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Abstract

Sufficient conditions for exponential mean square stability of solutions to delayed
stochastic partial differential equations of second order in time are established. As
a consequence of these results, the pathwise exponential stability of the system is
also deduced. The stability results derived can be applied also to partial differential
equations without hereditary characteristics. The results are illustrated with various

examples.

1 Introduction

Stochastic differential delay equations and their asymptotic behaviour have been receiving
much attention over the last years (see [1], [2], [5], [9], [7], [8], [10], [12], [13], and the refer-
ences therein) since these retarded problems often appear in Physics, Biology, Engineering,
etce...

The delays can enter in the formulations in very different ways, e.g., as a constant or
variable delay, as a distributed one, or even some of them can appear in the model at the
same time. However, it is possible to consider all of them under a unified formulation by
using an appropriate differential functional equations. In this sense, we will carry out our
analysis in a functional framework which will cover a wide variety of situations containing

finite delays.
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There exists a wide literature concerning pathwise exponential stability of parabolic
stochastic evolution equations (with and without delays). We mention here, amongst many
others, Caraballo and Liu [4], Liu and Mao [11], Taniguchi [12], Taniguchi et al. [13] and the
references therein. In the case without hereditary characteristics the problem of the asymp-
totic stability of delay stochastic partial differential equations of second order in time has
been considered by Curtain [6], where one can find sufficient conditions for the exponential
stability of the expected energy of the system, as well as for the exponential decay of the
sample paths, when the main operator generates a strongly continuous contraction semi-
group. In this paper, we shall develop the theory in a variational framework for non-linear
operators in general.

We are going to consider the following model
u'(t) + fg A(s)u(s)ds + fg B(s,u/(s))ds = vp + fot F(s,us,ul)ds
+fg G(s,us,ul)dW(s), t >0,
u(0) = uy,
u(t) = (t), u'(t) = py(t), a.e. t € (=h,0),

where A is a family of linear operators and B, F, G are appropriate nonlinear operators on

(1)

some Hilbert spaces (usually both F' and G will be first order partial derivative operators),
1,y are suitable delay functions and h > 0 is a fixed constant.

In our recent work [3], the exponential behaviour of solutions of problem (1) has been
analysed focusing on the case in which the operators are of zero order and when a particular
family of nonlinear operators B (t,-) appears. Our aim in this work is to obtain some
sufficient conditions ensuring exponential stability of the solution of problem (1) when F
and/or G can eventually depend on the spatial derivatives of u, and B (t,-) is a general
family of nonlinear operators.

Although the structure of this work paralells that of [3], needless to say that several
differences will appear due to the different nature of operators appearing in the problem.
Of course, our results are a consistent extension of those in [3] in the sense that, when the
operators considered are of zero order, we recover the results in [3].

The content of the paper is as follows. In Section 2 we prove a result on the exponential
stability in mean square for the solution of problem (1) when F(¢,us, u;) and G(¢, us, uj) do
not depend on the spatial derivatives of u, being B a general family of nonlinear operators.
We also indicate how this result can be applied in some particular cases. As a consequence of
the mean square stability, we obtain pathwise exponential stability. In Section 3 we establish

a sufficient condition ensuring mean square stability for delay stochastic partial differential



equations of second order in time in a more general situation: F (¢, us, u}) and/or G(t, uz, uj)
may depend on the spatial derivatives of u. Moreover, in this section we will exhibit how
we can prove a result on the pathwise exponential stability in this more general situation.
In Section 4 we illustrate our theory with some examples, and, finally, some conclusions are

included in the last section.

2 Delays independent of the spatial derivatives

Assume {Q, F, P} is a complete probability space with a normal filtration {F;};>0, i.e., Fo
contains the null sets in F, and F; = Ngs¢ Fs, for all t > 0. Denote F; = Fy for all ¢t < 0.

Let us consider a real valued {F;}—Wiener process {W () }+>o0.

Given real numbers a < b and a separable Hilbert space H, we will denote by I2(a, b; H)
the closed subspace of L?(Qx (a,b), F® B ([a,b]) ,dP®@dt; H) of all stochastic processes which
are Fi-adapted for almost every ¢ in (a,b) (in what follows, a.e. t), where B ([a, b]) denotes
the Borel o-algebra of subsets in [a,b]. If ¢ € I%(a,b;H) we will write |<p|1$( to denote the
norm |<P|12(a,b;H)~

We denote by L?(Q; C(a,b; H)) the space of processes X € L?(Q, F,dP;C(a,b;H)) such
that X (t) is Fi-measurable for each t in [a,b], where C(a,b; H) denotes the space of all
continuous functions from [a, b] into H equipped with supremum norm.

Let us fix h > 0 and consider T > 0. If we have a function z € C(—h,T;H), for
each t € [0,T] we denote by z; € C(—h,0;H) the function defined by x:(s) = x(t + s),
—h < s < 0. Moreover, if y € L?>(—h,T;H) we also denote by y; € L?(—h,0;H), a.e.
t € (0,T), the function defined by y:(s) = y(t + s), a.e. s € (—h,0).

