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GENERALIZED S-SPACE-FORMS

Alicia Prieto-Martin,
Luis M. Fernandez, and Ana M. Fuentes

ABSTRACT. We introduce and study generalized S-space-forms. Moreover, we
investigate generalized S-space-forms endowed with an additional structure
and we obtain some obstructions for them to be S-manifolds.

1. Introduction

It is an interesting problem to analyze what kind of Riemannian manifolds may
be determined by special pointwise expressions for their curvatures. For instance, it
is well known that the sectional curvatures of a Riemannian manifold determine the
curvature tensor field completely. So, if (M, g) is a connected Riemannian manifold
with dimension greater than 2 and its curvature tensor field R has the pointwise
expression

R(X,Y)Z =Xy X,2)Y —g(Y,Z)X },
where A is a differentiable function on M, then M is a space of constant sectional
curvature, that is, a real-space-form and A is a constant function.

Further, when the manifold is equipped with some additional structure, it is
sometimes possible to obtain conclusions from the special form of the curvature
tensor field for this structure too. Thus, an almost-Hermitian manifold (M, J, g) is
said to be a generalized complex-space-form [9] if its curvature tensor satisfies

(1.1) R(X,Y)Z = fi{9(Y,2)X — 9(X,2)Y}
+ fo{9(X, JZ)JY — g(Y,JZ)JX +29(X,JY)JZ},

where f1 and f> are differentiable functions on M. This name derives from the fact
that, when M is a complex-space-form, that is, a Kaehlerian manifold of constant
holomorphic curvature equal to ¢, the curvature tensor field of M satisfies (LTI
with f1 = fg = 0/4
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Since Sasakian-spaces-forms play a similar role in contact metric geometry to
that of complex-space-forms in complex geometry, Alegre, Blair and Carriazo have
defined and studied generalized Sasakian-space forms [1] as those almost-contact
metric manifolds (M, ¢, &, 7, g) whose curvature tensor field satisfies

R(X,Y)Z = fi{g(Y,Z2)X — g(X,Z)Y} +
+ fo{9(X,0Z)pY — g(Y,0Z)pX + 29(X, ¢Y )9 Z}
+ f3 (n(X)n(2)Y —n(Y)n(Z)X + g(X, Z)n(Y)E — g(Y, Z)n(X)E}

f1, f2, f3 being differentiable functions on M. If M is actually a Sasakian-space-
form, that is a Sasakian manifold with constant ¢-sectional curvature equal to c,
then f1 = 3(c+3), fo=fa = 3(c—1).

More in general, Yano [10] introduced the notion of f-structure on a (2n + s)
-dimensional manifold as a tensor field f of type (1,1) and rank 2n satisfying
2+ f=0. Almost complex (s = 0) and almost contact (s = 1) structures are
well-known examples of f-structures. In this context, Blair [2] defined K-manifolds
(and particular cases of S-manifolds and C-manifolds) as the analogue of Kaehle-
rian manifolds in the almost complex geometry and of quasi-Sasakian manifolds
in the almost contact geometry and he showed that the curvature of either S-
manifolds or C-manifolds is completely determined by their f-sectional curvatures.
Later, Kobayashi and Tsuchiya [8] got expressions of the curvature tensor field of S-
manifolds and C-manifolds when their f-sectional curvature is constant depending
on such a constant.

For these reasons, we consider that it is interesting to introduce a notion of gen-
eralized S-space-form on metric f-manifolds (see Section 2l for a precise definition of
these manifolds). We observe that this work was made in [5] for metric f-manifolds
with two structure vector fields, giving some interesting examples. Now, we present
the definition for any number of structure vector fields. To this end, we have fol-
lowed the same procedure as in almost complex and almost contact cases, that is,
we have substituted the constants in the expression of the curvature tensor field of
an S-space-form (an S-manifold of constant f-sectional curvature) obtained in [§]
by certain differentiable functions on the manifold. So, S-space-forms are natural
examples of generalized S-space-forms. Furthermore, we check that C-space-forms
are also generalized S-space-forms.

