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1. Introduction and statement of the problem

A description of wave propagation phenomena in random media is usually based on the
study of stochastically (or randomly) perturbed hyperbolic partial differential equations
(see, e.g., Sobczyk (1984) and the references therein). If these wave phenomena are
temperature dependent or heat generating, then the hyperbolic equations are coupled
with a stochastic parabolic (heat) equation (see, e.g., Chow (1973) or Hori (1973)).
To this respect, the question of how a thermal environment may influence on the long

time dynamics of the system arises. In this paper we consider this question and show
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that, under some conditions, temperature field is a slave variable for wave (master)
variables. In particular this means that the thermal effects at large time scale can
be taken into account by modifying a forcing (nonlinear) term in the corresponding
stochastic hyperbolic equation.

As a model to present our results we consider a system of stochastic differential

equations consisting of the hyperbolic equation

vtt+vvt+Lv:F(U,vt,U)+W1, in X, (1)
and the parabolic one

up + vAu = G(v,v,u) + K(v,v;) + Wa, in Xy, (2)

where X and X, are infinite dimensional separable Hilbert spaces, v and v are positive
parameters, and the operators and the noises appearing in (1) and (2) satisfy the

following assumptions:
(A1) L and A are positive linear self-adjoint operators in X; and X, respectively with
domains D(L) and D(A).
(A2) F and G are nonlinear mappings,
F : D(LY?) x X; x D(A%) — X1,
G : D(LY?) x X1 x D(A%) — X,
where a € [0, 1), and there exist constants Mp and Mg such that
|1F'(vo, v1,u) — F(0o, 01, 0)||x,
< My (1L (v = b0} [}, + llor = anll%, + 4% @ = )I,)
and
|G (vo, v1,u) — G(0o, D1, 1) || x,
< Mo (1L (w0 = b0} [}, + llor = anll%, + 4% = a)l%,) " (@)
(A3) The mapping K : D(L'?) x X, + [D(AP)]’ possesses the property
| A= (K (vo, v1) — K (00, 01)) |1 x

. . 1/2
< My (ILY2(v0 — 00) 1%, + lon — d]1%,) " (5)

for some 0 < 8 <1 — «, where M is a positive constant.
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(A4) For every i = 1,2, W;(t), t € R, is a two-sided X;-valued Wiener process with
covariance operator K; = K > 0 such that tr K; < oo and tr KyA2atea) -1 «
for some € > 0. We assume for simplicity that W; and W, are independent, and
denote by (€2, F,P) the corresponding probability space, and by W; the generalized

derivative with respect to ¢ in (1) and (2).

Although it is possible to consider other kinds of randomness to model stochastic wave
phenomena, the main reason which justifies the use of additive noise is that it usually
models background effects and small effects that have been omitted or neglected in a
deterministic modeling procedure. To this respect, from the physical point of view, it
is important to know whether qualitative properties of the simplified (deterministic)
model are robust enough to perturbations by additive noises. Our result in Section 6
answers this question for system (1)—(2).

We also note that system (1)-(2) is an abstract model for a thermoelastic
phenomenon in a random medium which can be described by the following equations
(see, e.g., Chow (1973)):

Uy + YU — pAv — (4 NV dive = —sVO + F(o, Vo) + Wy, t > 0,2 € O,  (6)
0, —vAG = =6 - dive, + G(0,V0) + Wa, t > 0,2 € O, (7)

where O is a domain in R?, d = 2,3, v = v(x,t) € R? denotes the displacement vector,
0 = 6(z,t) the temperature, and p, A, k, v, 0 are positive constants, where 1 and A are
Lamé moduli. The parameter v > 0 describes resistance forces, and the functions F
and G satisfy suitable conditions. The white noise processes W, and W (see below for
more details) model random fluctuations in external loads (W) and in thermal sources
(Wy).

System (6)-(7) can be easily set in our abstract formulation. To this end, we first
need to equip these equations with suitable boundary conditions. For example, we can

consider Dirichlet type boundary conditions
v=0,0=0 for t >0, x € 00. (8)

If we assume that F' : R s R? and G : R — R are globally Lipschitz, then
(A1)-(A3) hold for our problem (6), (7) and (8), by setting X; = [Ly(O)]%, X5 = Ly(O),
a=0=1/2, K(v,v) = —0divy,, L = —pA—(u+ )V divand A = —A with Dirichlet
boundary conditions, and finally, ' and G are defined in the obvious way.

We note that the asymptotic behaviour of deterministic thermoelastic models has

been receiving increasing attention over the last years (see, e.g., Chandrasekharaiah
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(1998), Chueshov (2004), Jiang and Racke (2000), Munoz Rivera and Barreto (1998),
Munoz Rivera and Racke (1995), and the references therein).

It is also worth mentioning that, as we do not assume any compactness properties
concerning the resolvents of the operators L and A, our problem (6), (7) and (8)
on unbounded domains can be also included within the scope of our theory, after an
appropriate redetermination of the linear and nonlinear terms in the equations.

As far as we know, there are no publications on the dynamics of coupled parabolic-
hyperbolic stochastic partial differential equations, although stochastic parabolic and
wave equations have been widely studied by many authors (see, e.g, the monographs
Cerrai (2001), Da Prato and Zabczyk (1996) and the references therein for the parabolic
case and the papers Barbu and Da Prato (2002), Carmona and Nualart (1993), Dalang
and Frangos (1998), Da Prato and Zabczyk (1992), Millet and Morien (2001), Millet and
Sanz-Solé (2000), Peszat and Zabczyk (2000), Quer-Sardanyons and Sanz-Solé (2004)
for the wave case).

