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SYNCHRONIZATION OF A STOCHASTIC REACTION-DIFFUSION
SYSTEM ON A THIN TWO-LAYER DOMAIN*

TOMAS CARABALLOT, IGOR D. CHUESHOV?#, AND PETER E. KLOEDEN?

Abstract. A system of semilinear parabolic stochastic partial differential equations with additive
space-time noise is considered on the union of thin bounded tubular domains Dy . := I X (0,¢) and
D3 . :=T X (—¢,0) joined at the common base I" C R%, where d > 1. The equations are coupled by
an interface condition on T which involves a reaction intensity k(z', ), where x = (z/, 24, 1) € R4t!
with 2’ € T and |z441| < €. Random influences are included through additive space-time Brownian
motion, which depend only on the base spatial variable 2/ € I and not on the spatial variable z 441
in the thin direction. Moreover, the noise is the same in both layers Dj . and Dz.. Limiting
properties of the global random attractor are established as the thinness parameter of the domain &
— 0, i.e., as the initial domain becomes thinner, when the intensity function possesses the property
lime 0 e 'k(2z’,€) = +oo. In particular, the limiting dynamics is described by a single stochastic
parabolic equation with the averaged diffusion coefficient and a nonlinearity term, which essentially
indicates synchronization of the dynamics on both sides of the common base I". Moreover, in the case
of nondegenerate noise we obtain stronger synchronization phenomena in comparison with analogous
results in the deterministic case previously investigated by Chueshov and Rekalo [EQUADIFF-2003,
F. Dumortier et al., eds., World Scientific, Hackensack, NJ, 2005, pp. 645-650; Sb. Math., 195 (2004),
pp. 103-128).
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1. Introduction. Let D;. and D;. be thin bounded domains in R4+ where
d > 1, of the form

Di.=Tx(0,6), Dy.=T x(—¢,0),

where 0 < ¢ < 1 and T is a bounded C2-domain in R%. We write z € D, := D1.UDs
as * = (2',x441), where 2/ € T' and 2441 € (0,¢) or 2441 € (—¢,0), and will not

distinguish between the sets I' x {0} C R¥*! and T' C RY.
We consider the following system of semilinear parabolic equations:

(1) % U'— ;AU + aU + fi(UY) + hy(x) = W(t,2'), t>0, 2 € D;., i=1,2,

with the initial data
(2) U 0,) = U(x), r€D; ., i=12,
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where the W (t,2’) is a Gaussian white noise depending on the spatial variable =’ €
T’ (but not on the x441 spatial variable).
We assume that U! and U? satisfy the Neumann boundary conditions

(3) (VU',n;) =0, r€dD; \T, i=1,2,

on the external part of the boundary of the compound domain D., where n is the
outer normal to dD,, and a matching condition on I' of the form

8U1 / 1 2
(g +r @ =) = o
(4) -
(V2 + k(' e)(U? — U1)> = 0.
Td+1 T

Here the above constants v; and a are positive numbers.
We impose the following assumptions:
e for i = 1,2 the function f; € C1(R) possesses the property f/(v) > —c for all
v € R and also satisfies the relations

() vfi(v) = aoloP ™ — ¢, |fi()| S arulPT e, veER,

where a; and c are positive constants and 1 < p < 3;
d hi € Hl(Di,l)a i = 1727
e the interface reaction intensity k(z’,¢) satisfies

k(-,e) € L>®(T'), k(z',e) >0forz’ €T, € (0,1],
and

1
(6) liII%J —k(z',e) = +o00, 2’ €T, in Lebesgue measure (see Remark 1.1);
e—0 &
e W(t), t € R, is a two-sided Ls(T')-valued Wiener process with covariance
operator K = K* > 0 such that

(7) tr[K(—AN+1)2ﬁ_1 < oo for some ﬂ>max{1,i},

where Ay is the Laplace operator in Ls(I") with the Neumann boundary con-
ditions on OT'. We denote by (2, F,P) the corresponding probability space,
and by W = 8,W the generalized derivative with respect to ¢.
Remark 1.1. Our main example of the interface reaction intensity is the following
function:

k(z',e) = e%ko(x") € L®(T), ko(z') >0 fora’ €T, € (0,1],

for some o € [0,1). We also note that the convergence in (Lebesgue) measure to
infinity means that

lim Leb {z' € T' : ™ k(z',e) <N} =0 forany N >0.
Problem (1)—(4) is a model for a reaction-diffusion system consisting of two com-

ponents filling thin contacting layers D, . and D; . separated by a penetrable mem-
brane I". Reaction of the components is possible on the surface I" only, and the reaction
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intensity k(z’,¢) depends on the thickness of the domains filled by the reactants. The
deterministic version of the model was considered by Chueshov and Rekalo [12, 13],
while Rekalo [27] investigated the special case of identical equations in both layers
with k(e, 2) independent of €. The stochastic version considered in the present paper
allows for irregularities and random effects on the separating membrane.

Hale and Raugel [21, 22] initiated the analysis of asymptotic dynamics of deter-
ministic semilinear reaction-diffusion equations on thin domains. Some extensions
of their results can be also found in [16] and [26]. In all these papers, a reaction-
diffusion equation is endowed with homogeneous Neumann boundary conditions. To
our knowledge stochastic evolution equations have not previously been investigated
on thin domains.

In this paper we investigate the pathwise asymptotic behavior of the above stochas-
tic evolution system by converting it into a system of pathwise random partial differ-
ential equations (PDEs) to which deterministic methods can be applied in a pathwise
manner.

