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ABSTRACT. In this paper we strengthen some results on the existence and
properties of pullback attractors for a non-autonomous 2D Navier-Stokes model
with infinite delay. Actually we prove that under suitable assumptions, and
thanks to regularity results, the attraction also happens in the H! norm for
arbitrarily large finite intervals of time. Indeed, from comparison results of
attractors we establish that all these families of attractors are in fact the same
object. The tempered character of these families in H! is also analyzed.

1. Introduction and statement of the problem. The appearance of delay ef-
fects in partial differential equations that model fluid flows has been intensively
treated during the last few decades. For instance, this type of effects are considered
in the constitutive equations of the “finite-linear” theory of viscoelasticity when the
movement is close to steady states, in models of simple materials with a perturbation
of the Newtonian part with a viscoelastic part given by a functional of the history of
the displacement gradient, applied to the study of polymeric liquids, K-BKZ theory
in analogy to hyperelasticity, Curtiss-Bird fluids, Jeffreys flows, etcetera (e.g. cf.
[25, 26, 13, 20, 21, 22, 23, 10, 9, 19] and the references therein).

Therefore, the long-time behaviour of these problems is a meaningful task: sta-
bility of equilibria, bifurcations, and attractors among many other questions.

Besides the above, in many physical experiments, the inclusion of measurement
devices may incorporate additional external forces to the model including also delay
effects (see e.g. [15] for a wind tunnel experiment).

In this context, we should mention a sequence of papers introduced by Caraballo
and Real (cf. [2, 3, 4]) where Navier-Stokes models including external force terms
with finite delay were treated. Namely, under suitable assumptions they obtained
existence and uniqueness of solutions, global exponential decay to the stationary
solution, and finally existence of attractors.
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We are interested in a non-autonomous Navier-Stokes model which was intro-
duced in [18] and that includes force terms that incorporate infinite-delay effects.

Our aim is to strengthen the results of that paper, studying, among other ques-
tions, the asymptotic behaviour of solutions (namely, the existence of pullback
attractors) and their regularity properties.

Let © C R? be an open and bounded set with smooth enough boundary 952, and
consider the following functional Navier-Stokes problem:

Z—? —vAu+ (u-V)u+Vp = f(t) +g(t,ur) in Qx(7,00),

dive =0 in Q x (71,00), (1)
u=0 on 00 x (1,00),
u(z, 7+ 8) = ¢(x,8), x€Q,se€(—0,0],

where we assume that v > 0 is the kinematic viscosity, u = (u1,us2) is the velocity
field of the fluid, p is the pressure, 7 € R is a given initial time, f is a non-delayed
external force field, g is another external force containing some hereditary char-
acteristics, ¢(x,s — 7) is the initial datum in the interval of time (—oo, 7], and
for each t > 7, we denote by wu; the function defined on (—o0,0] by the relation
u(s) = u(t+s), s € (—o0,0].

The structure of the paper is as follows. In the rest of this section, we establish
some functional spaces to state the problem in an abstract form, basic proper-
ties and estimates of the involved operators, and the notions of weak and strong
solutions. In Section 2 we present some existence and uniqueness results, which
improve some of the obtained previously in [18], some additional estimates on these
solutions, and continuity properties. Section 3 is devoted to recalling briefly some
abstract results on non-autonomous dynamical systems and the existence of mini-
mal pullback attractors for a given universe (a class of families of time-depending
sets with certain tempered conditions), and relations between several families of
these objects. Finally, in Section 4 we establish our main results, which, roughly
speaking, show attraction in a higher norm and prove the relationship among all
these attractors.

To start with, we consider the following usual function spaces. Let

V={ue (C()* divu =0},

and let H be the closure of V in (L*(Q))? with the norm | - |, and inner product
(-,+), where for u, v € (L*(Q2))?,

=3 /Q uy @)y () da

Also, V will be the closure of V in (H}(2))? with the norm |-|| associated to the
inner product ((-,-)), where for u, v € (H&(Q))2,

Z / Ou; 8UJ
2 Ox; c’hz

We will use ||-||, for the norm in V' and (-,-) for the duality between V' and V.
We consider every element h € H as an element of V', given by the equality
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(h,v) = (h,v) for all v € V. Then, it follows that V. C H C V’, where the in-
jections are dense and continuous, and, in fact, compact.

Define the operator A : V. — V' as (Au,v) = ((u,v)) for all u, v € V. Let
us denote D(A) = {u € V : Au € H}. By the regularity of 99, one has
D(A) = (H?(Q))2NV, and Au = —PAu for all u € D(A) is the Stokes operator
(P is the ortho-projector from (L?(€2))? onto H). On D(A) we consider the norm
| - |pcay defined by |u|pay = |Au|. Observe that on D(A) the norms | - |[(z2(q))>
and |- |p(a) are equivalent, and D(A) is compactly and densely injected in V.

Let us define
2 0v;
b(u,v,w) = u; —2w; de,
o) = 30 [ wGu,
1,7=1

for all functions u,v,w :  — R? for which the right-hand side is well defined.

In particular, b makes sense for all u,v,w € V, and is a continuous trilinear form
onV xV xV.

Some useful properties concerning b that we will use throughout the paper are

the following (see [24] or [28]): there exists a constant C; > 0, depending only on
Q, such that (recall that we are in dimension two)

b(u, v, w)| < C1lulY?|Au|*?||v|||w| Yu e D(A), veV, we H,
and
|b(u, v, w)| < Ci|Aul||v|||w| VYue D(A), veV, we H.

