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Abstract

We prove the existence of solutions for a Navier-Stokes model in dimension two
with an external force containing infinite delay effects in the weighted space C, (H).
After that, under additional suitable assumptions we prove the existence and unique-
ness of a stationary solution and the exponential decay of the solution of the evo-
lutionary problem to this stationary solution. Finally, we study the existence of
pullback attractors for the dynamical system associated to the problem under more
general assumptions.
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1 Introduction and statement of the problem

The Navier-Stokes equations govern the motion of usual fluids like water, air, oil, etc.
These equations have been the object of numerous works (e.g. see [17, 23] and references
cited therein), since the first paper was published by Leray [16].

On other hand, delay terms appear naturally for instance as effects in wind tunnels
experiments (cf. [18]). Very recently, Caraballo & Real [4, 5, 6] developed a full theory of
existence, stability of solutions and global attractors for Navier-Stokes models including
some hereditary characteristics in several ways (fixed, variable and distributed delays).
This study has been continued by some other authors, e.g. [22, 9, 19, 21].

While in other fields, such as reaction-diffusion equations (cf. [24]), infinite-delay ef-
fects have been considered, to our knowledge it has not been studied so thoroughly for
the Navier-Stokes equations yet.
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Our purpose is to study the following problem. Let 2 C R? be an open and bounded
set with boundary I" (not necessarily smooth) and consider (arbitrary) values 7 < T in R
and the following functional Navier-Stokes problem:

Ou Ju

2 _ - .
at VAU + Zi:l ul% - f(t) Vp + g(ta ut) m (T7 T) X Q7

divu =0 in (r,T) x Q, (1)
u=0 on (r,T) x T,
u(r+rx)=¢(r,x), re(—o00,0], €.

where we assume that v > 0 is the kinematic viscosity, u is the velocity field of the fluid,
p the pressure, ug the initial velocity field, f a non-delayed external force field, g another
external force containing some hereditary characteristic and ¢(s — 7) the initial datum in
the interval of time (—o0, 7].

The structure of the paper is the following: in this section we introduce some func-
tional spaces useful for the establishment of the abstract variational formulation of the
problem, and some assumptions on the delay operator (and an example of the existence
of such kind of operators, as well). In Section 2 we prove the existence and uniqueness
of solution for (1) by an energy method among other compactness arguments; we also
analyze continuity properties of the solutions with respect to initial data. In Section 3 a
simpler model —the stationary problem— is studied, proving the existence and uniqueness
of a stationary solution and the exponential decay of the solutions of the evolutionary
problem toward the stationary solution under suitable assumptions as well. Finally, Sec-
tion 4 is devoted to generalize the above results on asymptotic behaviour, proving under
more general assumptions the existence of pullback attractors in two different frame-
works, those of fixed bounded sets and in a universe of time-dependent families defined
by a tempered condition.

To start with, we consider some usual abstract spaces. Let
V= {ue (C5(Q)?: divu =0},

and let H be the closure of V in (L?(2))? with the norm |- |, and inner product (-,-),
where for u,v € (L?(2))?,

(u,v) = Z/ wj(x)v;(z)de.

Also, V will be the closure of V in (Hg(€))? with the norm ||-|| associated to the inner
product ((-,-)), where for u, v € (H}(Q2))?,

(( ))_i/6Uj8Ujd
u,v)) = o axl axl x.

ij=1

It follows that V- C H = H' C V', where the injections are dense and continuous, and,
in fact, compact. We will use ||-||, for the norm in V' and (-,-) for the duality between



V" and V. Define the trilinear form bon V x V x V by

2
v
b(u,v,w) = Z AUi%wjdx Vu,v,w € V.

4,j=1

Let X be a Banach space. The notation Bx (a,r) will be used to denote the open ball
of center a and radius r in X. Given a function u : (—o0,T] — X, for each t < T we
denote by u; the function defined on (—o0, 0] by the relation us(s) = u(t+s), s € (—o0,0].

There are several phase spaces which allow us to deal with infinite delays (cf. [11]).
One of them is to consider, for any v > 0, the space

C,Y(H):{L,DEC((—OC%O];H) : 3 lim e”""‘ap(s)eH}7

§——00

which is a Banach space with the norm

lelly == sup e[e(s)].

s€(—00,0]

Hereafter we will use this phase space (with a suitable v > 0) for our problem.

In order to state the problem in the correct framework, let us first establish some
initial assumptions on some terms in the equation.
We will assume that f € L?(r,T;V’).

For the term g, in which the delay is present, we assume that ¢ : [7,T] x C,(H) —
(L?(9))? satisfies

(g1) For any & € C,(H) the mapping [7,T] 2 t — g(t,&) € (L*(2))? is measurable.
(92) 9(-,0) = 0.
(93) There exists a constant Ly > 0 such that for any t € [7,T] and all £, n € C,(H),

l9(t, &) — g(t,n)| < Lyll§ — nll-

Remark 1. (i) Condition (g2) is not really a restriction, since otherwise, if |g(-,0)| €
L2(7,T), we could redefine f(t) = f(t) + g(t,0) and §(t,-) = g(t,-) — g(t,0). In this way
the problem is exactly the same and f and § satisfy the required assumptions.

(i) Conditions (¢g2) and (g3) imply that

lg(t, )] < Lgli€ll,
so that |g(-,&)| € L>°(7,T).

An example of an operator satisfying assumption (g3) is given here.



Example 2. We will consider on the Banach space Cy(H) the operator g : [1,T] x
Cy(H) — (L*())? defined as follows: for allt € [1,T], ¢ € C,(H) we take g (t,&) as the
element of (L?(2))? given by

0
9.9 (@) = [ Glt.s.&(6) @)ids. for ace. 2 9
where the function G : [1,T] x R_ x R? — R? satisfies the following assumptions:
(a) G(t,s,0)=0V(t,s) €[r,T] xR_.
(b) There exists a function k: R_ — Ry such that
|G(t,s,u) — G(t,8,v)||r> < K(s)||u—v|re Yu,v€R? V(ts) € [r,T] xR_.

(¢) The function k satisfies that r(-)e~ ") € L2(R_) for certain 9 > 0.

We check now that g satisfies the assumption given in (g3), and also, using (a) above,
we obtain that it is well defined as a map with values in (L?(Q))?:

2

< /Q ( / Ooof:(s)ns(s)(x)—n(s)(x)Hdes) d

- /Q ( / 000 R(s)e= (T HD5H e () () — n<s><x>|des)2dx

< [(/ OOO o) ([ OOO O (5)(a) — 1(5) (o) s )

= ([ o) [([ oo @ - ao i) a
= O™ e / Ooo | O e(s)(@) = () (@) e dads

< RO, 0 LG(Sui’O]eQWs/Qllﬁ(S)(x)—U(S)(a:)llfpdz] /Oooe%ds
= IO O g e~ i 5

_ 72 2
= Lglle —nll5-
Now we will give the definition of weak solutions for problem (1).

