
Note CRAS project
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(Systèmes dynamiques/Dynamical Systems)

Global attractors for multivalued random semiflows gener-
ated by random differential inclusions with additive noise
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Abstract. We introduce the concept of multivalued random dynamical system (MRDS) as a mea-
surable multivalued flow satisfying the cocycle property. We show how this is a suit-
able framework for the study of the asymptotic behaviour of some multivalued stochastic
parabolic equations by generalizing the concept of global random attractor to the case of
a MRDS. c© Académie des Sciences/Elsevier, Paris

Attracteurs globaux pour des semi-flots aléatoires multivalués
engendrés par des inclusions différentielles stochastiques avec
un bruit additif

Résumé. Dans cette Note, on présente la notion de Système Dynamique Aléatoire Multivalué
(MRDS) comme un flot mesurable multivalué qui satisfait la propriété du cocycle. Par
une généralisation du concept d’attracteur global aléatoire dans le cas d’un MRDS, on
montre que cette notion est bien adaptée pour l’étude du comportement asymptotique
de quelques equations stochastiques paraboliques multivaluées. c© Académie des Sci-
ences/Elsevier, Paris

French Abridged Version

Cette Note a comme objectif fondamental l’analyse du comportement asymptotique de quelques
inclusions différentielles stochastiques. D’abord, nous développons une théorie similaire à celle de
Crauel et Flandoli [8] pour le cas des systèmes dynamiques univalués. Nous introduisons la notion
de Système Dynamique Aléatoire Multivalué (MRDS), ou Semi-flot Aléatoire Multivalué, comme
une multi-application mesurable qui satisfait la propriété du cocycle (Definition 1). Ensuite, nous
démontrons que l’existence d’un ensemble aléatoire absorbant et compact, ainsi que la semiconti-
nuité supérieure du MRDS, impliquent l’existence d’un d’attracteur global aléatoire (Théorème 2
et Definition 4).

Au paragraphe 3, nous étudions une inclusion différentielle stochastique avec un bruit additif
(voir (1)), et nous démontrons que, sous certaines hypothèses sur les opérateurs A et F (surtout,
m-dissipativité pour A et caractère lipschitzien pour F ), l’inclusion différentielle (1) engendre un
MRDS. La construction est basée sur un changement de variables adéquat, qui tranforme l’inclusion
stochastique dans une autre inclusion déterministe dépendant d’un paramètre, à laquelle on peut
appliquer les résultats de la théorie déterministe. Utilisant la notion de solution intégrale du
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système transformé (voir Definitions 5-7), nous montrons comment on peut construire un semi-flot
aléatoire multivalué.

Pour terminer, sous une hypothèse de dissipativité, et une condition de compacité sur le MRDS,
nous démontrons l’existence d’un ensemble aléatoire absorbant et compact, ce qui assure l’existence
d’un attracteur global aléatoire.

Une étude plus detaillée, avec des applications à des inclusions stochastiques de réaction-diffusion,
sera publiée prochainement (voir [6]).

1. Introduction

The study of the qualitative behaviour of ordinary and partial differential equations is one of
the most developed branches in this field. When a phenomenon from Physics, Chemistry, Biology,
Economics can be described by a system of differential equations where the existence of global
solutions can be assured, one of the most interesting problems is to know what is the asymptotic
behaviour of the system when time grows to infinite. The study of the asymptotic behaviour of the
system is giving us relevant information about “the future” of the phenomenon described in the
model. In this context, the concept of global attractor has become a very useful tool to describe the
long-time behaviour of many important differential equations (see, among others, Ladyzhenkaya
[11], Hale [10], Temam [14]).

However, some difficulties appear when we have to work without uniqueness of solutions in the
system or when the model is better described by, for instance, a differential inclusion. In these
cases, it has been shown that the theory of multivalued flows makes suitable the treatment of the
asymptotic behaviour of these differential equations and inclusions (Melnik and Valero [12], Valero
[16]).

