-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by idUS. Depésito de Investigacion Universidad de Sevilla

Noname manuscript No.
(will be inserted by the editor)

Robustness of non-autonomous attractors for a
family of nonlocal reaction-diffusion equations
without uniqueness

Tomas Caraballo - Marta
Herrera-Cobos - Pedro Marin-Rubio

Received: date / Accepted: date

Abstract In this paper, we consider a non-autonomous nonlocal reaction-
diffusion equation with a small perturbation in the nonlocal diffusion term
and the non-autonomous force. Under the assumptions imposed on the viscos-
ity function, the uniqueness of weak solutions cannot be guaranteed. In this
multi-valued framework, the existence of weak solutions and minimal pull-
back attractors in the L?-norm are analysed. In addition, some relationships
between the attractors of the universe of fixed bounded sets and those asso-
ciated to a universe given by a tempered condition are established. Finally,
the upper semicontinuity property of pullback attractors w.r.t. the parameter
is proved. Indeed, under suitable assumptions, we prove that the family of
pullback attractors converges to the corresponding global compact attractor
associated to the autonomous nonlocal limit problem when the parameter goes
to zero.
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1 Introduction and statement of the problem

Recently nonlocal problems have attracted attention of many authors because
nonlocal terms allow to give more accurate results, for instance, in physics (cf.
[8,16,54]), engineering (cf. [39,6,37,40]), and population dynamics (cf. [42,23,
21]). If one considers the parabolic diffusion equation

du

o~ Du=f, (1)
being u the density of population, we are not considering, for instance, what
the behaviour of the population is when an area is overcrowded or isolated.
However, if the diffusion term were nonlocal, this behaviour could be consid-
ered. Therefore, the obtained results would be more accurate if these effects
were taken into account (e.g., cf. [22,23]). A variant of problem (1) in search
of the higher accuracy in the results is settled in [42]. The nonlocal parabolic

equation
Z—?a(/ﬂu(z)dz) Au=f (2)

is considered, where a € C(R;Ry) and there exists two positive constants
m, M such that
O<m<al) <M VEER. (3)

These are natural conditions of non-degeneracy of a in order to the solution
exists not only in finite-time intervals (see [42] for more details). Observe that
this equation is much more complex than (1), since, for instance, some common
manipulations such as multiplying by u; do not give any information in the a
priori estimates, unlike what happens in the local case (see [3, Chapter 2, p.
32] for more details). Assuming also that the function a is globally Lipschitz,
the uniqueness of a weak solution is guaranteed. Since then, Chipot and their
collaborators have studied the asymptotic behaviour of the solution of nonlocal
evolution problems with uniqueness similar to (2) considering mixed boundary
conditions (cf. [17,26]), different nonlocal terms (cf. [22,24,27]), and even they
have analysed other types of nonlocal evolution equations like the nonlocal p-
laplacian evolution equation (cf. [25]). To that end, different techniques have
been applied such as dynamical systems (cf. [42,24,28]), energy functionals,
global minimizers, and Lyapunov function (cf. [27,25]), which does not always
exist (see [28] for more details). In addition, some results that establish order
relationships among two stationary solutions and the long-time behaviour of
the solution of the evolution problem have also been studied (cf. [23,24,17-
19)).

In the context of attractors, there are several choices to study the asymp-
totic behaviour of the solutions of evolution problems. One can prove the
existence of the global compact attractor in the autonomous framework as in
[42,1]. However, when the equation possesses time-dependent terms, several
approaches from non-autonomous dynamical systems can be used. Namely,
one can do attempts with uniform attractors (cf. [20]), skew-product flows (cf.
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[50]), and pullback attractors (see [38] for more details; also related to random
dynamical systems, cf. [30]). In this paper, we will choose this last approach
because it allows us to minimize the assumptions on the forcing terms and the
resultant objects are strictly invariant in a suitable sense. Indeed, we will not
study the pullback attractors of “fixed” bounded sets, but for a class (called
universe) of families which can move in time and fulfil a tempered condition
(cf. [11,9,33]).

The existence of pullback attractors in L?(£2) for the following nonlocal
non-autonomous equation

du .

T a(l(u))Au = f(u) + h(t) in 2 x (7,00)
with homogeneous Dirichlet boundary conditions was studied in [12] when f
was a sublinear function (see also [29] for a particular close result with expo-
nential decay to zero). Later, we have proved an analogous result (submitted
for publication) for f satisfying

—k—a|s]P < f(s)s <k —aqls|P VseR, (4)

where a1, as, and k are positive constants and p > 2 (see also [51] for a partic-
ular case). In both papers, the function a is assumed to be locally Lipchitz and
the function f fulfilled a monotonicity condition. These two assumptions lead
to the uniqueness of a weak solution. In this paper, we get rid of them to prove
the existence of minimal pullback attractors in the L2-norm for the dynam-
ical system associated to the following perturbed non-autonomous nonlocal
reaction-diffusion problem

du .

i (1—-¢)a(l(u))Au = f(u)+ch(t) in 2 x (1,00),

(P) Y u=0 ondnx (T,00),
u(z,7) =u-(z) in 02,

where 2 C RY is a nonempty bounded open set, 7 € R, ¢ € [0,1), f € C(R)
fulfils (4), and [ € (L%(12))".
Observe that from (4), we can deduce that there exists § > 0 such that

F&) <B(sP™ +1) VseR (5)

Under the more relaxed assumption of less regularity on the function a and
due to the possible lack of uniqueness, the existence of minimal pullback attrac-
tors in L2(£2) is carried out using the theory of non-autonomous multi-valued
dynamical systems (see [47,43,13,36,46,2, 3] for more details). Moreover, rela-
tionships between these attractors and the attractors of the universe of fixed
bounded sets of L?(§2) will be also analysed in this paper making use of the
techniques in [46].

In addition, we will be interested in studying the upper semicontinuity of
attractors with respect to the parameter ¢ (cf. [15, Chapter 3]). Many au-
thors have been interested in studying this robustness property in different
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frameworks. For instance, in the random context, it is studied by Caraballo,
Langa, and Robinson in [10]. There, the upper semicontinuity w.r.t. a pa-
rameter is proved for two problems, a reaction-diffusion and Navier-Stokes
equations, both with a small random perturbation involving additive noise. In
[14], Carvalho, Rodrigues, and Dlotko prove that diffusively coupled abstract
semilinear parabolic systems synchronize by proving the upper semicontinuity
of the associated attractors and the one of a limiting problem. Later, Arri-
eta, Carvalho, and Rodriguez-Bernal prove in [7] this property for a nonlinear
second-order parabolic equation for which the diffusion coefficient was large
in a subdomain of 2. In a multi-valued framework, in [43] the upper semicon-
tinuous behaviour of a family of attractors corresponding to a general class of
parameterized delay differential equations posed in potentially different state
spaces is studied. Now, this property will be analysed in this paper in the
nonlocal framework. As far as we know, in the previous literature there are
no results on the existence of attractors in this multi-valued framework for
problems (P.) neither on their upper semicontinuous behaviour.