We will study the qualitative behaviour of the following delay stochastic functional equa-
tion:

u € I*(—h,T; V)N L3(Q;C(0,T;V)), for all T > 0,
ve€I?(—h,T;H)N L*(;C(0,T; H)), for all T > 0,
u'(t) =o(t), t€[0,T],

v(t) + fg A(s)u(s)ds + fot B(s,v(s))ds = vg + fot Fo(s, ts, vs)ds (P)
+ [ Go(s,us,v5)dW (s), t >0,
U(O) = Uo,

u(t) = @i (t), v(t) = @y(t), ae. t e (=h,0),
where V' and H are two real separable Hilbert spaces such that V C H = H* C V* where the

injections are continuous and dense. We denote by |||, |-| and ||-||, the norms in V, H and



V* respectively; by (-, -) the inner product in H, and by (-,-) the duality product between
V* and V. Let us denote by ¢ > 0 a constant such that |z| < c¢||z|, Vz € V. We suppose
that ¢, € I?(=h,0; V), @y € I?(=h,0; H), ug € L*(Q, Fo, P; V) and vy € L*(Q, Fy, P; H),
and let A(t) : V — V* ¢t >0, be a family of operators satisfying:

(A.1) A(¢) is self-adjoint for each ¢ > 0.

(A2) A(t) € L(V,V*) V¥V t > 0, and there exists ¢4 > 0 such that ||A(t)u|, < callull,
Vi > 0,YVu e V.

(A.3) Ja > 0 such that (A(t)u,u) > a|jul|®, Vt > 0,Vu € V.

(A4) (A()u,u) € CY0,40), Yu,u € V, and (A’ (t)u,u) < 0,¥¢t > 0,Yu € V, where
(A'(t)u,u) denotes & (A(t)u, ).

(A.5) there exists a Banach space X such that X C {u € V ; A(t)u € H,Vt > 0}, the

injection of X in V is continuous, and X is dense in H.
Let B(t,-) : V — V* be a family of nonlinear operators defined a.e. ¢ > 0 and satisfying:

(B.1) Yv € V, the map t € (0,+00) — B(t,v) € V* is Lebesgue measurable.
(B.2) the map # € R — (B(t,v + 0w), z) € R is continuous Yv,w,z € V, a.e. t > 0.
(B.3) there exists cg > 0 such that | B(t,v)||, < cp||v|, Vv € V, a.e. t > 0.

(B.4) there exists 3 > 0 such that (B(t,v) — B(t,7),v —70) > Bllv—13|°, Vu,0 € V, a..
t>0.

Let Fp : [0,400) x C(=h,0;V) x C(=h,0; H) — H and Gy : [0,+c0) x C(=h,0;V) x
C(—=h,0; H) — H be two families of nonlinear operators defined a.e. t > 0 such that:

(Fo.1) Y(&,n) € C(—h,0;V)xC(—h,0; H) the map ¢ € (0,+00) — Fy(t,£,n) € H is Lebesgue

measurable, a.e. t > 0.
(F02) Fo(t,0,0) = 0, a.e. t > 0.

(Fy.3) there exist Cp,,u,Cr, v > 0 such that VE,E € C(=h,0;V),¥n,n € C(—h,0; H) and
a.e. t >0,

= o~ = ~12
[Fo(t, &) — Fo(t,&,0)* < Cr vlI€ = Ellenowvy + Cror 11 =T o -



(Fo.4) there exist mo > 0 and constants K, g = Kpg, g(mo,h), Kr, v = Kg,,v(mo,h) >0
such that for all m € [0, mg], Vz,Z € C(—h,T;V),Yy,y € C(=h,T; H), and ¥Vt > 0

t
/ e |Fo(s,xs,ys) — Fo(s,%s,fjs)|2 ds
0
¢ 2 k 2
< Ky [ e als) = 36)|Pds + Ky [ e ly(s) — 7(s)* ds.
—h _
(Go.1) V(&,m) € C(—=h,0; V)xC(—h,0; H) themap t € (0, +00) — Go(t,&,n) € H is Lebesgue

measurable, a.e. ¢t > 0.
(Go.2) Go(t,0,0) =0, a.e. t>0.

(Go.3) there exist Cg,.1,Ca,.v > 0 such that Y, € € C(—h,0;V),¥n,7 € C(—h,0; H) and
a.e. t >0,

|G0(t7£777) - GO(LE?E)‘Q < CG(hVHg _EH%(fh,O;V) + CG(),H |77 - ,ﬁ‘i‘(fh,o;H) .

(Go.4) there exist mg > 0 and constants K¢, g = K, 1(mo, h), Ka,,v = Kag,,v(mo,h) >0
such that for all m € [0, mg], Vo, € C(=h,T;V),Yy,y € C(=h,T;H), and ¥Vt > 0

t
/ & |Glo(s, s, ys) — Gols, Fos ) ds
0

< Ky v / th e llo(s) — 3(s) 1> ds + Koot / " e ly(s) — i) ds.

A similar analysis to that in Remark 1 in [8] shows that, under our assumptions all the
integrals appearing in problem (P) are well defined, and therefore, the above problem makes
sense.

