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Abstract

In this note we extend the analysis for elliptic problems performed in [1] to saddle
point problems like the Stokes equations. We use a non overlapping domain decom-
position and the introduction of a penalty term. In a simply connected bounded
domain 2 C R? with Lipschitz boundary, we decompose € into two non-overlapping
Lipschitz subdomains ©; and Qs with Q1 N Qs = @, and suppose that 0Q; =T'; UT
where I'; is the common boundary with €, I'; = 02N 0€2; and I is the interface with
Q;, I' = 0921 N 0. The Stokes equations on (2 are solved via the following parallel

process: For n =0,1,2, ..., given u}, p! we compute u?“ and p?“ (1 =1,2) such
that
—Au/T 4 vpitt = f in
vV -upt! =0 in
u?“ =0 on Iy
n+1
% _pitin, = —%(u?ﬂ —u")onT

where n;; is the outward normal vector on I' pointing from (2; into €2;, € > 0 is a
parameter that tends to cero and inforce the transmision conditions on the interface
I" and we stress that the pressures p; do not longer have cero mean average. We
present the convergence analysis of this technique and some numerical tests. An
ampliation of this work will appear in [2].
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AMS CLASSIFICATION: 65150, 65160, 651.70

1 Introduction

In a simply connected bounded domain Q C R? (d = 2,3) with a Lipschitz boundary
8 and with £ € [L2(Q)]?, we search for a velocity field u € [H&(Q)]d and a pressure
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p € LE(Q) such that

—Au+Vp=f V-u=0 in (),
u=20 on 0f).

In the classical mixed formulation of this problem we look for (u,p) € [H&(Q)]d x L2(92)
with

(Vu,Vv)g — (p,V-v)ag—(V-u,q)qg = (f,v)q, (1)

for all (v, q) € [HL()]" x L2(2). Now we decompose € into two non-overlapping Lipschitz
subdomains ; and Qy with Q; N Qy = () (this choice is made to ease the exposition of
the main ideas, but these can be extended to more than two subdomains). Suppose that
0); = I'; UT where I'; is the common boundary with Q, I'; = 0Q N 0€); and T is the
interface with Q;, I' = 00y N0y, all of these boundaries are Lipschitz (d —1)-dimensional

manifolds. Next, we consider the Sobolev spaces
X; = [H3(Q:T)]" = {v e [H'()]* st. v, =0}

normed by |[v[{o = (Vv,VV)q, and the Hilbert spaces M; = L*(€;) normed as usual.
Now for € > 0 we consider the problem (P.):
Find (ul,pz) c Xz X Mz with

1
(Vuy,Vvi)a, — (01, V-vi)o, — (1, V- ), + ;(u1 — Uy, vi)or = (f,v1)a,,
(P.) 1
(VU27 sz)gg - (p2, V- V2)92 - (Q27 V- 112)92 + E(U-2 - U—17V2)0,F = (f; Vz)an

for all (vy,q;) € X; x M;, i = 1,2. This problem is the variational formulation of the

following coupled partial differential equations

(AW +Vp, = £ i O [ AW+ Vp, = £ i O
V- uy = 0 in Ql V- U9 = 0 in QQ
u =0 on I Uy =0 on Iy
0 1 1
\ 8;11112 — pinjy = —E(ul — 112) onTl \ 66;11221 — Pollg; = —;(UQ — 111) onTl

where n;; is the outward normal vector on I' pointing from €2; into €2; and we stress that
the pressures p; do not longer have cero mean average. The apprpriated transmission
conditions are enforced when € — 0 because we show that [[u; —u — 2||or = O(e).

The iteration process that we proposse is the following: For n = 0,1, 2, ..., given u?, u}
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we compute u?™, ui™ and pP*, pi™! such that the following problems are satisfied

(AW VT = F i Q
Vouptt = 0 in
ujt! = 0 on Iy

a;j: —pitn, = —%(U?H —uj)onT,
( ~Auptt +Vpitt = £ in Q,
Vugt! = 0 in
uj =0 on Iy,

y aauf: —pgny = ——(upt —up)onT.

We remark that our method may be viewed as a variation of the Robin

2 Analysis of problem (F,)

Let us introduce the product spaces X = X; x Xy, M = M; x M, and denote by capital
letters the elements (pairs) of X and M. Then we norm M with HPH%\/I =37, 1pill§ 0,
and X via (U, V), = 37 (Vu,, Vvi)a,+1(u1—us, vi—vs)or i.e., the norm in X is given
by |Ulc = ((U,U)).. Next we define the forms b(P, V) = =32 (p;, V - Vi)a,, F(V) =

Z?Zl(f, V;)q, and write problem (P,) in terms of the variational problem:

Find (U,P) € X x M such that
(U, V). +b(P,V) £ b(Q,U) = F(V), Y (V,Q)eX x M.

