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Derivation of a bilayer model for Shallow Water equations
with viscosity. Numerical validation
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Abstract

In this work we present a new two-dimensional bilayer Shallow-Water model including
viscosity and friction effects on the bottom and interface level. It is obtained following [[6]]
from an asymptotic analysis of non-dimensional and incompressible Navier-Stokes equations
with hydrostatic approximation. In order to obtain the viscosity effects into the model we
must have into account a second order approximation. To evaluate this model we perform two
numerical tests consisting of an internal dam-break problem for both, one and two dimensional
cases. In the first one we make a comparison between the model obtained and the Navier-
Stokes simulation.

Shallow Water equations, bilayer models, viscosity, friction, capillarity, Finite Volume
methods.

1 Introduction

The goal of this paper is the derivation of a new viscous bilayer Shallow Water model. We
also present some numerical test with the aim of checking its validity. So we shall compare
the solution obtained by this new model with the Navier-Stokes solution.

The Shallow Water (SW) equations are usually used to simulate a large number of geophys-
ical and engineering applications as ocean circulation, coastal areas, rivers, etc. But sometimes
these equations are not sufficient to model specific situations as, for instance, the flow involved
in the Strait of Gibraltar. In this physical domain two layers of water with different proper-
ties are founded, the denser Mediterranean and the Atlantic water. So in this case we must
consider a model of at least two layers.

For this purpose we can find several derivations of one and two layers SW models to tackle
these kind of situations in one and two dimensional case.

Usually there are two effects that are neglected in Shallow Water models: the viscosity
and the Coriolis force. On the one hand it is important to remark that the viscous effects
are essential to obtain an accurate approximation in dam-breaks problems or hydraulic jumps
situations, as we can see in [[6] [9]]. On the other hand the Coriolis force plays an important
role in geophysical fluid dynamics applications. To include this force in equations does not
add any meaningful difficulty for the deduction of the model. Nevertheless its effects are of
major importance in these kind of applications, see for example [[8] [14]]. The objective is to
find a bilayer model as complete as possible that takes the Coriolis force into consideration,
includes the viscosity effect, friction -at the bottom and at the interface- and tension effect
-on the surface and the interface-.
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The pioneer work performed in [[6]] has been considered as a basis to develop the deduction
of our model. In this work a viscous Shallow Water model is obtained for the one-dimensional
one-layer case by performing the asymptotic analysis of the Navier-Stokes equations where
friction effect at the bottom has been taken into account. When only first order approximation
is considered the viscous terms doesn’t appear in the equations, so moving on to the second
order is needed to get the viscosity effects. The authors also put in evidence the difference
between two approximations through an application to a dam-break problem.

In [[9]], a viscous one layer 2D Shallow-Water system is derived. The originality of that
work is the introduction of a surface-tension term through the capillary effects at the free
surface and quadratic friction term at the bottom. These terms have been useful to establish
the existence of global weak solutions in [[2]].

With regard to bilayer models we must mention the work performed in [[I2]] and those
developed in [[I]].

In [[I2]], it is deduced a bilayer viscous Shallow-Water model which takes into account
the friction at the interface. But instead of asymptotic analysis development, several simpli-
fications are used in the boundary conditions to deduce the final system. The energy of the
system is also obtained under restrictive hypothesis on the data.

In [[I]], a derivation of a multi-layer Shallow-Water model is performed to extend the case
of one layer established in [[6]]. In this work, using the hydrostatic pressure and the kinematic
boundary conditions, the author derives momentum equations of the form:

Hq Hq
(%/ udz + 81/ uldz + ghaOzh = ﬂﬁzu(Ha(t,x)) — ﬂazu(Hafl(t,:c)) and use at

Ho 1 Hy_q € €
the leading order a finite difference method with respect to the vertical variable when the
equation is an interface equation to deduce the friction term:

Ua+1 - Ua

O.u(Hy) = p—2tl——a
pO-u(Ha) S ——

(1.1)

Another works related to the derivation of 2D Shallow-Water model can be find in [[4]] and in
([5]]-

In [[4]] the authors include the atmospheric pressure in the derivation.

In [[B]] a non-viscous two-layer Shallow Water system is deduced following [[6]]. Linear
friction conditions have been taken into account on the interface and on the bottom.

The deduction of the bilayer model developed in the present work has been obtained by
integrating the three dimensional Navier-Stokes equations with Coriolis force and by using the
asymptotic analysis to get the viscosity effects. We have also considered the friction effects on
the surface and at the bottom and the tension effect on the surface and at the interface.

We would like to remark that the friction term usually carries some difficulties in its
treatment (both in the model deduction and for the proof of the existence of solution). So we
can find several definitions to avoid these troubles. Often one takes non linear friction terms,
for example in [[I3]] the tangential displacement has been considered in the definition of the
friction traction or a more complex expression can be found in [[I0]] where a microscopic
study has been tackled to set it. In [[9]] a non linear friction under the form —v|v|* v is
considered at the bottom. So, in a equivalent way we could define the interface friction as
—ylv1 — v2|(v1 — v2).

In [[16]] we have performed the theoretical ana-lysis of the model presented in this work,
obtaining the existence of weak solutions. In order to get it we have not been able to control
the interface friction of quadratic form, so we have defined

hiha

fric(vi,va) = =€B(h1, ho)(v1 —v2), B(hi,h2) = Ty + 20y (1.2)

with p; the density of each layer and £ a positive constant. So to be in agreement with these
results we have considered in this paper the linear definition of the friction term (L2]).

The drag coefficient B is also used in [[7]] and allows us to control the friction term. Note
that in [[3]] the authors study a system of 3D Navier-Stokes equations in a two-layer thin



domain with an interface condition
(vidsul — k(uj —u)))|ogm0 =0 4,5 =1,2. (1.3)

This condition is the same kind condition appearing in the Primitive Equations of the Coupled
Atmosphere and Ocean which describes the atmosphere/ocean interaction.

The paper is organized as follows: In Section 2] we develop the derivation of the model.
First we write the equations in non-dimensional variables, later we perform the hydrostatic
approximation to obtain the Shallow Water equations and finally we study the asymptotic
analysis of two layers. In the last part of the section we state the final systems found and we
include some remarks about them.

Section Bl is devoted to show some numerical test in which we notice the improvement
obtained in the solution when considering viscous Shallow Water model in front of considering
the first order one. In Test 1 we compare them with a solution of the Navier-Stokes equations
for an internal dam-break problem in one-dimensional case. In the second test we present a
2D circular dam-break problem comparing the solutions of the models deduced in this work.

2 Derivation of the bilayer viscous Shallow Water
model

In this section we perform the derivation of the model proposed in this paper. We start from
the Navier-Stokes equations in a periodic domain D(t) € R3.

We consider a two layer environment of inmiscible fluids including three boundary regions.
We assume that the bottom is defined by the function b(z), and we denote by n12(t, ) the
interface and the free surface is given by n(¢, ). The vertical direction is denoted by z and by
x we denote a point in a domain x C R?. So the global domain is D(t) = D; (t) UDa(t) UT, U
I1,2(t) ULs(t), being:

Di(t) = {(z,2) ER¥/z € x, b(x) < z < mi2(t,x)};

Do(t) = {(x,2) € R®Jw € x, ma(t,x) <z <n(t,z)};

Ty = {(z,2) eR¥*/x € x, z = b(x)}; (2.1)
Fio={(z,2) eER¥/z €x, z=moa(t,x)};

I's={(z,2) eR¥/z € x, z=n(t,x)};

From now on, subscript 1 will correspond to the layer located below and subscript 2 to those
located on the top. We denote by hi(t,x) = n1,2(t,x) — b(z) the thickness of the layer 1 and
by ha(t,z) = n(t,z) — n,2(t, z) the thickness of the second one. See Fig. [l

We consider u; = (v, w;) the velocity of each layer, p; the density, p; denote the dynamic
viscosity and p; is the pressure, for ¢ = 1,2. With this notation, the Navier-Stokes equations
for each layer i = 1,2 state as:

piOrus + (piwi V)u; — div (o;) + 2pi§> X Ui = —piges;
: (2.2)
div (u;) = 0.