We have organized the communication in the following way. In Section 2l we
review definitions and formulas concerning metric f-manifolds which we shall use
later. In Section [B] we define generalized S-space-forms and study the sectional
curvatures of such manifolds. Moreover, we establish that the writing of the cur-
vature tensor field is unique in terms of a family of differentiable functions on the
manifold if and only if the dimension of the manifold is greater than 2 + s, s being
the number of structure vector fields. In Section 4 we consider a different defini-
tion given by Falcitelli and Pastore in [6], comparing both definitions. Finally, in
Section [B], we study generalized S-space-forms endowed with an additional struc-
ture and the relationships between the functions in such a case. Thus, we prove
that any generalized S-space-form with a metric f-K-contact structure is actually
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an S-manifold and we deduce an obstruction for a generalized S-space-form to be
an S-manifold, depending on the functions. The same result holds for a metric f-
contact structure with some additional conditions on the functions. We also study
generalized S-space-forms with an underlying C-structure and, more in general,
with a K-structure.

2. Metric f-manifolds

A Riemannian manifold (M, g) of dimension 2n + s and endowed with an f-
structure f (that is, a tensor field of type (1,1) and rank 2n satisfying f2 + f =0
[10]) is said to be a metric f-manifold if, moreover, there exist s global vector fields
&1,...,& on M (called structure vector fields) such that, if ny,...,ns are the dual
1-forms of &1,...,&s, then

fgoz:O; naOfZO; f2:_I+Z77a®§a;
a=1

9(X,Y) = g(f X, FY) + 3 na(X)na(Y),
a=1
for any X,Y € X(M) and « = 1,...,s. The distribution on M spanned by
the structure vector fields is denoted by M and its complementary orthogonal
distribution is denoted by L. Consequently, TM = L & M. Moreover, if X € L,
then 1, (X) =0, forany a =1,...,s and if X € M, then fX =0.

Let F be the 2-form on M defined by F(X,Y) = g(X, fY), for any X,V €
X(M). Since f is of rank 2n, then my A--- Ans A F™ # 0 and, particularly, M is
orientable. A metric f-manifold is said to be a metric f-contact manifold if F =
dnq, for any o = 1,...,s. On the other hand, a metric f-contact manifold is said
to be a metric f-K -contact manifold if the structure vector fields are Killing vector
fields. When s = 1, metric f-contact manifolds correspond to contact manifolds and
metric f-K-contact manifolds to K-contact manifolds. Furthermore, in a metric
f-K-contact manifold it easy to show that:

(2.1) Vxéo=—fX, X € X(M), a=1,...,s.

The f-structure f is said to be normal if [f, f]+2>°"_, £a ® dno = 0, where
[f, f] denotes the Nijenhuis tensor of f. Then, a metric f-manifold is said to be
a K-manifold [2] if it is normal and dF = 0. In a K-manifold M, the structure
vector fields are Killing vector fields [2] and:

(22) Vgafﬁzo, Oz,ﬂ:L...,S.

A K-manifold is called an S-manifold if F' = dn,, for any « (that is, if it is also
a metric f-K-contact manifold) and a C-manifold if dn, = 0, for any «. Note that,
for s = 0, a K-manifold is a Kaehlerian manifold and, for s = 1, a K-manifold is a
quasi-Sasakian manifold, an S-manifold is a Sasakian manifold and a C-manifold
is a cosymplectic manifold. When s > 2, non-trivial examples can be found in
[2, B, [7]. Moreover, a K-manifold M is an S-manifold if and only if

Vxéa=—fX, X €eXM), a=1,...,s,
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and it is a C-manifold if and only if Vf =0 [2].
On the other hand, the curvature tensor field R of a K-manifold M satisfies

(23) R(gocaXa gﬁay) = _g(vX§ﬁ7VY€Q)7

forany X, Y € X(M) and o, 5 =1,...,s [].

