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Ultradiscrete kinks with supersonic speed in a layered crystal with realistic potentials
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In this paper we develop a dynamical model of the propagating nonlinear localized excitations, supersonic
kinks, in the cation layer in a silicate mica crystal. We start from purely electrostatic Coulomb interaction and
add the Ziegler-Biersack-Littmark short-range repulsive potential and the periodic potential produced by other
atoms of the lattice. The proposed approach allows the construction of supersonic kinks which can propagate
in the lattice within a large range of energies and velocities. Due to the presence of the short-range repulsive
component in the potential, the interparticle distances in the lattice kinks with high energy are limited by
physically reasonable values. The introduction of the periodic lattice potential results in the important feature
that the kinks propagate with the single velocity and single energy, which are independent on the excitation
conditions. The unique average velocity of the supersonic kinks on the periodic substrate potential we relate
with the kink amplitude of the relative particle displacements, which is determined by the interatomic distance
corresponding to the minimum of the total, interparticle plus substrate, lattice potential. The found kinks are
ultradiscrete and can be described with the “magic wave number” q = 2π/3a, which was previously revealed in
the nonlinear sinusoidal waves and supersonic kinks in the Fermi-Pasta-Ulam lattice. The extreme discreteness
of the observed supersonic kinks, with basically two particles moving at the same time, allows the detailed
interpretation of their double-kink structure, which is not possible for the multikinks without an account for
the lattice discreteness. Analytical calculations of the displacement patterns and energies of the supersonic
kinks are confirmed by numerical simulations. The computed energy of the found supersonic kinks in the
considered realistic lattice potential is in a good agreement with the experimental evidence for the transport
of localized energetic excitations in silicate mica crystals between the points of 40K recoil and subsequent
sputtering.
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I. INTRODUCTION

Many minerals are known by their capability of recording
the tracks of charged particles and are often used as solid state
nuclear track detectors (SSNTDs)[1,2]. Among them, silicate
mica muscovite crystal has been relevant as it was the second
material and the first natural one where the tracks from fission
fragments were found [3]. Soon later fossil tracks were also
found in silicate mica crystal [4]. This crystal seems to be one
of the most sensitive of the natural SSNTDs [5]. Mica crystal
has important technological applications due to its dielectric
and heat-shielding properties. Due to its heat resistance, mica
crystal can be used inside a nuclear reactor core for particle
detection. It has also been used in geochronology and to probe
the existence of dark matter [6], to find exotic nuclear reactions,
decays of super heavy elements, and weakly interacting
massive particles [1,2]. Silicate mica crystals are among the
materials considered as engineered barriers for nuclear waste
storage due to their high rate of reaction with heavy ions
in low-temperature reconstructive transformations [7]. The
latter are also important for the development of advanced
structural ceramics [8]. The reconstructive transformations at
low temperature were related with the existence of stationary
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intrinsic localized vibrational modes (discrete breathers) in
mica crystals [9,10].

Tracks of positrons, muons, and other particles have been
reported [11–14] in mica muscovite crystals. Some of these
tracks were identified as being produced by positrons resulting
from the β+ decay of 40K. This isotope is relatively abundant
in the minerals and can also experience the β−, electron
capture and other kinds of decays [15,16]. Most of the tracks,
however, cannot be explained as being produced by charged
particles but could have been produced by some kind of
propagating energetic vibrational excitation since the tracks
are along the close-packed lines of the K+ hexagonal layer
shown in Figs. 1 and 2. One interpretation of these tracks is that
they are formed by the quasi-one-dimensional (1D) localized
nonlinear excitations, sometimes called quodons [17], whose
exact nature is still unknown.

A likely source for the vibrational energy required to initiate
a quodon is the recoil energy of the 40K after β decay, which
can be up to 52 eV [15,16]. In mica muscovite crystals, there
are about three decays per second and cm3, so after many years
of the sensitive period, when track recording is possible, there
are many possibilities to initiate a quodon. An experiment
was done to shed some light into the relationship between
tracks and quodons [18]. A mica specimen was irradiated by
alpha particles, and the ejection of atoms was detected on the
opposite side, along the close-packed lines. The ejected atoms
could not been identified and sputtering energies are not known
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FIG. 1. (Color online) Representation of the mica structure from
the point of view that emphasizes the close-packed lines of the K+

hexagonal layer represented by yellow balls. For a view from the top,
see Fig. 11

exactly; however, from experimental and theoretical studies,
they are known to be in the range of 4–8 eV [19].

In an attempt to understand this phenomenon, numerical
simulations were conducted in an idealized 1D model where
the particles with a given high energy hit the boundary of
the lattice [20]. This study reports the formation of breathers
and kinks in the lattice bulk and the ejection of atoms at the
opposite boundary of the sample. However, the model did not
intend to use realistic values of the mica muscovite parameters.

A minimal model of the cation lattice with realistic
parameters has been proposed recently [21,22]. Only K+ ions
were considered with the actual potassium mass and Coulomb
interaction between them. The interaction with the rest of the
lattice was implicitly considered as the force keeping the ions
inside the crystal with the known interatomic distance in the
muscovite. In those publications, it was reported the existence
of supersonic kinks which were easily generated within a wide
range of velocities and energies.

However, such model is too simplistic because for relatively
high ion energies it results in unrealistically small distances
between the ions, of tenths of angstrom. In this paper, we de-
velop a comprehensive dynamical model of the propagating

nonlinear localized lattice excitations, supersonic kinks, in
which we use the Ziegler-Biersack-Littmark (ZBL) short-
range repulsive potential, introduced in particle bombardment

n

un = xn– nana

+ + + + + + + + +

FIG. 2. (Color online) Representation of a close-packed line of
K+ ions and the variables used. At equilibrium one has xn = na, and
un measures the displacement from equilibrium of the ion labeled n.
In physical units a = 5.19Å, and a = 1 in scaled units.

studies [23]. ZBL potential describes the Coulomb repulsion
between nuclei, which is partially screened by the atom
electrons and rapidly decays within few Å. The results for the
moving energy-carrying objects in such potential are similar to
those obtained with pure Coulomb potential [21,22], namely,
that supersonic kinks, traveling without attenuation for long
distances, can be produced within a wide range of velocities
and energies. The interparticle distances in the kinks in our
dynamical model are limited by physically reasonable values.
Note that our dynamical model allows for bond dissociation,
which realizes one possible physical mechanism of the normal
heat transport in low-dimensional systems [24]. From the other
hand, the classical description of the supersonic kink formation
and propagation is justified by the fact that ZBL potentials are
known to provide very good agreement with the experiments
on atom collisions in the context of radiation damage and ion
track formation, which can be modeled using the methods of
classical molecular dynamics [25–27].