Now we consider the following symmetric and continuous, according to || - || and || - ||,

bilinear form on X x M given by
B(U,P;V,Q) = ((U,V))+b(P,V) +5Q,U)
for all pairs (U,P), (V,Q) € X x M. We have

Lemma 1 There exists a positive constant v independent of € > 0 such that for all
(U,P)e X xM

BEU7P;V7
s_  wp |BUPV.Q)

> ey (U]l + IPlInp)-
vaexa VI + QI M

As a consequence, given f € [L2()] and for each ¢ > 0 problem (P.) has a unique
solution (U, P¢) € X x M.

We introduce next the consistency error of problem (P.) as an approximation of the Stokes

equations in variational form. This error is the result of plugging the solution of (1) into
(Fe)-
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Lemma 2 Let (u,p) be the solution of the Stokes problem and U = (ui, ,uy, ), P =

(Plo, Plo,)- Then, we consider the consistency error of problem (P.) via

G(V) = ((U,V))e+b(P,V) - F(V)

for all V = (vy,vy) € X. Then, assuming u € [H*(2) N H&(Q)]d and p € HY(Q), let

n;, = n, we have

G(V) = /(8nu —pn)-(vy —vy)do
r
and therefore
GV < [[0wu=pnllor|vi = vallor.

Now we can estimate the error in approximating the variational formulation of the Stokes

Equations with problem (P,)

Lemma 3 Suppose that u € [H*(Q) N HL(Q)]" and p € HY(Q) is the solution to the
Stokes problem. For each € > 0 let (U, P¢) € X x M be the unique solution of problem
(F%), with U = (uf, u5) and P = (py,p3). Let c(u,p) = |[Onu —pnullor, U= (u ,uq,)
and construct
1
T = pixe, +Phxe, — 6</ P +/ ps)-
‘ ‘ 951 Qo
Then
U =Ue < c(u,p)ve and |lp—7log < c(u,p)Ve.

As a consequence we have

2

S lu— e, < clup)ve and [uf - wllor < c(u,p) e
=1

3 Discrete problem and error estimates

We suppose that the domain €2 is polygonal and take for A > 0 an admissible and regular
triangulation 7, of Q formed by polygons (d = 2) or polyhedra (d = 3) elements such that
[ is formed by faces or sides of elements K in 7;,. Then we use 7, = 7, N Q,, fori=1,2.
These triangulations of ; are compatible on I', i.e., they share the same edges on I'. For
the triangulation 7, we consider finite element subspaces (V, P,) of ([H&(Q)]d,Lg(Q))
satisfying the discrete inf-sup condition of Ladyzhenskya-Brezzi-Babuska on 2. Now we

consider the discrete solution (up,ps) € Vi X P, of the discrete version of the Stokes
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problem posed on Vj, x P, and assume that, when the solution (u,p) to the continuous
Stokes problem in § satisfies u € [H*(Q) N H&(Q)}d and p € H*(Q) (k> 1), then

lup, —ulyo + [[pn — plloe < Co h* (2)

for some constant Cy = Cp(u,p). Now, based on 7', use finite element subspaces of
(X, M;), denoted by (X, M;p), such that each pair (Y;p, Nip), where Y, = X, N
[H&(Qi)]d and N;j, = M, N L(Q;) also satisfies the discrete inf-sup condition on €2;. For
instance we could use the restriction of the spaces V), and P, to each of the ;. Set now
Xp = Xy X Xgp and My, = My, x My, and pose the discrete version of (F,), that we
denote by (P, p):

Find (Uj,P},) € X, x My, such that
((Uh, Vi))e + b(Ph, Vi) +6(Qy, Uy,) = F(Vi),  V(Vi, Qp) € Xi X My,
The existence and uniqueness of solution for (P. ) is carried out as for (P,) and we have

the estimates

Theorem 4 Let u € [H*(Q) N H&(Q)]d and p € H*(Q) (k > 1) be the solution to the
Stokes problem in 0 and for each h > 0 let (up,pn) € Vi, X Py, solve the discrete Stokes
problem on Vi, x Py,. Now consider Uy, = (upjq , Unlg,) € Xn, Pr = (P, s Phla,) € M.
For each € > 0 let (Uj,Py,) € X x My, solve (P.p,) and write Uj, = (uf ,,u3,) and

Pj, = (pi 4, P5,). Now construct

1
m = paer b — (| pat [ ) Q
| | Q1 Qo
then, the following error estimate hold
[Un = Ujlle < C (A" +Ve) (4)
lpn = milloo < C (h* + Ve) (5)

where C = C(u,p) is a positive constant just depending on (u,p). As a consequence of
(4) we have

2

Dol —uiylie, SC (W + Vo) and |uf, —ugllor < C (Veh* +e).

i=1

Via the triangular inequality, we give the main result of this section

Theorem 5 Let u € [H*(Q) N H&(Q)}d and p € H*(Q), (k > 1) be the solution to the
Stokes problem in Q). For each h > 0 and € > 0 let (U}, P}) € X}, x My, solve (P. ;) with
finite dimensional spaces of accuracy k > 1 and write Pj, = (p{;,,p5,). Then construct
w5, as in (3). The following bounds hold

2
1
> u—ulylio + —=lus, —usllor < C(RF+Ve) (6)
p Ve
lp—7illoa < C (h* 4+ Ve) (7)
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where C = C(u, p,f) is a positive constant just depending on the data. When e = O(h?¥)
we have

