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1. Introduction and statement of the problem

The Navier-Stokes equations govern the motion of usual fluids like water, air, oil,
etc. These equations have been the object of numerous works since the first paper of
Leray was published in 1933 (see Constantin & Foias 1988; Lions 1969; Temam 1979,
and the references therein), even with unbounded domains, allowing the possibility
of channel and multi-channel flows among other variations (see for instance Rosa
1998; Temam 1979). On other hand, delay effects have been proved to be useful
in many physical and biological situations. These situations may appear when we
want to control the system (in a certain sense) by applying a force which takes into
account not only the present state of the system but the history of the solution.
To our knowledge, this has been rarely treated in the context of Navier-Stokes
equations (cf. Caraballo & Real 2001, 2003, 2004). To date, we have not found in the
literature any work that considers the combination of delay terms and unbounded
domains.

The aim of the paper is two-fold: firstly we consider several situations in which
the external force contains some hereditary features and the domain is not bounded,
and prove existence (for dimension N = 2 and 3) and uniqueness (N = 2) of
solutions. In a second part of the paper the existence and uniqueness of a stationary
solution are established in dimensions 2 and 3, and, in the case N = 2 exponential
stability of the solution under an additional assumption.

Let Q € RY (IV = 2 or 3) be an open set with boundary I" that is not necessarily
bounded but satisfies a Poincaré inequality:

There exists Ay > 0 such that / |p|2dx < )\i/ IVo|?dz, Vo€ HH(Q). (1.1)
Q 1.JQ
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Consider the following functional Navier-Stokes problem (for further details and
notations see Lions 1969 and Temam 1979):

ou 0

5 VAu—i—Z 1ula;:f(t)—Vp+g(t,ut) in (0,7) xQ,
divu =0 in (0,7) x Q,

u=0 on (0,T) xT

w(0,7) =u'(z), z€Q,

ult,x) = o(t,z), t € (~h,0) zEQ,

where we assume that T > 0 is given, v > 0 is the kinematic viscosity, u is the
velocity field of the fluid, p the pressure, u” the initial velocity field, f a non-
delayed external force field, g another external force containing some hereditary
characteristic and ¢ the initial datum in the interval of time (—h,0), where h is a
positive fixed number.

To start, we consider the following usual abstract spaces:

V= {u e ()N : divu = o} :

H = the closure of V in (L?(2))" with the norm ||, and inner product (-,)
where for u,v € (L?(2))",

N
() = 3 [ waoy(@)as

V = the closure of V in (HE(€))Y with the norm [thanks to (1.1)] ||-|| associated
to the inner product ((-,-)), where for u,v € (Hg(Q))",

Z / 8u] 6’()]
Q 53:1 (9961
It follows that V' C H = H' C V', where the injections are dense and continuous.

We will use |||, for the norm in V' and (-, -) for the duality (V’, V). Now we denote
a(u,v) = ((u,v)), and define the trilinear form b on V x V x V by

N
b(u,v,w) =

ij=1

ov
axledar: Yu,v,w e V.

Let X be a Banach space. Given a function u : (—h,T) — X, for each t € (0,T)
we denote by u; the function defined on (—h,0) by the relation us(s) = u(t+s),s €
(=h,0).

In order to state the problem in the correct framework, let us first establish
suitable assumptions on the term in which the delay is present.

In a general way, let X and Y be two separable Banach spaces, and g : [0,T] x
C°([—h,0]; X) — Y such that

(I) for all £ € CY([—h,0]; X), the mapping t € [0,T] — g(t,£) € Y is measur-
able,
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Navier-Stokes equations with delays on unbounded domains 3

(IT) for each t € [0,T], g(t,0) =0,
(III) there exists L, > 0 such that ¥Vt € [0,T], V& n € CO([—h,0]; X)

||g(t7§) - g(t7n)||y S Lg ||§ - 77”00([_;1)0];)() 5
(IV) there exists Cy > 0 such that V¢ € [0,T], Vu,v € CO([—h,T]; X)

/ lg(s,us) — gs,va) |2 ds < G, / Ju(s) — v(s)|I% ds.
0 —h

Observe that (I)-(II1) imply that given u € C°([—h, T]; X), the function g, : t €
[0,T] — Y defined by g,,(t) = g(t,us) Vt € [0,T], is measurable (see Bensoussan et
al. 1992) and, in fact, belongs to L>°(0,T;Y). Then, thanks to (IV), the mapping

G:ucC%—h,T); X) — g, € L*(0,T;Y)

has a unique extension to a mapping G which is uniformly continuous from L?(—h, T; X)
into L?(0,7;Y). From now on, we will denote g(t,u;) = G(u)(t) for each u €
L?(—h,T; X), and thus, Vt € [0,T], YVu,v € L?*(—=h,T; X), we will have

/ lg(s,us) = gls,vs)|[3 ds < Cg/ lu(s) = v(s)|% ds.
0 —h

With the convention above, assume that u® € H, ¢ € L2(—h,0; V), f € L?(0,T; V"),
and the following delay operators:

91 :[0,T] x C°([—h,0; V) — (L*(Q))"

satisfying hypotheses (I)-(IV) with X =V, Y = (L?(Q))", L,, = Ly and Cy, = C1,
and
92+ 0, 7] x C°([=h,01; V) — V'
satisfying hypotheses (I)-(IV) with X =V, Y =V’ L,, = Ly and Cy, = Cs.
We are interested in the following problem:

To find u € L*(—h,T; V) N L*(0,T; H) such that, for all v € V,

S ult), )+ vau®), o) + b)) 0) = (0, 0) + @b o)y

+ <92(t7ut)7v>7
u(0) =u’, u(t) = o(t), t € (=h,0),

where the equation in (1.2) must be understood in the sense of D’(0,T).