There are several phase spaces which allow us to deal with infinite delays (cf.
[11, 12]). For instance, for a given 7y > 0, we may consider the space

Cy(H) ={p e C((—00,0;H) : 3 lim e’ p(s) € H},
§——00
which is a Banach space with the norm

lelly =" sup e™[p(s)].
s€(—00,0]
We will use the above space, and for the term g, in which the delay is present, we
assume that g : R x C,(H) — (L*(2))? satisfies

(g1) For any £ € C,(H), the mapping R > t — g(¢,£) € (L*(2))? is measurable.
(92) 9(-,0) = 0.
(93) There exists a constant Ly > 0 such that for any ¢t € R and all £, n € C,(H),

l9(t,&) — g(t,m)| < Lyl —nll,-

An example of an operator satisfying assumption (g3) was given in [18].

We assume that f € L7 (R;V’) and ¢ € C,(H) with v > 0, and we define what

loc
we understand by a weak solution to (1).

Definition 1.1. A weak solution to (1) is a function u € C'((—oco, T]; H)NL?(7,T; V)
for all T > 7, with u, = ¢, and such that for all v € V,

D (u(t) ) + v((u(t), ) + blult), u(t),v) = (F(0),0) + (gl u).0), (2)

where the equation must be understood in the sense of D' (1, 00).
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Remark 1. If u is a weak solution to (1), then u satisfies the energy equality

u(t)]*+2v / la(r)|2dr = [u(s)P+2 / (), ulr))+(g(r, ur) u(r)]dr V7 < s < t.

A notion of more regular solution is also suitable for problem (1).

Definition 1.2. A strong solution to (1) is a weak solution u to (1) such that
u € L*(1,T; D(A) N L>(7,T;V) for all T > 7.

Remark 2. If f € L? (R;(L?(Q2))?), and u is a strong solution to (1), then u’ €

L?(7,T;H) for all T > 7, and so u € C([r,0); V). In this case the following second
energy equality holds:

Hu(t)”2 + 21// |Au(r)|2dr + 2/ b(u(r),u(r), Au(r)) dr

S

= |ju(s)|]® + 2/ (f(r) + g(r,u,), Au(r))dr V7 <s<t. (3)

2. Existence of solutions and related properties. In this section we generalize
some results from [18] (see also [16]). Namely, we establish existence of weak and
strong solutions for problem (1) and some related properties when u, € C.,(H) and
additional assumptions are satisfied.

Let us denote by A1 = min, e foy ||v[|?/|v]* > 0 the first eigenvalue of the Stokes
operator A.

Theorem 2.1. Assume that f € L} (R; V'), v >0, and g : Rx C,(H) — (L*(2))?
satisfying the assumptions (g1)—(g3), are given. Then, for any 7 € R and ¢ €
C,(H), there exists a unique weak solution u = u(-;7,¢) to (1), and the following

estimates hold for all t > 7, and any p € (0,v) such that (v — p)A; < 7:

t
el < e ML= )2 ﬂfl/ e HmNTEIUEI| 1 ()| 2 s, (4)

t t
[ Tuls) [P ds < 000 gt eot 2y [ A L £ (s) 2 d,

(5)

Moreover, if f € L2 _(R;(L*(Q))?), it holds that u is a strong solution in the
sense that u € C([t+¢,T); V)N L*(1 +¢,T; D(A)) for alle >0 and any T > 7 +¢.
If besides u(t) € V, then u is properly a strong solution, i.e. v € C([r,T|;V) N

L3(1,T; D(A)) for all T > .

Proof. The existence and uniqueness of weak solution was stated in [18, Theorem
5]. There, for the existence of a solution, the additional assumption 2y > vA; was
made. The fact that this assumption is unnecessary can be seen as follows.
Denote by {v;} C V the Hilbert basis of H of all the normalized eigenfunctions
of the Stokes operator A.
Consider the Galerkin approximations u™(t) = 377", am j(t)v;, which are the
solutions of the system

%(um(t),vj) + (W™ (1), v;)) + b(u™ (1), u™(t),v;)
= <f(t)avj> + (g(tvufy;n)vvj)’ in 'D/(T,OO), 1<j<m, (6)

u™(r+s) = Z;n:l(gb(s), vj)v; for s € (—o0,0].
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Multiplying the j—equation in (6) by cumy_;(t), and summing from j = 1 to j =m,
one has

L ()P + 2w (1)

2((8), u™ () + 2(g(t, u), w™ (1))
vl O + v FOI + 2L [ 2, ae. t> 7,

IN

and therefore,

WP v [ )P ds <[P+ [ IR+ 2Ll ) ds Ve
™

Thus,
2 < max{ sup e |g(t+0— 1),
o€ (—oo,7—t]
p 0 t4-60
sup ( )+ [ (||f<s>||i/u+2Lg||uT||3)ds)}
oc[r—t,0] T
< max{ sup el p(t+6 —1)%

0€(—oo,7—t]

t
Ju(r)|? +/ (IF /v +2Lg[lul]13) dS} Vt>T, (8)
and therefore, observing that

sup et + 60— 1) sup 7= (=) g(9))|
6 (—o0,7—t] <0

e 6]l
16l
and |u(7)| = |#(0)] < ||¢||y, we deduce from (8) that

IN

t
™15 < 6115 +/ (L IZ/v + 2Lg[lu5) ds Vit > T.

Thus, by Gronwall’s lemma, we have

t
||u?||%s62”<”>(||¢3+v1 / ||f<s>||ids) Vit >

Using this inequality and (7), one also obtains that there exists a constant C,
depending on some constants of the problem (namely, v, Ly and f), and on 7, T
and R > 0, such that

lui|l5 < C(r,T,R) Vte[r,T], |6, <R, Vm >1,
™22 vy < C(r, T, R) - ¥m.
Now, the proof of the existence of weak solution follows as in [18].
Estimates (4) and (5) were proved in [18, Lemma 17] for the particular case

i = v/2. For the general case, the proof is as follows.
Take p such that 0 < p < v. By the energy equality, one has

2(f (), u(t)) + 2(g(t, ur), u(t))

2 F @l + 2Lg]luell [u®)]
pllu@l® + p= PO +2Lg w3, ace. t> .

d 2 2
Slu)f? + 20 u(t)|

IA A
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Thus,

d _
S0P + 200 = ()P + e < a IO + 2Ll ae t>

and therefore,

t
u(OF + g [ e N ()| ds )

r
t

< e’2(”’“)““’”IU(T)|2+/ e 2N (| f(s)I12/ 1+ 2Lg us||3)ds W 2 7.