A plane section 7 on a metric f-manifold M is said to be an f-section if it is
determined by a unit vector X € £ and fX. The sectional curvature K () of 7 is
called an f-sectional curvature. An S-manifold (resp., a C-manifold) is said to be
an S-space-form (resp., a C-space-form) if it has a constant f-sectional curvature
¢ and then, it is denoted by M (c). In such cases, the curvature tensor field R of
M (c) satisfies

RX,Y,Z,W) = (g(f X, fW)na(Y)ns(2) — g(f X, fZ)na(Y)ns(W)
T g, P2 (X s (W) = g(fY, FW)na(X)ns(2))

(2.4) + I X, WY £2) - 9(F X F2)g 1Y, W)
2 (F(X,W)F(Y, Z) — F(X, Z)F(Y, W)
—2F(X,Y)F(Z,W)),
(resp.,

R(X,Y.Z,W) =2 (g X.JW)g(fY, [Z) = g(FX, [ 2)g( Y. [W)
(2.5) + F(X,W)F(Y,Z) - F(X,Z)F(Y,W)
—2F(X,Y)F(Z,W))),

for any X, Y, Z, W € X(M) [g].

3. Generalized S-space-forms

A metric f-manifold (M, f,&1,...,&,m,...,7s,9) is said to be a generalized
S-space-form if there exists a family of differentiable functions on M,

{F1;F2;Faﬁ;Gaﬁ;Haﬁ’)’};

such that the curvature tensor field R of M satisfies

(3.1) R=FiR1 + F>sRs + Z FogRap + Z GQBEQIQ + Z H.gyRag,
o f=1 1<a<f<s o f=1,
a#BEYFo
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where

(3.2)
RI(XJ Yu Za W) = g(X7 W)g(yu Z) - g(X, Z)Q(Y, W)v

Rap(X,Y, Z,W) = g(Y, W)na(X)ns(Z) — g(X, W)na(Y)ns(Z)
+9(X, Z)na(Y)ng(W) — g(Y, Z)na(X)ns(W);

Rap(X,Y, Z,W) = na(X)ns(Y)ns(Z)10a(W) = ns(X)na(Y)ns(Z)n.(W)

+ 18(X)Na(Y)1a(Z)1s(W) = 1a(X)15(Y )10 (Z)1s(W);
Rapy (X, Y, Z,W) = 0o (X)ng (V)1 (Z)110(W) = 15(X)1a(Y )1y (Z)na (W)
+ 18(X)1a(Y)1a(Z)0y (W) = na(X)ns(Y )10 (Z)ny (W),
for any X, Y, Z, W € X(M).

This kind of manifold appears as a natural generalization of S-space-forms
because a straightforward computation from (24]) gives that any S-space-form M (c)
is a generalized S-space-form with functions

Fy=X(c+3s); Fo=1(c—5); Fao=1(c+3s)—1;
Fop=—1 (a#B); Gap=1(c+3s)—2 (a<p);

Hopy = =1 (a# B # 7 # ),
where a, 8,7 € {1,...,s}. Moreover, any C-space-form M (c) is also a generalized
S-space-form. In fact, from (23], we only have to take

F1:F2:Faa:Ga,8:% (Oé<6);
FaB =0 (Oé 7é 6)7

Hopy =0 (a # B #7 # a),
where o, 8,7 € {1,...,s}. N _ _ N

From ([B.2) we easily deduce that Raq = 0; Rag = Rga; Raps = Ras; Raaa =
Roap =0, for any o, 5 =1,...,s. Furthermore, from (3.I]) we get that
(3.3) R(X,&a; X, &p) = Fag,

(34) R(§as 8,8y €a) = Hapy — Figy,
for any unit vector field X € £ and any o, 8,7 =1,...,s, a # B # v # «. Then, by

using the symmetries of the curvature tensor field R, from [B.3]) and 4] together,
we obtain Fig = Fgo and Hogy = Hovg,o, B,y =1,...,5, a # B # v # a.

