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Resumen

We consider a singularly perturbed convection-diffusion equation, −ε△u+−→v ·−→∇u =
0, defined on a rectangular domain Ω ≡ {(x, y) | 0 ≤ x ≤ πa, 0 ≤ y ≤ π}, a > 0,
with Dirichlet-type boundary conditions discontinuous at the points (0, 0) and (πa, 0):
u(x, 0) = 1, u(x, π) = u(0, y) = u(πa, y) = 0. An asymptotic expansion of the solution
is obtained from a a series representation in two limits: a) when the singular parameter
ε → 0+ (with fixed distance to the points (0, 0) and (πa, 0)) and b) when (x, y) → (0, 0)
or (x, y) → (πa, 0) (with fixed ε). It is shown that the first term of the expansion at
ε = 0 contains a linear combination of error functions. This term characterizes the
effect of the discontinuities on the ε−behaviour of the solution u(x, y) in the boundary
or the internal layers. On the other hand, near the points of discontinuity (0, 0) and
(πa, 0), the solution u(x, y) is approximated by a linear function of the polar angle.

1. Introduction

The solution of a singularly perturbed convection-diffusion problem usually presents
boundary and/or interior layers. The location and shape of these layers depend, among
other things, on the discontinuities of the boundary condition. An ’a priori’ knowledge of
the location of the internal or boundary layers is quite useful to design numerical methods
for this kind of problems. This information may be obtained from an asymptotic expansion
of the solution [11], [13]. There is an extensive literature devoted to the construction of
approximated solutions of singular perturbation problems based on matching of asymptotic
expansions (see for example [2], [11], [12] or [13] for a historical survey on the subject). But
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a perturbative analysis based on an expansion of the solution in powers of the perturbation
parameter does not always work for discontinuous Dirichlet boundary conditions [14].
This is so, because the coefficients of the expansion contain derivatives of the boundary
condition, whereas the solution of the elliptic problem is smooth inside the domain.

In former works [7, 8, 9], we have studied the asymptotic behaviour of the solution
of several singular perturbation convection-diffusion problems with discontinuous data
defined on different unbounded domains (quarter plane, an infinite and a semi-infinite
strip, a sector). In this work [10], we analyze a problem of the same type but defined on a
bounded domain, more interesting for practical purposes. Several authors have obtained
some asymptotic information in specific problems defined on bounded domains (see for
example [1, 3, 4], [5, p. 537], [6, 12]), but the technique used there (matching of asymptotic
expansions) does not proportionate, in general, an expansion uniformly valid in the whole
domain and finds some extra difficulties when the boundary conditions are discontinuous.

We consider the problem −ε∆u + −→v · −→∇u = 0 defined in a rectangle with a disconti-
nuous boundary condition at two of the corners of the rectangle. This problem displays
boundary and interior layers. We derive the exact solution of the problem by means of
the method of separation of variables. The exact representation can be written in terms
of a Fourier series. The series is transformed into a series of integrals in the complex plane
from which we obtain complete asymptotic expansions. We approximate the solution by
deriving asymptotic expansions from this series, not only in the singular limit ε → 0+, but
also in the limit r → 0+, where r represents the distance to the points of discontinuity.
Then, we approximate the solution on the whole domain, including the neighborhood of
the points of discontinuity.

2. The problem and its exact solution

We are interested in approximating the solution of the following singularly perturbed
convection-diffusion problem defined in a rectangle Ω ≡ (0, πa)× (0, π) with discontinuous
Dirichlet-type boundary conditions:





−ε△U + −→v · −→∇U = 0, (x, y) ∈ Ω,
∣∣∣∣

U(x, 0) = 1,
U(x, π) = U(0, y) = U(πa, y) = 0

U ∈ C(Ω̃) ∩ D2(Ω),

U bounded in Ω̃,

(P )

where −→v ≡ (sin β, cos β) is a constant vector, 0 ≤ β < 2π, a is a positive constant and
Ω̃ ≡ Ω̄\{(0, 0), (πa, 0)} (observe the discontinuous Dirichlet conditions at the lower corners
of the rectangle, see Figure 1(a)).