The literature about kink propagation in lattices with
different interparticle and on-site potentials is extensive. The
most studied and generic model is the Frenkel-Kontorova (FK)
model [28]; see reviews in Refs. [29–31]. However, most of
the kinks considered in these publications are subsonic ones.
Supersonic kinks in the systems with substrate have been found
in models with anharmonic interparticle coupling [32–35].
They have the property that only a discrete set of velocities
allows the propagation of the kinks without attenuation. They
can be described as multikinks or lattice N solitons depending
on whether the description is done in terms of displacements,
strains, or velocities.

The FK model has also been considered in layered
materials, to model, for example, the in-plane dynamics of a
few-layer graphene, in order to explain the results of molecular
dynamics simulation of the cross-plane thermal conductance
[36].

As a next step towards a more realistic description, we
construct explicitly the interaction with the surrounding atoms,
using standard empiric potentials introduced in molecular
dynamics, which give rise to a periodic nonsinusoidal substrate
potential. Supersonic lattice kinks, which are also called
crowdions [32], were constructed in our dynamical model.
They propagate in such potential with a velocity which is
independent of the excitation conditions and is determined
only by the lattice potential parameters. The kink (crowdion)
with the unique supersonic velocity, propagating in our
dynamical model of the cation layer on a substrate, has a
double-kink structure. We relate the unique velocity of the
supersonic kink on the periodic substrate potential with the
kink amplitude of the relative particle displacements, which
is determined by the interatomic distance corresponding to
the minimum of the total, interparticle plus substrate, lattice
potential.

The important characteristic, found in the kinks studied in
the present work, is extreme discreteness of the kinks, with
only one or two particles in motion at a given time. The
extreme kink discreteness allows the complete understanding
in physical terms of the mechanism that brings about the
double-kink structure of the found kinks.

The computed energy of the found supersonic kinks in the
considered realistic lattice potential is approximately 26 eV:
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Such energy can be provided by the recoil of isotopes of
potassium after radioactive decay, and it is larger than the
sputtering energy. This value of the characteristic energy of the
found supersonic kinks allows to assume that the tracks found
in mica muscovite crystals can be related with the propagating
lattice kinks (crowdions).

We describe the Hamiltonian systems, in which the su-
personic kinks under certain conditions lose their energy by
emitting phonons; see Sec. V. But nevertheless the considered
systems continue to be the strongly underdamped systems.
Therefore the known properties of the kinks (fronts) in
dissipative overdamped systems [37,38], including discrete
ones [39,40], cannot be applied directly to the considered
ultradiscrete supersonic kinks. For instance, due to the kink
discreteness on the atomic scale, the position of the kink (front)
core cannot be unambiguously defined as the position of the
maximum of the displacement derivative ∂xux [39] because
the latter quantity is not well defined for the ultradiscrete
kink. Therefore we can define and numerically measure only
the average kink velocity and cannot measure the possible
weak time-domain oscillations of the kink speed and snaking
bifurcation diagram [39,40].

The paper is organized as follows. First, we review and
extend the results obtained with only Coulomb interaction,
using the sinusoidal wave form with the magic wave number
q = 2π/3a proposed for supersonic kinks in the Fermi-
Pasta-Ulam (FPU) chain [41,42]. The sinusoidal wave form
is a good description for λ � 3a, where λ is a charac-
teristic wavelength of the sinusoidal wave form and a is
the lattice constant, but fails for λ � 2a, been replaced by
an almost triangular wave form, corresponding to nearly
hard-sphere collisions. Afterwards, we consider the effects of
long-range interactions with several neighbors, and introduce
a short-range nearest-neighbor ZBL potential. Thereafter,
the substrate potential is constructed and the properties of the
single-velocity lattice kinks in the cation layer on the substrate
are analyzed with detail. Finally we provide a summary and
discussion of all the main results of the paper.

II. MODEL AND SINUSOIDAL KINK DESCRIPTION

We consider as a starting point a 1D model for the dynamics
of K+ ions, given in dimensionless form by

ün = − 1

(1 + un+1 − un)2
+ 1

(1 + un − un−1)2
, (1)

which describes a chain of ions coupled to their nearest
neighbors by electrostatic potential. The variables un represent
the displacement of a particle in the chain with respect to
its equilibrium position, normalized to the lattice constant.
The values of the scaled units are the following: for lengths,
the lattice constant, the equilibrium distance between K+
ions, uL = a = 5.19 Å; for masses, the mass of a K+ ion,
mK+ = 39.1 amu; for time, τ =

√
mKa3/ke e2 � 0.2 ps, ke

is the Coulomb constant, and e is the elementary unit of
charge. Other physical units in the system are velocity uV =
2.6km/s, energy uE = 2.77 eV, momentum uP = 1.698 ×
10−22 kg m/s, and frequency 5 THz. The dimensionless speed
of sound in this system is cs = √

2, or 3.7 km/s in physical
units.

For small amplitudes, the potentials in Eq. (1) can be
expanded in series using that 1/(1 + y)2 � 1 − 2y + 3y2 −
4 y3 . . . . Retaining cubic and smaller terms, we obtain

ün = c2
s [(un+1 + un−1 − 2un)

− 3/2(un+1 − un)2 + 3/2(un − un−1)2

+ 2(un+1 − un)3 − 2(un − un−1)3 + · · · ], (2)

which are the α-β FPU equations of motion. We would
like to emphasize that the α-β FPU equation (2) describes
the Coulomb lattice (1) only in the small and intermediate-
amplitude limit and is not applicable to this lattice in the
large-amplitude limit; see Fig. 4 and the subsection dedicated
to the triangular wave form below.