Remark 1.1. Observe that the terms in (1.2) are well defined. In particular, by
hypotheses (1)-(IV), if u € L*(—=h,T;V) the term gi(t,u;) defines a function in
L2(0,T; (L2(2))N), and the term go(t,us) defines a function in L*(0,T;V'). Thus
(see Lions 1969), if u € L*(—h,T;V)NL>®(0,T; H) satisfies the equation in (1.2), u
is weakly continuous from [0,T] into H, and therefore the initial condition u(0) = u°
makes sense. Of course, for N = 2, if there exists a solution u to the problem (1.2),
it then belongs to the space C°([0,T); H).

In Section 2 we shall prove existence of solutions to (1.2) and the uniqueness
of solution to the problem in the case N = 2. In Section 3, general situations
containing delayed terms —variable and distributed— are considered. We finish with
the study of existence and uniqueness of a stationary solution and its exponential
stability (for N = 2) in Section 4.
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2. Existence of solutions

In this section we will prove a general theorem on the existence of solutions when
N =2 or 3, and uniqueness if N = 2.
In the proof of existence we will need the following two results:

Theorem 2.1. (c¢f. [Caraballo & Real 2001, Theorem A.1]) Let u° € R™, ¢ €
L2(—h,0;R™), k € L*(0,T;R™), g : [0,T] x C°([~h,0;R™) — R™ satisfying
hypotheses (I)-(IV) with X =Y = R™, and f : [0,T] x R™ — R™ a continuous
function such that f(t,0) =0 and for all n > 0 there exists L, > 0 such that

|f(ta u) - f(ta U)|Rm S L’ﬂ|u - U|Rm7 v |U|Rm S n, |U|Rm S n, Vit e [OaT]

Then:
a) For each t, € (0,T) there exists at most one solution to the problem

To find u € L*(—h,t,; R™) N C°([0,t.]; R™) such that
u(t) = ¢(t)7 le (_h70)7 (21)

u(t):u0+/0 f(&u(s))ds—i—/o g(s,us)ds—i—/o k(s)ds Vte[0,t.].

b) There exists t. € (0,T] such that there exists one (and only one) solution to the
problem (2.1).

c) Suppose that there exists a constant C' > 0 such that if t, € (0,T] is such
that there is a solution u of (2.1), then max,c(o ] |u(t)|rm < C. Then, under this
additional assumption, there exists a solution to problem (2.1) with t. =T.

Theorem 2.2. (cf. [Simon 2003, Corollary 2.34]) Let © be a bounded open set of
R?, and X C E Banach spaces with compact injection. Consider 1 < r < q < oo.
Suppose F C L"(0; E) satisfies

(i) Vw cC O, supsep |mnf — fllorwey — 0 when h — 0 [where T, f is the
translation: (1, f)(z) = f(x + h)],

(ii) F is bounded in LY(©; E) N LY(O©; X).

Then F is precompact in L"(0; E).

The main result in this section needs extra notation for an additional condition
(V), which will be discussed in some detail below in Remark 2.5.

Denote V(O) the same space as V but with an open set O instead of Q, and
analogously define V(O) the closure of V(O) in (HE(Q))V.

Theorem 2.3. Let u’ € H, ¢ € L?>(—h,0;V), f € L?(0,T;V’), and assume that
g1 :[0,T] x CO([=h,0]; V) — (L2(2))N and g2 : [0,T] x C°([~h,0]; V) — V' satisfy
hypotheses (1)-(IV) in their corresponding spaces. Then:

a) If N =2 and v*> > Cy, there exists at most one solution to problem (1.2).

b) If N € {2,3} and v*> > Ca, there exists a solution to (1.2) if, in addition,
the following assumption (V) holds:

(V) If v™ converges weakly to v in L?(—h,T; V), weakly-star in L>=(0,T; H),
and strongly in L2(—h,T; (L2(O))N) for a bounded open set O C Q with smooth
boundary, then g;(-,v™) converges weakly to g;(-,v.) in L*(0,T;V(0)) fori=1,2.
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Navier-Stokes equations with delays on unbounded domains 5

Proof. a) Uniqueness for N = 2 follows as the case with bounded domain given
in Theorem 2.1 in [Caraballo & Real 2001] and it is reproduced here for the sake of
completeness. If v2 > Cs, let u, v be two solutions to (1.2) and set w = u —v. Then,
from the energy equality, and the bound for the trilinear form (see Ladyzhenskaya
1992), it follows that for all ¢ € (0,7")

|w(t)|2+21//0 w(s)|2 ds —2/0 b(w(s), u(s), w(s)) ds
+2 [ (o) = . 02),0(5) ds

2 / (42(5,t1s) — 92(, vs), w(s)) ds

IN

21/ / o) llw(s) [ [u(s)]] ds
2 / 19105, us) — g1(5,04)] J(s) ds
2 / lg2(5,2) — g2(s, v, [leo(s)]| ds.