Our main objective in this paper is to prove a reduction principle for the random
dynamical system generated by problem (1)—(2) which will allow us to rewrite our
coupled system as an equivalent problem for a single stochastic hyperbolic equation
with a conveniently modified nonlinear term. To be more precise, we will prove that,

for v large enough, in the phase space
Ho = D(LY?) x X1 x X,

of the random dynamical system generated by (1) and (2), there exists an invariant

exponentially attracting (random) surface of the form
M(w) = {(v,@,@(w,v,z‘;)) . (v,7) € D(LY?) x Xl} C Ho, (9)

where ® : Q x D(LY?) x X; + X, is a Lipschitz mapping for each w €  and a
stationary process with respect to ¢ (see Theorem 4.1 for more details). Under some
additional conditions the existence of this surface M makes it possible to prove that the

long-time behaviour of the system (1) and (2) can be described by the reduced problem
vy + Y0 + Lv = F(v, v, (O, v, ) + Wi, in X;. (10)

For a similar result in the deterministic framework we refer to Leung (2003) and
Chueshov (2004). We also mention that, in contrast with (1), the reduced system
(10) contains a random nonlinear term of the form F*(v,w:,6,w) and, hence, cannot
be considered as a perturbation of a deterministic system by an additive white noise

process.
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The approach which we adopt in this paper relies on some ideas from the theory
of inertial manifolds started by Foias et al. (1988) and developed by many authors (see,
e.g., the monographs by Chueshov (1999), Constantin et al. (1989), Temam (1988)
for the deterministic case and the papers by Bensoussan and Flandoli (1995), Chueshov
(1995), Chueshov and Girya (1995), Chueshov and Scheutzow (2001), Duan et al. (2003)
for the stochastic case and also the references therein). To cover our main case o+ = 1
we invoke the idea of the Lyapunov-Perron method (see, e.g., Chow and Lu (1988) and
Chow et al. (1992)) in the form presented in Miklavéic (1991) for the deterministic
case. To the best of our knowledge, this idea has not been used earlier in the study of
invariance properties of stochastic systems.

The paper is organized as follows. In the preliminary Section 2 we represent the
problem as a first order stochastic differential equation, for the reader’s convenience
recall the basic definitions from the theory of random dynamical systems, and collect
several results on stochastic convolutions in a form adapted to our situation. In Section 3
we prove the existence and uniqueness of mild solutions to problem (1) and (2) and
show that this problem generates a filtered random dynamical system (RDS). Section 4
contains our main result which is a type of reduction principle (see Theorem 4.1). In
Section 5 we establish some properties of the reduced system. In Section 6 we estimate
the distance between M(w) and its deterministic counterpart M%* in terms of the
covariance operators of W; and Wy (see Theorem 6.1). In particular, we prove that
M(w) converges to M?! when the intensity of the noise tends to zero. Some final

comments and conclusions are presented in the last section.

2. Basic definitions and auxiliary facts

First of all, we will rewrite system (1) and (2) as a first order stochastic partial differential
system and will analyze the corresponding Cauchy problem; in other words, problem

(1)—(2) is equivalent to

LAV =BV)+W, 15 V]l =V (11)
where s € R, V =V (t) = (v(t),v:(t),u(t))?, W = (0, Wy, W)T and
0 -1 0 0
A= L ~ 0 |, BV)=] F(v,v,u) : (12)
0 0 vA G(v, v, u) + K(v, 1)

We consider now problem (11) in the scale of spaces

H, = D(LY?) x X; x D(A®), o €R,
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which are equipped with the norms
o 1/2
Ve = (1L v0l%, + ok, + 14%u0ll%,) "™, V = (vo, 01, uo).

Recall that if 0 < 0, then D(A?) is the completion of X, with respect to the norm
1A% [ x,
It is straightforward to check that the operator A generates a strongly continuous

semigroup e~ in each space H, and

- ;0
e At:( . e_VAt>, (13)

where T is the strongly continuous group in D(L'/?) x X, generated by the equation
v +yv + Lo =0, t >0, in Xj. (14)
Let P denote the orthoprojector in H, onto the first two components, i.e.
P(vg,v1,up) = (vo,v1,0) for (vg,v1,up) € Ho, (15)

and Q = I — P. One can easily establish by a direct calculation (see, e.g., Foias et al.
(1998) and also Chueshov (1999) or Temam (1988)) the following dichotomy estimates

e PV | <ePVl],, t<0,VEH,, (16)

| e PV | = TPV pyux, <PV, t>0,VeH,, (17)

Qv < [(Z) +X]e™QVI, 120, VeH, 050, (18)

where A\; > 0 is the minimal point in the spectrum of A. We also note (see, e.g.,
Chueshov (1999, Lemma 5.7.1)) that there exist positive constants Cy and -y such that

Tyl pieyxx, < Cpe 0t Yl s 20,4 € D(L'?) x X;. (19)

2.1. Random dynamical systems

We recall now some concepts from the theory of random dynamical systems (see, e.g.
Arnold (1998) for more details). As usual, R, denotes the set of all non-negative

elements of R.

Definition 2.1 Let X be a topological space. A random dynamical system (RDS) with

time R, and state space X is a pair (6, ¢) consisting of the following two objects:
(i) A metric dynamical system (MDS) 6 = (Q,F,P,{6;,t € R}), i.e. a probability
space (2, F,P) with a family of measure preserving transformations {6; : Q —
2, t € R} such that
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(a) 0o =1id, 6,005=10,,5 forall t seR;
(b) the map (t,w) +— 6w is measurable and §,P = P for all ¢ € R.
(ii) A (perfect) cocycle ¢ over 6 of continuous mappings of X with one-sided time R,

i.e. a measurable mapping
R xOAx X=X, (tw,z)— o(t,w)z

such that the mapping ¢(-,w) : (f,x) — ¢(t,w)z is continuous for all w € 2 and

satisfies the cocycle property:
o(0,w) =1id, o(t+ s,w) = o(t,0,w) o p(s,w) forall ¢t,s>0 and w € Q.

Definition 2.2 Let 6 be an MDS, F the P-completion of F, and F = {F;,t € R} a
family of sub-c-algebras of F such that (i) Fs C Fp, s < t; (il) Fs = oo Feth, 5 € R,
i.e., the filtration F is right-continuous; (iii) F, contains all P-null sets in F, s € R;
and (iv) 65 is (Fiys, Fr)-measurable for all s,t € R. Then (0,F) is called a filtered
metric dynamical system (FMDS). If, in addition, (6, ¢) is an RDS such that ¢(¢, )z
is (F, B(X))-measurable for every ¢t > 0 and z € X, then (6,F, ¢) is called a filtered
random dynamical system (FRDS).

We note that (6, F, ¢) is an FRDS if and only if (0, ¢) is an RDS, (6, F) is an FMDS
and ¢(+,-)x is adapted to F for every x € X. Recall that an X-valued stochastic process
Y (t),t € T C R is called adapted with respect to the filtration F if Y'(¢) is (F, B(X))-

measurable for every t € T'.