After the change of the dependent variable U(x, y) = F (x, y) exp (−→v · −→r /(2ε)), with
w ≡ 1/(2ε) and −→r ≡ (x, y), the problem (P ) is transformed into the Yukawa equation for
F (x, y):





△F − w2F = 0 (x, y) ∈ Ω, F bounded in Ω̃,
∣∣∣∣

F (x, 0) = e−wx sin β,
F (x, π) = F (0, y) = F (πa, y) = 0,

F ∈ C(Ω̃) ∩ D2(Ω).
(1)

Using a similar technique to the one used in [9], we can show that this problem has a
unique solution. In the following proposition we obtain the explicit solution of the problem
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(P ) by means of a series representation. In what follows, empty sums must be understood
as zero.

Proposition 2.1. For (x, y) ∈ Ω and β ∈ (0, π/2], the solution Uβ(x, y) of (P ) is:

Uβ(x, y) = ew(x sin β+y cos β)[G(x, y) + e−πaw sinβG(πa − x, y)] (2)

where

G(x, y) ≡
∞∑

n=−∞

Hβ(x + 2nπa, y) (3)

and

Hβ(x, y) ≡ 1

πi

∫
∞

−∞

sinh
[
(π − y)

√
w2 + t2

]

sinh
[
π
√

w2 + t2
] teitx

w2 sin2 β + t2
dt. (4)

On the other hand, for β = 0:

U0(x, y) =
∞∑

n=−∞

(−1)nH̃0(x + nπa, y), (5)

where

H̃0(x, y) ≡ ewy

2πi

∫
∞

−∞

sinh
[
(π − y)

√
w2 + t2

]

sinh
[
π
√

w2 + t2
] eixt − ei(x−πa)t

t
dt. (6)

Demostración. The exact solution of (1) may be obtained by separation of variables:

F (x, y) =
∞∑

n=1

2n

π

sinh[(π − y)
√

w2 + n2/a2]

sinh
[
π
√

w2 + n2/a2
] 1 − (−1)ne−wπa sinβ

a2w2 sin2 β + n2
sin

(nx

a

)
. (7)

Then, the function Uβ(x, y) ≡ ew(x sin β+y cos β)F (x, y), with F (x, y) defined above, is the
solution of (P ). It can be rewritten as follows for 0 < β ≤ π/2:

Uβ(x, y) = ew(x sinβ+y cos β)[J(x, y) + e−πaw sin βJ(πa − x, y)], (8)

with

J(x, y) ≡ 1

iπa

∞∑

n=−∞

n/a

w2 sin2 β + n2/a2

sinh[(π − y)
√

w2 + n2/a2]

sinh[π
√

w2 + n2/a2]
einx/a. (9)

Applying the Poisson summation formula to the series in (9) and inserting the result in (8)
we obtain (2)-(4). Formulas (5)-(6) follow after applying the Poisson summation formula
directly to the series on the right hand side of (7) with β = 0. The convergence of the
series in (3) and (5) follows from Theorems 3.1 and 3.2 respectively.

Observation 2.1. The explicit representation given in Proposition 2.1 is only valid when
the angle β between the convection vector −→v and the y-axis is restricted to the interval
[0, π/2]. Nevertheless, an explicit integral representation for the solution U(x, y) of the
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y

x

  
y

x

  

β βU=0

U=1

U=0

U=0 U=0

U=1

U=0

U=0

(a) (b)

Figura 1: (a) Domain Ω of problem (P ). (b) Indented region Ω∗ in Theorems 3.1 and 3.2.

problem (P ) whatever the direction of −→v is, may be obtained by means of symmetry
arguments:

U(x, y) =





Uβ(x, y) if 0 ≤ β ≤ π/2

e2wy cos β Uπ−β(x, y) if π/2 < β ≤ π

U−β(πa − x, y) if −π/2 ≤ β < 0

e2wy cos β Uπ+β(πa − x, y) if −π < β < −π/2

where Uβ(x, y) is given in (2) for 0 < β ≤ π/2 and U0(x, y) is given in (5). Therefore, in
the remainder, we will restrict ourselves to β ∈ [0, π/2].