On the other hand, assumptions (Fp.2), (Go.2) are motivated by our interest in analysing
the stability of the zero solution to our problem, but they are not necessary to prove existence
of solution. Several results on the existence and uniqueness of solutions for delay stochastic
evolution equations of second order in time can be seen in Garrido-Atienza [7], and Garrido-

Atienza and Real [8]. In particular, we have:

Theorem 1 Assume that hypotheses (A.1) — (A.5),(B.1) — (B.4), (Fy.1) — (Fp.4),(Go.1) —
(Go.4) hold. Then, if o, € I*(=h,0;V), ¢y € I*(=h,0;H), ug € L*(Q,Fo, P;V) and
vy € L2(Q, Fo, P; H), there exists a unique solution (u,v) to problem (P), for all T > 0.

We start with a result on the mean square stability for problem (P).



Theorem 2 Suppose that assumptions (A.1)—(A.5),(B.1)—(B.4), (Fy.1)—(Fp.4),(Go.1) —
(Go.4) hold. In addition, assume that there exist constants € > 0 and 6 > 0 such that

20%/2Cs > K.,

and (2)
2 1/2 25\—1 2 2 7-1/2 2
Cs(20—c (2KFO’H +e+ Kgym)) > (4a?d) ™ (4ade® + (¢ Kp'n +¢B)?) K.,

where Cs = 1 — 6§ — cK;ﬁ?Va_l and K. = KFO’VE_l + Kg,,v. Then, the zero solution
of problem (P) is exponentially stable in mean square, i.e., there exist m € (0,mg] and

K1 = K1(mo,h) > 0 such that, for all t > 0,
E (Jo(@) + lu(®)]*) < Ky (Elool® + B luol* + paliy + leallfs ) ™, (3)
for any solution (u,v) of (P).

Proof. Let m € (0,mo]. Applying Itd’s formula to the process ™t [v(t)|* +e™ (A(t)u(t), u(t))
and thanks to (A.4) and (B.4), we obtain for each t > 0 and P-a.s.

M Eo(t)]* + ™ E (A(t)u(t), ult)) (4)
¢
< E |vo|* + E (A(0)uo, uo) + m/ e E|u(s)? ds
0
t t
+ m/ e™E (A(s)u(s),u(s))ds — Qﬁ/ ™ E |Jv(s)|? ds
0 0
¢ t
+ 2/ e™ E(Fo(s,us,vs),v(s))ds —|—/ e™E \Go(s,us,vs)|2ds.
0 0
As e™ <1, Vt € [—h,0], from (Fy.4) and (A.3) we obtain

t
2/ e E(Fo(s,us,vs),v(s))ds
0

' 1/2 ¢ 1/2
<9 (/ emSE|v(s>|2ds> </ emEFo(s,us,vs)Fds)
0 0

t t 1/2 t
< 2K;§?H/hemSE|v(s)|2ds+2 (KFO,V/heMEHu(s)H?ds) (/0 em8E|v(s)|2ds>

t

< <2K}é’2H —1—5)/() emsE|v(s)|2d5+KF07v(a5)_1/0 e™ E (A(s)u(s),u(s)) ds

1/2

_ 2 1/2 2
+ Kpy,ve ! ||801||1‘2/ + QKFé,H |‘P2|[§1 )

for € > 0, and by (Go.4) and (A.3),

t t
e ElGols.uva)*ds < Kayn lealy, + Ko | e Elofo)ds
0 0

t
+Kapw o1l + Kapva™ [ o™ E(A)u(s).u(s) ds
0



Thus, if we substitute these inequalities into (4) we have

"B [o(t)]* + e E (A(t)u(t), u(t)) (5)

< B ool + E (A(0)u, uo) + K- @y [72 + 2Ky + Keo 1) [0l 72
+ (m + QK}%’QH +e+ KGO’H) /Ot e™FE |v(s)|2 ds — 20 /Ot e™E ||v(s)||2 ds
4 (m+ Kea™) /O "B (A(s)uls). u(s)) ds.

Now, we estimate the last integral on the right hand side of (5). From

d(e™ (u(t),v(t))) = me™ (u(t),v(t))dt + ™ |v(t)|2 dt — ™ (A(t)u(t),u(t)) dt
— ™ (B(t,v(t)),u(t)) dt + ™ (Fy(t, us, ve), u(t)) + ™ (Go(t, us, ve), u(t))dW (t),

we deduce
e™ E(u(t),v(t)) = E(ug,vo) +m/0 e E(u(s),v(s))ds
+ /0 ™ B Ju(s)|> ds — /0 o™ B (A(s)u(s), u(s)) ds
—/ emsE<B(s,v(s))7u(s)>ds—|—/ e E(Fy(s,us,vs),u(s))ds.
0 0
Consequently,

