
On the stability of impulsive functional differential equations
with infinite delays

Xiaodi Li ∗,a, T. Caraballo∗,b, R. Rakkiyappanc, X. Hana

aSchool of Mathematical Sciences, Shandong Normal University, Ji’nan, 250014, P.R. China
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Abstract

In this paper, the stability problem of impulsive functional differential equations with infinite

delays is considered. By using Lyapunov functions and the Razumikhin technique, some new

theorems on the uniform stability and uniform asymptotic stability are obtained. The obtained

results are milder and more general than several recent works. Two examples are given to

demonstrate the advantages of the results.

Key words: Infinite delays; Impulsive differential equations; Lyapunov functions; Stability

1. Introduction

As a popular and important topic, the stability problem of impulsive functional differential

equations has generated a considerable interest in recent years, and a number of papers dealing

with the stability problem of impulsive functional differential equations have appeared, see

[1–12] and the references cited therein. In particular, stability of impulsive functional differen-

tial equations with infinite delays has recently received significant attention, see [13–21]. For

example, Luo and Shen [13–15] studied the uniform asymptotic stability of impulsive func-

tional differential equations with infinite delays by usingLyapunov functionals or/and Lya-

punov functions and Razumikhin technique. In [16], Zhang and Sun extended the technique

developed in [17] to impulsive systems and derived some new results on uniform stability of

impulsive functional differential equations with infinitedelays. Quite recently, Faria et al.[18]

studied the existence and global stability for a class of non-autonomous impulsive functional
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differential equations with infinite delays via some analysis techniques. Our research group

[19-21] also studied the stability problem of impulsive functional differential equations with

infinite delays from impulsive perturbation and impulsive control point of view, respectively.

In the present paper, we will further investigate the stability problem of impulsive func-

tional differential equations with infinite delays. By using Lyapunov functions and Razu-

mikhin technique, some new results to guarantee uniform stability and the uniformly asymp-

totic stability are obtained. One of the most remarkable advantages of the results in this paper

is that the Razumikhin condition is independent of impulsesand enables one to deal with im-

pulsive infinite delay differential equations with large impulsive perturbations. The methods

developed in this paper extend and improve the results in [13–15,19,20]. Moreover, they can

be applied to the some cases not covered by the results in [9,11,12,16,18].

The paper is organized as follows. In Section 2, we introducesome definitions and nota-

tions. In Section 3, we present some new theorems on uniform stability and uniform asymp-

totic stability for impulsive functional differential equations with infinite delays. Two exam-

ples are given to illustrate the advantages of the results inSection 4. In Section 5, we draw a

conclusion.

2. Preliminaries

Let R denote the set of real numbers,R+ the set of positive real numbers andRn the n-

dimensional real space equipped with the Euclidean norm|• |. LetZ+ denote the set of positive

integers, i.e.,Z+ = {1, 2, . . .}. For any intervalJ ⊆ R, any subsetS ⊆ Rk(1 ≤ k ≤ n),C(J, S ) =

{ϕ : J → S is continuous} andPC(J, S ) = {ϕ : J → S is continuous everywhere except

at finite number of pointst, at whichϕ(t+), ϕ(t−) exist andϕ(t+) = ϕ(t)}. The impulse times

tk satisfy 0≤ t0 < t1 < . . . < tk < . . . , limk→+∞ tk = +∞. Denote byα a constant satisfying

−∞ ≤ α ≤ 0. In the case whenα = −∞, the interval [t + α, t] is understood to be replaced by

(−∞, t].

Consider the impulsive functional differential equationsof the form


x′(t) = f (t, xt), t ≥ σ, t , tk,

∆x|t=tk = x(tk) − x(t−k ) = Ik(tk, x(t−k )), k ∈ Z+,

xσ = φ(s), α ≤ s ≤ 0,

(1)
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whereσ ≥ t0, φ ∈ C, f ∈ C([tk−1, tk)×C, Rn), f (t, 0) = 0,C is some open set inPC([α, 0],Rn).

Given a functionx(·) : [α,+∞) → S , for eacht ≥ t0, we denote byxt is the element inC

defined byxt(s) = x(t + s), s ∈ [α, 0]. DefinePCB = {ϕ ∈ C : ϕ is bounded} and forϕ ∈ PCB,

the norm ofϕ is defined by‖ϕ‖ = supα≤θ≤0 |ϕ(θ)|. DefinePCBδ = {ϕ ∈ PCB : ‖ϕ‖ ≤ δ}.