2
D =y, +llp—whlloe < C B and g, —ug,llor < C B
i=1

4 Iteration process

We search for the solution of (P, ;) via the following parallelizable technique: For n =
0,1,2,..., given uf = uy} and uj = uy} we compute ui™ € Xy, uit! € X, and

pith e My, pyt! € My, such that the following problem (P7) is satisfied

1
(Vui*™, Vvi)o, — (07, V- vi)a, — (@1, V- ufh)g, + G(U?H —uy,vi)or= (f,vi)a,,

1
(vug+1avv2)92 ( A v VQ) (QQ,V un+1)92 + e(ug—H u?vv2)0,F: (f7 V2)92

for all (vy,vy) € X; (we drop the indices € and A when not needed). We obtain the

following geometric rate of convergence

Theorem 6 Let Uj = (uf,,u5,) € Xy, and P}, = (p;,,p5,) € My, be the solution of
(Pen) and UR" = (uy},uyy) € X, Py = (p}, py),) € My, be the solution of (Pl,). Let
us define w, and m;" as in (8). Then, starting off the iterative process, for instance, with

u?,j = 0, there exists a positive constant Cy such that for each e,h > 0 and all n > 0

] ||f||OQ
en+1 € )
—u: <
E ‘u Z,h‘LQz = \/E(l 2006)"/27
P ||t
||7T5n+1 7T]E7,||O,Q < || ||0,Q

e (142Cye)™/?

for some constant P proportional to the constant in Poincare’s Inequality.

Via the triangular inequality we obtain the final bound

Theorem 7 Let u € [H*(Q) N H&(Q)}d and p € H¥(Q), for k > 1, be the solution to
the Stokes problem in Q. For each h > 0 and € > 0 let (U;",P}") € X x M, (n > 1)
solve the iteration problem (Pl,) starting off the iteration with UZ’O = 0, and using finite

element spaces of accuracy k > 1. Then the following bounds hold for all n >0

1
i n+le < k
Z|u u; e < C(h +\/E+\/E(1+2006)"/2> (8)
1
. ntle < k
=7l < €+ Ve+ ) )
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where C' = C(u, p) is a positive constant just depending on (u,p). When e = O(h?*) and

n large enough we obtain error bounds O(h¥) for velocity and pressure

2

> lu— il + lp— 1 lloa < C AF
=1

where C'= C(u,p) is a positive constant just depending on (u,p).

5 Numerical experiments

We use a known solution of the incompressible Stokes equations to compute the error
between the exact solution and the numerical approximation in the case £k = 1. In this
test Q = (0,1) x (0,1) and the boundary condition is u = 0 on the boundary 9 of €.
The exact solution is

u(zr,y) = —cos(2mx) sin(2wy) + sin(27y)

v(z,y) = sin(27wz) cos(2my) — sin(27x)

p(z,y) = 2mw(—cos(2mx) + cos(2my))
and we take viscosity v = 1. We consider the interface I' as the line y = 0.5 and then
Q2 = (0,1) x (0,0.5) and 2y = (0,1) x (0.5,1). Next, we consider a uniform triangular
mesh of mesh size h = h, = h,, take ¢ = h? and use P finite elements with the Brezzi-
Pitkaranka stabilization technique for computing the solutions u;j; and p;, on each ;.
Then we construct the approximated velocity field uy, and pressure 7, € LE(Q) via

u, = ui,h, n Qz

u, = (ul,h + u27h)/2, on 8F,

1 .
Th = P1,h X1 T P20 XQo — @( Pi,p + Pap), inQ
Ql QQ

where |2 = 1. Finally we compute the errors eu(h) = (37, Jo, IV (up,—ujy)[? d) '/ and

ep(h) = ||p — prllo.o- The following table shows the values obtained for these measures.

wesh | 16 x 16 (h=1/16) | 32 x 32 (h=1/32) |64 x 64 (h =1/64)
cu(h) 0.4600 0.13413 0.0412
ep(h) 0.5773 0.1942 0.066

Indeed, an order of convergence slightly larger that 1 is obtained on this example.

References

[1] CHACON REBOLLO, T., CHACON VERA, E., DOMINGUEZ DELGADO, A. Analysis
of a Non-overlapping Domain Decomposition Method for Elliptic Equations XVII
CEDYA/VII CMA, Salamanca (Spain) 2001.

207



2]

CHACON REBOLLO, T., CHACON VERA, E.A non-overlapping Domain Decomposi-
tion Method for the Stokes equations via a penalty term on the interface C.R. Acad.
Sci. Paris, t. 334, Serie I, p. 2002.

J.L. LioNs, PIRONNEAU, O., Overlapping domain decomposition of evolution oper-
ators. C.R. Acad. Sci. Paris, t. 330, Serie I, p. 937-942, 2000.

P.L. LioNs On the Schwarz alternating method III: a variant for non-overlapping
subdomains Third International Symposium on Domain Decomposition Methods for
Partial Differential Equations, T.F. Chan et al. eds., STAM, Philadelphia, pp. 202-231,
1990.

208



