driven vapor-liquid transition should occur at mu
lower temperatures, and thus the free ion subsystem sh
play no role in the vapor-liquid transition. In order to che
this hypothesis, the phase diagram of the associated pair
has to be obtained. This issue will be addressed in the
lowing section.

IV. PHASE BEHAVIOR OF THE ASSOCIATED PAIRS
FLUID

The results obtained in the preceding section suggest
the chemical picture introduced above is a very conven
description of the ionic fluid structure. Furthermore, we c
analyze the role played by the associated pairs in the p
equilibrium by eliminating the free ions. We have perform
grand-canonical Monte Carlo simulations of the associa
dimer system forl53 and different values ofRc . No free
ions are allowed (Nf[0) and the potential energy of on
configuration is given by Eq.~10!. The grand-canonical free
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energies corresponding to these systems will conseque
provide an upper bound to the ionic fluid grand-canoni
free energy at the same temperature and pair chemical po
tial. As for the ionic system, a fine-discretization approa
with a refinement parameterz510, and Ewald summation
technique with conducting boundary conditions is used
take into account the long range character of the Coulom
interations. The basic steps are either insertion or deletio
associated pairs~chosen randomly with the same probab
ity!, biased with a Boltzmann distribution that depends
the separation between the ions that compose the dimer
associated pair is inserted in the following way: the negat
ion is placed at a random place in the box, and its counte
is placed at a relative positionr6 (s6<ur6u,Rc) following
a probability distribution proportional to exp@b0q

2f0(r6)#,
where 2f0(r ) is the Ewald potential energy between tw
unlike ions of unit charge. On the other hand, a pair is
leted with a probability proportional to exp@b0q

2f0(r6)#, r6

being the relative position of the positive ion of the pair wi
respect to the negative one. The value ofb0 has been ad-
justed to improve the sampling during the simulation. In th
work we have setb058.

The acceptance probabilities of a pair insertionWi j
i and a

pair deletion,Wi j
d are the following:

Wi j
i 5minS 1,~L* !3exp~bm2bDU !

3F (
s6<ur6u,Rc

exp@b0q2f0~r6!#

z3 G
3F (

k51

Np11

exp@b0q2f0~r6
k !#G21D , ~19!

Wi j
d 5minS 1,

exp~2bm2bDU !

~L* !3

3F (
s6<ur6u,Rc

exp@b0q2f0~r6!#

z3 G21

3F (
k51

Np

exp@b0q2f0~r6
k !#G D , ~20!

wherei and j are the initial and final configurations, respe
tively, Np is the number of pairs at the configurationi, b
51/(kBT), m is the configurational chemical potential, an
DU is the chemical potential energy variation in the mov
ment, including the steric hindrance terms given by Eq.~12!.
As it can be seen, the acceptance probabilities reduce to
usual ones asb0→0.

Effective critical points for different values ofL* were
estimated by using mixed-field finite-size scaling metho
@34# and assuming Ising-like criticality. Although recent r
sults@40# indicate that the pressure should also enter the fi
mixing, our approach should be satisfactory to discern
dependence of the critical parameters onRc . Moreover, a
4-7
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systematic study for the RPM case has shown that the
sumed universality class is very likely to be the right o
@16#. We use histogram reweighting techniques@33# to com-
bine the histograms from different runs~typically three! and
estimate the critical parameters and their standard err
Very long runs are needed in order to overcome the crit
slowing down and the low acceptance ratios due to the
temperatures involved. Defining a step as a try of a p
insertion ~or deletion!, we have performed simulations o
about (23107) –(43107) equilibration steps and (2
3108) –(43108) sampling steps forL* 512; (53107) –(2
3108) equilibration steps and (63108) –(1.23109) sam-
pling steps forL* 515; and 23108 equilibration steps and
(1.23109) –(1.83109) sampling steps forL* 518, in order
to get good statistics for the histograms. The~effective! criti-
cal parameters are obtained by minimizing the deviation
the appropriately scaled mixed-fieldM}r2su marginal
probability distribution (u is the potential energy density an
s is the mixing parameter! with respect to the correspondin
critical three-dimensional Ising universal function@34,41#.
As also occurs in the ionic and tethered dimer systems,
matching improves asL* increases~see Fig. 10!. Our esti-
mations of the critical parameters for different values ofL*
andRc* [Rc /s6 are listed in Table I and plotted in Figs. 1
and 12. The smallest value ofRc* is the same as the max
mum allowed separation in the tethered dimer system, an
expected the results obtained for the associated pairs fluid
practically indistinguishable from the tethered dimer syste
As Rc* increases, we observe a sharp increase in the cri
temperature but the critical density remains almost un
fected. However, forRc* '3 –4 the critical temperature
reaches a maximum and then decreases, converging tow
the free ion critical temperature. On the other hand, the c
cal density also decreases towards the free ion critical d
sity, although the statistical uncertainties are bigger for t
parameter and the exact path of convergence is less defi