Ik(t, x) ∈ C([0,∞) × Rn,Rn) and Ik(t, 0) = 0, k ∈ Z+. Moreover, for any givenρ > 0, there

exists aρ1 ∈ (0, ρ) such thatx ∈ S (ρ1) implies thatx + Ik(tk, x) ∈ S (ρ), whereS (ρ) = {x : |x| <

ρ, x ∈ Rn}.

In this paper, we assume thatf andIk satisfy certain conditions such that the solution of

(1) exists on [σ,+∞) and is unique, see [3, 20] for detailed information. We denote by x(t) =

x(t, σ, φ) the solution of (1) with initial value (σ, φ). Since f (t, 0) = 0, Ik(t, 0) = 0, k ∈ Z+,

thenx(t) = 0 is a solution of (1), which is called the trivial solution.

We introduce some definitions (see [3]) as follows:

Definition 2.1. The functionV : [α,∞) × C→ R+ is said to belong to classν0 if

(i) V is continuous on each of the sets [tk−1, tk) × C and lim(t,ϕ)→(t−k ,ψ) V(t, ϕ) = V(t−k , ψ) exists;

(ii) V(t, x) is locally Lipschitzian inx andV(t, 0) ≡ 0.

Definition 2.2. Given a functionV ∈ ν0, for any (t, ψ) ∈ [tk−1, tk) × C, the upper right-hand

Dini derivative ofV along the solution of (1) is defined by

D+V(t, ψ(0)) = lim sup
h→0+

{V(t + h, ψ(0)+ h f (t, ψ)) − V(t, ψ(0))}/h.

Definition 2.3. The trivial solutionx = 0 of (1) is said to be

(P1) stable, if for anyσ ≥ t0 andε > 0, there exists aδ = δ(ε, σ) > 0 such thatφ ∈ PCBδ

implies |x(t, σ, φ)| < ε, t ≥ σ;

(P2) uniformly stable, if theδ in (P1) is independent onσ;

(P3) uniformly asymptotically stable, if (P2) holds and there exists someδ > 0 such that for

anyε > 0 there exists someT = T (ε, δ) > 0 such thatφ ∈ PCBδ implies |x(t, σ, φ)| <

ε, t ≥ σ + T.

In addition, we define the following classes of functions forlater use:
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K1 = {a ∈ C(R+,R+)|a(0) = 0 anda(s) > 0 for s > 0};

K2 = {a ∈ C(R+,R+)|a ∈ K1 anda is non-decreasing ins}.

3. Stability results

Now we can state our main stability result.

Theorem 3.1.Assume that there exist some functions W1,W2 ∈ K2, P,G ∈ K1, q ∈ C(R+,R+),

g ∈ PC(R+,R+),V(t, x) ∈ ν0 and constants βk ≥ 0, k ∈ Z+ such that

(i) W1(|x|) ≤ V(t, x) ≤ W2(|x|), (t, x) ∈ [t0,∞) × S (ρ);

(ii) For any (tk, ψ) ∈ R+ × PC([α, 0], S (ρ1)),

V(tk, ψ(0)+ Ik(tk, ψ)) − V(t−k , ψ(0)) ≤ βkV(t−k , ψ(0)),

where
∑∞

k=1 βk
.
= β < ∞;

(iii) For anyσ ≥ t0 and ψ ∈ PC([α, 0], S (ρ)), if P(V(t, ψ(0))) > V(t+θ, ψ(θ)) for max{α,−q(V(t))} ≤

θ ≤ 0, then

D+V(t, ψ(0)) ≤ −g(t)G(V(t, ψ(0))), t ∈ [tk−1, tk), k ∈ Z+,

where P(s) > s for s > 0;

(iv) For any given ε2 > ε1 > 0, there exists a η = η(ε1, ε2) > 0 such that for any A > 0

implies that ∫ A+η

A
g(t)dt >

(1+ β)W2(ε2)
M

,

where M = inf0.5W1(ε1)≤s≤W2(ε2) G(s).

Then the trivial solution of (1) is uniformly asymptotically stable.

Proof. We first show that the trivial solution of (1) is uniformly stable.

