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Model of high-temperature plastic deformation of nanocrystalline materials:
Application to yttria tetragonal zirconia
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The possibility of the influence of segregation-induced local electric fields in the bulk diffusion of the
species controlling the plastic deformation of nanocrystalline materials has been pointed out. Until now, there
is only a model applicable to the case of a monodimensional system. In spite of its simplicity, it predicts a
significative influence of a local electric field in creep. Our work develops a different model applicable to
three-dimensional systems. It takes as a starting point the diffusional model, and it can be generalized to those
systems in which the grain-boundary sliding model accommodated by diffusional processes accurately de-
scribes plasticity in the submicron range of grain size. The range of validity, as well as the different behavior
of nanocrystalline materials from the submicron ones is discussed. Preliminary results are in good agreement
with the published data for yttria tetragonal zirconia~YTZP! nanocrystalline ceramics.
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I. INTRODUCTION

Nanocrystalline materials are a field of very active
search activity in materials science. From a practical poin
view, miniaturization is a basic requirement to continue
rapid improvement of electronic devices in the 21st Centu1

This effort is concentrated not only on metallic nanocryst
line systems, but also on nonmetallic ones, particularly
ramics to be used in industry under extreme conditions.
garding ceramics, another main goal is the search for
optimum conditions for processing of complex pieces, i
superplastic ceramic materials capable of being deforme
high strain rates and at moderate temperatures. Nanoce
ics can play a crucial role, as it is supposed that their sm
grain sizes can induce high strain-rate plasticity, without l
of the favorable properties of ceramics.2

In the case of nanocrystalline ceramics the modeling
the deformation mechanisms controlling their plasticity
critical to understanding and tailoring microstructures
meet mattering requirements. This is a very difficult a
challenging task, because the leading influence of g
boundaries is difficult to model. In particular, in many c
ramic materials, grain boundaries are sinks and source
some chemical species, whose influence in creep and d
sion can be crucial. This work develops a model to expl
the high-temperature creep behavior of nanoceramics
which grain-boundary segregation of some chemical spe
is important.

The existence of segregation of charged chemical i
produces a local electric field; as a consequence, ion d
sion should be significatively affected. As diffusion is a ba
ingredient of the principal high-temperature deformati
mechanisms, changes in the effective diffusion coefficien
the different diffusing species can be detected by their effe
on plasticity. The influence of those local electric fiel
should become more significant for smaller grain sizes.

A model3 exists to relate diffusion and deformation, but
uses as a starting point a monodimensional system in w
0163-1829/2003/67~14!/144101~8!/$20.00 67 1441
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grain boundaries are treated as infinite thin films. Diffusi
takes place along a direction normal to the interface. T
simplification permits the exact resolution of both diffusio
and electric-field equations. Some of the hypotheses con
ered in that model have been saved in ours, although
have tried to give a step forward to a realistic thre
dimensional one, and consequently, some other impro
ments have been made.

No model is really useful unless it can account for t
properties of real materials. In this paper we have focused
the explanation of the high-temperature creep behavior
yttria tetragonal zirconia polycrystals~YTZP’s! whose grain
sizes range from submicron to the nanometer scale. There
ample publications on the high-temperature plasticity f
tures of submicron-sized YTZP ceramics~for a review, see
Refs. 4 and 5!. However, when going down to nanomet
size, the number of publications decreases. This is ma
due to the fact that well densified polycrystals have be
available only very recently. Domı´nguez-Rodrı´guez et al.6

and Gutiérrez-Mora, Jime´nez-Melendo, Domı´nguez-
Rodrı́guez, and Chaim7 have recently reported creep data
fully dense nano-YTZP. Quiet astonishingly, YTZP nano
rystals seem to exhibit an improved creep resistance w
compared with that of the submicron-sized ones;~i.e., the
strain rate is lower than expected by extrapolation to
nanometric scale of the results measured in submicrome
specimens!. In addition to that, the strain rate has a powe
law dependence with the mean grain size, with an expon
close to21 instead of22, as would be expected from
volume diffusion controlled creep mechanism. A strong te
perature dependence is found, with an activation energy
diffusion much higher compared with the activation ener
for bulk cationic diffusion. These properties are in disagre
ment with the values reported for plastic deformation in t
submicron-ranged YTZP ceramics~the power-law depen-
dence of the strain rate with the mean grain size fits to
exponent22 and the activation energy is that of bulk ca
ionic diffusion!.

