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ABSTRACT. We establish the existence of pullback attractors for the dynamical
system associated to a globally modified model of the Navier-Stokes equations
containing delay operators with infinite delay in a suitable weighted space.
Actually, we are able to prove the existence of attractors in different classes of
universes, one is the classical of fixed bounded sets, and the other is given by
a tempered condition. Relationship between these two kind of objects is also
analyzed.

1. Introduction. Let Q C R? be an open bounded set with regular boundary T,
and let N € (0, +00) be fixed. Let us define Fy : [0,4+00) — (0,1] by

N
Fy(r) = min{l, 7}, r € [0,400),

and consider the following system of globally modified Navier-Stokes equations
(GMNSE for short) on 2, with infinite delays and homogeneous Dirichlet boundary
condition

% —vAu+ Fy (Jul|) [(v- V)u] + Vp = f(t) + g(t,us) in (7,400) x €,

V-u =0 in (1,400) x £,
u=0 on (r,+00) x I,

u(t + s,2) = ¢(s,x), s € (—o0,0], z € Q,

1)
where v > 0 is the kinematic viscosity, u the velocity field of the fluid, p the pressure,
7 € R an initial time, f(¢) a given external force field, g is another external force
field containing some hereditary characteristic, ¢ is a given function defined in the
interval (—o0, 0], and we denote by u, the function defined on (—o0, 0] by the relation
u(s) =u(t+s), s € (—o0,0].
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The GMNSE (1), with or without delays, are indeed global modifications of
the Navier-Stokes equations — the modifying factor Fiy (|lu||) depends on the norm
lull = [IVull(£2(q))sxs, which in turn depends on Vu over the whole domain 2 and
not just at or near the point x € €2 under consideration. Essentially, it prevents
large gradients dominating the dynamics and leading to explosions. It violates the
basic laws of mechanics, but mathematically the GMNSE (1) are a well defined
system of equations, just like the modified versions of the NSE of Leray and oth-
ers with other mollifications of the nonlinear term, see the review paper [12]. It
is worth mentioning that a global cut off function involving the D(A'/*) norm for
the two dimensional stochastic Navier-Stokes equations is used in [13], and a cut-off
function similar to the one we will use here was considered in [32].

The globally modified Navier-Stokes equations, in the case without delays, were
introduced and studied in [1] (see also [3, 2, 19, 20, 21, 7, 24] and the review paper
[18]). This modified model of the three-dimensional Navier-Stokes equations has
some good properties: global existence, uniqueness, regularity, contrary to the orig-
inal Navier-Sokes model, where the analysis of the asymptotic behaviour of solutions
needs to be carried out in some non-standard way, e.g. cf. [28] and the references
therein. These results are interesting in their own right, but also GMNSE are useful
in obtaining new results about the three-dimensional Navier-Stokes equations, e.g.,
they were used in [1] to establish the existence of bounded entire weak solutions
for them. Also, in [21], GMNSE were used to show that the attainability set of
the weak solutions of the three-dimensional Navier-Stokes equations satisfying an
energy inequality are weakly compact and weakly connected. For convergence re-
sults of solutions of GMNSE to solutions of the three-dimensional Navier-Stokes
equations, see [1, 24].

However, there are situations in which the model is better described if some terms
containing delays appear in the equations. These delays may appear, for instance,
when one wants to control the system by applying a force which takes into account
not only the present state but the complete history of the solutions.

To our knowledge, the references [8, 9, 10] are the first papers devoted to con-
sider existence of solutions for the Navier-Stokes equations with delays and to study
their asymptotic behaviour (see also [15, 25] for the same task in some unbounded
domains). However, all these papers deal with finite delays, while the case of in-
finite delays has been treated more recently for autonomous and non-autonomous
dynamical systems (e.g. cf. [6, 27]).

In this paper we are interested in the case of a GMNSE model in which terms con-
taining infinite delays appear (see [7] for the case with finite delays). The problem
(1) was studied in [23], where existence and uniqueness of solution, and convergence
to stationary solutions were obtained.

Our goal in this paper is to prove more general results on the asymptotic be-
haviour of problem (1) than those shown in [23]. Namely, we will establish for a
suitable process related to problem (1) that we can assure the existence of minimal
pullback attractors under less restrictive assumptions than those in Theorem 3 and
Theorem 4 in [23]. In fact, we will obtain two minimal pullback attractors for the
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process associated to problem (1). The first one is the minimal pullback attractor
of fixed bounded sets of C,(H), which is the most usual in the literature. The
second one, is the pullback attractor in the framework of a universe of families of
time dependent sets with a tempered growth condition, following the ideas of [4, 26].