For anyε ∈ (0, ρ1), one may chooseδ > 0 such thatW2(δ) ≤ β⋆
−1W1(ε), whereβ⋆

.
=

∏∞
k=1(1+βk)+1. For anyσ ≥ t0 andφ ∈ PCBδ, let x(t) = x(t, σ, φ) be a solution of (1) through

(σ, φ).

Note thatφ ∈ PCBδ, it is obvious that

W1(|x|) ≤ V(t, x(t)) ≤ W2(δ) ≤ β
⋆−1W1(ε) < W1(ε), σ + α ≤ t ≤ σ,
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which implies that|x(t)| < ρ1, t ∈ [σ + α, σ].

Suppose thatσ ∈ [tm−1, tm) for somem ∈ Z+, then we can prove fort ∈ [σ, tm)

V(t, x(t)) ≤ β⋆−1W1(ε). (2)

If this is not true, then there exists somet ∈ [σ, tm) such thatV(t, x(t)) > β⋆−1W1(ε).

Define

t⋆ = inf {t ∈ [σ, tm),V(t, x(t)) > β⋆−1W1(ε)},

then it is obvious thatt⋆ ≥ σ, V(t⋆, x(t⋆)) = β⋆−1W1(ε) andV(t, x(t)) ≤ β⋆−1W1(ε), t ∈ [σ, t⋆].

Meanwhile, we know

D+V |(1)(t
⋆, x(t⋆)) ≥ 0. (3)

In this case, it holds

P(V(t⋆, x(t⋆))) > V(t⋆, x(t⋆)) = β⋆−1W1(ε) ≥ V(s, x(s)), t⋆ + α ≤ s ≤ t⋆.

By condition (iii), g ∈ PC(R+,R+), andG ∈ K1, we obtain

D+V(t⋆, x(t⋆)) ≤ −g(t⋆)G(V(t⋆, x(t⋆))) = −g(t⋆)G(β⋆−1W1(ε)) < 0,

which is a contradiction with (3). Thus (2) holds. It impliesthatx(t−m) ∈ S (ρ1), x(tm) ∈ S (ρ).

Then note that

V(tm, x(tm)) ≤ (1+ βm)V(t−m, x(t−m)) ≤ β⋆−1(1+ βm)W1(ε).

We next can prove that fort ∈ [tm, tm+1)

V(t, x(t)) ≤ β⋆−1(1+ βm)W1(ε).

Suppose that this is not true, then we can define

t∗ = inf{t ∈ [tm, tm+1),V(t, x(t)) > β⋆−1(1+ βm)W1(ε)}.

Thus, we can obtain a contradiction by the same arguments as the proof of (2), and we will

therefore omit the details.

By induction hypothesis, we may prove that fort ∈ [σ, tm) ∪ [tk, tk+1), k ≥ m,

V(t, x(t)) ≤ β⋆−1(1+ βm)(1+ βm+1) · · · (1+ βk)W1(ε),
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which yields

W1(||x||) ≤ V(t, x(t)) ≤ β⋆−1
∏

σ<tk<t

(1+ βk)W1(ε) < W1(ε), t ≥ σ.

Hence,|x(t)| < ε, t ≥ σ. In view of the choice ofδ, the trivial solution of (1) is uniformly

stable.

Next we show the uniformly asymptotic stability.

Since the trivial solution of (1) is uniformly stable, for any givenε2 ∈ (0, ρ1), σ ≥ t0, we

can find a correspondingδ = δ(ε2) > 0 such that for anyφ ∈ PCBδ implies that|x(t)| ≤ ε2 <

ρ1, t ≥ σ andV(t, x(t)) ≤ W2(ε2), t ≥ σ. In the sequel, we assume without loss of generality

thatσ ∈ [tm1−1, tm1), m1 ∈ Z+.

For anyε ∈ (0, ε2), choose constantsM anda as follows:

M = M(ε2, ε) = inf
0.5W1(ε)≤s≤W2(ε2)

G(s),

a = a(ε2, ε) = min
{

inf
0.5W1(ε)≤s≤W2(ε2)

[P(s) − s], 0.5W1(ε)
}
.

Then it is obvious thatM > 0, a > 0. Also, from condition (iv), we know that there exists

η = η(ε, ε2) > 0 such that for anyA > 0 implies that
∫ A+η

A
g(t)dt >

(1+ β)W2(ε2)
M

. (4)

Now we chooseN ∈ Z+ such that

0.5W1(ε) + (N − 1)a ≤ W2(ε2) < 0.5W1(ε) + Na.