Definition 3. A weak solution of (1) in the interval (—oo,T), with initial datum ¢ €
C,(H), is a function u € C((—o0,T); H) N L*(1,T;V) with u, = ¢ such that for all
veV,andte (1,7),
d
7 ((®),0) +v((u(t), v)) + b(u(t), u(t), v) = (£(),v) + (9(t, ur), v), (2)

where the equation must be understood in the sense of D'(7,T).



Remark 4. If u is a weak solution of (1) in the sense given above, then u satisfies an
energy equality. Namely:

t
@ +2v [ lu(r)|*dr
t

= \U(S)\2+2/ [(F(r),u(r)) + (g(r; ur), u(r))ldr Vs,t € [7,T].

2 Existence of solutions

In this section we establish the existence of weak solutions for (1) by a compactness
method using a Faedo-Galerkin scheme. Let us denote

[lv]|?

Ay =
! veV\{0} |v|?

Our main result is the following

Theorem 5. Take v such that v\y < 2v. If f € L3(r,T;V'), g : [1,T] x C,(H) —
(L2(Q2))? satisfying the assumptions (g1)-(¢93), and ¢ € C,(H) are given, then there
exists a unique weak solution of (1).

Proof. The uniqueness of solution can be obtained in the following way: consider two
solutions, u and v of (1) with the same initial data, and denote w = u — v. We note that

)
[b(u(t), u(t), u(t) — v(t)) — b(v(t), v(t), u(t) — v(t))]
= [b(u(t), u(t), u(t) = v(t) F b(v(t), u(t), u(t) — v(t)) = b(v(t), v(t), u(t) — v(?))]
= [b(w(t), u(t), w(t))

where we have used the standard property b (v, w,w) = 0. We shall take into account the
estimate

)

lllfpsayye < 272 Julfull, (3)

used already in [9], which is a slight improvement of Lemma 3.3 in [23, p.291] (the proof
follows the same lines of that lemma using a remark given in [15]). Then we have

IA

[b(w, u, w)] lwlIzs e N1l

272 Jwlllwllull Vu,v e V.

A

Then, from the equation satisfied by w and the integration by parts formula, we obtain
for all t € [r,T] that

WO+ 20 [ fus)|Pds
= —2/ b(w(s),u(s),w(s))derZ/ (g(s,us) — g(s,vs),w(s))ds

t
21/2/

IN

w(S)HIw(S)IIIIU(S)IIdS+2Lg/ [ws]lw(s)|ds.



Observe that w(0) = 0 if § < 7. Therefore,

lwslly = supefu(s + 0)]
0<0
< sup |w(s+0)|, forT<s<T.
0c[r—s,0]

So, it yields that

WO+ 20 [ fus)|Pds

IN

t t
22 [ o) o )u)lds + 21 [ s ue)as)ds
T T TE|T,S
‘ 2 1 ! 2 2 ! 2
v [ e+ o [l -2z, [ s u) s

T relr,s]

IN

where we have used the Young inequality. Now we deduce that

sup u(r)? < (554280 ) [ 0+ Tl 1?) sup )P,

re(r,t] relr,s)

whence the Gronwall lemma finishes the proof of uniqueness.
For the existence, we split the proof in several steps.

Step 1: A Galerkin scheme. Let us consider {v;} C V, the orthonormal basis
of H of all the eigenfunctions of the Stokes problem in {2 with homogeneous Dirichlet
boundary conditions. Denote V,,, =span[vy,...,v,] and consider the projector P,u =
2 e (u, 05) ;.

Define also
m

w () =Y am;(t)vj,
j=1

where the upper script m will be used instead of (m) for short since no confusion is
possible with powers of u, and where the coefficients a, ; are required to satisfy the
following system:

%(um(t)vvj) + v((W™(t),v5)) + b(u™ (1), u™ (1), v))
= <f(t)7vj>+(g(t7u;n)vvj)a 1<j<m, (4)

and where the equations are understood in the sense of D’'(7,T), and the initial conditions
are (7 + s) = Pp¢(s) for s € (—o0,0].
The above system of ordinary functional differential equations with infinite delay
fulfills the conditions for existence and uniqueness of local solution of [12, Th.1.1, p.36].
Next, we will deduce a priori estimates that assure that the solutions do exist for all
time [7,T.



Step 2: A priori estimates.
Multiplying (4) by ., ;, summing up and using Poincaré’s inequality, we obtain

1 d m 2 V/\l m 2 4 m 2
(0P + 2 o) + L )]
< (f@),u™@®) + (g(t,ug), u™ (1))
< O™ O + Lgllug™ [y [u™(2)]
Vim If @)1 m
< Ham@)? + L a2,
Hence
t
WO+ [ eI (o)
t
< efml(t”)IU(T)leL/ 2™ MU (|| £ ()2 /v + Ly lu"|12)ds.
Further

\|u;”||3 < max{ sup  e20)p(0 4+t —71)|?,
0 (—oo,7—t]

sup |:e2'y€u)\1(tr+0)|u(7_)|2
oc[r—t,0]

vt [ a2 i as] )
On the one hand
sup g+t —1) = supe?"T)|g(0)]
0€(—oc0,7—t] <0
= gl
On the other, as we are assuming that vA; < 2+,

sup e2’y971/)\1(t77+9) |u(7_) ‘2 < efu)\l(tfr) |u(7_) |2
oc[r—t,0]

and

t+0
R / 2¢O (| £(8)|2 /1 + Ly [lul12)ds
oc[r—t,0] T

t
< [ 2 IR+ Lyl s

Collecting these inequalities we deduce

t
(13 < e g]3 +/ 2e= MU (£ (5)I[2/v + Lllui?13)ds.



By the Gronwall lemma we have

t
|| < e=CM=2E) 0D g7 4 21/*1/ e” 2= 1 (s) | 2ds.

T

Then we obtain the following estimates: there exists a constant C, depending on some
constants of the problem (namely, A1, v, L, and f), and on 7, T and R > 0, such that

[ui*l3 < C(r,T,R) Vte[rT]ll¢ll, <R, V¥m>1. (6)
In particular, this implies that
{u™} is bounded in L*(7,T; H). (7)

Now, it follows from (5) and (6) that

T
e—uz\l(T—T)g/ ||um(s)||2ds

T 14
[ e s as

T

IN

T
< Ju(n)? + / 2e= T (|| £ ()12 /v + Lyl|ul||?)ds
T
= RQ*/ 2T (|| f(5)|2 /v + LyC(7, T, R))ds, (8)

so that we conclude the existence of another constant (relabelled the same) C(7,T, R)
such that

”um”QL?(T,T;v) <C(r,T,R) Vm. (9)
Then, as (3) implies
|b(u,u,v)| = | - b(’U/,U,U,)‘
< ulifps e vl

IA

27 2lulullvll,  Vu,v €V,
from (4) we obtain
@™ [l < wllu™ | + 272 ™| + ]l + A9 )],
which combined with Remark 1, (6), (7) and (9) implies that
{(u™)'} is bounded in L(,T;V"). (10)
Step 3: Approximation in C,(H) of the initial datum. For the initial datum

¢ € C,(H), we have used the projections in the Galerkin scheme in Step 1. Let us check
that

Pnd— ¢ in Cy(H). (11)



Indeed, if not, there would exist ¢ > 0 and a subsequence, that we relabel the same, such
that

7 | Pru(0m) = ¢(0m)| > €. (12)
One can assume that 6, — —oo. Otherwise, if 6,, — 6, then P,¢(0,,) — ¢(0), since
|Pm¢(9m) - ¢(9)| < |Pm¢(em) - Pm¢(9)| + ‘Pm¢(9) - ¢(9)| — 0 as m — +o0. But with
0,, — —00 as m — 400, if we denote = QEI_HOO e ¢(0), we obtain that

eYbm

Pmd)(em) - ¢(0m)|
1P (€77 §(0m)) — €7 $(61m)]
|Pm€(’yem¢(6m» — Ppa| + |Ppr — x|+ |z — ewm'(b(em)l — 0.

