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RESUME

De nos jours, les systémes technologiques sont devenus trés complexes (matériel informa-
tique, logiciel, systéme de télécommunication, usine manufacturiére, etc), et cette com-
plexité croit continuellement de sorte que les anciennes techniques intuitives utilisées pour
leur conception, leur étude et leur réalisation deviennent inadaptées. A cause de cette com-
plexité croissante, la probabilité pour qu'une erreur (ou panne) inattendue survienne est
de plus en plus grande. Plus encore, quelques erreurs peuvent provoquer des accidents trés
graves causant des pertes économiques ou humaines. C’est dans ce cadre que les méthodes
formelles ont été développées pour 'analyse, la conception et la réalisation des systémes
logiciels et électroniques quelque soit leur complexité. Ainsi, I'étude des systémes a événe-
ments discrets (SED) a été introduite avec 'objectif de développer des méthodes formelles
pour répondre a des besoins pressants, tels que le controle, le diagnostic, le pronostic, le
test et la vérification des comportements discrets des systémes technologiques.

Cette thése considére et généralise les études du contrdle et du diagnostic décentralisés des
SED. Le principe commun du contréle et du diagnostic décentralisés des SED est la prise
de décision décentralisée, qui est basée sur |'utilisation d’une architecture décentralisée.
Cette derniére est constituée de plusieurs décideurs locauz qui observent partiellement
un SED et prennent des décisions locales qui sont ensuite fusionnées par un module de
fusion D. Ce dernier, en se basant sur une fonction de fusion, calcule & partir des décisions
locales une décision globale. Le systéme englobant les décideurs locaux et le module de
fusion s'appelle un décideur décentralisé. L’ensemble de tous les décideurs décentralisés
ayant D comme module de fusion est appelé D -architecture.

La principale contribution de cette thése est de proposer une nouvelle approche de prise
de décision décentralisée, appelée multi-décision et qualifice de multi-décisionnelle. Le
principe de la multi-décision est basé sur l'utilisation de plusieurs (disons p) décideurs
décentralisés (DDY);~1,. , qui fonctionnent simultanément et en paralléle. Chaque DDV a
une architecture décentralisée parmi celles qu'on trouve dans la littérature. C'est-a-dire
que chaque DIY est constitué d’un ensemble de décideurs locaux (Dec!),=1,.., dont les
décisions locales sont fusionnées par un module de fusion D’ afin d’obtenir une décision
globale. Dans I'architecture multi-décisionnelle, les décisions globales des p (DD”),=1, ,
sont fusionnées par un module D afin d’obtenir une décision effective qui respecte une
propriété désirée Pr. L’intérét de la multi-décision est que 'architecture ((DD’),=1_,, D)
constituée des différents (DDY),—, __, et de D généralise chacune des architectures DI¥.
C’est-a~dire que I'ensemble des SED auxquels on peut appliquer ((DI¥),-1 . ,, D) englobe
les différents SED auxquels on peut appliquer les différents DY séparément.

Nous avons étudié I'approche multi-décisionnelle sur deux exemples de prise de décision :
le contrdle supervisé et le diagnostic. On obtient alors le controle et le diagnostic multi-
décisionnels. Dans les deux cas, I’approche multi-décisionnelle nécessite une décomposition
de langages infinis (c.a.d.. contenant un nombre infini de séquences). qui est connue comme
étant un probléme difficile. Pour résoudre ce probléme, on a proposé, dans le cas particulier
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des langages réguliers, une méthode qui transforme la décomposition d’un langage infini
X en une décomposition d'un ensemble fini d'états marqués. Pour arriver a cela, on a du
s'imposer une restriction en ne considérant que les décompositions de X qui respectent une
condition spécifique. Cette condition présente I'avantage de rendre les conditions d’exis-
tence de solutions vérifiables. Nous avons ainsi développé des algorithmes pour vérifier
les conditions d’existence de solutions pour le controle et le diagnostic multi-décisionnels.
Ces algorithmes ont le méme ordre de complexité que les algorithmes qui vérifient les
conditions d’existence de solutions pour le controle et le diagnostic décentralisés. Il est
important de noter que les conditions d’existence obtenues pour une architecture multi-
décisionnelle ((DD’),-1,..,, D) sont moins contraignantes que celles obtenues pour chacune
des architectures DIV,

Mots-clés : systémes a événements discrets (SED), automates a états finis, prise de dé-
cision décentralisée sur des SED, controle supervisé décentralisé de SED, diagnostic
décentralisé de SED, prise de décision multi-décisionnelle sur des SED, controle su-
pervisé multi-décisionnel de SED, diagnostic multi-décisionnel de SED.
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CHAPITRE 1
INTRODUCTION

Le sujet de la présente thése porte sur le controle supervisé décentralisé et le diagnostic
décentralisé des systémes & événements discrets modélisés par des automates a états finis.
Nous avons opté pour une thése par articles. Dans cette introduction, nous présentons
dans un premier temps les théories du controle supervisé et du diagnostic décentralisés des
systémes & événements discrets. Dans un deuxiéme temps, nous formulons la problématique
de la thése et ses objectifs. Enfin, nous présentons les résultats obtenus et nos contributions.

1.1 Systémes a événements discrets (SED)

Le comportement des systémes a événements discrets (SED) est caractérisé par une dyna-
mique événementielle, dans le sens o le comportement du systéme présente une succession
d’événements qui se manifestent pendant des intervalles de temps qui ne sont pas néces-
sairement réguliers. L'occurrence d'un événement est soit instantanée (pas de durée) ou

un événement est interprété comme une action d’une certaine durée (courte ou longue).

Chaque événement se manifeste pendant un laps de temps trés court pour signaler un
changement d’état du systéme. Un événement se définit comme une action produite par

le systéme ou par son environnement et subie par le systéme.

L’étude formelle des SED s’est avérée nécessaire avec la croissance de l'industrialisation,
et avec apparition des systémes informatiques de plus en plus complexes. En effet, c’est
dans le but d’étudier les interactions des systémes informatiques complexes, que 1’étude
formelle des SED a pris forme [Hoare, 1985; Milner, 1980]. La modélisation et I'étude des
comportements discrets sont souvent effectuées par la théorie des langages, les machines
a états finies, les réseaux de Petri et l'algébre de processus. La modélisation peut étre
effectuée au niveau logique (en considérant seulement I'ordre logique des événements), au
niveau temporel (en introduisant le temps), ou au niveau stochastique (en introduisant les

probabilités).

Comme exemple de SED on peut citer :
Un protocole de communication, avec comme exemples d’événements : émission d’un

message (par exemple demande de connexion), réception d'un message (par exemple
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message d'acceptation de connexion) et demande de service. Nous pouvons citer comme

»

exemple de séquence d'événements (comportement) : “émission message m”.“émission

EAIRYS

réception message n”.“réception message m’”.

MW

message n’”.

Un systéme de téléphonie, avec comme exemples d'événements - décroche, raccroche,

début de sonnerie et compose un chiffre. Nous pouvons citer comme exemple de séquence

d’événements : “début de sonnerie”.“décroche” “raccroche”.

Une ligne d'assemblage d'un systéme de production, avec comme exemples d'événe-

ments : “piéce A préte”, “piéce B préte”, “détection de la présence d’une piéce par un

capteur” et “assemblage des deux piéces A et B”. Nous pouvons citer comme exemple

de séquence d'événements : “piéce A préte” “piéce B préte” “détection de la présence des

piéces A et B” “assemblage des piéces A et B”.
L'étude formelle d'un SED est souvent élaborée en utilisant les automates o états finis
(AEF) et les réseauz de Petri. Dans cette thése, nous optons pour les AEF. Un AEF est
un graphe de transitions permettant de modéliser un SED par des états (états du SED)
et des transitions correspondant aux occurrences des événements. Formellement, un AEF
G est défini comme un quintuple G = (@, £,6.qo, @), avec :

() : ensemble fini d’états;

¥ : ensemble fini d'événements (ou alphabet) ;

qo : état matral;

Q.. : ensemble des états finauz ou marqués (Qm C Q);

J:0Q x X — @ : fonction de transition entre états.
A chaque état de G, la fonction de transition & définit les événements dont 1'occurrence
est possible et ’état atteint suite & 'occurrence de chacun de ces événements. Ainsi,
3 partir de ’état initial, on peut parcourir une séquence d’états de 'AEF qui dépend
de la séquence d’événements exécutés. L’ensemble de toutes les séquences (ou traces)
d’événements exécutées par un AEF G est appelé langage de G, que I'on note £L{G) C ¥*,
ol 2% est 'ensemble des mots sur ¥, mot vide ¢ inclus. L’ensemble des séquences qui
atteignent les états marqués est appelé langage marqué et noté L,,(G). On a L£,,(G) C
L(G).

Comme exemple, considérons le SED modélisé par PAEF de la figure 1.1, qui contient trois
états : au repos (R), en marche (M) et en panne (P). Les transitions entre ces états sont
indiquées par les événements suivants : mettre en marche (m), finir le travail (f), tomber
en panne (p) et étre réparé (7). Au départ la machine est au repos (état R), la transition
entre cet état et I’état ol la machine entre en fonction (M) est indiqué par I’événement
m. Si la machine finit son travail, elle retourne & I'état de repos R, ce qui est indiqué par

I'événement f. Si par contre, la machine tombe en panne, alors elle se trouvera dans 1'état
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P par la manifestation de I'événement p. Si la machine est réparée, alors elle passera de

I'état P a I'état R par la manifestation de I'événement r.

Figure 1.1 Exemple d’un SED modélisé par un AEF. “R” est 1'état initial et
Qm = {R}

1.2 Contréle et diagnostic des SED

1.2.1 Prise de décision dans les SED

La prise de décisions est un sujet trés important qu’on retrouve dans plusieurs domaines.
Nous nous intéressons ici & la prise de décision dans les SED qui peut se résumer comme
suit. On considére un SED qu'on appellera procédé qui évolue par 'exécution d’événements.
et un module qu'on appellera décideur dont la tache est d’observer I'évolution du procédé
et de prendre des décisions respectant une propriété désirée Pr. Selon les exemples, les
décisions prises par le décideur peuvent influencer ou pas le comportement du procédé.
Voici trois exemples de prises de décisions :
Dans le controle [Cassandras et Lafortune, 1999; Kumar et Garg, 1995: Wonham, 2008 :
le décideur est un superviseur, dont les décisions consistent & inhzber ou autoriser des
événements controlables. La propriété désirée Pr habituellement utilisée est que le pro-
cédé controlé soit conforme & une spécification donnée, c.a.d., il ne doit exécuter que
des séquences d’événements autorisées par la spécification.
Dans le diagnostic [Sampath et al., 1995] : le décideur est un diagnostiqueur dont les
décisions consistent & indiquer 'occurrence ou la non occurrence d’un comportement
indésirable (par exemple, une panne ou une faute) du procédé. Un exemple de propriété
Pr désirée est que toute faute exécutée par le procédé soit indiquée dans un délai borné
(noter qu'il ¥ a d'autres propriétés qui seront discutées dans cette introduction).
Dans le pronostic [Kumar et Takai, 2008] : le décideur est un pronostiqueur dont les
décisions consistent & prédire 'occurrence ou la non-occurrence d’un comportement
indésirable du procédé. Un exemple de propriété Pr désirée est que toute faute soit

prédite.
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Le décideur tente de respecter la propriété désirée a partir de I'information qu’il obtient
en observant le comportement du procédé. Cette observation peut étre totale (le décideur
observe tous les événements exécutés par le procédé) ou partielle (seulement une partie
des événements est observée). L'observation partielle est habituellement modélisée par un

masque qui ne laisse passer que les événements observables (voir schéma de la figure 1.2).