Without nonlinear terms, Eq. (2) is reduced to the discrete
linear wave equation:

ün = c2
s (un+1 + un−1 − 2un), (3)

where cs , the speed of sound, is the long wavelength phonon
velocity. It is also both the maximum phase and group velocity.
Note that in our scaling cs = √

2.
Introducing a new variable, the deformation from the

equilibrium position or strain vn = un − un−1, the equations
above can be written as

v̈n = 2Fn − Fn+1 − Fn−1, with Fn = 1

(1 + vn)2
, (4)

where vn = 0 corresponds to the unperturbed lattice. The
boundary conditions assume fixed particles at the ends
of the lattice. Kinks are produced numerically by applying
at the chain boundary a half-wave perturbation, which is
a sinusoidal displacement during half of a period, starting
and finishing at the equilibrium position [21,42]. In order to
describe a kink traveling to the right, the following ansatz was
introduced in Refs. [41,42]:

vn = −A

2
[1 + cos(qn − ωt)] if − π � qn − ωt < π

(5)

and vn = 0 otherwise, where A is the kink amplitude of
the relative particle displacements. The bonds are always
compressed so vn is negative with a minimum value of −A,
corresponding to the maximum compression of the bond. For
analogy, we use the usual wave terminology, so φn = ωt − q n

is the phase; q is the effective wave number; ω is the angular
frequency; T is the period; λ = 2π/q is the wavelength. The
average velocity of the kink is defined as V = ω/q: It is
determined by the time the kink needs to travel a lattice site.
Numerically it is measured by tracing the states of maximum
lattice compression.

The sinusoidal wave form with the magic

wave number q = 2π/3 is an exact solution for the
nonlinear sinusoidal waves in the FPU chain [41–43], which
is characterized by the translational-invariant interparticle
potential with cubic and quartic anharmonicity. This potential
is a good approximation for many realistic potentials,
including the Coulomb one, for the intermediate amplitudes.
Such wave form provides a very useful framework for
understanding the relative phases of the moving particles and
the behavior of the kink.
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FIG. 3. Profile for the two kinks coordinates un and strains vn =
un − un−1. Circles and triangles are numerical results, and the contin-
uous lines are obtained from Eq. (5) with magic wave number q �
2π/3 (top), when basically two particles are moving at a given time,
and with q � π (bottom) for the amplitude A close to 1, when
basically one particle is moving at a given time. Scaled units are
equal to the lattice unit.

Figure 3 (top) compares the result of the numerical
simulation for displacements and strains, with the corre-
sponding analytical expressions derived from Eq. (5), for
the intermediate value of the amplitude A = 0.55 and
magic wave number q � 2π/3. The analytical expression
fits very well the numerical data. Figure 3 (bottom) pictures a
kink with wave number q = π . There are not enough particles
to compare with the analytical form, but the main properties
of the latter are valid.

For the dimensionless wave number q = 2π/λ, with λ an
integer, Eq. (5) represents a solution where basically λ bonds
and λ − 1 particles (the kink core) are in motion, while the
others remain at rest.

We will use the term active to describe related states of
the different magnitudes. The active particles or coordinates
at a given time or time interval (or phase or phase interval)
are those for which un is changing, the active bonds are those
for which vn �= 0; i.e., they are the compressed ones. For a
particle, the time interval is active when it is moving, and for
a bond, when it is compressed.

If the dimensionless wavelength λ is between two integers
m1 and m2, the number of active bonds oscillates between
m1 and m2 and the number of active oscillating particles is
between m1 − 1 and m2 − 1.

0 0.2 0.4 0.6 0.8 1
0 

cs 
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8 

R = 1-A

V

 

q=2 /3

q=

FIG. 4. Kink velocity versus minimal interparticle distance R =
1 − A, calculated numerically (thick line) and analytically from
Eq. (6) with wave number q = 2π/3 (upper dotted-dashed line) and
q = π (lower dotted-dashed line). Scaled units are the lattice constant
for distances and 2.6 km/s for velocities.

Of particular interest in this work will be λ = 3, with q =
2π/3, which is called the magic wave number [42], and λ = 2,
with q = π , which will be referred to as the π mode. These
two values are extreme cases of localization, with q = π being
the limit when only one particle is moving at a given time.

A. Rotating wave approximation

The average velocity of the kink can be analytically
obtained with the use of the rotating wave approximation
(RWA) as derived in Ref. [21]:

V = ω

q
= 1

(1 − A)3/4
cs

sin(q/2)

(q/2)
. (6)

Kinks are therefore supersonic. In the small amplitude
(A → 0) and long wavelength (q → 0) limit, V tends to the
sound speed cs .

In Ref. [21] it was shown that the wave form with
the magic wave number demonstrates a good agreement
between the ansatz and simulations. However, this agreement
fails at the kink amplitudes A approaching unity, when the
minimal interparticle distance in the kink (in lattice units)
R = 1 − A diminishes and the q = π brings about a much
better fit as can be seen in Fig. 4. The conclusion is that
the magic wave number is a suitable approximation for an
intermediate range of amplitudes in the Coulomb lattice, in
contrast to the FPU chain where it is valid for all amplitudes
[41–43], and that q actually changes continuously with
the amplitude in the Coulomb lattice. The complementary
approach is to use Eq. (6) to find the values of the wave
number q, with respect to the amplitude A or the velocity
V . This will be shown in Fig. 9, where it can be appreciated
that the wave form with the magic wave number is a proper
solution in the Coulomb lattice for the intermediate values of
the kink velocity.
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FIG. 5. Temporal variation of the strain vn = un − un−1 for
different amplitudes. As the amplitude A increases, the shape
becomes almost triangular, corresponding to almost hard-spheres
collisions. The amplitude A is given in lattice units and the scaled
time unit is 2 ps.

B. Triangular waveform

For the higher amplitudes, with A close to 1, the wave
form deviates from the sinusoidal one given by Eq. (5) and
approaches instead the triangular wave form, which is shown
in Fig. 5. The almost straight lines in such wave form mean
that the velocity is almost constant except during a very short
interaction time. The system behavior is very similar to that of
the hard-spheres model.

This wave form is also another way of looking at the mode
q = π . In this mode only one particle is moving at a given
time, which means that there are no forces on the particle
acting from its neighbors. Strictly speaking, the mode q = π

and an exact triangular wave form are unattainable because
of the electrostatic Coulomb forces acting on the particles.
However, if the energy of the particle is large with respect
to the change in the potential during a large part of the
path between collisions, the particle will move almost free
during most of the time between collisions. The triangular
wave form has been described as the high-energy limit for
the Lennard-Jones interatomic potential [44] and has been
observed experimentally in a system of repelling magnets [45].
It is worth mentioning that the triangular wave form can also
be related with strongly stretched bonds in the high-energy
limit in the potentials allowing for bond dissociation, like the
Lennard-Jones potential. The strongly stretched bonds result
in finite (normal) thermal conductivity in 1D systems with
such interatomic potentials [24].