Then, from assumption (IV), taking into account that w(s) = 0 for s € (—h,0),
and denoting 2¢ = v — /Cy > 0, we have for all ¢t € (0,T)

wf +2 [ elPas < g [ wePlue)Pds+e [ o)
Gy ! 2 ! 2
<2 [P ds+e [ juts)Pas
#20/Cs [ (o) ds,

and so,

t 1 t C t
WO + 2 [ ulPds < o [Pl ds+ 2 [ )P s
0 €Jo € Jo

from which uniqueness follows thanks to the Gronwall lemma: indeed, denoting
C = max(271,C1)/e, we have that

& (woren {-c [ queie +nas}) <o

b) Now for the existence, we assume N € {2,3}, v > Cy and that condition
(V) holds.

We will develop a proof based on the unbounded case without delays (see for
instance Temam 1979), and on the case with delays on bounded domains (Caraballo
& Real 2001), but with both difficulties treated jointly.
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6 M. J. Garrido-Atienza, & P. Marin-Rubio

Consider an orthonormal basis B = {w1,...,Wn,...} CV of H such that linear
combinations of elements of B are dense in V.} [Notice one usually takes a special
basis, using the Stokes operator. This is not valid here since compactness is lost,
and it will have influence on the way one can obtain a convergent subsequence,
because standard estimates on the derivatives of the velocity fields are not valid
neither.]

Let us denote V,,, =spanfwy, ..., W], P‘I}' : H — V,,, the projector given by
P{Zmu = Z;nzl(u, w;)w;. We will also denote P“/{m : V. — V,, the projector given
by Py u = Z;"Zl((v,ﬂ)j))ﬁ)j (where the sequence {wy,...,w,} comes from the
Gram-Schmidt orthonormalization process in V'; this will be useful since the initial
convergence in (—h,0) must hold in V).

Finally, define w(t) = > 7L, Ym;(t)w;, where

u™ € L?(—h,T;V,,) NC°([0,T]; Vi)

d

g (" (0, wg) + va(u™(t), wy) + b(u™ (8), u™ (t), wy) = (f(2), wy) +
+(gl(t’uln)ij)+ <92(tauln)’wj> in D/(OaT)a 1<j<m,

u™(0) = P ul, wm(t) = Py ¢(t), te(—h,0).

The preceding is a system of ordinary functional differential equations in the
unknown Y"(t) = (Y1 (t), .-, Ymm (t)). Existence and uniqueness of solution is ob-
tained by applying Theorem 2.1 stated above.

Observe that problem (2.2) has one solution defined in an interval [0,¢,] with
0 < t, < T. However, as usual, it can be deduced by the a priori estimates below,

we can set t, =T.
In fact, multiplying in (2.2) by 7y, (¢) and summing in j, we get for all ¢ € [0, t.]

i (B)[2 + 20 / lam(s)[2ds < ) +2 / (f(s),u™(5)) ds

(2.2)

2 / (91 (5, ), u™(s)) ds
+2 / (ga(s,u™), um(5)) ds,

and arguing in a similar manner as in the proof of uniqueness in the 2-dimensional
case, we easily get two constants (depending on ¢, v, f, g1, g2, h, T, but not on m
nor t,) K7 and K5 such that

o
sup |u™(t)|* < K, / lu™(s)||? ds < K. (2.3)
te[0,t.] 0

So we can take t, = T, and obtain that {u™} is bounded in L?(0, T; V)NL>(0,T; H),
so there exists a subsequence, relabelled the same, such that

u™ — u in L*(0,T;V) weakly and in L>(0,T; H) weak-star as m — oco. (2.4)

+ This can be obtained as follows: V is separable (since it is a subset of (H}(Q))V), and by
definition V is dense in V' and H, which implies that V is also dense in H. Thus, given a sequence
{vi}i>1 C V dense in V, we may take a sequence {w,il}iyn>1 C V which accumulates to every point
v;, and therefore, linear combinations of these elements are dense in V and H. Since V C H are
vectorial subspaces of (L2(2)), linear (in)dependence is equivalent considered in any of them,
whence B is obtained applying the Gram-Schmidt orthonormalization process.
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Navier-Stokes equations with delays on unbounded domains 7

Moreover, observe that u™ = P“//m¢ in (—h,0) converges to ¢ in L*(—h,0;V), and,
in particular, thanks to (IV), g1 (-, u™) + g2(-,u™) is bounded in L2(0,T;V").

As we noticed before, when it is possible to choose a special basis (in bounded do-
mains it is so), standard estimates on || & u™| 2o 7,y (for N = 2, and L*/3(0,T; V")
for N = 3) allow us to obtain a compactness result: a subsequence v converges to
win L2%(0,T; H).

Here we will have a similar result but not in a straightforward way, nor on the
whole domain Q. Actually, what holds in this case is the following:

For any bounded open set O C € there exists a subsequence (depending on @ which
we relabel) satisfying

u™|o — ulo in L2(0,T; (L2(O)N). (2.5)

For the sake of clarity, we postpone the proof (we will use Theorem 2.2) to Lemma
2.4 below.

Now, let 9 be a continuously differentiable function on [0,7] with ¢(T) =
0. Consider equation (2.2) and a fixed element w; of B. Since (u™(-),w;)¥ () €
WH1(0,T) (actually in H'(0,T) for N = 2, and W'4/3(0,T) for N = 3) we have

T T
- / (u™ (£), 0/ (w;)dt + v / (™ (8), wyeb (1)) dt
0 0

+ [ b0, ) e = @70 w)00) + [ (0w
0 0

T

+ / (g2 (t, w™), wyap(t))dt + / (galt, w™), wyb(t))dt.