The structure of the paper is as follows. The existence of weak solutions is
analysed in Section 2 by using the Faedo-Galerkin approximations and com-
pactness arguments (cf. [41,48]). Section 3 is devoted to recall some abstract re-
sults on the theory of multi-valued non-autonomous dynamical systems. These
results are used in Section 4 to prove the existence of minimal pullback attrac-
tors in L2(2). To that end, we apply an energy method which relies on the
continuity of weak solutions (see [34,35,44,46,33]). Thereupon, we establish
some relationships between pullback attractors. Finally, under some additional
assumptions, we obtain the upper semicontinuity of these pullback attractors
as € — 0 in Section 5. Indeed, we prove that the family of pullback attractors
indexed by e converges to the attractor associated to (Py) when € — 0. [Of
course, here after (Py) denotes the problem (F.) with € = 0.]

Before to start, let us introduce some notation that will be used in the
sequel. As usual, the inner product in L?(§2) will be denoted by (-,-) and by
| - | its associated norm. The inner product in H{(£2) given by the product
in (L2(£2))" of the gradients will be represented by ((-,-)) and by || - || its
associated norm. By (-,-) we represent the duality product between H~1({2)
and Hg(£2) and by || -]/« the norm in H~1(£2). We identify L?({2) with its dual,
and therefore we have the chain of compact and dense embeddings H}(£2) C
L*(2) ¢ H71(£2). Observe that as a result of the previous identification,
we can make an abuse of the notation considering [ € L?(f2) and denoting
(I,u) like {(u). The duality product between LP({2) and L4({2) (where g is the
conjugate exponent of p) will be denoted by (-, -) and the norm in L?(§2) will be
represented by || - || z»(2). We also denote by (-, -) the duality product between
H=Y(2)+ LY(2) and H}(2)NLP($2). Finally, the norm in L"(7,T; X), where
r > 1 and X is a separable Banach space, will be denoted by || - ||z» (7.7, x)-

In what follows we assume that h € L? (R; H=(£2)) and u, € L?(£2).

loc
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Definition 1 A weak solution to (P.) is a function u that, for all T > T,
belongs to L>(r,T; L*(2)) N L*(, T; HY(2)) N LP(1,T; LP(2)), with u(r) =
ur, and such that for all v € H}(£2) N LP(£2)

%(U(t), v) + (1 = e)a(l(u(®))((u(t), v)) = (f(u(t)), v) +(h(t),v),  (6)

where the previous equation must be understood in the sense of D'(r, 00).
Remark 1 If u is a weak solution to (F:), then, from (3), (5), and (6) we
deduce that v’ € L?(7,T; H=(2))+L4(r,T; L4(£2)) for any T' > 7. Therefore,

u € C([r,00); L?(£2)) (cf. [41, Théoreme 2, p. 575]) and the initial datum in
(P-) makes sense. Moreover, the following energy equality holds

u(OF + 201~ ) [ alt(uo))fu()]dr
—fus)? +2 / (f(ulr), u(r))dr + 2 / (W), u(r)dr (7)

for all 7 < s <t (cf. [31, Théoreme 2, p. 575], [53, Lemma 3.2, p. 71]).

2 Existence of a weak solution

In this section, we will study the existence of weak solution to (P:). It is worth
noting that we do not impose any assumptions of smoothness on f2.

Theorem 1 Assume that the function a € C(R;R4) fulfils (8), € € [0,1),
f € C(R) satisfies (4), h € L? (R; H-1(2)), and | € L?(2). Then, for all

loc
T € R, u, € L*(92), there exists at least one weak solution u to (P:).

Proof Consider fixed T" > 7. For each integer n > 1, we denote by
un(t) = enj(twy,
j=1

a local solution of

— (un(t), wj) + (1 = €)all(un(t)))((un(t), w;))

dt ’ (8)
= (f(un(t))’ j) + €<h(t)awj>a a.e. t>T,
Un (1), w;) = (ur, wj), ji=1,...,n,

where {w; : j > 1} C Hj(£2) N LP(£2) is a Hilbert basis of L?({2) such that
Unen span{ws, ..., w,} is dense in H (£2)NLP(£2). Now, multiplying by ¢y, (t)
in (8), summing from j = 1 to n, and using (3), we obtain

5 lun@F + (1 = e)mllun(@)l* < (f (un(t)), un(t) + e(h(t), un(t))  (9)
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a.e. t € (1,Ty), where (7,T},) is an interval of existence of solutions to (8) by
the Carathéodory Theorem.
From (4),

(F(un (), un(t) < K12] — cnllun()]F, ) 2.t € (7,T).

On the other hand, using the Cauchy inequality (cf. [32, Appendix B, p.
622]) and taking into account that € € [0,1), we have

wm%wsgrigwwmﬁifmmmw ac. t € (r.T).

*E)

Therefore, taking these two inequalities into account, from (9) we deduce
ilu (OF + (1= e)mllun(®)|? + 20allun(t)]|2, o) < 26102] + ———||A(1)]?
e " " 2 e (2) = (1—¢)m *

a.e. t € (1,T,,). Now, integrating between 7 and ¢ € (1,T5,),

t t
O + (1= [ fuao)Pds + 200 [ o)y oy
e T
< |UT|2+2HQ(TT)+W/T ||h(S)H3dS

From the above a priori estimate, we deduce that solutions to (8) are defined in
the whole interval [, T, and the sequence {uy, } is bounded in L>°(7,T; L?(£2))N
L2(r, T; HY(2)) 0 LP(r, T; LP(2)).

Now, using (5) and the boundedness of {u,} in L?(7,T; L?(2)), we deduce
that {f(un)} is bounded in L(7,T; L(12)).

The boundedness of {—a(l(u,))Au,} is obtained making use of the bound-
edness of {u,} in L(r,T; H}(£2)) and (3).

Thus, we deduce that there exist u € L>(7,T; L?(2)) N L3(t, T; H}(£2)) N
LP(7,T; LP(92)), & € LY(r,T; L4($2)) and & € L*(r, T; H-1(£2)), and a sub-
sequence of {u,} (relabeled the same) such that

U, = u  weakly-star in L°(r, T; L?(12)),
up, — u  weakly in L2(1,T; H}(£2)),
u, = u weakly in LP(7,T; LP(12)),
flup) = &  weakly in LI(r, T; L1(£2)),
—a(l(un))Au, — & weakly in L2(7,T; H=1(£2)).