We have included the Coriolis force given by the term 2pi§> X u; where Q= Q(0, cos 0,sin ),
being 6 the latitude. The stress tensor is defined as o; = 2u; D(u;) — pild where D(u) =
VU%VL“ is the strain tensor. Finally g is the gravity constant. We denote by subscript n the
normal component and by 7 the tangent component, that is, d = d,n 4 d.7 for all d € R?.
In order to obtain a well-posed system we impose the following conditions on the bound-

aries:

e On the free surface z = n(t, z):
We assume the pressure to be constant. One usually neglect the atmospheric pressure
effect but here we have considered it. If we denote by ns the unit normal vector to n(¢, x)
towards the increasing z and by & the mean curvature of the surface (k = div (ns)), the
tension effect on the surface is given by:

02 - Ns = Q2K * N, (2.3)



- ———— n=b+hpth,
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Figure 1: Domain.
being aiz constant.
Finally we impose the kinematic condition for the surface:
A+ va - Van = w. (2.4)

e At the interface z = n12(t, z):

First we consider the conditions related to the movement of the interface that is advected
by the two flows, i.e., the kinematic condition that we write as:

Oz +vi-Vemz=w;; 1=1,2. (2.5)

At the interface we consider the friction effects between the two layers and the continuity
of the tension force. These conditions concern the tangent and normal components of
the stress term respectively in the following sense. We consider the friction term between
the two layers with coefficient vy done by —vy(u1 — u2) , so we impose:

(Ui . n1,2)7— = —’y(ul — UQ)T; = 1,2. (26)

We now consider k1,2 = div (n1,2) the mean curvature at the interface being ni 2 the
unit normal vector to I'1 » pointing from layer 1 to layer 2, so we have:

(o1 n1,2)n = (02 -n1,2)n + ((1 — @2)K1,2 - 11,2)n, (2.7)

being a; constant.

e At the bottom z = b(x):

We consider a Navier condition with a friction coefficient a:
(o1-np)r = au1)-, (2.8)

and a no-penetration condition:
Uy - Ny = 0; (29)

being n;, the unit normal vector to I'y, pointing to the increasing z.

To obtain the model, first we shall write these equations under a non-dimensional form,
secondly we shall develop the vertical integration in each layer to obtain the Shallow Water
system. Finally we shall perform the asymptotic analysis studding both first and second order
approximations. Therefore, two models are proposed depending if the viscous and friction
terms are included or not.



2.1 Dimensionless equations

Before changing equations to non-dimensional variables, we shall write the Navier-Stokes equa-
tions and the boundary conditions in a explicit form. First we look at the Coriolis term that

reads:

QX u; = Q(w; cos @ — (v; sin @) ez, v; sin feqr, —v; cos feq). (2.10)

If we write the equations for each component of the velocity, we have:

and

Pi0rv; + pivi Vau; + piwi0.v; + 2p:Q(w; cos ey + (vi)l sin@)—

(2.11)
—2uzd1v x(Dgg(’Uz)) — M@agvz - /J/zV;c(azwz) + Vzpz =0, 1=1,2;
piOiwi + pivi Vew; + piwi0zw; — 2p;Qv; cos fer — i Agw;—
(2.12)
—1:0(div 2v;) — 2p:02wi + 0pi = pig, 1=1,2;
div v + 0w =0 i=1,2. (2.13)

Now, we explicitly write the boundary conditions concerning tension and friction terms
using the definition of the stress tensor when needed.

e Free surface.

We take the normal vector ns =

1 ( —Van

m 1 )7 so the tension condition
+ z7)

state at follows:

(—2p2Dz (v2) + p2 + a2k)Vaen + p2(Vews + 0,v2) = 0;

(2.14)
—p2(Vews + 0:v2)Van + 21u20,w2 — p2 — azk = 0.
Interface.
1 _
In this case the normal vector is ni 2 = —————= < Va2 )7 obtaining for
14+ (Vaem,2)? 1
the tension condition:
(2p1Ds(v1) — p1)|Van,2|? = 201 (Vews + 0.01) Ve 2+
+2p10.w1 — p1 = (212 Dy (v2) — p2 + (a1 — 2)k1,2) |V 2> — (2.15)

—p2(Vews + 0:v2) Ve 2 + 2u20.w2 — p2 + (a1 — a2)k1,2.

For the friction condition we must consider the tangent vector 7 = (71, 72), that we define
as follows:

_ 1 < Vane ) —
|V ani,2] 0 ’ VIV 2]?

So, the conditions for i = 1,2 are:

1
=i (Vawi + 0:v:) = —y(v1 — v2);

V14 [Van el
1
V14 |Vani2|?

+2M5zwivx771,2) =v((v1 — v2) + (w1 — w2)Vani,2).

! ( ~Vama ) (2.16)
+ |Vz771,2|4 —|Vx771,2|

T1

(= 20 De(vi) Va2 + i (Vaws + 0-v:)(1 — |Van,2?)+ (2.17)

Bottom.
In the same way, we consider the normal vector
1 —V.b . . .
ny = ——— < Ve ) So for the no-penetration condition we obtain:
1+ Vb2 1

—v1 Vb4 w =0. (2.18)



For the other one we take 7 = (71, 72) being

1 vlb> 1 ( —Vab )
T = - , o= e——— , 2.19
LT VL < 0 2T /IVLbP £ VLbP \ Vb (2.19)
and the condition state as:

1

VIT V0P
1

VAT (2011 D3 (v1) Vb — p1(Vows + 8:01) (1 — |Vob|?)—
—2/110:w1 Vb)) = —a(v1 + w1 Vb).

w1 (Vewr + 0.v1) = avi; (2.20)

(2.21)

We introduce now a small parameter ¢ = % where H and L are two characteristics dimen-

sions along the edges OZ and OX respectively. We also introduce some others characteristic
dimensions: V for the horizontal velocity, W = €V for the vertical component of the velocity
and P = V2 for the pressure. Next, we consider the following dimensionless variables, we use
the overline notation to denote them:

r=Lzx z=Hz
v; = Vi w; = eVw;
t= é{ pi = V2p; (2.22)
VL \%4 14
;= =—— Fr=—o
Re o Ro 310 r il
y=Vy a=Va
€_ €____
K= =K K1,2 = Z’ﬁ,?
2 (2.23)
ai= Ll =12
_€
b= Hb.

where we have denoted by Re the Reynolds number, Ro the Rossby number and F'r the Froude
number.
Thus, the equations get as follows (we drop the “overline” notation for the sake of clarity):

1 1 .
pidvi + piviVavi + piwi0:v; + pi——ew; cos fer + pi——(v;) " sin f—

Ro Ro
2 11, 1 (2.24)
Re; v 2(Da(vi)) Re; €? v Re; (O:w:) + Vap
11 1
piOtw; + pivi Vaw; + piwi0.w; — pi———1v; cosfer — — Agw;—
€ RO Rei (2 25)
L1y L1 L, 11 :
T e, AV i) m 2 R Oswi kG 0pi = —piG
div Lv; + 0, w; = 0. (2.26)

In the same way the boundary conditions must be modified, we specify them next.