T

Consequently,

utnizmax{ sup 2o(t+0— 1),
e (—o0,7—t]

sup (6279—2(u—u)>\1(t+0—7)|u(7_)|2
0€[r—t,0]

t+6
+6270/ e~ 2(r—p)A1(t+0—s) (||f(3)\|z/ﬂ + 2Lg||usH—2y) ds> } Vit > T

Let us assume that moreover p satisfies (v — p)A; < 7.
On the one hand,

sup 0ot +0—1) = supe? @59
6 (—o0,7—t] <0

gl
e TN g

IN

On the other hand,

sup 6270—2(1/—#))\1(1&—4-9—7-) |U(7‘) |2 < 6—2(1/—#))1(26—7') |u(7_) |2
oc[r—t,0]

and

t+0
L 62”“’/ e 2N RO (|| F()[|2 /1 + 2L ||us|2) ds
c|T—t, T

t
< [ e N )+ 2Ly ) d.

Collecting these inequalities we deduce

t
] < 2N gf2p [ 2N (1 (5) 2 2L, ) ds Ve 7

Then, by Gronwall’s lemma we conclude that (4) holds.

Now, from (9), (4), and Fubini’s theorem, we conclude (5).

The final part of the theorem is a consequence of well-known regularity resultsl
taking into account the fact that if f € L2 (R;(L?(f2))?), then the function f

loc
defined by f(t) = f(t) + g(t,u;), t > 7, belongs to L(,T;(L?(2))?) for all T >
T. .
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Remark 3. It must be observed that estimate (4) also holds for the Galerkin
approximations u™, and that, among others (see [18, Theorem 5]), the following
convergences hold for any T > 7:

u™ — u strongly in C([r,T]; H),

u™ —u weakly in L2(1,T; V),

(u™) — ' weakly in L?(r,T; V"),

ut — uy strongly in C(H) Vt € [1,T].

Let us denote RZ = {(t,7) € R? : 7 < t}.

Definition 2.2. A process U on a metric space (X,dx) is a mapping R2 x X >
(t,7,z) — U(t,7)x € X such that U(r,7) =Idx for all 7 € R, and the following
concatenation property holds: U(t,r)U(r,7) = U(t,7) for any 7 <r < t.

From Theorem 2.1 we deduce that we may define a family of processes or dy-
namical systems associated to problem (1) (one of them was already introduced in
[18, Proposition 16]).

For any h > 0, let us denote by

Chv {‘P € C ) (p|[7h,0] € B([_h70]7v)}7 (10)

where B([—h,0];V) is the space of bounded functions from [—h,0] into V. The
space C!"V(H) is a Banach space with the norm

Ielly.pv = llelly + P le(O)]]-

Corollary 1. Assume that f € L (R; V'), v >0, and g: R x C,(H) — (L?*(£2))?
satisfying assumptions (g1)—(g3), are given. Then, the bi-parametric family of map-
pings U(t, 1) : Cy(H) — Cy(H), with t > 7, defined by
Ut, 7)o = u, (11)

where u(-; T, @) is the unique weak solution to (1), is a process on C(H). Moreover,
U(t,7) maps bounded sets of C(H) into bounded sets of C(H).

If in addition f € L} (R; (L*(2))?), then for any h > 0, the family of mappings
U(t,7)|c¢,v (mry> With t > 7, is also a well defined process on ChV(H).

The following result can be obtained analogously to [8, Proposition 5.1] (see also
[6]), with the natural changes in the delay norms, but the proof is included here
just for the sake of completeness.

Proposition 1. Assume that f € L? (R;(L?(2))?), v >0, and g : R x C,(H) —
(L%(Q))? satisfying the assumptions (g1)—(g3), are given. Then, for any bounded
set B C C,(H), one has:
(i) The set of weak solutions {u(-;7,¢) : ¢ € B} is bounded in L>®°(t +¢&,T;V)
foranye >0 and any T > 7+ €.
(i) Moreover, if {¢(0) : ¢ € B} is bounded in V, then {u(-;7,¢) : ¢ € B} is
bounded in L (7, T; V) for all T > 1.

Proof. By the second energy equality, we obtain

282 + v Au(B) 2 + b(u(0), u(6), Au(6)
(F(6) + 96, ug), Au(6))

20502 +190.00)P) + “ 14w, ne 0>,

IN
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where we have used Young’s inequality.
The trilinear term b can be estimated as

b(u(8), u(®), Au(B)] < Calu(B)]u(®)]]| Au(6)[*
< 4@ + CV @l u@)]",

where
W) = 27CH (4?1 (12)
This, combined with the above and the properties of g, gives

d 4 , AL?
5@ + v Au@)2 < —[FO) + 200 [u(@) @' + —|luol,  ace. 0>

(13)
Integrating, in particular we deduce that for all 7 < s <r

4 r r 4L2 r
)P < P+, [ 1R do20®) [ @) Pla(@)]* do+=2 [ fuo]? b,

By Gronwall’s lemma we obtain that for all 7 < s <r

e < (e 2 [ ora s 2 [ )
Xexp(?C(”)/ |u(9)|2|u(9)||2de>. (14)
Integrating once more with respect to s € (7,r) yields

(r = 7)Ju(r)]?