IN

This is a contradiction with (12), so (11) holds.

Step 4: Energy method and compactness results. Now we combine some well-
known compactness results with an energy method to pass to the limit in a subsequence
of {u™} to obtain a solution of (1).

From the assumptions on the operator g and Step 2 we deduce using the Compactness
Theorem (cf. [17]) that there exist a subsequence (which we relabel the same) {u™}, an
element w € L®(r,T; H) N L3(7,T; V) with v’ € L*(r,T; V'), and £ € L2(r,T; (L?(£2))?)
such that

um Sy weakly star in L>°(7,T; H),

u™ — weakly in L?(1,T; V),

(um™) — ' weakly in L3(7,T; V"), (13)
u™ — u strongly in L?(7,T; H)

g(-,u™) = & weakly in L?(7, T; (L?(Q))?).

Observe that u € C([r,T]; H) (cf. [23, p.261]).
Using (13) we also deduce that we can assume that

u™(t) — u(t) in H a.e.te(r,T), (14)

which is not enough for our purposes.
However, we can obtain convergence for all ¢t € [, T] with a little more effort and in
a more general sense. Observe that

u™(t) —u"(s) = / (W™ (r)dr in V', Vs, te[r,T],

and by (10) we have that {u™} is equi-continuous on [7, 7] with values in V'.

Since the injection of V into H is compact, by [1, Th.VI1.4, p.90] the injection of H
into V' is compact too. So, from (6) and the equi-continuity in V', by the Ascoli-Arzela
theorem we have that

u™ —u in O([r,T); V). (15)

This, jointly with (6), allows us to claim that for any sequence {t,,} C [r,T], with ¢, — ¢,
one has
u™ (ty) — u(t) weakly in H, (16)

where we have used (15) in order to identify which is the weak limit.



Hereafter we will denote again as u the function defined by ¢ in (—oo, 7] pasted with
the above limit in [r, T

Our goal now is to prove that in fact
"™ —wu in C([r,T]; H). (17)

If it were not so, then, taking into account that u € C([r, T]; H), there would exist € > 0,
a value ¢y € [r,T] and subsequences (relabelled the same) {u™} and {t,,} C [r,T] with
lim,;, — 400 t = to such that

[u™ (tm) — u(to)] > VYm.

To prove that this is absurd, we will use an energy method.
Observe that the following energy inequality holds for all u™:

/nu "2

t/qw> " )dr + Sl (5P + Ot~ s), Vst [T, (18)

IA

where C = and D corresponds to the upper bound

21/)\1
/|g ™|%dr < D(t—s), forallT<s<t<T, (19)

by (92), (¢3) and (6). On the other hand, observe that by (13), passing to the limit in
(4), we have that u € C([r,T]; H) is a solution of a similar problem to (1), namely,

%(u(t)av) + v((u(t),v)) + bu(t), u(t), v) = (f(t),v) + (£(t),v), VveV,

fulfilled with the initial data u(7) = ¢(0). Therefore, it satisfies the energy equality
t t
WOF +20 [ u)Par = [u(s)? +2 [ (70),00)) + € urdr, st € [T
S S

On other hand, from last convergence in (13) we deduce that

¢
/|§(7’)\2dr < hmlnf/ lg(r, u™)|>dr

D(t—s), Vr<s<t<T.

A

A

So, u also satisfies inequality (18) with the same constant C.
Now, consider the functions Jy,, J : [7,T] — R defined by

Tnlt) = 3l OF = [ () - .
30 = 3huto)? = [ (Fatm)dr - ct,

10



with C the constant given in (18). From (18) and the analogous inequality for u, it is
clear that J,, and J are non-increasing (and continuous) functions. Moreover, by (14),

Im(t) — J(t) ae. t € [1,T). (20)
Now we are ready to prove that
u (tm) — u(to) in H. (21)
Firstly, recall from (16) that
w™ (tm) — u(ty) weakly in H. (22)

So, we have that
|u(to)| < liminf |u"™ (t,,)].

m— 00
Therefore, if we show that
lim sup [u™ (t,)| < |u(to)], (23)

m——+oo
we obtain that lim,, e | (tm)| = |u(to)|, which jointly with (22) implies (21).

Now, observe that the case ty = 7 follows directly from Step 3 and (18) with s = 7.
So, we may assume that ¢y > 7. This is important, since we will approach this value tg
from the left by a sequence {fx}, i.e. limy_ o0t / to, being {f} values where (20)
holds. Since u(-) is continuous at tg, for any & > 0 there is k. such that

|J(tx) — J(to)| < /2, Vk>k..

On other hand, taking m > m(k.) such that ¢,, > fks, as J,, is non-increasing and for all
tr the convergence (20) holds, one has that

T (tm) = J(to) < [T (t.) — T ()| + 1T (t.) — T (to)],

and obviously, taking m > m/(k.), it is possible to obtain |J,, (tx.) — J(fr.)| < £/2. It can
also be deduced from (13) that

/ o () — / " (Fu(r)r,

so we conclude that (23) holds. Thus, (21) and finally (17) are also true, as we wanted
to check.
This also implies, thanks to Step 3, that

u* — . in Cy(H) Vt<T.
Indeed,
sup e |u™ (t + ) — u(t + )|

0<0

= max{ sup  PLp(0+t—7)— 0+t —1)],

0€(—o0,7—t]

sup e um(t +6) — u(t + 9)|}
0e[r—t,0]

IN

e { 1P = ol g [7(6) = )] | 0

11



Therefore, we identify the weak limit £ from (13), and indeed, from the above conver-
gence and since g satisfies (¢g3), we have that

g(vum) —>g(au) in LQ(TvTa (L2(Q))2)
Thus, we can pass to the limit finally in (4) concluding that u solves (1). O

Proposition 6 (Continuity of solutions w.r.t. initial data). Under the assumptions
of Theorem 5, the solutions obtained for (1) are continuous with respect to the initial
condition.