e Conditions at the free surface:

0 + va - Van = wo; (2.27)
—2LD (v2) +p2 + 2k | V +LVw+lL8fu—0' (2.28)

R@z x\U2 p2 2 z1 R€2 x W2 62 R@z 2U2 = U, .
—62LVw—L8v v —|—2L8w— —aek =0 (2.29)

Res W2 Res 2V2 zT) Res W2 — P2 2Kk = 0U. .

e Conditions at the interface:

Otm,2 +v2 - Va2 = wo; (2.30)
Otm,2 +v1 - Va2 = wi; (2.31)

1 1 1
— (262R—61Vzw1 + 2R—6182v1) Vani 2 + 2R—6182w1 —p1=

(2.32)

1 1 1
= — <262R—62wa2 + 2R—625zv2) Vani2 + 2R—625zw2 — p2+

+(a1 — a2)k1,2;

1 1 1
T (Vew; + e—zazvi) = —Ey(vl —v2)V/ 1+ €2|Vani,2|?; (2.33)

L D, st Lo e )
QRleZ Dm(Ut)Vxnlj + Rei (wal + 2 821}1)(1 € |vxn1’2| )+

#WeVeli,2 = 2.34

+2Rez~a WiVaT2 (2.34)

1
= Zw((m —v2) 4 € (w1 — w2)Vam 2) /1 + €[V 22

e Conditions at the bottom:

— 1 Vab+w =0 (2.35)

1 1 1
R—(Vzwl + 6—2821)1) =-a viy/ 14 e2|Vab|?; (2.36)

€1

1 1 1 ) )
2R€1 D4 (v1)Vzb Rer (Vewr + = 0:v1)(1 — €’ |Vzb|7)

| | , (2.37)
—2——0.w1Vyob = —a—(v1 + € wiVab)/1 + €2|V.b|2.
Req €

2.2 Hydrostatic approximation

We assume € to be small and we take the formal expression of the system at (’)(62)7 keeping
the terms of order zero and one. Thus, the hydrostatic system state as follows:

pi0v; + pidiv 2 (vi ® vi) + pi 0z (viw;) + epiRiwi cos feq + pi%(vi)J‘ sin 60—

o
2 11 1 (2.38)
——d ;vD;v i — 5 55 UzU; — —— V(O W;4 zPi = Uj
Re, AV (D (vi)) 62Rei8v Reiv (0zw;i) + Vapi =0
1 1 _ 1 1
_epzﬁvl cosfe; — R—(giaz(dlv 2Vi) — QR—Siazwl + 0xpi = pl—Frz7 (2.39)
div Lv; + 0, w; = 0. (2.40)

And boundary conditions:



e Conditions at the free surface:

O +v2Van = wa; (2.41)
—2LD (v2) +p2 + a2k | V —I-LVw = 0; (2.42)
Res z V2 P2 2 zT) Res W2 = U] .
0:zv2 = O(e); (2.43)
—LGUV +2L8w— —ask =0 (2.44)
Res U2V 1] Res W2 P2 2Kk = U. .
e Conditions at the interface:
Otm,2 +v2 - Vam,2 = wo; (2.45)
Otm,2 +v1 - Va2 = wa; (2.46)
1 1
—2——0.v1Vemp2 +2=—0.w1 —p1 =
Rex, Re (2.47)
= —2— z T 2—— z - - 3
R628 v2Vani 2 + R623 w2 — p2 + (a1 — a2)k1,2
Rlei 0.v; = efric(vi,v2); (2.48)
-2 ! Dy (vi)V + ! (V w-+l8fu-)—|—2 18w~V -
Rei x \Ui z11,2 R@i Wy 62 zUq R@i Wi V z11,2 (249)
. 2 e ;
Ren 020 | Vani,2| 6fmc(vl7 v2).
Where we have denoted by fric(vi,v2) = —y(v1 — v2) the friction term between the two
layers.
e Conditions at the bottom:
—v1Vgb+wr =0 (2.50)
Lav = eavy; (2.51)
R61 zU1 — 1, .
1 1 1 1 )
2—D, Vaib— —(Va =0 ——0.v1|Vb|"—
R€11 (v1) Rfil( wi €2 vi) + Re1 v | (2.52)
—2—0, w1Vib=——auv;.
Req €

2.3 Shallow Water system and asymptotic analysis

To obtain the Shallow Water equations, we assume that the height is small with respect to
the length of the domain, that is, e < 1. We first integrate the equations for each layer. Then
we shall perform the asymptotic analysis of the system by introducing an asymptotic regime
hypotheses over the physical data.

We shall obtain the system at first order, but we will must analyze the second order to
obtain a system with viscosity.

We first perform the integration of the layer 1.
We want to obtain the pressure value, so from equation (239) for ¢ = 1:

Laﬁwl. (2.53)

dpr = —
P Rel

p1% + €p1% cos Ovier + %ﬁ@z(div 2V1) + 2



To get p1, we integre this equations from z to 11,2, with z € (b,m1,2),

1 1 z
p1(2) —pi(m,2) = _PIW(Z’ —m,2) + €p1 . €O fer / vidz+

71,2

1 . . 1
+R—el(dlv +V1 — div 11)1‘2:,71,2) =+ 2R—61(8zw1 — 8zw1‘z:m,2).

By using the divergence free condition we obtain the following expression for pi:

1 z
p1(2) = pi(m,2) — (z—m,2) +em o cos fey / vidz—

71,2

plFr2

——e(dlv zUV1 — div z'l)l‘z:nl 2).
1 s

Now, we integrate the system equations from b to ;2.
For the equation (Z40) and using conditions ([2:46]) and (Z50), we have:

11,2
O 2 +div 4 / vidz = 0.
b

(2.54)

(2.55)

(2.56)

If we integrate the equation for the horizontal velocity (238]), and we use the condition (2:46)

it gives:

71,2

71,2 71,2 1
p10¢ / vidz + p1div 4 / (v1 ® v1)dz + €p1 o cos feq / widz+
b b
1,2
Dy (v1)dz + Vg / prdz+
b

71,2

71,2
—|—p1% sinﬁ/b (vl)Ldz—2RLeldivz :

+ 0:01 )22 + 5— Vawi | z—p — p1(N1,2) Vi 2+

2 {%el Res 1
+2R—61Dz(v1)\z:m,zvz771,2 - 6—2R—613z”1\z:m,2 - R—elvfﬂwl\zzm,2_

1
—2———2D, 2= Vab b)V.b=0.
Res (vl)‘ »V +p1( )V 0
Due to condition (249)), we can write

1 1
Dz(vl)\z:n1’2vznl,2 - _2—8zvl\z:nl,2 - —vzwl\z:nlg =

g L
Req €2 Rex Re1

1, . 1 1 2
= mec(’ul,vz) + 2R_elazw1\z:nl,2v:v7]1,2 - R_elazvl\z:nl’2|vz7]1,2| .
And thanks to condition (2352]), we have

1 1 1 1
—2——D; oy Vb + = —=——0.v1 = —— Vw1 |.—p =
1Rel (V1) 2= + Z Rer V1|z=p + Ter W1 |z=p

1 2 1
= - z= 0- b Vab|” — 2—0, 2= Vzb.
604’01\ =p T+ Res V12— | Res W1 |z=b
So, we get for the first layer the following equation:

1,2 71,2 1 1,2
P10t / vdz + p1div / (v1 ® v1)dz + ep1—— cos feq / widz+
b b Ro b

1,2 1,2
—|—p1% sin@/l7 (vl)Ldz—2RLdivz

1,2
Dy (v1)dz + Vg / prdz—
€1 b b

1
—p1(m,2)Van,2 + p1(b) Vb + §(2azw1 = 0:01Van,2) |22y », Va2 —
1

1 1 1
—— (20w — 821;1be)‘2:be6 + — fric(vi,v2) + —a V1|=p = 0.
Res € €

(2.57)