(10)

To prove that & = f(u) and & = —a(l(u))Au, we will argue analogously as in
[49, Lemma 2.1] or [4, Proposition 4.1]. Consider fixed w € spanfws, ..., wy].
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Integrating in (8) between ¢ and ¢t + b, with b € (0,7 — 1), t € (1,7 —b), and
using (3) and the Holder inequality, we have

(un(t 4 b) = un(t), w)

t+b t+b
<(1-e)M / () o]l ds + / 1 (n ()] oy 10 o 2y s

t+b
e / 1A($)]l ] ds

<(1 = )b > M[wlll|unll L2(r 7313 (2)) + 0PN o) |Lf W)l Larina(02))
+ bl/QEH’wH ||h||L2(T,T;H*1(Q))-

Since {u,} and {f(u,)} are bounded in L?(7,T; Hi(£2)) and LI(r,T; LI(£2))
respectively, there exists a positive constant C. such that

(n(t+b) = un(t), w) < Ce(0' + b"P)(|[w] + [[w]| Lr(2))-
Then, it fulfils a.e. t € (1,7 — b)
[ (t40) =t ()2 < Ce (b 240" P) ([[tn (t4b) =t (8) | +[|1n (t45) —un (8) [ Lo (2))-

Now, integrating between 7 and 7' — b, we have

T—b T
/ |%@+M—mﬁWﬁ§2awW+Wﬂ/ ([tn ()] + NJeen (r) [ Lo (2) ).

T

Thereupon, using the Holder inequality,
T—b
/ i (4 B) — wn (£)[2dt
<20 (b'/2+b1/P) ((T — )2 unll L2 s 2 20y + (T = T)l/q||Un||LP(r,T;LP(Q))) :

As a result of the previous estimates, there exists a positive constant 65 (T)
such that

T—-b
/ [t (t 4 b) — upn (t))2dt < Co(T)(OY2 +0P) ¥Yn>1 Vbe (0,T 7).
Therefore,

T—b
;ir% sup/ [t (t 4 b) — up (t)[2dt = 0. (11)

In addition, taking into account that {u,} is bounded in L (7, T; L?(£2)),

it satisfies
T+b T
lim sup (/ |un(t)|2dt+/ |un(t)|2dt> =0. (12)
b=0 n r T—b
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Then, since the embedding H}(§2) — L?(£2) is compact and taking into ac-
count (11) and (12), applying [52, Theorem 13.2, p. 97] and [52, Remark 13.1,
p.100], we have that the sequence {u,, } is relatively compact in L?(r, T; L?(2)).
From this, applying [41, Lemme 1.3, p. 12], we identify & and & in (10),
namely

fup) = f(u) weakly in L7, T; LY(12)) (13)
a(l(up))un, — a(l(u))u weakly in L?(1,T; H} (£2)). (14)
Then, if we consider fixed n, ¢ € D(7,T), and w € spanfws, ..., wy], it

holds for all p > n
T

T
- / (up(t), ) (D)t + (1 — <) / a1t ())) (— Dy (1), w) o (1)t

— [ e e [ b

Now, making pu — oo, from (10), (13), and (14), we obtain
T

- / (u(t), w) (£)dt + (1 — ) / a(U(u(t))) (— Auft), w)p(t)dt

-
T

T
- / (F(ut)), w)p(t)dt + e / (), wpt)dt,

for all w € Hg(£2) N LP(£2), since |, oy span{ws, ..., w,} is dense in Hj(£2)N

Lr(02).
Therefore,
(1= ali(w)Au = fu) +eh i DT H(Q) + L9(2))

and taking into account the regularity of f(u), —a(l(u))Au, and h, it fulfils
that u’ belongs to L?(r,T; H=1(£2)) + Li(,T; LI(£2)).

Thus, by the regularity of u and «/, it holds that u € C([r,T]; L*(£2)).
Finally, we only need to check that u(7) = u,.

On the one hand, we fix n > 1, ¢ € H(7,T) such that ¢(T) = 0 and
o(7) # 0, and w € spanfwy, ..., w,], and consider u > n. Then, at light of (8)
we have

T T
— (ur w)ip(r) / (up(t), ) (D)t + (1—<) / a1t (1))) (— Dy (8), w) p(£)

r
T

- / (F (), w)p ()t + € / (h(t), w)p(t)dt.

T

Now, taking limit when yu — oo,
T

T
~ (ury w)p(r)- / (ult), w)g! (D)t + (1 — ) / a(1(u(t))){~ Au(t), wyp(t)dt

T T
T

- / (F(ult)), w)p(t)dt + e / (h(t), w)p(t)dt. (15)
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On the other hand, from (6) we deduce

T T

~(ur)w)e(r)= [ (ult) w)e (O +(1 = 2) [ aliluE) - Au), (o)

T T
T

T
- / (F(ult)), w)p(t)dt + e / (), w)pt)dt.

Then, comparing (15) with this last expression, it holds that (u,,w)p(r) =
(u(7),w)p(r) with w € span|ws,...,w,]. Finally, taking into account that
¢(1) # 0 and {w,} is a Hilbert basis of L?({2), we conclude that u(r) = u..

Since a weak solution on an arbitrary finite time-interval [, T] has been
obtained, then we may now repeat the argument, say, on an interval of the
form [T, T + 1], then on [T + 1, T + 2], etcetera, concatenating these solutions
to obtain a weak solution well-defined globally in time.

3 Abstract results on multi-valued process and pullback attractors

In this section, we briefly recall some abstract results on multi-valued non-
autonomous dynamical systems (cf. [47,43,13,36,46,2,3]) which we will use in
the following section to prove the main results of this paper. In addition, we
will show results which allow us to establish relationships between pullback
attractors (cf. [46]).

Let (X,dx) be a metric space and R? = {(t,s) € R? : ¢ > s}. In what
follows, we denote by P(X) the family of all nonempty subsets of X.

Definition 2 A multi-valued process (also called multi-valued non-autonomous
dynamical system) U on X is a family of mappings U(t,7) : X — P(X) for
any pair (¢, 7) € RZ, such that

(i) U(r,m)x={z} VT e RVz € X.

(i) Ut,m)x C U(t,s)(U(s,7)x) V7 < s < t Vo € X, where U(t,7)W :=
Uyew Ut T)y YW C X.

Observe that if the relationship given in (ii) is an equality instead of an
inclusion, the multi-valued process U is called strict.

Definition 3 A multi-valued process U on X is upper-semicontinuous if the
mapping U (¢, 7) is upper-semicontinuous from X into P(X) for all (¢, 7) € R2,
i.e. for any € X and for every neighborhood A in X of the set U(t, )z,
there exists a value € > 0 such that U(¢,7)y C N provided that dx(z,y) < €.

Now, we consider a universe D, that is a nonempty class of families pa-
rameterized in time D = {D(t) : t € R} C P(X) and a family of nonempty
sets Do = {Dy(t) : t € R} C P(X).