On the other hand, the existence of yttrium segregatio
©2003 The American Physical Society01-1
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the grain boundaries in YTZP polycrystals is we
documented.8–11 Conrad12 and Conrad and Yang13 for the
model-case of MgO have pointed out the possible role
segregation in the mechanical properties of oxides, part
larly when they are nanostructured. As a consequence o
of this, YTZP is revealed as an excellent system in which
main predictions of our model can be developed and co
pared with experiment.

The main features of our model will be presented in
following section. As the applicability of the model will b
tested in YTZP nanoscaled ceramics, our main assumpt
will be always referred to the case of this particular ceram
system.

II. MODELING

A. Grain-boundary segregation and local electric field

The most important driving force for dopant segregat
to interfaces is the strain energy relaxation. The existenc
segregation of dopants whose electric charge is diffe
from that of the parent ions accounts for the existence
local electric fields. In the case of YTZP the accumulation
yttrium ions at the interface14,15 induces a local density o
negative charge produced by theYZr8 defects. This local elec
tric field produces a gradient of the oxygen vacancies
tween the grain bulk and the boundaries. These oxygen
cancies have a screening effect on the electric field.
consequence, once a critical depth, close to the boundarie
reached inside the grain~in which the oxygen vacancy con
centration is higher than that in the bulk! the electric field
becomes negligible. According to electrodynamics, the thi
ness of the layer where the electric field is not zero is kno
as the Debye attenuation length. From now on, we will la
that distance asl. For most materialsl at room temperature
it is in between 1 and 10 nm~see Ref. 3!.

The picture described above may be significantly alte
when amorphous integranular phases are present. This is
to the possible additional screening effect of those phase
what follows, no glassy phases will be supposed to exist

B. Electric potential inside the grains

The electric potential inside the grain is a complicat
function depending on the boundary conditions, i.e.,
grain shape, and an analytical expression is not possibl
the general case. Therefore our model will consist of a po
crystal of perfectly spherical grains whose radius isR. In a
real crystal, grains cannot be perfectly spherical, beca
14410
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such a microstructure is not a fully dense spatial configu
tion. Real grains are polyhedral. However, a spherical gr
will be an ‘‘average’’ approximation to a polyhedral one wi
many faces. In real grains, the local electric field is a fun
tion of the three spherical coordinates:r, u, and f. The
spherical grain is the limit case in which the local elect
field E(r ,u,f) is given by

^E~r !&5
1

4p E
0

2p

dfE
0

p

du sinuE~r ,u,f!, ~1!

i.e., the electric field in a spherical grain is the resultant fi
when all the orientational dependencies have been avera
^E(r )&. The polar axis is chosen as the loading directio
Consequently, this field is spherically symmetric.

In accordance with this symmetry, several implicatio
can be made:~i! The charge densityr(r ) at the grain bound-
aries will be spherically symmetric. Assuming that the se
regation layer is thin enough the charge density can be m
eled by a step function:

r~r !5 H 0 if 0<r ,R2l,
r if R2l<r<R. ~2!

~ii ! Grains can be treated as isolated when calculating
electric field inside them. This is due to the fact that int
granular space is charged with an opposite charge in orde
guarantee the neutrality of the system. Our system can
pictured as a set of spherical grains with a segregation la
at their boundaries embedded in a matrix with oppos
charge.

According to classical electrodynamics,16 the electric po-
tentialV(r ) is related to the charge density through the Po
son equation for spherically symmetric systems:

1

r 2

]

]r S r 2
]V

]r D52
r~r !

