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Oldroyd type.
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1 Introduction

In this paper we consider a Poiseuille flow for an incompressible viscoelastic tridimensional fluid

satisfying the Oldroyd constitutive law ([1],[6]). Then, we consider the fluid confined in a cylinder
QO,R)={(r,p,2): 0<r <R, 0<p <27 z€ R},

in which an axisymmetric motion is assumed.

If one use cylindrical coordinates, after some simplifications, one can reduce the problem in
Q(0, R) x (0,T) to the follow differential system in (0, R) x (0,T") (see [7],[3] for details of derivation
of the model):

Redyw — (1 — O‘)Til(rvr)r = 7’71(7"0'2)7" +f, (1)
do1 +Wetoy = (1—a%oav,, (2)

oo + We Loy aWe lv, — o0, (3)

Here, 0; denotes the t-partial derivate whereas the r-partial derivate will we denoted by the
subindex r. Re is the reynolds number (the ratio between inertial and viscous forces acting on
the fluid) and We is the Weissenberg number (a messure of the elasticity of the fluid). The con-
stants v and a verify 0 < a < 1, |a] < 1. We will complete (1)—(3) with appropriate boundary
and initial conditions. The unknows are v, o1 and o5 which depend on the independent variables
(r,t) € (0,R) x (0,T). The velocity of the fluid in the z-direction is modelled by v = v(r,t),
whereas o1, 0o represent linear combinations of the some extra-stress tensor components.

Theoretical results for the general 3D Oldroyd model (and other viscoelastic models) can be
viewed in [8], [4], [3]. Global existence and uniqueness for the 2D Poiseuille flow has been proved
in [5]. With respect to 3D case, in [3] is deduced the global existence in time and uniqueness of the
problem (1)—(3) in (R1, R2) x (0,T), whenever 0 < R; < r < Ry (i.e., the fluid is confined between
two concentrical cylinders) jointly homogeneous boundary conditions on r = R; and r = Ry. Now,
the main difficulty is that we have not an upper bound for 7—!. In this sense, (1) is a parabolic
equation of degenarate type. Moreover, it is not clear which boundary condition on r = 0 must be
imposed (it will appear a Neumann condition).

The main task in this paper is to solve (1)—(3) in (0,7") x (0, R) together with the following

boundary and initial conditions:
v(R,t) =0, v.(0,2) =0 for t € (0,7, (4)

V=0 =vo,  Oili=0 =0ip (i=1,2) in (0, R). (5)

This paper is organized as follows. In Section 2, we enonce the two main results of this paper,
existence and uniqueness of weak solution of (1)-(3) (Theorem 1) and regularity of this weak
solution when data are more regular (Theorem 2). In Section 3, we prove technical results about

some weighted space of functions, where we will find the solution. The proof of Theorem 2 is made



in Section 4, using a semi-Galerkin approach together with strong estimates that let us pass to the
limit by compactness. Finally, in Section 5 we prove Theorem 1, obtaining strong convergence in
weak norms of a sequence of approximate regular solutions (furnished by Theorem 2) by means of

a Cauchy argument.

2 The main results

To give a variational formulation of problem (1)—(5), we define the following Hilbert spaces

H, = {v:ve HY0,R), v(R) =0},

H = {v:r Y% e L*0,R)},

V = {v:r'2ve L*0,R), r*/?v, € L*(0,R), v(R) = 0},
W = {o:r Y% e L*0,R), r ?(ro), € L*(0,R)}.

We will denote ngl, H' and V', as the dual space of H}%, H and V, respectively. The norm and the
scalar product in L?(0, R) will be denoted by ||-|| and (-, -), respectively. The notation for the space
of functions will be abreged. For instance, L? = L?*(0, R) or H! = H'(0, R). Whenever X (0, R)
is a Banach space formed by functions depend on (0, R), LP(X) stands for LP(0,T; X (0, R)) and
C(X) stands for C([0,T]; X (0, R)).