Namely, denoting u®, for i = 1, 2, the corresponding solution to initial data ¢' €
C,(H), the following estimates hold

max u' (r) — u?(r)|?

relr,t]
L t e 1 )12V ds
< (100 - PO + 520t = P ) eliBEor IO
L t 1t () 12)ds
ok =l < (14 52) 6% - FRer i e (25)

Proof. Consider the equations satisfied by u’ for + = 1 and 2, acting on the element

u! —u2, and take the difference. This gives

1d
5w () — @O +vel @) - v @)

+b(u! (1), ul (1), u' (8) — w?(1)) — b(u? (1), w? (1), u' (1) — w?(t))

= (g(t7u%)7g(t7u?)7ulfu2)'
Arguing as in the proof of Theorem 5 and using (3) we have
b(ul (t), u' (1), u' (8) — u(8)) — b(u?(1), w?(t),u' (t) — u®(2))|

[b(u (t) — u?(t),u' (1), w! (1) — u?(t))]
272l () — WP (O)llu’ (1) — P (@)l ][u* (@)1

Thus, by the Lipschitz assumption on g, and the fact that for s € [r,t] one has

IN

Jut —u2ll, = supe®u(s+60) — u’(s + 0)]
0<0

= max{ sup ol (s —T+0) — p (s — T+ 0)],
oe(

—00,7—5]

sup  ?|ul(s +0) —u%(s +0)|
0c[r—s,0]

max{67(7_5)||¢ - |+, max |u (0 )—u2(9)|}, (26)

IA

12



we conclude that for all ¢ € [7,T]

SO - POF < 3610~ P + Lot =l [ T ul(5) — als)lds
+L, t lut(s) — u*(s)] aren[ax] lu'(0) — u(0)|ds
s [ () - (o).

8v J,

If we now substitute ¢ by r € [r,¢] and consider the maximum when varying this r, from
the above we can conclude that

max |u'(r) —u?(r)[* < [¢'(0) — ¢*(0)* + %Ilcbl - oI5

re(r,t]

t 1
+/T <3Lg + 4y||U1(8)”2> Joax, u' (r) — u?(r)[*ds.

Hence, by the Gronwall lemma we obtain (24).
Finally, (25) follows from (24) and (26). O

Proposition 7 (Continuity of solutions w.r.t. initial time). Under the assumptions of
Theorem 5, the solutions obtained for (1) are continuous with respect to the initial time,
i.e. let us denote u(-; s, @) the solution of (1) with initial time s. Then, for eacht € [, T)
and ¢ € Cy(H) fized, the mapping [1,t] 5 s — w(-;8,¢) € C,(H) is continuous.

Proof. Fix one value so € (7,T). We will prove the continuity of the above application
in two steps, from the left and from the right (the extremal cases sg equal to 7 or T are
analogous).

Step 1: Let us start proving the continuity of the map from the right. Assume that
so < s and let t > s and ¢ € C,(H) be fixed. Then by (25) we get

L t Llu(r;s 2)dr
e 50, ) — el 5, D)2 < (1 n 27) s (5 50, 8) — |2l BLatdsllutrsso.dI)ar (o)

We note that
[us(:350,0) —dlly =0 as s\ so. (28)

Indeed,

sup ™’ |u(s + 6; s0, ¢) — ¢(0)]
<0

||us(‘; S0, ¢) - (b”’Y

= max{ sup e""g|u(s + 0; 50, 9) — ¢(0)],
0e(—o00,—T]

sup  "u(s + 0; 50, 9) — ¢(9)|} .

0c[—T,0]

13



Now, in view of the definition of the space C, (H ), and particularly by the fact that there
exists limgy_. o, €7%¢(0) in H, for any £ > 0 one can find T > 0 and 0 < 5, both depending
on ¢, such that
lu(s +0550,6) = $(O)] = €[(s — 50 +0) — B(0)]
< € ifs—s9<35 6<-T—5=-T.

Thus, for any s < § + sg,

sup ¢ luls +6; 50, 8) — 6(6)] <.
96(700,7T]

On the other hand, u(-; sg, ¢) € C([-T,t], H) and u(so + ) = ¢(0), so that by uniform
continuity there exists 7 < 5, depending on ¢, such that

sup  €"u(s + 0;50,0) — 4(0)| <e if |s — so| < 1.
0e[—T,0]

Hence, using (28) in (27), we deduce that |u.(-; S0, @) — wi(-; s, @)|ly — 0 as s\, so.

Step 2: Let us now prove the continuity of the map from the left. Assume that s < sqg
and let ¢ € C,(H), t > s be fixed. Again by (25) we get

L T [lu(7r;s T
e (- 50, 8) — a5 5, )12 < (1 + 27) 16 — sy (-5, @) |2l 0 Lot Az lutrizodDar 59

We will prove that
16 = ws, (55, 0)[l5 — 0. (30)

If not, we can obtain € > 0 and a subsequence u®", s, /" sg, such that

lusy (5 Sy @) — 9|l > € for any n. (31)

Let us denote v*(-) = u(- + s — s9). Then v*® is a weak solution of (1) with initial
data vy, = ¢ and with f(r) and g(r,) replaced by f*(r) = f(r +s — so) and g°(r,-) =
g(r + s — s0,), respectively. It is well known that f* — f in L?(so,T;V’) as s — sq for
any T > s¢ (cf. [8, Ch.IV]). Arguing as in the proof of Theorem 5 we obtain the existence
of a subsequence of {v®"} (relabelled the same) and a function v(-) such that v*» — v in
C([s0,T], H). Since v(sg) = ¢(0), we will see that this implies that

sup |u(so + 0; $n, @) — @(0)] — 0 as n — oo, (32)
6e[—T,0]

for all T > 0. Indeed, if not, then there would exist € > 0 and a sequence 8,, — 6 such
that
|w(so + O1; Sy @) — @(00)] > € for all n. (33)

We can split the sequence {6, },, in two subsequences and assume that either 6, > s,, — sg
or 0, < s, — sg for all n. If ,, > s,, — sg, then #y = 0 and

[u(so + On; 50, @) — H(O)[| = [[0*" (250 = $0 + 6n) — B(0)[| = O,
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asn — oo. If 6, < s, — sg, then

[[u(s0 4 On; 50, @) — (60| = l[¢(s0 = sn + 0n) — ¢(60)[| — 0.

Hence, we obtain a contradiction with (33).
Now, we note that for any 7" > 0, we may split

s (3 8ns ) — @l = max{ sup €% ¢(s0 — sn + 0) — $(8)],
0e(

—o00,—T]

sup  e"?|u(so + 0; 5, 0) — ¢(9)|} .

6e[—T,0]

Fix some 5 > sg — 5,,. Arguing as before for any ¢ > 0 one can find T, depending on ¢,
such that - B
)p(so—sp+0) —d0) <e fO<-T—-5=-T.

Thus using (32) we deduce that ||us,(-; $n, ¢) — ¢||ly — 0, which contradicts (31). There-
fore, we obtain (30), which jointly with (29), implies that ||us(-; s0, ) — us(+;s,9)|y — 0
as s / sg. O

3 Stationary solutions and their stability

In this section we are interested in proving that problem (1), with some obvious restric-
tions, admits stationary solutions, and under additional assumptions, that in fact the
stationary solution is unique and is globally asymptotically exponentially stable.