Since
∑∞

k=1 βk < ∞, there exists a large enough integerN0 > m1 such that

∞∑

i=N0

βi <
a

3W2(ε2)
, andβk <

a
3NW1(ε)

, k ≥ N0. (5)

Suppose thattN0 = σ+ λη, whereλ is a constant. Then we show that there existsT1 > tN0 such

that

V(T1, x(T1)) < 0.5W1(ε) + (N − 1)a. (6)

Suppose on the contrary, then for allt > tN0

V(t, x(t)) ≥ 0.5W1(ε) + (N − 1)a ≥ 0.5W1(ε).
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In view of the definition ofa, we have

P(V(t, x(t))) ≥ V(t, x(t)) + a

≥ 0.5W1(ε) + (N − 1)a + a

= 0.5W1(ε) + Na

> W2(ε2) ≥ V(s, x(s)), t + α ≤ s ≤ t, t > tN0.

By assumption (iii), we obtain that the inequalityD+V(t, x(t)) ≤ −g(t)G(V(t, x(t))) holds for

all t > tN0, t , tk. Integrating above inequality fromtN0 to tN0 + η, by (4) we get

V(tN0 + η, x(tN0 + η)) ≤ V(tN0, x(tN0)) −
∫ tN0+η

tN0

g(s)G(V(s))ds

+

∑

tN0<t<tN0+η

[V(tk) − V(t−k )]

≤ V(tN0, x(tN0)) − M
∫ tN0+η

tN0

g(s)ds

+

∑

tN0<t<tN0+η

βkV(t−k )

≤ W2(ε2) − M
∫ tN0+η

tN0

g(s)ds

+

∑

tN0<t<tN0+η

βkW2(ε2)

≤ W2(ε2)(1+ β) − M
∫ tN0+η

tN0

g(s)ds

< 0,

which is a contradiction. Thus (6) holds. One may chooseT1 = tN0 + η = σ + (λ + 1)η.

We next show that for allt > T1

V(t, x(t)) < 0.5W1(ε) + (N − 1)a +
a
2
. (7)

Suppose this is not true, then there existsτ2 > T1 such that

V(τ2, x(τ2)) ≥ 0.5W1(ε) + (N − 1)a +
a
2

(8)

and

V(t, x(t)) < 0.5W1(ε) + (N − 1)a +
a
2

for all T1 ≤ t < τ2. (9)
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Suppose thatT1 ∈ [tm, tm+1),m ≥ N0,m ∈ Z+, then we claim thatτ2 ≥ tm+1. Otherwise, then

τ2 ∈ [T1, tm+1). Since (6) holds, it is clear that there existsτ1 ∈ [T1, τ2) such that

V(τ1, x(τ1)) = 0.5W1(ε) + (N − 1)a

and

V(τ1, x(τ1)) ≤ V(t, x(t)) ≤ V(τ2, x(τ2)), τ1 ≤ t ≤ τ2.

Then we have fort ∈ [τ1, τ2]

P(V(t, x(t))) ≥ V(t, x(t)) + a

≥ 0.5W1(ε) + Na

> W2(ε2) ≥ V(s, x(s)), t + α ≤ s ≤ t.

Using condition (iii), we have

D+V(t, x(t)) ≤ −g(t)G(V(t)) ≤ 0, τ1 ≤ t ≤ τ2,

which implies

V(τ2, x(τ2)) ≤ V(τ1, x(τ1)).

This is a contradiction in view of (8). Then we have proven that τ2 ≥ tm+1. Without loss of

generality, we may suppose thatτ2 ∈ [tm+q, tm+q+1), q ≥ 1. Next we shall claim that there exists

τ
′

1 ∈ (T1, τ2) such that

0.5W1(ε) + (N − 1)a < V(τ
′

1, x(τ
′

1)) < 0.5W1(ε) + (N − 1)a +
a
2
. (10)

By virtue of (9), we only need to prove the left-hand inequality of (10). Suppose this inequality

does not hold, then for allt ∈ (T1, τ2),

V(t, x(t)) ≤ 0.5W1(ε) + (N − 1)a.