Now, we observe that, if s = 2, B agrees with (3.1) of [5]. In that pa-
per, more examples of generalized S-space-forms with two structure vector fields
were given and they can be generalized to any s. Thus, pseudo-umbilical, totally
contact-umbilical, totally contact-geodesic, totally umbilical and totally geodesic
hypersurfaces of a generalized S-space-form are also generalized S-space-forms and,
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moreover, the bundle space of a principal toroidal bundle over a Kaehlerian mani-
fold and the warped product of R times a generalized S-space-form are generalized
S-space-forms too.

Next, for the sectional curvatures of a generalized S-space form and by using
BI) and 32)), we can prove the following proposition.

PROPOSITION 3.1. Let M be a generalized S-space-form with functions:
{Fla F2; Faﬁa Gaﬁa Haﬁ'y}-
Then, for any orthonormal vector fields X, Y € L and o, 8 € {1,...,s}, we have
(i) K(X,Y)=R(X,Y,Y,X) = Fi +3Fg(X, fY)*.

(i) H(X) = (XfX%;ﬂ+3H.
(lll) K(X ga) - - Faa
(V) (gong,@) _Faa_F,BB+Ga,87 (Oé<ﬂ).

We are going now to study if the writing of the curvature tensor field of a
generalized S-space-form is unique. First, we can prove:

PROPOSITION 3.2. Let M be a (2n + s)-dimensional generalized S-space-form.
If n > 2, the writing of the curvature tensor field R of M in terms of a family of
functions is unique.

PROOF. Let us suppose that there exist two families of differentiable functions,

{F1,F>,F.3,Gag, Hap} and {F}, Fy, a,@’Ga67HaB'y} such that

(3.5) R=FiR1 + FoRs + Z FogRap + Z Gaﬂﬁaﬂ + Z HopgyRapy

a,f=1 1Sa<p<s a,B,7=1,
0175,37577501
= F{ R+ F;Ry + Z wgRop+ Y GhgRap+ Z H} g\ Rag.-
a,B=1 1<a<pB<s a,B,v7=1,
aFBAva
Since n > 2, we can consider a pair of orthonormal vector ﬁelds X,Y € L such
that ¢g(X, fY) = 0. From (B38) we get that R(X,Y, fX, fY) = = F5 and so,

R(X,Y,Y,X) = Fy = F}. From (iii) and (iv) of Proposition le we deduce that

Foo =F},, forany a=1,...,s and Gag :G(’;B, forany a, 6 =1,...,s, a<pf.
Finally, if X € £ is a unit vector field and o, = 1,...,s, a # 3, from (B5)

again, we get that R(X, &a, X,€p) = Fap = F;5 and, by using 84), Hapy = H 5.,

for any a, B,y € {1,...,s}, a £ B £ v # . O

Next, what about (2 + s)-dimensional generalized S-space-forms? In this case,
the writing of the curvature tensor field is not unique. Actually, if M is a generalized
S-space-form of dimension 2 4+ s such that its curvature tensor field R can be
simultaneously written as

R=FRy+FRy+ Z FopgRap + Z Gagéa,@ + Z HOZB’YROQBV
af=1 1<a<f<s aB=1,
a#p#EYF
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and

R=F;Ri + FfRy + Z ngRop+ Y GigRap+ Z H 4 Ragy,
a,B=1 1<a<pB<s a,B,v7=1,
a# By

then, given a unit vector field X € £ and «, 8,7 € {1, ..., s}, from B3), 34) and
Proposition [3I] we obtain the system
F1 - Fl* = 3(F2* - FQ)
Fy — Ff = Foo — F*;
B)
a < ﬂ)
a<pf)

a#tBAv#a)

Fop — ;,8:0; (c
Faa_F;a:Ga/B_GZ/ﬁ; (
HOZB’Y - H;,Bv =0, (

whose general solution is given by
Ff=F+h, F;:FQ—%h7 E),=Fuoo+h,
(36) Gzﬁ = Gaﬁ + h, F aB = Faﬁ, H;ﬁ'y = Haﬁfy,

where h is a differentiable function on M. Consequently, if h # 0, the writing of R
in not unique and the functions of two different writings are related by (B-6I).