Taking a diagonal subsequence, denoted again u™, that satisfies (2.5) for a
sequence of regular bounded open sets O; C €2 that contain all supports of functions
w; of the basis, we may now pass to the limit, thanks to the weak convergence in
(2.4) and condition (V) too. Thus, we obtain (first for any w € {wy,ws, ...}, and
by density for every w € V):

T T
- / (u(t), ¥/ (B)w)dt + v / (u(t), wib()))dt
0 0

T T
+ / b(u(t), u(t), wip())dt = (u, w)(0) + / (), wib(1)) e
0 0

T

T
+ / (92 (t, wr), wip(£))dt + / {galt, ue), wib()dr. (2.6)

Writing (2.6) for ¢ € D(0,T'), u satisfies (2.2) in the distribution sense.

By Remark 1.1 it makes sense to wonder about the value at time ¢ = 0. Now,
since (u(t),w;)y(t) € WH4/3(0,T), for both N = 2 or 3, arguing as before, we ob-
tain an analogous expression to (2.6) with (u(0),w) instead of (u",w). This implies
(u(0) — u® w) = 0 for all w € V, so u(0) = u°. O
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8 M. J. Garrido-Atienza, & P. Marin-Rubio

For the following result, let us observe that the constants appearing in stan-
dard estimates of the trilinear form b —for a proof see for instance Temam 1979,
lemmas 3.3, 3.4, 3.5 and Theorem 3.3, pp. 291 and forward— may be improved (cf.
Ladyzhenskaya 1992 for the case N = 2). Although it is not essential to make the
most of them for existence and uniqueness, since we will establish a stability result
later, we use them in order to ensure it under the minimal conditions.

Lemma 2.4. Under the assumptions of Theorem 2.3, the sequence u™ given in
(2.2) is precompact in the following sense: suppose a bounded open set O C ) is
given, then there exists a subsequence depending on O, which we relabel, such that

u"lo = ulo in L*(0,T; (L*(O)™),
where u is the weak limit given in (2.4).

Proof. We will adapt the proof of Theorem 9.4 [cf. Simon 2003] to check our situa-
tion fits to the Theorem 2.2. More exactly, we claim it can be applied taking r = 2,
q=+o0, © =(0,T).

For the set O C € let us make precise a technical detail: if O CC 2 one may
obtain a finite recovering of balls, denoted O C Q, which is bounded and open, and
then X = (H'(0))N ¢ E = (L*(0))N with compact injection.

However, for a general O C ) the above comment may not be true since O
and  can share part of their boundaries. The compact injection from H! may
not hold for lack of regularity on the boundary (it is not imposed for T'), however
it does in H}. One may then use a truncation argument (see for instance Rosa
1998): fix x € C1(Ry) with x(s) = 1 for s € [0,1] and x(s) = 0 for s > 4. Con-
sider O as in the statement, let R > 0 be such that O C B(0,R) and denote
O =QnB(0,2R), and ™ (x) = u™(z)x(|]z|?/R?). Again the compactness holds
for X = (HY(O))N ¢ E = (L*(0))N with compact injection, and we conserve the
original functions v™ on QN B(0, R).

For the sake of clarity, we continue the proof directly with «™ instead of u™%.
Since condition (ii) in Theorem 2.2 is obviously satisfied by (2.3), we concentrate
on (i). Actually, we will prove that for the whole domain 2 the following property
holds:

su% lTnu™ — u™|[L2(0,7—h:(L2())~) — 0 when h — 0.
me

Consider h > 0 arbitrarily small. From (2.2) we deduce for (¢,¢ + h) C (0,7
that

/Q(W(t+h)—u(t))wjdx+u /t " /Q Vu™ (s)- Vs dadst /t (), (5), wy)ds

t+h t+h t+h
- / (f(s),wy)ds + / / g1 (s, uwydds + / (g2, u™), w;)ds.
t t Q t
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Multiplying by Yum;(t + h) — Ym;(t) and summing in j we obtain
t+h
/ |u™(t + h) —u(t)]Pde = —V/ / Vu™(s) - (Vu™(t 4+ h) — Vu"(t))dzds
Q t Q
t+h
—l—/ b(u™(s),u™(s),u™ (t + h) —u™(t))ds
t
t+h
+ / / (s, (™ (4 h) — w™ (1)) deds
t Q
t+h
)+ gals ) ) = (B}
t
The right hand side may be bounded by

t+h
V\Vum(t—f—h)—Vum(tﬂ/ V™ (s)|ds
t+h '
+ / G (| (s)], [u™ (3)]], Jlu™ (¢ + ) — w™ (B)]]) ds
tt+h
+ / 915, u™)|[u™ (£ + h) — u™ ()| ds

t+h
+ /t Sl + g2 s, w) ) ™ (¢ + h) — ™ (E) ]| ds

where the trilinear form b is bounded (depending on the dimension) by the function
Gy : R3 — R defined as

Q*I/Qxyz lf N - 2,
GN(:C,y,Z) - { 2_1x1/2y3/2z if N — 3. (27)

Thus, using (1.1) and (2.3), we have proved that
t+h
|u™(t 4+ h) — u™(t)]*de < [|u™(t + h) —u™ ()| / G (s)ds
Q t

where the function G, : R — R is defined (recall definition given in (2.7)) as

m - m m —1/2 m .
{ plum ()] +27 KDY [ () [+ () e+ llga (s, uf) [+ A7 P ga (s,u)| i N =2,
vlur ()| 427 K ()22 1 F (5) |+ llga (s, ) [« +27 2 g1 (s, 0] if N = 3.