The structure of the paper is the following. In Section 2 we recall the basic results
on existence of solution for the GMNSE problem with infinite delays. Indeed, an
improvement on the conditions imposed for the existence is done. In Section 3 we
state some well-known results on the theory for the existence of minimal pullback
attractors, in a unified approach for an abstract given universe. This will be applied
to two cases, one the classical case of fixed bounded sets, and the other is a universe
defined by a tempered condition. Finally, in Section 4 we apply the above results to
problem (1) obtaining two different kind of families of minimal pullback attractors.
The main key is an asymptotic compactness result, whose proof relies on an energy
method that makes the most of the continuity properties of the solutions and the
corresponding non-increasing energy functions. Relationship between these objects
is also analyzed.

2. Existence of solutions. To set our problem in the abstract framework, we
consider the following usual abstract spaces (e.g. cf. [22] and [30, 31]):

V= {u € (C(Q)) - divu = o} :

H = the closure of V in (L?(Q2))? with inner product (-,-) and associate norm ||,
where for u,v € (L?(2))3,

V = the closure of V in (H{(2))? with scalar product ((+,-)) and associate norm
|-l , where for u,v € (Hg(£2))3,

Z / Bu] 61)]
ox; 8%‘1
i,7=1

We will use |||, for the norm in V"’ and (-, -) for the duality pairing between V' and
V. Finally, we will identify every u € H with the element f, € V' given by

(fu,v) = (u,v) forallveV.

It follows that V' C H C V', where the injections are dense and compact.
We consider the linear continuous operator A : V — V' defined by

(Au,v) = ((u,v)) for all u,v € V.

Denoting D(A) = {u € V : Au € H}, with inner product (u,v)pa) = (Au, Av),

then, by the regularity of ', D(A) = (H?*(Q))> NV, and Au = —PAu, for all

u € D(A), is the Stokes operator (P is the ortho-projector from (L?(Q))® onto H).
Let us denote

2
A= inf ””HQ >0,
veV\{o} |v]

the first eigenvalue of the Stokes operator.
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Now we define
i v,
b(u,v,w) = u; —2~w; de,
o) = 30 [ wGu,
i,j=1

for all measurable functions u, v, w defined on ) with values in R® for which the
integrals in the right-hand member of the above equality are finite.

In particular, b is a trilinear continuous form on V' x V x V| i.e., there exists a
constant C7 > 0 only dependent on Q (namely, Cy = (2)\}/4)_1) such that

|b(u, v, w)| < Cy ull||v||||w]], for all u,v,w eV,

and b(u,v,v) =0, for all u,v € V.
We denote

by (u,v,w) = Fn(||v|)b(u, v, w).

The form by is linear in v and w, but it is nonlinear in v.
By the definition of Fl, if we denote

(Bn(u,v),w) = by (u,v,w), forall u,v,w eV,
we have
1By (u,v)||« < NCy |jull, for all u,v € V. (2)

We recall (cf. [30]) that there exists a constant Co > 0 depending only on 2 such
that

[b(u, v,w)| < Callul| /2| Aul 2 ||o]| jw], (3)
for all u € D(A),v € V,w € H, and

[b(u v, w)| < Colfull[[ol][ew]/?||w]|/, (4)
for all u,v,w € V. (See [29] for the proof of (4)).

Let v > 0 be fixed. One possibility to deal with infinite delays, and which we
will use here (cf. [27, 16, 17]), is to consider the space

S§——00

Cy(H) = {cp € C((—00,0]; H) : 3 lim e"p(s) € H},
which is a Banach space with the norm

lelly == sup  €"%[p(s)].
S$€(—00,0]

We will assume that f € L2 (R;(L?(£2))3). For the term g, in which the delay is

loc

present, we assume that g : R x C,(H) — (L?(Q2))? satisfies

(g1) For any ¢ € C,(H) the mapping R 3 t — g(t,&) is measurable,
(92) ¢g(t,0) =0 for all t € R,
(¢3) there exists a constant L, > 0 such that for any ¢ € R and all {,n € C,(H),

l9(t,&) — g(t,m)| < Lyl —nll,-

An example of an operator satisfying assumptions (g1)-(g3) is given in [23].
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Definition 1. A weak solution of (1) is a function u € C((—oco, T|; H)NL*(7,T; V)
for all T' > 7, such that for all v € V,

%(U(t)vv) + v((u(t),v)) + by (u(t), u(t), v) = (f(t),v) + (9(t, ur), v),
in the sense of D'(1,+0), and u, = ¢.

Remark 1. If u is a weak solution of (1), then u satisfies the energy equality,

t
@ +2v [ flu(r)|*dr
t

= |u(s)]? + 2/ [(f(r),u(r)) + (g(r,ur),u(r))]dr for all s,t € [r,+00).