Dans des récents travaux [Kumar et Takai, 2006. 2009; Takai et Kumar, 2006, 2008; Wang
et al., 2004, 2005, 2007], il a été montré que la technique de prise de décision utilisée dans
le contrdle des SED peut étre adaptée pour le diagnostic des SED. Dans [Wang et al.,
2004, 2005, 2007], les auteurs ont étudié le diagnostic des SED en considérant plusieurs
architectures qui ont été utilisées dans le cadre du controle des SED [Yoo et Lafortune,
2002a, 2004]. Dans [Kumar et Takai, 2006, 2009; Takai et Kumar, 2006, 2008|, les auteurs
ont étudié le diagnostic des SED par le principe de l'inférence qui a été déja étudié dans le
controle [Kumar et Takai, 2005, 2007]. Dans ces différentes références, la méme technique

de prise de décision a été utilisée dans le controéle et dans le diagnostic.

Notons que dans notre thése, nous ne manquerons pas d’exploiter judicieusement cette
analogie entre le controle et le diagnostic, ce qui nous a permis d’obtenir des résultats
intéressants dans ces deux sujets. En effet, Papproche suivie dans cette thése permettra

de présenter le contrdle et le diagnostic dans des cadres formels assez similaires.

Aprés avoir expliqué que le controle et le diagnostic peuvent étre vus comme deux cas
particuliers de prises de décisions, nous allons dans les deux sections suivantes (1.2.2 et

1.2.3) présenter plus spécifiquement le controle et le diagnostic.

Tde’cision prise
Décideur Procédé
Masque
Comportement g Comportement
observé exécuté

Figure 1.2 Schéma standard d’un systéme de prise de décision

1.2.2 Contréle supervisé des SED

Principe général du contréle

La théorie du contréle s’intéresse principalement & I'analyse et & la conception de systémes

de contréle. Controler un systéme veut dire influencer son comportement pour atteindre un
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but désiré. De nos jours, les systémes de contrdles sont partout, on les trouve par exemple
dans les microprocesseurs. les robots et les avions. Le systéme & controler. aussi appelé
procédé, exécute une certaine fonction qui 4 partir de signaux d’entrée génére des signaux
de sortie. Le comportement externe du procédé est ainsi défini par des signaux de sortie en
réponse a des signaux d’entrée. En général, le comportement d’un procédé consiste en une
partie désirable et une partie indésirable. Dans ce cas, il est nécessaire de restreindre son
comportement afin de n’exécuter que la partie désirable, parfois appelée spécification. Le
probléme du contrdle consiste & concevoir une loi de contrble appropriée pour choisir les
signaux d’entrée de telle sorte que le comportement engendré par le procédé sous controle
(comportement controlé) satisfait la spécification. Le controle peut s'effectuer dans quatre
principaux domaines, & savoir : (1) domaine temporel, {2) domaine en s ou transformée
de Laplace, (3) domaine des fréquences et (4) domaine d’événements discrets. Pour plus
de détails sur le controle dans les différents domaines, voir [Dorf et Bishop, 2001; Franklin
et al., 1994; Wonham, 2008]. Dans cette thése, on s’intéresse au quatriéme domaine qu'on

appelle aussi le contréle supervisé des SED.
Controle supervisé des SED

La théorie du contrdle supervisé (ou plus simplement controle) des SED a été élaborée
par Ramadge et Wonham en utilisant la théorie des langages et les AEF [Ramadge et
Wonham, 1987; Wonham et Ramadge, 1987 (pour plus de détails voir [Cassandras et
Lafortune, 1999; Kumar et Garg, 1995; Wonham, 2008]). En résumé, cette théorie est basée
sur le principe suivant. On dispose d’un SED & contrdler, que nous appellerons procédé,
modélisé par un AEF G. Ce dernier décrit le comportement sans contrainte du procédé.
Soient £(G) le langage préfixe-clos et £,,(G) le langage marqué associés & G. On utilisera
le terme G aussi bien pour 'AEF lui-méme que pour le procédé qu’il modélise. L'ensemble
Y des événements de G est divisé en deux sous-ensembles : ¥, ensemble des événements
contrélables et L,.. ensemble des événements incontrdlables, tels que ¥ = X, U X, et
LN, =0.

Le principe de la théorie du controle des SED est de contraindre (ou de controler) G afin
qu'il respecte une spécification modélisée par un AEF S. Soient £(S) le langage préfixe-clos
et £,,(S) le langage marqué associés a S. Le controle est accompli par un superviseur Sup
modélisé par un AEF (ce dernier étant aussi désigné par Sup) qui, en interagissant avec
G, le contraint & n’exécuter que les comportements acceptés par S. Le calcul de la décision
d'un superviseur d’autoriser ou d’inhiber un événement o € ¥, est basé sur deux ensembles
&, et D,. Considérons une spécification S de langage marqué K = £,,(S) C £,,(G). On
aalors K = L(S) C L(G), ot K = {s € £*|3u € £* t.q. su € K} est le préfixe cloture
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de K. &, est I'ensemble des traces s € K telles que so est une trace du procédé G (c.a.d..
so € L(G)) autorisée par la spécification (c.a.d., so € K). Et D, est I'ensemble des traces
s € K telles que so est une trace du procédé G (c.a.d., s € £(G)) non autorisée par la
spécification (c.a.d., so € K). Aprés chaque séquence s d’événements exécutés par G, Sup
autorise tout événement ¢ € £, accepté par £(S) (c.a.d., o tel que s € &,) et inhibe tout
événement o € X, accepté par £(G) et non accepté par L(S) (c.a.d., o tel que s € D,).
Les événements incontrolables sont toujours autorisés. Le contrdle effectué par Sup sur G a
pour but de restreindre le comportement de G par 'interdiction d’événements controlables
afin que G respecte S. Le systéme englobant le procédé G et le superviseur Sup forment
un nouveau systéme, noté Sup/G. Soit L(Sup/G) le langage préfixe-clos et L,,(Sup/G) le
langage marqué associés & Sup/G. Les objectifs de controle sont que Sup/G doit satisfaire
les deux objectifs suivants :

Sup/G doit étre non bloguant, c.a.d., qu’il doit toujours pouvoir atteindre un état marqué

a partir de n'importe quel état de Sup/G. Formellement, £L,,(Sup/G) = L(Sup/G).

Sup /G doit toujours respecter la spécification S, c.a.d., L,(Sup/G) C L(S5).
Une spécification S (ou £,,,(S)) est dite contrélable par rapport 4 G et £, (ou controlable,
si le contexte est clair) si £(S).2,. N L(G) C L(S), c.a.d., L(S) peut &tre obtenu & partir
de G en inhibant seulement les événements controlables. Une spécification S (ou Ln,(S))
est dite £,,(G)-close si L(S) N L,,(G) = L£,,(S), c.a.d., toute séquence s acceptée par S
(c.a.d., s € L(S)) et atteignant un état marqué de G (c.a.d., s € £,,(G)) atteint aussi un
état marqué de S (c.a.d., s € L,,(5)).

Dans [Ramadge et Wonham, 1987, Wonham et Ramadge, 1987|, il a été prouvé que si
S est controlable et L£,,(G)-clos, alors il existe un superviseur non bloquant Sup tel que
L (Sup/G) = Ln(S).

Dans le cas ot S n'est pas controlable ou n'est pas L£,(G)-clos, le probléme qui se pose
dans la théorie du controle des SED est d'obtenir un Sup non bloquant qui soit le plus
permissif possible, & savoir qu’il permet d’obtenir le comportement le moins restrictif
parmi tous les comportements contrdlables et £,,(G)-clos de G qui respectent S (c.a.d.,
L (Sup/G) C L,(S). Comme L,,(G)-cloture est fermée par 'union, et en montrant que
la controlabilité est fermée par 1'union, les auteurs dans [Ramadge et Wonhaiu, 1987] ont
montré l'existence et 1'unicité du comportement le moins restrictif. Ills ont proposé un
algorithme & point fixe permettant de construire le comportement le moins restrictif &
partir de GG et S.

La théorie développée par Ramadge et Wonham a donné lieu & diverses extensions. Parmi

ces extensions, on trouve le contrdle 4 observation partielle, le contréle modulaire, le
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controle hiérarchique et le contréle décentralisé. Dans cette thése, on s'intéressera plus
spécialement au controle décentralisé. Le controle & observation partielle a été intensé-
ment étudié par les chercheurs dans le domaine du contréle des SED, et son étude pré-
sente un préliminaire important pour le contrdle décentralisé. On parlera dans la prochaine
sous-section de ce type de controle. Le controle décentralisé sera présenté dans la section
1.3.2.