/0 e™E (A(s)u(s),u(s)) ds

< E(ug, vo) + /Ot ™ E |u(s)]* ds
+ (*m + cp) </Ot ™ E |u(s)]|? ds) . <a1 /Ot ™ E (A(s)u(s), u(s)) ds)l/z

t 1/2 t 1/2
+ (/ e B |Fy (s, us, vs)|? ds) <02 / ™ B |u(s)]? ds>
0 0

n (emtE|U(t)|2)l/2 1/2

(Pa™e™E (A(t)u(t), u(t)))

t
< E(ug, vo) + / ™ B [v(s)|* ds + eK % leal7e + (€ (m+ K%) + ep)2(400) ™ o[

t
T (Em + KY%) +cB)2(4a6)_1/ ™ B u(s)|? ds
0

+ (5 + cK;é?vofl) /0 e™ E (A(s)u(s),u(s)) ds
+e(2a'/2) 1™ E (o) + (A(t)u(t), u(t)))

7



and thus

t
05/ e™ E (A(s)u(s), u(s)) ds (6)
0
< E(uo, vo) + cK %y 01|72 + (2(m+ K1) + 3)*(4a0) ™ |72

+ (2012t B (|v(t)|2 + (A(t)u(t),u(t)))
t
+ (400) ™ (408¢ + (A(m + K}%) +cB)2)/ ™ B [[o(s)|[2 ds.
0
Due to the first condition in (2), the constant Cj is positive. Therefore, we have

(1 —c(m+K.a™) (20[1/26’5)’1) e™E (|v(t)\2 + (A(t)u(t), u(t))) (7)
< E |vo|?> + E (A(0)uo, uo) + (m + o~ K.) C5 ' E(uo, vo)
+ (Kot e(m+ Ko ) K207 Nl

+ (2K + Koo + (2m+ K2) + e (m + Koa™)(403C5) ™ ) ol

t
+ (Bl + 2 4 et Kaym) - 20) [ e Eo(s)| ds
0
t

+ (m+ K.a™") (4adCs) ™! (4&502 + (*(m + Kll,(/fH) + 03)2) / ™ E |Ju(s)||® ds.
0

Finally, taking into account the expressions of Cs and K., Eq. (2) implies, for m > 0 small

enough, that

0 < l-—c(m+K.at)(2a"2Cs)7,
28 > A(m+ QK;é?H +e+ Kgy.n)
+ (m+ K.a™ ") (4a6C5) ™" (4@502 + (E(m + K%QH) + 03)2) ,

which together with (A.2) and (A.3) finishes the proof. m

Remark 3 Observe that condition (2) can be rewritten in an easier way in some particular
cases. Indeed, if we assume that Kp, v =0 and fix 6 =1/2 in Theorem 2, then (2) holds if

we suppose

KGO,V < c*1a3/2,

Kaym < 28672 = 2a+ (K% + epe1))a Koy v — 2K .

(8)

For our functional problem (P), we will prove that the sample paths tend to zero expo-
nentially fast as ¢ — oo whenever the exponential mean square stability holds, in particular,

under the assumptions of Theorem 2. To this end, we will use a technique (based on the



Burkholder-Davis-Gundy inequality, the Doob inequality and the Borel-Cantelli lemma)
which has proven very fruitful for parabolic equations (see, e.g. [1],[12],[13]).

First, we need the following result:

Lemma 4 In the conditions of Theorem 2, there exist constants C1,Co > 0 such that for

any solution (u,v) of problem (P) it follows
! 2 2 2 2 2
/0 e E |o(s)[” ds < Cy (E ool + Elluoll” + a3, + lenlfz ) (9)
t
ms 2 2 2 2 2
| e Bl as < (Bl + B ol + leally, + ). (10)
for each t > 0.
Proof. We first re-write (7) as
(1 —c(m+ K.a™) (Qal/zC(;)’l) e E (|v(t)\2 + (A(t)u(t), u(t)))
< Gu(B fuol? + B lluoll® + lal?, + e l%)

1/2

t
+ 62(m+2KF07H+€+KGo,H)_Qﬁ)/ ™ B ||u(s)|* ds
0

/N

¢
+ (m+ K.a™') (4adCs) ™! (4@662 + (A(m + K%zH) + 63)2) / ™ E ||u(s)|| ds.
0

Thus, owing to Theorem 2, we can choose m > 0 such that the constant 52 multiplying

fote’”sE [v(s)]|*ds in (7) becomes negative, and hence
! 2 =~ A 2 2 2 2
ms -1
/0 " Ellu(s)[I” ds < =C1Cy (B fvo|” + E [luoll” + lealzz, + lleallzz)- (11)

Now, to check (9) it is enough to take into account (11) and that |[v|> < ¢2 ||v||?, for all
velV.

On the other hand, (10) follows from (6) by taking into account (A.2), (A.3), (3) and
(11). =

Now, using this lemma, we discuss the almost sure stability of solutions to (P).

Theorem 5 Under assumptions in Theorem 2, there exist Ko = Ko(m,h), v > 0, and a
subset Qg C Q with P(Qg) = 0 such that, for each w ¢ Qq, there exists a positive random
variable T'(w) such that if (u,v) is a solution of (P), it holds

@ + (@) < 5 (B el + B Juol + ial3, +llpill3z ) e, ¥t > T(w),

i.e., (u(t),v(t)) decays exponentially to zero almost surely.