We have the following existence and uniqueness result:

Theorem 1. Suppose that f € L7 (R;(L*(Q))%), v > 0, and g : R x C,(H) —
(L2(Q))? satisfying the assumptions (g1)—(93), are given. Then, for any T € R and
¢ € Cy(H), there exists a unique weak solution w = u(-;T,¢) of (1), which in fact

s a strong solution in the sense that
ue C((r,T; V)N L*(1 4+ ¢,T; D(A)),
foralle >0 and any T > 7+ €.
Moreover, if $(0) € V, then u satisfies
u € C([r,T); V)N L*(r,T; D(A)),
for all T > 1.
Proof. The proof can be seen in [23]. There, the additional assumption 2y > v\,

was made. That this assumption is unnecessary can be seen as follows.
For the Galerkin approximations v defined by (8) on page 661 of [23], one has

%IW(%‘)I2 +2lum @) = 20f(),w™ (1) + 2(g(t ui), u™ (1))

1 m
T)\l|f(f)|2 + 2Lg|Juf" |3,

IN

viu™ @) +

and therefore,

™ () +V/ lu™ (s)|[*ds < Ju(r)? +/ (1f()P/(vh1) + 2Lgllu"[5)ds,  (5)

for all t > 7.
Using (5) instead of inequality (9) of [23], one obtains

2 < max{a s 0P
€(—oo,7—

t+0
P 0](eMIU(T)F +62”9/ (1f(s)P/(vA1) + QLQIUT?y)dS)}
ec|T—t, T

< max{ sup 20+t — 1),
0€(—o0,7—t]

\u(7)|2+/ (If(S)IQ/(VAl)+2Lg||u75"||i)d8}» (6)
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and therefore, observing that

sup ew\d)(ﬁ +t—1)] sup V(0= (t=7)) |p(6)]
o€ (—o0,7—t] 0<0

= gl
H(b”’%
and |u(7)| = |¢(0)] < ||¢||y, we deduce from (6) that

a2 < ll6]12 + / (IF(5) /() + 2Ly |u[2)ds

IN

forallt > 7.
Thus, by the Gronwall lemma, we have

t
13 < €250 19]13 + (Ml)_l/ Al | f(s)|2ds,

forallt > 7.
Using this inequality and (5), one also obtains (10) and (12) in [23]. Now, the
proof of the theorem follows as in that paper. O

The following continuous dependence result was also proved in [23, Prop.1].

Proposition 1 (Continuity of solutions with respect to initial data). Under the
assumptions of Theorem 1, for any 7 € R the solutions obtained for (1) are con-
tinuous with respect to the initial condition ¢, and more exactly, there exists a
constant C3 > 0, only dependent on v and the constant Cy appearing in (4), such
that if u' = u'(;7,¢%), fori = 1, 2, are the corresponding solutions to initial data
@' € Cy(H), i =1, 2, the following estimate holds:

max [u'(r) —u*(r)]* < <¢1(0) —¢*(0)]* + ﬁ\lfﬁl - ¢2||3>

re(r,t] 2’)/

3L,+2C3N*)(t—
w e(8Lg+2C3N7)( 7)7

forallt > 1.

3. Abstract results on attractors theory. Existence of minimal pullback
attractors. In this section we recall some abstract results on pullback attractors
theory. We present a summary of some results on the existence of minimal pullback
attractors obtained in [14] (see also [26, 4, 5]). In particular, we consider the process
U being closed (see Definition 2 below).

Consider given a metric space (X, dx), and let us denote RZ = {(¢t,7) € R? : 7 <
t}.

A process on X is a mapping U such that R2 x X > (t,1,x
with U(7,7)z = « for any (7,2) € R x X, and U(t r)(U(r,7)z)
T<r<tandall xeX.

) — (t T)x € X
= U(t, )z for any

Definition 2. Let U be a process on X.

a) U is said to be continuous if for any pair 7 < ¢, the mapping U(¢,7) : X — X
is continuous.

b) U is said to be closed if for any 7 < ¢, and any sequence {z,} C X, if
zn > x€Xand U(t, 7))z, — y € X, then U(t, 7)x = y.

Remark 2. It is clear that every continuous process is closed. More generally, every
strong-weak continuous process (see [26] for the definition) is a closed process.
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Let us denote P(X) the family of all nonempty subsets of X, and consider a

family of nonempty sets Dy = {Do(t) : t € R} C P(X) [observe that we do not
require any additional condition on these sets as compactness or boundedness].

Definition 3. We say that a process U on X is pullback ﬁo—asymptotically compact
if for any ¢t € R and any sequences {7,} C (—o0,t] and {z,} C X satisfying
Tn, — —o0 and @, € Dy(7,) for all n, the sequence {U (¢, 7,,)xy, } is relatively compact
in X.

Let be given D a nonempty class of families parameterized in time D = {D(t) :
t € R} C P(X). The class D will be called a universe in P(X).