Definition 4 A universe D is inclusion-closed if given D€ D and D’ = {D'(¢) :
t € R} € P(X) with D'(t) C D(¢) for all t € R, it fulfils that D’ € D.
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Definition 5 A family Dy = {Do(t) : t € R} is said to be pullback D-
absorbing for a multi-valued process U if for every t € R and D € D, there
exists 7(D,t) < ¢ such that

U(t,7)D(r) C Do(t) V7 < 7(D,?).

Definition 6 Given a family of nonempty sets D = {D(t) : t € R} C P(X), a
multi-valued process U on X is pullback ﬁ-asymptotically compact if for any
t € R and any sequences {7,} C (—o0,t] and {x,} C X such that 7, — —oc0
and x,, € D(7,), it fulfils that any sequence {y,} is relatively compact in X,
where y,, € U(t, 7,)xy, for all n.

Definition 7 A multi-valued process U on X is pullback D-asymptotically
compact if it is pullback D- asymptotically compact for any D eD.

Definition 8 A pullback D-attractor for a multi-valued process U on X is a
family Ap = {Ap(¢t) : t € R} C P(X) such that

1. for any t € R, the set Ap(t) is a nonempty compact subset of X;
2. Ap is pullback D-attracting, i.e.

lim distx(U(t,7)D(7), Ap(t)) =0 VD eD VteR,

T——00

where distx(-,-) denotes the Hausdorfl semi-distance in X between two
subsets of X;
3. Ap is negatively invariant, i.e.

Ap(t) cU(t,7)Ap(1) V(t,7) € RA

A pullback D-attractor Ap is said to be minimal if it satisfies that if there
exists another family of closed sets C'= {C(t) : t € R} such that it is pullback
D-attracting, then Ap(t) C C(¢) for all ¢t € R.

Observe that pullback attractors are not unique in general (cf. [45]); however,
the minimal pullback attractor is, therefore, in the sense of minimality, one
recovers uniqueness of pullback attractor.

In what follows, we denote the omega-limit set of lA)O at time t by

A(Dy, t) ﬂUUtTDO ,

s<t71<s

where {...} } denotes the closure in X.

The following result ensures the existence of a pullback D-attractor for a
multi-valued process U (this generalizes slightly the results from [13,3], see
also [46]; the proof is very similar so we omit it).
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Theorem 2 Assume that U is an upper-semicontinuous multi-valued process
with closed values, Dy = {Dy(t) : t € R} C P(X) is a pullback D-absorbing

family and also suppose that U on X is pullback Dg-asymptotically compact.
Then, the family Ap = {Ap(t) : t € R} defined by

Ap(t) = U A(B,t)X vVt e R

Dep

is the minimal pullback D-attractor and Ap(t) C Do(t)X for allt € R.

If Ap € D, then it is the unique family of D that satisfies the properties
1-8 given above. In addition, if the multi-valued process U is strict, then Ap
1s strictly invariant under the process U, i.e.

Ap(t) =U(t,7)Ap(1) V(t,T) € R2.

We denote by Dy the universe of fixed nonempty bounded subsets of X,
i.e. the class of all families D of the form D = {D(t) = B :t € R}, where B is
a fixed nonempty bounded subset of X.

Now, we establish some relationships between pullback attractors (for more
details see [46]).

Corollary 1 Under the assumptions of Theorem 2, if DX C D, then A'Dl{f =
{Apx(t) : t € R}, where

X
Apx(t)= |J AB1)
B bounded

is the minimal pullback D3 -attractor for the multi-valued process U and the
following relationship holds

Apx () C Ap(t) VEeR.

Corollary 2 Under the assumptions of the previous corollary, if there exists
T € R such that the set J;oq Do(t) is bounded in X, then

ADI{E (t)=Ap(t) Vt<T.

4 Minimal pullback attractors in L?(£2)

In this section, the existence of minimal pullback attractors in L?(§2) will be
analysed using the results given in Section 3. In addition, we establish relation-
ships between pullback attractors. Finally, under some additional assumptions,
we will prove the upper semicontinuity of pullback attractors as e — 0.

In what follows, we denote by @°(7,u,) the set of weak solutions to (P:)
in [7,00) with initial datum u, € L?(£2).
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Now, we define a multi-valued map U® : R% x L?(2) — P(L*(£2)) as
US(t, T, = {u(t) :u € &°(1,u.)}, 7<t, wu, €L*R). (16)

Firstly, we establish the following natural result, the multi-valued map U®
is a strict multi-valued process. Roughly speaking, this is a consequence of the
translation and concatenation properties of the weak solutions. The proof is
not difficult, so we omit it for the sake of brevity.

Lemma 1 Assume that the function a € C(R;Ry) fulfils (3), e € [0,1), f €
C(R) satisfies (4), h € L? (R;H™1(£2)), and | € L?(2). Then, the multi-

valued map U given by (16) is a strict multi-valued process on L?(£2) for all
e€l0,1).

Remark 2 Observe that when ¢ = 0, U°(t,7) = S(t — 7) for all (¢,7) € RZ,
where S is the multi-valued semiflow associated to the weak solutions of (Fy).
It is obvious that the dynamical system generated by (P) is autonomous. We
will also keep the notation @Y for the set of solutions to (P).

Now, for each fixed e, we have the following continuity result concerning
the weak solutions to (P:). To do this, we will apply an energy method which
relies on the continuity of weak solutions (cf. [34,35,44,46,33]).

Proposition 1 Under the assumptions of Lemma 1, if {u?} C L?(R2) is a
sequence such that u — wu, strongly in L*($2), then for any sequence {u™}
with u™ € @°(7,ul) for eachn > 1, there exist a subsequence of {u™} (relabeled
the same) and v € 9°(7,u,) such that

u™(s) — u(s) strongly in L*(2) Vs >T. (17)

Proof Fix 7 < T. From the energy equality and taking into account (3), it
follows

SO + (L= mlla () < (7" (6), 0™ (1)) + {h(2),u" (1)

a.e. t € (7,T). Then, taking into account that
(f(u" (@), u"(t)) < 62| = axl|lu" )7, ae t>T,