Contréle a observation partielle des SED

Ce type de controle des SED se présente dans les situations ou le superviseur doit prendre
des décisions sans avoir accés a toutes les informations requises. C’est le cas de plusieurs
systémes, comme les systémes répartis, o le superviseur n’a accés au systéme qu’a travers
un ou plusieurs sites locaux, ce qui ne permet au superviseur d’avoir accés qu'a des infor-
mations partielles. Et quelques fois, ce sont des facteurs qui surgissent pendant le controle
(par exemple une panne d’un capteur du SED) qui peuvent rendre quelques informations
inaccessibles pour le superviseur. C’est dans ce contexte que la notion d’observation par-
tielle intervient pour décrire la situation ou le superviseur est incapable d’observer certains
événements au cours du contréle du SED [Cieslak et al., 1988; Lin et Wonham, 1988b].
Par conséquent, 'alphabet ¥ du SED se répartit en deux sous-ensembles, celui des évé-
nements observables X, et celui des événements inobservables ¥, tels que £ =X, U X,
et £,NE,, = 0. Il s’agit alors de concevoir un superviseur Sup qui permet d’atteindre les
deux objectifs déja présentés (Sup/G non bloquant et L, (Sup/G) C L(S)). Mais le pro-
bléme qui se pose, c’est que Sup doit atteindre ces objectifs alors qu’il a une observabilité
seulement partielle du procédé. Ce probléme est ainsi appelé le probléme d’observation du
contréle supervisé avec tolérance zéro (POCSTZ). Un schéma de controle en boucle fermée
sous observation partielle résolvant le POCSTZ est représenté a la figure 1.3, ot le masque
P correspond & une projection naturelle P : ¥ — X, qui ne laisse passer que les événe-
ments de ¥,, c.a.d., pour chaque séquence s, P(s) est obtenue a partir de s en excluant les
événements qui n’appartiennent pas a X, (c.a.d., les événements de 2., = X\L,). Toute
séquence s sera donc observée par le superviseur sous la forme de sa projection dans X,
P(s). Deux séquences s; et sp qui ont la méme projection dans X, (c.a.d., P(s1) = P(s2))
ne seront pas distinguées par le superviseur. Par conséquent, les mémes décisions d’inhibi-
tions d'événements sont prises par Sup aprés les exécutions de s; ou s». Une condition sur
la spécification est donc nécessaire pour tenir compte de cette contrainte sur Sup. C’est
ainsi que la notion du langage observable est introduite pour décrire un langage K qui
peut étre obtenu en effectuant sur G des décisions d’autorisation/inhibition d’événements
telles que lorsque deux séquences s, et s, de K ont la méme projection (P(s;) = P(s3)),
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alors les mémes décisions sont prises aprés s; et s;. Formellement, on dit qu'un langage K
est observable par rapport & G et P (ou observable, si le contexte est clair) si et seulement
si pour toutes séquences s;,5; € K telles que P(s;) = P(s3), on a

Vo€ ¥, 50 € K Asy0€L(G) = 50K, et

5S1EK A s € KNLL(G) = s, € K, et

les deux propriétés ci-dessus sont aussi vraies si on intervertit s; et so.

événements inhibés

Sup Procédé

P(s) P s

Figure 1.3 Action du superviseur en boucle fermée sous observation partielle

Les auteurs dans [Lin et Wonham, 1988a] ont démontré que le POCSTZ peut étre résolu
si et seulement si la spécification K est controlable par rapport & G et ¥,., observable
par rapport & G et P et L,,-close, mais aucune méthode de calcul de superviseur n’est
proposée. Le probléme qui se pose, ¢’est que 'observabilité n’est pas fermée par 'union,
I'union de deux langages observables n’étant pas nécessairement observable. Une solution
partielle a été proposée en suggérant la notion de normalité [Lin et Wonham, 1990]. Etant
donné la projection P : ¥ — X, on dit qu'un langage K C L(G) est normal si K =
L(G) N P~Y(P(K)). Intuitivement, K est dit normal s'il est le plus grand langage parmi
les langages qui ont la méme projection que K. Vu que la normalité implique I'observabilité
(alors que la réciproque n’est pas toujours vraie) [Brandt et al., 1990; Lin et Wonham,
1988a] et que la normalité est fermée par 'union, on peut trouver pour une spécification KX
qui n’est pas normale, le plus grand comportement inclus dans K qui soit normal et donc
observable. Toutefois, ce comportement normal n’est pas nécessairement le comportement
observable le moins restrictif. Par contre, 'observabilité est fermée par l'intersection de
langages préfixe-clos. Ainsi, si on considére I'ensemble POg¢ p(K') des langages contenant K
(K peut étre non observable) qui sont préfixe-clos et observables, alors le plus petit langage
contenant K. qui est préfixe-clos et observable par rapport & G et P, existe (unique) et on
le note inf POg p(K).

Jusque 1a, on a considéré que pour une spécification S donnée, un objectif essentiel du
contréle est d'avoir £,,(Sup/G) C L,,(S). Il y a aussi eu d’autres travaux plus généraux
ayant un objectif basé sur deux spécifications A (minimale) et E' (maximale), c.a.d., A C
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L.(Sup/G) C E. Pour plus de détail, voir [Brandt et al., 1990; Kumar et al., 1991; Lin
et Wonham, 1988a).

Contréle distribué des SED

Les SED distribués (ou concurrents) sont des systémes qui sont obtenus par combinaison
de composants interagissant entre eux. De tels SED sont généralement complexes au sens
oit ils possédent un grand nombre d'états, concevoir un superviseur pour un tel systéme
serait donc une tache trés complexe, voire impossible dans plusieurs cas. L’approche la
plus souhaitable est de concevoir un superviseur localement pour chaque composant sans
calculer explicitement le systéme global & contréler. Dans ce cadre, étant donné un objectif
de controle global, il faudrait que celui-ci soit atteint par la combinaison des différents
superviseurs locaux. Pour plus de détails sur ce type de controle, voir [Abdelwahed, 2002;
Abdelwahed et Wonham, 2002; Akesson et al., 2002; de Queiroz et Cury, 2000a,b; Gaudin
et Marchand, 2004; Jiang et Kumar, 2000; Khoumsi, 2005; Lafortune, 2007; Minhas et
Wonham, 2003; Willner et Heymann, 1991].

1.2.3 Diagnostic des SED
Principe général du diagnostic

Le diagnostic des défauts (ou fautes) des systémes industriels et informatiques a fait 'objet
de nombreux travaux dans les derniéres années. C’est une procédure qui permet la détec-
tion d’un défaut, de définir son origine et de déterminer ses causes. Un défaut d’un systéme
industriel ou informatique est caractérisé par un changement inattendu du fonctionnement
normal du systéme. Un tel défaut perturbe le comportement du systéme causant ainsi une
détérioration de la performance et méme amenant le systéme vers des situations dan-
gereuses. Un systéme qui exécute un comportement fautif est dit défaillant, dans le cas

contraire on dit que le systéme est normal ou sain.

Le diagnostic des défauts se base sur la comparaison des comportements réels du systéme
avec les comportements sains ou défaillants. L’étude du diagnostic des défauts a connu un
essor considérable avec la complexité croissante des systémes industriels qui sont de plus
en plus exigeants en termes de contraintes, de sécurité, de fiabilité, de disponibilité et de
performances. De nos jours, les systémes sont en effet de plus en plus complexes et ont
donc tendance a tomber en panne en dépit des précautions de fabrication et manipulation.
Ces pannes peuvent engendrer des conséquences trés graves dont on peut citer comme
exemples : des accidents d’avions, des fuites de radiations suite & des pannes dans les
centrales nucléaires et des coupures de courant [Perrow, 1984|. L'une des solutions adoptées
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pour remédier aux risques de pannes est de construire un module de diagnostic pour

détecter les défaillances et pannes, empécher leur propagation et limiter leurs conséquences.

Plusieurs méthodes ont été proposées dans la littérature pour étudier le diagnostic des

défauts. Ces méthodes se divisent en deux sous-groupes.

Méthodes sans modéle Les méthodes non fondées sur un modéle mathématique sont
dites des approches sans modéle. On trouve par exemple les tests statistiques et I’analyse
des signatures, voir [Dubuisson, 2001; Hamscher et al., 1992a; Pouliezos et Stavrakakis,
1994; Rich et Venkatasubramanian, 1987; Zwingelstein, 1995]. Dans ce type de méthodes,
le systéme a diagnostiquer est considéré comme une “boite noire” avec entrées et sorties.
Elles utilisent uniquement un ensemble de mesures ou de connaissances heuristiques sur
le systéme. En se basant ainsi sur des régles qui établissent des associations empiriques

entre effets et causes, il est possible de lier les symptomes aux défauts.

Méthodes avec modéle Les méthodes fondées sur un modéle sont caractérisées par
I'étude d’'un modéle mathématique qui englobe un comportement normal et un autre
défaillant. On peut avoir un modéle quantitatif, exprimé par exemple par des équations
différentielles ou des fonctions de transfert [Frank, 1996; Gertler, 1998; Willsky, 1976].
On peut aussi avoir un modéle qualitatif, exprimé par exemple par des automates a états
finis, des réseaux de Petri et des expressions logiques [Bavishi et Chon, 1994; Darwiche
et Provan, 1996; Hamscher et al, 1992a; Lin, 1994; Viswanadham et Narahari, 1992].
Parmi ces méthodes, on trouve aussi les méthodes de Dintelligence artificielle (e.g., la
représentation des connaissances et la théorie des décisions [Baroni et al., 1999; Frank,
1990; Hamscher et al., 1992b; Lamperti et Zanella, 2002; Lee et al., 1985; Reiter, 1987]) ou
des méthodes inspirées du controle des SED sous observation totale ou partielle [Cardoso
et al., 1995; Sampath et al., 1996; Su et Wonham, 2000]). Dans cette thése, on s’intéresse
plus précisément a la derniére catégorie, qu’on désignera par approche avec modéle SED.

Diagnostic des SED

Il existe plusieurs études qui se sont intéressées au diagnostic des SED modélisés par les
AEF. Il est & noter que le diagnostic est étudié seulement dans le contexte de 'observation
partielle (autrement, les défauts seront toujours détectables). Etant donné une faute (ou
un défaut) f, £L(G) englobe un comportement sain, qu'on note H, et un comportement
défaillant, qu’on note F. Ce dernier est ’ensemble des traces caractérisées par I'occurrence
de la faute f, c.ad.. F = {s € L(G)|3u,v € £*: s = ufv}. Alors que H est I'ensemble
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des traces non défaillantes, c.a.d., ne contenant pas f. Nous avons L(G) = HU F et
HNF = 0. Dans le cas ou plusieurs fautes distinctes sont a considérer, la méme procédure
est suivie pour diagnostiquer chacune d'elles. Donc par soucis de clarté, une seule faute

est considérée, la généralisation est triviale.

Notons que H est nécessairement préfixe-clos, parce que si une trace s est saine, alors
tout préfixe de s est sain. Alors que F est nécessairement postfixe-clos par rapport £(G),
dans le sens ou F.X* N L(G) C F. Plus précisément, si une trace s est défaillante, alors
toute extension de s est défaillante. Le diagnostic est effectué par un diagnostiqueur DIAG
dont la fonction est d’observer le procédé & travers un masque P représenté par une
projection naturelle P: ¥ — 3, et d’émettre un diagnostic. Une détection d’une présence
(resp., absence) de f est dite un diagnostic positif (resp., négatif). Un schéma général du
diagnostic des SED est représenté dans la figure 1.4. Notons I’analogie avec le schéma de
controle de la figure 1.3.