«
, ~3!

where« is the dielectric constant of the material under stu
The Poisson equation can be solved according to stan
procedures of electrodynamics: both the electric field and
electric potential must be continuous functions and the e
tric potential vanishes very far from the grain bounda
Once those boundary conditions are taken into account,
following mathematical solutions are achieved:
V~r !55
rR2

6«
2

r~R2l!2

2«
1

r~R2l!3

3«R
1

r

3«0R
@R32~R2l!3# if 0<r ,R2l,

r~R22r 2!

6«
1

r

3«
~R2l!3S 1

R
2

1

r D1
r

3«0R
@R32~R2l!3# if R2l<r<R,

~4!
1-2
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where «0 is the dielectric constant of vacuum. Notice th
the electric potential is a constant along the inter
0<r ,R2l. From now on, we will denote to this consta
value asVint . Making use of Eq.~4!, two useful results can
be obtained. First, the electric potential at the interfaceV(R)
is straightforwardly calculated by substitution ofr 5R in Eq.
~4!. That will give us the following expression:

V~R!5
rR2

3«0
F12S 12

l

RD 3G . ~5!

In the limiting casel!R, a Taylor expansion of Eq.~5! up
to the first order inl/R will yield

V~R!>
rRl

«0
at r 5R;for l!R. ~6!

Second, the mean value of the electric potential (^V&) in the
interval R2l<r<R is usually defined as

^V&5
1

l E
R2l

R

V~r !dr. ~7!

The mean value can be calculated from Eq.~4!; and after the
Taylor expansion, retaining the lowest order inl/R, the fol-
lowing results:

^V&5Vint2
1

6

rR2

« S l

RD 2

. ~8!

The dependence ofV(r ) with the distance to the grain cente
is plotted in Fig. 1, as well as the values ofV(R) and ^V&.
Equations~6! and ~8! will be repeatedly used along thi
model.

FIG. 1. Profile of the electric potential inside a grain as a res
of the density of charge.
14410
t
l

C. Constitutive equations for creep

Consider the application of a uniaxial mechanical stre
the only nonzero stress component of the stress tenso
t335s. In the framework of the diffusional creep model
deformation takes place as a consequence of the existen
mass fluxes induced by the gradient of the chemical poten
around the grain. As a final result, the mass fluxes gener
in the steady state are responsible for the constant strain
measured during plastic deformation at a constant stress

If a local electric field is present close to the grain boun
aries, and the charge carriers responsible for diffusion
depleted, a significant creep resistance would be expecte
the case of YTZP, the charge carrier controlling diffusio
and plastic deformation, is Zr41 ~see Refs. 4 and 17–19!.
These cations tend to locate in the regions where the ele
potential reaches a minimum; i.e., around the grain cen
Consequently, the grain-boundary concentration of Zr41 be-
comes smaller. The diffusion coefficient of these catio
from the center to the grain boundaries should decrease
to the presence of the local electric field next to the gr
boundaries. We shall refer to the magnitudes linked to t
cation with the subscript ‘‘D’’ from now on.

In the case of local electric potential resulting from se
regation, local concentration can be related to the local e
tric potential. In effect, according to thermodynamics, in t
limit of dilute solid solutions, the chemical potential of on
component has the following dependence on its concen
tion and electric potential:20

mD~c,T,f!5mD
0 1kT lnS cD~r !

cD~0! D1zDe@V~r !2Vint#,

~9!

wherezD is the valence of the component,e is the electron
charge, andmD

0 is the chemical potential at the center of th
grain @where no segregation exists, and the concentration
the component iscD(0)]. As denoted previously,Vint is the
electric potential in the region where there is no segregat
When equilibrium inside the grains is reached,mD5mD

0 and
hence

cD~r !5cD~0!expS 2zDe@V~r !2Vint#

kT D . ~10!

Assume that Eq.~10! is valid during deformation even
though the plastic deformation is not a thermodynami
state of equilibrium. This assumption is made in all diff
sional creep models.