< (/TT|u<s)||2ds+4(TV_T)/TTf(9)|2d9+4L5(7V"7)/TT ||ue||3d9>

T
xexp(2C’(”)/ |u(9)2||u(9)|2d9> Vr<r<T.

In particular, for 7 +¢ < r < T, it holds

P < 2 / lu(s))? s + 2E=7) / oRds+ =0 / ual a6
exp (20 / o <0>|2||u<0>||2d0).

Taking into account (4) and (5), the claim (i) is proved.

The proof of claim (ii) is simpler. If ¢(0) belongs to V, then from (13) one
deduces that for all 7 <r < T,

4 T r 4L2 r
ur) P < [uIP+S [ 17O as+20) [ 1u@)u@)|* o+ =2 [ fusl .

Therefore, one may apply directly Gronwall’s lemma and proceed analogously as
before to conclude (ii). O

One ingredient in order to obtain pullback attractors below is that the dynamical
system be closed (cf. [7]). We obtain a stronger property here: the process U is
continuous in the several phase spaces that we defined above.
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Proposition 2. Assume that f € L7, (R; V'), v >0, and g : RxC,(H) — (L*(2))?
satisfying the assumptions (g1)—(g3), are given. Let us denote uw = u(+;7,¢) and
v = v(;T,9) the weak solutions for (1) corresponding to initial data ¢ and ¢ €

C,(H). Then, the following continuity properties hold:
(i) For any T <t,

L ¢ 1
s =l < (14 52 1o = wlean( [ (L + ) ),

and in particular the mapping U(t,7) : C,(H) — C,(H), defined by (11), is
continuous.
(ii) If f € L? (R; (L*(2))?), ¢(0) € V and (0) € V, then

loc

lu(s) = v(s)* < (||¢>(0) —(0)]* + ng /: g — vellid9>
xe:zrp[/: (20(”))\11|u(9)||4+216/?v(6)||Av(9)|>d9} vr < s <t,

where C¥) is given in (12).
In particular, for allh > 0 and any T < t, the mapping U (t,T) : C’f;’V(H) —
C’,}Y”V(H) defined by (11), is continuous.

Proof. Claim (i) was proved in [18, Proposition 6]. Observe that the assumption
27y > v\, appearing in [18] was not really used.

Claim (ii) follows analogously as in [8, Proposition 5.2] with the natural changes
in the delay norms. O

3. Abstract results on minimal pullback attractors. In this section we recall
some basic definitions and main results that we will use later about properties
required of a process for a non-autonomous dynamical system in order to have a
(minimal) pullback attractor.

These results can be found in [7] and [17] (see also [1]), so here we only reproduce
the statements for the sake of completeness.

In this section, we consider fixed a metric space (X,dx).

From Proposition 2 we know that the processes for our problem are continuous
(in the sense that for any pair 7 < ¢, U(t,7) : X — X is continuous). However,
it is worth pointing out that the theory of attractors for dynamical systems can
be developed with more relaxed assumptions. Namely, the following definition is
weaker than asking for the process to be strong-weak (also known as norm-to weak)
continuous, and of course weaker than asking U to be continuous.

Definition 3.1. A process U on X is said to be closed if for any 7 < ¢, and any
sequence {2, } C X with z, - 2 € X and U(¢,7)x,, — y € X, then U(t,7)z = y.

Let us denote by P(X) the family of all nonempty subsets of X, and consider a
family of nonempty sets Do = {Dy(t) : t € R} C P(X).

Definition 3.2. We say that a process U on X is pullback Bo—asymptotically
compact if for any ¢ € R and any sequences {7, } C (—o0,t] and {z,,} C X satisfying
Tn, — —00 and x, € Dy(7y,) for all n, the sequence {U (¢, 7, )2, } is relatively compact
in X.
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Denote
A(Dog,t) ﬂUUtTDO Vit eR,

s<tT<s

- X
where {---}  is the closure in X.
Given two subsets of X, O; and O3, we denote by distx (07, O3) the Hausdorff
semi-distance in X between them, defined as

distx (01, 02) = sup 1nf dX(x Y).
€01 Y

Let D be a nonempty class of families parameterized in time D = {D(t) : t €
R} C P(X). The class D will be called a universe in P(X).

Definition 3.3. A process U on X is said to be pullback D-asymptotically compact
if it is pullback ﬁ—asymptotically compact for any DeD.

It is said that Dy = {Do(t) : t € R} C _P(X) is pullback D-absorbing for the
process U on X if for any ¢t € R and any De D, there exists a TQ(D t) < t such
that

U(t,7)D(7) C Do(t) V7 < 70(D,1).

With the above definitions, we may establish the main result of this section (cf.
[7, Theorem 3.11]).

Theorem 3.4. Consider a closed process U : Rfl x X — X, a universe D in P(X),
and a family Dy = {Do(t) : t € R} C P(X) which is pullback D-absorbing for U,
and assume also that U is pullback ﬁo—asymptotically compact. N
Then, the family Ap = {Ap(t) : t € R} defined by Ap(t) = Uf)eDA(ﬁvt) , has
the following properties:
(a) for anyt € R, the set Ap(t) is a nonempty compact subset of X, and Ap(t) C
A(Do,t),
(b) Ap is pullback D-attracting, i.e. im,_, o distx (U(t,7)D(7), Ap(t)) =0 for
all D € D, and any t € R,
(¢c) Ap is invariant, i.e. U(t,7)Ap(T) = Ap(t) for all (t,7) € RZ,
(d) if Do € D, then Ap(t) = A(Do,t) C Do(t) . for allt € R.
The family Ap is minimal in the sense that if C = {C(t):t e R} C P(X) is a fam-
ily of closed sets such, that for any D = {D(t):teR} €D, Tgmoo distx (U(t, 7)D(T),

C(t)) =0, then Ap(t) C C(t).