To finish the proof, we will estimate

T—h
”Thum - um||%2(07T,h;(L2(Q))N) = /0 /Q |Thum - um|2d:17dt

IN

T—h t+h
/ lu™(t + h) —u™(t)|| / G (s)dsdt.
0 t
For the right hand side, the Fubini theorem yields, using the function

0 if <0,
s if 0<s<T-—h,
T—h if s>T—h,

N
I
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10 M. J. Garrido-Atienza, & P. Marin-Rubio

to
T—h t+h T s
/0 ™t + h) — u (t)||/t G (s)dsdt < /0 Gm(s)/ﬁﬂu (t + h) — w™(t)|dtds
T
< 2(hK2)1/2/ Gon(s)ds
0

where we have used Young inequality, (2.3) and the fact that 0 < §—s—h < h for
JElu™ (¢ + ) — w™ ()] dt. Indeed,

S

/h ™ (4 h) — ()| de < (/h dt> v (/h ™ (¢ + h) — um(t)||2dt> v

T—h 1/2
2h'/? (/ / |Vum|2dxdt> < 2n'2K;/2.
0 Q

To conclude, we observe that fOT G (8)ds is bounded, for N = 2 or 3. For instance,
suppose N = 2, then one has

A

IN

T
[ (0 @RI 1 + s+ 3™ o))

1/2 . 1/2
VT ( / ||f<s>||ids>
0
1/2

T 1/2 T
+ﬁ</ ||gz<s,u;”>||ids> + VT (/ gl<s7uzﬂ>|2ds) :
0 0

and assumptions (IT) and (IV) give bounds for the integrals of g; in terms of the
bounds in (2.3). The case N = 3 is analogous, since the only difference, namely

T T 3/4
/ [ (5)[[*/2ds, is also bounded by T1/4 ( / |um(s)||2ds> . 0
0 0

< (V+(2‘1K1)1/2)\/T</0 Ium(8)||2d8>

Remark 2.5. On condition (V)

(i) The reason we formulate condition (V) with so many assumptions is to state
it in the weakest way, since all these hypothesis are satisfied by {u™}.

(ii) By the assumptions on {v™} and (IV) we already know {g;(-,v™)}, i =1,2
are weakly relatively compact in L2(0,T;(L?(Q)N) and L*(0,T; V') respectively,
and so both in L*(0,T;V(0)) for any O C Q. What claimed is that if O C Q is
bounded and has a smooth boundary, the weak limit is precisely g;(-,v.).

When Condition (V) is satisfied in all “good” O C Q (actually, it is enough for
all O; Dsupp(w;)), then the convergence holds in L?(0,T;V'). Indeed, consider ¢ €
V. We check that lim,, (g;(-,v™),¢) = (g:(-,v.), ). Take a sequence p, € V such
that o, — @ in'V, and five > 0. Consider ne such that maz{||g;(-,v™)||, ||g: (-, v.) }|n—
ol <e/2 for alln > ne. Observe that {g;(-,v"™) —g;(+,v.), pn.) — 0, s0 it is possible
to choose m. to conclude that the claim is true.

(iii) Consider the following condition:
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(IV’)  there ezists Cy > 0 such thatVt € [0,T], Yu,v € C°([—h,T]; V) and for
every bounded subset O C 2

t t
lg(s,us) = g(s,0)[¢paopyv ds < Cy [ [uls) = v(s)[Ep2 (o ds,
0 —h

where the norm || - || L2(0y)~ is understood as the restriction to O of the concerned
functions.

Observe that if g1 satisfies (I)-(IV) and (IV’), then, as a direct consequence of
(IV?), g1 satisfies assumption (V).

3. Some general situations

In this section, we are going to show some situations where our theory can be
applied. The cases considered include situations of variable and distributed delay.
For other examples, see [Caraballo & Real 2003].

(a) Case 1

Let G : [0,7] x RY — RY be a measurable function satisfying G(t,0) = 0 for
all t € [0,T], and assume that there exists L1 > 0 such that

|G(t,u) — G(t,v) |y < Li|u —v|g~, Vu,v € RY.

Consider a function p(t), which is going to play the role of the delay function. We
suppose that p € C*([0,T]), p(t) > 0 for all ¢ € [0,T], h = maxeo,r) p(t) > 0
and p, = maxteOT ot ) < 1. Then, we define g1 (¢,£)(x) = G(¢,£(—p(t))(z)) for
each £ € C%([—h,0]; H), z € Q and t € [0, T)]. Notice that, in this case, the delayed
term ¢; in our problem turns into ¢1 (¢, u:) = G(t,u(t — p(t))). Then, g1 satisfies the
corresponding hypotheses in Theorem 2.3.

Indeed, (I)-(III) follow immediately. On the other hand, if u,v € L?(—h,T; H),
using the change of variable 7 = s — p(s) it is easy to see that

t t
[ (o) = ar s 00l ds < [ () = o)y dr Ve 0.T)
for any O C Q and, consequently, (IV), (IV’) and (V) are fulfilled.