Our main result deals with properties of random (global) pullback attractors for
the random dynamical system generated by (1)—(4) in Lo(D.). In particular, we prove
that these pullback attractors are closely related to the corresponding object for the
problem

0 ! T 1 /
(8) aU—z/Agc/UnLaUJrf(U)+h(:c):W(t,:c), t>0, 2’ €T,
on the spatial domain I" with the Neumann boundary conditions on OI'. Here we
denote

/ /

(9) U= : , f(U): fl(U)_;fQ(U)’ h(l'/): hl(‘r70);h2(m’0)

This is essentially a statement about the synchronization of the dynamics of the system
in the two thin layers at the level of global pullback attractors. Since, in principle,
a global attractor can be a rather complicated set, the synchronization at this level
does not imply that any pair of trajectories becomes asymptotically synchronized.
However, in the case of nondegenerate noise (Kh = 0 if and only if A = 0 and
the image of K is dense in Lo(I')) we can prove, in contrast with the deterministic
counterpart, that the global pullback attractor for (8) is a singleton. This means that
we also have asymptotic synchronization in our system at the level of trajectories.
Thus we observe a stronger synchronizing effect of a nondegenerate stochastic noise
in the system under consideration.

The synchronization of stochastic stationary solutions (i.e., single-valued random
attractors) of finite dimensional stochastic systems was considered in [5]. See also
[1, 23] for similar results in deterministic nonautonomous systems and [7, 28] for
autonomous infinite dimensional systems.

The synchronization of coupled systems is a ubiquitous phenomenon in the bio-
logical and physical science and is also known to occur in a number of social science
contexts. A descriptive account of its diversity of occurrence can be found in the re-
cent book of Strogatz [32], which contains an extensive list of references. In particular,
synchronization provides an explanation for the emergence of spontaneous order in
the dynamical behavior of coupled systems, which in isolation may exhibit chaotic dy-
namics. It has been shown to persist in the presence of environmental noise provided
that appropriate concepts of random attractors and stochastic stationary solutions
are used instead of their deterministic counterparts [5]. As mentioned above, in this

V1—|—V2
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paper we will see that the presence of additive noise can lead to a strengthening of
the synchronization, i.e., at the level of trajectories rather than attractors, which does
not occur in the absence of noise.

Since most of our analysis is a pathwise analysis applied to pathwise defined
random PDEs, i.e., with the stationary Ornstein—Uhlenbeck process appearing as a
space-time dependent coefficient, it is reasonable to expect that similar results will
also hold for other kinds of noise, for example, with fractional Brownian motion in
the original stochastic partial differential equations (SPDEs). The results will be
presented in a forthcoming paper.

The paper is organized as follows. We start with preliminary section 2 containing
background material from the theory of random systems which we need to state and
discuss our main results in section 3. Further sections are devoted to the proof of our
main theorem, Theorem 3.1.

2. Random dynamical systems. In order to formulate our results we need
some notation and results from the theory of random dynamical systems (with con-
tinuous time) and random attractors.

Let (2, F,P) be a probability space and let (X,dx) be a complete separable
metric (Polish) space. Arnold [2] defined a random dynamical system (RDS) (6, ¢)
on ) x X in terms of a metric dynamical system 6 on 2, which represents the noise
driving the system, and a cocycle mapping ¢ : Ry x 2 x X — X, which represents
the dynamics in the state space X’ and satisfies the following properties:

1. ¢(0,w)pg = ¢ for all pg € X and w € Q;

2. P(s+t,w)dg = (s, 0:w)p(t,w)pg for all s, t > 0, ¢ € X, and w € Q;

3. (t,¢0) — @(t,w)eg is continuous for each w € ; and

4. w— @(t,w)po is F-measurable for all (¢,¢g) € Ry x X.

We recall that a metric dynamical system 6 = (Q, F,P, {6;,t € R}) is a family of
measure-preserving transformations {6; : Q +— Q,¢ € R} such that

(i) 0o =id,0; 0605, = 0,1, for all t,s € R;

(ii) the map (¢,w) — 6w is measurable, and 0;P = P for all ¢t € R.

RDSs (with continuous time) are generated by differential equations with random
coeflicients or stochastic differential equations with a unique and global solution, as
well as by infinite dimensional stochastic evolution equations with additive noise. We
refer to [2] for more details on the general theory of RDS theory.

To construct an RDS in our case we first need to associate a metric dynamical
system 6 with the Wiener process W on (2, F,P) with values in Lo(I"). The prob-
ability measure P of this process can be realized on F = B(Cy(R, Ly(T"))), where
Co(R, L2(T)) is the Fréchet space of continuous functions on R with values in Lo(T")
which are zero at time zero. For this realization we introduce the flow (6;);cr given
by the Wiener shift

(10) () =w(-+1t) —w(t), teR.

Interpreting the above Wiener process in the canonical sense W (-, w) = w(+), it follows
that (10) is the well-known helix property of a Wiener process:

W(t+s,w)—W(s,w)=W(t0w), steR, wel

We now introduce the Ornstein—Uhlenbeck process as a stationary solution of the
linear stochastic evolution equation

%U:VAI/UfaUJrW(t,x’), t>0, 2 €T,
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on the spatial domain I" with Neumann boundary conditions on 9I'. Here, as above,
we denote v = (11 + v2)/2. This process 7(t) can be written in the form

t
1) )= ([ _etrawm) @

where Ag = —vAN + a and Ay is the Laplace operator in Ls(T") with the Neumann
boundary conditions on 9T'. The integral in (11) exists as an operator stochastic
integral (see, e.g., [24] or [19]) We can also involve a perfection procedure to define
n(t,w) = 7(0w) for all w € Q (for details see [14]). Moreover, under condition (7),
t — 7(6iw) is continuous from R into D(Ag/) C H?'(I) for each w € Q, where
B’ €0, 3) is arbitrary, and the temperedness condition

sup{|| AZ7(0w) || e} <00 ¥y >0, weQ,
teR

is satisfied. We also note that under condition (7), since H*(I') C C(T) for s > d/2,
we have that ¢ — 7(f;w) is a pathwise continuous tempered process with values in
D(Ap) N C(I"). In particular

(12) n(6w) € C (R;C(T) N {y € H*(T) : ¥ satisties Neumann b.c. on 9T })

for every w € 2. We will use this observation later.