C. Analytical results

1. Sinusoidal waveform and mode with q = 2π/3

Some analytical results can be obtained in this model; see
also Ref. [42]. Let us consider the wave number q = 2π/3
and choose t = 0 for the time for which φn = q n − ωt = 0
at n = 0 after a change of the origin of n and t , but keep
the notation n for generality. If we consider the time interval

t : −T/6 � t < T/6, there are three active strains: vn+1, vn,
and vn−1. At the end of the interval, that is at t = T/6, vn−1

becomes zero and vn+2 starts being perturbed, so all the indexes
n of the particles will change in a unity.

During 
t , un′ = 0 for n′ � n + 1, un and un+1 are
changing but un−1 has already attained the value 3A/2, its
final constant value as can be checked by direct sum. Also,
un′ = 3 A/2 for n′ < n − 1, their final value after the kink has
passed over them as seen in Fig. 3. The active coordinates are
therefore un = −vn+1 and un−1 = −vn + vn+1. After some
algebra we get

un = A

2
+ A

2
cos(φn + 2π/3),

(7)

un−1 = A − A

2
cos(φn − 2π/3).

We can obtain immediately the kink kinetic energy as K =
1
2 u̇2

n + 1
2 u̇2

n−1, which results in

K = ω2A2

8

[
1 + 1

2
cos(2φn)

]
(8)

with maximum value

KM = π2

12
V 2A2. (9)

The potential energy, with respect to the equilibrium state,
is given by

U = 1

1 + vn−1
+ 1

1 + vn

+ 1

1 + vn+1
− 3. (10)

By substitution, it can be seen that the maximum potential
energy corresponds to the bond n at its maximum compression,
i.e., with φn = 0, while the bonds n − 1,n + 1 have a phase
difference of ±2π/3 with a strain un−1,n+1 = −A/2(1 +
cos(±2π/3) = −A/4. Therefore the maximum energy be-
comes

UM = 1

1 − A
+ 2

1 − A/4
− 3. (11)
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FIG. 6. Maximum potential energies of the kinks in the Coulomb
potential versus minimal interparticle distance in lattice units R =
1 − A (for amplitude A close to 1). The analytical results are
very similar for the wave forms with q = π and q = 2π/3, as the
maximum potential energy of the kink depends mainly on the minimal
separation between particles R. The values of the dimension units are
the lattice unit and 2.77 eV, respectively.
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There is also a minimum potential energy which corre-
sponds to the limit, in which only two bonds are different from
zero with phases ±π/3 and strain vn = −3A/4. The minimum
energy becomes

Um = 2A

1 − 3A/4
− 2. (12)

The kink has always some compression energy Um above the
ground state.

2. Sinusoidal waveform and mode with q = π

The properties of sinusoidal kinks with mode q = π are
easy to obtain as there are only two active strain variables and
one coordinate, which during the interval 
πt , 0 � t < T/2,
are

vn = −A

2
[1 + cos(q n − ωt)],

vn+1 = −A

2
[1 + cos(q[n + 1] − ωt)]

= −A

2
[1 − cos(q n − ωt)],

un = −vn+1; u̇n = A

2
ω sin(q n − ωt). (13)

The kinetic and potential energies, K = 1
2 u̇2

n and U = 1
1+vn

+
1

1+vn+1
− 2 = 1

1+vn
+ 1

1−vn
− 2, can be obtained. The maxi-

mum kinetic, maximum, and minimum potential energies are
given by

KM = π2

8
A2V 2, UM = 1

1 − A
− 1, Um = 2

1 − A/2
− 2.

(14)

3. Triangular wave form and mode with q = π

The potential energy fits very well the numerical values,
unlike the kinetic energy, as can be seen in Figs. 6 and 7. This
is because the π kink is better described by the triangular form
for large energies. Let us suppose that t = 0 is the time for
which vn = −A, as it takes half a period to change from −A

to 0, then V T/2 = 2. Therefore, for the interval 0 � t < T/2
the active variables are

vn = −A + AV t, vn+1 = −AV t,
(15)

un = −vn+1 = AV t, u̇n = AV.

The kinetic energy is therefore a constant:

K = KM = 1
2A2V 2. (16)

In the numerical simulations, there are short time intervals
when K changes, separated by a larger interval when K is
almost constant.

The maximum and minimum potential energies are iden-
tical to that of the q = π sinusoidal wave form given by
Eq. (14).

III. INTERACTION WITH SEVERAL NEIGHBORS

All the previous results apply to the case of nearest-neighbor
coupling. We have also checked that the kinks still exist
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FIG. 7. Maximum kinetic energies of the kinks in the Coulomb
potential versus minimal interparticle distance in lattice units R =
1 − A (for amplitude A close to 1). It can be seen that the kink with
wave number π is better described by a triangular wave form than
by a sinusoidal one. The values of the dimension units are the lattice
unit and 2.77 eV, respectively.

and propagate supersonically when the Coulomb interaction
extends beyond the nearest neighbors. The kinks have similar
velocity and wave number if we take as reference a normalized
velocity V/cp, where cp = cs(

∑p

l=1 1/l)1/2 is the sound speed
in the Coulomb chain with interactions between p nearest
neighbors. Figure 8 shows the dependence of the relative
velocity V/cp on the minimum interparticle distance, and
Fig. 9 shows the dependence of the best fit for the wave number

0 0.2 0.4 0.6 0.8 1
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R = 1- A

V
/c

n
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c1+ZBL
cSustrate, transient
Vc

FIG. 8. Kink velocities as a function of minimal interatomic
distance in lattice units R = 1 − A (A is kink’s amplitude) for
several potentials. Notations in the legend: Ci , i = 1,3,8, refers to
the Coulomb interaction between the first i neighbors. Velocities
are normalized to the sound speed cp for a system with interaction
between p neighbors, except for the system with a substrate, which is
normalized to c1 = cs . It can be seen that the increase of the number
of interacting neighbors slows the normalized velocity V/cp of the
kink (but not its absolute velocity). Also, it can be seen that in the
system with a substrate the normalized velocity V/cp deviates from
the curve c1+ZBL to some specific velocity Vc on the c1 curve. The
values of the sound velocities are c1 = cs = 3.7 km/s, c3 = 5.0 km/s,
and c8 = 6.1 km/s.
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FIG. 9. Best fit for the wave number q of the kinks as a function of
the velocities normalized to the sound speed. Notations in the legend:
Ci is the Coulomb interaction between the first i neighbors. Note that
the magic wave number q = 2π/3 is also chosen in the system with a
substrate. The values of the sound velocities are c1 = cs = 3.7 km/s,
c3 = 5.0 km/s, and c8 = 6.1 km/s.

as a function of the relative velocity, emphasizing the essential
identity of the phenomenon. Other aspects of these figures will
be commented below. For clarity, only the cases of three and
eight neighbors are represented although up to 30 neighbors
have been tested.