FIG. 10. Rescaled marginal probability distributionspM
c (x) for

the associated pairs fluid characterized byl53 andRc* 53. The
solid line is the universal function corresponding to the thr
dimensional Ising universality class, and the symbols correspon
the best-matching simulation results: the squares correspond tL*
512, the diamonds toL* 515, and the triangles toL* 518.
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We must also point out that the statistical uncertainties
big enough not to make possible an estimation of correcti
to-scaling effects.

For a heuristic explanation for such a behavior, we ha
to consider the energetically favored configurations. It is i
portant to consider the interaction between two different
sociated pairs, which has its minimum energy configurat
in a square ring conformation for low values ofl, with a
close-energy secondary minimum conformation for the lin
(1,2) chain @17#. If Rc is too small, by deforming the
square it is possible to find energetically relevant configu
tions ~i.e., the potential energy difference per ion of su
configurations with respect to the minimum one is of t
same order as the thermal energy! in which one of the asso
ciated pairs has an internal ionic separation less thanRc , but
the other one does not fulfil such a condition. Consequen
a higher value ofRc also increases the number of energe
cally relevant configurations between two associated pa
Then the effective interaction between associated pairs is
hanced, and thus an increase of the critical tempera
should be expected until all the relevant configurations
allowed ~that occurs forRc;3s6). On the other hand, the

TABLE I. Dependence onRc* of the estimated critical param
eters. ~The 1 s statistical uncertainties refer to the last decim
places.!

Rc* L* Tc* 3102 2mc* rc* 3102

1.02 12 4.24~2! 1.2512~4! 7.66~12!

15 4.25~1! 1.2504~2! 7.56~9!

18 4.26~1! 1.25077~8! 7.34~10!

1.5 12 4.44~1! 1.30489~10! 7.41~12!

15 4.46~1! 1.30565~5! 7.52~10!

18 4.47~1! 1.30580~8! 7.33~17!

2.0 12 4.53~2! 1.3112~3! 7.45~14!

15 4.53~1! 1.3109~2! 7.53~18!

18 4.53~2! 1.3107~3! 7.54~17!

3.0 12 4.65~2! 1.3187~4! 7.23~10!

15 4.60~1! 1.31792~13! 6.93~12!

18 4.62~3! 1.3182~4! 6.69~10!

4.0 12 4.56~4! 1.3202~5! 7.05~22!

15 4.59~2! 1.3207~5! 6.45~14!

18 4.62~3! 1.3213~5! 6.4~2!

5.0 12 4.58~1! 1.32210~14! 6.17~21!

15 4.57~1! 1.32230~7! 6.46~24!

18 4.56~4! 1.3220~7! 6.17~10!

6.0 12 4.55~1! 1.3222~3! 6.41~2!

15 4.51~2! 1.3214~3! 6.33~10!

18 4.59~3! 1.3222~6! 6.1~2!

7.0 15 4.51~2! 1.3216~5! 6.33~10!

18 4.50~2! 1.3211~3! 6.04~17!

8.0 18 4.53~4! 1.3224~6! 6.1~4!

9.0 18 4.49~1! 1.3215~3! 5.6~3!

Free ion casea 12 4.49~1! 1.3200~1! 6.37~7!