We recall the following definition of a random set (see [2] or [4]).

DEFINITION 2.1 (random set). Let X be a Polish space with a metric dx. A multi-
function w — D(w) # 0 is said to be a random set if the mapping w — distx (v, D(w))
is measurable for any v € X, where distx (v, B) is the distance in X between the ele-
ment v and the set B C X. For ease of notation we denote the random set w — D(w)
by D or {D(w)}. If D(w) is closed for each w € U, then D is called a random closed
set, while if D(w) is a compact set for all w € Q, then D is called a random com-
pact set. A random set {D(w)} is said to be tempered if there exists a vo € X such
that D(w) C {v € X : dx(v,v9) < r(w)} for all w € Q, where the random variable
r(w) > 0 is tempered, i.e.,

sup{r(Qw)e " <00 V4 >0, we .
teR
We denote by D the collection of all tempered random sets in X.
Below we also need the concept of a random attractor for RDSs (see, e.g., [2, 17,
18, 29] and the references therein), which extends the corresponding definition of a
global attractor in autonomous systems (cf. [3, 9, 33], for example).
DEFINITION 2.2. Let (0, ¢) be an RDS with the phase space X. A random closed
set {A(w)} from D is said to be a random pullback attractor for (6,¢) in D if (i) A
is an invariant set, i.e., ¢(t,w)A(w) = A(bw) fort > 0 and w € Q, and (i) A is
pullback attracting in D, i.e.,

. ligl dx{p(t,0_w)D(0_w) | Aw)} =0, we,

for all D € D, where dx{A|B} = sup,¢ 4 distx(a, B).
Note that a pullback attractor is also a weak forward attractor; i.e., we have that

tliinm/ﬂdx{ap(t,w)z)(w) | A(0;w)}P(dw) =0 VD € D.
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If the random attractor consists of singleton sets, i.e., A(w) = {X*(w)} for some ran-
dom variable X* with X*(w) € X, then X} (w) := X*(6;w)) is a stationary stochastic
process on X.

The following result [18] ensures the existence of a random attractor for an RDS
on a Polish space.

THEOREM 2.3. Let (0,¢) be a continuous or discrete time RDS on Q x X such
that ¢(t,w,-) : X — X is a compact operator for each fizedt > 0 and w € Q. If there
exists a tempered random set B = {B(w),w € U} and a Tp,, = 0 such that

o(t,0_+w)D(0_sw) C B(w) Vt>T5
for every tempered random set ﬁ, then the RDS (0, ¢) has a random pullback attractor
A= {(w),w € Q} with the component subsets defined for each w € Q by

Aw) = N U ot 0 2)B(0_yw)

s>0t>s

The family {%8B(w)} is called a pullback absorbing random set for the RDS.

3. Main results. Now we are in position to state our main results which we
formulate in the theorem below. This says that the limiting dynamics of the system
(1)—(4) is given by that of the averaged system (8) on I', which one can interpret as the
synchronization of dynamics of the original system on the two sides of the membrane
I'. In addition, if the system is the same on both sides of the membrane, then the
limiting behavior is independent of the thinness parameter € when it is sufficiently
small.

THEOREM 3.1. Under the conditions above the following assertions hold.

1. Problem (1)-(4) generates an RDS (6, ¢.) in the space

He = La(D1c) @ La(Dae) ~ Lao(De)

with the metric dynamical system 6 generated by the Wiener process W and the
cocycle ¢. defined by the formula ¢.(t,w)Uy = U(t,w), where U(t,w) =
(U (t,w); U(t,w)) is a strong (in the sense of stochastic equations [19]) so-
lution to problem (1)—~(4) and Uy = (Uag; U3).

2. Similarly, problem (8) generates an RDS (0, ¢q) in the space Lo(T).

3. The cocycles ¢. converge to ¢ in the sense that

lim sup 1/ |pe (t,w)v — Go(t,w)v|?de =0 Yw € Q,
e=04cl0,17 € JD.
for any v(x) € H. independent of the variable x441, and for any T > 0.

4. These RDS (0, ¢.) and (0, éo) have random compact pullback attractors {2 (w)}
and {A°(w)} in their corresponding phase spaces. Moreover, if the correlation
operator K of the Wiener process W is nondegenerate in the sense that (i)
Kh =0 if and only if h = 0, and (ii) the image of K is dense in Lo(T'), then
the attractor {A°(w)} is a singleton, i.e., A°(w) = {vp(w)}, where vy(w) is a
tempered random variable with values in Lo (T).