Remark 4. Under the assumptions of Theorem 3.4, the family Ap is called the
minimal pullback D-attractor for the process U.

If Ap € D, then it is the unique family of closed subsets in D that satisfies
(b)(c): )

A sufficient condition for Ap € D is to have that Dy € D, the set Dy(t) is
closed for all t € R, and the family D is inclusion-closed (i.e. if D e D, and
D' ={D'(t) : t € R} C P(X) with D'(t) C D(t) for all ¢, then D’ € D).

We will denote by D (X) the universe of fixed nonempty bounded subsets of X,
i.e., the class of all families D of the form D = {D(t) = D : t € R} with D a fixed
nonempty bounded subset of X.
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Now, it is easy to conclude the following result (where Ap, x) is the original
pullback attractor of [5]).

Corollary 2. Under the assumptions of Theorem 3./, if the universe D contains
the universe Dp(X), then both attractors, Ap,(x) and Ap, exist, and Ap,x)(t) C
Ap(t) for allt € R.

Moreover, if for some T € R, the set U< Do(t) is a bounded subset of X, then
ADF(X)(t) = Ap(t) fO’f’ all t < T.

The following result allows us to compare two attractors for a same process in
different phase spaces under appropriate assumptions.

Theorem 3.5. Let {(X;,dx,)}i=1,2 be two metric spaces such that X; C Xy with
continuous injection, and fori =1, 2, let D; be a universe in P(X;), with D1 C Ds.
Assume that we have a map U that acts as a process in both cases, i.e., U : RZXXi —
X; fori=1, 2 is a process.

For each t € R, let us denote

= |J MDit)  i=12
Diep;
where the subscript i in the symbol of the omega-limit set A; is used to denote the
dependence of the respective topology.
Then, A;(t) C Ag(t) for allt € R.
Suppose moreover that the two following conditions are satisfied:

(i) Ai(t) is a compact subset of X1 for allt € R,

(ii) for any Dy € Dy and any t € R, there exist a family D, € Dy and a
t%l < t (both possibly depending on t and Dg), such that U is pullback Dl—
asymptotically compact, and for any s < t*ﬁl there exists a 7, < s such that
U(s,7)Da(1) C D1(8) for all 7 < 75.

Then, under all the conditions above, A;(t) = Ax(t) for all t € R.

Remark 5. In the preceding theorem, if instead of assumption (ii) we consider the
following condition:
(ii") for any Dy € Dy and any sequence 7, — —oo, there exist another family
IA)l € D; and another sequence 7}, — —oo with 7/, > 7, for all n, such that U
is pullback ﬁl—asymptotically compact, and

U(7),,7n)D2(1,) C Di(7)) Vn,

then, with a similar proof, one can obtain that the equality A; () = A2 (t) also holds
for all t € R.

Observe that a sufficient condition for (ii’) is that for each ¢ € R, there exists
T = T(t) > 0 such that for any Dy € D>, there exists a D, € Dy satisfying that U
is pullback D;-asymptotically compact, and U (r+T,7)Da(7) C D1(7 + T) for all
T<t-T.

4. Pullback attractors for 2D Navier-Stokes equations with infinite delay
and their relation. In the context of pullback D-attractors, applications usually
involve a concrete universe. Namely, and having in mind (4), the two first of the
following families were already used as universes in [18] (the first one for p = v/2).
The rest of the families are related to our goal of improving the regularity of the
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attractor, and combine the Banach space C,(H) with the space CZ-V(H) given in
(10).
Definition 4.1. For any ¢ > 0, we will denote by D,(C,(H)) the class of all

~

families of nonempty subsets D = {D(t) : t € R} C P(C(H)) such that

lim <e‘” sup ||<p||,2y>:0
=00 peD(r)

Accordingly to the notation introduced in the previous section, D (C.(H)) will
denote the class of families D = {D(t) = D : ¢t € R} with D a fixed nonempty
bounded subset of C(H).

For any o > 0 and h > 0, we will also denote by D"V (C,(H)) the class of
families D = {D(t) : t € R} € D,(C,(H)) such that for any ¢ € R and for any
@ € D(t), it holds that ¢|[_p g € B([~h,0]; V).

Analogously, we will denote by D?;JV(CW(H )) the class of families D = {D(t) =
D :t € R} with D a fixed nonempty bounded subset of C.(H) such that for any
¢ € D, it holds that ¢|_p0 € B([=h,0];V).

Finally, we will denote by Dp(CV (H)) the class of families D={D(t)=D:
t € R} with D a fixed nonempty bounded subset of C2V (H).

Remark 6. The chain of inclusions for the universes in the above definition is the
following:

Dr(CyY (H)) € Dy (Cy(H)) € DV (Cy(H)) C Dy (C,(H)),

and
Di(C (H)) € DV (C (H)) € Di(C4 (H)) © Dy (C (H)),
for all ¢ > 0 and any h > 0.
It must also be pointed out that D,(C,(H)) and DV (C,(H)) are inclusion-
closed, which will be important (cf. Remark 4).

Hereon, let us assume that

there exists 0 < p < v such that L, < (v — p)A1 < (15)
and
0
[ el <. (16)
where
0 = 2V — Wi — Ly). (17)

As an immediate consequence of (4) we have the following

Proposition 3. Let v > 0, g satisfying assumptions (g1)-(g3), and f € L? (R; V")
be given. Assume that (15) and (16) hold. Then, the family ﬁo’ﬂ ={Dy,(t) : t €
R} C P(Cy(H)), with Do, (t) = B, (m)(0, pu(t)), the closed ball in C,(H) of center
zero and radius p,(t), where

t
R =1+p" / e~ t=9) | £(s)]2 ds,

— 00

is pullback D, (C-(H))-absorbing for the process U : R3 x C,(H) — C(H) defined
by (11). Moreover, ﬁo,u € Dy, (Cy(H)).