The restrictions we must impose to give sense to an stationary solution are that f € V'
and g are now autonomous, i.e. without dependence on time. When necessary, we will
identify an element w € H as the constant function of time with value w, which is an
element of C,(H). So, consider the following equation,

du
dt

where A is the Stokes operator. By a stationary solution to (34) we mean an element
u* € V such that

v((u*,v)) +bu*,u*,v) = (f,v) + (g(u*),v) YveV. (35)

+vAu+ B(u) = f+g(us) VYVt >0, (34)

Theorem 8. Under the above assumptions and notation, if )\fng < v, then:

(a) The problem (34) admits at least one stationary solution, which indeed belongs to
D(A) if f € (L*())*.

Moreover, any such stationary solution (say u*) satisfies the estimate

(v = AT L[| < 11l (36)

(b) If besides
@A) T2l < (v = AT L), (37)

then the stationary solution of (34) is unique.
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Proof. Tt is analogous to that in [5, Th.3.1]. To be precise, in that reference an abstract
constant Cgq corresponding to the continuous injection of Hg () into L*(Q) appears. This
constant, which can be obtained from (3), is made explicit here, namely Cq = (2\;) /4
(see also [23, 15, 9]). O

Theorem 9. Assume the assumptions in Theorem & with g and f independent of time,
and suppose moreover that (37) holds. Then there exists a value 0 < X < 27 such that,
denoting for brevity u(t) = u(t; 0, ¢) the solution of (1) with 7 =0 and ¢ € C,(H), and
w(t) = u(t) —u*, with u* the unique stationary solution given by Theorem 8, the following
estimates hold for all t > 0:

L
2 o At 2 g w2
wOP < (1O + 225 10— w2 ) (39)
_ w2 L .
Jurl, < max {2 - w2 el + 5o - wlE) | @9

Proof. Considering equations (34) for u(t) and (35) for u*, one has

d

2 (w(t),v) + v((w(?), v)) + blu(t), u(t), v) — b(u”, u”, v) = (g(ue) — g(w"), v).

From the energy equality and the fact that

b(u(t), u(t),w) — b(u*,u*, w) = b(w(t),u”, w(t)),

combined with the Lipschitz condition on ¢, and introducing an exponential term e

with a positive value X to be fixed later on, we obtain

%(e”lw(t)IQ) < M w®)? = 2v]lw(®)| + 2[b(w(t), w(t), u")| + 2Lg|[we |, [w(t)]).

From (36) and estimating b in the same way as in Proposition 6 we obtain

bw(®),u, w(e))] < 20

e F Il lw @))%
< V_Al_ngllfll lw (@)l

Hence, using a Young inequality with § > 0 to be fixed later on, we conclude that

d
S wlP)
2(2))"1/2 L
< Mo+ 22 el + T2
v 1 Ly

Therefore, integrating from 0 to ¢, we have

Ly [* s
HeOF < wOF + 32 [ Bds

2(2X)"1/2

+(=20 + M\ +
( Yy,

t
1]l + 6AT'Ly) / || (s)|2ds. (40)
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In order to control the term fg e |lws |2 ds, we proceed as follows.

¢
/ e sup e |w(s + 0)|%ds
0 0<0

t
/ e* max{ sup e??w(s +0)%, sup e>’|w(s+ 0)|*}ds
0 0<—s 0€[—s,0]

¢
/ max{e”@Vp —u*||2, sup e@TNIAEHD (s + 0)[?ds.
0 0

€[—s,

So, if A < 2+, using the above equality in (40), we obtain

L * ! —27)s
HeOF < WO + ol [ et

2(22) 2| £l

+ =2+ 2\ +
( ! v—A 'L,

+0A ML, + Lg(m)—1>

t

X max (e [Jw(r)||?)ds.
o T€l0,s]

Observe that the (optimal) choice of § = 1 makes § + §~! minimum and therefore the
coefficient of the last integral is negative with a suitable choice of A € (0,27) by (37). So,
we can omit this term and deduce that

L
M) < O + 575 (1 e o |,

whence (38) follows.
Finally, (39) can be deduced in the following way:

lwell3 = supefw(t + 6)[>
9<0
= max{ sup ot +0)—u*|?, max >’ w(t+ 0)*}
0e(—o0,—t] 0e[—t,0]
— —2vt a2 2~v0 t 9 2 .
max{e o — ' 2, max e+ 0)F)
The second term can be estimated using (38) and that ¢2Y~? < 1 when 6 < 0. O

4 Existence of pullback attractors

Our goal in this section is to prove more general results on the asymptotic behaviour of
problem (1) than those shown in the above section.

Namely, we will establish for a suitable semi process related to problem (1) that we
can assure the existence of a pullback attractor under less restrictive assumptions than
those in Theorem 8 and Theorem 9. Observe that if the terms f and g in (1) do not
depend on time, the problem becomes autonomous and the notions of pullback attractor
and global attractor lead in fact to the same object.
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In fact, we split the analysis in two subsections. The first one is devoted to pullback
attractors of fixed bounded sets, which is the most usual framework. In a second subsec-
tion, we extend the previous result to the more recent framework of pullback attractors in
a universe of families of time dependent sets with a tempered growth condition, following
the ideas of [2, 20].

4.1 Pullback attractor for fixed bounded sets
In order to proceed, we start with some standard notions related to Dynamical Systems.

Definition 10. Given a metric space (X,d), a semi process U on X is a bi-parametric
family of mappings U(t,7) : X — X for —oo < 7 < t < +00, with the following properties:
(i) U(t,7) € C(X;X) forallt > 7.

(it) U(r,7) =Id (the identity map) for all T € R.

(111) U(t,7) = U(t,r)U(r,7) for all —oo < 7 <r <t < +00.

Next we recall some useful concepts in order to study the asymptotic behaviour of
a semi process. (Although slightly different from the classical ones, this allows us to
simplify significantly some requirements in order to ensure the existence of attractors, as
can be seen e.g. in [3, Th.17].)

Definition 11. For a semi process U defined on a metric space (X,d), a family §0 =
{Bo(t) : t € R} of subsets of X is said to be pullback absorbing for bounded sets if
for any bounded set B of X, and any t there exists a time 7(B,t) such that

U(t,7)B C Bo(t) V7 <7(B,t).

The semi process U is said to be Bg—pullback asymptotically compact if for any t,
and any sequences {t,}, {xn} C X with 7, < t, lim, 400 7 = —00, and z, € Bo(T),
the sequence {U(t,Tp)x,} is relatively compact in X.