5. The attractors {A°(w)} are upper semicontinuous as € — 0 in the sense that

1
(13) lim spl? | { El%llg( )g/ lo(z', wg41) — vo(x’)|2dac} =0 Ywe.
veds (w Vo w e
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6. In addition, if

vi=v:=v, fi(U)=f(U):=fU),
(14) hi(z',zar1) = h(2'),  ha(2', z441) = h(z);

f(U) is globally Lipschitz, i.e., there exists a constant L > 0 such that
(15) fU) = fWV)I<LIU-V|, UVEeR,
and also that

(16) k(z',e) > ke fora' €T, e € (0,1]; and lir%571k5 = 400,

e—
then there exists €9 > 0 such that for all e € (0, 0] the global random pullback
attractor {A=(w)} for (0, ¢.) has the form

A (w) = {v(2,zq41) = vo(2) @ vo € A(w)},

where {2A°(w)} is the random pullback attractor for the RDS (6, ¢y).
Remark 3.2. In the case when 21°(w) = {#g(w)} is a singleton, relation (13) turns
into the equality

1
lim  sup {/ |v(x',xd+1,w)ﬂo(x',w)|2d:v}O Vw € Q.

veﬂa(w) €

€

In particular, this implies that for any Uy, Uj € H, we have that

(17) hm lim sup {|¢5(t 0_1w)Uy — b (t,0_4w)U ||L2(D } =0 VYweQ,

t4>+oo

where we can omit the lim._,o under conditions (14)—(16). Thus we obtain the syn-
chronization effect not only at the level of global attractors (see (13)) but also at the
level of trajectories in relation (17). We emphasize that this double synchronization
phenomenon is not true for the deterministic (KX = 0) counterpart of the problem.
In the latter case the global attractor for (8) (without the noise 1) is not a single
point when the reaction term au + f(u) has several roots, and thus (17) cannot be
true for all initial data. In this case we have synchronization at the level of the global
attractors only.

Remark 3.3. The statements of Theorem 3.1 deal with the case when the intensity
interaction k(a’, ) between layers is asymptotically strong enough (see condition (6)).
However, similarly to [12, 13] we can also consider the case when the limit in (6) is
finite by assuming that

(18) lin%) e k(2',e) = k(2') strongly in Lo(T")
for some bounded nonnegative function k(z') € Lo(I"). In this case the limiting
problem for (1)—(4) is a system of two parabolic SPDEs on I" of the form

(19)
%Ui ViNg U+ aU® + fi(UY) + k() (=1)FH U — U?) + hi(a’,0) = W(t, z'),
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where ¢ = 1,2 and (¢;2') € Ry x I, with the Neumann boundary condition on
OI'. Using the same method as for the case (6) in combination with deterministic
arguments given in [13] for a particular case of (18), one can prove upper semi-
continuity of {2°(w)} in the limit ¢ — 0 in the case (18). However we will not present
the case because (i) our main point of interest is the phenomenon of synchronization,
and (ii) under condition (18) synchronization is possible only in some very special
cases.

The proof of Theorem 3.1 is given in the remaining sections of the paper. To
begin, in section 4 the problem is reformulated in terms of pathwise random PDEs on
a scaled domain and appropriate function spaces are introduced. Then we show that
(1)—(4) generates an RDS. In section 5 the existence of a random pullback attractor
is proved. Then in section 5.1 the limiting dynamics on finite time intervals as € — 0
is established, and in section 7 the upper continuous dependence of the attractors as
€ — 0 is shown. Finally, in section 8 the synchronization of the systems for fixed ¢ >
0 is considered.

4. Generation of an RDS by the two-layer problem.

4.1. Equivalent random PDEs. We introduce the new dependent variables
V' (which are also stochastic processes):

Vit,z,w) = U't,2' ,xq41,w) — (0w, z’), t>0, v=(2',2411) € Dic, i=1,2,
where 7j(w, 2’) is given by (11) after perfection. Let

M@,w) = —5n - w)Anw) + ()

(20) )
ho(z,w) = 5(1/1 — o) Afj(w) + ha(x).

Then equations (1)—(4) can be transformed into the pathwise random semilinear
parabolic PDEs

21) OV =y AV +aVi + fi (V4 7(0w)) + hi(z,0,0) =0, >0, x € D, .,
for ¢ = 1,2, with the random initial data
(22) VY0, 2,w) = U(z) — f(w), z€D;., i=1,2.

Since the Ornstein—Uhlenbeck process 7(0;w; z’) does not depend on x 411, due to (12)
we obtain the Neumann boundary conditions

(23) (VVi{(z),ni(z)) =0, r€dD;\T, i=1,2,

on the external part of the boundary of the compound domain D., where n is the
outer normal to dD.. Condition (4) turns into a matching condition on I' of the form

1
(—1/1 oV + k(2 ) (V! — V2)) = 0,
8.Td+1 T
(24)
2
<1/2 oV + k(2 e)(V? - vl)) = 0,
Td+1 r

which is now pathwise random and homogeneous.
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4.2. Scaling and functional spaces. It is convenient to deal with a fixed do-
main where every equation is defined for € > 0. Let us introduce the new coordinates
(z,y) € R as follows:

r=2a, z€l, y=¢c 'zgn, ye(=1,1).

In so doing, we transform the domain D, into D = Dy U Do, where D; =T x (0, 1),
Dy =T x (—1,0); the operator V = (V, and 9,,,,) into V. = (V,, e719,); and

Td+1

A=Ay 403, into A. = A, +e720,,. Problem (21)-(24) takes the form
(25) O’ — AV +avt + fi(vP + ) + b (2, y, 0w) =0, t>0, (z,y) € D;,
for ¢ = 1,2, with the initial data

(26) v(0,2,y) = Vi(e,y), (z,9)€Di i=12

and the boundary conditions

ot

dD;\T

(28) (yia;; —ek(z,e)(v1 — v2)>

y=0

Here h(z,y,w) = h;(z, ey, w) and n; is the outward normal to the boundary 0D;. A
solution V' (¢, ', x441) to problem (21)—(24) is expressed in terms of a solution v(t, x, y)
to problem (25)—(28) by the formula V (¢, 2", x4411) = v(t, 2, e 12 g41).