It is worth commenting the problem that arises when the
interaction with an infinite number of neighbors is taken into
account. If the pair potential depends on the interparticle
distance |r| as 1/|r|s , the long-wave phonon velocity is finite
for s > 1, but it diverges with the number of particles N

as vph ∝ √
ln(N/2) for the unscreened Coulomb potential

(s = 1). However, this divergence occurs only in the elec-
trostatic limit when the electromagnetic wave retardation is
neglected. With an account of the retardation, the long-wave
group velocity tends to the speed of light in vacuum. If the
particles are in a material medium, there is a rearrangement
of the electron density that can be described as a screening
of the Coulomb interaction with some characteristic length
lscr. The screening brings about a finite long-wave phonon
velocity vph ∝ √

ln(lscr/a), where a is the lattice constant. As
has been mentioned, we do not study in depth this problem
here and have considered only a few neighbors for simplicity.

IV. KINKS WITH SHORT–RANGE ZBL POTENTIAL

The minimal interatomic distance in lattice units R =
1 − A, obtained for fast large-amplitude kinks, is clearly
impossible in realistic systems. At short distances short-
range forces appear, which are produced by the overlapping
electronic shells of the two close atoms. A large number of
different repulsive potentials and screening functions have
been proposed over the years, some determined semiem-
pirically, others from theoretical calculations. A much used
repulsive potential is the one given by Ziegler, Biersack,
and Littmark, the so-called ZBL repulsive potential. It has
been constructed by fitting a universal screening function to
theoretically obtained potentials calculated for a large variety

of atom pairs [23]. The ZBL potential has the form

UZBL(r) = ke
Z1 Z2 e2

r
φ

(
r

ρ

)
, (17)

with ke being the Coulomb constant, Z1 and Z2 are the atomic
numbers of the involved atoms, and r the distance between
them, φ(x) is the universal screening function:

φ(x) = 0.1818 exp(−3.2x) + 0.5099 exp(−0.9423x)

+ 0.2802 exp(−0.4029x)

+ 0.02817 exp(−0.2016x). (18)

The screening length is ρ = 0.8854 a0/(Z0.23
1 + Z0.23

2 ), a0 =
0.529 Å being the Bohr radius. The ZBL potential describes
well the interaction between neutral atoms. In the case of
ions considered here, the Coulomb potential must also be
added, accounting for the repulsion between the ions. The
introduction of the ZBL potential restricts the interatomic
distances to the realistic values. The four terms in the ZBL
potential are important for different range of energies, but for
K+ ions, with energies up to 200 KeV, which is much larger
that the ones considered here, the interaction potential can be
represented by a single term, which together with the Coulomb
ionic part takes the form

U (r) = 1

r
+ α

r
exp

(
− r

ρ

)
(19)

with α = 184.1 and ρ = 0.0569 in dimensionless units, which
in physical units correspond to 2650.6 eV Å and 0.295 29
Å, respectively. Figure 10 represents ZBL and Coulomb
potentials, with their sum and other details to be commented on
later. Note that around r � 0.4, the combined potential U (r)
differs considerably from the Coulomb potential.

The dynamical equations become

ün = −Gn+1 + Gn − Fn+1 + Fn, (20)

with Fn given by Eq. (4) and Gn given by

Gn = α

1 + vn

exp

(
−1 + vn

ρ

)( 1

1 + vn

+ 1

ρ

)
. (21)
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FIG. 10. Interaction potentials U (r) in dimensionless units.
Coulomb (c1); ZBL (cZBL); Coulomb+ZBL (c1+ZBL); substrate poten-
tial (cS) and the sum of the Coulomb, ZBL and substrate potentials
(c1+ZBL+S). The scaled units are 2.77 eV and the lattice unit a = 5.19 Å
for U and r , respectively.
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When the joint effect of both the screened Coulomb
(ZBL) and bare Coulomb potentials is considered, i.e.,
Eq. (19), numerical simulations show that the behavior of
the kinks is not much different from that observed in the
bare Coulomb case, discussed in the preceding sections.
Supersonic kinks propagate equally well, changing from the
magic wave number q = 2π/3 to the proximity of q = π

and from the sinusoidal to nearly triangular wave form when
the amplitude A increases. Figures 8 and 9 also show the
characteristic curves V = V (A) and q = q(A). The sound
velocity does not change since the ZBL potential is felt only
for very large perturbations. The RWA cannot be obtained
analytically but the numerical RWA fits very well the results
of the simulations.

V. THE EFFECT OF THE SUBSTRATE POTENTIAL:
LATTICE KINKS OR CROWDIONS

In the preceding sections, the interaction with the other
atoms in the crystal was taken into account only implicitly,
since the only effect of the surrounding atoms was to fix the
equilibrium lattice period and to confine the particles within the
crystal. To better model the properties of the kinks in a crystal
like muscovite, we take into account explicitly the interaction
with the surrounding atoms in a simplified mica geometry. The
K+ ions occupy the nodes of the hexagonal lattice with a lattice
unit 5.19 Å. There are no other atoms in the K+ plane; therefore
we need to consider more atoms above and below. We consider
two planes above and two symmetric below. The closest plane,
at the distance of 1.6795 Å, is occupied with oxygen ions with
charge −2; their projections on the K+ plane lie in the middle
of the two nearest-neighbor K+ ions. The other layers, at the
distance of 2.2227 Å from the K+ plane, are occupied by
silicon ions. They are in the centers of tetrahedra whose three
horizontal vertices are occupied by the oxygen ions. See Fig. 11
for a sketch. The Si sites are occupied by Si+4 and Al+3 ions
in the proportion of 3:1, giving an average charge of +3.75,
but we assign them a smaller charge +2.75 to take into account
other atoms in successive layers, particularly the oxygen ions
at the top of the tetrahedra, and to achieve charge neutrality.
We suppose that all the atoms are in fixed positions except the
moving K+ ions in a row in the [100] direction. This is justified
by the supersonic speed of the kinks, that we are interested in,
and due to the weak interaction between the Si and Al ions
compared to the ZBL interaction between potassium ions.

The interaction between the K+ ions, that are in the
central X axis, are not considered in constructing the substrate
potential as it is taken into account explicitly. The lattice is
extended in the (001) K+ plane until the convergency of the
potential is achieved.