The solution of (P ) can not be written in terms of known functions. But, for ε → 0+ and
(x, y) away from (0, 0) and (πa, 0), we can approximate Uβ(x, y) by a combination of error
functions plus an asymptotic expansion in powers of ε. For (x, y) → (0, 0) or (x, y) →
(πa, 0) (and ε ≥ ε0 > 0), we can approximate Uβ(x, y) by an asymptotic expansion in

powers of r or of
√

(x − πa)2 + y2 respectively. This is the subject of the two following
sections.

3. Asymptotic expansion of U(x, y) in the singular limit

In this section we denote by Ω∗ the rectangular domain indented at the points (0, 0)
and (πa, 0) (see Figure 1b):

Ω∗ ≡
{

(x, y) ∈ Ω, 0 < r0 <
√

x2 + y2, 0 < r0 <
√

(x − πa)2 + y2
}

.

Theorem 3.1. For (x, y) ∈ Ω∗ and β ∈ (0, π/2], the solution Uβ(x, y) of (P ) given in
Proposition 2.1 is

Uβ(x, y) = U0
β(x, y) +

1√
w

U1
β(x, y), (10)
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where

U0
β(x, y) ≡ ewy cos β sinh[(π − y)w cos β]

sinh[πw cos β]

×
{(

1 + δβ,π/2

)

2

[
sign

(
β − arctan

(
x

y

))
erfc

√
wζ(x, y)

− e2(x−πa)w sin βsign

(
β − arctan

(
2πa − x

y

))
erfc

√
wζ(2πa − x, y)

+ e2(x−πa)w sin βsign

(
β − arctan

(
πa − x

y

))
erfc

√
wζ(πa − x, y)

]

+ χA(x, y) − e2w(x−πa) sin βχB(x, y)

}
.

(11)

In these formulas, sign(0) must be understood as zero,

ζ(x, y) ≡
√

x2 + y2 − x sin β − y cos β, (12)

the regions A and B are (see Figure 2):

A ≡ {(x, y) ∈ Ω, y < x cot β} ,

B ≡ {(x, y) ∈ Ω, (πa − x) cot β < y < (2πa − x) cot β}
(13)

and χA(x, y) and χB(x, y) are the characteristic function of the sets A and B respectively.
For n = 0, 1, 2, . . . , U1

β(x, y) has an asymptotic expansion in powers of w−1:

U1
β(x, y) =

n−1∑

k=0

Tk(x, y)

wk
+ Rn(x, y), (14)

where empty sums must be understood as zero and the coefficients Tk(x, y) are smooth
functions of x and y and O(1) as w → ∞ uniformly for (x, y) ∈ Ω∗. The remainder
Rn(x, y) satisfies the bound

|Rn(x, y)| ≤ M
Γ(n + 1/2)

(2wdr̃)n
e−wζ̃(x,y), (15)

for some positive constants M and d given below, ζ̃(x, y) = mı́n{ζ(x, y), ζ(πa− x, y)} and
r̃2 = mı́n{x2 + y2, (πa − x)2 + y2} .

Theorem 3.2. For (x, y) ∈ Ω∗ and β = 0, the solution U0(x, y) of (P ) given in Proposi-
tion 2.1 is

U0(x, y) = U0
0 (x, y) +

1√
w

U1
0 (x, y), (16)

where

U0
0 (x, y) ≡

{
1 − erfc

√
w ζ(x, y) − erfc

√
w ζ(x − πa, y)

}
ewy sinh[(π − y)w]

sinh[πw]
(17)
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Figura 2: Different aspects of the regions A and B defined in Theorem 3.1 depending on the relative
value between tan β and a.

and ζ(x, y) ≡
√

x2 + y2−y. The function U1
0 (x, y) has an asymptotic expansion in powers

of w−1:

U1
0 (x, y) =

n−1∑

k=0

T̃k(x, y)

wk
+ Rn(x, y), (18)

where empty sums are zero. The coefficients T̃k(x, y) are smooth functions of x and y and
O(1) as w → ∞ uniformly for (x, y) ∈ Ω∗.