<0 < L+ 50

lu"(®))? ae. t>T,

it holds

ilun(tﬂ? + (1 = e)mllu (O + 2az2]lu™ (O, < 26192 + iHh(lﬁ)l\2
dt ? Lr(@) = (1—e)m *

a.e. t > 7. Integrating between 7 and t € (7, T], we have
t t
W @F + (1= 2m [ [a(s)[Pds + 20z [ (6l oy

n 52 r
< P+ 20107 =)+ e [ (o) s
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Thus, the sequence {u"} is bounded in L (7, T; L*(2)) N L*(1,T; H} (£2))
N LP(7,T; LP(£2)). From this, taking into account (3) and (5), we deduce that
the sequences {—a(l(u"))Au"} and {f(u™)} are bounded in L?(7,T; H=1(£2))
and Li(7,T; L({2)) respectively. Therefore, the sequence {(u™)'} is bounded
in L2(7,T; H=Y(£2))+L%(r, T; LY(£2)). Then, applying the Aubin-Lions lemma,
there exists a subsequence of {u"} (relabeled the same) and u € L (7, T; L*(§2))
N L23(r,T; HY(2)) N LP(7,T; LP(2)) with derivative v’ € L*(r,T; H1(£2)) +
Li(7,T; LY({2)), such that
u™ 5w weakly-star in L°(7, T; L2(12)),
u™ —u  weakly in L*(r,T; H}(02)),
u™ —u weakly in LP(7,T; LP(S2)),
u™ — u strongly in L?(7,T; L2( ),
u™(s) — u(s) strongly in L?(£2), a.e. (7,T),
(u™) — v’ weakly in L?(7,T; H™ ( )) + L(r, T; LY(£2)),
Ju™) — f(u) weakly in L(r, T: L%(22))
—a(l(u™)Au"™ — —a(l(u))Au  weakly in L?(7,T; H=1(£2)),

(18)

where the limits of the two last convergences have been obtained applying [41,
Lemme 1.3, p. 12].

From (18) it is not difficult to check that u fulfils (6) in the interval (7, T).
In addition, taking into account that u € C([r,T]; L?(2)) and arguing as in
the proof of Theorem 1, it holds that u(7) = w,. Therefore, u € &°(7, u,).

Now we prove (17). By the boundedness of {(u")'} in L?(r,T; H=1(2)) +
L4(7,T; L(£2)), it holds that {u"} is equicontinuous in H~1(£2) + L4(£2) on
[T, T). Besides, since {u"} is bounded in C([r,t]; L?(2)) and the embedding
L?(2) — H71(02) + L9(N2) is compact, applying the Ascoli-Arzela Theorem,
we have (for another sequence, relabeled again the same) that

u" — u  strongly in C([r,T]; H~'(2) + L1(2)).

From this, and taking into account the boundedness of {u"} in C ([, T]; L*(£2)),
we obtain
u"(s) — u(s) weakly in L*(Q2) Vs € [r,T). (19)
On the other hand, the following estimate

|2(s)]% < |2(r)]? 4 26|92|(s — r) + / |R(0)|2d0 V7 <r<s<T

21 —¢e)m J, 20)

holds with z replaced by w or any u".
Now, we define the following functions

) = ) = 2e182ls = 5= [ i)
7(s) = (o) = 26182ls — 5= / )
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Observe that the functions J and J, are continuous on [r,T] for all n
thanks to the regularity of v and all «™. In addition, by (20), these functions
are non-increasing on [7,T]. Now, taking into account (18), one deduces that

Jn(s) — J(s) ae. se(r,T).
In fact, it can be proved that
In(s) — J(s) Vs e [r,T]. (21)

To do this, consider fixed sg € (7, T]. Now we will prove that J,(so) — J(s0).

Let {sm}m>1 C (7,T) be a sequence such that J,(sy,) — J(sp,) for all
m > 1 and s, T so. Then, given € > 0, there exist m(e) > 1 and n(e) > 1 such
that

[T (sm) = J(s0)| <

| Jn(8m(e)) = J(8m(e)] <

Vm > m(e),

NN  NNNe

Vn > n(e).
Now, as J,, are non-increasing on [r, T,

Jn(SO) - J(SO) = Jn(SO)_Jn(sm(e))+Jn(Sm(e))_J(Sm(e))+J(sm(e)) - J(SO)
< |Jn(5m(e)) - J(Sm(e))| + |J(5m(e)) - J(50)|
<e Vn>mn(e).

This means that limsup,, [u"(s0)|> < |u(so)|?, but from (19) it holds that
|u(sp)|? < liminf, |u™(sp)|* too. Therefore, (21) holds, and thus, from (19)
once more, (17) is satisfied in [, T]. It is clear that repeating this procedure
in [r,T + 1], [r,T + 2], and so on, and using a diagonal argument, then (17)
holds for all s > 7 for a suitable subsequence.

The next result shows that the multi-valued process U¢ is upper-semiconti-
nuous with closed values for all € € [0,1).

Proposition 2 Under the assumptions of Lemma 1, the multi-valued process
U¢ is upper semicontinuous with closed values for all e € [0,1).

Proof Consider fixed ¢ € [0,1). To prove that the multi-valued process U®
is upper-semicontinuous, we argue by contradiction. Assume that there exist
t > 7, u, € L?(£2), a neighborhood N of U¢(t, 7)u,, and a sequence {yy,} such
that y,, € U¢(t, 7)u”, where u” — u, in L?(£2), and y,, € N for all n € N.

Now, since y,, € U¢(t, 7)ul, there exists u™ € S(7,ul) such that u"(t) = yn.

Taking into account that u” — wu, in L?({2) and using Proposition 1,
there exist a subsequence of {u"} (relabeled the same) and u € &°(7,u,)
such that (17) holds. Therefore, there exists a subsequence of {y,} (relabeled
the same) such that v, — wu(t) strongly in L?(£2). This is a contradiction,
since u(t) € U¢(t, 7)u,. Thus, it satisfies that the multi-valued process U€ is
upper-semicontinuous.

Finally, that the multi-valued process U¢ has closed values follows imme-
diately from Proposition 1.
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The following result will be very useful to define a suitable universe in
P(L?(£2)) for our goals.

Proposition 3 Under the assumptions of Lemma 1, consider u, € L?(2).
Then, for any p. € (0,2(1 —e)A1m), a solution u to (P-) fulfils
2k|£2] g2eHet

u®)|? < e Pty |24
el < fur| pe  2(1—&)m — A\ e

¢
/ el=s||h(s)||2ds Yt > 7.
(22)
Proof From the energy equality, using (3) and (4), we deduce
d
Z @ 201 = e)mllu®)|* < 26|02] + 2e[A@) | u@®)] ae. t> 7.

Adding +puc|u(t)|?, multiplying by e#<!, and using the Cauchy inequality,
we have
t

i(eust|u(t)|2) < 2k|02]etet + Sttt —|h@)]? ae. t>T.
dt 2(1—e)m — pAy

Finally, integrating between 7 and ¢, (22) holds.
Now, we can define a suitable tempered universe in P(L?(£2)).

Definition 9 The class of all families of nonempty subsets D = {D(t) : ¢ €
R} C P(L?(£2)) such that

lim (e’ sup [v]* | =0
T oo veED(T)

is denoted by DﬁZ for all > 0.

It is worth noting that Dfpz C Df and Df is inclusion-closed.