2.2. Stochastic convolution

We consider a pair of two-sided independent Wiener processes Wi (t) and Wh(t), t € R,
with values in X; and X, respectively on the same probability space (2, F,P) with

covariance operators K; and K, possessing the properties
K;,=K;>0, trK, <oo, trK,A*®t)=1 < o0,

for some ¢ > 0. For the definitions and properties of such processes see Da Prato
and Zabczyk (1992). The property tr K7 < oo implies that W) has almost surely
strongly continuous trajectories in X; (see Da Prato and Zabczyk (1992, p.119)).
In the second case, there exists a Hilbert space X, (containing X5) such that Ws
has strongly continuous paths in X,. In addition to the distributional properties of
W = (0, Wy, W)T, we will assume that there exists a filtered MDS (6, F) such that
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(a) W(t) — W(s) is Fi-measurable for t € R, s <t and independent of F; for s < t;
(b) W(t+ s,w) —W(s,w) = W(t,b0w), s,t € R, w € Q (helix property).
We refer to the monograph Arnold (1998) for the construction of this FMDS and the

corresponding Wiener processes.

Now, let us consider the following stochastic integral

0
n(t,s) = /t e~ AW (1) = /t e AL awn(r) |, t>s (20)
) ’ AW, ()
The integral in (20) exists as an operator stochastic integral (see, e.g., Da Prato and
Zabczyk (1992)). The process 7(t, s) has the form n(t,s) = (n:1(t,s), n2(t, s))T, where
m(t,s) and ny(t, s) are centered (independent) Gaussian processes in D(L'/?) x X, and

D(A*) C X, respectively, of the form

s) = t 0 s) = tefu(tfr)A -
m(t,s) / T, ( s ) ol 5) / (). (21)

One can also prove (see, e.g., Da Prato and Zabczyk (1992)) that
Eln(t, )|z = Elni(t, 8)[ppam) 0, + EIATR(L, s)II%,
and
t A
Bl (t, ) By ooy, = / w {1, K1y} ar (22)
where K| = diag {0, K1} is an operator in D(LY?) x X, and
1
E||A%ns(t, 5)|%, = 2—tr {K,A* (1 - 6_2”(t_8)’4)} , o<a. (23)
v
We note that (22) and (19) imply
Elm(t,$)| 5wy, < Co-trky- (1 - e~ 20(t=2) (24)

and also, since T; is a strongly continuous contraction semigroup, by Da Prato and
Zabczyk (1992, Theorem 6.10) there exists a constant C' > 0 independent of K such
that

Etzl[é% Im(t, 0)|2D(L1/2)xX1 < CE[m(1, O>|2D(L1/2)Xx1 < C-trKy. (25)
We will write IT = {(¢,s) : —oc0o < s <t < o0, t > —o0}. By Chueshov and

Scheutzow (2001, Proposition 3.1), there exists a (perfect) modification of the processes

n1(t, s) and ns(t, s) such that the following properties hold.

e Process n(t, s):
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(i) (t,5) — nu(t,s,w) is continuous from IT into D(LY?) x X1, w € Q;
(ii) (t,s,w) — ni(t,s,w) is measurable from II x Q into D(LY?) x Xi;
(iii) quasi-stationarity:
mt, s,w)=mt+rs+70_,w), (ts)ell, TeR, we; (26)
(iv) evolution relation: for all —oo <7 < s <t weQ,
m(t,s,w) =m(t,7,w) —Ti—sm(s,T,w); (27)
(v) temperedness: for all 5> 0, w € Q,

sup {Im(t, —00,0)l pggoreyscx, €1} < 00. (28)
e Process ny(t, s):
(i) (t,s) — na(t, s,w) is continuous from II into D(A%), w €
(i) (¢,s,w) +— ma(t, s,w) is measurable as a map from I1 x  into D(A®);
(iii) quasi-stationarity:
ne(t,s,w) =mt+71,s+70_,w), (t,s)ell, TR, well (29)
(iv) evolution relation: for —oo <7 < s <t, w €,
Ma(t, s,w) = ma(t, 7,w) — e ), (s, 7, w); (30)
(v) temperedness: for all >0, w € (),

sué) {||Aa772(t, —00, w)||X2e_mt|} < 0. (31)
te

We note that formally Proposition 3.1, as it is stated in Chueshov and Scheutzow (2001),
cannot be applied to the process 1;. However the arguments given in the proof of this
proposition rely only on the fact that the corresponding semigroup (this is 7; in our
case) is strongly continuous and exponentially stable and therefore they cover the case
of processes like 7, (t, s).

We also recall (see, e.g., Arnold (1998)) that a random variable v(w) with values in

a Banach space X is said to be tempered iff
sup{e_mt‘Hv(Qtw)Hx} <oo forall >0, weQ.
ter

By (26) and (29) we have that n;(t, —oo,w) = 1;(0, —00, fw) = m;(fw) for t € R, w € 2,
and i = 1,2, where, due to (28) and (31), the Gaussian random variables 7; (w) and 72 (w)
are tempered in D(L'Y?) x X; and X, respectively.

3. Mild solutions and generation of an RDS

For a given o € R, we denote by C([a, b]; H,) the space of strongly continuous functions

on the interval [a,b] with values in ‘H,, and by Ls([a,b]; H,) the space of measurable
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functions h(-) with values in H, such that

b
i = [ 0t < .

Definition 3.1 Let s € R, T" > s and Vj € Ha—_1/2. A process V(t) = V(t,s,w; W)
which, for each w € Q, belongs to the space La([s, T]; Ha) N C([s, T]; Ha—1/2) is said to
be a mild solution to problem (11) on the interval [s,T] if V(s) =V, and

t
V(t) = R[V](t) = e A7V +/ e ATIB(V (7))dr + n(t, s) (32)
for almost all ¢ € [s,T] and w € Q, where n(t, s) is given by (20).

In this section we prove the existence and uniqueness of mild solutions to (11). One of
the key ingredients in our proof is a fixed point argument in the space Ly([s, s+ T]; Ha)

which relies on the following assertion.