Definition 12. Finally, a family A = {A(t) : t € R} is said to be a pullback attractor
for the semi process U if
(i) Each A(t) is a compact subset of X for all t € R.
(i1) It is invariant, i.e.
Ut,7)A(T) = A(t) V7 <t,

(iii) It attracts bounded sets in a pullback sense, i.e. given a bounded B of X,

1ir_n dist(U(t,7)B, A(t)) =0, VteR,
where dist(C1, C3) denotes the Hausdorff semi-distance between two sets Cy and Cs, that
18,
dist(Cy,C3) = sup inf d(z,y).

z€Cy YEC2

The proof of the following result, which is a slight variant of Theorem 1.1 in [7], can
be found in [20].
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Theorem 13. Consider a family By = {By(t) : t € R} of nonempty subsets of X and a
process U on X that is By-asymptotically compact, and assume also that By s pullback-
absorbing for U. Then, the family of sets A= {A(t) : t € R} given by

X
Aty= | AB. (41)
B bounded
where <
ABt) = JUt7)B VteR,
s<tT1<s

s a pullback attractor for U.

Remark 14. Observe that the pullback attractor defined by (41) is the minimal family
of closed sets that attracts all bounded sets, i.e. if A= {A(t)} also attracts bounded sets

in a pullback sense and A(t) is closed for all t, then A(t) C A(t).
We add here a result concerning the connectedness of the global attractor.

Proposition 15. Let X be a connected metric space. Assume that the semi process U
satisfies additionally that for every t and x € X the map (—oo,t] > 7 — U(t,7)x is
continuous. If U possesses a pullback attractor A, then A(t) is connected for everyt € R.

Proof. Assume that for some ¢ the set A(¢) is not connected. Then A(t) = A; U Ag,
where A; are compact non-empty disjoint sets, and there exist two open disjoint sets U;
for which A; C U;.

We define the following disjoint sets:

Xi = {,’I,‘ e X,L . U(t,T)m C Ui7 VT S T(‘r)}

We shall obtain a contradiction if we prove that X; are non-empty open sets and X;UX, =
X, as X is connected.

First we state that X; U Xy = X. For an arbitrary « € X there exists T = T'(z) such
that B := U,<pU(t, 7)xC U; UUs. The continuity of (—oo,t] 3 7 — U(¢, 7)x implies that
B is connected. Hence, either B C Uy or B C Us. Thus, x belongs to one of the sets Xj.

On the other hand, each X; is non-empty. Indeed, as A; is non-empty, there exists
at least one bounded set B such that U; N A(B,t) # @. There exists T(B) for which
U(t,7)B C Uy UU; for all 7 < T. On the other hand, U; N A(B,t) # @ implies the
existence of a sequence y, = U(t, )z, € U(t,7,)B, 7, — —o0, such that y,, € U;. If
we take n for which 7,, < T, then the continuity of (—oo,t] > 7 — U(t, 7)z implies that
zn € X;. Thus, X; is non-empty.

Finally, we check that X; are open sets. Let x € X; and B be a bounded neighborhood
of x. There exists T > 0 such that U(¢,7)B C Uy UUs, and also U(¢, 7)x € Uy, V7 < T.
Since the map x — U(t,T)x is continuous, there exists a neighborhood O C B of = such
that U(t,T)O belongs to U;. Arguing as before for each y € O, we get U(¢t, 1)y € Uy, for
all 7 <T. Hence O C X;. Since z is arbitrary, X, is open. O

Now, by the results of Section 2 we are able to define correctly a semi process U and
obtain some properties according to the above results.
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Proposition 16. Assume that f € L (R;V') and that g : R x Cy(H) — (L*(Q))?

loc
satisfies the assumptions (g1)—(g3) for all 7 < T. Suppose also that v\ < 2v. Then, the
bi-parametric family of maps U(t,7) : Cy(H) — Cy(H), with 7 < t, given by
U(t7 T)¢ = Uy
where u is the unique solution of (1), defines a semi process on C(H).

Proof. 1t is a consequence of Theorem 5 and Proposition 6. O

Lemma 17. Under the assumptions of Proposition 16, the following estimates hold for
a solution to (1) for allt > 7 :

2 t
< gz 4 2 [ g s, (a2)
t t
2 [ I@ids < @Dl 4 IR + 2 [ e (s s

t
+2V—162L9t—1/)\1‘r/ e(UAl—QLg)SHf(S)szs_ (43)

T

Proof. The uniform estimates that we require for the solutions which define the process
U are analogous to those provided in the proof of Theorem 5, but there with the Galerkin
approximations.

For the sake of brevity, we only sketch the main ideas:

Multiplying (2) by u, by the Young inequality, splitting the term related to the delay
in the initial datum and the evolution of the solution for ¢ > 7, and using that vA; < 2+,
we arrive to

t

]2 < e g2 +/ 2e MU (|| f(5)I12 /v + L lus|3)ds.

T

By the Gronwall lemma we conclude that (42) holds.
In the middle of the above manipulations we have omitted a positive term in the left
hand side, namely Hu||%2(T’T;V). Indeed, analogously as we did in (8), we have

- —-nv ! ! —v —s
e“ﬁ>§/wwwwswmﬁf/% M9 (| () 12/ + Lglus]2)ds.

Combining this with estimate (42), applying the Fubini theorem and rearranging coeffi-
cients, we conclude (43). O

From now on we will assume that
2L4 < vy, (44)

and 0
| po)|as < +ox. (45)

— 00
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Remark 18. If we assume that f € L2 _(R; V'), assumption (45) is equivalent to

loc

t
/ e~ (ML) ()| 2ds < +o0, VEER.

—00

Corollary 19. Under the assumptions of Proposition 16, if moreover conditions (44) and
(45) are satisfied, then the family By = {Bo(t) : t € R}, with Bo(t) = Be,m)(0, p(t)),

where .

Pty =1+207) / e~ OM=2L) ) | £ ()| 2ds, (46)

— 00

is pullback absorbing for bounded sets for the semi process U.
Proof. Tt follows immediately from Lemma 17. O

Proposition 20. Under the assumptions of Corollary 19, the semi process U is EO—
asymptotically compact.

Proof. Our proof relies on an energy method, analogous to that employed in Step 4 in
the proof of Theorem 5. Again, to avoid unnecessary repetitions, we only sketch the main
ideas.

Let to € R, u™(-) be a sequence of solutions in their respective intervals [r,, t], with
initial data ¢" € Bo(.) = B, (m)(0, p(75)), where 7, — —o0 as n — +oo. Consider the
sequence {" = uy . Then we will prove that this sequence is relatively compact in C, (H).

Step 1: For brevity let us denote
g = I/)\l — 2Lg

Consider two arbitrary values 0 < T < T. We will prove that 5”“77’0] is relatively

compact in C([-T,0]; H). It follows from (42) and (45) that there exists ng(to,T) such
that 7, <tg — T for n > ngy(to,T), and

lup|2 < R(to,T)  Vt € [to — T, to], Yn > no(to, T), (47)
where
2 to
Rto,T) =1+ 2o [ oo ()]s,
v — 00
so that

|u” (1))

< R(ty,T), Vt € [to — T, to], ¥n > no(to, T),
Jup 7l < R

(to,T)7 Vn > ’l’Lo(tQ,T).