Diagnostic: positif ou négatif

Diag Procédé

P(s) P s

Figure 1.4 Schéma standard du diagnostic des SED

On trouve trois architectures principales pour étudier le diagnostic des SED.

Architecture centralisée Le SED est diagnostiqué par un seul diagnostiqueur cen-
tralisé qui observe le SED et émet un diagnostic concernant l'occurrence ou pas d'un
défaut. Pour plus de détails sur cette architecture, voir [Sampath et al., 1998, 1995, 1996:
Zad et al., 1998]. L’étude de I’architecture centralisée est un cas particulier de I'étude de
Parchitecture décentralisée. Ainsi toutes les études concernant architecture décentralisée

(étudiée en détail dans cette thése) sont valables aussi pour 'architecture centralisée.

Architecture distribuée Dans le cas des systémes complexes physiquement distribués
ou représentés par plusieurs sites, plusieurs facteurs comme les délais de communications,
les erreurs de communications et les pertes d’informations pendant les communications

peuvent étre des sources de défaillances. Comme exemple de tels systémes, on trouve les
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réseaux de communications, les systémes réseautiques, le trafic routier et les unités de
fabrication. La méthode la plus adéquate pour détecter les défaillances des SED distribués
est de construire un diagnostiqueur distribué. Plus précisément, pour chaque site, un
diagnostiqueur local collecte des informations locales relatives a ce site. Ces informations
peuvent étre envoyées a d’autres diagnostiqueurs locaux. Vu la structure complexe et
distribuée du SED a diagnostiquer, le fait d’envoyer les informations locales & un systéme
central pour étre analysées et émettre un diagnostic, peut générer des erreurs a cause des
délais de communications et des pertes de données. Ainsi, la meilleure procédure pour
diagnostiquer un tel systéme est de permettre a chaque diagnostiqueur d’engendrer un
diagnostic local en se basant sur ses observations locales ainsi que sur les observations
des autres diagnostiqueurs locaux. Pour plus de détails sur le diagnostic distribué voir
[Aghasaryaiu et al., 1997; Boel et van Schuppen, 2002; Debouk et al., 2000; Fabre et al.,
2002; Qiu et Kumar, 2005; Sengupta, 1998; Su et al., 2002].

La troisiéme architecture est I'architecture décentralisée. Comme elle fait Pobjet de cette

thése, elle sera traitée avec plus de détails dans la section qui suit.

1.3 Controdle et diagnostic décentralisés des SED

1.3.1 Architecture décentralisée de prise de décision

Nous avons vu dans la section 1.2.2 le principe général de la prise de décision pour les
SED. Dans cette section, on s'intéresse plus particuliérement a la prise de décision dans
le cadre d’une architecture décentralisée. Un schéma général de la prise de décision dans
une architecture décentralisée est illustré dans la figure 1.5, ou plusieurs décideurs lo-
cauz (Dec,).cq1,....ny Observent un procédé et coopérent afin de prendre une décision globale
qui respecte une propriété Pr donnée. Chaque décideur local Dec, observe localement le
procédé en observant un ensemble d’événements X,,. Soit alors £, = {J,o, , ., l'en-
semble des événements pouvant étre observés par au moins un décideur local. Chaque Dec,
prend aussi une décision locale appartenant 4 un ensemble de décisions L. Plus précisé-
ment, Dec, est une fonction Dec, : £}, — LD. Les décisions locales des n décideurs locaux
(Dec,)1<:1<n sont fusionnées par un module de fusion D afin de calculer une décision globale.
Le module D est une fonction D : LD™ — {¢,0,1}, ou ¢ correspond au deux situations
suivantes. Dans la premiére situation, le décideur ne peut pas prendre de décision certaine
(0 ou 1), par exemple en raison d’'un manque d’informations nécessaires. Dans la seconde

situation, la décision (0 ou 1) n'a pas d’importance, c’est-a-dire n’a pas d’influence sur le
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le module de fusion D est appelé décideur décentralisé. Les décisions locales et le module
de fusion doivent donc garantir que la décision globale respecte la propriété Pr. Dans les
deux sous-sections suivantes, on présente une introduction aux architectures décentrali-
sées, respectivement pour le contrdle et le diagnostic des SED. Pour le cas du pronostic,
la référence [Kumar et Takai, 2008] constitue une bonne introduction.

Décision

Figure 1.5 Prise de décision décentralisée

1.3.2 Contrble décentralisé

Le contréle décentralisé a été intensément étudié depuis de nombreuses années [Cieslak
et al., 1988; Jiang et Kumar, 2000; Kumar et Takai, 2007; Lin et Wonham, 1988a, 1990;
Overkamp et van Schuppen, 2001; Prosser et al., 1997; Ricker et Rudie, 2000, 2003; Rudie
et Wonham, 1992; Tripakis, 2004; Yoo et Lafortune, 2002a, 2004]. Le contrdle décentralisé
s'avére adéquat dans plusieurs situations, parmi celles-ci on trouve le cas ou le procédé
& controler est représenté par une collection de sites (systémes en réseaux, télécommu-
nications,...), ou si un superviseur ne peut se connecter au SED a contrdler qu’a travers
certains points d’entrées. L’objectif du contréle décentralisé est de synthétiser des supervi-
seurs locauz selon leurs observations afin d’aboutir 4 un objectif de contréle souhaité. Le
contréle décentralisé est une généralisation du controle 4 observation partielle dans le sens
ou plusieurs superviseurs locaux (au lieu d’un seul superviseur) observent et contrélent le
procédé. Il est & noter que les superviseurs n'observent pas et ne controlent pas nécessai-

rement les mémes événements.

Formellement, soit un procédé G et n superviseurs locaux (Sup, )1<.<n. Chaque superviseur
Sup, controle un ensemble d’événements X.,. Soit alors £, = U,=1,. nX., I'ensemble des
événements pouvant étre controlés par au moins un superviseur local. Chaque Sup, observe
un ensemble d'événements ¥,, & travers la projection naturelle P, : ¥* — X% . Soit alors
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Yo = Uy, nLo, 'ensemble des événements pouvant étre observés par au moins un super-
viseur local. L'objectif du contréle décentralisé est de synthétiser des superviseurs locaux
(Sup,)1<.<n dont les décisions locales sont fusionnées pour synthétiser une décision globale
permettant de respecter un objectif de contréle. La fusion est effectuée via un module de
fusion selon une fonction qui peut étre avec mémoire (e.g., AEF) ou sans mémoire (e.g.,
fonctions booléennes). L’ensemble englobant les projections (P,),=;, . les superviseurs
locaux et le module de fusion forment ce qu'on appelle un superviseur décentralisé. Selon
les références qui ont étudié le contréle décentralisé, les fonctions qui définissent le module
de fusion, les décisions locales et les projections forment ce qu’on appelle architecture ou

technique.

La premiére architecture proposée dans le cadre du contréle décentralisé est dite architec-
ture conjonctive et permissive (I'explication de ces termes est donnée dans cette section)
ou plus simplement architecture C&P [Cieslak et al., 1988; Jiang et Kumar, 2000; Rudie
et Wonham, 1992; Yoo et Lafortune, 2002a]. Comme son nom l'indique, cette architecture
permet de fusionner les décisions locales conjonctivernent. Donc le but est de synthétiser n
superviseurs locaux (Sup,)i<.<n afin d’obtenir £,,,(A, Sup,/G) = K, oa A, Sup, représente
le superviseur décentralisé formé par les superviseurs locaux et le module de fusion conjonc-
tive, et K est une spécification donnée. Cieslak et al. [Cieslak et al., 1988] ont étudié ce
probléme pour les comportements préfixe-clos, puis la généralisation a été faite par Rudie
et Wonham [Rudie et Wonham, 1992]. En plus de la contrélabilité et la L,,(G)-cléture
de K, les auteurs de [Rudie et Wonham. 1992] ont introduit la notion de coobservabilité
que doit respecter K pour s’assurer de 'existence de la solution. La coobservabilité est
une caractéristique généralisant 1'observabilité dans le sens ou il faut plusieurs supervi-
seurs locaux pour la réaliser. En effet, un langage K est dit coobservable si au moins
un superviseur local peut prendre la décision de I'inhibition d’'un événement sans ambi-
guité. Formellement, considérons deux superviseurs locaux Sup, et Sup, qui contrdlent
(respectivement, observent) les alphabets £.; et L., (respectivement, £,, et £,2), avec
PiXr = X5 et Py ¥ — ¥, qui sont des projections naturelles. Si on doit inhiber
un événement controlable ¢ € ¥, au niveau d'une séquence s € L(G) (c.a.d., so & K,
autrement dit s € D,). alors il doit exister un 2 € {1,2} tel que (P 'P(s)).oNK =0
et ¢ € X.,. Lorsqu'une telle propriété est respectée, on dit que K est coobservable (ou
Coo0BS) par rapport & G et P, ..., P,. Le méme résultat a été trouvé par Jiang et Kumar
dans un cadre plus général [Jiang et Kumar, 2000].

En plus de I'objectif de controle L,,(A, Sup,/G) = K, il y a aussi eu d’autres travaux plus
généraux ayant un objectif basé sur deux spécifications A (minimale) et F (maximale),
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cad., AC L,(A, Sup,/G) C E. Pour plus de détail, voir [Jiang et Kumar, 2000; Rudie
et Wonham, 1992].

Les auteurs de [Prosser et al., 1997] ont présenté la premiére alternative pour étudier le
controle décentralisé avec plusieurs régles de fusion. Dans la suite de cette section, on
discutera des différentes régles de fusion déja étudiées dans la littérature. Par exemple
dans le cas de l'architecture C&P, les régles qui permettent d'obtenir les décisions locales

et la décision globale sont obtenues comme suit :

1. Chaque superviseur local est permissif dans le sens ot il n'inhibe un événement que

lorsqu'il est siir que cet événement n'est pas accepté par la spécification.

2. Les décisions locales sont fusionnées par intersection {ou conjonctivement), pour ob-
tenir la décision globale. Plus précisément, un événement est autorisé si et seulement

st il est localement autorisé par tous les superviseurs locaux.

Les auteurs dans [Yoo et Lafortune, 2002a] ont proposé 'architecture D&A (pour Disjonc-
tive et Anti-permissive) qui est le complémentaire de architecture C&P. Plus précisément,
les régles qui permettent d'obtenir les décisions locales et la décision globale sont obtenues

comme suit :

1. Chaque superviseur local est anti-permissif dans le sens ot il n’autorise un événement

que lorsqu'il est sir que cet événement est accepté par la spécification.

2. Les décisions locales sont fusionnées par union (ou disjonctivement) pour obtenir la
décision globale. Plus précisément, un événement est inhibé si et seulement si il est

localement inhibé par tous les superviseurs locaux.