From above, we have the following slight improvement of [18, Theorem 28].
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Theorem 4.2. Under the assumptions of Proposition 3, there exist the minimal
pullback Dp(C,(H))-attractor Ap,(c. ) and the minimal pullback D, (C(H))-
attractor ADaM(Cw(H)) for the process U associated to (1), and the following relations
hold:

A”DF(CW(H))(t) C ‘ADO‘M(C’Y(H))(t) C ECW(H)(O,p#(t)) VteR
and

lim (et sup v 2> =0.
i N

VEAD,, (O (H))

Remark 7. If we also assume that f € L? (R;(L*())?), from the invariance of

loc

both pullback attractors, and the regularity property stated in Theorem 2.1, it turns
out that

Ap e, m))(t) C Ap, (o, ) (t) € C((—o0,0);V) VieR.

We establish now some results on absorbing properties of U : RZ X CfYL’V(H ) —
CI"V(H). The first one is a consequence of Proposition 3.

Proposition 4. Let v > 0 and g : R x C,,(H) — (L*(Q))? satisfying assumptions
(91)—~(g3) be given. Assume that f € L? (R;(L?(2))?) and that there exists 0 <

loc

p < v such that Ly < (v — )\ <, and

/O e7n | £(5)[2 ds < oo, (18)

where o, is given by (17).
Then, for any h > 0, the family Do, pn = {Doun(t) : t € R} C P(CI/L’V(H)),
with
Do un(t) = Do, (t) N CIY (H),

is a family of closed sets of CI*V(H) and is pullback Dg;LV(CV(H))—absorbing for
the process U : R% x CI"V(H) — CI"V(H). Moreover, lA)o%h € D(};LV(C,Y(H)).

Lemma 4.3. Under the assumptions of Proposition /J, for any De D,, (Cy(H))
and any r > h, the family D) = {D") () : 7 € R}, where D) = U(r+r,7)D(7),
for any T € R, belongs to DZ;LV (Cy(H)).

Proof. From (4), we deduce
2 2 i 2
sup (702 < e sup (@7 [6fE) 4 (o) [ el (o) s,
$eD™ (1) $eD(7) 'r

which jointly with the regularity property in Theorem 2.1 and (18), conclude the
proof. O

Now, we establish several estimates in finite intervals of time when the initial
time is sufficiently shifted in a pullback sense.

Lemma 4.4. Under the assumptions of Proposition 4, for anyt € R, h > 0 and
D € D,,(C,(H)), there exists 71 (D, t, h) < t—h—2 and functions {p;};_, depending
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on t and h, such that for any 7 < 7 (B,t, h) and any ¢™ € D(1), it holds
u(r;m,¢7)2 < pa(t)  Vrelft—h—2,1
Ju(rs, ¢7)II? < p2(t)  Vrelt—h—14],

y/r (Au(0:7,67)2d0 < ps(t)  Vr e [t —ht, (19)
r—1

/ [u/(0;7,¢7) |2 df < pa(t) Vr et —h,t,
r—1

where .

pr(t) = 14 ()~ Le=7n(t=h=2) / €| f(s) 2 ds,

pa(t) = {lel(t)(l L2+ 22 A ) T A+ 2V1/\1_1)/tth2|f(0)|2 de}

t
Xexp{Ql/lC(”)pl(t) [pl(t)(1+2u1/\;1L§)+2uu;1/ |f(9)|2d9} }
t

—h—2
t
p) = )4t [ IFOF a8+ 209 0 (030 + 4T3 i),
t—h—1
pilt) = vl +4 [ FOR D +2CH pa0a(0) + AL (1),
t—h—1

with o, given by (17), and C™) defined in (12).
Proof. Let Tl(l/j,t, h) <t —h — 2 be such that
e mh =272 <1 V1 < 1y(D,t,h), ¢ € D(7).

Consider fixed 7 < Tl(ﬁ,t, h) and ¢™ € D(7).

The first estimate in (19) follows directly from (4), using the definition of the
norm || - ||, and the increasing character of the exponential.

Now, for the rest of the estimates, let us consider again the Galerkin approxima-
tions already used in Theorem 2.1, and denote for short u™(r) = u™(r; 7, ¢7).

Multiplying each equation of (6) by o, ;(t) and summing from j = 1 to m, we
have

1d

2dt

W™ (@) +vlu™ @O = (F(8) + gt u), u™ (1)

1 m v m
< ——(fOP+lgt,u)?) + SMlu™ (@O, ae. t >,
l/)\l 2
where we have used Young inequality. Now, from the properties of g, we obtain
d mn 2 m
G OF + v OF < SS(FOF + L), ac. t>
Integrating, in particular we deduce that

2
[ wor s ga ve<e.

I/)‘l r—1
(20)
Now, observe that (4) and the estimates obtained in the proof of Proposition 1
also hold for u™.

v / [um @) d6 < [um(r — 1) +
r—1
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From (14), integrating with respect to s € (r — 1,7), and using (4), we obtain
T T
ol < | [ e ePas et [ iepas
r—1 r—1
T [%
stz [ (o @ o e ) an oo
r—1 r

xexp(QC(”)/ |um(0)|2um(0)2d9) Vr<r—1.
r—1

From this, jointly with (20) and the first estimate in (19), which holds exactly the
same for the approximations u"", one deduces
[u™(r; 7, ¢7)|* < p2(t) Vre[t—h— 11 (21)
From this inequality and Remark 3, we deduce that
u™ ST, ¢7)  weakly-star in L®(t — h — 1, V).