Let y™(-) = u"(- + to — T). Then, for each n > 1 such that 7, < to — T, the
function y"(-) is a solution on [0, 7] of a similar problem to (1), namely with f replaced
by f(s) = f(to —T +s) and g replaced by g(s,-) = g(to —T + s, ), and with yg = u} ,
y = up = &". Then [|yg ||, satisfies the estimate in (48), for all n > ng(to, T'). From (43)
we have

(48)

ly" 720, 7:v) < K (to, T).
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Hence, {y"}, is bounded in L*(0,T; H) and L*(0,7;V), and {(y")'}, is bounded in
L2(0,T;V"). Thus, up to a subsequence (relabelled the same), for some function y(-) we
have that

Y Sy weakly star in L°°(0,7'; H),
y'ﬂ -y Weakly in LQ(O; T? V)7

(") — o weakly in L?(0,T; V"),

Yt —y strongly in L*(0,T; H),

y"(t) — y(t) ae. te (0,7).
Moreover, reasoning as in the proof of Theorem 5 we obtain
y"(tn) = y(to) weakly in H,

if tn — to € [O,T}
Also, by (g3) and (47) we obtain

t
[ 1ats.am)pas < o,
0

where C' > 0 does not depend either on n or t, and also

gloy') = & weakly in L*(0,T;(L*(Q))?),

'7y
t
/|mnwﬂwr < Clt-9),

t t
/ 1€(s)|?ds < lggir&f)/ 1G(r,y™)Pdr < Ot —5),V0< s <t <T.
Then, in a standard way, one can prove that y(-) is the unique weak solution to the
problem

up = vAu+ (u- Vyu=~Vp+ f(t) + £(),

div u =0,

u|8§2 = Oa

u(0,z) = y(0,z),z € Q.

(49)

Multiplying the equation in (1) by u”, the equation in (49) by y, and integrating we
obtain the energy inequality

1 K 1 b
S0P +v [ )P < S0P + [ (F0),2()dr+Cle-9), 05 <0<,
where z = y™ or z = y. Then the maps J,,J : [0,T7] — R defined by
1 5 s
Jt) = Sl@OF - ; (f(r),y(r))dr — Ct,

T = gl oF = [ . —cn

are non-increasing and continuous.
Analogously as we did in Step 4 of the proof in Theorem 5, for a fixed tg > 0, using
a sequence {t} with tp /' to, we are able to establish the convergence of the norms,
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and therefore, jointly with the weak convergence already proved, deduce that y™ — y in
C([6,T); H), for any 6 > 0.

Now, as we had T' > T, we obtain that £" — v in C([-T,0]; H), where ¢(s) = y(s+7T),
for s € [-T,0]. Repeating the same procedure for 2T, 3T, etc. for a diagonal subsequence
(relabelled the same) we can obtain a continuous function ¢ : (—00,0] — H and a
subsequence such that " — ¢ in C([-T,0]; H) on every interval [T, 0].

Moreover, since for a fixed T' > 0, u™(s + o), with s € [T, 0], satisfies the estimate
(48) for any n > ng(to,T), it is clear that we also have

[(s)|? <14 Me°T, Vs € [-T,0], VT > 0, (50)

where
2 fo
=2 [ e (o) s
v —00
Step 2: We claim that £™ converges to ¢ in C(H). Indeed, we have to see that for
every € > 0 there exists n. such that

sup  [€7(s) — (s)[2e?7 < e Yn > ne. (51)
s€(—00,0]
Fix T, > 0 such that max{e 277= Mee(?=297Tc} < ¢/8, and take n. > ng(tg, T.) such
that

1€"(s) — (s)|?e** < e Vse[-T.,0], and 7, <to—T., Vn>n..
(This is possible since the convergence of £ to 1 holds in compact intervals of time.) So,
in order to prove (51) we only have to check that

sup  [€7(s) —o(s)]?e?* < e Vn>n.
S€E(—o00,—T¢]

By (50) and the choice of T, it is not difficult to check that for all £ € NU {0} that for
all s € [—(T. + k+1),—(T. + k)] it holds that

6273|¢(3)‘2 < 6727(T€+k)(1 + Mecr(TE+k+1))

e—Q'yTge—Q'yk + Meo'e(O'—Q’Y)TE ek(a—Q'y)

€/8+¢/8
= ¢/4.

IA

So, it suffices to prove the following:

sup €278 (s)]2 < e/4 vn > n..
s€(—00,—T]

We remember that £" has two parts:

nin | "(sH+to—Tn), if s€ (=00, —1t0),
¢(s) = u™(s + to), if s € [, — to,0].

Thus, the proof is finished if we prove that

max sup e p" (s +to — )|, sup e u™ (s +to)|* ¢ < €/4.
SE(—OO,Tn—t(J) SE[Tn,_t()v_Te]
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The first term above can be estimated as follows:

sup e2vs|¢n(5 +tg — Tn)|2 _ sup e2'y(s+tof‘rn)e2'y(rnfto)|¢)n(s +tg — Tn)|2
s<7n—to s<Tn—to

21t =to) | g2
e2v(fn—to)p2(7.n)

e2V(Tn—t0) + Me(2r=0)(Tn—to) < 6/47

IAIA

thanks to the choice of n.. And finally, for the second term, we have

sup eQ’yslun(s + t0)|2 _ sup e2V(0-Tc) u(to — T, + 9)|2
s€[rn—to,—T] 0€[r, —to+Te,0]
S

< e 2TeR(ty,T.)
e 2T 4 ppelo—27)T-

< €4,
where we have used (48) with T' = T.. O

Joining all the above statements we may conclude our main result of this section.

Theorem 21. Assume that f € L} (R; V') satisfying (45) and g : RxC,(H) — (L*(Q))?
satisfying the assumptions (g1)—(g3) are given. Also, suppose that 2L, < vA; < 2v. Then,
the semi process U defined in C,(H) associated to (1) has a pullback attractor A = { A(t)}.

Moreover, every A(t) is connected in C,(H).

Proof. The existence of the pullback attractor is a direct consequence of Theorem 13,
Proposition 16, Corollary 19, and Proposition 20. The connectedness follows from Propo-
sitions 15 and 7 and the fact that the space C(H) is connected. O

4.2 Pullback D—attractor

In this section we briefly recall some concepts of Dynamical Systems when the universe of
objects that can be attracted is not fixed but composed of time-depending families (e.g.
cf. [2, 20]).

This approach is useful in some situations when the proof of existence of the pullback
attractor in the sense of Definition 11 is unclear. Although we have obtained successfully
Theorem 21, we will check that with the same effort we may obtain also a pullback
attractor in this new sense. R

Let be given D, a nonempty class of sets parameterized in time D = {D(t) : t € R},
with D(t) C X for all ¢ € R. The main concepts, adapted to those in Definition 11, are
the following.

Definition 22. The semi process U on X is said to be pullback D—asymptotically compact
if for any t € R, any D= {D(t) : t € R} € D, any sequence T, — —o0, and any sequence
Tn € D(1), the sequence {U(t, T)xn} is relatively compact in X.