Lemma 3.2 Let et be a strongly continuous semigroup in a Hilbert space H with a
self-adjoint and positive generator A = A* > 0 and f € Lo([s,s+T]; H) for some T > 0
and s € R. Then the function

If[f](t) = /t e’A(t’T)Aﬁf(T)dT, tels,s+1T), (33)

belongs to Ly([s, s + T); D(A*™)) and the estimate

s+T o o s+T
[ leznia < e [ o) 34
holds for any 0 < <1, - f<a<1-7.

This lemma was proved in Chueshov (2004) for the case s = 0. For arbitrary s the
argument is basically the same.

We can now prove our main result in this section.

Theorem 3.3 For every Vo € Ha—1)2 and T" > 0 problem (11) has a unique mild
solution V' (t) on the interval [s,T| provided either a+ [ =1 and v > My, where My is
the constant in (A3), or o+ < 1. Moreover, if « —1/2 < 0y < 0 < min(1 — 3,1/2),
then

V(t)e C((s,T);Hy) and |V ()|, < Cp(w)- |t —s|77"% t e (s,T], (35)

for Vo € Hyy and w € Q, where Cp(w) is a positive random variable. If oy = o, then
V(t) € C([s,T); Hy) for all w € Q. Furthermore, the process t — V (t,w) is adapted to
the filtration F.

Define the map ¢ : Ry x Q x Hy — H,, where a — 1/2 < 0 < min(1l — ,1/2),
by the formula ¢(t,w)Vo = V(t,0,w;Vy). Then (i) (0,F,¢) is a FRDS, and (ii)
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V(t,s,w; Vo) = ot — s,0,w,Vp) solves (32) for every s € R, every t > s, and every
w e Q.

Proof. We split the proof into several steps.
STEP 1. We first prove that, for each w € €2, there exists a unique solution to Eq.
(32) in the space Ly([s, s + T]; Ha) for a small enough 7' > 0.

Since
t
21// ||A1/2e_”A(T_S)u0||§(2dT < uollx,, uo € Xo,
it follows that e~ A=)V € Ly([s, s 4+ T]; H,) provided that V; € Ha—1/2. Therefore,
since 7(t,s) € C(II;'H,), the fact that R maps Lao([s, s + T]; Ha) into itself for every

w € () can be obtained from the contraction estimate for R given below.
Let P be defined by (15) and @ = I — P. It follows from (17) and (3) that

IPRIVIE) ~ PRIVAI 0L < Mr [ 1)~ Vilr)ladr (3)
for any Vi, Vo € Lo([s,s + T); Ha). Therefore S

[PRIVA] = PRIVaLa(is smiirta) < Mp T Vi = Valiossimipea). - (37)
We also have that

QRIVi] ~ QRIVS] = (0,0, Ti[G(V) — GA))) + 5 (0,0, 77(K))
where Z7 is given by (33) with A = vA and H = X5, V; = (v;, ¥, u;) are elements from
the space Ly([s, s + T]; Ha), and K = A~ (K (vy,71) — K (vy,7,)). Consequently from
(34) and hypotheses (A2) and (A3) we obtain that

[QRIVI] = @RVa]|Lassemie) < a(T0) - Vi = Vala(ssimima)s - (38)

where

Mg (2T)' = N My (2T)1~(a+0)

q(T’ V> - v potB

Therefore, it follows from (37) and (38) that
IR = RIVa Lo s.st1100) < (MET + (T, 0)) - Vi = Va| Ly (fs.54 71340 -

Thus, in the case v + 8 < 1, for every v > 0 we can choose Tj independent of V{, such
that MpTy + q(To,v) < 1. If a + 3 = 1, then we can make this choice only if v > Mk.
In any case, equation (32) has a unique solution V(¢) defined in the interval [s, s + Tp]
and which belongs to La([s, s + Ty]; Ha)-

STEP 2. Now we prove that V(t) satisfies (35) with 7" = s + Tj. To this end,

observe that it is sufficient to prove that

Ro[V](t) := —e~ MY, — n(t, s,w) + RIV](t) € C([s,s + To|; Ho) (39)
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for o < min(1 — 3,1/2).
Indeed, for t; > t5 > s, we have that

RolV](t2) — Ro[V](t2) = / ARV (1) dr (40)

to
t2
+/ e~ Al2=T) [e_A(tl_tz) — 1} B(V(r))dr.

By (17) we obtain that

PRoV](t) — PRo[V](t2)s < C / (14 [V(T)]a) dr

to
to
s [ -] PBY () dr

where, as before, P is defined by (15). Thus, the Lebesgue convergence theorem implies

that

PRo[V](t) € C([s,s + Tp]; H1) for every w € €, (41)
and, consequently, using (13) and (32) we see that

PV(t) € C([s,s + To); H1) and te[rggiTO] [PV (t)]) < Cr(w). (42)

Thus, we only need to check the continuity of the functions

t t
Qi(t) = / e AIG(V(r))dr, and  Qu(t) = / e A K (u(r), o(7))dr.
Here we keep denoting V' = (v, v, u). By a similar representation to that in (40) and by
the relation
| A% ||< max |\7e | = <£>U, t>0,0>0,
A>0 et
we obtain that

[A%(Q1(t1) = Qi(t2))llx, < Ch /tl 1+ [V(7)la)

to ’tl - 7—|U

(43)

to
+Glla e 1)) [T vl

for any 0 < 1/2 and 0 < ¢ < 1/2 — ¢. Therefore, since
1—e ¥ LA (vt
| A=5(1 — e ||< sup {L} < sup {ﬁ} = (vt)s, t>0,
A0 ¢ >0 e
from the Hoélder inequality it follows that Q; € C([s, s + Tp], D(A?)). Similarly, thanks
o0 (42) and (A3) we have

IAPK (v(t),0(t)|x, < Clw) forall te[s s+Tp), weQ,
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and we then find that

ww@ﬂn—%mw&sa/"

to

dr
|t1 _ 7.|a+ﬁ

dr

’t2 _ T’a+ﬁ+z—: ’

t
+ Ol e )| [

Thus, as above, we can conclude that Qy € C([s,s + Tp|, D(A?)) for any 0 < 1 — (3.
Since QRo[V](t) = Qu1(t) + Q2(t), using (41) we obtain (39).

Consequently, our problem (11) possesses a unique mild solution on the interval
s, s + Tp).

STEP 3. Since Ty does not depend on the initial datum 1}, we can repeat the same
procedure on the interval [s + Ty, s + 2Tp] as many times as necessary. This implies the
existence of a unique mild solution on any interval [s, 1.