We are going to proceed according to the standard pro
dure developed in the Nabarro-Herring~NH! model and the
extension carried out for segregation in a monodimensio
system.3,21 The generalization for our three-dimensional sy
tem is described in the Appendix. According to the N
model, the creep equation can be written as

«̇5
16

3

sV

kTd2 Deffa, ~11!

lt
1-3
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whereDeff is the effective diffusion coefficient of the diffus
ing species taking into account all the possible diffus
paths,d52R is usually called as the ‘‘grain size,’’ anda is
given by

a5
R2/2

*0
R cD~0!

cD~r !
rdr

. ~12!

Equations~11! and ~12! are the key equations to criticall
analyze the physical implications of segregation. The fac
labeled as ‘‘a’’ plays a major role in determining the behav
ior of the system. In effect, if we consider a system in wh
no segregation exists; i.e.,c(r )5c0 ; then no depleted thin
layer is found in the grains,a51, and~11! takes the form

«̇>
16

3

sV

kTd2 Deff ~13!

which is nothing but the well-known result obtained by N
barro and Herring in their classical work;~Notice that the
proportionality constant depends on the geometry of gra
For other grain shapes, values as high as 40 are reporte!

A significant change is obtained if the carrier concent
tion controlling both diffusion and so plasticity is depleted.
this is the case,cD(r ) is significantly reduced in a thin laye
close to the grain boundary, anda,1, in consequence, th
strain rate would be much smaller, i.e.; the creep resistan
improved.

In accordance with Eq.~10!, the parametera @Eq. ~12!#
can be evaluated by means of the equation

a5
R2/2

*0
Rr expS zDe@V~r !2Vint#

kT Ddr

>
R2/2

1

2
~R2l!21*R2l

R r expS zDe^V&2zDeVint

kT Ddr

.

~14!

In this equation, it is assumed thatl!R so that the electric
potential can be approximated by its mean value^V& in the
regionR2l,r ,R.

After some algebra, it is possible to write the followin
expression fora:

a>
1

114
l

d FexpS zDe^V&2zDeVint

kT D21G
5

1

114
l

d FexpS 2zDerl2

6«kT D21G . ~15!

Finally, making use of Eq.~6!, it is possible to eliminate the
charge density in Eq.~15! and the substitution of this las
equation fora into Eq. ~11! allows us to conclude that th
constitutive equation for creep is
14410
r

s.
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-
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«̇5
16

3

sV

kTd2

Deff

114
l

d FexpS 2zDeV~R!

3« rkT

l

dD21G , ~16!

where« r5«/«0 is the relative dielectric constant of the m
terial under study.

D. Generalization for the case of a grain-boundary sliding
controlling mechanism accommodated by diffusion

In the preceeding section, the diffusion creep model
been used for the sake of simplicity as a starting point for
development of our model. However, the same reasoning
be repeated if a model in which grain-boundary slidi
~GBS! is the deformation-controlling mechanism. In effec
diffusion is the rate-controlling process22 even in the GBS’s
in order to maintain the contact between grains while def
mation takes place. In the GBS model, deformation is de
mined by the relative displacement between grains. T
stress is relieved, and the subsequent condition of con
between grains is obtained by the flux of matter. This tra
port of matter is driven by the gradient of chemical potenti
Once the chemical potential is calculated, the same reaso
applied in the previous sections can be repeated yielding
effective diffusion coefficient. In the case of GBS in meta
Sherby and Wadsworth23 found that the constitutive cree
equation is given by

«̇5A
Gb

kT S s

GD 2S b

dD 2

Deff , ~17!

whereA is an empirical constant,G is the shear modulus
andDeff is the effective diffusion coefficient. Equation~17!
is extended for the case of YTZP according to the followi
expression given below:

«̇523107
Gb

kT S s2sTS

G D 2S b

dD 2

D latt
Zr , ~18!

where b is the Burgers vectors of dislocations in zirconi
sTS is a threshold stress for plasticity, andD latt

Zr is the lattice
diffusion coefficient for zirconium. Equation~18! has been
confirmed experimentally and analyzed thoroughly
Jiménez-Melendoet al.4 for YTZP.

The extension for nanoceramics can be made with
following statements: First, the threshold stress is negligi
in the case of YTZP nanoceramics.24 Second, the effect of
segregation has been proved to be a modification of the
fective diffusion coefficient controlling GBS accommod
tion. This effect is quantitatively described by the factora
@see Eq.~15!#.