Theorem 1 (Existence and uniqueness of weak solution) Assume that T > 0, |a] < 1,
0<a<l. Ifvg€ H, o,0€L>® (i=1,2) and rf € L*(V'), then (1)—(5) possesses one unique
weak solution {v,o1,02} in (0, R) x (0,T), that is

ve L2(V), rY%veL>®(L?), 8,(r'/%) e L*(Hz"),
o; € L®(L®), 8,(r'?0;) e L¥(L?) i=1,2,

equation (1) and the Neumann boundary condition on r = 0 of (4) are satisfied in the following

weak sense:
Re (8t(r1/211),7"1/2w) +(1- a)(rl/er,rl/zwr)
= —(7’1/202,7“1/21%) + (rf,w)vy YweV, ae in (0,T),
equations (2)—(3) are satisfied a.e. in (0, R) x (0,T) and the initial conditions (5) are satisfied as
(7'1/2U)|t:0 = r1/2y,, (T1/201)|t:0 = T1/20w (i=1,2).
O

Notice that, the above initial conditions have a sens, because the (weak) regularity of /2y and

r'/2¢; implies in particular:

r2y e C([0,T), HgY), /%0, € C([0,T),L%) (i=1,2).

)



Theorem 2 (Regularity) Under hyphotesis of Theorem 1, if moreover vg € V., 0,0 € W (i =
1,2) and r'/2f € L*(L?), then the weak solution {v,o1,02} of (1)~(5) is also a strong solution,

that is, one has the additional regularity properties:
2, € L®(L2) N LA(HY), v, € LA (W), 8w e L*(H),

o € L2(W), 8,(r Y%0;) € L*(L?), (i=1,2),

equation (1) is verified a.e. in (0, R) x (0,T), the Neumann boundary condition on r = 0 has the
following sens of trace (r'/?v,)|,—o = 0, and one verifies the initial conditions v|;—g = vo and
Oili—0 = 050 (now, v € C(H') and o; € C(L?)). O

Remark: H and V are spaces of velocities (v) and W is the space of tensors (v,, o1 and o2).

3 Some technical results

Lemma 3 V is a Hilbert space endowed with the scalar product (rl/va rl/Qwr), which is equiv-

alent to the scalar product (r'/?v,r'/?w) 4 (r*/?v,,7'/?w,). In fact, the embedding V < L*(0, R)
is continuous, verifying

[l < 2frv,f|  VoeV (6)

(in particular, ||[r*/?v|| < RY2|jv|| < 2RY?||rv.|| < 2R|r'/?v,||). Moreover, if v € V then
rv € H' (and therefore, v(R) = 0 has a sens of trace).

PROOF:

We can write R
v(r)? = —2/ v(s)v,(s)ds.
Integrating in r € (0, R) and using Fubini’s Theorem and Holder’s inequality, we obtain
R
2
ol = =2 [ " os) s0r(s) ds < 2 o] o .
Therefore, (6) holds. The rest of conclusions of Lemma are easy to obtain. O

Lemma 4 W is a Hilbert space endowed with the scalar product
(r= 2 (o) r 2 (),
which is equivalent to the scalar product
(= Po, 20 + (r 2 (ro) e, T2 ().

In fact, one has
Ir= 20| < [lr= 12 (ro), | Vo€ W. (7)



Moreover, if o € W, then r'/2¢, € L? and r*/?c € H", verifying
I 2o, || < 2172 (ro). |,
I 20) || < 37~ 2 (ro), |-

PRrROOF:
‘We write

R
(r'20(r))? = (R"%¢(R))?* - 2/ 5720 (s) (s %0 (s))s ds.

T

Integrating in (0, R), applying Fubini’s Theorem and using that
3
r(r %0), = r Y%(ro), — 57'71/20'

we obtain

R
2|r 20| = —(o(R))? + 2/ r=2a(r)r=Y2(ro(r)), dr.
0
Therefore (7) holds. Taking into account that

1/2 1/2

26, =1 12(ro), — r~ 20,
it follows (8) thanks to (7). jFrom (7) and (8), we have (9).
Finally, the following regularity result we will also be used.
Lemma 5 If (ro), € L?(0,R) then o € L*(0,R) and
lofl < 21|(ro). |-

PROOF:

We can write "
o(r)? =o(R)? — 2/ o(s)or(s)ds
T
Integrating in r € (0, R) and applying Fubini’s Theorem, we obtain
R
HUH2 = RG(R)2 — 2/ ro(r)o.(r)dr.
0
Using that roo, = (ro),.o — o2, then
R
Hﬂ2:RdRF+mww—2/’w@mdn
0

This implies
R
Hdﬁgz/(m%am
0

and thanks to Holder’s inequality, we obtain ||o||2 < 2|/(ro).| - ||o|| and (10) holds.