STEP 4. Finally, by the quasi-stationarity relations (26) and (29) we deduce from
the uniqueness of the mild solutions that

V(t,s,w; Vo) =V({t+1,s+T7,0_w; V), s <t,7TER, (44)
for all Vy € H,, w € €, as well as
V(t,0,w; Vo) =V(t,s,w;V(s,0,w; p)), 0< s <t, Vhy € H,, we Q.
Therefore
Ot +5,0)Vo = V(L + 5,0, Vo) = V(E+ 5,5, V(s, 0, Vp))
= V(t7 07 05(4()7 V(S7 O’ w; %)) - ¢(t’ esw)¢(8’ w)%’
for t,s > 0, i.e. ¢ satisfies the cocycle property. The continuity and measurability

properties of ¢ follow from those of V. It also follows from (44) that

ot — s,0,w)Vo =V (t —s,0,0,w; Vo) = V(t,s,w; Vo),
which completes the proof. U
Remark 3.4 If o < 1 — 3, one can then prove that

V(t) e C((s,T]; H,) forany o<1-—p. (45)

The point is that in this case using a Gronwall type argument (see, e.g., Henry (1981,
Sect.7.1)) one can prove that

V()|a <Cr-(t—s)""2 Vo€ Haryo, t € (s,T).

Using this relation we obtain from (43) that Q, € C([s,To], D(A%)) for ¢ < 1. Thus
(45) holds.
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4. Existence of an invariant manifold

Now we can prove our major result in this paper.

Theorem 4.1 Assume that hypotheses (A1)-(A4) hold and v > vy, where

2
Vo = % o [MF FMe + A‘f+ﬁMK] (46)

and A1 > 0 is the minimal point in the spectrum of A. Then, there exists a random
mapping ®(w,-) : D(LY?) x X| — X, such that

[A7(@(w, D1) = ®(w, D))l x, < Coll D1 = Dallpirzywx, (47)
for all D1, Dy € D(LY?) x X, and for any o satisfying the inequality

a—1/2 <o <min(l - 3,1/2), (48)
where Cy > 0 is a (deterministic) constant. Moreover, the random surface

M(w) = {(v,9,®(w,v,0)) : (v,0) € D(LY?) x X;} C H,, (49)

is positively invariant with respect to the cocycle ¢(t,w), i.e., ¢(t,w)M(w) C M(Ouw).
This surface M 1is exponentially attracting in the following sense: for any mild solution

V(t) to Eq. (11) there exists V* € M(w) such that
1/2

{ / T V() - stV L dt| < Ruw) + CIV(O)], (50)

0
and also

V(t) — o(t,w)V*|, < e (Ra(w) + CIV(0)|,), >0, (51)

where = (v +vA1)/2, Ri(w) and Re(w) are scalar tempered random variables and C

1s a deterministic constant.

Remark 4.2 It follows from (51) and from the positive invariance property of M(w)
with respect to the cocycle ¢ that
sup {disty, (¢(t,w)Vo, M(Bw)) : Vo € B} < Cp(w)e ™, weQ,

for any bounded set B from H,, where o satisfies (48). Since Rq(w) is tempered, relation

(51) also implies that
tlim sup {e™disty, (¢(t,0_1w)Vo, M(w)) : Vo € B} =0, weQ,

for any ji < p. Thus the manifold M(w) is uniformly exponentially attracting in the
both forward and pullback sense.

The rest of this section is devoted to the proof of Theorem 4.1. We will proceed in

several steps which have been structured in subsections.
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4.1. Construction of the manifold M

According to the standard Lyapunov-Perron procedure (see, e.g., Chow and Lu (1988),
Chow et al. (1992), Chueshov (1999), Miklavécic (1991)) but modified for stochastic
systems (see Chueshov (1995), Chueshov and Girya (1995), Chueshov and Scheutzow
(2001)), in order to construct an invariant manifold we should first solve the integral

equation
V(t,s;w) =Bp[V;w|(t,s), t<s, (52)

for every s € R, where D € PH,, Bp|[V;w| =TIp[B(V);w], B(V) is defined in (12), and
JIp[V;w] is given by

Ip[V;w](t,s) =e —Al=s) D / Alt—r PV (1,8)dT

+/ Alt=r QV(T, s)dr — e~ Alt=s Pn(s,t,w) + Qn(t, —oo,w)
= 35 [VI(t, s) — e A7) P(s, t,w) + Qnt, —o0,w). (53)

Here as above ) = I — P and P is defined by (15).
For each fixed s € R, we consider Eq. (52) and the operators Bp and Jp in the

spaces
Yoo ={V(): " IV() € L*(—00,5Ha)}, (54)

where p € (7v,vA1) will be chosen later, with the norm

s 1/2
Vly, .= NV ()Adt ) .
| | a,s (0%

We first point out some properties of the stochastic term in Eq. (52), which is useful in
our considerations.

From relations (28), (31) and (16) we have that the random function

t i (s, t,w) = —e I Pr(s, ¢, w) + Qn(t, —o0,w)
= (_711578771(57&(“))7772(257 —OO,W))T (55>

belongs to the space Y, s for every w € Q and s € R. It is easy to see from (26) and
(29) that

(s, t+s,w) =%(0,t,0,w) forall t<0, seR, well

Therefore a simple calculation gives us the following relation between the solutions to

the problem (52) for different values of s:

V(t+s,sw)=V(t0;0w) forall t<0, seR, we. (56)
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Consequently, it is sufficient to prove the existence and uniqueness of solutions to (52)
only for the case s = 0. This observation and also the deterministic argument given in

Chueshov (2004) make it possible to prove the following assertion.