Definition 4. It is said that Dy = {Dy(t) : t € R} C P(X) is pullback D—absorbing
for the process U on X if for any ¢ € R and any D € D, there exists a 7o(t, lA)) <t
such that

U(t,7)D(7) C Do(t) for all T < 7o(t, D).

Observe that in the definition above lA)o does not belong necessarily to the class
D.

Definition 5. Given a family parameterized in time, D = {D(t):t € R} C P(X),
it is said that a process U on X is ﬁ—asymptotically compact if for any ¢t € R and
any sequences {7,} C (—o0o,t] and {z,} C X satisfying 7, = —oo and x,, € D(7,)
for all n, the sequence {U (¢, 7,)x,} is relatively compact in X.

Definition 6. A process U on X is said to be pullback D—asymptotically compact
if it is D-asymptotically compact for any D € D.

Denote

~ — X
A(Dy, t) := ﬂ U U(t,7)Do(r)  for all t € R,
s<tT1<s

where {--- }X is the closure in X.
Finally, we denote by distx (01, O2) the Hausdorff semi-distance in X between
two sets @1 and O, defined as

distx (01,03) = sup inf dx(z,y) for O, O2 C X.

z€0; Y€O2

We have the following result on existence of minimal pullback attractors (cf.
[14]).

Theorem 2. Consider a closed process U : R2 x X — X, a universe D in P(X),
and a family Dy = {Dy(t) : t € R} C P(X) which is pullback D—absorbing for U,
and assume also that U s pullback ﬁo—asymptotically compact.

Then, the family Ap = {Ap(t) : t € R} defined by

Ap(t) = | A(f),t)X teR,

has the following properties:
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(a) for any t € R, the set Ap(t) is a nonempty compact subset of X, and
Ap(t) € A(Do, ),
(b) Ap is pullback D—attracting, i.e.,
lim_distx (U, 7)D(7), Ap(t)) =0 for all DeD, teR,
(¢) Ap is invariant, i.e., U(t,T)Ap(T) = Ap(t) for all T <1,
() if Dy € D, then Ap(t) = A(Do,t) C Dot) ", for all t € R.

The family Ap is minimal in the sense that if C = {C(t) : t € R} C P(X) is a
family of closed sets such that for any D = {D(t) : t € R} € D,

Er_nOo distx (U(t,7)D(7),C(t)) =0,

then Ap(t) C C(t).

Remark 3. Under the assumptions of Theorem 2, the family Ap is called the
minimal pullback D—attractor for the process U.

If Ap € D, then it is the unique family of closed subsets in D that satisfies
(b)(c): A

A sufficient condition for Ap € D is to have that Dy € D, the set Dgy(t) is
closed for all ¢t € R, and the family D is inclusion-closed (i.e., if D e D, and
D' ={D'(t) : t € R} C P(X) with D'(t) C D(t) for all ¢, then D' € D).

We will denote by Dr(X) the universe of fixed nonempty bounded subsets of X,
i.e., the class of all families D of the form D = {D(t) =D :t € R} with D a fixed
nonempty bounded subset of X. In the particular case of the universe Dp(X), the
corresponding minimal pullback Dp(X)—attractor for the process U is the pullback
attractor defined by Crauel, Debussche, and Flandoli, [11, Th.1.1, p.311], and will
be denoted by Ap,.(x)-

Now, it is easy to conclude the following result.

Corollary 1. [cf. [25, Cor.20]] Under the assumptions of Theorem 2, if the universe
D contains the universe Dp(X), then both attractors, Ap,(x) and Ap, exist, and
the following relation holds:

-ADF(X)(t) C .AD(t) for allt € R.

Remark 4. It can be proved (see [26]) that, under the assumptions of the preceding
corollary, if, moreover, IA)O € D, and for some T' € R the set Us<7 Dy (1) is a bounded
subset of X, then

Ap.(x)(t) = Ap(t) forallt <T.

4. Existence of pullback attractors for the process associated to (1). Now,
by the previous results, we are able to define correctly a process U on C,(H)
associated to (1), and to obtain the existence of minimal pullback attractors.

Proposition 2. Assume that f € L7 (R; (L*(Q))3), v >0, and g : R x C,(H) —

(L2(Q))? satisfying the assumptions (g1)—(g93), are given. Then, the bi-parametric
family of maps U(t,7): Cy(H) = C,(H), with T < t, given by

U(t, 7)o = uy, (7)
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where u = u(-; T, P) is the unique weak solution of (1), defines a continuous process

on C,(H).
Proof. Tt is a consequence of Theorem 1 and Proposition 1. O
Lemma 1. Under the assumptions of Proposition 2, let p be such that

O<p<v and (v—p) <n. (8)
Then, the following estimates hold for the solution to (1) for allt > T:

luely < e 2EmmMEI T )2

t
()7t / e 2(rmmhi=Lo)(t=9)| £ (5)|2ds, (9)

IN

FUTIMED () 4 PP g3

p / Ju(s)|%ds

t
_i_(u/\l)—le—Q(u—u)Alr/ e2(u—u))\13|f(s)|2d8

T

t
+(,u>\1)7162L9t72(V7#))\17—/ 62((V7H))\17L9)8|f(5)‘zds.(l())

Proof. Take a u such that 0 < g < v. By the energy equality (see Remark 1), one
has

L) + 20fu(t)?