(10)

O

First, we will prove Theorem 2. Afterwards, this result will be used in the proof of Theorem 1.



4 The proof of Theorem 2

In the sequel, C, C7, Cs denote different constants which depend only on the data. We split the
proof in three steps: the choice of a special basis of V', construction of a family of aproximate

solutions by a Galerkin method and finally, the pass to the limit by compactness.

FirsT sTEP: The choice of a special basis of V.

Let us consider the eigenvalue problem:
Obtain A € R and v € V (v #0), such that

rH(rv.), = Av in (0, R), (11)

A variational formulation of (11) is (see [2]):

Obtain A€ R and v €V (v#0), such that
(12)
(120, v 2w,) = Nt 20, rt 2w) Yw e V.

From Lemma 3, the bilinear form defined by

(rYu, r%0,) Yu,v eV

defines in V' an scalar product, that it will be denoted by (-, )y (and by || - || his corresponding
norm).

For a fixed u € V, the map v € V — (r'/?u,r'/?v) € R is a continuous linear functional on V.
So that, by the Riesz-Fréchet representation Theorem, there is a unique function in V', that it will
be denoted by Tu, such that

(Tu,v)y = (r/?u,r/?v) Yo eV.

Clearly T : V +— V is linear, symmetric and bounded (in fact, |[Tullv < ||ullv). Moreover, T
is compact. Indeed, let u, be a bounded sequence in V', then in particular by Lemma 3, ru,, is
bounded in H!. Therefore, we may extract a subsequence, such that ru, — ru strongly in L2
Then,

1T (un = w3 = (r(un —u), T(un —u)) < [lr(un = w)ll - [T (un — ),

which implies that Tu,, — Tu strongly in V.

Variational problem (12) may be rewritten as
(u,v)y = A(Tu,v)y YveV.
Therefore, the problem is equivalent to

Obtain p € R ( p=1/A) and u € V such that Tu = pu.



Now, we can apply Hilbert-Schmidt’s Theorem to obtain a sequence (u,,) of eigenvalues of T' (with
tn > 0 and p, / oo) and an orthonormal basis (u™) formed by eigenfunctions of V. Therefore,
we have that the sequence A, = 1/p,, (A, > 0 and A, N\ 0), is formed by “eigenvalues” of problem

(12) associated to the same orthonormal basis (u™) of V'

SECOND STEP: Construction of a family of approximate solutions.
We use a Galerkin approximation for v, remaining problems for o1, o5 at infinity dimension (this
can be called a semi-Galerkin method) .

The finite dimensional space spanned by {u!,u?,...,u™} will be denoted by V™. For each

m > 1, we define (v™, 07", 08*) as an m-th approximate solution if
v™ € Cl([O,TL Vm)a (le Um(t) = Zﬁl(t)ul with ﬁl € Cl[OaT]> ’
i=1
o € C((0, 7], L (0, R)) N C*((0, T}, L*(0, R)) i =1,2,

verifying the (approximate) problem:

Re(@t(rl/%m)’rlmw) (- a)(TI/QU;rL’rl/QwT)
= —(7”1/205",7”1/2107,) + (’I"l/Qfm,T‘l/2u}) Y € Vm, (13)
Orot + We™lo* = (1 — a®)og'u), (14)

Oroyt + We71072” =aWe o™ — o* v (15)

T T
0" =0 = vg", 0i"t=0 = 040, P=1,2, (16)

where f,, € C([0,T],L?) such that 7'/2f,, — r'/2f in L*(L?). In (16), v§* = Py, (vo), taking
P,, : L?(0,R) — V™ as the orthogonal projector onto V™. Observe that v§* — vg in L? (since
vo € V, in particular vy € L?, thanks to Lemma 3).