The remainder Rn(x, y) satisfies

|Rn(x, y)| ≤ M
Γ(n + 1/2)

(2wdr̃)n
, (19)

for some positive constants M and d.

Remark 3.1. From (10), (14) and (15) we see that Uβ(x, y) = U0
β(x, y)[1 + O(

√
ε)] and

from (16), (18) and (19) we see that U0(x, y) = U0
0 (x, y)[1 +O(

√
ε)] as ε → 0+ away from

the points (0, 0) and (πa, 0). Then, the first order approximation to the solution of (P ) is
a linear combination of error functions and elementary functions. The error functions in
(11) and (17) exhibit interior/boundary layers of width O(

√
ε). The exponential factors

in (11) and (17) exhibit boundary layers of width O(ε) (see Figure 3).
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Figura 3: Graphs of the first order approximation, U0
β(x, y), to the solution of the problem (P ) for

different values of β and ε = 0,1. The convection vector −→v ”drags”the discontinuity of the boundary
condition at r = 0 originating a parabolic layer of size O(

√
ε) along −→v .

4. Asymptotic expansion of U(x, y) near the corner singula-

rities

The asymptotic expansions given in Theorem 3.1 and Theorem 3.2 break down when
(x, y) → (0, 0) or (x, y) → (πa, 0) (that is, r̃ → 0 in (15) and (19)). The asymptotic
approximation of Uβ(x, y) near these points requires a different analysis. An asymptotic
approximation of Uβ(x, y) as (x, y) → (0, 0) or (x, y) → (πa, 0) faster than ε → 0+ is given
in the following theorem.

Theorem 4.1. Let x = r sin φ, y = r cos φ and πa − x = r̄ sin φ̄, y = r̄ cos φ̄. Then, for
β ∈ [0, π/2] and (x, y) ∈ Ω, the solution Uβ(x, y) of (P ) verifies:

Uβ(x, y) =
2φ

π
+ O

(r

ε

)
+ O(e−α/ε), (20)

as r, ε → 0+ with r/ε → 0+. And

Uβ(x, y) =
2φ̄

π
+ O

( r̄

ε

)
+ O(e−α/ε), (21)

as r̄, ε → 0+ with r̄/ε → 0+. The O(e−α/ε) symbols hold uniformly for (x, y) ∈ Ω with
α > 0.
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5. Conclusions

The singularly perturbed convection-diffusion problem (P ) has been defined on a rec-
tangle by means of discontinuous Dirichlet boundary conditions with two points of dis-
continuity located on the two lower corners of the domain. We have obtained a series
representation of the solution susceptible of an asymptotic analysis. Then, an asymptotic
expansion of the solution have been obtained in the singular limit ε → 0+ and away from
the points of discontinuity (0, 0) and (πa, 0) (Theorems 3.1 and 3.2). On the other hand,
two asymptotic approximations of the solution near the points of discontinuity (0, 0) or
(πa, 0) (valid for ε ≥ ε0 > 0) have been derived in Theorem 4.1.

The asymptotic expansion in the singular limit shows that the main contribution from
the data’s discontinuities to the shape of the solution on the singular layers is contained in
a certain combination of error functions, exponential functions and characteristic functions
(Equations (11) and (17)). This combination is necessary to approach the behaviour of
the solution on the interior/boundary layers of width O(

√
ε) or on the boundary layer

of width O(ε). On the other hand, the asymptotic approximations near the discontinui-
ties (Equations (20) and (21)) show that the points of discontinuity on the boundary is
smoothed inside the domain by means of a linear function of the polar angle.
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