Let us introduce the space

H = L*(D1) & L*(Ds) ~ L*(D)

endowed with the norm ||ul|? = Hu1||%2(Dl) + HUQH%Q(DQ), where u = (ug;uz), u; =
u|p,, and let us define a family of Sobolev spaces

H! = HY(D,) ® HY(D,), € (0,1],

endowed with the norm

2
el = > (lalldi o,y + e 210ywill3,) -

i=1

Every element v € H'(I') @ H*(T') can be extended naturally to an element u € H}
by the formula u;(z,y) = v;(x), (z,y) € D;, i = 1,2; in what follows, this will be
done without further comment.

4.3. Abstract representation. Now we represent problem (25)—(27) in the
abstract form. To do this we first consider the bilinear form

1
ac(u,v) = Zyi {(qui, Vavi)r2(p,) + 6—2(8yui,8yvi)L2(Di) +a- (u,v)n

i=1

1

+E /1“ k(x,e)(uy(x,0) — ua(z,0))(v1(z,0) — va(x,0)) dz,
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defined on the elements u = (uy;ua), v = (v1;v2) of the space H! = H*(D1)®H!(Ds).
One can show that a.(u,v) is a closed symmetric form in H possessing the property

(29) 0 3 Iulldn o, < callull, < ac(u,w), we L,
i=1,2

Here and in what follows we drop the subscript € in constants which can be chosen
independently of e € (0,1]. Therefore, there exists a unique positive self-adjoint
operator A, such that D(A.) C H! and

ac(u,v) = (Acu,v)y, u€D(A), veHL
It can be shown that
D(A.) = {u € H*(Dy) ® H*(D>) : u satisfies (27) and (28)}
and also that
Acu = (—11Acuy + auy, —vaAcug + aus), u = (ug,uz) € D(AL).

Moreover, D(A;/z) = H, ac(u,u) = HAé/zuH? For more details concerning the
operator A, we refer to [13].

Now we can rewrite the pathwise random PDE in problem (25)—(28) in the ab-
stract form

d
(30) av + AEU = B(U7 etUJ), v|t:O = %o,

in the space H, where
_fl(vl + ﬁ(W)) - hl(x7€y7w)7 Yy > 07
B(v,w) =
_fQ(UQ + ﬁ(w)) - hQ('raSva)7 y < 0.

4.4. Generation of an RDS. By the same method as in [25] (see also [30,
Chap. 3]) one can prove that there exists a deterministic constant M such that the
nonlinear mapping A, — B(-,w)+ M is a maximal monotone operator on D(A.). This
observation makes it possible (some details can be found in [8, Chap. 15] for the
general nonautonomous case) to prove that for each w €  and vy € H on any time
interval [0, 7] there exists a unique weak solution v(¢,w) to (30) from the class

Lp+1(0,T; Lyi1(D)) N Lo(0, T3 HL) N C(0, T; H).

Since this solution can be constructed as a limit of the corresponding Galerkin approx-
imations, the mapping (¢;w) — v(t,w) is measurable. Moreover, it is easy to derive
from the uniqueness property that the mapping ¢.(t,w) : H — H defined by the
relation ¢.(t,w)vg = v(t,w), where v(t,w) solves (30), satisfies the cocycle property.
Thus (30) generates an RDS.

Now using inverse transformation we define the cocycle ¢. for problem (1)-(4) by
the formula

b-(t,w) = RZM(Oiw) 0 ¢ (t,w) o R-(w),
where R.(w) : La(D.) — Lo(D) is an affine random mapping of the form
[Re(w)U] (2,y) = U(z,ey) —n(w), U € La(D-).

This proves the first statement in Theorem 3.1.
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It is clear that R.(w) maps tempered random sets in Lo(D,) into tempered sets in
Ly(D). Therefore all other statements of Theorem 3.1 can be easily reformulated as
statements concerning the RDS (6, ¢.) generated by the random evolution equation
n (30). In our further considerations we deal with this RDS (6, ¢.).

5. Random pullback attractors. In this section we prove the existence of a
random pullback attractor for problem (25)—(28) for every fized e € (0, 1] and also for
the limiting problem (8).

5.1. The case € > 0. We first want to emphasize that we do not use any
information concerning the behavior of the intensity k(z’,¢) as e — 0, and hence our
results in this subsection cover both of the cases (6) and (18).

Our main result in this section is the following assertion.

PROPOSITION 5.1. In the space H the RDS (0, ¢.) generated by problem (25)—(28)
possesses a compact pullback attractor A¢ which belongs to the space HL. Moreover,
there exists a tempered random variable R(w), which does not depend on €, such that

(31) 2 (w) C {v €M+ ac(o,0) + ol5H ) < R?(w)}, weq

We split the proof into several lemmata which are also important for the limit
transition on finite time intervals.

LEMMA 5.2 (pullback dissipativity). The RDS (6, ¢.) is pullback dissipative in
D; i.e., there exists a tempered random variable R(w) > 0 such that for any random
set D from D we can find to(w, lA)) > 0 for which

~

po(t,0_1)Ulp < Rw) Y U € D(O_w), t > to(w, D).

Thus the random ball Bo(w) = {U € H : ||U|lx < R(w)} is pullback absorbing. This
ball is also forward invariant and absorbing if we take

0
R2(w) :cl/ e (14 1005 oy + 1760,y )

—00

with appropriate co > 0 and ¢1 > 0 independent of € € (0, 1].