Now, for each m > 1, we are going to prove the existence of a solution (v™, 7", o5*) of (13)—(16),
by means of a fixed point argument (using linearisation of (13)—(16)).

Given 7™ € C([0,T], V™), we stand the following linear differential problem in (0,7) x (0, R):
Obtain (o7, 05") € C1([0,T]; L?) such that

o + Weto" = (1 — a?)oy' o™, (17)
o + We o' = aWe o — oo™ (18)
Ulm|t:0 = 03,0, 1= 1,2. (19)



This problem can be written as the following Cauchy problem, associated to the linear differencial

system respect to t:
Oyo™ + Ac™ = b, te(0,T7), ae.re(0,R),

0m|t:02007 i:]-??a

m [T e We ! —(1—a?)ol - 0
o= m ’ - =m W -1 ’ - W —1=m ’
o} oy e aWe™ o7

As ©™ is generated by {u',u?,...,u™}, in particular we have that (ro™), € C([0,7]; L?), hence
Lemma 5 says us that o7 € C(L?). So that, A,b € C([0,T]; L?) and we can deduce that (17)—(18)
possesses one unique maximal solution in C'*([0,77]; L?).

Now, given ™ € C(V™) and o™ € C*(L?), i = 1,2, the solution of (17)-(19), we stand the
linear variational problem: Obtain v™ € C1([0,T], V™) such that

where

Re(@t(rl/%m), 7‘1/2w) +(1- a)(r1/2v;",r1/2wr) = —(r1/2072”7r1/2wr)

+(r1 2 fr, 7 2w) Yw € V™, (20)

m

Putting v = Z Bi(t)u! and w = u® for i = 1,2,...,m, (20) is equivalent to the linear differential
j=1

system respect to t:

Re? _ ~(1—-a)A™'B3 - A4,

ﬂz(O) = (’Uo,ui), 1= 1,...,777,
where, we have denoted
A= (ai,j)%:la B = (bi,j)%:h d=(di)iZ1, B=(B8i)iZs
with
a;; = (rl/Zuj,rl/Qui), b j = (rl/Quf.,rl/Quf.),
d; = (rl/Qagn,rl/Qui) - (T1/2fm,r1/2ui).

Notice that A is symmetric and positive defined, because of

Em ..,,>§mi42>i§ 12 v R™
al,jglgj = N |£z| =Y |§z| 56 .
i,j=1 i=1"" moy

Since (1—a)A™1B € R™*™ and A~'d € C([0,T])™, there exists a unique solution 3 € C*([0,T])™
of (21) and, therefore, a unique solution v of (20) (which depends continuously on 7™, o]* and

oM.



Then, we have rewritten (13)—(16) as the fixed point equation:
7™ € C([0,T;V™) = (07", 03") € CH([0, T]; L?) = v™ € CH([0, T]; V™).

To check hypotheses of Schauder’s Theorem, we have to obtain some estimates of v™ (independent

of ¥™). First, we are going to obtain some estimates for o7*, 05" (independent of 7" and m).
Computing

(A7) — aWe™?) (07" — aWe ™) + (18)(1 — a?)o¥",
we find:

d
%\P(’I’, ) +2We 10 (r, t) = —2aWe %(07" — aWe™ ') < a®We™® + We 1 U(r, )

where ¥(r,t) = (0" — aWe )% 4 (1 — a?)(03*)%. Then,

d
@\P(T’ )+ We '0(r,t) < a®?We™?,
hence
W(rt) < W(r,0)e Ve 4 a?We™2(1 —e /W) Vit e0,T], ae. re(0,R).
Consequently,

o |Loe(roey < C fori=1,2, (22)

where C = C(a, a, We, |0 0||) > 0, but C is independent of 7™ (and also of m).
Now, we can find estimates for v™ (independent of 7). Indeed, taking w = v™ in (20), one

finds
Re d
2 dt

This, together with (22), leads to the following estimate:

P20 2 4 (1= ) [P/ [P = =207 o) + (12 f 1 20),

||’I“1/2’Um||Loo(L2) =+ H?“l/QU:nHL’z(L’z) < (. (23)
Here C depends on «, Re, We, |07 Lo, ||/ ?vg][, |7 f||r2(v+), but is independent of o™ (and
m).
Since
1 & m
3 18; (&)1 < [IrH/20™ (217,
m J::l

using (23) we deduce that (f;) is bounded (respect to ©™) in C([0,77]) and, in particular,
v"™ is bounded in C([0,T], V™). (24)

Using the above estimate in (21), we have

Zai % is bounded in C([0,T]), for 1 <i < m.
s3] dt

j=1



dB;
Since A is symmetric and defined positive (uniformly respect to ), then (jg) is bounded in

C(]0,T)) for 1 < j < m. So that
0™ is bounded in C([0,T],V™). (25)

;From (24) and (25), we deduce that v™ is bounded in C*([0,T], V™).
Now, we can apply Schauder’s Theorem. Indeed, there exists C' > 0 (independent of 7™ €
C(]0,T],V™)) such that
[v™ lor(vmy < C.
If we denote B (resp. Bj) the closed ball in C([0,T], V™) (resp. C1([0,7], V™)) with radius C, then
the map v € B — v™ € Bj is well defined and continuous. Thanks to Ascoli-Arzelda Theorem,

the map 7™ € B +— v™ € B is continuous and compact. Therefore, there exists a fixed point v™,

and consequently (v™, o7, 04") is an m-th approximate solution.

THIRD STEP: Pass to the limit in (13)—(16) (by compactness).
First, we are going to obtain estimates for (v™, 7", ¢%"), independent of m. We have already
obtained estimates (22) and (23) in the above step, but these estimates are not suffice to control
the pass to the limit, in the nonlinear terms v*o™ (i = 1,2). To solve this, one possibility is to
find better bounds.

We denote the r-derivative of an equation with the index r. Now, we compute
(((14) x r),r M (ro),) + ((15) x 1), (1 — @®)r~ (rog?), ) - (26)
On the other hand, writing (13) as
(Re 9y (ro™) — (1 = a)(rv]")r, w) = ((rog" ), w) + (712 frn, 7 Pw) - Vw eV, (27)
we compute

((27), —wr—l(rv?)r) + ((27), wfmm) . (28)

Notice that 7=1(rv™),. € V™, thanks to the choice of the special basis.



Adding (26) and (28), many important terms “difficult to handle” are cancelled and we obtain

1d (1-a® 1/2 2 —1/2 2 2\ (,.—1/2 2
a2 = a)[[rZo 7 + e E o) 17 + (1= a®)|lr™ 2 (rog"). ||

2dt We
1—a? 1—a?
e a(l = @)l A ), P + o aRelr 20,0m |
1, 1—a?, _
+ gl 2o+ A o) P
1—a? 1/2 pm —1/2(,. m 2\, 1/2 _m, m _—1/2/. _m
= el A R ), + (L= @) o, o))
1— 2
— (L= @) o, o))+ a2 o), P20
1— 2
+ 7\7\75 a(rl/Qfm,T1/28tvm).

Using (8) and (22), the right-hand side of the above equality can be bounded by

1— a? 1—a?
1— —1/2(,.,m 12
sl = )l 2o P+ S

+ O (Ir 2 o) lI? + e~ 2 (rog )l + /25 1%) -

aRel|r'/200™|1?

Thanks to Gronwall’s Lemma, since /2 f™ is bounded in L?(L?) and r'/?(v"),. and 7~/2(ra; o),
are bounded in L? (because vy € V and oi0 € W, i =1,2), we deduce that there exists C' > 0
such that

||7“1/2U:n||L°°(L2) <C, (29)
[r= 200l <€ (e [0 |z2wy < O, (30)
I 0™ ey <O (e |00 Laee) < ©) (3D
and
Ir= 2o llzewey SO (e [0 lL=w) <C)  i=12. (32)

Thanks to Lemma 4, (30) and (32) imply
Ir 2o [ p2ey <€, TV 20 [ pere < C, i=1,2, (33)

||r1/2v:."||Lz(H1) <C and ||T1/20';€n||Loc(H1) <C, i=1,2, (34)

Moreover, multiplying (14) and (15) by ~!/2 and taking into account (33), we obtain