Les langages réalisables sous les architectures C&P et D&A sont dits respectivement C&P
coobservables (ou C&P CoOBS) et D&A coobservables (ou D&A Co0BS). Les auteurs de
[Yoo et Lafortune, 2002a] ont aussi étudié une architecture plus générale qui combine et
généralise les architectures C&P et D&A. L’idée principale est de partitioner 'ensemble
des événements controlables 3. en deux sous-ensembles disjoints X, a et Xy, c.a.d., E, =
T AUZcy et B aNE.y = 0. Les architectures C&P et D& A sont respectivement appliquées
aux événements de X, 5 et X v. Les auteurs de [Yoo et Lafortune, 2002a} ont montré qu’'une
partition (X, A, Z.y) peut étre trouvée telle que la classe des langages réalisés par cette
architecture générale englobe celles des langages réalisés par les architectures C&P et D&A.
Un langage réalisable sous cette architecture générale est dit C&PVD&A coobservable (ou
C&PvD&A Coons).

Il a été montré dans |Rudie et Willems, 1995] que la complexité de la vérification de la
C&P coobservabilité est polynomiale en terme du nombre d’états et de transitions du
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procédé. En adaptant l'algorithme de [Rudie et Willems, 1995|, les auteurs dans [Yoo et
Lafortune, 2002a] ont montré que la complexité de la vérification de la D& A coobservabilité
est polynomiale en terme du nombre d’états et de transitions. Les auteurs dans [Yoo
et Lafortune, 2002a] ont montré que pour une partition ., et L., donnée de £, la
complexité de la vérification de C&PVD&A Co0Bs est polynomiale en terme du nombre
d’états et de transitions. En outre, ils ont montré que si une telle partition existe, alors

elle peut étre calculée en un temps polynomial.

Les auteurs dans [Yoo et Lafortune, 2004] ont utilisé une architecture conditionnelle qui
généralise I'architecture C&PVD&A de [Yoo et Lafortune, 2002a] en autorisant les super-

viseurs locaux a prendre des décisions conditionnelles telles que :

autoriser ¢ € ¥, si aucun autre superviseur n'inhibe o,

inhiber ¢ € ¥, si aucun autre superviseur n’'autorise .

Les auteurs [Yoo et Lafortune, 2004] ont montré que la classe des langages réalisés par 1'ar-
chitecture conditionnelle englobe celle des langages réalisés par ’architecture C&PVD&A
de [Yoo et Lafortune, 2002a. Dans ce cadre, les auteurs dans [Yoo et Lafortune, 2004} ont
défini les notions de C&P coobservabilité conditionnelle (ou C&P CoOND-C00BS) et D&A
coobservabilité conditionnelle (ou D&A CoOND-Co0OBS) pour décrire les classes de lan-
gages qui sont réalisables sous les architectures conditionnelles. Une classe de langages qui
englobent les deux précédentes classes, appelée C&PVD&A coobservabilité conditionnelle
(ou C&PVD&A COND-COOBS) a été définie de telle sorte qu'un langage est C&PVD&A
CoND-CooBs s'il existe une partition X, cong—n €t e cond—v de X, de telle sorte que le
langage est C&P COND-COOBS par rapport & L. cond—n €t D&A COND-COOBS par rap-
port & X cond—v. Il a été établi dans le méme article les relations qui existent entre les
différentes classes de langages coobservables sous les différentes architectures. Le résumé
de ces relations est montré dans la figure 1.6. Il a été montré dans [Yoo et Lafortune, 2004]
que la complexité de la vérification de la C&P COND-C00BS (ou D&A CoOND-COOBS) est
polynémiale en terme du nombre d’états et de transitions. Il a été aussi montré que pour
une partition X cond-a €t Eecond—v donnée de E., la complexité de la vérification de la
C&PVD&A COND-CoOBS est polynomiale en terme du nombre d’états et de transitions.
En outre, ils ont montré que si une telle partition existe, alors elle peut étre calculée en

un temps polynémial.

Dans [Ricker et Rudie, 2000, 2003]. une approche a été proposée qui permet 3 chaque
superviseur local d'utiliser ses observations ainsi que les observations des autres supervi-
seurs locaux pour prendre une décision locale. Les auteurs |[Kumar et Takai, 2005] ont
proposé une approche par inférence plus générale qui permet d’aménager plus efficace-
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Observable
C&PVD&A COND-COOBS

C&P COND-COOBS D&A COND-COOBS

/

C&PVD&A COOBS

C&P COOBS D&A COOBS
Figure 1.6 Relation entre les différentes classes de langages coobservables

ment les informations de tous les superviseurs locaux. L'idée principale est que chaque
superviseur local associe & sa décision un niveau d’ambiguité. En particulier, une décision
avec un niveau d’ambiguité nul veut dire que c’est une décision d’autoriser ou d’inhiber
sans ambiguité. Le principe est que quand le module de fusion regoit plusieurs décisions a
partir des superviseurs locaux, il sélectionne la décision locale “gagnante”, c.a.d., la déci-
sion avec le niveau d’ambiguité le plus bas. L’architecture est dite N-inférence si le degré
d’ambiguité de toute décision locale gagnante est inférieur ou égal & NV, et un langage réa-
lisable sous une architecture N-inférence est dit /V-inférence coobservable. Il a été montré
dans [Kumar et Takai, 2005, 2007] que la technique de décision par inférence généralise
les architectures C&P (ou D&A) CooBs et C&P (ou D&A) Conp-CooBs de [Yoo et
Lafortune, 2002a, 2004, dans le sens ou 0-inférence coobservabilité correspond a C&P (ou
D&A) CooBs et 1-inférence coobservabilité correspond & C&P (ou D&A) ConD-CoOBS.
En plus de décrire une méthode pour effectuer les calculs entre deux niveaux d'ambiguités,
les auteurs dans [Kumar et Takai, 2005, 2007] ont montré que la complexité pour passer
d'un niveau d’ambiguité & un autre est polyndmiale en terme du nombre d’états et de
transitions. Cependant, le probléme majeur de I'inférence par ambiguité est la complexité
de sa vérification. Au fur et & mesure que le niveau d’ambiguité augmente, le nombre

d’états augmente exponentiellement.

Notons que pour toutes les architectures et techniques discutées jusqu’ici, la complexité est
exponentielle en terme du nombre de superviseurs locaux. Dans [Khoumsi et Chakib, 2007,
2008b], les auteurs ont proposé une technique qui consiste & ce que chaque superviseur
local transmet ses observations au module de fusion lorsqu’il ne peut pas prendre de
décision certaine (c.a.d., # @). Une telle approche permet une généralisation de toutes les
architectures et techniques proposées dans la littérature. Cependant, la vérification de la
condition de coobservabilité pour cette approche est indécidable en général dans le cas des

langages infinis. En considérant des langages finis, une condition de coobservabilité, qui
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définit la classe de langages réalisables sous cette technique, a été étudiée dans [Khoumsi
et Chakib, 2008b]. Notons qu'il a été montré dans [Tripakis, 2004] que le probléme du

contrdle décentralisé est indécidable en général.

1.3.3 Diagnostic décentralisé

Dans l'architecture décentralisée, le SED est diagnostiqué par plusieurs diagnostiqueurs
locaux ot chacun observe localement et partiellement le SED. Chaque diagnostiqueur local
émet un diagnostic local concernant I'occurrence d’un défaut. Les diagnostics locaux sont
ainsi fusionnés par un module de fusion [Debouk et al., 2000; Kumar et Takai, 2006, 2009;
Qiu et Kumar, 2004, 2006; Su et Wonham, 2000; Takai et Kumar, 2006; Wang et al., 2004,
2005, 2007].

Formellement, soit un procédé G et n diagnostiqueurs locaux (Diag,) <.<n. Chaque diag-
nostiqueur Diag, observe I’ensemble des événements ¥,, 4 travers la projection naturelle
P, : ¥ — ¥; . Soit alors L, = U=, 1%, 'ensemble des événements pouvant étre ob-
servés par au moins un diagnostiqueur local. Chaque Diag, émet un diagnostic local et
Pensemble des diagnostics locaux sont fusionnés pour synthétiser un diagnostic global per-
mettant de respecter un objectif de diagnostic. La fusion est effectuée par un module de
fusion selon une fonction qui peut étre avec mémoire (e.g., AEF) ou sans mémoire (e.g.,
fonctions booléennes). L'ensemble englobant les projections (P,),—1,.. », les diagnostiqueurs
locaux et le module de fusion forment ce qu'on appelle un diagnostiqgueur décentralisé. Il y

a trois objectifs de diagnostic qui ont été largement étudiés dans la littérature, & savoir :

O1 : Le diagnostiqueur décentralisé doit détecter 'occurrence d’un défaut aprés un délai

borné.

02 : A chaque exécution non défaillante, le diagnostiqueur doit émettre un diagnostic

négatif aprés un délai borné.

O3 : Si aucun défaut n’a été exécuté, alors le diagnostiqueur doit diagnostiquer avec

certitude que le systéme était non défaillant dans un passé borné.

Dans [Debouk et al., 2000], les auteurs ont développé quelques méthodes du diagnostic
décentralisé. chacune est basée sur un protocole de communication entre les diagnosti-
queurs locaux. L'un d’eux est appelé le Protocole 3, pour lequel chaque diagnostiqueur
local opére sans communication avec les autres. Ils prennent des diagnostics locaux a
propos de l'occurrence d’un défaut, et envoient leurs diagnostics 4 un module de fusion
qui calcule par disjonction un diagnostic global. Les auteurs dans [Debouk et al., 2000}
ont considéré 'objectif O1 ou le langage qui peut étre diagnostiqué selon cet objectif est
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dit “diagnostiquable sous le Protocole 3”. Qiu et Kumar [Qiu et Kumar, 2004, 2006| ont
étudié le méme objectif on le langage qui peut étre diagnostiqué sous l'objectif O1 est
appelé codiagnostz‘qyable (ou CODIAG). Les auteurs de [Qiu et Kumar, 2006] ont étudié
aussi l'objectif O2. un langage diagnostiquable sous les deux objectifs O1 et O2 est dit

fortement codiagnostiquable.