On the other hand, if M is a (2+ s)-dimensional generalized S-space-form with
functions {F1, Fs, Fop, Gag, Hapy} and we define the functions

{Fl*’F;’ a*B’ ZB’H;BW}

as in ([B.6]), for any differentiable function h on M, then we deduce:

R=FRi+FRy+ Y FapRag+ > GapRag+ Y, HopyRapy,

a,f=1 1<a<f<s a,8,y=1,
aFBEr#a
—‘FiRl*‘FéRQ+‘§: wgBRop+ ) GaBRa5+'§: Hg g Rapy
a,f=1 1<a<f<s a,B,v7=1,
a#BAra
h
—hRy + = Rz—hZRM —h > Rap.
1<a<pB<s

But it is straightforward to check that

h - ~
hBy = SRy +h) Rao+h Y Rap=0
a=1 1<a<BLs

and, consequently, M is also a generalized S-space-form with functions

{F1*7F2*7 a*ﬁu :;ﬁu ;ﬁ'y}'
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4. A different definition

In [6], Falcitelli and Pastore defined a generalized f.pk-space-form as a metric
[f.pk-manifold M of dimension 2n + s (actually, a metric f- mamfold) endowed
with a fannly of differentiable functions {Fl,FQ,Faﬁ7 a,B =1,...,s}, such that
Falg = F,@a, for any «, 8 € {1,...,s} and such that the curvature tensor field R of
M can be written as
(4.1)  RX,Y)Z=F{g(fX DY —g(fY.[2)1*X}

+ ﬁz{g X, f2)fY +9(Y, f2) X +29(X, fY)fZ}

+2Faﬂ{’7a 21 = na(Y)m(2) X

oo +g(foZ)77a(X)§ﬁ— 9(FX, fZ)na(Y)Es ),

for any X,Y, Z € X(M). This definition is more restrictive than the one concerning
generalized S-space-form. In fact, we observe that, from @), R(¢a,&5)¢, = 0, for
any «, 8,7 € {1,...,s} (this means that the distribution M is flat), but some
examples of generalized S-space-forms not satisfying this condition were presented
in [5].

Moreover, if M is a generalized f.pk-space-form, a straightforward computation
using ([B.2)) gives

R:ﬁ1R1+ﬁ2R2+ﬁ1{zRaa_ Z Ea,@}

a=1 1<a<pB<s
=3 Fushas = 3% Foafos = 32 Fusf 3 o}
a,f=1 a,f=1 a,f=1,
a#B a#v#ﬂ
Consequently, M is a generalized S-space form with functions
Flzﬁl; F2:ﬁ2; Faa—Fl Faay Faﬁ:_Naﬁ (Oz;éf)’),

Gaﬁ = ﬁl — Faa — Fﬁﬁ; Haﬁfy = _ﬁﬁ’Y'
Conversely, if M is a generalized S-space-form with functions
{F15F27Faﬁ7Gaﬁ7Haﬁ'y}

such that the distribution M is flat, then, from (3.4)) we get that Hag, = Fj,, for
any o, 8,y = 1,...,8, a # f # v # « and from (v) of Proposition Bl G5 =
Foo +Fg — F1,1 < a < B <s. Then, it is easy to check that M is a generalized
f.pk-space-form with functions:

ﬁlel; ﬁ2:F2; ﬁaa:Fl_Faa; ﬁaﬂz_ a,@ (047&6)

5. Generalized S-space-forms with additional structures

Taking into account the results of the above section, if M is a generalized
S-space-form such that the distribution M is flat (for instance, if M is either a
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metric f-K-contact manifold or a K-manifold), we can apply the results of [6] to
it. Firstly, we can prove:

THEOREM 5.1. Let M be a (2n+ s)-dimensional generalized S-space-form with
functions {F1, Fa, Fog, Gag, Hap~}, such that V&, = —f, for any o = 1,...,s.
Then, M is an S-manifold and

F, = i(0+38); Fy = %(C_ 3); Foo = %(04_38) -1
Fop=—1 (a#B); Gap=1(c+3s)—2 (a<p);
Hagy = =1 (0 # B #7 # a),
where «, B,y € {1,...,s} and ¢ = F1 +3F5. In particular, any generalized S-space-

form with a metric f-K-contact-structure is an S-manifold.

