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The model

Influence of temperature on hydrodynamics problem

Boussinesq approximation
The fluid is incompressible except insofar as the thermal
expansion produces a buoyancy, represented by a term agp,
where

@ g is the acceleration of gravity,

@ « is the coefficient of thermal expansion,

@ ¢ is the perturbation temperature.
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Classical model

Continuity equation (Incompressibility)

divu=0 in(0,T) xQ

Movement equations (NS)

?;[’JFU,VU_V.(,,VU)JFVp—a(ngFh in(0,T) xQ

Temperature equation

g—f+u-Vgo—V-(kV<p):f in(0,T) x Q,
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Generalized model

Generalized Boussinesq model

(thj—|—U-Vu—V'(V(99)VU)+Vp:a(Pg+h’
divu=0 in (0,T) x Q,
0

8—?+U-V¢—V'(k(¢)v@):f

v : R — R kinematic viscosity,
k : R — R thermal conductivity.
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Generalized model

Generalized Boussinesg model

gltj—|—u~Vu—V‘(l/(gp)Vu)—f—Vp:ochg—f—h,
divu=0 in(0,T) x Q,
0

S U Ve =V (k(¢)Ve) =1

u(x,t) =0 o(x,t) =0 on (0,T) x 02,
u(x,0) = uo(x)  ¢(x,0) =¢po(x)  inQ.
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Introduction

Previous result

S.A. Lorca, J.L. Boldrini, The initial value problem for a
generalized Boussinesq model, Nonlinear Analysis (1999).

To show the existence of strong solution by using an iterative
approach and also to give convergence-rates for the
approximate solutions.
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ucl? V-u=0,u-n=0o0n0dQ},

H={
V={ueH} V.u=0,u=00n00}

@ Stokes operator
P : L?(Q) — H orthogonal projection (Helmholtz dec.).
A=—-PA,D(A)=H?Q)N V.
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Hypotheses

@ Q bounded domain in RN(N =2 ou 3), regular boundary.

e v,/ V" k, k’,k” are bounded continuous functions.
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\YET RGNS

Iterative process

Let u®(t) = ug and ¢°(t) = g for all t € [0, T].
Step n > 1: First, given u"~1 and "~ to find ¢" such that

pf — div (k(e" V") +ut - Ve = 1,
¢"(0) =0 InQ,
" =0 onoN.

Afterwards, given u"~1, o"~1 and ", to find u", p" such that

ul — div (v(e"H)Vun) +u"t. vu" + Vp" = h + ap"g,

divu" =0,
u"(0) =ug IinQ,
u"=0 onodQ.
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Main results: approximate problems solution

@ g € L=(L%); f,h € L>®(L?); gt € L*(L3), fi, hy € L2(L?).
@ f, h, a, ug, pg small enough

= 3! (u", ") solution such that
@ u" € L>®(D(A)), " € L>®(H?),
@ ul € L®(H)NL2(V), ¢ € L=(L2) N L2(H}),

SltJIO{IU?(t)I2 +Hlel )P < M,

t t
/yvUp(T)yZdT+/ Ver(r)Rdr < M,
0 0

sup{|Au"(t)[* + [A" (1)} < M,
t

forallt € [0,T].
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Main results: solution of the original problem

Under the conditions of the previous theorem

(U™, ¢") = (u, ) in LA(D(A)) x L2(H?(2)).

(u, ) is the unique (strong) solution of the original problem.
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Main results: rate of convergence

Rates of convergence:

sup {Ju"() ~ u(r)? +1¢°(r) ~ p(r)?} < € ([:nt!)n’

(Dt)

sup { [ |Vu" —Vul®+ /[Vgp — V2 <ci =L

o<r<t JO
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Proof of Theorem 1. Weak estimates

(eq. ", ") + (eq. u",u") + Gronwall's lemma =

u" is bounded in L(H) N L?(V)
©" is bounded in L°(L?) N L2(HY).
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Proof of Theorem 1: Differential inequalities

(eq. ", —Ap") + (eqg. u",Au")
+(ed. ¢",¢f) + (eg. u", uf)
+((ea. ") o) + ((eq. u"), ut),
= differential inequality

Denoting
a=a(t) = Cza’(g|g € L=(0,T)

b" = b"(t) = Ca(e?|gI3|Ve"|? + a?|g:[3| V" 2
+[f]% + || + |f|? + |he[?) € L0, T).
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Proof of Theorem 1