Proposition 4.3 Let s € R and v < pu < vAy. Then, for every D € PH, and w € )

the operator Bp|-;w| is continuous from Y, s into itself and
Bp, [Vi;w] = Bp, [Va;wllya. < [D1 = Dalo + kalv,p) - Vi = Valy,, ., w €, (57)

for every Dy, Dy € PH, and V1, V, €Y, 5, where

My X{Mg + AP0

pm—=" VAL — [
Now we take u = (v + vA1)/2. In this case kq(v, u) < 1 under the condition v > vy,

“a(Va N) = (58)

where vy is given by (46). Thus Bp[-;w] is a contraction in Y, s and hence Eq. (52)
has a unique solution V' (-, s) = V(-, s;w, D) in the space Y, s for each w € Q. Using the
same (standard) argument as in the deterministic case (see Chueshov (2004)) one can

show that this solution V'(-, s) possesses the properties

V() = V(a 3) S C((_OO> S]aHa)v o< mln(l - Ba 1/2)7 (59)
and

sup {e“(t’s)ﬂ/(t, s;w, D) = V(t,s;w, Dg)’a} < C,|D1 — Dslg (60)

t<s

for any Dy, Dy € PH, and w € §2, where C, is a positive constant. Moreover, it follows
directly from (52) that for every r € (—oo,s) and for almost all ¢ € [r, s| the function

V' (-, s) satisfies the relation
t
V(t,s) = e_A(t_T)V(r, s) + / e_A(t_T)B(V(T, s))dr + n(t,r). (61)

Now for every s € R we define ®, : Q x D(L'/?) x X; — X, as

O (w, D) = / e AT G(V (1, 8)) + K (v(T, 5),5(T, 8)))dT + na (5, —00), (62)

—inf ty
where V(t,s) = (v(t,s),0(t, s),u(t, s)) solves the integral equation (52).

It is easy to see from (56) that ®4(w, D) = ®¢(bsw,D) = ®(Osw, D), ie. s —
O, (w, D) is a stationary process. Therefore, it follows from (52) and (61) that the
random surface M(w) given by (49) is positively invariant with respect to the cocycle

¢. Moreover, the relation (60) implies the Lipschitz property (47).
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4.2. Tracking properties

We will use the method developed in Miklavcic (1991) for the proof of a tracking property
for inertial manifolds in the deterministic case.

Let Vo = (vo,v1,up) € H,, where o satisfies (48), and let V(¢) = V(¢,0,w; Vp) be a
mild solution to (11) for s = 0. We extend V'(¢) on the semi-axis (—o0, 0] by the formula
V(t) = (vo,v1, (1 + |t|A) " tug). Tt is easy to see that

V() € YaoNC((—00,0], Hs)
and

0
n%wz/ MV (D) dt < ClVal2. (63)

— 00

Now we consider the following space

z={z0): 128 = [ ez < oo

[e.o]

and define the random function
=V (t) + Bpy, [V;w|(t,0), for ¢ < 0;
Zo(t,w) = (64)
e~ A Vo + Bpy, [V;w](0,0)], fort >0,
where 9B is the same as in (52). Below we need the following properties of the random

function Zy(t,w).

Lemma 4.4 For every w € ) the random function Zy(t,w) belongs to Z. Moreover
for every o satisfying (48) there exist a deterministic constant C' and scalar tempered

random variables Ry(w) and Ry(w) such that

| Zo|z < El(w) + C|\Vol, and sué){e“t|Z0(t)|g} < fig(w) + C|Volo- (65)
te

Proof. We split Zy(t,w) into deterministic and stochastic parts, Zy(t,w) = Zd(t) +
Z§H(t,w), where
=V (t) + Jpy, [B(V)](t,0), for t < 0;
Zg(t) =
e A [—=Vo + Tpy, [B(V)](0,0)], for t >0,
and
(=Tym1(0,8), ma(t, 00", for t < 0;
Z5Ht,w) = (66)
(0,0, e4(0, —0)) ", for ¢ > 0,
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Since, by (16) and (18)
0
Ri@) =128 < [ 7 [T, x, + 1400, o0 3] d

—00

+(| A%2(0, —00)[I%,
and

R} (w) = sup {e“t|Z§t(t, w)\g}

teR

< ¢ Stull?) {e(M—V)t [|771(07t)|D(L1/2)><X1 + ||AJ772(t7 _OO)HXQ] } ’
€

it follows from (27), (28) and (31) that Rj(w) and Rj(w) are tempered random variables.
Therefore, estimating the deterministic part Zg¢(t) by the standard method we arrive
at the estimates (65) with R;(w) = C; + C,R!(w), where Cy and Cy are deterministic

constants. 0

Now we define an integral operator R : Z — Z by the formula
t

RIZ)(1) = Zo(t) + / e ACNQB(Z(r) + V(1)) — BV(r))] dr

—0o0

- / AP B(Z(r) + V(1)) — BV(r)] dr. (67)
t
Let us prove that R is a contraction in Z.

By (3) and (16) we have that

P (RZ1)E) = RZIO) o < M [ 000 07| 2,(5) = (1) dr

t

= /OO e(t — 1) f(7)dr, (68)

where e(t) = 0 for t > 0, e(t) = Mpe*=D! for t < 0 and f(t) = e |Z,(t) — Za(t)],,
t € R. Thus, using the Fourier transformation and the Plancherel formula (cf. Lemma
2.2 in Chueshov (2004)) we obtain that

P(R(Z] — RZ)) |2 < —L |2, — 2.
Similarly,
Q(RIZ](1) — RIZ)() = (0:0: Qu(t) + Qu(t)). (69)
where
Q,(t) = / e AN [G(Z4(r) + V(7)) — G(Za(r) + V(r)] dor,
0,(t) = / (A7 48Q [A~ (K (PIZu(r) + V(7)) — K(P|Zo(r) + V(r)])])dr.

To estimate Q; and Qs we use the following result from Chueshov (2004).
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Lemma 4.5 Let e~ be a strongly continuous semigroup in a Hilbert space H with a
self-adjoint and positive generator A = A* > 0. Let A\, > 0 be the minimal point in
the spectrum of A. The following assertions hold: For any 0 < 3 < 1 and p > 0 the
mapping f € Ly(R; H) — IP[f] € Lo(R; D(A*F)), where

P06 = [ A A+ ), 1R

— 00

18 continuous, and the estimate

2(a+0)
Licaswezs i@ < Leec e [yl ar

mzn

holds for any 0 < <1, - <a<1—0 and u > 0.

Applying Lemma 4.5 with A = vA — pu we obtain that

MM, XM
|Q1|z < |Z1 Z2|Z and |QQ|Z —K|Z1 ZQ|Z~
I/)\l
Since p = (v + 1/)\1)/2, we have that
R[Z1] —R[Zal|z < q- 121 — Zs|z forevery 71,75 € Z. (70)

Here ¢ = ko (v, (v 4+ vA1)/2) < 1 under the condition v > vy, where k, and vy are given
by (58) and (46). Thus by the contraction principle there exists a unique solution Z € Z
to the equation Z = R[Z] in Z.