Proof. We first prove that there exists a positive constant C' such that for any N € N

2 2 —-m 2 2 2 2
E[ sup (Jo(®)* + Jlu(t)] )] < Cem™ (B oo + Elluoll® + ealiy, + el ) - (12)
N<t<N+1

Indeed, Ito’s formula implies once again

[o()” + (A(t)u(t), u(t))
= \U(N)|2+<A(N)U(N),U(N)>+/ (A'(s)u(s), u(s)) ds
N

_2/ (B(s,v(s)),v(s))ds—l—?/ (Fo(s, s, vs), v(s))ds

N N

Jr/N|G0(5,us,vs)| ds+2/N(Go(s,us,vs),v(s))dW(s).

Now, (A4.2),(A.3),(A.4) and (B.4), yield that

2 2
sup (o) +alu(t)|*)
N<t<N+1

N+1

< 2[o(N)[? + 264 [u(N)|? + 2 /N (Fos, s, v,), v(s))ds

).

N+1 t
n 2/ 1Go(s, s, 03)[Pds + 4 sup (‘/ (Go(5, 11, v), v(s))dW (s)
N

N N<t<N+1
From (Fp.4), (9) and (10), it follows

N+1
2/N E(Fy(s,us,vs),v(s))ds

N+1
<2 / =N B(Fy(s, s, v,), 0(s))ds
N

N+1
<e V(e 4 2K%) / ™ E Ju(s)|* ds + 207N K%, (o] 72
0

N+1
e Kyt [ B (o) P ds eV Ky ve ™ o3
0
_m 1/2 2 2 2 2
< e (e + 2201 (E ool + E Juo|l” + I3 + len7: )
e Ky ve O (B ool + B Juoll” + a3, + 17 )

_ 1/2 2 - - ]
+ 2e mNKFé,H |802|I§ +e VK, yet “‘leI\Q/ :

10



On the other hand, Burkholder-Davis-Gundy’s inequality, (Go.4), (9), and (10) imply

)

1/2 N+1 1/2
< 24F ( sup |v(t)|2) (/ |G0(87u37vs)|2ds>
N

N<t<N+1

i o [ Gt (5w )

N<t<N+1

1 , N+1 )
< -FE sup |v(t)] —1—288/ E|Go(s,us,vs)|” ds
2 N<t<N+1 N

and

N4+1
/ E|C7’o(s,u5,vs)|2 ds
N

N+1
< [ e NB Gols, ) ds
N
< e "™ (Kgo,v (14 Ca) + Kgo,m (1 + Ch)) (E [vol* + E [|uol|* + @272 + ||%01||?a) :
Finally, from (3) we have

2 2 2 2 2 2 —m
E (Jo(N) + [u(N)]I*) < K (B ol + Elluol® + lpal3s, + el ) e,

for ¢ > N. Then (12) follows from the previous estimates.
Now, given ¢ > 0, the Doob inequality implies

Pl s (OF + Ju@]) = ]
N<t<N+1

<emoNE[ sy (o0 + [ulo)])]
N<t<N+1

—eN 2 2 2 2
< Cem™ (B oo + EJuoll” + ol s, + el )

and the Borel-Cantelli lemma can be now applied to complete the proof. m
The previous results have been established in [3] in the case in which a more particular
family of nonlinear operators B(t, ) appears. Indeed, in that paper we have considered that

B(t,-) : H— H is a family of nonlinear operators defined a.e. ¢ > 0 and satisfying:

(B.1) Yv € H, the map ¢t € (0,+00) — B(t,v) € H is Lebesgue measurable.

(B.2) the map 0 € R — (B(t,v + 0w), z) € R is continuous Yv,w, z € H, a.e. t > 0.

(B.3) there exists ¢cg > 0 such that |B(t,v)| < cp |v|, Vv € H, a.e. t > 0.

(B.4) there exists 3 > 0 such that (B(t,v) — B(t,7),v —0) > Blv—10|*, Vu,0 € H, a.e.

t>0.

11



Then, we can prove in the same way as in Theorem 2, that the null solution to corre-
sponding problem (P) is exponentially stable in mean square if we suppose that there exist

some constants € > 0 and § > 0 such that
20%/2C5 > K.,

and (13)
Cs (28 — (2K Y? K, 4028)" 1 (4ad + (K Y? HK
5 (28— 2Kp g +e+ Kgou)) > (4a”0) " (4ad + c*(Kg iy + cp)*) K,

If, in addition, we suppose as a particular situation, that Fo = 0, Go(.,u,v.) = Go(.,u.)
(which means that Kg, gy = 0) and we fix § = %, then the null solution to the corresponding

problem is exponentially stable in mean square if

Kg, v < min {c_l, 260?20 + (ccB)Q)_l} a3/, (14)

3 Spatial derivatives in the delayed operators

This section is devoted to establish analogous asymptotic stability results for a more general
delayed stochastic problem of second order in time, that is, the objective is to point out that
a theory similar to the one developed in the preceding section can be carry out also by using
the same techniques, for the below problem, in which it is accepted that delay can appear
in operators containing first order spatial partial derivatives. First of all, we are going to
formulate the hypotheses for the new operators:

Let Fy : [0,+00) x C(—=h,0;V) x C(=h,0; H) — V* Gy : [0,+00) x C(—h,0;V) x
C(—h,0; V) — H be two nonlinear operators such that:

(F1.1) Y(&,n) € C(—h,0;V) x C(—h,0;H) the map ¢ € (0,+00) — Fi(t,&,n) € V* is

Lebesgue measurable, a.e. t.
(F1.2) F1(t,0,0) =0, a.e. t > 0.