A new and different difficulty appears when a random term is added to the deterministic equation,
a white noise for instance, so that the corresponding stochastic partial differential equation must be
treated in a different way. Firstly, the equation becomes nonautonomous, which makes necessary
the introduction of a process instead of a semigroup. Moreover, the strong dependence on the
random term adds another difficulty. The new and rapidly growing theory of random dynamical
systems (Arnold [2]) has become the appropriate tool for the study of many important random
and stochastic equations. In this framework, Crauel and Flandoli [8] (see also Schmalfuss [13])
introduced the concept of random attractor as a proper generalization (see Caraballo et al. [5]) of
the corresponding (deterministic) global attractor.

The joint treatment of multivalued functions and stochastic terms in a differential equation makes
difficult even the existence and uniqueness of solutions for these systems (Ahmed [1], Da Prato and
Frankowska [9], among others). In this paper we show how some stochastic differential inclusions
generate multivalued random semiflows or multivalued random dynamical systems (MRDS) and
study the asymptotic behaviour of some stochastic differential inclusions by previously introducing
the corresponding concept of random attractor for this case. The proofs of the results in this Note
and a detailed analysis of the problem (including some applications) can be found in [6].

2. Multivalued random dynamical systems and attractors

Let (X, dX) be a complete and separable metric space with the Borel σ-algebra B (X). Let
(Ω,F ,P) be a probability space and θt : Ω → Ω a measure preserving group of transformations in
Ω such that the map (t, ω) 7→ θtω is measurable and satisfying

θt+s = θt ◦ θs = θs ◦ θt; θ0 = Id.
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The parameter t takes values in R endowed with the Borel σ-algebra B (R) .

Definition 1. – A set valued map G : R+ × Ω × X → C(X) (C(X) denotes the set of
non-empty closed subsets of X) is called a multivalued random dynamical system (MRDS) or a
multivalued random semiflow if is measurable (see Aubin and Frankowska [4], definition 8.1.1) and
it satisfies
i) G(0, ω) = Id on X;
ii) G(t + s, ω)x = G(t, θsω)G(s, ω)x (cocycle property) for all t, s ∈ R+, x ∈ X, ω ∈ Ω.

Remark. When ii) holds identically, we call G a perfect cocycle. We call G a crude cocycle if ii)
holds for fixed s and all t ∈ R+, x ∈ X, P− a.s. (where the exceptional set Ns can depend on s).
We call G a very crude cocycle if ii) holds for fixed s, t ∈ R+, for all x ∈ X,P − a.s. (where the
exceptional set Ns,t can depend on both s and t).

Definition 2. – The MRDS G is said to be upper semicontinuous if for all t ∈ R+ and ω ∈ Ω
it follows that given x ∈ X and a neighbourhood of G(t, ω)x, O(G(t, ω)x), there exists δ > 0 such
that if dX(x, y) < δ, then G(t, ω)y ⊂ O(G(t, ω)x).
On the other hand, G is called lower semicontinuous if for all t ∈ R+ and ω ∈ Ω, given xn → x
(n → +∞) and y ∈ G(t, ω)x, there exists yn ∈ G(t, ω)xn such that yn → y.
It is said to be continuous if it is upper and lower semicontinuous.

Now, we extend the concept of random attractor to the case of a MRDS and show a general
result for the existence and uniqueness of attractors. Firstly we need some definitions.

Definition 3. – A closed random set D is a measurable map D : Ω → C(X) in the sense of
Castaing and Valadier [7], that is, given x ∈ X the map ω ∈ Ω 7→ dist(x,D(ω)) is measurable.
A closed random set D(ω) is said to be negatively (resp. strictly) invariant for the MRDS G if
D(θtω) ⊂ G(t, ω)D(ω) (resp. D(θtω) = G(t, ω)D(ω)), ∀ t ∈ R+, ω ∈ Ω.

Let us assume the following conditions for the MRDS G:

(H1) There exists an absorbing random compact set B(ω), that is, for P−almost all ω ∈ Ω and
every bounded set D ⊂ X, there exists tD(ω) such that G(t, θ−tω)D ⊂ B(ω), for all t ≥ tD(ω).

(H2) G(t, ω) : X → C(X) is upper semicontinuous, for all t ∈ R+ and ω ∈ Ω.

Define the limit set of a bounded set D ⊂ X as

ΛD(ω) = ∩T≥0∪t≥T G(t, θ−tω)D.