PROOF. Since, the condition of the statement implies that the distribution M
is flat, we deduce that M is a generalized f.pk-space-form and we apply Proposition
7 of [6]. For metric f-K-contact manifolds we only have to consider (2.1). O

We point out here that, if n > 2, ¢ becomes constant (see, for example, [7])
and M is actually an S-space-form. Moreover, we deduce:

COROLLARY 5.1. Let M be a (2n + s)-dimensional generalized S-space-form
with functions {F1, Fa, Fag, Gag, Hapy}. If M is an S-manifold, then Fy — F5 = s.

For C-manifolds, we have:

THEOREM 5.2. Let M be a (2n+ s)-dimensional generalized S-space-form with
functions {F1, F», Fop,Gag, Hapy} and with an underlying C-structure. Then
(5.1) Fi=F=Fo =Gap=c/4, a<p;

(5.2) Fop=Hapy =0, a#B#y#a,
where o, B,y € {1,...,s} and ¢ = Fy + 3F,. Moreover, ifn > 1, M is a C-space-

form.

PROOF. Since M is a C-manifold and so, a K-manifold, from (22), the dis-
tribution M is flat and M is also a generalized f.pk-space.form. Furthermore, the
structure vector fields are parallel and, by using Proposition 8 and Remark 2 of
[6] and applying the relationships obtained in the above section we get the desired
results. Finally, from (31]), the Ricci tensor field S and the scalar curvature p of
M are given by

s06v) = P2 (4001) = S () )

and p = n(n + 1)c. Now, from the second Bianchi identity,

Vip=2> V;5,
J

where Sf denotes the components of the Ricci tensor of type (1,1). Consequently,
(n —1)dc =0 and hence, dc =0 if n > 1. O
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Next, we are going to study generalized S-space-forms with more general struc-
tures. First, we get

THEOREM 5.3. Let M be a generalized S-space-form with functions
{F\, Fa, Fop, Gap, Hapy }-
If M is a K-manifold, then
Fi+Gag = Foa +Fpp; F1 —Foaa 20, withl <a<f<s;
Hopy = Fgy, forany o, B,y =1,...,5 such that o # 8 # v # a.

PROOF. Since M is a K-manifold, from (Z2]) we get that the distribution M is
flat. Thus, M is a generalized f.pk-space-form and by using the results of Section
4, we deduce that Gog = Foo + Fgg — F1, 1 < a < f < s and Hopy = Fpy,
a # B # v # a. Now, from (Z3) together (iii) of Proposition B.I], we complete the
proof. O

Finally, for metric f-contact structures, we can prove the following theorem.

THEOREM 5.4. Let M be a (2n+ s)-dimensional generalized S-space-form with
functions {F\, F», Fop, Gag, Hapy}. If M is a metric f-contact manifold and

Fl_Faa:F,BB_GaB:L 1<a<ﬂ<s;
Fooa = Fag, foranyo,f=1,...,s,
then M is an S-manifold.

PROOF. First, from (v) of Proposition Bl and the hypothesis, we deduce
that K(&q,&3) = 0. Moreover, a direct computation by using (31 shows that
S(€a,&a) =2n(F1 — Fon) =2n, a =1,...,s, where S is the Ricci curvature tensor
of M. Then, by using Theorem 3.8 of [4], we obtain that the structure vector fields
are Killing vector fields, that is, M is a metric f-K-contact manifold. Thus, from
Theorem (1] it is an S-manifold. (|
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