Then by (8), we know that there must beτ2 = tm+q. It follows that

V(tm+q, x(tm+q)) ≥ 0.5W1(ε) + (N − 1)a +
a
2
,V(t−m+q, x(t−m+q)) ≤ 0.5W1(ε) + (N − 1)a,

which together with condition (ii) yields

a
2
≤ βm+qV(t−m+q, x(t−m+q)) ≤ βm+qW2(ε2).

8
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Thus, it leads to

βm+q ≥
a

2W2(ε2)
.

This contradicts the first inequality of (5) and thus (10) holds.

Defining now

τ̃1 = sup{t ∈ [T1, τ2],V(t, x(t)) < 0.5W1(ε) + (N − 1)a},

then
V(τ̃1

−
, x(τ̃1

−)) ≤ 0.5W1(ε) + (N − 1)a,

V(τ̃1, x(τ̃1)) = V(τ̃1
+
, x(τ̃1

+)) ≥ 0.5W1(ε) + (N − 1)a
(11)

and

0.5W1(ε) + (N − 1)a ≤ V(t, x(t)) ≤ 0.5W1(ε) + (N − 1)a +
a
2
, t ∈ [τ̃1, τ2]. (12)

By virtue of (10), we know that̃τ1 < τ2. Note thatτ2 ∈ [tm+q, tm+q+1), we further show that

τ̃1 < tm+q. Suppose on the contrary that̃τ1 ∈ [tm+q, τ2), then there is no impulse pointtk

betweeñτ1 andτ2.

From (12), we have

P(V(t, x(t))) ≥ V(t, x(t)) + a

= 0.5W1(ε) + Na

> W2(ε2) ≥ V(s, x(s)), t + α ≤ s ≤ t, τ̃1 ≤ t ≤ τ2.

By assumption (iii), we obtain

D+V(t, x(t)) ≤ −g(t)G(V(t)) ≤ 0, τ̃1 ≤ t ≤ τ2,

which implies that

V(τ2, x(τ2)) ≤ V(τ̃1, x(τ̃1)).

This is a contradiction with the definition of̃τ1. Consequently, we have that̃τ1 < tm+q.

Suppose that̃τ1 ∈ [tm+k, tm+k+1), 1 ≤ k < q, then we now consider the following two possible

cases:

Case 1: If τ̃1 > tm+k, i.e., τ̃1 ∈ (tm+k, tm+k+1), then considering the definition of̃τ1, we have

V(τ̃1, x(τ̃1)) = 0.5W1(ε) + (N − 1)a.

9
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From (12), we can deduce that, fort ∈ [τ̃1, τ2],

P(V(t, x(t))) ≥ V(t, x(t)) + a > V(s, x(s)), t + α ≤ s ≤ t.

By (iii), the inequalityD+V(t, x(t)) ≤ −g(t)G(V(t)) ≤ 0 holds fort ∈ [τ̃1, τ2]. Thus we arrive at

0.5W1(ε) + (N − 1)a +
a
2
≤ V(τ2, x(τ2))

≤ V(τ̃1, x(τ̃1)) +
m+q∑

i=m+k+1

[V(ti) − V(t−i )]

≤ 0.5W1(ε) + (N − 1)a +
m+q∑

i=m+k+1

βiV(t−i )

≤ 0.5W1(ε) + (N − 1)a +
m+q∑

i=m+k+1

βiW2(ε2),

which yields
a
2
≤

m+q∑

i=m+k+1

βiW2(ε2).

This is a contradiction with the first inequality of (5). Hence, Case 1 could not happen.

Case 2: If τ̃1 = tm+k, then by (11), we know

V(t−m+k, x(t−m+k)) ≤ 0.5W1(ε) + (N − 1)a.

Therefore,

V(τ̃1, x(τ̃1)) = V(tm+k, x(tm+k)) ≤ (1+ βm+k)V(t−m+k, x(t−m+k))

≤ (1+ βm+k)[0.5W1(ε) + (N − 1)a].