Dans [Wang et al., 2004, les auteurs ont étudié les deux objectifs O1 et O2, les langages
pouvant étre diagnostiqués correctement sous ces deux objectifs ont été respectivement
nommeés F-codiagnostiquable (ou plus simplement F-CODIAG) et NF-codiagnostiquable
(ou plus simplement NF-CODIAG). Les auteurs de [Wang et al., 2004] se sont inspirés
du controle supervisé des SED [Yoo et Lafortune, 2002a, 2004] pour étudier le diagnos-
tic décentralisé des SED. Ainsi, ils ont établi une correspondance entre les architectures
conjonctives et disjonctives de [Yoo et Lafortune, 2002a, 2004] et les notions F-CODIAG et
NF-CoDIAG, respectivement. Comme pour le contréle, les auteurs ont défini la notion de
codiagnostiquabilité pour définir la classe de langages qui sont diagnostiquables sous une
architecture générale qui regroupe les architectures conjonctive et disjonctive. En divisant
I'ensemble des fautes ¥; en deux sous-ensembles, X5, et 3y, un langage est dit FVNF-
CODIAG s'il est F-CODIAG par rapport & ¥, et NF-CODIAG par rapport a ¥,. Dans
le méme article [Wang et al.. 2004], les auteurs ont étudié (comme dans le controle) une
architecture conditionnelle ot chaque diagnostiqueur local émet un diagnostic qui dépend
des autres diagnostics locaux. Ainsi, les décisions comme “positive si aucun autre n’émet
négative” et “négative si aucun autre n’émet positive” ont été considérées. Dans ce cadre.
les auteurs dans [Wang et al., 2004] ont défini les notions de F-CODIAG conditionnelle (ou
F-COND-CODIAG) et NF-CODIAG conditionnelle (ou NF-COND-CODIAG) pour décrire les
classes de langages qui sont diagnostiquables sous les architectures conditionnelles. Une
classe de langages qui englobent les deux précédentes classes, appelée CODIAG condition-
nelle ou plus simplement FVNF-COND-CODIAG, a été définie de telle sorte qu'un langage
est FVNF-COND-CODIAG s'il existe une partition Xfcong—n €t X cond-v de Xy de telle
sorte que le langage est F-COND-CODIAG par rapport & X cond-a €t NF-COND-CODIAG
par rapport & Yscond-v. Il a été établi dans le méme article les relations qui existent
entre les différentes classes de langages diagnostiquables sous les différentes architectures.

le résumé de ces relations est montré dans la figure 1.7.

Cependant, les deux notions de F-codiagnostiquabilité (ou codiagnostiquabilité dans [Qiu
et Kumar, 2006]) et NF-codiagnostiquabilité (ou la deuxiéme condition de la codiagnos-
tiquabilité forte dans [Qiu et Kumar, 2006]) ne sont pas équivalentes dans l'architecture

centralisée. Pour résoudre ce probléme, les auteurs dans [Wang et al., 2005] ont considéré
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Figure 1.7 Relation entre les différentes classes de langages codiagnostiquables
selon les objectifs O1 et O2

les classes de langages qui sont diagnostiquables en considérant ’objectif O3 au lieu de
02 pour détecter un comportement non défaillant. L’architecture qui est utilisée pour
détecter les comportements non défaillants est une architecture disjonctive (comme pour
Pobjectif O2), c.a.d., les décisions locales sont fusionnées disjonctivement. Les langages
diagnostiquables sous cette architecture sont dits NF-CODIAG (n’a pas le méme sens que
dans [Wang et al., 2004]). La méme démarche utilisée dans [Wang et al., 2004] a été sui-
vie pour établir les notions de F[NF]-CobiaG, CoDpIAG, F[NF|-CODIAG conditionnelle
et FVNF-COND-CODIAG. Le diagramme de relations entre les différentes classes de lan-
gages est le méme que dans [Wang et al., 2004] (voir la figure 1.7 en considérant 'objectif
O3 au lieu de O2), a Pexception du fait que les notions F-CODIAG et NF-CODIAG sont

équivalentes dans le cas centralisé.

Dans [Wang et al., 2007, les auteurs ont défini un cadre général pour étudier le diagnostic
décentralisé. Selon leur approche, n diagnostiqueurs locaux Diag;, ¢ = 1...n, sont utilisés
pour détecter un défaut f, ou chaque Diag, fait un diagnostic local h, qui est un élément
d’un ensemble L D de décisions locales. Les diagnostics locaux sont fusionnés par un module
de fusion selon une fonction globale D : LD" — {positive, négative}. Les auteurs ont
introduit la notion de D-codiagnostiquabilité pour décrire les langages pour lesquels il

respectés. Ils ont étudié les deux cas suivants :

|LD| = 1, ce cas regroupe F-CODIAG de [Wang et al, 2004, 2005] et NF-CODIAG
de [Wang et al., 2005]. Ces deux notions sont respectivement appelées A-CODIAG et
V-CODIAG dans [Wang et al., 2007].
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|LD| = 2, ce cas regroupe F-COND-CODIAG de [Wang et al., 2004, 2005} et NF-COND-
" CODIAG de [Wang et al., 2005]. Ces deux notions sont respectivement appelées A-COND-
CODIAG et V-COND-CODIAG dans [Wang et al., 2007].
En adoptant la formulation définie dans [Wang et al., 2007|, la relation entre les architec-
tures décentralisées élaborées dans le controle des SED et le diagnostic des SED est plus
explicite. En effet, les architectures conjonctive et disjonctive dans le contréle peuvent étre
aisément projetées dans le diagnostic en remplacant la décision “autoriser” (un événement)
par (un diagnostic) “positif” et la décision “inhiber” (un événement) par (un diagnostic)

“négatif”. La méme démarche est vraie pour les architectures conditionnelles.

Sengupta et Tripakis dans [Sengupta et Tripakis, 2002] ont étudié le cas ou le module de
fusion peut étre n’importe quelle fonction arbitraire sans mémoire et les décisions locales
comme étant les traces observées. Ils définissent la diagnostiquabilité conjointe (en anglais,
joint diagnosability) comme une caractérisation de la classe de langages diagnostiquables

sous ces conditions, et ils ont montré que la diagnostiquabilité conjointe est indécidable.

Un algorithme de complexité polynomiale en terme du nombre d’états et de transitions du
procédé a été développé pour vérifier si un langage peut étre diagnostiqué sous Pobjectif
01 [Qiu et Kumar, 2006]. Un test de codiagnostiquabilité forte (c.a.d., en considérant les
objectifs O1 et O2) de complexité polynomiale en terme du nombre d’états et de transi-
tions du procédé, a été étudié dans [Qiu et Kumar, 2006] (voir aussi [Qiu et Kumar, 2004]).
En s’inspirant de I'algorithme de vérification de F-CODIAG de [Qiu et Kumar, 2004, les
auteurs de [Wang et al., 2005, 2007] ont élaboré un algorithme, de complexité polyno-
miale en terme du nombre d’états et de transitions, pour la vérification de NF-CODIAG
selon I'objectif O3. Dans [Wang et al., 2007], un algorithme, de complexité polynomiale
en terme du nombre d’états et de transitions, pour la vérification de F-COND-CODIAG (ou
N-COND-CODIAG) et NF-COND-CODIAG (ou V-COND-CODIAG) a été proposé. Cepen-
dant, dans toutes les architectures et techniques étudiées, la complexité est exponentielle

en terme du nombre de diagnostiqueurs locaux.

En s'inspirant de la technique de contrdle de [Kumar et Takai, 2005, 2007], les auteurs dans
[Kumar et Takai, 2006, 2009| ont proposé une technique appelée inférence par ambiguité
qui généralise les cas spéciaux [LD| = 1 et |LD| = 2 de [Wang et al., 2007]. L'idée
de leur approche est basée sur le fait que chaque diagnostiqueur local associe un niveau
d’ambiguité a chaque diagnostic local. Le module de fusion sélectionne le diagnostic local
“gagnant”, c.a.d., ayant le plus petit degré d’ambiguité. Si deux diagnostiqueurs locaux
émettent deux diagnostics différents avec le méme degré d’ambiguité minimal, alors le
diagnostic effectif est ¢ qui veut dire que le diagnostiqueur décentralisé est incertain.
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L’architecture est dite N-inférence si le degré d’ambiguité de toute décision locale gagnante
est inférieur ou égal & N. Dans [Kumar et Takai, 2006] les auteurs ont considéré I'objectif
O1, et un langage diagnostiquable conformément & cet objectif avec ’architecture N-
inférence est dit N-inférence F-diagnostiquable. Dans [Kumar et Takai, 2006, 2009]. le
diagnostic global peut étre positif, négatif ou incertain (représenté par la décision ¢).
L'approche de 'inférence par ambiguité permet aussi d’atteindre 'objectif suivant :

04 : Le diagnostiqueur n’engendre pas de fausse alarme, ¢.a.d., un diagnostic positif n’est
pas émis avant l'occurrence d’'un défaut et un diagnostic négatif n'est pas émis apres
Poccurrence d’un défaut.

Il faut noter que dans [Kumar et Takai, 2006, 2009] si le diagnostic global ¢ est remplacé

par 0 (négatif), alors 'objectif de [Wang et al., 2005, 2007] devient équivalent & celui de

[Kumar et Takai, 2006, 2009]. Les auteurs dans [Kumar et Takai, 2006, 2009} ont comparé

I’architecture N-inférence avec les autres architectures dans les cas particuliers N = 0

et N = 1. Ainsi, ils ont montré que la 0-inférence F-diagnostiquabilité est équivalente a

la codiagnostiquabilité de [Qiu et Kumar, 2006] (F-CODIAG de [Wang et al., 2004, 2005,

2007] et A-CODIAG de [Wang et al., 2007]). Il a été aussi montré que la 1-inférence F-

diagnostiquabilité est plus forte que la F-COND-CODIAG (ou A-COND-CODIAG) [Wang

et al., 2004, 2005, 2007].

Dans |Takai et Kumar, 2006], la technique de I'inférence par ambiguité a été utilisée dans

le but d’obtenir 'objectif suivant :

05 : Aprés toute exécution saine de longueur suffisamment longue, un diagnostic global

négatif doit étre émis.

En outre, par construction du diagnostiqueur décentralisé par inférence, 'objectif O4
(aucune fausse alarme) est assuré (comme dans [Kumar et Takai, 2006, 2009]). Un lan-
gage diagnostiquable conformément a 1'objectif O5 avec l'architecture N-inférence est dit
N-inférence NF-diagnostiquable. Pour comparer I'approche par inférence avec les autres
études et approches, les auteurs ont considéré les propriétés de 'architecture N-inférence
dans les cas particuliers ou N = 0 et N = 1. Ainsi, ils ont montré que la propriété 0-
inférence NF-diagnostiquabilité est plus faible que NF-codiagnostiquabilité dans [Wang
et al., 2004] (ou la deuxiéme condition de la codiagnostiquabilité forte dans [Qiu et Ku-
mar, 2006]). Il a été aussi montré dans [Takai et Kumar, 2006] que la propriété 0-inférence
NF-diagnostiquable est plus forte que NF-CODIAG de [Wang et al., 2005| (ou V-CODIAG
de [Wang et al, 2007]). De méme, il a été montré dans [Takai et Kumar, 2006] que la
propriété 1-inférence NF-diagnostiquable est plus forte que NF-COND-CODIAG de [Wang
et al., 2005] (ou V-COND-CODIAG de [Wang et al.. 2007]). En considérant les objectifs
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O1 dans [Kumar et Takai, 2006, 2009] et O5 dans |Takai et Kumar, 2006, 2010]. les au-
teurs ont montré que la complexité pour passer d'un niveau d'ambiguité 4 un autre est

polynémiale en terme du nombre d’états et de transitions.