Specifically the potentials used are the electrostatic in-
teractions and the Born-Mayer potentials of the form V =
A exp(−r/rg), given in Ref. [46]. The value rg = 0.29 Å is for
all the interactions, and the pre-exponential constants in eV are
AKO = 3800.125, AKSi = 2762.5, AOO = 453.375, A0Si =
1851.25, and ASiSi = 1173.125. For the K+ -K+ interaction,
we use the ZBL potential described above.

We obtain a substrate potential in scaled units (uE �
2.77 eV), which can be described with very good approxi-

−a 0 a

0

b/2
 

 -b/2

K+

O-

Si+

x

y

FIG. 11. (Color online) Projection on the (001) plane of the ions
used in the calculation of the substrate potential. Four planes of ions
are considered, two above and two symmetrical below the K+ plane,
the closest two with oxygen and the other two with silicon ions. The
path for the central K+ ion used the in calculation is shown; note that
the O−2 ions in the middle of the path are actually at a distance of
1.68 Å above and below. The interaction between the K+ ions in the
central X axis is not taken into account in constructing the substrate
potential as it is taken into account explicitly. The crystal is continued
in the K+ plane until the convergence is achieved. Distance between
the longer marks is 1 Å.

mation by a truncated Fourier series:

Us(x) =
4∑

n=0

Un cos(2π n x) (22)

with coefficients Un equal to {2.4473, −3.3490, 1.0997,
−0.2302, 0.0321}. The corresponding linear frequency is ω0 =
4.48 or 119 cm−1 in physical units, which is close to 110 cm−1

determined experimentally [47]. Also the potential well of
20 eV is consistent with molecular dynamics simulations [48].
It is represented in Fig. 10 together with the other potentials,
such that their relative magnitudes can be compared.

The phonon spectrum becomes an optical one, and the
frequency and group velocity are

ω2 = ω2
0 + 4 c2

s sin2(q/2),
(23)

Vg = dω

dq
= c2

s sin q√
ω2

0 + 4 c2
s sin2(q/2)

.

Note that cs is still the sound speed in the system without
substrate. The dimensionless phonon frequencies ω are in
the interval between ω0 = 4.48 and ωmax = 5.31. The group
velocity is zero at q = 0 and q = π and reaches its maximum
Vg,max � 0.4 in proximity to q = π/2 with λ � 4. These
features are observed in the simulations.

A. Qualitative description

The introduction of the substrate potential does not prevent
the existence of supersonic lattice kinks. The lattice kink, also
called crowdion, consists of an interstitial atom propagating
very fast in the lattice and leaving behind a vacancy. The
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FIG. 12. Representation of the process of dynamical slowing
down of the kink. The nonlinear and linear radiation processes can
be easily distinguished. Nonlinear waves with large amplitude are
first emitted. Later, the phonons with the wavelength close to λ � 4,
which corresponds to maximal group velocity, and with exponentially
decaying amplitudes are emitted while the kink approaches the limit
velocity. Scaled units for time and distance are 0.2 ps and lattice
constant 5.19 Å.

specific feature of the kinks found in the present work is that
its velocity and energy are fixed by the layer+substrate system,
let us denote them as Vc and Ec (c for crowdion). If the initial
energy is smaller than Ec, the kinks are rapidly dispersed and
disappear, and if it is larger, the excess energy is radiated
as the kink slows down to Vc. The specific values in scaled
units are Vc = 2.7387 � 2cs and Ec = 9.4374, corresponding
to 7.16 km/s and 26.2 eV, respectively. The lattice kink is
supersonic in the two meanings (1) Vc > cs , where cs is the
sound velocity without substrate and (2) Vc is much larger than
the maximum phonon group speed Vc,max � 0.4 in the system
with the substrate, but is not larger than the maximum phase
velocity, which is unbounded for q → 0.

B. Slowing down processes

The process of slowing down to Vc is shown in Figs. 12
and 13, where two well-distinguished phases can be identified.

(a) Nonlinear radiation. For an initial energy E > Ec, the
kink progressively loses energy. The particles immediately
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V
 (s

.u
.)

Vc 

 

FIG. 13. Velocities of lattice kinks or crowdions versus time in
scaled units for different initial conditions. For velocities V > Vc,
the lattice kink slows down until V = Vc is reached. For V < Vc,
the kinks are dissipated into low-amplitude phonons. Scaled units are
0.2 ps and 2.6 km/s.

after the kink perturbation are left with enough energy for
nonlinear vibrations in the potential well bringing about a
nonlinear wave. Their frequencies obtained numerically are
above the phonon band with a maximum value of about 6.3.
This strong radiative process is shown in Fig. 12 for an initial
velocity V0 = 7. This process is very fast, and the loss of
energy is almost linear with time.

(b) Linear radiation. As the lattice kink energy approaches
Ec, the amplitude of the tail oscillations and their frequency
decrease, and the kink frequency enters the phonon band,
radiating low-amplitude phonons [30,31]. The energy de-
creases exponentially with time towards Ec. The wave number
of the radiated phonons can be deduced from the kink
speed as each particle left behind the kink is excited with
a delay 
t = 1/Vc and, therefore, with a phase difference
q = ω(q)
t = ω(q)/Vc. As the phonon wave vector is given
by q = ω(q)/Vph, where Vph is the phase speed of the
phonons, Vph = Vc. Using the phonon dispersion relation in
Eq. (23) it is possible to obtain the phonon wave number
and wavelength λph = 3.5, which is the observed one in the
simulations. Similar process has been described in Ref. [30]
and in references therein for subsonic kinks. However, there
is an important difference: The subsonic kinks, described in
those works, radiate continuously and eventually stop.

From the comparison of Figs. 8 and 13 with Figs. 10
and 14, we conclude that the amplitude A = 0.67 of relative
particle displacements of supersonic kink with the unique
velocity is determined by the interatomic distance R at the
minimum of the total, interatomic plus substrate, poten-
tial, R = 1 − A ≈ 0.33 in lattice units. This value of the
kink amplitude ensures the absence of kink oscillations and
correspondingly the absence of phonon radiation into the
chain by the supersonic kink. We also want to emphasize
that we do not observe a discrete spectrum (a set of possible
values) of the velocity of the supersonic kink in our system,
even when we start with high initial kink velocity; see
Fig. 13. This is in contrast with the prediction of supersonic
multisolitons (lattice N solitons) in Frenkel-Kontorova model
with nonlinear interparticle coupling in Refs. [31,34,35]. We
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FIG. 14. (Color online) Particle velocity wave form measured
at n = 470 for the supersonic kink with amplitude A = 0.67 and
minimal interatomic distance in lattice units R = 1 − A = 0.33 for
Coulomb+ZBL potential with (continuous line) and without (dotted
line) substrate potential. The instants when the ZBL interaction acts
(near A) and the minimum velocity at the top of the potential barrier
(E) are easily identified. The configurations at those times can be seen
in Fig. 15. Scaled units are 0.2 ps and 2.6 km/s.
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relate this finding with the extreme discreteness of our kink
with the magic wave number q = 2π/3, which as shown in
Fig. 9 corresponds to only two particles moving at a given
time (cf. Ref. [42]) and which does not allow for different
matchings with the substrate potential. The uniqueness of the
observed supersonic kink velocity we relate also with possible
dynamical instability of lattice multisolitons (bound states of
supersonic kinks) in the considered system.