(b) Case 2

Let now G : [0,7] x [~h,0] x RY — RY be a measurable function satisfying
G(t,s,0) = 0 for all (¢,s) € [0,T] x [—h,0] and such that there exists a function
v € L%*(—h,0) such that

|G(t, s,u) — G(t,8,v) gy < Y(s)|u—v|gy,Yu,v € RNV (t,5) €[0,T] x [~h,0].

Then, we define g;(t,&)(z / G(t,s,&(s)(z))ds for each & € C°([0,T]; H),

x € Q and ¢ € [0,T]. In this case, the delayed term g; in our problem becomes

0
g1(t,ue) = /_h G(t,s,u(t + s))ds.
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12 M. J. Garrido-Atienza, & P. Marin-Rubio

As in Case 1, g; satisfies the hypotheses in Theorem 2.3 with X = H and Y =
5 N
Indeed, (I) and (II) can be deduced immediately. On the other hand, if £,n €
C°([0,T]; H), for each t € [0, T] we obtain

0 2
(66 — gt < /Q ( / hG(t,s,as)(x))—G(t,s,ms)(x))mwds) do

0
< [ ( / hv(sﬂ&(s)(w)—n<s><z>|RNds> d
0
< [ o ( [ 1661 = n(s) @) ds) da
< hH'VHi?(fh,O)Hg_77”?}0([0,T];H)-

Finally, if u,v € L?(—h,T; H) then, for each t € [0,T] it follows

¢ t ;40
/ l91(7, ur)—g1 (T, 0,)? dr < hH’yIIZLg(_h,O)/ (/ lu(s +7) —v(s+ 1) d5> dr,
0 0 h

t T
ol o [ ( IR v(r)|2dr) ar

t
WISy [ fulr) = ()P

and, with the change r = s + T,

t
/ 91(rur) — ga (7, 0,2 dr
0

IN

IN

Condition (V) can be checked similarly.

4. Stability of stationary solutions

In this section, we prove existence and uniqueness of stationary solutions to our
Navier-Stokes model for dimensions N = 2 or 3, when the delay term has a special
form, provided the viscosity is large enough. Additionally, for N = 2, we see that
all the solutions to the evolutionary problem converge to the (unique) stationary
solution exponentially fast.

From here on we suppose f is independent of time, and the delay term has the
form g(t,us) = G(u(t — p(t)) with G as in Case 1 but independent of time too, i.e.
G : RN — RN satisfies G(0) = 0 and there exists L; > 0 such that

|G(u) — G(v)|gy < Li|u — v|gw~, Yu,v € RY,
So we will consider the problem
To find u € L2(—h,T; V)N L>(0,T; H) such that, for all v € V,
%(U(t%v) +va(u(t),v) + b(u(t), u(t),v) = (f,v) + (G(u),v), (4.1)
uw(0) = u®, u(t) = ¢(t), t € (—h,0).
A stationary solution to (4.1) is a function u* € V such that
va(u*,v) + b(u*,u*,v) = (f,v) + (G(u*),v) forall veV. (4.2)
Then, we may establish the following
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Theorem 4.1. Suppose that G satisfies the conditions above and v > )\1_1[/1. Then,
(a) For all f € V' there exists at least a solution to (4.2);
(b) The following conditions are sufficient to have uniqueness of solution to
(4.2):
(v=A'L1)2 > 2\) Y2 |fll. for N=2,

(v=A"L)2 > 27\ Y fll. for N=3.

Proof. (a) As before, we consider B = {wj,ws,...} an ortonormal basis in H
composed by elements of V such that their linear combinations are dense in V.

Since compact injection is not valid in this context, we modify the arguments
in Simon 2003 and in Caraballo & Real 2003 (Theorem 3.1). We will proceed in
three steps, by a Galerkin argument and using Brouwer fixed point theorem on each
projected equation.

Step 1: Denote V,,, =span|wy, ..., w,,] and consider, for a fixed z™ € V,,, the
problem of finding u™ € V,,, such that solves the equation

v((u™v™) + b(z™ u™ 0™ = (f,o™) + (G(2™),v™) Y™ € V,,. (4.3)

Observe that for each z™ € V,, the functional (u,v) — v((u,v)) + b(z™,u,v) is
bilinear, continuous and coercive in V,,, x V,, (V4 is considered with the norm || - ||
of V). On other hand, the functional in V,,, defined by v — (f,v) + (G(z™),v) is
obviously linear and continuous. So, by the Lax-Milgram Theorem, for each fixed
2™ € Vp,, there exists a unique solution to (4.3), which we denote u™. Define
T 2 Vi — Vi, the operator given by T,,(2™) = u™.

Step 2: We will see that for each m we may apply a fixed point theorem to the
map T, (restricted to a suitable subset K,, C V,,) to ensure that we can obtain
existence of u™ € V,, such that

v((u™,v™)) +b(u™, u™ ™) = (f,v™) + (G(u™),v™) Yo € V. (4.4)

In order to proceed, we take in (4.3) v = u™, which leads by standard estimations
to the following

vla™ [ < I Flu™ ]+ AT Lol [llw™ = wlla™ [ < 1+ AT Loz

As long as we assume v > \; 'Ly, one may take k > 0 such that k(v — \['L;) >
| £]l+, so we conclude v|u™|| < kv — kA7 Ly + A; ' L1|2™||. We define now K, =
{z € Vi, : ||z]] <k}, which is a convex set of V, and indeed compact. Observe that
the application T,, maps K,, into itself.