(F1.3) there exist Cp g, Cr v > 0 such that VE,E e C(=h,0;V),vn, € C(—h,0; H) and

a.e. t,
~ < ~2
1FL(t,&m) = Fu(t, & 0)I2 < O vl€ = EllEnony + Crm 1 =T n o) »

(F1.4) there exist mo > 0 and constants Kp, g = Kp, g(mo,h), Kp, v = Kpg, ,v(mo,h) >0

12



such that for all m € [0, mg], Vz,Z € C(=h,T;V),Vy,y € C(—h,T; H), and Vt > 0
¢ 2
| e IR ) = Fis, 7,50 ds
0

t t
< Kpv / e |la(s) — F(s)|2ds + Ky / e ly(s) — 5(s) [ ds.
—h —h

(G1.1) Y(&,m) € C(—=h,0;V)xC(—h,0; V) themap ¢ € (0, +00) — G1(t,&,n) € H is Lebesgue

measurable, a.e. t.
(G1.2) G1(t,0,0) =0, ae. t > 0.

(G1.3) there exist Cgq, v, 5’@17\/ > 0 such that Vf,g,n,ﬁ € C(=h,0;V) and a.e. t,
. = ~ ~12
|G1(t7£777) - Gl(tvan)|2 < CG1,VH§ - 6”26'(7}1,0;\/) + CGLV ”77 - 77||C(—h,O;V) :

(G1.4) there exist mg > 0 and constants IN(GhV = ffcl,v(mo, h),Ka, v =Kag, v(imo,h) >0
such that Vz,Z,y,y € C(—h,T;V) and Vt > 0,

t
/ e’ |G1(Sﬂ Ts, ys) - Gl(S,fs,ﬂs)ﬁ ds
0

t t
< Koy [ e lals) = 3(s)|7ds + Koy [ o™ uls) = 3] ds,
—h

In this case, we consider the following problem

w e I2(—h, T; V) N L3(Q;C(0,T; V), for all T > 0,
v € I*(=h,T; V) N L2(Q;C(0,T; H)), for all T > 0,
u'(t) =v(t), t €[0,T],

() + [y A(s)u(s)ds + [ B(s,v(s))ds

=g + f(f(FO(s,us,vs) + (s, us,vs))ds

+ [ (Go(s, 1, vs) + Gi(s,us, v5))AW (s), t € [0, T],
u(0) = wo,

u(t) = @1(t), v(t) = @a(t), ae. t € (=h,0),

where ,, 0y € I?(=h,0; V), ug € L*(Q, Fo, P; V), vo € L*(Q, Fo, P; H) are given.
As is was pointed out in the previous section, all the integrals in problem (Q) are well
defined.

Results about the existence and uniqueness of solutions for (¢)) can be found in Garrido-
Atienza and Real [8]. In particular, for our problem (@) in the mentionated work it is

necessary the additional hypotheses:

13



(H) 3X >0, m,m > 0 such that for z,7,y,y € L>(—h,T;V) it holds, Vt > 0,
t
2 [ e (Bls.y(s) - BT (s) - 7)) ds
0 0
wi [ e (o) = I + lyls) = 7)]°) d
t t
> A / e ly(s) — F(s)|7 ds + / e |G (5, 25, 4s) — G (5, T, 7o) d.

Next, we will check that, under the previous assumptions, a similar result to Theorem 2
holds true. In the proof, we will suppose that the term Fj = 0, otherwise we can consider
a new operator 2 [0,400) X C(—=h,0; V) x C(—h,0; H) — V* defined by F, = Fy+ F.

Also, for the sake of clarity, we will assume that IN(GI)V =Ka,v 2 Kg,.

Theorem 6 Supose that assumptions (A.1)—(A.5), (B.1)—(B.5), (F1.1)—(F1.4), (Go.1) —
(Go.4), (G1.1) — (G1.4) and (H) hold. In addition, assume that there exist 6 > 0 and A >0
such that

2&3/205 > CK,\,

and

Cs (% — (R 4 Ky m + 5 KGmH))
> (2026) 71 (2a0c® + 2 Kp, g + cg?) K,

(15)

where Cs =1—6 — K;{?Vofl and K\ = 3 + SKfl Kegyv +Kay v+ 3K§1’V . Then the zero

solution of problem (Q) is exponentially stable in mean square.