2(f (), u(t)) + 2(g(t, ur), u(t))

dt
—1/2
< Y |FO M@+ 2L g[[ue |l |u(t)]
1
< MHU(t)||2+T|f(t)|2+2/lg||m||3, a.e t>T.
HAL
Thus,
d 2 2 2 d 2 2 2
aluwl +2(v = wALlu@®)]” + pllu@)|]® < %IU(t)\ +2(v = w[u@)|* + pllu@)||
< 2 + 2L 2 ae t>
< uA1|f( W+ 2Lg|lwel5, ae T,
and therefore,
t
UOF + g [ e ) s (1)

t
< e—Q(D—M)Al(t—T)lu(T)|2 +/ 6—2(u—u)>\1(t—s)(lf(8)|2/(,u)\l) + 2Lg||u5||i)ds,
for allt > 7.

Consequently

||ut||3<max{ sup 60+t — 1),
0c(—o0,7—t]

sup (6279_2(1/_”))\1(75_74_9) |u<7_) |2
oe[r—t,0]

t+0
+6279/ e_Q(V—u)Al(He—s)(|f(3)|2/(u>\1)+2Lg||us|3)ds)}.
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Since p satisfies (8), we have that on the one hand

sup g0 +t—7) = supe’@)|p(0)]
€ (—oo,7—t] 6<0
e 761,
e~ W=mAi(t—7) ]l -

IN

On the other hand,

sup e2’y€—2(u—y))\1(t—r+9) |u(7_) |2 < e—2(z/—;¢)/\1 (t—7) |u(7_) |2
oe[r—t,0]

and

t+6
o ezw/ e 2N (£ (5)]2 ) (uAn) + 2L us 3)ds
elr—t, T

t
< /6‘2(”‘“”1“‘5)(\f(S)\Q/(ux\l)+2Lg||us\\3)d5-

Collecting these inequalities we deduce

¢
luell < €723 +/ e 2N (| £(5)[2 /(A1) + 2Lg lus||3 ) ds,
for all t > 7.

Then, by the Gronwall lemma we conclude that (9) holds.

Now, from (11), (9), and Fubini’s theorem, we conclude (10). O

From now on we will assume that

there exists 0 < p < v such that L, < (v — p)A\1 <7, (12)
and
0
/ e (r=mMi=Lo)s| £(5)]2ds < +oc. (13)

Remark 5. Condition (12) is equivalent to
L, < min(y, vAp). (14)

Indeed, it is clear that (12) implies (14).

Assume now that L, satisfies (14). Then there are two possibilities:

If vA1 <, then as Ly < vAq, it is evident that there exists a p such that (12) is
satisfied.

If vA\; > 7, let us take p = A\[*(vA; — 7). Evidently, 0 < u < v, and L, < v =
(v — A1
Remark 6. If we assume that f € L2 _(R; (L*(2))?), assumption (13) is equivalent
to

t
/ e 2=mM=La)(t=9)| £(5)|2ds < 400, for all t € R.

—00
From now on, for brevity we will denote

o=2((v—p)A — Ly). (15)
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Definition 7. We will denote by D,(C,(H)) the class of all families of nonempty

~

subsets D = {D(t) : t € R} C P(C,(H)) such that

lim (e’ sup [jo]3 ] =0.
T—=—0 veED(T)

Accordingly to the notation introduced in the previous subsection, Dp(C,(H))

will denote the class of families D = {D(t) = D : t € R} with D a fixed nonempty
bounded subset of C(H).

Remark 7. Observe that Dp(C,(H)) C Dy(C,(H)), and that both are inclusion-
closed.

Corollary 2. Under the assumptions of Proposition 2, if moreover conditions (12)
and (13) are satisfied, then the family Dy = {Do(t) : t € R}, with Do(t) =
Be,(1)(0, p(t)), the closed ball in C(H) of center zero and radius p(t), where

) =1+ (u)! / e~ =9 () 2ds, (16)

— 00

is pullback D, (C.,(H))-absorbing for the process U defined by (7). Moreover, Dy €
Do (C(H)).

Proof. This follows immediately from Lemma 1. O

Proposition 3. Under the assumptions of Corollary 2, the process U defined by
(7) is Do-asymptotically compact.