So, taking inferior limit when m goes to infinity in (21), and using the fact that
u(7,07) € C([t —h —1,t]; V), we obtain the second estimate in (19).
On other hand, from (13), and using again (4), we also obtain

u/ | Au™(6)|* df
r—1

< Jum(r - D)) + 40! / F(O) o + 20 / ™ (6)]2 ™ (8)]* db
r—1 r—1

T 6
O N Cac RS ST
T T

—1
for all 7 < r — 1. Therefore,

V/T |[Au™(0;7,¢7)2dO < p3(t) Vr et —h,t. (22)

-1
From Remark 3, (22), and the uniqueness of solutions, we deduce that
u™ = u(;7,¢7) weakly in L2(r — 1,7; D(A)) Vr €[t — h,t].

Thus, taking inferior limit when m goes to infinity in (22), we obtain the third
inequality in (19).

Finally, multiplying each equation in (6) by a;, ;(t) and summing from j = 1 to
m, we obtain
/ 2 vd 2 /
@) (O)" + 5 25 Il (O)7 + b(u™ (8), u™(6), (u™)'(6))

= (f(O), (™) (8)+ (9(6,ug*), ™) (#)), ae. §>r.

Since

WY OF +276),

=
=
-
<

Z
—~
>
N
IN

(90 u), Y @) < Sl @) + 2l (6, up) .
b (6), u™(8), (™Y (8)] < CalAum (@) (6) (™) (8)]
< Lwmy @) + 2l aum (o) um 0))2,

4
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we obtain that
m d m m m m
[(u™) (0)]? + vogllu (O < 4[£(0)* +4lg(0, ug") > + 2CT[Au™(0)[*[[u™ (6)

a.e. 8 > 7. From the properties of g, (4), and integrating above, we conclude
| 1wy @pas
r—1
<o -IP+a [ Rt [ A )P |u @)
r—1 r—1

+4L§/ 1 (BUH(OT)QST”?Y"'(HAl)l/

From (21) and (22) we deduce that

[%
6”“(95)f(s)2ds> ddvT <r—1.

/Tl [(u™) (8;7,¢7) |2 df < pa(t) Vr €[t —h,t]. (23)

From Remark 3, (23), and the uniqueness of solutions, we deduce that
(u™) =/ (;7,¢7) weakly in L*(r — 1,7 H) V7 € [t — h,t].

Thus, taking inferior limit when m goes to infinity in (23), we obtain the fourth
inequality in (19). O

Now, we can prove the asymptotic compactness of the process U restricted to the
space CLL’V(H ). The proof relies on an energy method with continuous functions,
and is similar to that in [18] but using the energy equality (3) (see also [7, Lemma
4.13]); we reproduce it here just for the sake of completeness.

Lemma 4.5. Under the assumptions of Proposition 4, and for any h > 0, the
process U : R x Cff’V(H) — Cff’v(H) is pullback DZ:LV(CV(H))—asymptotically
compact.

Proof. Since the asymptotic compactness in the norm of C,(H) was already es-
tablished in Theorem 4.2, we only must care about the sup norm in B([—h,0]; V).
So, let us fix t € R, a family D = {D(t) : t € R} € DQLLV(CW(H)), a sequence
{mn} C (=00, t] with 7, — —o0, and a sequence {¢™} C CV (H), with ¢™ € D(r,)
for all n.

For short, let us denote u™(-) = wu(:;7,,¢™). It is enough to prove that the
sequence {u"(t + -)} is relatively compact in C'([—h,0]; V).

By the asymptotic compactness in the norm of C,(H), we may assume without
loss of generality that there exists £ € C(H) such that

up — & strongly in C,,(H). (24)

Denote u(t +r) = £(r) for all r € (—o0,0].

From Lemma 4.4 we know that there exists a value Tl(ﬁ, t,h) <t—h—2 such
that the subsequence {u™ : 7, < 71(D,t,h)} is bounded in L®(t — h — 1,£;V) N
L2(t — h — 1,t; D(A)) with {(u™)'} bounded in L?(t — h — 1,t; H).

Using the Aubin-Lions compactness lemma (e.g. cf. [14]), and taking into ac-
count (24), we may ensure that u € L= (t —h—1,; V)N L?(t —h—1,t; D(A)) with
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W € L*(t —h —1,t; H), and for a subsequence (relabelled the same) the following
convergences hold:

ut By weakly-star in L°°( —h—=1,V),

U = weakly in L?(t — h — 1,t; D(A)),

(u™) — o weakly in L?(t — h 1,t; H), (25)
u" — u strongly in L?(t —

-1, tV),
u™(s) — u(s) strongly in V, a.e. s € (t —h—1,t).
Indeed, u € C([t — h — 1,t]; V) satisfies, thanks to (24) and (25), the equation (2)
n(t—h-—11).
From the boundedness of {u"} in C([t—h—1,t]; V'), we have that for any sequence
{sn} C [t —h —1,t] with s, — s., it holds that

u™(sn) = u(sy) weakly in V, (26)
where we have used (24) to identify the weak limit. We will prove that
u" — u strongly in C([t — h,t]; V), (27)

using an energy method for continuous functions analogous to that employed, for
instance, in [18, 7].