Proof. Let m be a positive constant. Arguing as in the proof of Theorem 2, but taking now
into account the new hypotheses on operators F; and G1, (H) and the expression of K, we
have

¢™E |v(t)* + ™ E <A(t)u(t),u(t)>+§/0 ™ E|u(s)|* ds

. A
< Blunl + B (A0, ) + (B +7) el + (5 +7) leally

3K 3K
+ (KGO7H + )\Gl KGO,H + §1)H> |(p2ﬁ§1

3K 3K, L
- (m + 7§1’H + Kao,m + )\Gl KGO,H> / ™ Elu(s)[* ds
0

+ (m+ Kya™") /0 e™ E (A(s)u(s),u(s)) ds.
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Using the expression of €™ E(u(t),v(t)), we have

/0 ™ E (A(s)u(s),u(s)) ds

t
ms 2 1/2 2 1/2 — 2
< B(u, vo) + / ™ E Ju(s)|*ds + K% le1 |7z + (me+ K% (200) Hgal7
0

+ (201271 B (o) + (A(t)u(t), u(t))) +(mc+K;{?H)2(2a5)—1/0 ™ Elu(s)[?ds
1/2 -1 ¢ ms 2 -1 ¢ ms 2
+ (54 Ko )/ o™ B (A(s)u(s), u(s)) ds + & (2a0) /Oe Blo(s)|2 ds

0

and then, it follows
(1 —c(m+ Kxa™) (2041/205)*1) e E (\v(t)|2 + (A(t)u(t), u(t)))
At 9
+ f/ ™ FE |jv(s)|" ds
3 Jo
< Evo|* + E (A(0)ug, uo) + (m + a™ Ky) C5 ' E(ug,vo)

. _ _ A
(8t ot (ot Kna™) KA G Bl + () el

By A
+(me+ Ky Z)*m+ Kxo™)(20005) " il

3K 3K ¢
# (e BB g ki) [ e o 0
0

3K 3K
+<KG0,H+ S Koo m + Fl’H>|802|§§{

t
+ (m+ Kxa ') (2a6Cs) ! (2045 + (mc + K;{?H)2) / e™ Elv(s)|*ds
0
t
+ c5(206Cs) ™" (m + Kxa™) / ™ E |lu(s)]|| ds.
0
Thanks now to conditions in this theorem, for m > 0 small enough, we deduce

< l—c(m+ Ky (2a1/2C5)71,

3K 3K
> A2 (m + # + Kgo.m + )\GIKGO,H)

0
A
3

+ (m+ Kxa™") (2a6C5) ™" (204502 + (mc® + CK;{?H)Q + CQB> )

hence we have ensured that the null solution to problem (Q) is exponentially stable in mean

square. W

Remark 7 [t is also possible to prove that, if the solution (u,v) to (Q) is exponentially

stable in mean square then, the null solution to problem (Q) is almost surely exponentially
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stable. To this end, we can first establish a bound for E[ sup (|v(7§)|2 + ||u(t)2)] ,
N<t<N+1
for any N € N, similar to that one in (12). To this end, we point out that one must use

hypothesis (H) in the particular case m = 0.

4 Examples

To illustrate our theory we are going to exhibit a couple of examples. The first corresponds
to the situation in which B(¢,-) : H — H, and, as a consequence, prove that our theory
improves a classical result on the asymptotic behaviour of partial differential equations of

second order in time without hereditary characteristics obtained due to Curtain [6].
Example 8

Consider the lateral displacement of a stretched string subjected to a random loading

with delays:
0%u @ ou ou(t — 7(t)) dW(t)

o Ve T e a0 (0,
u(t,0) =u(t,1) =0, t € (0,400),
(0, z) = up, %(O,x} = vo(x), in (0, 1),
ou(t
u) = o0, 22~ o), te (-h0),

where ¥ > 0, 0 € R, W(t) is a one-dimensional Wiener process, and 7 € C1(R") is such
that 0 < 7(¢t) < h, Vt > 0, being 7* = sup7/(¢) < 1.
>0

This example can be set within our formulation by taking H = L%(0,1), V = H}(0,1),

& P(=(t))

A(t)u(t) = —@(t), B(t,v(t)) = Yv(t) and Go(t,&,n) = o o

If we denote 6(t) =t — 7(t), then there exists k > 0 such that 67" (¢t) <t + k, Vt > —7(0),
and consequently, with the notation above, it is easy to check all the conditions and deduce

that

1
B=cg=1, a=1, c= o Kg,.m(mo) =0, Kg, v(mg) =

with mg > 0 arbitrarily chosen.
Thus, we can ensure that given o, € I?(—h,0; V), p, € I?(—h,0; H), ug € L*(Q,Fo, P; V)
and vy € L%(Q, Fo, P; H), there exists a unique solution u € I?(—h,T; V)NL2(; C(0,T;V)),
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%—7; € I*(~=h,T; H)NL?3(Q;C(0,T; H)) to the corresponding problem (P), and using (14) we
immediately obtain the exponential stability in mean square and pathwise of the solution
to our problem provided

o2

. 2092 2092
— < minJm, 50 = 5
1—7 2w2 4+ 9 2w2 4+ 9
Observe that in the particular case in which 7(¢) = h for all ¢ > 0, the previous condition

2072 4972
reads 02 < ———— a better estimate than the condition o2 <

on2 + 9% A2 +9(0 + V02 + 4n2)

obtained by Curtain in [6] in the case without delays, i.e., when h = 0.