We now have the following proposition concerning some properties of the set ΛD(ω):

Proposition 1. – Assume conditions (H1) and (H2) hold. Then, for P−almost all ω ∈ Ω and
every D ⊂ X bounded, it follows:
i) ΛD (ω) ⊂ B (ω) is nonvoid and compact.
ii) ΛD(ω) is negatively invariant. If in addition G is lower semicontinuous, then ΛD(ω) is strictly
invariant.
iii) ΛD(ω) attracts D, i.e.,

lim
t→+∞

dist(G(t, θ−tω)D,ΛD(ω)) = 0.

Definition 4. – The closed random set ω 7→ A(ω) is a global random attractor for the MRDS
G if P− a.s.
a) G(t, ω)A(ω) = A(θtω), for all t ≥ 0, (that is, it is strictly invariant);
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b) for all bounded D ⊂ X,
lim

t→+∞
dist(G(t, θ−tω)D,A(ω)) = 0;

c) A (ω) is compact.

We can now state the following theorem on the existence of random attractors for MRDS:

Theorem 2. – Let (H1)−(H2) hold, the map (t, ω) ∈ R+×Ω 7→ G(t, ω)D be measurable for all
deterministic bounded sets D ⊂ X, and the map x ∈ X 7→ G (t, ω)x have compact values. Then,

A(ω) = ∪boundedD⊂XΛD(ω)

is a global random attractor for G (measurable with respect to F). It is unique and the minimal
closed attracting set.

3. MRDS generated by a stochastic differential inclusion with additive noise

3.1 Generation
Let X be a real separable Hilbert space with the scalar product 〈·, ·〉 and the norm ‖·‖. Consider

the following stochastic differential inclusion





du

dt
∈ Au (t) + F (u (t)) +

m∑

i=1

φi
dwi(t)

dt
, t ∈ (0, T ),

u (0) = u0,

(1)

where A : D (A) → X is a linear operator, φi ∈ D (A) and wi (t) are independent two-sided, i.e.
t ∈ R, real Wiener processes with wi (0) = 0, i = 1, ...,m.

Let us introduce the next conditions:
(A) The operator A is m-dissipative, i.e. ∀y ∈ D(A), 〈Ay, y〉 ≤ 0 , and Im(A− λI) = X, ∀λ > 0.

(F1) F : X → Cv(X), where Cv(X) is the set of all non-empty, bounded, closed, convex subsets of
X.

(F2) The map F is Lipschitz on D(A), i.e. ∃C ≥ 0 such that ∀y1, y2 ∈ D(A)

distH(F (y1), F (y2)) ≤ C ‖y1 − y2‖ ,

where distH(·, ·) denotes the Hausdorff metric of bounded sets.

Let ζ (t) =
∑m

i=1 φiwi (t). Let us consider the Wiener probability space (Ω,F ,P) defined by
Ω = {ω = (w1 (·) , ..., wm (·)) ∈ C (R,Rm) | ω (0) = 0} , equipped with the Borel σ−algebra F , the
Wiener measure P, and the usual uniform convergence on bounded sets of R. Each ω ∈ Ω generates
a map ζ (·) =

∑m
i=1 φiwi (·) ∈ C (R, X) such that ζ (0) = 0.

Making the change of variable v (t) = u (t)− ζ (t), inclusion (1) turns into





dv

dt
∈ Av (t) + F (v (t) + ζ (t)) +

m∑

i=1

Aφiwi (t) ,

v (0) = v0 = u0.

(2)

Defining the multivalued map F̃ : [0, T ]×Ω×X → Cv (X) , by F̃ (t, ω, x) = F (x + ζ (t))+Aζ (t) ,

it is easy to obtain from (F2) that F̃ satisfies (F1), (F2) and the next property:
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(F3) For any x ∈ X there exists n (·) ∈ L1 (0, T ) depending on x and ω such that
∥∥∥F̃ (t, ω, x)

∥∥∥
+

≤
n (t), a.e. in (0, T ) .