Consequently, it is reasonable to accept the following
pression for the constitutive creep equation of TZP nanoc
amics:

«̇5
23107

114
l

d FexpS 2zDeV~R!

3« rkT

l

dD21G
Gb

kT S s

GD 2S b

dD 2

D latt
Zr .

~19!
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Notice that Eq.~19! converges to Eq.~18! when d@l and
s@sTS. In order to compare the mechanical behavior
YTZP nanoceramics~in which sTS>0) and conventiona
submicrometric YTZP polycrystals~in which sTS does not
vanish at all!, all reported data will correspond to the hig
stress limit,s@sTS.

III. RESULTS AND DISCUSSION

Equation~19! is the constitutive equation for creep in m
terials where a local electric potential due to segregation
cations with an effective ionic charge at the grain bounda
plays a significant role in high-temperature diffusion. A
gourous analysis of its range of validity, as well as the i
plications on the plastic deformation parameters can be
formed. First of all, it is essential to notice that no adjusta
parameters are required to make quantitative estimati
Only the potentialV(R) and the thickness of the depletio
layer l are required. Both parameters can be experiment
determined. Experimental inputs for YTZP~Refs. 25–27! are
summarized in Table I.

A. Range of validity of this model

In general, the effect of the segregation layer is enhan
if either temperature or the average grain size is decrea
Assuming that a quantitative estimation of the range of te
peratures and grain sizes at which a significant devia
from thel/d→0 limit takes place is

D«̇

«̇
<0.10. ~20!

This arbitrary assumption restricts the relative deviation fr
the l/d→0 limit up to 10%. Using Eq.~19! gives rise to

4
l

d FexpS 2zDeV~R!

3« rkT

l

dD21G<0.10. ~21!

Application of this assumption in YTZP is shown in Fig.

FIG. 2. The critical size, or maximum value of the grain size
which the segregation effects have still some influence on mech
cal behavior, as a function of temperature.
14410
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The critical grain size~i.e., the minimum value of the grain
size at which the micron-sized behavior is still measur!
versus the temperature is shown in that figure. It is clear
this critical size is around 60 nm and is not very sensitive
temperature. The dependence with temperature is consi
with the fact that segregation effects tend to vanish wh
temperature rises. Notice that, for values of the grain s
smaller than the critical value at a fixed temperature,
deviation is much higher than 10%. The critical value giv
here defines the upper limit for observation of segregat
effects at the current temperature. In effect, for 1200 °C a
an average grain size equal to 50 nm, the relative devia
~20! is higher than 55%. This means that a remarkable ha
ening effect should be expected for such conditions. This
is in agreement with the data reported by Gutie´rrez-Mora,
Jiménez-Melendo, Domı´nguez-Rodrı´guez, and Chaim,7 in
which the predicted hardening effect has been experim
tally observed.

B. Influence on mechanical parameters

1. Grain-size exponent

The grain-size exponent is defined as

p52S ] ln «̇

] ln dD
T,s

. ~22!

For diffusional creep modelsp52 ~or 3 if diffusion along
grain boundaries becomes important!. This is usually ob-
served in YTZP superplastic ceramics in the submic
range. In order to explore the predictions of our model,
derivative given in Eq.~22! was performed for the case o
our constitutive equation, yielding the following result:

p522

4
l

d F12
l

d

zDeV~R!

3« rkT GexpS 21

3« r

l

d

zDeV~R!

kT D24
l

d

114
l

d FexpS 21

3« r

zDeV~R!

kT

l

dD21G .

~23!

The exponent can be calculated using values from Tabl
The results are shown in Fig. 3. Thep exponent decrease
with decreasing grain size: from the expected value o

t
ni-

TABLE I. Experimental inputs needed for determination of t
theoretical results in the case of YTZ.

Quantity Experimental values
Value adopted
in this work

Relative dielectric
constant(«r )

4.58–4.71
~see Refs. 25 and 26!