It is said that ZA)O ={Dy(t) : t € R} € D is pullback D—absorbing for the process U if
for any t € R and any D € D, there exists a To(t, lA)) <t such that

U(t,7)D() C Do(t) for all 7 < 7o(t, D).
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Remark 23. If there exists a family Dy = {Dy(t) : t € R} € D such that the semi process
U on X is pullback ﬁofasymptotically compact (in the sense given in Definition 11), and
besides ZA)O is pullback D—absorbing for the process U, then U is pullback D—asymptoti-
cally compact. Indeed, given any D € D, one only has to introduce a sequence Tp, — —00
and choose suitably a diagonal sequence of times {Ty(m)}m related to D to ensure that the
process maps initial data of some D(7,(n)) in the appropriate time sections Do(7p,).

Now, we have the following result (cf. [20, Th.18] and also [2, Th.7]):

Theorem 24. Assume that Dy = {Dy(t) : t € R} € D is pullback D—absorbing for U

and also that U is pullback Do— asymptotically compact. Then, the family Ap = {Ap(t) :
t € R} C P(X) defined by

Ap(t) = A(Do,t) = U U(t,T)DO(T)X, teR,
s<tT<s
has the following properties:
(a) the set Ap(t) is compact for any t € R;
(b) Ap is pullback D—attracting, i.e.

lim dist(U(t,7)D(7), Ap(t)) =0 for all D € D;

T——00
(¢) Ap is invariant, i.e. U(t,7)Ap(T) = Ap(t) for all T < t;
(d) the following equality holds:

7/\)(
Ap(t)= |J AD,t)  forteR.
DeD
The family Ap, called the global pullback D—attractor for the semi process U, is minimal
in the sense that if C = {C(t) : t € R} C P(X) is a family of closed sets such that

lim_dist(U(t,7)B(r), C(t) =0,

then Ap(t) C C(t).

Remark 25. (i) If we assume that Do(t) is closed for all t € R, and the family D is
inclusion-closed (i.e. if D € D, and D' = {D'(t) : t € R} C P(X) with D'(t) C D(t)
for all t, then D' e D), then the pullback D—attractor Ap belongs to D, and is the only
family in D satisfying properties (a)—(c) above.

(i) When Theorem 24 can be applied, and the universe D contains all bounded subsets
of X, then the family A given by (41) is a pullback attractor for the semi process U in
the sense of Definition 11, and the following relation exists between A and the attractor

Ap given in Theorem 2/:
A(t) C Ap(t), VteR.

If, moreover, for some T € R the set Ui<7Dy(t) is bounded, then
A(t) = Ap(t), Vt<T.
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Proposition 26. Assume that the conditions of Theorem 24 hold and also that Ap(t) C
By(t), Vt € R, where By = {By(t) : t € R} € D and By(t) is connected for every t. Then
Ap(t) is connected for every t € R.

Proof. Assume that for some ¢ the set Ap(t) is not connected. Then Ap(t) = A1 U Ag,
where A; are compact non-empty disjoint sets, and there exist two open disjoint sets U;
for which A; C U;.

We have that A(t) = U(t,7)A(r) C U(t, 7)Bo(7), for all 7 < t. Since By(r) is
connected and x — U(t,7)z is continuous, U(t,7)Bo(7) is connected as well. Thus,
U(t,7)Bo(1) NU; # @, for i = 1,2, implies that Uy U Uz cannot contain U(t, 7)Bo(7) for
any 7 < t. Then there exist sequences {&, }n, {Zn }n, and {7, }, such that &, € U(¢, 7,)Zn,
Tn — —00, T € Bo(m,), and with &, &€ U; UU,. As U is pullback D—asymptotically
compact, we obtain passing to a subsequence (relabelled the same) that &, — & & Uy UUs.
But this is a contradiction, as £ € A(t, EO) C Ap(t). O

We specify now for our problem (1) what is our choice of universe. Having in mind
the estimates obtained in the last section, we consider the (tempered) universe D of all
families D = {D(t) : t € R} C P(C,(H)) such that D(t) C B, ()(0,75(t)) for some
function 77 : R — (0, +-00) satisfying the tempered condition

lim e(V)‘lszy)tr%(t) =0.

t——o0
The results that we obtain in this new framework are the following:
Proposition 27. Under the assumptions of Corollary 19, the family EO defined by (46)

belongs to D and is pullback D—absorbing for the semi process U.
In particular, the semi process U s pullback D—asymptotically compact.

Proof. Again the first part of the result follows from Lemma 17, more precisely from (42).
The second part is a consequence of the above, Proposition 20 and Remark 23. O

As a consequence of the above result and Remark 25, we conclude our second main
result of this section.

Theorem 28. Under the assumptions of Theorem 21, there exists a pullback D— attractor
Ap = {Ap(t)}, which belongs to D, and is in fact the unique global pullback D—attractor
for the semi process U on C(H) associated to (1). Moreover, Ap(t) is connected and
the following relation holds:

Alt) C Ap(t), VteR.

Proof. Tt is a consequence of Theorem 24, Remark 25, Proposition 26 and Proposition
27. We note that in order to apply Proposition 26 we can take the pullback D—absorbing
family Do as By, as Ap(t) C Dy(t) is a consequence of Ap € D and the invariance
property of Ap. O

Remark 29. If additionally, we assume that

sup/ e~ (M —2L)(r=9) | £(5)||2ds < 400,

r<0J -0

then A(t) = Ap(t) for all t € R, just taking into account Remark 25 (ii).
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4.3 The autonomous case

Let us consider briefly the matter of the existence of the global attractor when functions
f and g do not depend on the time variable t, i.e. in the autonomous case.

In this case we define a continuous (with respect to the initial datum ¢) semigroup of
operators S : R x C,(H) — C,(H) by denoting

S(t)(z): U,

u being the unique solution to (1) corresponding to the initial datum ¢ € C,(H). It is
easy to see that S ()¢ =U (t,0)¢p =U (t + 7,7) ¢, for any 7 € R.

We recall that the compact set A is said to be a global attractor for A if it is invariant
(i.e. S(t)A= A, for all t > 0) and attracts every bounded set B of C(H), that is,

dist(S(t)B,A) — 0 as t — +oc.

Assume that the conditions of Corollary 19 are fulfilled (but in this autonomous case
(45) is trivially satisfied).
From estimate (42) we obtain that the ball

Bo = {ue Cy(H) : |ull, < p},

with p? = 1+ %, is absorbing, that is, for any bounded set B there is T'(B) such
that S(t)B C By as soon as t > T. Also, it follows that the set U;>0S(t) B is bounded for
any bounded B.

On the other hand, for any ¢, — 400 and ¢" € B, a bounded set of C,(H), the
sequence

S(tn)¢" = Ultn,0)9" = U(0, —tn)o"

is relatively compact by Proposition 27. Hence, S is asymptotically compact.

Then, it follows from standard theorems that the semigroup S possesses a global
connected attractor A (see e.g. [14] for the existence of the attractor and [10] for the
connectedness).
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