To prove the existence of a pullback absorbing family, we will assume that
there exist a couple of values ¢ € (0,1) and pe, € (0,2(1 —g9)A1m) such that
the function h satisfies

0
/ et=0||h(s)|?ds < oo. (23)
Actually, once that such couple (g, 1c,) does exist, it holds trivially that
for any € € [0,g9) it is possible to obtain the above estimate for some p. €
(0,2(1 — e)A\ym). Namely, it suffices to use pe = fic,-

Proposition 4 Under the assumptions of Lemma 1, if the function h also
satisfies (23), then, for any e € [0, 0] the family D§ = {D§(t) : t € R} defined
by D5(t) = Br2(0,(R5,(t)Y2), the closed ball in L?(£2) of center zero and
radius (R, (t))'/2, where

2k| 12| . g2eHet /t
He 2(1 - E)m - >‘1_1,u'8 —o0

r2(t) =1+ et ||h(s)|ds,
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s pullback Dﬁ: -absorbing for the multi-valued process U : Ri x L?(02) —
L2(R2). Besides, D5 € Dﬁ:

Proof Consider fixed e € [0,0] and u, € D() € D € Dﬁ: Given (t,7) € R
and u € @° (7, u,), from Proposition 3, we know that « fulfils (22). Now, since
De Dﬁ:, there exists 79(D,t) < t such that

ey 2 <1 Vr < 7o(D, ).

Therefore, from this, (22), and the fact that h satisfies (23), we conclude the
result.

Now, to prove the pullback ’Dﬁj-asymptotic compactness, we will use the
following estimates.

Lemma 2 Under the assumptions of Proposition 4, for any e € [0,g¢], t € R,
and D € Dﬁj, there exists T1(D,t) <t — 2, such that for any T < 71 (D, t) and
any ur € D(7), the solutions to (P.) satisfy

fu(rs 7y un)? < pi(t) V€ [t —2,4],

[ tutsimanias < gste) vre -, -
[ s ts < S22 50 vre fr- 1.,
where
R I L
€ - - M g J —0o0
1 52 T
200 = g (50 20000 o e [ o))

Proof The first inequality of (24) involving the expression p§ can be proved
analogously as in the proof of Proposition 4 if 7 < 71(15, t) < t—2 (far enough
pullback in time) because of our choice of tempered universe and taking into
account (23). As in Proposition 1, we have

S hu(s)? + (1 = mlfu(s) [ < (Fus)), u(s)) +e(his) uls)) e s> 7.

Now, using (4) and the Cauchy inequality, we have

2

€ 2
—(s)]

d
—[u(s)]* + (1 = e)mllu(s)]|* + 20[lu(s)]7, (o) < 26102 + T—om

ds
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a.e. s > 7. Then, we deduce for all 7 < r — 1 that
) + 0 =hm [ u(s)|Pds 200 [ (o) s

g2 "
< —D]* +26|2| + ——— h(s)|2ds.
< fulr = DR + 26120+ = [ o) s
In particular, from above and the first inequality in (24), we conclude the
proof.

Now, we are ready to prove that for any ¢ small enough (namely, less
than or equal to g, after (23)), the multi-valued process U¢ is pullback Dﬁj—
asymptotically compact. To that end, we argue analogously as in the proof
of Proposition 1, making use of continuous and non-increasing functions. We
only provide a brief sketch and omit the details, for the sake of brevity.

Proposition 5 Under the assumptions of Proposition 4, for any e € [0,&q],
the multi-valued process U® is pullback Dﬁj—asymptotically compact.

Proof Fix e € [0,20], t € R, a family D € Dﬁ:, a sequence {7,} C (—o0,t — 2]
with 7, — —o0, and u,, € D(7,) for all n. Let us prove that any sequence
{y™}, where y" € U¢(t, 7, )u., for all n, is relatively compact in L?(§2). Observe
that since y™ € U®(t, 7,)ur, , there exists u"™ € ®°(7,,u,,) such that u™(t) =
y".

On account of Lemma 2, there exists Tl(lA),t) < t — 2 satisfying that, if
ny > 1 is such that 7, < Tl(ﬁ,t) for all n > nq, {u"}n>n, is bounded in
Lot — 2,4 L2(2)) N L2(t — 2,t; HY(2)) N LP(t — 2,t; LP(£2)). With regard to
the nonlinear terms, using (3), it holds that {—a(l(u"))Au™},>n, is bounded
in L2(t — 2,t; H-1(£2)), and using (5), we can prove that {f(u™)}n>n, is
bounded in LI(t — 2,¢; L9(£2)). As a result, {(u")' }>n, is bounded in L?(t —
2,t; H=Y(92)) 4+ L4(t — 2,t; L9(2)). Then, using the Aubin-Lions compactness
Lemma, there exists an element u € L (¢t — 2,¢; L*(2))NL*(t — 2,¢; HY(2))N
LP(t —2,t; LP(£2)) with u' € L2(t —2,t; H=*(2)) + LI(t — 2,t; L9(£2)), such
that for a subsequence (relabeled the same) it follows

u™ 5w weakly-star in L®(t — 2,t; L(12)),
u” —u  weakly in L?(t — 2,t; H}(02)),
u = u  weakly in LP(t — 2,t; LP({2)),

(u™) —u' weakly in L2(t — 2,t; H=1(2)) + Li(t — 2,t; LY(2)),
u™ — u  strongly in L?(t — 2,t; L?(02)),

u™(s) — u(s) strongly in L?(£2) a.e. s € (t — 2,1),

—a(l(u™)Au™ — —a(l(u))Au  weakly in L2(t — 2,t; H=(£2)),
fu™) = f(u) weakly in LI(t — 2,t; LI(12)).

(25)
Observe that u € C([t — 2,t]; L?(£2)), and due to (25), v fulfils (6) in the
interval (t — 2,1).
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From (25) it holds that {u"},>,, is equicontinuous in H~1(£2) + L(£2)
on [t — 2,t]. Moreover, since {u"},>,, is bounded in C([t — 2,t]; L?(£2)) and
the embedding L2(£2) — H~1(£2) + L(£2) is compact, by the Ascoli-Arzela
Theorem, we have (for another sequence, relabeled again the same) that

u" — u  strongly in C([t — 2,t]; H*(2) + LY(12)). (26)

Using the boundedness of {u"},>n, in C([t — 2,t]; L?(2)), for any sequence
{tn} C [t — 2,t] with t,, — ¢, it fulfils

u™(ty,) — u(t,) weakly in L*(§2), (27)

where the weak limit has been identified using (26).
Now, analogously to the proof of Proposition 1, it is not difficult to conclude
that
u™ — u strongly in C([t — 1,t]; L*(12)),

which implies in particular that the multi-valued process U is pullback Dﬁj-
asymptotically compact. We omit the details for the sake of brevity.