Notons que pour toutes les architectures et techniques discutées dans le cadre du diagnos-
tic décentralisé, la complexité est exponentielle en terme du nombre de diagnostiqueurs
locaux. La technique de P'inférence par ambiguité permet la diagnostiquabilité d’une plus
large classe de langages. Cependant, le probléme majeur de Vinférence par ambiguité est
la complexité de sa vérification. Au fur et 4 mesure que le niveau d’ambiguité augmente,

le nombre d’états augmente exponentiellement.

1.4 Problématique, motivations et objectifs de la thése

1.4.1 Etude des SED : nécessité et défis

De nos jours, les systémes technologiques sont devenus trés complexes (matériel informa-
tique, logiciel, systéme de télécommunication, usine manufacturiére, etc), et cette com-
plexité croit continuellement de sorte que les anciennes techniques intuitives utilisées pour
leur conception, leur étude et leur réalisation deviennent inadaptées. Plus spécialement,
les logiciels et les matériaux informatiques connaissent une croissance encore plus mar-
quante dans leurs tailles et fonctionnalités. Par exemple, un véhicule moderne contient
typiquement entre une douzaine & environ 100 unités électroniques, et quelques millions
de lignes de code [Cook et al., 2007|. En 2007, on estimait qu’en 2010, le nombre de lignes
de code estimé devrait atteindre 'ordre de centaines de millions [Sangiovanni-Vincentelli,
2007]. A cause de cette complexité croissante, la probabilité pour qu’une erreur (ou panne)
inattendue survienne est de plus en plus grande. Plus encore, quelques erreurs peuvent
provoquer des accidents trés graves causant des pertes économiques ou humaines. Il de-
vient donc primordial de développer des méthodes formelles d’analyse, de conception et
de réalisation des systémes logiciels et électroniques quelque soit leur complexité. Cela fa-
vorise le développement d’outils logiciels supportant ces méthodes formelles pour vérifier
ou garantir automatiquement l'exactitude des systémes trés complexes. Dans ce cadre,
I'étude des SED a été introduite avec I'objectif de développer des méthodes formelles pour
répondre & des besoins pressants, tels que le controle, le diagnostic, le pronostic, le test et

la vérification des comportements discrets des systémes technologiques.

Un des problémes les plus importants (sinon le plus important) auxquels sont confrontés
les concepteurs de méthodes formelles pour les SED, c’est la complexité (en temps d’exé-
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cution et en mémoire utilisée) qui peut croitre d’une maniére inacceptable (par exemple
exponentielle). Lors du développement d'une méthode formelle, il faut donc toujours s'as-

surer que sa complexité se trouve dans des limites acceptables.

Dans cette thése, nous nous intéressons en particulier au contrdle et au diagnostic. Dans
ces deux domaines, on est confronté au probléme de complexité qui est en partie da a
la composition d'automates. Il est donc important de développer des méthodes évitant le
plus possible les compositions d’automates.

Dans la majorité des cas, les systémes technologiques modélisés en SED se présentent sous
une forme distribuée on plusieurs SED fonctionnent ensemble pour réaliser un compor-
tement général. La meilleure approche pour contréler ou diagnostiquer de tels SED est
I'approche décentralisée, car autrement on devrait procéder & une composition des sous-
systémes du SED distribué. Cependant, le controle et le diagnostic décentralisés des SED

doivent faire face a trois défis majeurs qui mettent en question leur efficacité.

1. Le premier défi est de développer des méthodes de construction de décideurs (super-
viseurs ou diagnostiqueurs) avec des complexités de calcul acceptables. Bien que les
architectures décentralisées permettent de réduire la complexité due a la composi-
tion d’automates, il reste d’autres opérations engendrant la complexité, telles que la

projection d’automates sur des sous-alphabets.

2. Le second défi est d’obtenir des conditions de coobservabilité et de codiagnostiqua-
bilité les moins contraignantes possibles. Il s’agit de développer des architectures de
décideurs (superviseurs ou diagnostiqueurs) pouvant traiter des cas qui ne pouvaient

pas étre traités par des architectures existantes.

3. Le troisiéme défi est de développer des méthodes non complexes de vérification des
conditions de coobservabilité et de codiagnostiquabilité.

Dans cette thése, nous nous intéressons particuliérement aux deuxiéme et troisiéme défis.

1.4.2 Limitations des architectures décentralisées existantes

Un probléme important relatif au contrdle et au diagnostic est que chaque architecture
développée peut traiter un ensemble limité de langages défini par une propriété de coob-
servabilité ou codiagnostiquabilité associée a 'architecture en question. Afin de repousser
cette limitation, des architectures et techniques de plus en plus générales ont été dévelop-
pées. Le fait qu'une architecture A est plus générale qu’une architecture B, se traduit par
le fait que la condition de coobservabilité ou codiagnostiquabilité relative & A est moins
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contraignante que celle relative & B. Par conséquent, il existera des cas ou la coobserva-
bilité ou diagnostiquabilité relative & A est respectée alors que celle relative & B ne l'est
pas. Dans la section 1.3, nous avons présenté les différentes versions de coobservabilités et

de codiagnostiquabilités qui ont été étudiées dans la littérature.

Un autre probléme majeur relatif au controle et au diagnostic des architectures décentrali-
sées est la complexité de la vérification de la coobservabilité et de la codiagnostiquabilité.
En effet, que se soit pour le controle ou le diagnostic décentralisés, dans toutes les archi-
tectures et techniques étudiées, la complexité est exponentielle en terme du nombre de
superviseurs ou diagnostiqueurs locaux. La technique de 'inférence par ambiguité permet
la réalisation et la diagnostiquabilité d’une plus large classe de langages. Cependant, le
probléme majeur de 'inférence par ambiguité est la complexité de sa vérification. Au fur
et 4 mesure que le niveau d’ambiguité augmente, le nombre d’états augmente exponen-
tiellement. Ainsi, on voit que le prix 4 payer pour avoir des classes de langages plus larges

est une complexité plus élevée.

1.4.3 Objectifs poursuivis

Comme on l'a expliqué dans la sous-section précédente, I'étude du controle et du diag-
nostic décentralisés fait face a un dilemme : trouver des conditions de coobservabilité et
codiagnostiquabilité les plus générales possibles, mais dont la vérification n’est pas trop
complexe. L'objectif de la présente thése est de résoudre ce dilemme le mieux que nous
pouvons. Cela consiste en deux objectifs qui correspondent respectivement aux second
et troisiéme défis exprimés dans la section 1.4.1. Voyons ces deux objectifs un peu plus

précisément :

1. Depuis l'apparition de la technique de l'inférence par ambiguité en 2005 [Kumar
et Takai, 2005], aucune architecture plus générale n’a été proposée. Notre premier
objectif dans cette thése est justement de proposer une nouvelle approche qui nous
a permis de développer des architectures dite multi-décisionnelles qui sont plus gé-
nérales que toutes celles existantes, incluant I’architecture par inférence.

2. Notre second objectif est de développer une méthode efficace pour vérifier les co-
observabilité et codiagnostiquabilité associées aux architectures multi-décisionnelles
que nous avons développées. Par “méthode efficace”, nous voulons dire une mé-
thode de vérification de coobservabilité et codiagnostiquabilité dont la complexité
(en temps de calcul et en mémoire utilisée) n’est pas plus élevée que les méthodes

de vérification développées pour des architectures décentralisées moins générales.
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1.5 Contributions, résultats et organisation de la thése

1.5.1 Contributions

Principe de I’'approche multi-décisionnelle dans la prise de décision

Nous avons discuté dans la section 1.3 du principe de la prise de décision dans les architec-
tures décentralisés (la figure 1.5 présente un schéma général d'un décideur décentralisé).
L’objectif de chaque décideur décentralisé est de prendre des décisions globales qui res-
pectent un objectif (ou propriété) Pr donné. Il y a différents types d’objectifs, voir la
section 1.2 pour les différents types d’objectifs liés au contrdle. au diagnostic et au pro-
nostic des SED.

La priucipale contribution de cette thése est de proposer une nouvelle approche, appe-
lée multi-décision ou multi-décisionnelle. Le principe de la multi-décision est basé sur
I'utilisation de plusieurs (disons p) décideurs décentralisés (DIVY),-, ., qui fonctionnent
simultanément et en paralléle. Les décisions globales des décideurs décentralisés sont fu-
sionnées afin d’obtenir une décision effective, comme illustré dans la figure 1.8. Chaque
DI¥ a la structure de la figure 1.5, c.a.d., il regroupe un ensemble de décideurs locaux
(Decl),e1 dont les décisions locales sont fusionnées par un module de fusion D’ afin d'ob-
tenir une décision globale respectant une propriété Pr’. Chaque décideur décentralisé DI
peut donc étre noté ((Decl).er, D?). Les décisions globales des p (DIY),—;, . , sont fusion-
nées par un module D afin que la décision effective respecte la propriété désirée Pr. Le
décideur obtenu est dit multi-décisionnel et peut étre noté DD = ((DD’),=,.p, D) =
(((Decl)er, D?),=1, .p, D). L’architecture obtenue est dite multi-décisionnelle et notée D-
(D',....DP).

Le fait d'utiliser plusieurs architectures décentralisées revient 4 considérer une seule ar-
chitecture décentralisée dont chaque décideur local engendre plusieurs décisions locales au

lieu d’une seule. D’ou l'utilisation du terme “multi-décision”.