We will complete this step applying the Brouwer fixed point theorem to T, |k, , -
For this goal, it only remains to check that T}, is continuous. Indeed, take 27" and
z8" € V,, and denote by u” = T(z™) the respective solutions to equations (4.4).

So, taking the difference

v((uf" —ug', ™)) + 021" uy", 0"™) = (23" uyt ™) = (GY) — G(z3"),0™)
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14 M. J. Garrido-Atienza, & P. Marin-Rubio

for all v™ € V,,,. In particular, if we put v = u}* — uJ’, and since b(u,v,v) = 0,
we have the required continuity of T}, |k, :
vl —ugt|? = b(zg gt = ugt) = bz uf uf — ugt)
HG(") = G(23"),ui* — uy")
= b(zgl’ugnvuin - ugn) + b(Z;n’u;nvu:TLn - ugn) - b(Z{n’uTvuT - ugn)
+(G(") = G(23"), ul" — uy")

= b(z" =2 et —ugt) + (GY) = G23Y) " — uy').
Taking into account that ui* € K,,, this can be bounded by

m_ompz o ) (@A) TR Ly — 2 [lu — e if N =2,
v|ult —ug'||* < _1y—1/4 -1 m mi|||,,m m :
27N TR AL L) llz5 = A |[lut —ugt]| i N =3
Step 3: We will pass to the limit on the solutions obtained in Step 2 to conclude
the existence of a solution of (4.2).
Put v™ = u™ in (4.4), so

vu™(* = (fu™) + (G™),u™) < | flllla™ ]+ A7 LafJu™ .

This gives a uniform bound in V for all the solutions obtained in Step 2: ||u™] <
Il £ll«/(v = AT L1). [Actually this is redundant since we did check this as the op-
timal value k in Step 2, valid bound for all the fixed point with the norm || - || on
every K,,.] We may extract a weakly convergent subsequence (which we relabel the
same): u™ — u in V. Moreover, for any regular bounded set O C §2, we have the
same uniform bounds of 4™ |, which means, using now the compact injection, that
u™|o — u|o in (L2(O))N.

To proceed, we fix any w; € B. Since we have a (sub-)sequence of equations
(4.4) for every m greater than j, it is clear we may pass through the limit on every
term to obtain

v((u, w;)) + bu, w, ws) = (f,w;) + (G(u), wy). (4.5)

The first term is obtained by the weak convergence in V' u™ — w. The trilinear terms
converge as long as they have sense on the support of w; which is compact (denote
by O; C Q a bounded open set with smooth boundary containing it); thus we not
only have the weak convergence v — wu in V' but the strong convergence u™ — u
in (L2(0;))"N. Finally, for the terms (G(u™),w;) we have something similar:

[(G(u™), w;)—(G(u), w;)| < [|G(u™)=GW)l(L20,)~ wj| < Lillu™—ull(z2(0,))~ [wj]

which goes to zero by the strong convergence in (L?(0;))V.
Thus, we deduce (4.5) holds for each w;. Since the linear combinations of ele-
ments of B = {wy, wa,...} is dense in V, we conclude that (4.2) is satisfied at least

by u* = u.

(b) Now we prove uniqueness of solution to (4.2) under the suitable extra as-
sumptions for N = 2 and 3.
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Firstly, as we will use it below, we give an estimate on the solution we know
there exists. Putting v = u* in (4.2), this gives ||u*|| < ||f]l+/(v — A\ 'L1). Actually,
every solution to (4.2) must satisfy this bound.

Suppose there are two solutions uy and ug to (4.2). Then,

v((ug — ug,v)) + b(u1, u1, v) — blug, uz,v) = (G(u1) — G(ug),v) for allv e V.

Taking v = u; — us and using, as before, that b(u,v,v) = 0, this leads (for N = 2)
to

blug — w1, u1, ur — u2) + (G(ur) — G(ug2), u1 — ug)

272 uy — ua|[Jun[[lug — wall + Ay LafJug — ua ||,

Vur — ugl?

IA

Using the above estimation over any solution ||u;||, and the Poincaré condition
(1.1), we conclude that

(2A0) 2| £l

2 —1 2
ug — utl|* + Ay " Lil|lus —u
AL lug —wn[|* + Ay L [Jug — w7,

vllur —usl* <

whence
(v = AL L1)?[Jur — wal® < (220) 72 £l fJuz — w |,

and the uniqueness follows for N = 2 as long as we suppose (v — A\7'L;)? >

220) 211l

The case N = 3 follows analogously:
[b(uz — ur,ur,un —ug)| < 27 funlfug — w2 [|ugp — ua |[*?

l[ug — uq[?
1

whence
_ _ —1/4
(v = AT L) ur — uall® < 2774 f Ll — usl|?.

O

The next result is stated for N = 2 and gives another condition, slightly stronger
than (a) in Theorem 4.1, and therefore ensuring again existence and uniqueness of
stationary solution of (4.2), denoted w*, but such that every weak solution of the
evolutionary problem (1.2) approaches u* exponentially fast as ¢ goes to +00. This
result is an improvement of Theorem 3.3 in Caraballo & Real 2003, both in the
condition (4.6) below and the allowed force field f.