Integrating in [0, t]
VU2 4 V"2 + ul[2 + | ]2
t
+ / (C — Co(186™ Y + [V 2|+ [ )12 + [AU"R))
0
t
c /0 (D2 + U + [V + [Vul]?)
< |Vu”g0>|2 + |V"(0)]2 + [ul(0)[? + | (0)[?
e / IVUPL2 4 [V L R)(|Ap" 2 + [Aun?)
0

t t
1c /O U (2 + [o02) + /0 (a2 + b")

(1)
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Proof of Theorem 1: Differential inequalities

(eq. ", —A¢") + (eq. u", Au") =

ko _ _
(5 — ColAg" 2 — Cu[ VU 2) A"
+ 77CU|AQOH—1‘27Cu|vun—1|2)|Aun|2 (2)
< C(ufl? + | ? + [9l31Vel?) + C(Ih[* + If[?)
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Proof of Theorem 1: Induction hypothesis (smallness)

sup |Ap" 2 < §2 sup |Au""1)? < 62
0<t<T 0<t<T
sup |V 112 < 62 sup |[Vu"1? < 42
0<t<T 0<t<T
sup [P 12 < 62 sup |uf~t?2 <42
o<t<T o<t<T
t t
sup [ |Vl 12 <42 sup [ |VuP? < 62
0<t<T JO 0<t<T JO

<<
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Proof of Theorem 1

(1) + (2) + lemma’s Gronwall =

C t
on(0)+5 [ (186" + A
0
t
+C [ (16 + 100 + |Vl + VU )
0 t
< (¢n<0)+c2 [ avar e+ v + i) + [ o)
0

exp (/(!VU{‘ 12 4 [ven1p )+c16T+/ )
0

where @, (t) = [Vu"[2 + V"2 + |ul 2 + |D %
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Proof of Theorem 1

Induction hypothesis + hypothesis of small data =

C t
VUl + [V 2+ P + P+ 5 [ (186" +Au")

t
c /0 (02 + U + [Vl + [VulP) < 6
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Proof of Theorem 2: Equations

UP,S — div (z/(go”“—l)Vu”ﬁ) + vpn,s — (un—l,s . V)un + agson,s
+div (u(" ) = v(p" ) V) — (Ut v)uns,

A = div (k(pMo TS = (UL Vs

+div ((K(e"S71) — k(")) V") + (un1S - V)on.
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Proof of Theorem 2: Differential inequalities

(eq. ¥"%, —Ap™®) + (eq. u™*, Au"?) =

d
(VU + [V 2) 1 u(|AUS P + | A" P2)

< C(’VUn_l’S‘Z—i—‘V@n_l’5’2)+C(‘VUn’S‘2+’vg@n’s
+ 5‘A(pn—1,5|2.

?)
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Proof of Theorem 2: Technical result

Lemma
an, bp € L1(0,T), ay(0) =0
an(t) + bn(t) < cn(t)an(t) + dn(t)an—1(t) + ebn_1(t)

where cp, dn positive and uniformly bounded in L>°(0, T') and
0<e<1/2.Then,

|[an||L<@r) — 0 and |[bn|[1o7)— O
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Proof of Theorem 2

d
VUM 4+ [T 2) + A" + |Ag"92)

an(t) bn(t)
< n—-1,s2 n—-1,s,2 n,s2 n,s 2
< C (VU2 + [V 227) 4+ C (VU™ + V™)
dn(t) cn(t)
+ (S‘A(pn_l’S’z.
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Proof of Theorem 2

an(t) = VU™ (t)1> + [V (O, lanllec —0
bn(t) = u(|AU™ ()] + [Ae™(t)[*)  [bnlls — O
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Proof of Theorem 2

an(t) = VU™ (t)1> + [V (O, lanllec —0
bn(t) = u(|AU™ ()] + [Ae™(t)[*)  [bnlls — O

u" —u strongly in L>=(V) N L%(D(A)),
ul — u¢  strongly in L2(H),

" — strongly in L>°(H}) N L2(H?),
@ — ¢ strongly in L2(L?).
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Proof of Theorem 2: Convergence-rate bounds

vl =u"—u
2 =" =
q"=p" —p

Subtracting the corresponding equations.
an(t) = V"[A(t) + CIz"A(t)

bn(t) = vo| VV"2(t) 4+ C|VZ"3(t)
an(0)=0
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Proof of Theorem 2: Convergence-rate bounds

Lemma
an, by € L1(0, T) positive, an(0) < Ag € R

8, (t) + ba(t) < ca()an(t) + dn(t)an_1(t), ae.te(0,T),

where ¢, dy positive, bounded in L(0, T) and L>(0, T),
respectively. Then,
Gl

nt ~

an(t)+/ bn(s)ds < DAge®! + |ag|ec—
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Open problems

@ Strong convergence-rate bounds.
@ Nonlinear iterative process.
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