From (12), it still holds thatP(V(t, x(t))) > V(s, x(s)), t + α ≤ s ≤ t, τ̃1 ≤ t ≤ τ2. Using

assumption (iii) again, we obtain that the inequalityD+V(t, x(t)) ≤ −g(t)G(V(t)) ≤ 0 holds for

t ∈ [τ̃1, τ2]. Hence, in this case we derive

0.5W1(ε) + (N − 1)a +
a
2
≤ V(τ2, x(τ2))

≤ V(τ̃1, x(τ̃1)) +
m+q∑

i=m+k+1

[V(ti) − V(t−i )]

< (1+ βm+k)[0.5W1(ε) + (N − 1)a]

+

m+q∑

i=m+k+1

βiV(t−i ),

10



Stability of IFDEs with infinite delays

which, together with the latter inequality of (5) and the fact thata ≤ 0.5W1(ε) yields

a
2
≤ βm+k[0.5W1(ε) + (N − 1)a] +

m+q∑

i=m+k+1

βiW2(ε2)

≤ βm+kN0.5W1(ε) +
m+q∑

i=m+k+1

βiW2(ε2)

≤
a

3NW1(ε)
· N0.5W1(ε) +

m+q∑

i=m+k+1

βiW2(ε2).

That is,
a
3
≤

m+q∑

i=m+k+1

βiW2(ε2),

which is a contradiction with (5). Therefore, Case 2 could not happen either. Therefore, we

have proven that (7) holds for allt > T1.

By now, we have the following assertion by (6) and (7):


V(T1, x(T1)) < 0.5W1(ε) + (N − 1)a,

V(t, x(t)) < 0.5W1(ε) + (N − 1)a +
a
2
, t > T1,

(13)

whereT1 = σ + (λ + 1)η.

Define a constantq as follows:

q = sup
{

q(s)| 0.5W1(ε) ≤ s ≤ W2(ε2)
}
.

Then it can be deduced that there existsT2 > T1 + q such that

V(T2, x(T2)) < 0.5W1(ε) + (N − 2)a +
a
2
,

whose proof is similar to the proof of (6) under the help of (13), and we only need to note the

following Razumikhin condition :

P(V(t, x(t))) ≥ V(t, x(t)) + a

≥ 0.5W1(ε) + (N − 1)a +
a
2

> V(s, x(s)), max{t + α, t − q(V(t))} ≤ s ≤ t, t > T1 + q.

ChooseT2 = T1 + q + η = σ + (λ + 1)η + q. Then applying the same argument as (7), we can

show that for allt > T2

V(t, x(t)) < 0.5W1(ε) + (N − 1)a, t > T2.

11
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In this way, we can prove that forj ∈ Z+,



V(T j, x(T j)) < 0.5W1(ε) + (N − 1)a −
j − 1

2
a,

V(t, x(t)) < 0.5W1(ε) + (N − 1)a −
j − 2

2
a, t > T j,

whereT j = σ+(λ+1)η+(q+η)( j−1). In particular, letj = 2N, then we obtain thatV(t, x(t)) <

0.5W1(ε) < W1(ε), t > T2N . It implies that|x(t)| < ε, t > T2N. Note that (λ+1)η+(q+η)(2N−1)

is independent ofσ, then we obtain that the trivial solution of (1) is uniformlyasymptotically

stable. The proof of Theorem 3.1 is therefore complete.�

If we only consider the uniform stability of (1), then the following result can be obtained.

Corollary 3.1. The trivial solution of (1) is uniformly stable if there exist some functions

W1,W2 ∈ K2, P,G ∈ K1, g ∈ PC(R+,R+),V(t, x) ∈ ν0 and constants βk ≥ 0, k ∈ Z+ such that

conditions (i),(ii) (iv) in Theorem 3.1 and (v) hold, where

(v) For any σ ≥ t0 and ψ ∈ PC([α, 0], S (ρ)), if P(V(t, ψ(0))) > V(t + θ, ψ(θ)) for α ≤ θ ≤ 0,

then
D+V(t, ψ(0)) ≤ −g(t)G(V(t, ψ(0))), t ∈ [tk−1, tk), k ∈ Z+,

where P(s) > s for s > 0.

On the other hand, if functiong(t) satisfies inft∈R+ g(t)
.
= µ > 0, then by Theorem 3.1 and

Corollary 3.1, we have the following results, respectively.