Proof. Let us fix tg € R. Let u™ = u"(-; 7, ¢"™) be a sequence of weak solutions of
(1), defined in their respective intervals [7,,, +00), with initial data ¢™ € Dy(1y,) =
ECW(H) (0, p(71)), where 7,, = —o0 as n — +oo. Without loss of generality, we may
assume that 7, < to for all n. Consider the sequence {" = uj, . Then we will prove
that this sequence is relatively compact in C,(H). To do this, we will proceed in
two steps.

Step 1: We will prove that from {£"} we may extract a subsequence, relabelled
the same, and a continuous function % : (—o0,0] — H, such that " — ¥ in
C([-T,0]; H) for every T > 0.

Consider two arbitrary values 0 < T < T.

It follows from (9) and (13) that there exists ng(tg, T') such that 7, < tg — T for
n > nO(t07T)a and

Hu?H?Y < R(ty,T) < +oo for all t € [ty — T, to], and any n > ng(te,T),  (17)
where

to
R(to,T) = 1+ (jAy) "e o0~ / 7| f(s)ds,

— 00

so that, in particular,
|u"(t)|* < R(to,T), foralltc [to— T,to], and any n > ng(to, T). (18)

Let
y () =u"(t +to—T), foralltel0,T].
In particular, by (18), the sequence {y" },,>n,(to,7) is bounded in L>(0,T; H).
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On the other hand, for each n > ng(tg, 1), the function y™ is a solution on [0, 7T
of a problem similar to (1), namely with f and g replaced by

f@)=f(t+to—T)and §(t,-) = g(t+to—T,-), forall t € [0,T],  (19)

respectively, and with yf = up 7, yp = uy, = ". By (17), lygl|2 < R(to,T) for
all n > ng(to,T). From (10) we have

||y"||%2(O’T;V) < K(to,T), forall n > ng(to,T). (20)

Hence, the sequence {y"},,>n,(t,,r) is also bounded in L?(0,T;V), and by (2), the
sequence of time derivatives {(y™)’}n>n(to,1) i bounded in L?(0,T;V’). Thus, up
to a subsequence (relabelled the same), for some function y we have that

Yy Dy weakly star in L>°(0,T; H),
Yy =y weakly in L?(0,T;V),

(y") =y weakly in L?(0,T; V'),

Yyt =y strongly in L?(0,T; H),

y"(t) — y(t) strongly in H, a.e. t € (0,T).
Observe also that for every sequence {¢,} C [0,7T] with ¢,, — t*, one has
y"(t,) = y(t*) weakly in H. (21)

This follows from the boundedness of the sequence {y" },>n,(to,7) in L(0,T; H),
the boundedness of the sequence {(y™)'}>n (10, 1) iR L?(0,T; V"), and the compact-
ness of the injection of H into V' (see [23] for a similar argument).

In order to find the equation satisfied by ¥y, we have the trouble that the weak
convergence in L?(0,T;V) is not enough to ensure that

ly™ @)1 = lly @Il
or at least
Ex (ly" @) = Fn (ly(@)]))  for a.a. ¢,
which is needed to manage the nonlinear term By (y™,y").
Now, we are going to obtain a stronger estimate. From now on, we assume that

n > ng(to, T). As y" satisfies a problem similar to (1) on [0, 7], with f and g defined
by (19), in place of f and g, taking the inner product with Ay™, we obtain

5 I O + vy (O + b (4" (0,57 (1), 44" (1)
= (.f(t)? Ayn(t)) + (g(ta ytn)a Ayn(t» (22)
Obviously,
(F(0), Ay (1) < FOIAY" ()] < 514y" ()] + 21 F (o)
and

@06, Ay O] < 214G OF + a1

v
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From the definition of Fy(-), (3), and Young’s inequality, it follows
N

b (y™ (1), ™ (1), Ay" ()] < T Ol Cally™ (12| Ay™ (1) */

= NClly" ()] 4y" (1)*/2

IN

v n n
T4 OF + Cwlly" 01,

4
with Cn = 727(1\;32)

These inequalities combined with (22) lead to
d I 4 = 4 ~ 7
L I + Ay P < SFOP + 2195 P + 208 " (0]
Integrating between s and ¢ with 0 < s <t < T, we deduce that

IO + v / Ay () Pdr < [y (s)]2 + 2 / 7P + 1y P)dr

T
+20N/ g™ () [2dr, for all 0 < s < ¢ <(23)
0

Now, integrating once more between 0 and t we obtain
T -
thy"@)° < (\f( )P+ 1g(r ) *)dr

T
+(1+ 2CNT)/ ly™(r)||?dr, forall0<s<t<T. (24)
0

By the assumptions on f and g, from (17), (20), (23) and (24) we deduce that
the sequence {y"},>no(to,m) is bounded in L>(e,T;V) N L?(e, T; D(A)), for all
0 < e < T. Thus, as D(A) C V with compact injection, by [22, Ch.1, Th.5.1],
and using a sequence of positive values ¢, | 0 and a diagonal argument, eventually
extracting a subsequence, in particular, we deduce that