10:(r= 20|22y < €, i=1,2. (35)

10



Estimates (22), (23), (29) — (35) can be used to prove the existence of subsequences (again indexed
with m) such that

v = weakly in L?*(Hp),
vl =, weakly in L?(W),
ri/2ym /2y weaklyx in L>°(L?) and weakly in L*(Hp),
r2om 2y, weaklyx in L°°(L?) and weakly in L?(H?'),
O (rt/2um™) = 9y(r'/?v) weakly in L2(L?),
o = o weaklyx in L®°(L>*NW) i=1,2,
r2gm  —  pl/2g; weaklyx in L>®°(HY) i=1,2,
Or(r=2a™)  —  9,(r~Y2%0;) weakly in L?(L?) i=1,2.

From well know compactness results, in particular, one has
P2 5 12y and  rY/26™ = rY20,  strongly in L2(L?), i=1,2.

The weak convergences are suffice to pass to the limit in (13) and (27), but the strong convergence
is necessary to pass to the limit in (14) x 7 and (15) x 7, on account of terms r'/2¢7 /2y, In

particular, (v, o1, 09) verifies
(Rer 0w — (1 — a)(rvg.), — (rog), —rf,w) =0 Yw € V. (36)
By a standard density argument, the above equality is also verified for all w € L2, hence one has

Redw — (1 — ) ! (rvg)r = %(7‘02)1« +f ae. in (0,R) x (0,7). (37)

-
Multiplying (37) by w € H, one has
Ow € L*(H').

In particular, v € C'(H').

On the other hand, from (32) and (35) we deduce that o™ is relativily compact in C([0,T], H~1)
and from (23) and (31) we obtain that r'/2v™ is relativily compact in C([0,T], H~"). Then, we
can pass to the limit in the initial conditions.

The Theorem 2 is proved.

5 The proof of Theorem 1

Let us choose sequences (vg), (054) (i = 1,2) and (f¢) such that

eV, o eLl®nNW i=12  rY2ffe*L?), Ve>0

11



and
vG — Vo strongly in H,

0fy — 050 weaklyx in L and a.e. in (0, R), (38)
rfe = rf strongly in L?(V").

For each ¢ > 0, we consider (v°, 07, 05) a regular solution of (1)-(5) associated to the data vg, o7 g,

f¢ furnished by Theorem 2. In particular, (v¢, 0%, 05) is a weak solution of (1)—(5):

Re(at(rl/QUE),rl/Zw) + (1 _ a)(Tl/QUf,Tl/Z’wT)

= —(r'%05,r 2w, + (rf%, w) Yw €V, a.e.in (0,7T), (39)
dro5 + Wetof = (1 — a?)o5vs a.e. in (0, R) x (0,7T), (40)
Oros + We o = aWe Hos — o508 a.e. in (0, R) x (0,7, (41)
(1"1/2116)|t=0 = rl/ng, (r1/205)|t=0 = 7"1/201-570 i1=1,2. (42)

Proceeding as in section 4, we can prove the estimates (22) and (23) (respect to ¢), that is
lof ey <C, 20 lpsoqey <O 7205|222y < C. (43)
Considering these estimates in (40), (41), one has
10:(r*205) L2 (r2y < C, i =1,2. (44)

In addition, the estimate
||at(r1/2ys)||L2(H};1) < C, (45)

can be proved, using the following
Lemma 6 Ifw € Hy then r~/?w € V and ||r~?w|y < Cllwlle, -

PROOF: )
By definition of V, r~'/2w € V if only if r'/2(r—'/?w), = w, — Erflw € L?. Since w, € L?, it

suffices to prove that r~'w € L? and ||r~lw| < C|lw,||. Indeed, we can write
R
(r~tw)?(r) = 72/ s~ w(s) (silw(s))s ds.