C. Double kink

The particle velocity u̇n as a function of time for the stable
kink is represented in Fig. 14. Due to the extreme discreteness
of the kink, it is not practical to represent u̇n an a function
of n, while the double-kink structure of the found kink in the
coordinates, shown in Fig. 15(a), is evident as a function of
time.

The extreme discreteness of the kink makes possible the
detailed description of the double-kink profile as shown in
Fig. 15(c). The particle n, represented by a white circle, which
is initially at rest at the bottom of a potential well, experiences
two sequential collisions: one when it was hit by the particle
n − 1 and is accelerated afterwards, and a second one when it
hits the particle n + 1 and is decelerated, attaining almost zero
velocity at the bottom of the potential well (the particle velocity
is different from zero during the radiation process). Between
the two collisions, the particle finds the substrate potential
barrier between the sites and experiences a decrease in velocity
while going uphill, which is followed by an acceleration while
going downhill.

Note that the states A and E in the Fig. 15 have exactly the
same energy, but the particle n has moved only half a lattice

site. This is the first kink of the double-kink wave form shown
in Fig. 15(a). The evolution of the particle n, going downhill
and hitting the n + 1 particle until it stops, forms the second
kink in the double-kink structure.

This process can also be seen in terms of the kink energy in
Fig. 15(b). Two identical oscillations of the particle’s potential
energy Ep happen while the kink travels one lattice site.
There is a local maximum at point C, corresponding to the
minimum distance between particles with the short-range ZBL
interaction. The horizontal dashed-dotted lines indicate the
energies for the equilibrium interstitial configurations, with
two particles inside a potential well (stable), or one particle
at the top of the potential barrier (unstable), with the energy
difference corresponding to the Peierls-Nabarro (PN) barrier.
The potential energy is always above the stable interstitial
energy as the lattice has no time to relax, bringing about an
adiabatic PN barrier. The kink always has finite kinetic energy,
with the minimum reached in the configuration A.

VI. SUMMARY

In this paper we have developed a comprehensive dynam-
ical model of the localized lattice excitations in the low-
dimensional system using realistic potentials corresponding
to a row of ions in the silicate layer of the mica muscovite
crystal.

Our objective was to determine what kind of propagating

nonlinear localized excitations can exist in a layered crystal
with realistic parameters and with what characteristics. The
choice of the parameters of the mica muscovite is motivated
by the fact that many of the dark tracks that appear in sheets
of this material are consistent with the in-layer propagation
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FIG. 15. (Color online) (a) Particle displacement wave form for the established lattice kink. (b) Potential energy seen by the kink during
propagation (thick line) and periodic substrate potential (thin line), horizontal lines are the energies corresponding to the equilibrium stable (C)
and unstable (A) interstitials. (c) Particle configurations corresponding to the points A–E, shown in (a) and (b). Scaled units are lattice unit
5.19 Å for distances, 0.2 ps for time, and 2.77 eV for energies.
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of localized vibrational excitations along the close-packed
lattice lines of ions, and an experiment has demonstrated
that localized energetic excitations can travel along the close-
packed lattice directions, being able to eject an atom at the
opposite surface.

The modeling of the system has followed the process of
increasing complexity for better understanding which effect
is responsible for which characteristic of the model. In the
starting model used in preliminary publications [21,22], only
K+ ions with nearest-neighbor Coulomb repulsion were taken
into account, for which we have found that very fast supersonic
kinks can propagate. They are extremely localized, with only
two particles or, for higher energies, only a single particle in
motion at the same time.

In the present paper we have performed analytical cal-
culations of the displacement patterns and energies of the
supersonic kinks within the proposed dynamical model and
compare them with numerical simulations. We have also
shown that the introduction of the interaction with several
nonnearest neighbors does not produce significative changes as
long as the sound speed in each system is taken as a reference.
The extremely short minimal interatomic distances in the
kink has motivated us to introduce more realistic short-range
Ziegler-Biersack-Littmark repulsive potential. In the improved
dynamical model, kinks propagate equally well and with as
high energy as desired, and with realistic minimal interatomic
distances.

The next step was the introduction of a periodic substrate
potential using empirical potentials and the geometry of
the layered crystal. Supersonic kinks continue to propagate
without losing energy but with several important properties:
(a) The main one is that the system selects only single velocity
and single energy of the kink; (b) the energy of the lattice
kink is larger than the one which is needed for atom ejection
at the surface and is smaller than the one of the proposed
sources of energy, the recoil of a K+ ion due to β emission;

and (c) the found kinks can be described as double kinks
or bisolitons depending on the dynamical variable chosen.
The unique average velocity of the supersonic kink on the
periodic substrate potential we relate with the kink amplitude
of the relative particle displacements, which is determined
by the interatomic distance corresponding to the minimum of
the total, interparticle plus substrate, lattice potential.

The found kinks are ultra discrete and can be described with
the magic wave number q = 2π/3a, which was previously
revealed in the nonlinear sinusoidal waves and supersonic
kinks in the Fermi-Pasta-Ulam lattice [41,42]. The extreme
discreteness of the supersonic kinks observed in our work,
with basically two particles moving at the same time, allows
for the detailed interpretation of their double-kink structure,
which is not possible for the multikinks without an account for
the lattice discreteness. The double-kink structure is produced
by the matching of the two sequential collisions experienced by
a particle with the process of going over the substrate potential
barrier between neighboring sites.

The computed energy of the supersonic kinks found in the
realistic lattice potential considered is approximately 26 eV.
Such energy can be provided by the recoil of isotopes of
potassium after radioactive decay and it is larger than the
sputtering energy. This value of the characteristic energy of
the supersonic kinks found allows us to assume that the tracks
found in mica muscovite crystals can be related with the
propagating lattice kinks.
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face mapping of potassium cations in potassium silicate glasses,
Phys. Chem. Glasses 43, 241 (2002).