Proof. The calculations below are formal, but can be justified by considering
Galerkin approximations.

Multiplying (25) by v® in La(D;) for i = 1,2, after some calculations we obtain
that

1d
sl o) + 3 [ [ 5t + e+ 6 000] =

1=1,2

(32)
From (5) we have that

(fi(vi+77),vi):/D:f(vi)vida:—&—/D [ Olf (v +)\n)d)\] vidz

i

v

allv' 2 ) — 1 /D (14 [P~ 4 [717) [l da — e

i

7 1 1
S oy = bo (1 NG )

—
w
w

=

| \/
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and from (20) and (29) we also have that

(34) S 05 ) ooy <C (Nl + D Il ) | lac(v,v)]'2.

i=1,2 i=1,2

Now from (32)—(34) we obtain that

d
(35) Sl + ac(v,0) + aollolF ) < B3(6),
where
(36) R3(w) = e (1 1A@)IE, oy + 170 ) -

Since a.(v,v) > col|v||3, + 3ac(v,v), by differentiating e”*||v||3,, taking into account
(35), and integrating, we have that

t

t
(37) ||v(t)||31+/ eIV (u(r))dr < ||vo\|3167”*t+/ e D RE(6,w)dr,
0 0

for any 0 < v, < ¢p, where Ry(w) is given by (36) and

(38) V2(0) = Sac(v,0) +aollvll7 ] p)-

2

This allows us to complete the proof of Lemma 5.2. O

LEMMA 5.3 (compact absorbing set). For each € € (0,1] there exists a compact,
forward invariant tempered absorbing set.

Proof. Multiplying (25) by d;v" in La(D;) we find that

(39) 0:e(v(t)) + [10ro(t) |3,
+ Z / (v +7) f(vz)] Opvtdady + /D heovidxdy = 0,
i=1,2
where
(40) U (u) = fag Uy U —l—Z/ Ndzdy, u=(u';u?) € HL
Here F;(u fo fi(€)d€. Tt is clear from the assumptions concerning f; that

<c Z /D. |f(0' +7) - f(vi)‘gdmdy—kiﬂatv(t)ﬂﬁi{

1
1 .y
et [ o dedy+ e [ oy + 1l o] + 10001

where p. =2(p+1)/(3 — p). We also have that

) 1
[ rowidsas| <+ calilng + 10001
D
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Therefore from (39) we have that

(41) 2. (v(1)) + 50 (D)3

+1 -
< erteallollf), o) s (Il + 19050 o+ 17

L. m) :

Consequently, choosing positive constants by and b; in an appropriate way one can
see that

(42) Ve(u) = bol[ull3; + e (u) + by
with W, given by (40) satisfies the relations
(43) V2 (v) < Ve(v) < et 1+ V2 (v)]

with VY(v) given by (38). Moreover, due to (35) we can choose by and b; such that

(44) LVa(0) $AVel0) + 0 (O], < R36w),

dt

with positive v, where

2p+2
3—p’

(45) B3 (w) = (14 )5 oy + 1@, 0 + 1) ey) s pe =

We note that R;(w) is a tempered random variable because ¢ — 7(f;w) is a tempered
process with values in H2(T')) N C(T'). From (44) we have that

(46) Va(o(t)) < e 79DV (u(s)) + / t e VIR (0,w)dr, t>s.

By (43) we also have

t
VO(u(t) < cre” "IV (u(s)) + e / e IR (0,w)dr, t> s,
Therefore using (37) after integration with respect to s over the interval [0,t] we
obtain

1 t
(47 VOw0) < Fluolfe " + e (”t)/ e DR G w)dr, 1> 0,
0

for some 0 < 7, < . Relations (46) and (47) makes it possible to conclude that there
exists a tempered random variable R, (w) such that the set

(48) B(w) ={v:Ve(v) < RZ(w)}

is forward invariant and absorbing. It is clear that 9B (w) is compact in H for each
w € Q. Moreover, R?(w) does not depend on e. O

Completion of the proof of Proposition 5.1. The proof follows from Theo-
rem 2.3 and Lemmata 5.2 and 5.3. Relation (31) follows from (47), (48), and properties
of the functionals V. and V. given in (38), (42), and (43).
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Remark 5.4. Tt also follows from (44) and (37) that
(49)
t t
/ 7”90, (7)]12,d7r < e lvol|Z e + co / (1+7)e T R2(0,w)dr,
0 0

for all ¢ > 0, where v, > 0. Below we will also need the next lemma.
LEMMA 5.5. For any initial data v,v, € H we have the estimate

(50) |pe (t, w)v — Be(t, W)vi|l3 < 1|V — Vi3, w € Q,

where ¢1 and c¢o do not depend on w € Q and € € (0, 1].
Proof. We use the same method as in Lemma 5.2 by considering the difference of
two solutions and relying on the property

(fi(v" +7) = filvh + 1)) (v" = vl) > —colv’ —vi]?,
where ¢y does not depend on w and . 0

5.2. Limiting system. The same change of unknown variable U = v + 7] trans-
forms equation (8) into the following random PDE on T*:

O —vAv +av + f(v+ (Ow)) + h(z') =0, t>0, 2’ €T,
(51)

%L‘)F =0, v|—g = vo,

where v, f(v), and h are given by (9). The same argument as in section 4 allows us
to prove that problem (51) generates an RDS (6, ¢) in the space Lo(I') and thus to
establish Theorem 3.1(2).