Now, we can establish the main result of this section.

Theorem 3 Assume that the function a € C(R;Ry) satisfies (3), f € C(R)
fulfils (4), h € L} . (R; H=1(82)) and there exist eg € (0,1) and pe, € (0,2(1 —
g0)A\1m) such that (23) holds, and l € L*(£2). Then, for all processes U¢ with
e € (0,20], there exist the minimal pullback DL -attractor A 2 = {ADLQ( ):

t € R}, and the minimal pullback ’DL -attractor ADL2 = {ADLQ( )it € R},

which is strictly U®-invariant.
In addition, the family A L2 belongs to DL and the following relationships

hold
(t) C AS,,2(t) C Br2(0, (R3-(t)/?) VteR Ve € [0,e0].

L2
D He

Moreover, if there exists some uz, for some €y € (0, 0] such that h fulfils

sup (6“505 / e“foe|h(9)||fd9) < o0, (28)

s<0 —00

then ADL2( )= DLQ( ) for allt € R and for all € € (0, &p).

He

Proof Thanks to Corollary 1, the existence of the minimal pullback Dﬁj-

attractor Ap 12 and the minimal pullback DL -attractor A and the re-

DL?»
lationship between them are guaranteed. Namely, the upper semlcontlnulty of
the multi-valued process with closed values (cf. Proposition 2), the relationship
between the universes, the existence of a pullback Dﬁ:—absorbing family (cf.

Proposition 4), and the pullback Dﬁ:-asymptotic compactness in the L?-norm
(cf. Proposition 5) hold.
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L2
Besides this, the fact that Ap.2(t) C Do(t) for all t € R holds by using
Theorem 2. In addition, since Dy € Dﬁj, the set Dg(t) is closed for all t €

R, and the universe Dﬁj is inclusion-closed, the family A2 belongs to the
He

tempered universe Dﬁj Then, from this, and taking into account that U® is
a strict multi-valued process, we deduce that the family Ap.2 is in fact the
He

strict minimal pullback Dﬁj for the multi-valued process U*®.

Finally, taking into account (28), it can be proved that for each € € (0, &p),
Ui<rR5 > (t) is bounded for each T' € R, where Rj. is given in Proposition 4.
Therefore, for each U®.¢ (g z,) both families of attractors coincide (cf. Corollary
2).

Remark 8 The case ¢ = 0 can be deduced from the above results, but treated
more easily since there is no h term in problem (Fp). Consequently, as said
in Remark 2, the equation is autonomous and the generated family of multi-
valued maps by the solution operator is a multi-valued semiflow S and satisfies
S(t—7) = U, 7). Under the above assumptions, a global compact attractor
A° in L?(§2) exists, and it can be seen as pullback attractor not only for the
universe Df,ﬂ2 but also for the tempered universe Dﬁz where po = 2A1m (cf.
Propositions 3 and 4). Namely, A%, (t) = A for all t € R.

L2
DMO

5 Robustness of attractors w.r.t. the parameter

Finally, we will study the upper semicontinuous behaviour of the attractors
AL L2 (t) as e — 0 for all ¢ € R. Namely, we will prove that this family of
He

attractors converges upper semicontinuously to the global compact attractor
A° of the multivalued semiflow S (or alternatively the multivalued process
U?) associated to problem (P). To do this, roughly speaking we will argue by
contradiction and make use of a sequential continuity result in the spirit of [5,
Theorem 7]. (However, observe that now the parameter ¢ is also changing.)

Theorem 4 (A continuous dependence result) Assume that the function
a € C(R;Ry) fulfils (3), f € C(R) satisfies (4), h € L? (R; H~(12)), and
l € L*(2). Consider also sequences {e,} C (0,1) with lim, e, = 0 and {u”} C
L2(0) such that u — u, weakly in L*(£2). Then, there exist a subsequence of

{un} (relabeled the same), us" € @~ (1,u?), and u® € ®°(,u,) such that for
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all T > 7 the following convergences hold:

ut >’ weakly-star in L=(1,T; L*(12)),

ut —u®  weakly in L?(1,T; HY(R2)),

utr — u®  weakly in LP(1,T; LP(12)),

en sl strongly in L?(r,T; L?(12)),
futm) = f(u®)  weakly in L9(7,T; L(12)),

—a(l(u®))Autr — —a(l(u®))Au®  weakly in L*(r,T; H=1(12)),
(us) — (u®)  weakly in L?(1,T; H-(£2)) + LI(r,T; L(£2)),
u (t) — u®(t)  strongly in L*(82) for all t > 7.

u

(29)

Proof Step 1: We will establish all the convergences in (29) but the last.
Consider fixed (T, 7) € R? and a sequence {u”} such that u” — u, weakly
in L2(£2). We will prove this step 1 in the interval (7, T). It is standard, using
the same procedure in intervals of the form (7,7 + 1), (7, T + 2), etcetera, and
a diagonal argument, that all the convergences (but the last one) hold for all
T>rT.
Since each u®" is a weak solution to (P, ) in [7, T, from the energy equality,
using (3), we have
1d
sa™” (OF + (1 —en)m|u= @) < (f(w™ (1), u () + enlh(t), u (¢))
a.e. t € [1,T]. Observe that v := max,{e,} € (0,1). Then, using this, (4) and
the Cauchy inequality, we obtain

enllh @I

d En 2 En 2 En b
g OF + (= mlum O + 202 [u™ Ol 9) < 26l2)+ F S0

a.e.t € [, T]. From this, we deduce that {u®"} is bounded in L*°(7,T; L*(£2))N
L3(1,T; HY(2)) N LP (7, T; LP(£2)). Besides, using (3) and taking into account
the boundedness of {u"} in L?(7, T; H} (£2)), we deduce that {—a(l(u®"))Auc}
is bounded in L?(7,T; H~1(£2)). Finally, from (5) and the boundedness of
{usn} in LP (7, T; LP(£2)), we obtain that { f(u)} is bounded in L(7, T'; L4(12)).
From all this and bearing in mind that
dus
dt
we have that {(u")'} is bounded in L?(7,T; H=Y(£2)) + L4(,T; L(£2)).
Then, using the Aubin-Lions lemma, there exist a subsequence of {u*~} (re-
labeled the same), u® € L2(r,T; H} (£2)) N LP(7,T; LP(2)) N L (7, T; L*(£2))
with (u®) € L2(7,T; H=1(2))+ L%(7,T; L1(£2)), such that (29) holds.
Actually, by the Dominated Convergence Theorem, we will also assume
that this subsequence is such that

= (1—ep)a(l(u®"))Au® + f(u*") +ep,h  in D' (7, T; H-H(2) + LI(2)),

u (t) — u®(t) strongly in L?(2) a.e. t € (1,T). (30)
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Now, we check that u®(t) € U%(t,7)u, with ¢ € [r,7]. Since u®" is a weak
solution to (P, ), if one considers v € Hi(£2) N LP(£2) and ¢ € D(7,T), then
T