Corollary 3.2. The trivial solution of (1) is uniformly asymptotically stable if there exist some

functions W1,W2 ∈ K2, P,G ∈ K1, V(t, x) ∈ ν0 and constants µ > 0, βk ≥ 0, k ∈ Z+ such that

conditions (i),(ii) in Theorem 3.1 and (vi) hold, where

(vi) For anyσ ≥ t0 and ψ ∈ PC([α, 0], S (ρ)), if P(V(t, ψ(0))) > V(t+θ, ψ(θ)) for max{α,−q(V(t))} ≤

θ ≤ 0, then
D+V(t, ψ(0)) ≤ −µG(V(t, ψ(0))), t ∈ [tk−1, tk), k ∈ Z+,

where P(s) > s for s > 0.

Corollary 3.3. The trivial solution of (1) is uniformly stable if there exist some functions

W1,W2 ∈ K2, P,G ∈ K1, V(t, x) ∈ ν0 and constants µ > 0, βk ≥ 0, k ∈ Z+ such that conditions

(i),(ii) in Theorem 3.1 and (vii) hold, where

12
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(vii) For any σ ≥ t0 and ψ ∈ PC([α, 0], S (ρ)), if P(V(t, ψ(0))) > V(t + θ, ψ(θ)) for α ≤ θ ≤ 0,

then
D+V(t, ψ(0)) ≤ −µG(V(t, ψ(0))), t ∈ [tk−1, tk), k ∈ Z+,

where P(s) > s for s > 0.

Proof. For any givenε2 > ε1 > 0, one can chooseη = (1+β)W2(ε2)
µM ,whereM = inf0.5W1(ε1)≤s≤W2(ε2) G(s).

Then, we can obtain the above results easily.�

4. Examples

In this section, we present two examples to illustrate our results.

Example 4.1. Consider the impulsive functional differential equationswith infinite delay (see

[16]) 

x
′

1(t) = −a1x1(t) + a2x2(t) + a3x1(t − τ(t)), t ≥ t0, t , tk,

x
′

2(t) = b1x1(t) − b2x2(t) + b3x2(t − τ(t)), t ≥ t0, t , tk,

x1(tk) = βkx1(t−k ), k ∈ Z+,

x2(tk) = γkx2(t−k ), k ∈ Z+,

(14)

where 0≤ τ(t) ≤ t, a j > 0, b j > 0, j = 1, 2, 3, the impulse pointstk satisfy 0 ≤ t0 <

t1 < . . . < tk < . . . , limk→∞ tk = ∞, βk, γk, k ∈ Z+ are some positive constants which satisfy
∏∞

k=1 max{βk, γk} < ∞.

Property 4.1. Assume that the following condition holds:

max{a3, b3} < min{2a1 − a2 − a3 − b1, 2b2 − a2 − b3 − b1}, (15)

then the zero solution of (14) is uniformly asymptotically stable.

Proof. Since (15) holds, one may chooseP(s) = λs, where

λ =
min{2a1 − a2 − a3 − b1, 2b2 − a2 − b3 − b1}

2 max{a3, b3}
+

1
2
.

Then it is obvious thatP(s) > s for s > 0.

Let V(t, x) = x2
1(t) + x2

2(t),W1(s) = W2(s) = s2, then condition (i) in Theorem 3.1 holds. In

addition, whenP(V(t, ψ(0))) > V(t+ θ, ψ(θ)), α ≤ θ ≤ 0, i.e.,λ(x2
1(t)+ x2

2(t)) > x2
1(s)+ x2

2(s), t+

13



Stability of IFDEs with infinite delays

α ≤ s ≤ t, we have

D+V |(14) = 2x1(t){−a1x1(t) + a2x2(t) + a3x1(t − τ(t))} + 2x2{b1x1(t)

−b2x2(t) + b3x2(t − τ(t))}

≤ −2a1x2
1(t) + 2a2x1(t)x2(t) + 2a3x1(t)x1(t − τ(t))

+2b1x1(t)x2(t) − 2b2x2
2(t) + 2b3x2(t)x2(t − τ(t))

≤ −2a1x2
1(t) + a2(x2

1(t) + x2
2(t)) + a3(x2

1(t) + x2
1(t − τ(t)))

−2b2x2
2(t) + b1(x2

1(t) + x2
2(t)) + b3(x2

2(t) + x2
2(t − τ(t)))

≤ (−2a1 + a2 + a3 + b1)x2
1(t) + (−2b2 + a2 + b3 + b1)x2

2(t)

+max{a3, b3}[x2
1(t − τ(t)) + x2

2(t − τ(t))]