[47] M. Diaz, V. C. Farmer, and R. Prost, Characterization and
assignment of far infrared absorption bands of K+ in muscovite,
Clays Clay Miner. 48, 433 (2000).

[48] D. R. Collins and C. R. A. Catlow, Computer simulation of
structure and cohesive properties of micas, Am. Mineral. 77,
1172 (1992).

022912-12

http://dx.doi.org/10.1016/j.apsusc.2004.06.014
http://dx.doi.org/10.1016/j.apsusc.2004.06.014
http://dx.doi.org/10.1016/j.apsusc.2004.06.014
http://dx.doi.org/10.1016/j.apsusc.2004.06.014
http://dx.doi.org/10.3934/dcdss.2011.4.1107
http://dx.doi.org/10.3934/dcdss.2011.4.1107
http://dx.doi.org/10.3934/dcdss.2011.4.1107
http://dx.doi.org/10.3934/dcdss.2011.4.1107
http://dx.doi.org/10.1103/PhysRevE.89.032102
http://dx.doi.org/10.1103/PhysRevE.89.032102
http://dx.doi.org/10.1103/PhysRevE.89.032102
http://dx.doi.org/10.1103/PhysRevE.89.032102
http://dx.doi.org/10.1103/PhysRev.120.1229
http://dx.doi.org/10.1103/PhysRev.120.1229
http://dx.doi.org/10.1103/PhysRev.120.1229
http://dx.doi.org/10.1103/PhysRev.120.1229
http://dx.doi.org/10.1103/PhysRevB.49.12457
http://dx.doi.org/10.1103/PhysRevB.49.12457
http://dx.doi.org/10.1103/PhysRevB.49.12457
http://dx.doi.org/10.1103/PhysRevB.49.12457
http://dx.doi.org/10.1103/PhysRevLett.85.3648
http://dx.doi.org/10.1103/PhysRevLett.85.3648
http://dx.doi.org/10.1103/PhysRevLett.85.3648
http://dx.doi.org/10.1103/PhysRevLett.85.3648
http://dx.doi.org/10.1016/S0370-1573(98)00029-5
http://dx.doi.org/10.1016/S0370-1573(98)00029-5
http://dx.doi.org/10.1016/S0370-1573(98)00029-5
http://dx.doi.org/10.1016/S0370-1573(98)00029-5
http://dx.doi.org/10.1016/0038-1098(73)90834-X
http://dx.doi.org/10.1016/0038-1098(73)90834-X
http://dx.doi.org/10.1016/0038-1098(73)90834-X
http://dx.doi.org/10.1016/0038-1098(73)90834-X
http://dx.doi.org/10.1103/PhysRevB.42.6727
http://dx.doi.org/10.1103/PhysRevB.42.6727
http://dx.doi.org/10.1103/PhysRevB.42.6727
http://dx.doi.org/10.1103/PhysRevB.42.6727
http://dx.doi.org/10.1016/S0167-2789(97)82006-4
http://dx.doi.org/10.1016/S0167-2789(97)82006-4
http://dx.doi.org/10.1016/S0167-2789(97)82006-4
http://dx.doi.org/10.1016/S0167-2789(97)82006-4
http://dx.doi.org/10.1103/PhysRevB.89.205413
http://dx.doi.org/10.1103/PhysRevB.89.205413
http://dx.doi.org/10.1103/PhysRevB.89.205413
http://dx.doi.org/10.1103/PhysRevB.89.205413
http://dx.doi.org/10.1016/0167-2789(86)90104-1
http://dx.doi.org/10.1016/0167-2789(86)90104-1
http://dx.doi.org/10.1016/0167-2789(86)90104-1
http://dx.doi.org/10.1016/0167-2789(86)90104-1
http://dx.doi.org/10.1103/RevModPhys.65.851
http://dx.doi.org/10.1103/RevModPhys.65.851
http://dx.doi.org/10.1103/RevModPhys.65.851
http://dx.doi.org/10.1103/RevModPhys.65.851
http://dx.doi.org/10.1098/rsta.2010.0255
http://dx.doi.org/10.1098/rsta.2010.0255
http://dx.doi.org/10.1098/rsta.2010.0255
http://dx.doi.org/10.1098/rsta.2010.0255
http://dx.doi.org/10.1103/PhysRevE.84.066207
http://dx.doi.org/10.1103/PhysRevE.84.066207
http://dx.doi.org/10.1103/PhysRevE.84.066207
http://dx.doi.org/10.1103/PhysRevE.84.066207
http://dx.doi.org/10.1103/PhysRevLett.71.2058
http://dx.doi.org/10.1103/PhysRevLett.71.2058
http://dx.doi.org/10.1103/PhysRevLett.71.2058
http://dx.doi.org/10.1103/PhysRevLett.71.2058
http://dx.doi.org/10.1209/epl/i2003-10156-5
http://dx.doi.org/10.1209/epl/i2003-10156-5
http://dx.doi.org/10.1209/epl/i2003-10156-5
http://dx.doi.org/10.1209/epl/i2003-10156-5
http://dx.doi.org/10.1016/S0167-2789(96)00262-X
http://dx.doi.org/10.1016/S0167-2789(96)00262-X
http://dx.doi.org/10.1016/S0167-2789(96)00262-X
http://dx.doi.org/10.1016/S0167-2789(96)00262-X
http://dx.doi.org/10.1103/PhysRevB.61.299
http://dx.doi.org/10.1103/PhysRevB.61.299
http://dx.doi.org/10.1103/PhysRevB.61.299
http://dx.doi.org/10.1103/PhysRevB.61.299
http://dx.doi.org/10.1016/S0167-2789(02)00604-8
http://dx.doi.org/10.1016/S0167-2789(02)00604-8
http://dx.doi.org/10.1016/S0167-2789(02)00604-8
http://dx.doi.org/10.1016/S0167-2789(02)00604-8
http://dx.doi.org/10.1063/1.4872252
http://dx.doi.org/10.1063/1.4872252
http://dx.doi.org/10.1063/1.4872252
http://dx.doi.org/10.1063/1.4872252
http://dx.doi.org/10.1346/CCMN.2000.0480403
http://dx.doi.org/10.1346/CCMN.2000.0480403
http://dx.doi.org/10.1346/CCMN.2000.0480403
http://dx.doi.org/10.1346/CCMN.2000.0480403