4.65

Thickness of the
deplectionlayer

2–10 ~see Ref. 11! 5

~l, in nm! 2–4 ~see Ref. 8!

Electric potential at
the grain boundaries
@ef(R) in eV#

Between21 and22
~see Ref. 27!

21.5
1-5
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usually measured for submicron YTZP ceramics, to val
close to 1 for grain sizes lower than 50 nm. This prediction
in excellent agreement with the experimental data meas
by Jiménez-Melendo, Domı´nguez-Rodrı´guez, and
Bravo-León4 ~for submicron YTZP! and Domı´nguez-
Rodrı́guezet al.6 in which ap value of 1.4 was found ford
around 50 nm at 1200 °C~Fig. 3!.

2. Stress exponents (n) and activation energies (Q)

These magnitudes are defined as follows:

n5S ] ln «̇

] ln s D
T,d

, ~24!

Q52S ] ln «̇

]b D
s,d

, ~25!

whereb51/kT. According to our model,n is not a function
of the grain size ‘‘d.’’ This means thatn should be 2 for
superplastic behavior~or 1 if the NH model is operating a
very high temperatures! independent of grain size. Thi
seems to be the case in YTZP.

The activation energy does, however, depend on g
size. After algebraic operation, it can be shown that

Q5QD2

4

3« r
S l

dD 2

zDeV~R!expS 21

3« r

l

d

zDeV~R!

kT D
114

l

d FexpS 21

3« r

l

d

zDeV~R!

kT D21G ,

~26!

whereQD is the activation energy of the Arrhenius depe
dence of the cationic diffusion coefficient. Domı´nguez-
Rodrı́guezet al.6 have reported a dependence ofQ with the
grain size. In their results,Q>7.060.2 eV/atom for d
>50 nm; and it decreases toQ;5.260.2 eV/atom for sub-
micron YTZP ceramics. This last value has been also
ported by Jime´nez-Melendo, Domı´nguez-Rodrı´guez, and

FIG. 3. Predicted grain-size exponent versus the grain siz
1200 °C for YTZP. Experimental values~Refs. 4 and 6! are also
plotted in the figure.
14410
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Bravo-León4 in submicron YTZP specimens in the limits
@sTS. These data are in reasonable agreement with the
dictions of the model~Fig. 4!. Very recently, Lorenzo-Martı´n
et al.28 have reported the same tendency in YTP nanocrys
deformed at 1150 °C with grain size around 50 nm, ev
when a certain amount of a glassy phase is present.

3. Strain rate dependence with the grain size

As cited previously, a significant improvement in cre
resistance has been reported.7,29 Experimentally it has been
observed that the strain rate normalized by the grain s
( «̇d2) decreases one order of magnitude when the grain
is approximately 40 nm~see Ref. 7!. This can be qualita-
tively explained by means of the model: the value ofa in the
creep equation@Eq. ~16!# gives rise to a significant hardenin
~the normalized strain rate is one order of magnitude low
than expected! for grain sizes lower than 40 nm~horizontal
line in Fig. 5!. However, the numerical agreement is n

at FIG. 4. Predicted activation energy versus the grain size
1200 °C for YTZP. Experimental results~Refs. 4 and 6! are plotted
also.

FIG. 5. Strain rate versus the grain size predicted by this mo
for two different values ofl. The horizontal line corresponds to th
hardening found experimentally for nano-YTZP (d550 nm).
1-6
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completely satisfactory. This disagreement can be due to
facts: ~i! The hardening is quite sensitive to the value of t
screening lengthl. This is emphasized in Fig. 5 in a secon
plot for the hardening expected forl510 nm. In this second
case, the theoretical predictions are closer to the experim
tal results. Moreover, the Debye screening length is a fu
tion of temperature~with a T1/2 dependence!.3 As the experi-
mental values ofl are determined at room temperature,
more accurate comparison should be made if the tempera
correction is introduced into the equations. When this
made, the agreement with the experimental results is m
better for the hardening ratio, as well as both thep and Q
experiments.~ii ! It is important to note that the model pre
dicts a very pronounced dependence of the hardening
versus the grain size that implies that an accurate compar
can be made only if a wide range of mean grain sizes
measured. This should be a future endeavor.