15 4.48~1! 1.3199~1! 6.04~11!

18 4.49~2! 1.3199~4! 6.05~11!

aIt is equivalent to considerRc* [A3L* /2.

-
to
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DIPOLAR ORIGIN OF THE GAS-LIQUID . . . PHYSICAL REVIEW E66, 041204 ~2002!
average size of the associated pairs and their aggregat
increased, leading to a decrease of the critical density~in
order to keep the reduced density in terms of the effec
particle size constant!. These arguments are no longer va
for Rc* *3. Our results show that the inclusion of associa
pairs with larger internal ionic separations is not crucial
the gas-liquid phase transition. Also they bar the phase t
sition, as can be inferred from the critical parameters
crease.

As for the ionic and tethered dimer models, histogra
reweighting techniques@33,41# allow us to obtain the coex
istence curve up toT&0.98Tc . As the finite-size effects are
not important far from the critical point, we have consider
L* 515. Taking advantage of the wide range of densit
covered by near-critical histograms, we combine them w
liquid subcritical state histograms in order to extend the d
sity range. The extra simulations involve shorter runs~typi-
cally 23108 steps after equilibration!. The gas-liquid coex-
istence curves for different values ofRc* are plotted in Fig.

FIG. 11. Dependence of the critical temperatureTc* on the re-
duced cutoff distanceRc* , for L* 512 ~squares!, L* 515 ~dia-
monds!, andL* 518 ~triangles!.

FIG. 12. Dependence of the critical densityrc* on the reduced
cutoff distanceRc* , for L* 512 ~squares!, L* 515 ~diamonds!, and
L* 518 ~triangles!.
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13, showing the same tendency as the observed one in
critical parameters. It is interesting to note that the vap
branches coincide~except close to the critical point! for Rc
.3s6 . We conclude from this observation that is in th
liquid branch where the ionic fluid differs mostly from th
associated pair system.

V. DISCUSSION AND CONCLUSIONS

In summary, an exact ‘‘chemical’’ representation of th
ionic system as a mixture of (1,2) associated ion pairs an
free ions has been introduced. This representation, clo
related to the Stillinger-Lovett pairing procedure for th
RPM, has the advantage of not only providing an ex
matching of the physical and chemical representation th
modynamics, from a microscopic point of view; it als
avoids an entropy catastrophe that occurs for the tethe
dimer model studied at large values of the tether length. T
addition to the physical Hamiltonian of some new pairwi
hard-core interactions between the chemical compon
provides a suitable Hamiltonian for the chemical represen
tion. In the low temperature and low density regime,
which the ionic vapor-liquid transition occurs, such a rep
sentation provides a faithful characterization of the mic
scopic structure of the ionic fluid, and it can be the basis
improved theoretical approaches.

The analysis of the phase behavior of the system o
composed of associated pairs, indicates strongly that
ionic fluid vapor-liquid transition is driven by them. ForRc
&3s6 , the critical temperature increases withRc , as more
energetically favored configurations are allowed. ForRc
*3s6 , the critical parameters converge smoothlyfrom
above towards the ionic fluid critical parameters asRc in-
creases. This fact indicates not only that the free ions do
drive the phase transition, but also they have the oppo
effect in the transition. The value ofRc'3s6 corresponding
to the maximum on the critical temperature, can be regar
as the optimal size of the associated pair.

Some remarks on the limitations of the present work

FIG. 13. Gas-liquid coexistence curves forRc* 51.02 ~circles!,
Rc* 53 ~squares!, Rc* 55 ~diamonds!, and the free ion system~tri-
angles!.
4-9
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appropriate at this point. We have focused only on the ef
of the associated pairs in the thermodynamical propert
However, the conducting character of the ionic fluid is co
pletely driven by the free ions. On the other hand, the
markable success of pairing theories~even when the ‘‘chemi-
cal’’ representation they implicitly use is not complete
correct! remains unexplained. It is possible that the asso
ated pair solvation, in addition to the ion-ion correlation
can mimic the pair-pair interactions. Further studies
needed to completely solve the origin of the ionic flu
vapor-liquid phase transition.
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