Integrating in » € (0, R) and using Fubini’s Theorem, we obtain

R R
rlw|]? = — w(r)(r~tw(r), dr =2 |rtw||* - r~ w(r) w,(r) dr.
Il = =2 [ e ) dr = 2wl =2 [ ) ) d

Therefore,

R
Ir= wl* = 2/ r=tw(r) we(r) dr < 2|lr Ml - o,
0
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and ||r~'w]|| < 2||w,|| holds. O

Thanks to the estimates (43)—(45), we can pass to the limit in (39) and in the linear terms of
(40)—(41). Moreover, the initial conditions are verified. However, the weak convergences are not
enough to pass to the limit in the nonlinear terms ov: of (40)—(41). To do it, we will prove that
(rt/2v, 11265 r1/205) is a Cauchy sequence in an addecuate norm.

We consider the difference between (39).-(41). and (39),(41),. Taking w = %(1}6 )

as test function in (39). — (39),, computing the scalar products in L? of ((40). — (40),) X r and

((41). — (41),) x r respectively by /205 — o) and r/%(05 — o)), and adding all the terms,

1—a?
we obtain

1d (aRe 1
@ {We 27 = o2+ = 3 (of — DI + (o5 - o;’>||2}

o(l - - 1 1 - -

+ 220z - I + i (20t = oDIP + 12005 - oI )

= Y2055 oMY P Y2005 — o)) 4 S (FE — M) (0F — o7 (46)
(1205 — o), 205 — )+ e (o7 — 1), (0F )

L (P2 (g — ), P2 (05 — o))

We

Hogr! 2 (vg — o), r'/2(of — of)) +

—(ofr!2(v; = vD), 1'% (05 — 03)).

Here, we have added and subtracted ojvs in (40). — (40), and o{vS in (41). — (41), respectively.
It must be emphasized that, in the previous manipulations, those terms “difficult to handle”, i.e.

the terms associated to

I ) Y G
have disappeared. The right-hand side of (46) is bounded by
Cllr 2w = o - 1712 (05 = o)1+ 17272 (o5 = o) - [Ir'/? (05 — o3|

Hllr(fe = Nl - (0 =vMllv).

Then, we arrive at

d [aRe
S SRIr2F — oIP + lr200% - )P + 125 - oI
a(l —a)
+T||7‘1/2(Uf —o)|? < Cullr(f° = IR (47)
aRe 1,5 . B 1 1/2( & 712 1/2( & ny(|2
0y | T 2(0 o) 4 g (o5 — o) + (05 — o)
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From Gronwall’s Lemma, we obtain

aRe
Wllr”z(va - U")”ioo(Lz) + 1_ a2 \|T1/2(Ui - U?)”%wuﬂ + |[r(o3 — Ug)Hioo(m)
aRe 1/2¢ e UNIE 1 1/2( & IR 1/2( & no\2
< WHT (v5 —vo) g2 + WHT (01,0 - U1,0)||L2 + [|r (02,0 - 02,0)HL2

+C (= = )2

Therefore, thanks to (38), {r'/?2v°} and {r'/265} (i = 1,2) are Cauchy sequences in L>°(L?).
Coming back to (47), we also obtain that {r'/?vg} is a Cauchy sequence in L?(L?).

Notice that, in particular, the above argument implies uniqueness of the weak solution.

The strong convergences of 7'/2¢¢ in L>(L?) or 7'/?v in L?(L?), are enough to take limits in
(40) x /2 and (41) x r'/2. Finally, from estimates (43)(45), one has that the sequence {r'/2¢¢}
is relatively compact in C([0, 7], H~') and {r'/2v°} in C([0,T], Hx'), hence the initial conditions
holds.

Remark: The Cauchy argument used in the above proof, can not be made directly with a Galerk-
ing approximation. From this fact, we have had to prove the regularity result (Theorem 2) before
that Theorem 1.

Remark: When a = 1 or a = —1, results like of this paper can be proved more easily. Now, o5
is uncoupled respect to (v, 01), which is the solution of a linear system. The principal disavantage
is that now one can not prove the L> estimates for o;. In this new system, the energy estimates
says us that

/267 is bounded in L>(L?),

r1/2y™ is bounded in L*°(L?),

/2y is bounded in L?(L?).

Therefore a standard compactness argument leads to the existence (and uniqueness) of the weak

solution.
Acknowledgment: The authors are indebted to E. Ferndndez-Cara (University of Sevilla), for several fruitful

discussions and specially for their introduction in this subject.
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