Now using the same calculation as in Chueshov (2004) and Miklavéic (1991) we
can conclude that the function V() = Z(t) + V (t), where Z € Z solves the equation
Z = R[Z], satisfies the relation

B e[V, w](t,0), if ¢ <0;
V(t) = (71)
o(t,0,w)V(0), if ¢>0.

In particular, V(0) = B PE(0 )[V, w](0,0) and, therefore, by the definition of the operator

B we obtain that
0

V(0) = PV(0) + / AT QB(V (7))dr + Qn(0, —c0).

— 00

By (62) this implies that V(0) = <P17(O), O (w, PV(O))) Therefore
V(t) = ¢(t,0,w)V(0) € M(Gw) for > 0.
Thus to complete the proof we only need to establish (50) and (51).
Since V(t) = Z(t) + V() and

Z(t) = R[Z|(t) = Zo(t) + R[Z](t) — R[0](2), (72)
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from (65) and (70) we obtain the relation
21z < (1 =a) " 1 Zolz < (1= )"+ (Bu(w) + ClVils) (73)

which implies (50).
Now we prove (51). Since |PU|, = |PU]|q, from (68) we have that

o0

e [P (R[Z](t) - R[0](1)) [ < MF/ WD e | Z(1)|  dr

t

00 1/2 Mp
< Mp [/ 62(u—v)(t—f)d71 . lzlz e A ’Z‘z-
t 2(# - ’Y)
Thus
pt Mp
sup {e"|P (R[Z](t) — R[0](t)) o} < ———= cdot|Z|;. (74)
teR 2(p—")

Similarly, using (69) we have that
|Q (R[Z](t) = R[0)(£)) |
t
<Mg [ A0e A |20

—00

t
My [ A P2 (lods

—00

Sy e | 2]z +ay et sup {eMPZ(D)], )
teR

where
1/2

t
a; = Mg sup [/ |A%e=A=WED) 240 | < oo,

teR [J oo
t
= Mg sup/ | A7 HBe= A=) | dr < oo,
teR J _oo
(the finiteness of a; and ay follows from (18) by a straightforward computation). From
(72) and (74) we have that
Mp

sup{e“t\PZ o} <sup {e"Zo(t)]o } + ———="1Z| ;.
2(p =)
Therefore
sup {e]Q (R[Z](6) - R(0](1)) |}
< agsup {e"|Zo(t)]s } + &1—1—%] -z ;. (75)
1R 2(p =)

Consequently, using relations (72), (74) and (65) we obtain that

14+ay)M
al+w] 2|5

sup {e"|Z(t)|,} < 1—|—a2)R2( )+ )

teR
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Thus by (73) we have

sup {e"|Z(1)|r} < o) + Rafw)) + sVl

with appropriate (deterministic) constants ¢q and ¢;. This implies (51) and completes

the proof of Theorem 4.1.

Remark 4.6 The existence of a positively invariant manifold of the form (49) can be
also established in the case v = 0 under the the condition v > vy, where 14 is given by
(46) with v = 0. The point is that we can introduce artificial small damping in problem
(1) with v = 0 by the considering the equation

vy +evy + Lv = F(v,v,u) + Wiy, in Xi, (76)
where F_.(v, v, u) = F(v, vy, u) +ev,. We choose € such that the relation v > vy remains

true, where 1y is defined by (46) with v = ¢ and with the term Mp + € instead of Mp.
Now we can apply Theorem 4.1 to problem (76) and (2).

5. The reduced system

Assume the hypotheses of Theorem 4.1 hold and let & = & be given by (62) with s = 0.
Consider the problem

vy + Yo + Lo = F(v, v, P(Ow, v,04)) + Wi, t>s, in Xi, (77)
v|t:s = Vo, Utlt:s = 1,
and define its mild solution on the interval [s, T as a random function
D(t,w) = D(t, s;w,v0,v1) = (v(t,w), v (t,w)) € C([s,T), D(L'?) x X71) (78)
such that
T
| a0t ut )t < 0. wen, (79)
and
v(t,w v t 0
( ) =T s ’ + / Ty + dr + m (tv 8)
vi(t,w) v s F(u(r), v(1), ®(w, v(7), vi(7)))

for almost all ¢ € [s,T] and w € Q, where T} is the evolution group generated by (14)
and 1, (t, s) is given by (21).

Proposition 5.1 Let vy € D(LY?) and v, € X,. Then under the conditions of
Theorem 4.1 problem (77) has a mild solution on any interval [s,T]. If a < min(1 —
B3,1/2), then this solution is unique and any mild solution (0(t),0:(t)) to problem (77)
generates a mild solution to problem (1) and (2) by the formula

(v(t), ve(t), u(t)) = (0(t), 0e(t), B(Grw, 0(t), 04(1))). (80)
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Moreover, in this case the manifold M is invariant with respect to the cocycle ¢ generated
by (1) and (2).

Proof. Let V(t) = (v(t),v(t), u(t)) be a mild solution to problem (11) with the initial
data Vo = (vo, v1, P(w,
that

v, v1)). Since M given by (49) is positively invariant, we have

PV (t) = (v(t), v(t), 0)

(D(t),0) and QV(t)=(0,0,®(0w, D(1))).

Thanks to Theorem 3.3 D(t) possesses the property (78). We also have that

T T
/IQV@)!idts/ IV ()]2dt < co.