(2.58)

(2.59)

(2.60)



Now, we calculate the integration for the upper layer in the same way that for layer one. From
equation (239) for i = 2 we have:

0-p2 = L o2, (2.61)

+ epa— ! cosfeive + %@az(div 2V2) + 2R62

1
P2 Ro

We integrate this equations from z to n with z € (11,2,1) to obtain the value of p2, we have
also used the condition (Z44):
(2) = L (z—m) ! cos fe ! v ! (div zv + div pv2) — eazk. (2.62)
—n) — €p2—— — ——(div zv2.= V 2U2) — €ank. (2.
p2(2) = =255 n P2 R 1 : >~ Tes 2| 2=n 2 2

Integrating from 7;,2 to n the divergence equation, we obtain:

n
Or(n—m,2) +div 4 / v2 = 0. (2.63)

1,2

Now, we integrate equation (2.38):

n n n
pzﬁt/ vadz + padiv z/ (v2 @ v2)dz + epgi cos feq / wadz+
n n1,2

1,2 71,2 Ro

n n n
+p2% sin9/ (vg)ldz—2RL62div 1/712Dz(v2)+VI/ padz+

1,2
2 D (02) oy Vet — ——Vawa oy — pa(n)Van— (2.64)
REQ z\V2)|z2=n z1] REQ zW2|z=n p2(n z1]
1 1 1
_2R—62D1(U2)\z:m,2v17]1 2+ = 2 R -0- V2|z=ny o T R—e2v1w2\z:m,2+
+p2(n1,2)Vani,2 = 0.
We use conditions (2:49) and ([Z42) to get:
1 1
_QR—ezD (UQ)\Z n1, 2Vx771 2 + 2 R 8 'UZ\Z ni2 + R_ezvxw2‘Z:7ll‘2 =
. . . (2.65)
= —;friC(vh v2) — 2R—@82w2\z:m,2vzm,z + R—@Bzvz\z:m,2lvznl,zlz
and L 1
2R—62Dz(v2)‘z:nvzn — R—@Vzwg‘z:n —p2(n)Van = a2kVan. (2.66)
So the equation for the second layer state as follows
n n 1 n
pg@t/ vadz 4 padiv x/ (v2 @ v2)dz + €p2—— cosfey / wadz+
1,2 1,2 RO 71,2
1 n N 1 n n
+p2— sin@/ (v2) dz —2—=—div , / Dy (v2) + Va / padz—
Ro n,2 Rea n,2 n1,2 (2.67)

1
—R—@(Qazwz + 0:v2Van,2) |z=n, », Vani,2 + p2(m1,2) Va2 —

1
—Efm'c(ful, v2) + a2kVan = 0.
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2.3.1 Asymptotic analysis

We assume the problem to be in an asymptotic regime by supposing the following hypothesis

over the data: 1

Rei
We make the development of the unknowns up to order 2:

= €loi, Q= €Qp, ; =€, Y= €Y0- (2.68)

v1 = o + evi + O(?); vy = V9 + evs + O(?);
wi = w! + ewi +O(2);  we = wh + cws + O(?);
p1=p} +epl + O(); p2 = pd + eps + O(€%);

\ (2.69)
n=n"+en' +0(€);  ma2=nls+enio+O().

So from now on we denote frico(vi, v2) = —’yo(v? — vg).
For the development of hi, we have into account that 71,2 = h1 + b, so we can write

hi = hY + ehi + O(€%), (2.70)
where h{ = 7’](1)72 —band hl = 77%’2 — b. In the same way we can write
ho = h3 + ehd + O(€%), (2.71)
: 0_,0_ .0 1,1 .1 _
being hy = 7" — i 2 and hy =1~ — ni 2, remember that 1 = 712 + ho.

We can approximate k1,2 = Azni,2 + 0(62) and kK = Agn + 0(62).

Now we perform the asymptotic analysis for the two layers. Firstly we study the first order
approximation where the viscosity terms do not appear. The second order approximation is
derived to obtain a viscous system. Due to the bilayer situation we must consider the influence
of two friction terms, one on the bottom and other one on the interface. In [[6]] one can find
how to make the correction of the velocity in order to obtain a modified coefficient for the
friction at the bottom. But in our case there is a friction term at the interface to be taken
into account, so we have performed a correction in both velocities to derive model.

1. First order approximation.

Layer D;.

If we consider the terms of the principal order (¢”), we obtain from Z38), (Z48)) and 51
that:
92v1 = Ole);
001 2=y, 5, = O(6); (2.72)
82v1|zzb = (9(6)

From here, we deduce that v; does not depend on z at first order so we can write:
0 _.0
vy (t,z, 2) = vy (L, x). (2.73)

Under this hypothesis, we can rewrite the expressions above up to order one to obtain the
final equation for layer 1 at first order. First, we write (256]) as:

ot +div o (hJv)) =0, (2.74)
and from (Z53) we obtain the pressure:
1

Pi(2) = —pr1gg (2 —mi2) + pi(ni.2). (2.75)

But the term appearing in ([2.60]) involves the integral of the pressure, so we calculate it

from (Z75):

1,2 1 1
Ve / pidz = WV (P} (n)2)) + pY(n0,2) V() 2 — b) + §levx(h?)2o (2.76)
b

11



If we take these values into equation (260), considering only principal order terms, we

obtain:

. 1
p10u((ni 2 = b)?) + prdiv o (7> = )0 @ v1) + p1 - sin 0(n?> — b)(v)) "+

11
+(nl2 = 0)Va(P(1)2)) + PY2) Ve (2 = 0) + 5p1 55 Valb = m02)"—
0,0 0 0 . 0 _
—p1(M,2)Vani 2 + p1(0)Vab + frico(vi,v2) + aovy = 0.

Now we simplify the pressure terms. We use the definition of p] Z75) to write

1
=) +P(0) = —pr g (b= i),

From (ZZ7) up to first order we have pi = p3 4+ O(e).

So the final equation reads:

. 1 .
plﬁt(h?v?) + p1div x(h?v? ® v(l)) + p1 o sin Hh(l)(v?)l + h?vx (pg(ngz))—i—

1 1
+-p1

1 .
5 sz(h(ff + plmhgvzb + frico(vi,v2) + agv) = 0.

Layer Ds.

Following the same way, we obtain the equations for the second layer.

Thus, from equations (Z38)), (248]) and (Z42) we can write:

02v2 = O(e);
8Z’U2|Z="11,2 = O(e);
8z’l}2|zzn = 0(6)

So we can deduce that v2 does not depend on z at order zero:
W(t, @, ) = v (L, ),
That allows us to write (Z.G3)) as
d:hy + div ,(h9vd) =0
and from the pressure (2.62),

P(=) = —pages (= = 1) + O(e).

We integrate (Z83)) to obtain the pressure term in equation (Z.67):

n° 11
o _ 1 042
Vx/ P2 = 5P %3 Ve (hs)”.

1,2
So, the equation for the layer 2 at first order is:

. 1 . 1 1
p20u(h2v9) + padiv o (h3vs @ v3) + po o= sin Oha(v2) ™ + 5 pa 5 Va(ha)*+

+p2—=—> hzvaml 2 — frico(vi,v2) = 0.