Example 9

Consider the problem

Pu Pu 0 (Ou) 9 k(tﬂ)
a2 0z2 ozz\at)  9x \"\" ozot

= o (ot~ pa(6)), St — pa(0)), Tt pal)

(o (1eute = pa(0). G = (0. Gy = (0. 5 (Gt = a0 ) )
ron (1 P 0000} AW
o A PR ot dt
u(t,0) =u(t,7) =0, t € (0, +00),
u(0, z) = ug, %(O,x) = vg(x), in (0, 7),
Bu(t)

u(t) = 901(t)7 ot = 902(t)a le (—h,O),

; in (0, 400) x (0, ),

where v, h > 0, and W (t) is a one-dimensional Wiener process. Let us set H = L2(0, ),
V = H}(0,7), and consider A(t)u(t) = —gZZ (t), Yu € V, ¥t > 0. On the other hand, we

assume that k : Rt x R — R is a continuous map such that there exists ¢ > 0 such that

(k(t,z) —k(t,2))(z—2) >0, |k(t,z)| < cgxlz| Yz, T eR,Vt>0.

Then we consider

T dv dw T dv . dw

Bt = ——d k(t,—)—dz, V V, ¥Vt > 0.

Blto.u) =y [ e+ [ ke TP e vow eV, e

Assume that p, € C1(RT), i = 1,- - -,9 are measurable functions such that 0 < p,(¢) < h,

Vt € RT, being p* = max (maxp)(t)) < 1. As in the previous example, if we denote
1<i<9 teR+

0,,(t) =t — p;(t), then there exists k, > 0 such that 0,'(t) < t+ k,, ¥t > — mini<;<g p,(0).
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We suppose that f; : Rt x R* — R is a measurable function such that f(¢,0,0,0) = 0,
and there exists Ly, > 0 such that

|f1(taa7yab) - fl(taa7gvg)| S Lfl(‘a_?ﬂ + |y—g| + |b_g|)a

Va,a, b,g, Y,y € R, Vt € RT. We denote by Fy(t,-,-) the family defined by

(Fitgn ) == [ A0, 5 o)) (o0 (@) ()
V(&,n) € C(=h,0;V) x C(=h,0;H), Vv € V, for each t € RT.

Let go : RT x R? — R be a Lipschitz continuous function such that go(t,0,0) = 0, with
\go(t,;l:,y) - go(t’f’gﬂz < L?;o(‘x - %|2 + |y - g|2)7 V(I7y)a (EJ’J) € RZth € R*.

We consider

9E(=ps(t))

GO(t7 Ea 7]) = 9o <ta O

Ap(0)) . VEn) € B X CO-h057) x C(-,0: )

Suppose also that g; : RT x R* — R is a measurable function such that g;(¢,0,0,0,0) = 0,
and there exists Ly, > 0 such that

|g1(tva7y7bvz) - gl(tvaa 277 b7z)|2 < L91(|a _6‘2 + |y - :'7'2 + |b - b|2 + |Z - 5‘2),

Va,a,bb, y, 7,22 € R, Vt € RT. For every t € R* and &, € C(—h,0;V), let G1(t,&,1)
be the element of H given, a.e. x € O, by

o¢ In
G1(t,6,m)(2) = g1(t, E(=pa (1)) (2), 5= (=05 (1)) (2), 1(=ps(1)) (2), 5 (=p7(t))(2)),
Then, it is easy to check that if, for example
I <y T
1—-o0*
we can assure existence and uniqueness of a solution to the corresponding problem (see
Garrido-Atienza [7]). In particular, for ¢, € I?(—h,0; V), ¢y € I2(=h,0; H), ug € L*(Q, Fo, P; V)
and vy € L%(Q, Fy, P; H) given, there exists a unique solution u € I?(—h, T; V)NL?($; C(0,T;V)),

0
371: € I*(=h,T; H) N L*(Q; C(0,T; H)). The constants are now

_ _ . _ a9 —mokp Ly _ —mokp Ly
cg=ck, f=7 a=c=1, Kp n(mg)=3e "0 pl_;*, Kp, v(mg) = 6me™ "0 pl_;*,
2

L2 L
_ _ o, —mok _ _—mok
Kgyv(mo) = Kgy,m(mg) = 2e™mo% 1_g;,)*7KG1 = e Mot 1_‘7;*

The solution is exponentially stable in mean square and almost surely if we impose the

corresponding hypothesis (15).
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5 Concluding remarks

Some results on the exponential stability of functional stochastic partial differential equations
of second order in time have been proved, these extend some results from [3]. Moreover, in
the particular case without delay, a stability criterium in [6] is also improved (see Example
8).

Another point is that, although we have only considered the case of a real Wiener process,
the results can be extended to a Hilbert valued situation. However, we have preferred to
consider this framework for the sake of clarity.
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