Thus (79) holds. Consequently D(t) is a mild solution to (77).
If &« < min(1 — 3,1/2), then by Theorem 4.1 with ¢ = a we have that

[A%(®(w, D1) = ®(w, D2))llx, < CllD1 = Dol p(rarzyxx,»
for D; € D(L'?) x X;. This implies that the function
D — Fy(w, D) := F(vg, vy, ®(w,v9,11)), D = (vg,v1) € D(LY?) x X,
is globally Lipschitz, i.e.
[Fo(w, D1) = Fo(w, D2))|lx, < Cl[Dy = Dallpiri/zyxx; (81)

with D; € D(LY?) x X,. Therefore a Gronwall type argument gives us the uniqueness
of solutions to (77). Relation (80) easily follows from the uniqueness theorem for (77).
Property (81) makes it also possible to solve (77) backwards in time and, hence,

one can prove that M is invariant with respect to the cocycle ¢(t,w). U

Observe now that Theorem 4.1 implies that for any mild solution V(t) =
(v(t),v(t),u(t)) to problem (1) and (2) with initial data Vj € H,, where o satisfies
(48), there exists a mild solution D(t) = (0(t), 0+(t)) to reduced problem (77) such that

ILY2(u(t) = ()1, +lve() = 0t 1%, + I A” [u(t) — ®(w, 8(t), 0 (D)) 1%, < Ce )

for any t > s with positive constants C' and p. Thus under the conditions of Theorem 4.1,
the long-time behaviour of solutions to (1) and (2) can be described completely by
solutions to problem (77). Moreover, under the condition o < min(1 — /3,1/2), due to
relation (80), every limiting regime of the reduced system (77) is realized in the coupled

system (1) and (2).
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6. Distance between random and deterministic manifolds

Theorem 4.1 can be also applied to the deterministic version of problem (1) and (2):
vy +yur + L = F(v, v, u), in Xy, (82)
u + vAu = G(v, v, u) + K(v,v;), in Xo. (83)

In this case Theorem 4.1 give us the existence of a (deterministic) invariant exponentially
attracting manifold M9 in the space H, of the form
M = {(v, 5, 2" (v,0)) : (v,0) € D(LY?) x X1}, (84)

where @9t : D(L'?) x X, — D(A°) C X, is a globally Lipschitz mapping and o
satisfies (48).

Our goal in this section is to estimate the mean value distance between the
deterministic (M9) and random (M (w)) manifolds.

Theorem 6.1 There exist a positive constant C' such that
E sup  ||A7(®(-, D) — @*(D))|%, ¢ < C (tr Ki + tr K, A*7Y) | (85)
DeD(LY/2)x X,
where o satisfies (48). Thus, the random manifold M(w) is close to its deterministic

counterpart when tr K + tr Ko A2~ becomes small.

Proof. Tt follows from the definition (see (62)) of the functions ® and @9 that
0

B(w, D) — B (D) — / AT [V (7)) — GVl (r))] dr

+/ e’ AT (K (v*'(1),0°(7)) — K (v (7), @det(T))] dr + n2(0, —00),

where V*'(t) = (v5i(t), v°1(t), u®t(t)) and VI (t) = (v (t), 99 (t), ud®(t)) are defined on
the semi-axis (—o0, 0] and solve the equations
V(t) = Tp[B(V*);w](t,0) and V*(t) = TF [BV)](¢,0), (86)

where Jp and J%! are defined as in (53).

Using the same method as in the proof of relation (75) we can conclude that
147 (@(-, D) — @*(D))|lx, < [A712(0, —00)l|x, + aa [V = V],
+ as sup {e”t|P(VSt(t) — Vdet(t))|0} , (87)
£<0

where a; and ay are deterministic constants.
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Now using (86) and the structure of the operators Jp and J%' we can write the

following estimate
[PV (t) = VE(E)o
0
< My [0 V) = V)] + O 0. Ol vy,
t

for ¢ < 0, which implies that

sup {e"[P(V*(t) — V(1)) o}

t<0
SCIVHF =V, + sup {6(“‘7” 7 (0, t)|D(L1/z)XX1} :
Therefore from (87) we have that
|A”(2(-, D) — 2*(D))I%,
< by [V = VIR, A+ by (w;mn, m2) + 2| A%n2(0, —00) 1%, (88)
where by and by are deterministic constants and
Ay (wim, 1) = Sup {62(“‘7” (0, t)l%(Ll/aXm} : (89)
By (86) we have that
V= V®y, o < Bp[V450](40) = B[V W] (-, 0)lva, + 20, ) v,
where Bp[V;w]|(t,0) is the same as in (52) and X(s,t) is given by (55). Thus by
Proposition 4.3 we have that
V=V, < (1= a0) 720, ) v
where ¢ = Ko (v, (7 +vA1)/2) < 1. Therefore, using (88) we obtain the estimate
|A(2(-, D) — 2*(D))]I%,

b
< 2[[A7n2(0, —00) 1%, + @E(O, o + 021 (w; 1, 72). (90)

It easily follows from relations (23) and (24) and from the definition of ¥(s,t) (see (55))
that

EHAUT]Q(O, _OO)H?XQ S Cl - tr KQAQO‘*l (91)
and

E[%(0,)[%, , < Ca (tr Ky + tr Ko A7) (92)
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Now we calculate EA;(w;ny,m2). From (27) and (17) we obtain that

2 2 2
7100, )| ppreywx, < 21m(0, =00)[ppiryx, + 21t —00)pi2)kx, -
Hence by (24) we have that

EA (71, 72) < Ctr Ky + 2Esup {20 gy (8, —00) 1172y x, | -

<0

Since

E sup {62(#_7)t Im (¢, —o0) |2D(L1/2)><X1 }

t<0

< Ze W=)=DE sup {|7ll(_n+ta—OO)|2D(L1/2)xX1}

n—1 0<t<1

and, by (26), n;(—n+t, —oo,w) = m(t, —00.0_,w), we obtain from the invariance of the

probability measure with respect to 6; that

E sup {62(“_7” I (t, — )|D(L1/2)><X1} < CE sup {|771(t, —OO)|?:)(L1/2)xX1} '

£<0 0<t<1
Using (27) we have that 7, (¢, —o0) = n:(t,0) + 1311 (0, —00). Consequently, by (24) and
(25) we obtain that

E sup {62(“_7)'5 Im (¢, —OO)|%(L1/2)XX1} < Ctr K,

<0

and hence EA;(-;m1,m2) < Ctr K. Therefore (85) follows from (90) and (91). O

Conclusions

We have proved in this paper that the long time behaviour of coupled non-linear
parabolic-hyperbolic partial differential equations perturbed by additive noise can be
reduced to the analysis of a corresponding hyperbolic random equation with a modified
nonlinear term. The main tool is the construction of an invariant random manifold for
the coupled system which is given by the graph of a suitable Lipschitz mapping. Of
course, one could consider other different expressions for the noisy terms in the equations
(multiplicative, cylindrical, etc). We plan to investigate the possibility of doing a similar

reduction in the future.
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