Indeed, if (27) is false, there exist € > 0, a sequence {t,,} C [t — h, ], without loss
of generality converging to some t,, and such that

lu"(tn) —u(ts)]| > Vn>1. (28)
Recall that by (26) we have
[[uto)ll < Tim inf {|u”(£,)]]- (29)
n—oo

On the other hand, using the energy equality (3) for v and all u™, and reasoning as
for the obtention of (13), we have that for all t —h — 1 < 51 < 59 < ¢,

lu(s2) 12 + v / A (r) 2 dr

S1

n 2 (v) * n 2(,,n 4 4 * 2 4L!2] * ni2
< fu"(s))lF+2C W ()Pl ()1 dr+— [ 1 f ) dr+—= [ a5 dr,

S1 S1 S1

and

lu(s2)|? + v / Au(r)? dr

4 So 4L2 So
)Pt e, [ 1P are =2 [l ar

In particular, we can define the functions

s2
< flus1)|P+20) [

S1

174 3 n n 4 B
O O i AN Oy PRGN PO T
412
— uy 2 dr,
vl A [l (15
y S 4 S
J(s) = Jlu(s)|* —2C )/ Iu(r)lzlluv)\l“dr**/ |f(r)[? dr
t—h—1 VJt—h—1
4172
s v dr.

V. Ji—h-1



18 J. GARCIA-LUENGO, P. MARIN-RUBIO, AND J. REAL
These are continuous functions on [t — h — 1,¢], and from the above inequalities,
both J,, and J are non-increasing. Moreover, by (24) and (25), we have
Jn(s) — J(s) ae. se(t—h—11).
Thus, there exists a sequence {f} C (t —h— 1,t,) such that {;, — t,, when k — oo,
and
nlgr;o In(te) = J(tk) VYEk.
Fix an arbitrary value § > 0. From the continuity of J, there exists ks such that
|J(tk) — J(t)| < 6/2 Yk > ks.
Now consider n(ks) such that for all n > n(ks) it holds
tn >ty and | J,(tr,) — J(trs)| < 6/2.
Then, since all J,, are non-increasing, we deduce that for all n > n(ks)
In(tn) — J(ts) Tn(ty) = I (ts)
) = I
[T (s ) — T (b)) + [T (Ers) — T (E:)] < 6.

INIAIA

This yields that
limsup Jy, (t,) < J (),

n—oo

and therefore, by (24) and (25),
tim sup [Ju” (t) || < [ut)ll;
which joined to (29) and (26) implies that u™(t,) — u(t.) strongly in V, in contra-
diction with (28). Thus, (27) is proved as desired. O
Now, we can establish our main result.

Theorem 4.6. Let vy > 0 and g satisfying assumptions (g1)—(g3) be given. Assume
that there exists 0 < p < v such that Ly < (v—p)\1 <7, and f € L7 (R; (L*(Q))?)
satisfies (18). Then, for any h > 0, the process U on Chv( ) defined by (11)

possesses a minimal pullback DZ’”V(CW (H))-attractor AD@L‘/(CW(H))’ a minimal pull-

back D%V(C’W(H))—attmctor ADZ,V(C’Y(H)), and a minimal pullback DF(CQI’V(H))—
attractor A.DF(Ch,,V(H)). Moreover, the following relations hold:

Apctvam®) < Ao,y ®)

C  Ap,(c, ()
< Apnvic, () = A, ) (1)
C C((—0,0;V) VteR, (30)
and for any family D € D,, (Cy(H)),
Tgmoo dlStCh v(H)(U(t 7)D(71), Ap, (C.Y(H))(t)) =0 VteR. (31)

Finally, if in addition f satisfies

sup (e“’“s /3 eon? f(9)|2d9) < o0, (32)

SSO — 00
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then all attractors in (30) coincide, Ap, (c.,(m)) € DZ;V (Cy(H)) and it is tempered
in CI"V(H), in the sense that

lim <6Uut sup ||v||’2y,h,V) =0. (33)
t——00 ’UE-A‘D(,“(C'y(H))(t)

Proof. Let us fix h > 0. The existence of A,Dh,V(C (H)) is a consequence of Theo-

rem 3.4, since the process U on CIV(H) is continuous (cf. Proposition 2 (ii)) and
therefore closed, the existence of a pullback absorbing family was given by Propo-
sition 4, and in Lemma 4.5 we have proved the pullback DZ;V(CW (H))-asymptotic
compactness.

The existence of the pullback attractors AD;,V (., (H)) and ADF(C’};,V (H)) fol-

lows from the above facts, and the inclusions DF(CQL’V(H)) C DZ’V(CW(H)) C
Dy (Cy(H)).

In (30), the chain of inclusions follows from Corollary 2, Theorem 3.5, and Re-
mark 6. The equality is a consequence of Theorem 3.5 and Remark 5, by using
Lemma 4.3 with T"=r = h + 1. The last inclusion was observed in Remark 7.

The property (31) is a consequence of Lemma 4.3, since for any D € D, (C,(H))
and any 7 <t —h —1,

diStC’}YL,V(H) (U(t, T)D(T), ADG“ (CW(H))(t))
= diStcg,v(H)(U(t, T4+ h+ 1)(U(T +h+1, T)D(T)), ADUM(CW(H))(t))
= diStCQ,,V(H)(U(t, T+h+ I)D(thl) (1), AD{}‘V(CW(H))(t))'

The coincidence of all attractors in (30) under the additional assumption (32)
holds by applying once more Theorem 3.5, Proposition 3, and the second estimate
in (19), since (32) is equivalent to

sup/ |£(0)]*do < . (34)
s<0 Js—1

The fact that Ap, (c, ) € Dg;V(C’A,(H)) is a consequence of Theorem 3.4 and
remarks 4 and 6.

The tempered condition (33) of the attractor comes from (32) (and therefore
(34)) and the expressions of p,,(t) and pa(t). O

Remark 8. Observe that, under the assumptions of Theorem 4.6, one has that
ADZ’};V(CV(H)) = ‘ADﬁﬁ’V(CW(H)) for any hy,he > 0, ie., the pullback attractor
ADZ;LV(CW(H)). is indepen(%ent of h > 0. N

Actually, if f also satisfies (32), then ADF(CQ,V(H)) = ADZ,V(CV(H)) is indepen-

dent of h.
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