F2

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

Remark 2.1. The equation for layer 1 given by (2.79) includes the value of the pressure of

the second layer. Now, using (2.83) we can write the equation for D1 as follows:

. 1
p10:(hiv?) + prdiv o (R3] @ of) + PR, sin Oh ()" + p2 = BV ho+

F2

1 1 .
—|—§p1 mvx(ho) + p1 hlvx — frico(vi,v2) + aov? = 0.

12
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2. Second order approximation: Correcting the friction terms.

As we can see, there are no viscous terms involved in the equations above. To obtain a
viscous system we must take into account the second order approximation. We perform the
equivalent correction for the bottom friction presented in [[6]] but for the bilayer case.

We purpose an additional correction for the friction term at the interface in the equations
obtained. For this aim first we are going to develop the second order approximation for each
term in both layers equations, later we shall perform the velocities correction and we shall
state the final model.

Layer Ds.

Now we consider the approximation up to order 2 for the unknows:
01 = o] + evi,

p1 =1 + epi,

(2.87)
Mz =182 + €Nl 2,
hi = h§ + ehi,
and we back to the equations writing them up to second order.
First, for (2:40):
Oihy + div 4 (hi01) = O(€%). (2.88)

Now, we want to get an expression for v; with the aim of determine its average. We take
equation (Z38) to principal order:

. 1 . 1
p10v1 + prdiv o (v1 ® v1) + p19=(viwr) + p1 o= (v1) " sind — Euoﬁfm + Vuep1 = 0. (2.89)

Ro
Thus,
1 1 .
—po19201 = P10} + pro?Voud + pr = (01) sin 0 + Vi (p1 (012))+
(2.90)
1
+Plﬁvz7}?,2 + O(e).
From (279), we can write
1 . 1
WY (p1010} + 1Y Vo] + pr—o=sin 0(v)) " + Va(p3(m12)) + pro=mg Vanl2) =
Ro Fr2
(2.91)
= frico(vi,v2) — aov?
So we can simplify the expression of 9%v;:
1 1 . «@
—uo;laivl = —Ofmco(vl,vg) — —gv? + O(e). (2.92)
€ h3 h3
If we integrate this equation from b to z and we use condition (235I]) we obtain:
~ € 0 € . 0 (Z - b)2 2
V1 = U1)mp + ——ov1 (2 — b) + ——(frico(vi, v2) — aovi) 55— + O(€”). (2.93)
o1 o1 2h%
From here, we can obtain the average of the velocity vi:
1 [m2 Moo\ - hS 2
v = — = 1 _ —_— ) O . 2.94
(ol A < +e S0 ) = + “Brior frico(vi,v2) + O(€”) (2.94)

Note that v1 ® v1 =771 @11 + 0(62). For the sake of brevity we do not include the proof, (Cf.
[[A5]] for details).
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We must calculate the term for the pressure at first order, we back to equation (2.353):

_— . 1
p1(2) =pi(m2) —p (z—mp2) +ep R €08 Ovier(z —ni2) + O(e%). (2.95)

—
Fr2

Thus the integral of the pressure reads:

m,2 1 1 — 1 1 —~
Vz/b p1= Eplmvz(hl)z — 5€P1p, €O 0e1 Vo ((h9)*v7) + Ve (hapi(ir2)).  (2.96)

Looking at (Z60), we need to obtain the integral of w?, so we integrate the equation of free
divergence

1,2 0y2
/ wldz = hviVab — %div 25 (2.97)
b
And finally, from equation (2:94)) we obtain the velocity at the bottom:
_ _ n? . 2
Vijz=p = U1 — € Bfrico(vi,v2) + O(€7), (2.98)
6o

h(l)Oéo -t
where = F(h1)=(1+¢ .
3por

Layer Ds.

As in the case of layer 1, we look for the second order to obtain the viscosity terms in the
equation.
We define the approximations of second order:

~ 0 2,
V2 = Vg + €V7;

P2 = p5 + €p3;

(2.99)
7=n"+en';
ha = h3 + ehd.
So we obtain for the first equation:
Oihy + div 4 (hata) = O(€2). (2.100)
We write the equation (238) at principal order to obtain va,
%uogazvg = p20;08 + padiv z(vg ® vg) + pav30.ws + pgﬁ sin H(UQ)J‘—G-
(2.101)
0
+szvz77 + O(e),
and using (235]),
1 . 1 .
hg <p28tvg + pgvgvxvg + pgm sin 0(vg)l + p2 mvmn()) = frico(vi,v2), (2.102)
from where we get
1 1, .
—pogﬁgvg = —Ofmc()(vl,vg). (2.103)
€ hs
Integrating this expression from 77%2 to z and using (2:48)), we find the expression for vy:
- € . 0 Z = 77(1) 2 2
V2 = V2|z—p, , + — frico(vi,v2)(z —ni2) (1 — o )| +O(€), (2.104)
’ Ho2 2h2
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that we integrate to obtain the average for the velocity of the second layer:

_ 1 n ~ 1 0 . 2
Vg = ——— V2 = V2| p3—n, , + €——hs frico(vi,v2) + O(€7). 2.105
T= ) v P g ricn v £ OE). (2109

Again, v2 @ v2 = V3 @ V2 + 0(62).
The divergence condition allows us to know the integral of w3:

0

n
/ wY = ng:m%hg - %(hgfdiv 23, (2.106)

0
1,2

and from (Z.62) we get the integral of the pressure:

0
m 1 1 11
Va /zo p2 = §P2ﬁvw(hg)2 - EPZEE cos 961Vz((hg)2vg)—
1,2 (2.107)

—2€1102 V2 (h9div 4v5) — eana Vi (h3AL1°).

Now we perform the correction for the specifics friction terms.

This correction is based in the same idea that we have developed for the layer 1 to obtain
the value of the velocity v, in function of the average 1 in equation (298]). This will
provide us the correction of the friction coefficient at the bottom.

For this aim we take the definition of the friction term at the interface:

fric(vi,v2) = —y(v1 —v2), with v > 0. (2.108)

Remember that for the asymptotic assumption we have taken v = evyo, and frico(vi,v2) =
—y0(v} — v5).
On the contrary to the first case we make the correction at the same time for both layers.
Now we want to get a modified friction coefficient at the interface, the idea is to find a
value of the difference of velocities (vq —fL)g)‘z:m,2 in function of the averages v1 and w2 because
this is the term appearing in the friction term (2I08]). First we give the expression of 77 in
function of Vljayy So we return to (292) that we write now as:

1 1 e
;uo;l@Zvl = —F’yo(v(l) —9) — h—gv(l) + O(e). (2.109)
1 1

We integrate this equation from z to 71,2 getting:

UL = Ol jamyy, — e 0(08 = 03) (2 = M12)—
(2.110)

€ 0_ .0 0y (2 —m2)? 2
or (’70(1)1 V) +Oéov1) 210 +0O(€)

and we compute the average of v1:

. 1 € o -~ € o\ ~ € L0 ~ 2
v = —gmhlaovl\z:b + <1 + 3‘,”01 rYOhl) ’Ul\z:nl,g - 3[/401 hl’YOvQ\z:nLg + O(E ) (2111)
Remember that thanks to (2298]) we have
_ € 0\ ~ 1 € o ~ ~ 2
1= (1+ %Ozohl Ul |z=b — gﬁhl’m(vl — 02)\22711,2 —+ 0(6 ) (2.112)

We had too the value for the average of velocity v2 in equation (ZI05):