[y" @ = [yl ae. in (0,7),
and therefore

Fn(ly* @) = F(lly@®ll) a.e. in (0,T).
Also, by (¢3) and (17) we obtain

t
/ (s, y™)|2ds < Ct,
0

where C' > 0 does not depend neither on n nor ¢ € [0, T]. Thus, eventually extract-
ing a subsequence, there exists &€ € L2(0,T; (L?(R2))3) such that

G(-y™) — & weakly in L*(0,T; (L*(2))?),

and therefore

/ ryr|dT<C(t—s)

7l—)

/ s)] ds<hm1nf/ 1G(r,y™)|2dr < C(t — s),

foral0<s<t<T
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Then, in a standard way, one can prove that y(-) is the unique weak solution to
the problem
uy — vAu~+ Fy (Ju]) [(u- V)u] = =Vp+ f(t) +£(1#), in (0,T) x €,
V.ou=0 in (0,7)xQ,
u=0 on (0,7) x T,
u(0,z) = y(0,z),z € Q.

By the energy equality and (25), combined with Young’s inequality, we obtain
that

0P +v [ anPdr < )P +2 [ (F),20)dr+ 6= 5), 0<s < e< T,

where z = y™ or z = y. Then the maps J,,J : [0,7] — R defined by

t
5 C
IO = P =2 [ (7. phdr - o,
0 V)\l
¢ C
n 2 3 n
) = W @F -2 [ (Fon e - ot
0 I/)\l
are non-increasing and continuous, and satisfy
Jn(t) = J(t) a.e. te]0,T]. (26)

We can use the functionals J,, and J to deduce that y™ — y in C([,T]; H),
for any 0 < § < T. If this is not true, then there exist 0 < §* < T, ¢* > 0, and
subsequences {y™} C {y" }n>no(to,7) and {t,n} C [0*,T], with t,, — t*, such that

ly™ (t) —y(t*)] > &%, for all m. (27)

Let us fix ¢ > 0. Observe that t* € [0*,7], and therefore, by (26) and the

continuity and non-increasing character of J, there exists 0 < fs < t* such that

Jim Tm(te) = J(t.), (28)
and
0< J(t.)—J(t*) <e. (29)

As t,,, — t*, there exists an m. such that f. < t,, for all m > m.. Then, by (29),
T (tm) = J() < Jm(te) = J(tY)
[T (te) = J ()] + | T (E:) — T ()]
| T (o) — J ()| + €
for all m > m., and consequently, by (28),
lim sup Jp, (t) < J(t*) + €.

m——+oo

<
<

Thus, as € > 0 is arbitrary, we deduce that
lim sup Jp, (tn) < J(£7). (30)

m——+oo

Taking into account that ¢, — t*, and

/ "),y ) — / (F(r), y(r)dr,
0 0
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from (30) we deduce that
lim sup |y™ (tm)] < |y(¢7)].

m——+oo
This last inequality and (21), imply that
Yy (tm) = y(t*) strongly in H,
which is in contradiction with (27).

We have thus proved that y™ — y in C([6,T]; H), forany 0 <6 <T. As T > T,
we obtain in particular that §"|_7 o — t in C([-T,0]; H), where ¥(s) = y(s+T),
for s € [-T.,0].

Repeating the same procedure for 2T, 3T, etc. for a diagonal subsequence
(relabelled the same) we can obtain a function ¢ € C((—o0,0]; H) such that
' 7 — ¢ in C([-T,0]; H) on every interval [-T,0].

Moreover, by the estimate (18), it is clear that we also have

[(s)|? <14+ Me°T  for all s € [-T,0], for any T > 0, (31)

where
t

M = ()t [ e )P

— 00
Step 2: We now prove that in fact £ converges to ¢ in C, (H).
Indeed, we have to see that for every € > 0 there exists n. such that

sup  e275|¢"(s) —ap(s)|? <e for all m > n.. (32)
s€(—00,0]
Fix T. > 0 such that max{e=27Ts, Me7el®=2)7T:} < ¢/8 and take n. > ng(to, T-)
such that €27%]€"(s) —4(s)|? < ¢ for all s € [T, 0], and 7, < to—T, for all n. > n..
This last choice is possible thanks to the Step 1.
So, in order to prove (32) we only have to check that

sup  [¢"(s) —¥(s)[?¢?* <& foralln >n..
s€(—o0,—T¢]

By (31) and the choice of T;, and since o — 2y < 0, for all £ > 0 we have that for
all s € [—(Te + k+1),—(T: + k)] it holds

6275|w(5)|2 < 6—27(T€+k)(1 +M€U(T5+k+1))
_ 6727T5672'yk + M666(072’Y)T5 ek(0'72fy)

< ¢/8+¢/8
= /4
So, to finish, it suffices to prove that

sup  e?7|¢"(s)|* < e/4  for all n > n..
s€(—o00,—T¢]

We remind that

nin | d"(sH+to—Tn), if s€ (=00, —t0),
¢(s) { u™(s + to), if sé€ [, —to,0].