The following assertion states the existence of a pullback attractor for this RDS
(0, ¢0)

PROPOSITION 5.6. In the space Lo(T'), problem (51) generates an RDS (0, ¢o)
possessing a compact pullback attractor {A°(w)} which belongs to the space H'(T'). If
the correlation operator K possesses the properties (i) Kh = 0 if and only if h = 0
and (ii) the image of K is dense in La(T), then the attractor {A°(w)} is a singleton;
i.e., there exists a tempered random variable vo(w) with values in HY(T) such that
A%(w) = {vo(w)} for all w € Q.

Proof. To prove the existence of the attractor we argue exactly as in Proposi-
tion 5.1 and we do not repeat it again.

As for the second part, we first note that the RDS (0, ¢¢) is monotone; i.e., the
property v(x) < v, (x) for almost all z € T implies that

[do(t,w)v] () < [Po(t,w)vs] () for almost all =z €T,

for all ¢ > 0, and for w € Q. This monotonicity property can be established by
the standard (pathwise) argument (see, e.g., [31]). We also refer to [10] for a general
discussion of monotone RDSs. Our next step is to apply a result from [15] which states
that, under some conditions, the global pullback attractor of a monotone RDS consists
of a single random equilibrium. The main hypothesis in [15] is the weak convergence
of distributions of the process t — ¢o(t,w)v to some limiting probability measure. In
our case we can guarantee this property because the noise W is nondegenerate in the
phase space of the system (6, ¢). We refer to [15, subsection 4.5] for details. O
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Propositions 5.1 and 5.6 imply Theorem 3.1(4).

Remark 5.7. Although it is possible to prove that the RDS (6, ¢.) generated by
problem (25)—(28) is also monotone, we cannot apply the result from [15] to prove that
A isa single equilibrium. The point is that the noise W is nondegenerate in Lo(T) (the
phase space of the system (6, ¢p)), but it is degenerate in H = Lo(D) (the phase space
for (0, ¢:)), and hence we cannot guarantee the weak convergence of distributions of
the process t — ¢-(t,w)Uy. Thus the pullback attractor A may contain more than
one equilibrium. The same conclusion is valid for problem (19). One can prove that
(19) generates a monotone RDS with a compact pullback attractor, but to conclude
that this attractor is a random equilibrium we need the nondegeneracy of the noise
in Lo(T") x Lo(T'), which is obviously not true for this case.

Remark 5.8. 1. 1t is clear from the argument in the proof of Lemma 5.5 that

(52) l[o(t,w)v = @o(t, w)vull Loy < 1€ v = villLymry, w e,

for some constants ¢; and ¢y independent of w, where v, v, € Lo(T).

2. Since Ly(T") can be embedded naturally into La(D) ~ H as the subspace of
functions independent of y, we can consider the cocycle ¢y as a mapping from Lo (T")
into H. Therefore we can compare it with ¢.. Below we also consider the image 20 (w)
of A°%(w) under this embedding.

6. Limit transition on finite time intervals. Our main result in this section
is the following theorem, which implies the third statement in Theorem 3.1.
THEOREM 6.1. For any time interval we have that

(53) lim sup [l (t,w)v — do(t,w)vllo =0 ¥6 € (0,7),
e=0¢¢(s,1)
where v, = =3 f v(x,y)dy. If v does not depend on y, i.e., v = vy, then
(54) lim sup || (t,w)v = do(t, w2 = 0.
€~V ¢€(0,T)

Proof. Let w,(t) = ¢-(t,w)v. It follows from (37), (47), and (49) that

T
(55) sup > [Jwi(t ||L2(D)+/ lwe @)l (p,)dt < Or(w),

tel0,T] ,Z 1.2

and, for every 6 > 0,

(56) sup > wl(®)llzn (o, +Z/ 10wz ()17, (p,ydt < Cr6(w),

tel6T] ;1 o i=1,2

0 % | s S 1O+ X [ 1000 0| < Crsto

(6,11 ;=12 i=1,2

Moreover, we have that
(58)
/ T ,
sup / M\w;(t) — w?(t)|2dx’ —l—/ dt/ @\w;(t) _ w?(t)|2d:c’ < Crs(w)
o Jr

te[s,T)JT €
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for all intervals [0, T] and € € (0, 1]. Therefore, using relations (55)—(57) and Aubin’s
compactness theorem we can conclude that there exist a pair of functions

u; € C(6,T; L*(T))NL®(5,T; HY(T)), i=1,2, V6§>0

and a sequence {e,} such that

(59) lim > sup [jwl (t) = ui(t)l|zyp,) = 0-
NS o teloT]

Moreover, we also have weak convergence in Lo(0,T; H*(D)). One can also see from
(58) and (6) that u(t) = uz(t) = u(¢) on the set I'. Considering a variational form of
(25)—(28), one can show that u(t) solves problem (51). The corresponding argument
is exactly the same as in [13] for the deterministic case and therefore we do not give
details here. Thus (53) follows from (59) and from the uniqueness theorem for (51).

To prove (54) we first consider v = v, from the space H*(I') N L,41('). In this
case relying on (46) with s = 0 and using the fact that V;(v) does not depend on e
for this choice of v, we can easily prove estimates (56) and (57) with 6 = 0. Thus the
same argument as above gives (54) for v = v, from H'(I') N L,11(T). To obtain (54)
for v, € Ly(T") we use an appropriate approximation procedure and relations (50) and
(52). 0

Remark 6.2. By a standard argument we can prove that (53) and (54) hold
uniformly with respect to v in every compact set.