€

€ ~
Ty = ——’Vohgvl\z:nm + (1 + 3

hg%) U3jampy o + O(E2). (2.113)
302 ,

o2
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Subtracting the last two expressions we get:

o € o ~ € h(l) hg JU 2
U1 — V2 = —6M01 théO’Ul\z:b +(1+ g’YO E E (v1 - UZ)\z:m,z + O(E )
We solve the following system for obtaining v1,—, and (01 — 172)‘2:771’2:
_ € _ € IO
U1 = (1 + %aoh?) Vl|z=b — %h?’)’o(m = V2)|2=ny 25
. € . € I h9 JU
Ul — U2 = ™ h ot |.—p + (1 +t3% (u_ol1 + M—;)) (U1 = 02) 2=, ,-
The results are:
~ E’Yoh(l)
V1|z=p = DOT1 + D (o1 — 72),
61101
and 0
-~ eaophy __ 1
(U1 = 02) )=y, = D 6:011 o1 + DB (T — T3),
being
-1 0 0
€ 0 € hl h2
=1+ aoh , 0=14+-= — + —
& < 3po1 1) 37 (um Moz)
and
€ 0,2 -
D = ﬂ71(5 — h 050’70) .
( 3opz, ")

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)

As we can check that 571§ > 1 and having into account that we have a second order appro-

ximation, we set:
D=p85""

So we can rewrite the solutions as:

51 6’Yoh(l)

ﬁ‘z:b = Bv_1+ﬂ 6,U401

(E_E%

and

0
- 55*1%71 +67 (o — ).
01

We take these values to equations (Z60]) and (Z.67):

(171 - @)\Z:m,z

— ) —_ 1 —_
p10:(h177) + p1div o (h1TT @ T7) — %plm cos Oel(hl)zdlv +U1+

1 .~ . —~ _ 1 1 —~
—|—p15 sin t9hl(vl)l — 2ep01div »(h1 D5 (7)) + Eplmvz(hl)z—

€ 1 ~ 1 ~—  ~
~5Phs cosfe1 Vi ((hi) v1)+plﬁhlvzb+

1 — ~ -
—|—ep1% cos Ohy [(v_l -Vab)er — (o1 - el)Vmb} +

_ h? _ hY
+5 <ﬁ€g‘:mlm+(v—1—v—z)> + Bay <m+6 12(2—011(1;—1—5)) -

—2e101 Vahidiv 07 + hi Ve (51 (712)) = 0.
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~ . ~_ 1 ~o2..
020t (h202) + padiv ¢ (hoTz @ T2) — %pgﬁ cos 961(h2)2d1V +U2+

+pa gy $in 0k (T5)" — 2epoadiv o (b2 Da(73)) + 5 pa oy Vi ()~

1 1 —~ —~
—€=p2—— COS 961Vx((h2)2v_2) — 2€p02Vz (hediv 72)+
2" Ro (2.124)

+e Lcos@e how) -5t ﬁeaoh?v_—&-(v_—v_) +
szO 12W2|2=p, 5 Yo 6N01 1 1 2

+Van2(p2(m1,2) + 2€p02div 2T2)—

—eaozvz(thzno) + ECMOQVMIOAzUO =0,

where we can check now how the coefficients for both friction terms have been corrected for
two layers.

In order to simplify the last two terms in (2I23)), we use the interfaz condition ([232)) to
write:

]341(7/]?5) + 26[1,01div 2Vl = ]72(77;,/2) + 26[1,02div 2V2 — e(a01 — aoz)/‘il,z. (2.125)
So if we also include the expression of k1,2 we get:

—2e101 Vo hidiv 07 + hi Ve (51 (772)) = —2€p01 Ve div .07+

+h1Va(—2€p01div 207 + pa(712) + 2epi02div 273 — €01 — c02) Awiliz) =

(2.126)
= —2¢ep01 Vaz(h1div 207) + hiVa(p2(n1,2) + 2€p02div 202)—
— (a0 — a02)h1 Vo (Auiiia).
Finally the equation for layer 1 reads as:
~ . 1 ~2 .
p10:(h171) 4 p1div o (h1T1 @ T1) — %plm cos fe1 (h1)*div .71+
p1 L sin 0B (B1) " — 2epordiv o (A Da(B0)) + < pr e Vo (1)
PR 1(01 to1div 5 (h1 D (01 5P 1z Valha
< icos@e V. ((h1)*01) + L;LVV b — 264101V (hadiv ,07)+
2p1RO 1Va 1 1 plFT2 1V Ho1 V(1 z V1
(2.127)
1 — ~ -
—|—eplm cos Ohy [(E -Vaber — (o1 - el)Vsz—
1 Ea()h(l)_ __ I — 71670}1(1) — —
+0 v (B U1 + (U1 — 02) ) + Bao | 1 + 0 (or —v2) | +
61101 6pi01

+h V(P2 (172) + 2€p02div 273) — €01 — ao2)h Ve (Agiiz) = 0.

In the same way we work on the last terms in (Z124)) by using ([2.62) to rewrite them as:

p2(n1,2) + 2€p02div T3 = p2 Wﬁ; — epg% cos Qelﬁ;@ — €qp2k. (2.128)

Vir2(p2(n1,2) + 2epio2div o T2) =
R 1 = 0 0 (2.129)
= Vﬂl,z(pzmhz) — €pa - cos 0e1V e (ni2)hal2 — €2V o An .
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We can finally write the equation for layer 2 as

~ . ~_ 1 ~o2..
020t (hoD2) + p2div o (hoTz @ Tz) — 2/’25 cos feq (h2)2d1v + U2+

1 .~ . —~ _ 1 ~— — ~——
+p2 g sin Oha(T2) " — 2ep02div o (ha Dy (T7)) + P2 s (heVaha + haVai2)—

1 1 ~ ~ .. __
_engE cos 0elvz((h2)2v—2) — 2ep02Vz (hediv »02)+ (2.130)

1 _ eaohd__
+EPZE cos eelhgwg\zzm,z ik 170 <ﬂ 6 ; 11 UL+ (Ul - 'UZ)) -

1 — .
—epzﬁ cosfei1hoU2Vani 2 — eozozhgvx(Amno) =0.
Remark 2.2. We can use the equation (2.128) to write (2127) as:

~ —~ 1 ~
p10¢(h171) + prdiv o (haTr ® U1) — %mﬁ cos e (h1)® div , 7T+

1 —~ —~ 1
+p15- sin Ok (T7) " — 2epi01 div o (h1 Do (T7)) + Va(h1)*—

1L
2P 2

1 — 1 ~—_ ~ ~ . __
—%plﬁ cos 961Vx((h1)2v_1) + p1 mmvxb — 2¢ep01 Va(hidiv 207)+

1 — ~ -
+E”IE cos 0h [(E -Vab)er — (1 - el)Vsz— (2.131)

_ hY 1 evoh
o (S ) e (1407 G ) -

_ — — 1~ —
—eap1h1VeAght — €ao1h1 Ve Arb + p2ﬁh1vxh2—

—2ep2% cos Hejlvlvx (;LVQE) — eaozﬁl/vax;va =0.

2.4 Final models

In this section we write the final equations for the two models obtained with dimension and
dropping the cosines terms, having into account that

Re, = CHoin @ =coo, o =caoi, Y= €%. (2.132)

We also divide the second and fourth equations in the systems by pi and p2 respectively. For
a good writing of equations we introduce some notation about the coefficients involved in the
system. First we define the density relation by r = 22 we explicit the dynamic viscosity
as u; = p;v; for i = 1,2, being v; the kinematic viscosity and finally we take the following
definition for the friction and tension coefficients: v = yp2, o = ap1, o = @ip; with 74, & and
@; being positive constants.

Next we introduce some remarks about the approximations obtained mainly related to the
friction terms.