It is essential to realize that the origin of this hardeni
effect is not due to the change of the grain-size expon
Besides, if the origin of this effect were the change in t
value ofp from 2 to 1.4 as reported~see Ref. 7!, the expected
tendency would be an increase of the strain rate, in con
diction with the existence of the hardening effect. This fa
shows clearly that the origin of the hardening is only und
stood by the change in the effective diffusion coefficient a
result of segregation. Mathematically, it is the terma that is
responsible for this change in the diffusion coefficient th
accounts for the hardening.

IV. CONCLUSIONS

A model for high-temperature plastic deformation
polycrystals has been proposed. This model introduces
effect of the existence of a charged layer of segregated d
ants at the grain boundaries on diffusion, and in con
quence, on high-temperature plasticity. The model predic
grain-size exponent~for d<50 nm) p,2. The model has
been compared to experimental results for YTZP nanoc
tals. It agrees quantitatively with most of the hig
temperature plasticity features. Future work should be c
ducted in other ceramics to validate experimentally
model in more cases.
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APPENDIX

In the framework of the NH model, deformation tak
place as a consequence of the existence of mass fluxe
duced by the gradient in the chemical potential all around
grain. For the case of a perfectly spherical grain, the m
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flux along the compression axis@JII(r ,u50)# is given by

E
0

R

JII~r ,u50!
kTXD

cD~r !Deff
dr5m~0,u50!2m~R,u50!,

~A1!

where cD is the number of lattice defects responsible f
deformation per unit volume,XD is the molar fraction of the
controlling species,JII(r ,u50) is the mass flux along the
loading axis,Deff is the effective diffusion coefficient~in
which all the different diffusion paths are considered!,30 and
m is the chemical potential of the whole system.@Notice that
the mass flux and the chemical potential should be a func
of r andu. The loading axis is a rotation symmetry axis.
consequence, the mass flux is not spherically symmetric
expected, because the existence of a uniaxial loading
breaks the spherical symmetry of the system. The strain
is controlled by the deformation along the loading axis. T
fact justifies the use of theJII(r ,u50) in Eq. ~A1!.# Notice
that the integral in Eq.~A1! is extended from the center t
the surface along the diameter parallel to the loading a
Equation~1! is an integral version of the general Fick diffu
sion law.31

If the chemical potential is known inside the grain as
function of the position, the mass flux can be calculated r
orously, and this one can be related to the strain rate of
system. The chemical potential must satisfy the Lapla
equation, with the boundary condition given below:21

m~R,u!5m02snVD5m02sVD cos2 u, ~A2!

whereVD is the atomic volume of the lattice defect involve
in the diffusion process, andsn is the normal component o
the stress on the surface grain.

It is easy to verify that the solution for the chemical p
tential in agreement with the boundary conditions imposed
Eq. ~A2! is

m5m01
1

3

sVD

R2 ~r 22R2!2
sVD

R2 r 2 cos2 u. ~A3!

There is a relationship between the mass flux on the sur
~at r 5R) and the strain rate:20

XDJII~R,u50!5RcD~0!«̇. ~A4!

Equation~A1! can be rewritten as function of the mass flu
at the boundary of the grain if the following condition
taken into account:

JII~r ,u50!5
JII~R,u50!

R
r . ~A5!

This condition is obtained as a consequence of the fact
¹• j50 ~see Ref. 30! resulting in

E
0

R JII~R!

R
r

kTXD

cD~r !Deff
dr5

JII~R!

R

kTXD

cD~0!Deff
E

0

R

r
cD~0!

cD~r !
dr

5m~0,0!2m~R,0!. ~A6!
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A direct use of Eq.~A6! with Eqs.~A5! and ~A1! gives rise
to the following result:

«̇5
16

3

sVD

kTd2 Deffa, ~A7!

whered52R anda is given by
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4M. Jiménez-Melendo, A. Domı´nguez-Rodrı´guez, and A. Bravo-

León, J. Am. Ceram. Soc.81, 2761~1998!.
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