Remark 6.3. Since the arguments given in Lemmata 5.2 and 5.3 do not depend
on the behavior of k(z,e) as e — 0, the estimates in (55)—(58) hold for both cases
(6) and (18). Thus, in the latter case, we can also conclude from (55)—(57) that w!
and w? converge to some functions u' and u? defined on I'. However, in that case we
cannot prove that u! and u? are the same because under condition (18) estimate (58)
does not lead to the conclusion. In the case (18) the same arguments as in [12, 13]
give us the convergence of ¢.(t,w) generated by (1)-(4) to the cocycle generated by
(19).

7. Upper semicontinuity of attractors. In this section we prove the following
assertion, which is our first result on synchronization.

THEOREM 7.1. Let {2%(w)} be the global random pullback attractor for the RDS
(0, ) generated by (25)—(28). Then

(60) ilg(l) sup {distH (u,glo(w)) tu € le(w)} =0 Ywe,

where A0 (w) = {J(v) :veAw)} C H. Here {A%w)} is the random pullback at-
tractor for the RDS (0,¢¢) and J : Lo(T') — Lo(D) = H is the natural embedding
operator.

Proof. Assume that (60) does not hold for some w € €. Then there exist a
sequence {&,} with £, — 0 and a sequence u,, € A" (w) such that

(61) disty (un, A0W)) > 6>0 Vn=12,....

By the invariance property of the attractor 2~ (w), for every ¢ > 0 there exists
vl € A (0_,w) such that u, = ¢., (t,0_w)vl . Since A" (w) is compact and estimate
(31) holds, we can assume that there exist u, and v in H'(D;) ® H'(Ds) such that

(62) lim [|u, — u|lw =0, lim [jv} —vl|% = 0.
n—00 n— 00



SYNCHRONIZATION AT AN INTERFACE 1505

As in the proof of Theorem 6.1 one can see that
u,=u®a, ol =d e,

where @,9" € HY(T'). Therefore, if we show that @ € A°(w), then we obtain a
contradiction to (61).
It follows from Lemma 5.5 and Theorem 6.1 that

@ = ¢o(t,0-_w)0".
However, it follows from (31) and (62) that o* € By(6_sw), where
Bo(w) = {ve H'(T) ¢ |[ollmr) < Bw)},
where R(w) is a tempered random variable. Thus we have that
U € ¢o(t,0_4w)By(0_w) for every ¢ > 0.

Since ¢o(t,0_1w)Bo(0_;w) — A°(w) as t — oo, this implies that @ € A (w). ad

Theorem 3.1(5) follows from Theorem 7.1.

Remark 7.2. In the case (18), similarly to the deterministic case (see [12, 13]), we
can prove the upper convergence of the pullback attractors ¢ to the corresponding
object for the RDS generated by (19). We also refer to [6] and to the references
therein for a general study of upper semicontinuity of random and nonautonomous
attractors.

8. Synchronization for fixed € > 0. Now we consider the case when the
equations are the same in both domains; i.e., we assume that relations (14), (15), and
(16) hold.

Under conditions (14) the cocycle ¢. has a deterministic forward invariant sub-
space L in H consisting of functions which are independent of the variable y, i.e.,

L ={u(z,y) € La(D) : u(z,y) =u(z,0) =v e La(I')}.

It is clear that ¢.(t,w)L C L and ¢, (t,w) = ¢o(t,w) on L.

THEOREM 8.1. Under conditions (14), (15), and (16) there exists g > 0 such
that for all € € (0,eq] the global random pullback attractor A€ (w) for (0, ¢.) has the
form

(63) A (w) = A(w) = {J(v) :veA(w)} CH,

where J : La(T') +— Lo(D) = H is the natural embedding operator and A°(w) is the
random pullback attractor for the RDS (0, ¢o).
Proof. Let P be the orthoprojector in H onto £. This operator has the form

1

1
(P = [ uleds ueH~ LoD)
-1
Let @ = 1— P. Both of the operators P and @ map the domain D(A.) of the operator

A into itself and commute with A.. Therefore it follows from (30) that Qu. satisfies
the equation

d
(64) %Q’UE + AEQUE = QB('Uaa Htw)a Qv|t=0 = Quo.
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Multiplying this equation by Quv. we obtain
1d
2dt
From (15) we have that

(65) ”st ”%—{ + ae (QUE, st)H = (QB(”UE, otw)a QUE)H-

(@Bl Qo= [ [100ee.) =3 [ et 0)0€] Queto sy

D

L 1
=3 /D /_1 [ve(z,y) — ve(z, )| Que(z, y)dédzdy

S% [/Fdx/_lldy/_lldﬁlva(%y) - ve(waf)IQ] 1

If we add and subtract Pv. in the expression under the integral, then we easily arrive
at the relation

(66) (QB(v:, 0w), Qus ) < 2L||Que |13,

Thus from (65) we obtain that

/2
1Que |-

1d

2 dt

LEMMA 8.2. Under conditions (14) and (16) we have that

as(Q”ay Q'UE)’H
1Que 13,

Proof. Basically we use the same calculations of the spectrum of A. as

in[11. O
Lemma 8.2 implies that there exists €9 > 0 such that

(67) HQ'UEH?{ + aE(QU6> Q'UE)H < 2L||QU5||§_[.

(68) lir% sup{ TV E H;} = +o0.
E—

d
%”Q”s”% + ’YO”QUEH%( <0
for all 0 < € < g and for some 7y > 0. Therefore,

1Que(1)II3, < 1Qu-(0)[Fe™ ™", ¢ >0.

This implies that the subspace £ attracts all tempered sets (in both the forward and
the pullback sense) with exponential (deterministic) speed. Since ¢.(t,w) = ¢o(t,w)
on L, this implies (63). O

Theorem 8.1 implies Theorem 3.1(6).
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