≤ max{−2a1 + a2 + a3 + b1,−2b2 + a2 + b3 + b1}(x2
1(t) + x2

2(t))

+max{a3, b3}λ(x2
1(t) + x2

2(t))

=

{
max{−2a1 + a2 + a3 + b1,−2b2 + a2 + b3 + b1}

+ max{a3, b3}λ

}
V(t, x(t))

= −
1
2

{
min{2a1 − a2 − a3 − b1, 2b2 − a2 − b3 − b1}

− max{a3, b3}

}
V(t, x(t))

= −µG(V(t, x(t))),

whereµ = min{2a1 − a2 − a3 − b1, 2b2 − a2 − b3 − b1} −max{a3, b3}, G(s) =
1
2

s.

Clearly,µ andG satisfy the condition (iii) in Corollary 3.3.

On the other hand, we note that

V(tk, x(tk)) = x2
1(tk) + x2

2(tk) = β2
k x2

1(t
−
k ) + γ2

k x2
2(t
−
k )

≤ (max{βk, γk})2V(t−k , x(t−k )).

Then condition (ii) in Corollary 3.3 is satisfied. Therefore, the zero solutionof (14) is uni-

formly stable.�

14
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Remark 4.1. In [16], the authors obtained some conditions to guarantee the uniform stability

of (14). Here we point out that the development result in Property 4.1 has wider adaptive range

than that in [16]. For example, choosea1 = 1.75ρ, b1 = 0.25ρ, a2 = a3 = b3 = ρ, b2 = 2ρ,

whereρ > 0 is any given constant, then we geta2 + a3 = 2ρ > a1, which implies the criteria

in [16] is invalid. However, note thatµ = 0.25ρ > 0, then we obtain that the zero solution of

(4.1) with above parameters is uniformly stable.

Example 4.2.

Consider the following impulsive infinite delay differential equations:


x′(t) = −a(t)x(t) + b(t) tanh(x(t − τ)) +
∫ t

−∞

c(t − s)x(s)ds, t > 0, t , tk,

x(tk) = Ik(x(t−k )), k ∈ Z+,

x(s) = φ(s), s ∈ (−∞, 0],

(16)

wherea, b, c ∈ C([0,∞),R), τ > 0, |Ik(x)| ≤ (1+ βk)|x|, βk ≥ 0 and
∑
βk < ∞.

Property 4.2. Assume that there exists constant λ > 1 such that for any given ε2 > ε1 > 0,

there exists η = η(ε1, ε2) > 0 such that for any A > 0 implies that
∫ A+η

A

{
a(t) − λ

[
|b(t)| +

∫ ∞

0
|c(u)|du

] }
dt >

2(1+ β)ε2

ε1
,

where β =
∑
βk < ∞.

Then the trivial solution of (16) is uniformly asymptotically stable .

Proof. In fact, letV(t) = |x(t)|, then it is easy to obtain Property 4.2 by Theorem 3.1. The proof

procedure is repetitive and omitted here.�

Remark 4.2. Here we point out that Property 4.2 can be applied to the casesnot covered in

[9,11,12,19] even for the case of finite delay. For instance,let a(t) = 3| sint|, b(t) = sint and

c(t) = 0, then it is clear that all results in [9,11,12,19] failed. In this case, one may choose

λ = 2. Then in view of the fact that
∫ ξ+2π

ξ

| sint|dt > 2 for any constantξ > 0.

For givenε2 > ε1 > 0, we let

η = 2π

{ [
(1+ β)ε2

ε1

]⋆
+ 1

}

15
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It is easy to check that the condition in Property 4.2 is satisfied. Hence, the trivial solution of

(11) with above parameters is uniformly asymptotically stable.

Remark 4.3. Note that that function|b(t)| can be unbounded and the impulse constantM =

∏
(1+ βk) can be large enough. Thus our results have wider range and can be applied to some

cases not covered by the results in [13–15,18-21].

5. Conclusion

In this paper, we further investigated the stability problem of impulsive functional dif-

ferential equations with infinite delays. By using Lyapunovfunctions and the Razumikhin

technique, some new theorems on the uniform stability and uniform asymptotic stability were

obtained. Our results are milder and more general than several previously known results. But

the results in this paper were only given from the impulsive perturbation point of view. How to

obtain the different results, from impulsive control pointof view, would be a difficult problem

and need further consideration in the future.
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