First, we state the system without viscosity, from equations (2774, (286), (232) and
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[23858), we found the following system that we denoted by (BL1):
Oiho + div z(hzvz) = O;

8t(h21)2) + div x(hg’vz ® ’Uz) + 2Q) sin Oho (’Uz)L—‘r
1 2 5
+§gvzh2 + ghaVani2 = J(v1 — v2);
(BL1) (2.133)
O¢hy + div z(hl’ul) =0;

. . 1
Ot(h1v1) + div z(h1v1 ® v1) + 2Q sin 6hy (vl)J‘ + Engh%—

+gh1Vab + rgh1Vahe = —ry(v1 — v2) — aus.
In the same way, we consider equations (2388), (ZI31), 2I00) and ZI30) to write the
viscous model with correction on the bottom and interface friction, (BL2):

Oths + div z(hzvz) = 0;

. . 1
Ot (hov2) + div z(hove ® v2) + 202 sin Ohg(vg)l + §gvxh§+

1. ah _
+ghaVam,z =615 (ﬂ%vl + (v1 — Uz)) + a2ha Vi Azho+
1

+a2ha Ve Az 2 + 2v2div 2 (he D (v2)) + 202 Ve (hadiv 4v2);

Orhy + div z(hl’ul) =0

(BL2) (2.134)
. . 1
Ot(h1v1) + div 2 (hivi ® v1) + 29 sm@hl(vl)l + Egvth—&—
—1~ &hl
+gh1Vzb+ rghiVzhe = =6 Ar 6671)1 + (v1 —v2) | —
1
_ ~1 Yh -
—pa <v1 +o r a(vl - Uz)) +a1hi Ve Aghi+
1
+a1h1 Vi Azb + 2v1div x(h1Dx(’U1)) + QVlvx(fhdiV xv1)7
being
- -1 -
5:<1+ﬁh1> : 6:1+1<rﬁ+@>. (2.135)
31 3 V1 V2

Remark 2.3. We want to remark that friction terms that we have obtained in have
the same order of the friction and viscosity coefficients. That is to say, if we suppose that the
coefficients v, di, & and 4 are of order e, with € ~ 1073, then we next prove that the terms

_ ah _1 Ah
) 15/7’ 621)1 +(v1—wv2)), Balvi+d 1ru(v1 — v2) (2.136)
611 6v1
have order € too. We write them as follows:
1~ o 1~ - 1~ o
0 Arf—hivi+ 3§ Ar(vi —wv2), Pavi+06 ArB— hi(vi —v2). (2.137)
611 611
So, it is enough to prove that the coefficients given by
5582, 575, and Ba (2.138)
2 -
(2] (3]

(1]

19



have order .
First we develop 8 and 6 *:

31/1 -1 31/1 1]

=——" _ §'= _ _ 2.139
3v1 + aha 3vive + yrvahi + yrihe ( )

B

and we observe that they have order € because vi, & and 4 have the same order.

Now we study each term in (Z133).

Term [1]: Since B and 5~ have order €° and vi,& and 5 have order € we deduce that this
first term have order €.

Term [2]: this term has order & because 6" has order €° and 4 has order €.

Term [3]: for the same reason that for the second one, we find the € order for this term,
because B has order €° and & has order ¢.

Remark 2.4. We have performed the deduction of a bilayer Shallow Water equations following
the work developed in [[G)]] for the one-layer case.

Then, if we throw out the layer on top, we should get the model for one-layer obtained by
them in that work. So, taking ho = p2 =0 in the final system (2.134):

Oth1 + div z(hlvl) = 0;
de(h1v1) 4 div o (hiv1 @ v1) + 2Qsin Ohy (v1) " + %gvxh% + gh1Vab+ (2.140)

+7rgh1Vahe = —fav1 + 2v1div »(h1 Dz (v1)) + 201 Vi (hidiv zv1);

that is just the same correction for the friction that Gerbeau and Perthame have found but in
2d case.

Remark 2.5. In [[16]] a theoretical study of a simplified (BL2) model is performed proving
the existence of global weak solution for the system above but in the particular case when b = 0.
To obtain this result, the following form for the friction coefficient is taken:

hiha
= (2.141)
b+ F2he
Remark 2.6. The proof of the global weak solution for the (BL2) system is in course, it shall
appear in a forthcoming paper.

3 Numerical assessment

This section is devoted to check the validity of the new viscous bilayer model that we have
derived in the previous section. In the first test we solve a 1D internal dam-break problem
following the work [[6]] and we compare the numerical solution obtained by solving (BL1) and
(BL2) with the Navier-Stokes equations. In Test 2 we make a comparison of the solution of
the models for a 2D dam-break problem.

The results obtained show us that the new viscous model improves the no viscous one for
both unknowns, height and discharge. But as it is already confirmed in precedent works (see
[[6, L 1l 2]]) we notice that the more significant difference relies on the discharge.

Test 1: An internal dam-break problem.

We present a test for which we compare the solutions obtained for Navier-Stokes equations
with variable density with those given by systems (BL1) and (BL2).

In the numerical discretization we have defined the friction term at the interface as follows:

. . hihz
fric(vi,v2) = —kB(h1, h2)(vi —v2), with B(hi,h2) = STy STy and k > 0. (3.1)
Eehi+ E2hy
In [[6]] a dam-break test is calculated to validate the viscous model obtained. In this work
we present a similar case but solving an internal dam-break problem where two flows with
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different densities are involved, with the aim of emphasizing the importance of the friction
term between layers.

To make the comparison between the approximated Shallow-water systems and Navier-
Stokes equations, we have computed the non-dimensional problem in each case without tension
terms (i.e. @; =0, for ¢ = 1,2). For the sake of clarity we specify these problems below.

So for the first order approximation we have:

Othso + div z(hzvg) =0;

1.1
2 Fr2

L

Vohs + Fr2

O (hav2) + div 5 (hove ® v2) + haVani2 =

= Fo(v1 —v2);

BL1agim 3.2
(BLLodim) Bchy + div o(hvr) = 0; (32

. 11
O¢(h1v1) + div o (hivi @ v1) + §mvzh%+

1 1
+Whlvzb + Tmhlvzhz = —7”?0(’01 — 1)2) — Q1.
For the second order approximation we solve:

Oiths + div z(hz’vz) =0;

. 11
Ot (hav2) + div 4 (hava ® v2) + —szh%-

2
(BL2agim) 1 Gk (3.3)
+Wh2vxnl,2 =46 "% <ﬂ 9L Rey o1 + (v1 — vz)) +
1 . 1 .
—|—2R—62d1v z(h2Dg(v2)) + 2R—62Vx(h2d1v 2V2);
for the upper layer and for the lower one:
Och1 + div z(hlvl) = 0;
Or(hivr) + div o (hivr @ v )+1iv B2 4+ Vbt
t(hiv1 z(h1v1 1 Y A
+Tih1vxh2 = —(571’3/07“ ﬁ&Ohl 62R€1 v1 + (Ul — ’Uz) —
(BL2gdim) Fr2 (3.4)
— B (’01 +6 —%6}11 2 Req (1 — 1}2)) +
+2Ldiv (h1Dqs(v ))+2LV (hidiv v1)
Rel x 1z 1 Rel x 1 x Ul ),
being
~ -1 -
ﬂ = <1 + %EQRel h1> , 0=1+ %62 (7‘th61 + th@z) . (3.5)
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And finally for the Navier-Stokes equations we take the following problem:

pOv + puVav + pwdv—

2 11, 1
——d T Dz - = 50,V — —/— Vz\0Oz P =
7o div (D2 (v)) Reézau ReV (0zw) + Vap
= —7[v]é<(p);
NSH, im 1 3.6
( dim) porw + pvVaw + pwd,w — —eAzw— (3.6)
11, 115 1, 11 _
_E_gﬁaz(dlv V) — 26—2 Eazw + 6—23#) = PG e Y[w]de(p);
div v + 0w = 0.
with boundary conditions at the bottom:
1 1 1
{ e (Ve F 5 0:v) = Cav; (3.7)
w = 0.
And §. being an approximation of the Dirac mass on the interface, defined as follows:
_1./p . [ 21+ cos(m9)) if 9] <1
% = eg (5) Vpl, with £() = { 0 otherwise (38)

So the term involving 4. in ([B6]) is an approximation of the friction condition at the interface
that we have in the two layers case.