T
- [ w00 O+ (-2 [ ale O (e 0,000

-
T

= [ G @0+ e, [ no. et

T

Using (29) and taking into account that lim, . &, = 0, then

T T T
f/mewmﬁmwjawwm»mﬂmmmmﬁ:/UWWmewﬁ

Therefore, u® is a solution to the equation in (Pp). To conclude that u° €

@°(7,u,), we need to check that u’(7) = wu,. But this is standard, using
v € H}(2)NLP(2) and ¢ € HY(1,T), with (T) = 0 and (1) # 0, as
test elements in the problems (P:, ) in [r,T]. Then, after passing to the limit,
bearing in mind (29) and the fact that u” — wu, weakly in L?(£2), we deduce

T

= [ @000 Ot~ (ur,v)e(r) + [ @ ON (00,00

T

On the other hand, the same test element vy in (Pp), after integration between
7 and T, yields

T T
= [ 6008 Wt @)oo + [ a0, o)t
— [ s

Comparing both expressions, since ¢(7) # 0 and H}(£2) N LP(£2) is dense in
L?(92), it turns out that u%(7) = u..

Step 2: The last convergence in (29) holds.
Observe that from the energy equality (7), we deduce

2 s
lus" (s)]? < |u6n(r)|2+2n|9|(sr)+_€77;m/ |h(0)|2d0VT <r<s<T.

2(1
Analogously, v fulfils
[uf(s)|* < [u’(r))?* +26]2|(s —r) Vr<r<s<T.
Then, we have the following continuous functions on [, T
e

- — En 2_2 Q _ /S 2
Jen(8) = o (8) = 21820s - g [ ()2,

Jo(s) = |u’(s)|* — 2k[92]s.
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From the above inequalities, one deduces that the functions Jy and J;, , for
all n, are non-increasing on [r, T']. In addition, from this, (29) and (30), it can
be proved analogously as in the proof of Proposition 1 that

Je, (8) = Jo(s) Vs e (r,T].
Therefore, we deduce

nlingo [us (s))? = [u®(s)|* Vs € (r,T]. (31)
On the other hand, analogously as in the proof of Proposition 5, taking
into account the boundedness of {u*"} and {(u*")'} in C([r,T]); L*(£2)) and
L2(7,T; H-Y(2)) + L9(7,T; L)) respectively, and the compactness of the
embedding L?(2) — H~Y(2) + L4(£2), the Ascoli-Arzeld Theorem implies
that
ut — u®  strongly in O([r, T]; H~1(2) + L1(£2)).

Since {u"} is bounded in C([r, T]; L?(£2)), we obtain
u (s) = u’(s) weakly in L2(£2) Vs € [r,T].
From this, together with (31), we conclude the proof.

Now, we are ready to prove the upper semicontinuous convergence of the
attractors A, (t) to A% as e — 0 for all t € R.
Theorem 5 Assume that the function a € C(R;Ry) fulfils (3), f € C(R)
satisfies (4), there exist a couple of values 9 € (0,1) and pe, € (0,2(1 —
g0)A\1m) such that h € L} (R; H™1(2)) fufils (23), and l € L*(£2). Then, the
family {A‘EDL2 (t)}ee(o,29) COnVETgEs upper semicontinuously as e — 0 to A%, the
global compuasct attractor of S, the multivalued semiflow associated to problem
(Po), i.€.
lim dist(AS,.(t),A°) =0 VteR. (32)
e—0 e
Proof We establish (32) by contradiction. Assume that there exist § > 0,
t € R, and a sequence {e,}n>1 C (0, 0] with lim,,_, £, = 0 such that

By the negatively invariance of the pullback attractors, solutions to problems

(P, ) can be constructed inside the attractors, and from above we deduce that

there exists a sequence of such solutions {u*" },,>1 with u®"(t) € Ap.2 (t) such
Hep,

that
d(u®"(t), A°) > 6 VneN. (33)
Since Apr2 (t) € Dg(t) for all n € N and t € R (cf. Theorem 3), and
He

n

D~ (t) € Dg°(t) for all n € N, we obtain that

Apoe () CDP() VtER, ¥n > 1.

Hen
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On the other hand, the pullback Dﬁ:o—absorbing family 133" belongs to
DQL;Im (see Remark 3), so there exists 7(t, 1380,5) < t such that

0

dist(U°(t, 7)DE (1), A%) < = V7 < 7(t, D, ). (34)

[\

From the uniform bound at time 7(¢, Bg“, d) of all the pullback attractors,
{usn(7(t, 1380,5))}”21 is bounded and possesses a subsequence (relabeled the
same) such that u¢" (7(t, DS, 8)) — u, weakly in L2(£2).

Now, applying Theorem 4, we deduce that there exists u® € @%(r,u,)
and a subsequence of {e,},>1 (relabeled the same) such that (29) holds in
(7(¢, ﬁg”,é),t). In particular, from the last convergence in (29) at time ¢, we
deduce that there exists ng > 1 such that

N |

lus (t) — u®(t)| < Vn > ng. (35)

But taking into account (34) and (35), we obtain

d(uf (t), A%) < d(uf (t),u’(t)) + d(u’(t), A%)

)
<§+ :6 annOa

NGRS

which is a contradiction with (33).

Conclusions and final remarks

A family of parameterized nonlocal reaction diffusion equations has been anal-
ysed. We do not impose any regularity on the boundary of the domain. Exis-
tence of global weak solutions is established. However, the uniqueness is not
guaranteed by the conditions on the viscosity coefficient, which lead to a nat-
ural multivalued non-autonomous dynamical system framework. The theory
of minimal pullback attractors for a suitable tempered universe has been used
to obtain a family of parameterized attractors. The time depending forces
take values in H !, which involve the use of an energy method in order to
prove asymptotic compactness of the processes. Then, the upper semiconti-
nuity behaviour of this family is proved when the parameter goes to zero,
connecting the cited attractors with the one of the corresponding autonomous
limit problem. It is worth noting that this last result is even new in the case
that uniqueness of solution holds.

Although the form of the parameterized perturbation of problems (P:)
looks like simple, this performance has been used for the sake of clarity in the
presentation. It is not difficult to check that all the results hold with a more
general family of equations as

du

it (e)a(l(u))Au = g1(e) f(u) + go(e)h(t),
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where go, g1, and g1 are continuous real functions with values, say, in [0, 1]
and such that lim._,g go(g) = 0, lim._,¢ g1(¢) = lim.0 §1(¢) = 1. Moreover,
other generalizations are also possible, as replacing the continuity assumption
on go, g1, and g1 given above by monotonicity.
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