Consider also the problem 



dv(t)
dt

= Av(t) + f(t),

v(0) = v0,

(3)

where f(·) ∈ L1([0, T ], X).
Definition 5. – The function u : [0, T ] → X is called a strong solution of problem (3) if:

i) u(·) is continuous on [0, T ] and u(0) = u0;
ii) u(·) is absolutely continuous on any compact subset of (0, T ) and almost everywhere (a.e.)
differentiable on (0, T );
iii) u(·) satisfies (3) a.e. on (0, T ).

Definition 6. – The continuous function v : [0, T ] → X is called an integral solution of problem
(3) if v(0) = v0 and

‖v(t)− ξ‖2 ≤ ‖v(s)− ξ‖2 + 2
∫ t

s

〈f(τ) + Aξ, v(τ)− ξ〉dτ, t ≥ s, ∀ξ ∈ D(A). (4)

It is well known (see Barbu [4, p.124]) that any strong solution of problem (3) is an integral
solution.

Definition 7. – The process v : [0, T ] × Ω → X is said to be an integral solution of problem
(2) if for any ω ∈ Ω the map v(·) = v(·, ω) : [0, T ] → X is continuous, v(0) = v0, and for some
selection f ∈ L1([0, T ], X), f(t) ∈ F̃ (t, ω, v(t)) a.e. on (0, T ), the inequality (4) holds.

In what follows, we will omit ω if no confusion is possible.
If condition (A) holds and f ∈ L1([0, T ], X), then ∀v0 ∈ D(A) there exists a unique integral

solution v(·) of (3) for each T > 0 (see Barbu [4, p.124]). We shall denote this solution by
v(·) = I(v0)f(·). If (A), (F1) − (F3) hold, then ∀v0 ∈ D(A) there exists at least one integral
solution v(·) = I(v0)f(·) of (2) for each T > 0 (see Tolstonogov [15], Theorem 3.1), so each
solution can be extended on [0,∞). Let us denote by D(v0, ω) the set of all integral solutions of
(2) such that v(0) = v0. We define the maps G : R+ × Ω × D(A) → P (D(A)), θs : Ω → Ω as
follows

G(t, ω)v0 = {v(t) + ζ (t) | v(·) ∈ D(v0, ω)},
θsω = (w1 (s + ·)− w1 (s) , ..., wm (s + ·)− wm (s)) ∈ Ω.

Then the function ζ̃ corresponding to θsω is ζ̃ (τ) = ζ (s + τ)−ζ (s) =
∑m

i=1 φi (wi (s + τ)− wi (s)) .

Theorem 3. – Let (A), (F1), (F2) hold. Then G satisfies the cocycle property. Moreover, if
the semigroup S (t, ·) generated by the operator A is compact, then G generates a MRDS.
3.2 Existence of a random attractor

As in the deterministic case, a dissipative assumption will imply the existence of a compact
absorbing set and, as a consequence of Theorem 2, the existence of the random attractor for the
multivalued random semiflow. However, to this end more regularity of the integral solutions is
needed.

Proposition 4. – Let (A), (F1), (F2) hold. Suppose that each integral solution of (2), v (·) =
I (u0) f (·) is a strong solution of (3). Let there exist constants δ > 0, M ≥ 0 such that ∀u ∈ D (A) ,
y ∈ F (u) ,

〈y, u〉 ≤ (−δ + ε) ‖u‖2 + M,
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where ε ≥ 0 is the biggest constant such that

〈Au, u〉 ≤ −ε ‖u‖2 , ∀u ∈ D (A) .

Then there exists a random radius r (ω) > 0 such that for P− almost all ω ∈ Ω and any bounded
set B ⊂ D (A) we can find T (B) = T (B, ω) ≥ 1 for which

‖G (−1 + t0, θ−t0ω)u0‖+ ≤ r (θ−1ω) ,∀t0 ≥ T (B) ,∀u0 ∈ B.

Theorem 5. – Let the conditions of Proposition 4 hold, the semigroup S (t, ·) generated by the
operator A be compact and the multivalued map G (1, ω) be compact (that is, it maps bounded sets
into precompact ones). Then, G has the minimal global random attractor A(ω). Moreover, it is
measurable with respect to F .

Remark. This abstract result is applied in [6] to stochastic reaction-diffusion inclusions.
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