We take a domain D with length L = 1 meters and we set the friction coefficient as
v=1v(, Y=72¢, «a=ao( with ¢ being a quantity depending on the jump height, given
by ¢ = %. The height before the jump is taken as hi, = 0.9 and hi, = 0.1 after the
jump.

If we denote by p;, i« = 1,2 the densities associated with each layer, we have defined
r = £2 =0.98 and the upper layer density, p2 = 1.

p1
We have also set the following constant data:

e = 0.04, Riei = 7 = % (for i = 1,2), % = 1, and ¢ = 10 to put in evidence the
influence of the friction term.

The resolution of problems (BL144im) and (BL244:m ) has been performed by using a Finite
Volume method of Roe’s type; see [[II]]. We take the following initial conditions:

_ _ hlL x < O; _ _
h(t=0) = { hiy >0, q(t=10)=0. (3.9)

In order to solve the Navier-Stokes equations for this problem, we have solved it in a
two-dimensional domain D x Y, Y with length 1, in the terms that we specify next.
To calculate the density p, we have solved the transport problem for the salinity S given
by:
S +V(uS) —cAS =0, (3.10)

¢ being the molecular diffusion.

Then, the density is updated by the state equation p = po [1 + F(S)], where po is a reference
density and F(S) is a function of the salinity S.

For the time being we are not able to solve the bilayer problem using Navier-Stokes equa-
tions so in order to simulate this situation, we have taken the following constant piecewise
function for the initial density value, (see Fig. [B]) related to initial condition (3.9):

o op2 if{r<0,y>hi,}and {x >0,y > hi,}
p(t=0)= { p1  otherwise, (3.11)

and the corresponding initial data for the salinity. At the initial time, we have taken u = 0.
Regarding the constants involving the Navier-Stokes problem, we have fixed the reference
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Figure 2: Evolution in time of the interface from t=1 to t=6.
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Figure 3: Initial density for Navier-Stokes problem.

density po = 1 and in our case, we have considered linear functions F, F(S) = bS for a
positive constant b, concretely we set b = 1. Finally, the molecular diffusion for the salinity
problem is taken as ¢ = 1075,

We numerically solve this problem using a Finite Element discretization in the stable pair of
spaces (P2,P1). The computational work has been performed by using the software Freefem++
(http://wwu.freefem.org).

Computing the test at time 7" = 6 seconds for the three problems, we compare the solutions
obtained for the interface and the velocity.

In Fig. Bl we show the interface level obtained in each case for times from ¢t = 1 to t = 6.
For problems (BL1gdim) and (BL2g4im) we plot the height of the lower layer, hi, but for
Navier-Stokes equations, this value must be obtained as a function of the density profile, so
we show the isolines of the density (colored lines).

As we can see in the figure this approximation for Navier-Stokes is not too meaningful to
compare it with the models studied here. Anyway we can see that the solution given by the
two systems keep on the profile of the Navier-Stokes solution.

Finally, in Fig. Bl we show the velocities of the lower layer obtained by solving problems
(BL1ggim), (BL2gdim) and (NSqdim) at times t = 1 to 6. We notice that the solutions of the
Shallow-Water systems are getting further when the time increases and that the second order
approximation gives us a closer solution to the Navier-Stokes velocity.

Test 2: Circular dam-break problem in a 2D domain.

We consider a circular dam-break problem in both, surface and interface with a no constant
bottom.

The domain is the square D = [0, 2] x [0, 2], the bottom is given by the following function:

bz,y) = { g(l + cos(2mx))(1 + cos(2my)) (()fh_erigiss‘_ (y—1)* <0.1% (3.12)

The initial condition is given by:

_ [ 11 (z-09)2+(y—1)* <0.2%
ha(t = 0) + bz, y) = { 0.6 otherwise. (3.13)
1.7 (z—1.6)2+(y—1)* <0.1%
ha(t = 0) + ha(t = 0) + b(z,y) = 1.2 otherwise; (3.14)

and ¢1(t = 0) = g2(t = 0) = 0. A longitudinal section in y = 1 of the height initial condition
is shown in Fig.

The CFL is set to 0.7 and we consider a partition with Az = Ay = 0.02, the final time is
T = 2. The friction coefficients and the kinematic viscosity has been taken as §y = a =11 =
vo = 1073 and the density ratio is set to 0.8.
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Figure 4: Evolution in time of the velocity of the layer below for times t
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Figure 5: Initial condition

In Fig. [Bl we show the evolution in time, from ¢ = 0.2 to t = 2 of the interface and the free
surface.

In Figs. [0 a longitudinal section in y = 1 is drawn. The heights of layers are shown
in Fig. [T for the same times values. We can see that the difference between the solution of
problems (BL1) and (BL2) is getting higher in time. This behavior can also been check for
the discharges, see Fig. Bl for layer 1 and Fig. [ for layer 2.

In order to weigh up the influence of the friction at the interface we show in Fig. the
difference between horizontal velocities v1g — v2z. Remember that fric(vi,ve) = —y(v1 — v2).
We can see that for small times the difference is about 0.4 near the bottom bump and for final
times this quantity is reduced to the half.
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Figure 6: Free surface and interface.
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Figure 7: Longitudinal section of heights.
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Figure 8: Discharge layer 1.
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4 Conclusions

In this work we propose a bilayer Shallow Water 2D model, taking into account viscosity and
tension effects on the surface and the interface. The model is obtained from the Navier-Stokes
equations through a second order development in the asymptotic analysis and the integration
process, following [[6]].

The main difficulty is related to the correction of the friction term at the interface. Usually
to make this correction we must write the velocities at the interface in function of the average
velocities. Due to that the friction term depends on the velocity difference of the two layers,
we have a coupled problem and a second order friction correction cannot be performed layer
by layer. To solve this problem we set out a linear system of equations where the unknowns
are the velocities at the interface and at the bottom, that we write in function of the average
velocities. So we obtain the correction for both friction terms: at the interface and at the
bottom. And, in particular we can observe in the model the influence of the friction at the
bottom in the upper layer.

Finally we present two numerical tests to check the influence of the viscosity terms and fric-
tion corrections in the model. In the first test a one-dimensional internal dam-break problem is
presented. We make a comparison between the solution of two models (first and second order)
and the solution of Navier-Stokes equations with variable density. In this case we observe that
the interface position and velocities computed by the models are comparable with the solution
of the Navier-Stokes equations with variable density. Moreover, we can see that the velocity
obtained from the second order model is closer to the velocity computed for Navier-Stokes
problem.

In the second test, a problem with higher velocities is considered. We set a double circular
dam-break problem with a bump in the bottom. The test is designed in order to obtain a
great difference between the velocities of the two layers, consequently we find an important
influence of friction terms. As motivated in the first test, we show that the effects added in
the second order model are significants.

The research of E.D. Ferndndez-Nieto and G. Narbona-Reina to carry on this work was
partially supported by the Spanish Government Research project MTM 2006-01275. The
authors wish to thank Manuel J. Castro Diaz for interesting discussions about the numerical
tests.
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