Theorem 4.2. Consider G : R? — R? a Lipschitz map satisfying G(0) = 0, and
with Lipschitz constant L1 > 0. Assume that the forcing term g(t,u) in (1.2) is
given by g(t,uy) = G(u(t — p(t)) with p € CY(R4;[0,h]) such that p'(t) < p. < 1
for all t > 0. Suppose also that f € V' v > /\1_1L1, and the following inequality is
satisfied in addition:

Ly 27 A)2II£1.

VA1 >
LT A= p)t2 v— A L,

(4.6)
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Then there is a unique stationary solution u* of (4.2) and every solution of (1.2)
converges to u* exponentially fast as t — +oo, that is, there exist two positive
constants C' and X\, such that for all v’ € H and ¢ € L*(—h,0;V), the solution u
of (1.2) with f(t) = f satisfies for all t >0 :

fu(t) = w2 < Ce™ (Ju® = 0P+ 16— 0 a o) ) - (4.7)
Proof. Consider u the solution of (1.2) for f(t) = f, and denote u* € V the sta-

tionary solution to (4.2), which existence and uniqueness is ensured by Theorem
4.1. Set w(t) = u(t) — u*, and observe that

%(w(t%v)+l/((w(t)7v))+b(U(t)»u(t)av)—b(u*w*,v) = (G(u(t—p(t))),v)—(G(u"),v).
Since
bu(t), u(t), w(t)) — b(u®,u”, w(t))
= b(u",w(t),u’) = b(u(t), w(t), u(?))
= b(u",w(t),u") Fb(u(t), w(t),u”) —blu(t), w(t), u(t))
= —b(w(t),w(t),u") —bu(t), w(t),w(t))
_b(w(t)’w(t)’U*)v

we can obtain the following estimation (here A and § are fixed positive values to be
determined later on):

S mP) = AN+ ()

dt

= AMw(t)]? + 2N (—v|lw(®)[* = blu(t), u(t), w(t))
+b(u”, u, w(t)) + (Gult — p(t))) — G(u™),w(t)))
M ()\|w(t)|2 —2v|lw(t)||? + 2b(w(t), w(t), u*
+2L1w(t — p(t))|[w(t)])
A LM+ 0L — 20\ [|w(t)]|? + 2eM[b(w(t), w(t), u*)]
+(0M) T LaeMw(t — p(1))]1*. (4.8)

IN

IN

Using again that |b(w(t), w(t), u*)| < (2A1)~/2|Jw(t)||?||u*|| and taking into account
the estimate we proved in Step 3 of Theorem 4.1 for the stationary solution, ||u*|| <
I £1l+/(v = AT"Ly), we have

b(w(e), w(t), ut) < 220 LIl

)12
S o, [[w(t)]]

Substituting this last inequality into (4.8) it follows that

d _ (2A0) 2|1 £«
&(e)\t|w(t)‘2) < )\1 1e)\t ()\ + 5L1 — 2V)\1 + m HU}(t)Hz

+(0A1) T LueMfw(t — p()],

Article submitted to Nonlinear Analysis TMA



Navier-Stokes equations with delays on unbounded domains 17

and so for all ¢ € [0,7]

t
Muw®) < Jw(0)] + (M)’lLl/o M llw(s — p(s))|*ds
2 1/2 . t
+/\1_1 ()\ + (5L1 — 21//\1 + (Al)_l'f”> / e)\SHw(S)HQdS.
vV — )\1 L1 0

We concentrate momentarily in the delay term on the right hand side. Observing
that the function ¢(t) :=t — p(t) is strictly increasing, that p takes values on [0, A,
and so ¢~1(n) < n+ h, we can apply the change of variable = s — p(s) = ¢(s) :

"M (s = p(s))]? T A a2

e l|lw(s — p(s ds = / e’ Mwn) || ——————=dn

A (s — ()] ; R —re=rr
e)\h

t
< A |w(n)[|* dn.
1- Px /7h

Combining the above two inequalities we obtain
Ah

t
e :
HMuw®)? < Jw0)* + (0M) " Ly p/ e [lw(s)|| ds
.

) 1/2 . t
+A7! ()\ +0Ly — 2 + CA) I _l'f“ ) / e**||w(s)|*ds.
VvV — Al L1 0

Observe the coefficients of the integral fg e’ |lw(s)||?ds. Let us note that §, =
(1 — p.)~'/? is the minimum of the map § — & + 1/(6(1 — p,)). Then, thanks to
(4.6) there exists A > 0 small enough such that

1/2 Ah
(2M0) 2 £l Lie <.

A+0.L1 —2v\ + <
! YT e (—p))

Thus, we deduce that

At 2 0 o, AL LM 0y 2
Mu(t) ~ ' < [u® ' 2 [ Mg P,
P —h
A_lL Ah
whence (4.7) is satisfied with C' = max {1, 1116}
Y

O

Remark 4.3. The above result has been given with g1 as in Case 1 of Section
3 to simplify the notation. Other types of delay could be used, for example one
could consider an autonomous case with distributed delay by removing in Case 2
the dependence of G on its first variable.

Conclusions and final comments
Existence, uniqueness and stability results have been established under different
conditions —essentially viscosity is asked to be large enough—. One may wonder
about results under weaker assumptions, where uniqueness or stability may not be
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ensured. This leads us to consider additional concepts from the theory of dynamical
systems, namely attractors, both the classical (forward) one, and the "pullback’ def-
inition that is well-suited to non-autonomous systems (see Caraballo & Real 2004
and Kloeden & Schmalfufy 1997).
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