Thus, the proof is finished if we prove that

max{ sup e*V5 | (s + to — Tn)|?, sup 62"S|u”(s+to)|2} <e/4.
se(—

00,Tn —t0) s€[Tn—to,—T:]
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But observe that

sup e p"(s +tg —Tn)|? = sup e2V(sHto=mn) o 27(Tn—to) 0" (5 4 to — Tn) |2
s<Tp—to s<Tp—to

e |2

62’7(7'"7150),02 (Tn)

e21(Tn=t0) 1 pe1=0)(Tn=to) < ¢ /4,

VARV

thanks to the choice of n..
Finally, by (17) with T = T, we also have

sup e (s +t))? = sup e O=T) |y (to — To + 6)|?
s€[rn—to,—Tc] 0€[rn—to+Te,0]
< eIl g |
< e "=R(ty,T:)

e=2Te | fe(o—21T:
e/4.
The proof is completed. O

IN

Joining all the above statements we obtain the existence of minimal pullback
attractors for the process U on C,(H) associated to problem (1).

Theorem 3. Assume that f € L? (R;(L*(Q))3), v > 0, and g : R x C,(H) —

loc

(L?(Q))? satisfying the assumptions (g1)—(g3), (12) and (13), are given. Then,
there exist the minimal pullback Dp(C.(H))-attractor

Ap (0, () = {App(c, ) () - t € R}
and the minimal pullback D,((C(H)))-attractor

Ap, (0, = {Ap, (0, (1) : t € R},
for the process U defined by (7). The family Ap, (c, ) belongs to D, (C,(H)), and
the following relation holds:

Ap,c, ) (t) C Ap, () (t) C Be,m)(0,p(t))  for all t € R,

where p(t) is the expression given in (16).
Proof. The result is a direct consequence of Theorem 2, Remark 3, Corollary 1,

Proposition 2, Corollary 2, and Proposition 3. O

As a consequence of Theorem 3, we have the following result, which just discusses
about the existence of a bigger tempered universe and bigger corresponding pullback
attractor, if condition (12) is not optimized.

Corollary 3. Under the assumptions of Theorem 3, if n € (0,v) satisfies (v —
WA < 7, then there exists ft € (0, ) such that it still fulfills (v — @)A1 < 7y, and
therefore there exists the minimal pullback Ds((C~(H)))-attractor

Ap, (0, (1) = {Ap, (0, () (1) 1 T € R},
for the process U defined by (7), where & = 2((v — i)\ — Lg), and the universe
Ds(Cy(H)) is defined analogously as in Definition 7, but with parameter ¢.
The family Ap,(c. (my) belongs to Ds(C,(H)), and the following relation holds:

Ap, ., m)(t) C Ap, (e, () (t) C Be, (0, 5(t))  for all t € R, (33)
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where
t

PO =1+ @0 [ e pe)Pds
Proof. The result is a consequence of Theorem 3, provided that f and p satisfying
(12) and (13) imply that f and & also satisfy the analogous conditions.
Moreover, observe that in this case any family of D,(C,(H)) also belongs to
Ds(C,(H)), whence the first inclusion in (33) follows. The second inclusion is
again a consequence of Theorem 3 with parameter f. O

Remark 8.
i) Under the assumptions of Corollary 3, i.e., with p satisfying (v — p)\ < 7,
there are two possibilities.

a) If vA; > ~, the optimal value (cf. Remark 5) in order to obtain the
maximal family of minimal pullback attractor in the biggest universe is
f=v—y\"e(0,v).

b) If vA; <+, then for any arbitrarily small value i the conditions (12)and
(13) with such a value are satisfied. Accordingly to Corollary 3, this means
that increasing families of minimal pullback attractors and of tempered
universes exist when fi | 0.

ii) Under the assumptions of Theorem 3, if additionally, we assume that

sup/ e 79| f(s)|ds < +o0, (34)
r<0J—-—0co

where o is given by (15), then, taking into account Remark 4 and Corollary
2, we conclude that

ADF(CW(H))(t) = ADU(C,\,(H))(t)a for all t € R. (35)

In fact, under the assumptions of Corollary 3, then (34) also implies the
analogous condition for parameter ¢ associated to fi, i.e.,

sup/ e 09| f(s)|2ds < 4o0.

r<0J—0c0

Thus, in this case we conclude that (35) also holds with o replaced by &.
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