Principe de I'approche multi-décisionnelle dans la prise de décision dans le contréle
des SED

Le calcul des décisions locales et globales des superviseurs décentralisés, dépendamment
de l'architecture ou technique appliquée, fait appel aux ensembles &, et D, (voir la section
1.2.2). Pour plus de détails sur les prises des décisions locales et globales dans le controle
décentralisé, voir [Kumar et Takai, 2005, 2007}, L’utilisation de &, et D, est implicite dans
[Yoo et Lafortune. 2002a, 2004].
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Figure 18 Schéma général d’un décideur multi-décisionnel

Dans le cas du controle supervisé, 'approche multi-décisionnelle est appelée contréle mults-
décistonnel. Les décideurs décentralisés DIV de la figure 1.8 sont appelés superviseurs
décentralisés et notés Sup’. Les décideurs locaux Dec! sont appelés superviseurs locaux
et notés Sup’. Ainsi, le controle multi-décisionnel consiste a utiliser plusieurs (disons p)
superviseurs décentralisés (Sup’),=;, p fonctionnant en paralléle Chaque superviseur dé-
centralisé Sup’ est donc défini par un ensemble de superviseurs locaux (Sup?),=1, » et un
module de fusion D, et il est ainsi noté Sup’ = ((Sup?),=1, n,D’). Les décisions globales
de tous les superviseurs décentralisés (Sup’),=1, , sont ensuite fusionnées selon une fonc-
tion de fusion D afin d’obtenir une décision effective qui sera appliquée au procédé. Le
systéme composé des superviseurs décentralisés (Sup’),=1, , et de la fonction de fusion
D est appelé superviseur multi-décistonnel, qu’on note Sup = ((Sup’),=1, », D), et qui a
pour but de controler le procédé afin de réaliser une spécification donnée. L’architecture
obtenue est notée D-(D,. ., DP).

Nous avons étudié les cas ou la décision effective est obtenue en fusionnant les décisions
globales des différents p superviseurs décentralisés (Sup’),~, ,, disjonctivement (D = V)
ou conjonctivement (D = A). Dans le cas D = V, pour chaque ¢ € X, on utilise une
décomposition {£},...,EF} de &, telle que chaque superviseur décentralisé Sup’ prend
sa décision en se basant sur le couple (£2,D,) au lieu de (£,,D,). Dans le cas D = A,
pour chaque ¢ € Z, on utilise une décomposition {D2,...,DP} de D, telle que chaque
superviseur décentralisé Sup’ prend sa décision en se basant sur le couple (€,,D?) au lieu
de (£,.D,).
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Principe de I'approche multi-décisionnelle dans la prise de décision dans le diag-
nostic des SED

Concernant le diagnostic décentralisé, le calcul des diagnostics locaux est basé sur les
ensembles F et H (voir la section 1.2.3). Le calcul des diagnostics locaux et globaux
dépend de l'architecture ou technique appliquée. Pour plus de détails sur les prises des
décisions locales dans le diagnostic décentralisé. voir [Kumar et Takai, 2006, 2009; Takai
et Kumar, 2006; Wang et al., 2004, 2005, 2007).

Dans Ie cas du diagnostic, I’approche multi-décisionnelle est appelée diagnostic multi-
décisionnel. Les décideurs décentralisés DIY de la figure 1.8 sont alors appelés diagnos-
tiqueurs décentralisés et notés Diag’. Les décideurs locaux Dec] sont appelés diagnos-
tiqueurs locaux et notés Diag!. Ainsi, le diagnostic multi-décisionnel est basé sur 'uti-
lisation de plusieurs (disons p) diagnostiqueurs décentralisés (Diag’),=1,.., fonctionnant
en paralléle. Chaque diagnostiqueur décentralisé Diag’ est donc défini par un ensemble
Diag’ = ((Diagl).=1,...n, D?). Les diagnostics globaux de tous les diagnostiqueurs décentra-
lisés (Diag’),=),.p sont ensuite fusionnés selon une fonction de fusion D afin d’obtenir un
diagnostic effectif. Le systéme composé des diagnostiqueurs décentralisés (Diag’),=1, ,
et de la fonction de fusion D est appelé diagnostiqueur multi-décisionnel, qu’on note

.....

de respecter un objectif de diagnostic. L’architecture obtenue est notée D-(D?, ..., DP).

Nous avons étudié les cas ou le diagnostic effectif est obtenu en fusionnant les diagnos-
tics globaux des différents diagnostiqueurs décentralisés (Diag’),~1,. p, disjonctivement
(D = V) ou conjonctivement (D = A). Dans le cas D = V, on utilise une décomposition
(F',...,FP) de F telle que chaque diagnostiqueur décentralisé Diag’ fait un diagnostic
en se basant sur le couple (F?,H) au lieu de (F,H). Dans le cas D = A, on utilise une
décomposition (H!,..., HP) de H telle que chaque diagnostiqueur décentralisé Diag’ fait
un diagnostic en se basant sur le couple (F,H’) au lieu de (F, H).

1.5.2 Reésultats

Contréle multi-décisionnel

Le contrdle multi-décisionnel a été étudié en détail dans le cas ou les architectures des
superviseurs décentralisés sont bien définies. Plus précisément, le cas ou Parchitecture est
une C&P, D&A |, C&P conditionnelle, D&A conditionnelle ou inférence par ambiguité.
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La référence [Chakib et Khoumsi, 2008b] contient la premiére tentative pour I'utilisation
du principe multi-décisionnel afin de généraliser I'architecture C&P. La nouvelle architec-
ture est dite C&P multi-décisionnelle. On utilise une décomposition {£}....,E2} de &,
et l'opérateur de fusion D = V. La notion de C&P p-coobservabilité a été définie pour
caractériser la classe de langages réalisables sous I’architecture C&P multi-décisionnelle.
Une spécification K est dite C&P p-coobservable si, pour chaque o € 3, il existe une
décomposition {£},....EP} de &, telle que. pour chaque &2, (£2.D,) est C&P CooBs.

Le principe du controle multi-décisionnel est basé sur des décompositions des langages
&, et D,. Comme la décomposition d’un langage infini pose, en général, un probléme de
décidabilité, on a proposé dans [Chakib et Khoumsi, 2008a,b], dans le cas des langages ré-
guliers, une méthode qui transforme le probléme de la décomposition d’un langage régulier
infini (en 'occurrence &£, ou D,) en un probléme de décomposition de 'ensemble d’états
marqués d'un AEF A acceptant £; ou D,. On a ainsi défini une notion de coobservabilité
multi-décisionnelle forte par rapport 4 A, pour caractériser la classe de langages réalisables
sous les architectures multi-décisionnelles, en considérant des décompositions {&;,...,EF}
de &, ou {D},..., Dt} de D,, qui respectent la condition suivante : £ (ou D) contient
toutes les traces menant & un ou plusieurs états marqués de ’AEF acceptant &, (ou D,).
Dans [Chakib et Khoumsi, 2008a], on a proposé une méthode qui permet, & partir d’un
AEF A, acceptant &,, pour lequel &£, n’est pas C&P p-coobservable par rapport & A;, de
calculer un autre AEF A; pour lequel &, est C&P p-coobservable par rapport a A,.

Dans la référence [Chakib et Khoumsi, 2008a] (présentée au chapitre 2), en plus de 'archi-
tecture C&P multi-décisionnelle, on a étudié le controle multi-décisionnel dans le cas des
architectures D&A et C&PVD&A. La notion de D&A p-coobservabilité a été définie pour
caractériser la classe de langages réalisables sous'|’architecture D&A multi-décisionnelle.
Une spécification K est dite D&A p-coobservable si, pour chaque o € ¥.. il existe une
décomposition {DL,..., D} de D, telle que. pour chaque D, (£,,D)) est D&A Co-
oBs. L’architecture C&PVD&A multi-décisionnelle a été définie pour généraliser les deux
architectures C&P multi-décisionnelle et D&A multi-décisionnelle. L'idée principale est
de partitionner ’ensemble des événements controlables 3. en deux sous-ensembles dis-
joints .5 et Xy, cad, B, = T A UZ.y et Z.oNE.y = 0. Les architectures C&P
multi-décisionnelle et D&A multi-décisionnelle sont respectivement appliquées aux événe-
ments de L. et X y. Ainsi, la classe de langages réalisables par 1'architecture C&PVD&A
multi-décisionnelle englobe les classes de langages réalisables par les architectures C&P
multi-décisionnelle et D& A multi-décisionnelle. Nous proposons aussi dans ce chapitre,
une méthode qui permet de transformer un AEF, pour qui la condition de coobservabi-
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lité multi-décisionnelle n’est pas satisfaite, en un autre AEF pour qui cette condition est

satisfaite.

Dans la référence [Chakib et Khoumsi, 2011b] (présentée au chapitre 3) on a proposé
la forme génériqgue du contréle multi-décisionnel, qui consiste & utiliser des superviseurs
décentralisés qui fonctionnent en paralléle et dont les décisions sont fusionnées par un
module de fusion. Nous avons identifié des conditions suffisantes qui rendent une archi-
tecture décentralisée éligible pour étre utilisée dans une architecture multi-décisionnelle.
Nous avons effectué une étude générique de 'approche multi-décisionnelle en considérant
plusieurs architectures éligibles fonctionnant en paralléle. Ainsi, nous avons étudié en dé-
tail les cas ou la décision finale est obtenue en combinant les décisions globales de tous
les superviseurs décentralisés Sup’ (j € {1,...,p}) soit disjonctivement (D = V) soit
conjonctivement (D = A). Dans le cas D = V (resp., D = A), pour chaque o € %,
nous utilisons une décomposition (£},...,£?) de &, (resp., (D},..., D) de D,) telle que
chaque superviseur décentralisé Sup’ prend sa décision en se basant sur (£2,D,) (resp.,
(£,.D2)). Nous avons étudié en détail le cas D = V (c.a.d., décomposition de &), mais
nous avons expliqué comment les résultats peuvent étre adaptés au cas D = A (c.a.d.,
décomposition de D, ). Dans le cas D = V, nous avons défini la notion de v-(DY, ..., DP)-
CooBs, qui est utile pour caractériser la classe de langages réalisables sous I'architecture
v-(D!,...,DP). En plus, nous avons montré que la classe de langages réalisables sous 1’ar-
chitecture vV-(D', ... DP) englobe la classe de langages réalisables sous I'architecture D?,
pour chaque j € {1,...,p}. Dans le but de montrer 'efficacité de notre approche, nous
avons appliqué 'approche multi-décisionnelle au cas spécial ou plusieurs (disons p) Inf N,
superviseurs (3 = 1---p) & inférence par ambiguité fonctionnent en paralléle et dont les

décisions globales sont fusionnées disjonctivement.

Dans la référence [Chakib et Khoumsi, 2011¢] (présentée au chapitre 4), on a proposé une
méthode (et l'algorithme correspondant) qui vérifie si (€5, D,) est V-(Infy,, -+, Infy )-
CooBs par rapport 4 un AEF Ag, donné acceptant &,, ol p est un entier (inférieur ou égal
au nombre des états marqués de 'AEF Ag,) calculé par P’algorithme. La méme méthode
nous permet d’obtenir un algorithme qui vérifie si (£,, D,) est A-(Infy, - ,Ianp)-COOBS
par rapport & un AEF Ap_ donné acceptant D,, ou p est un entier (inférieur ou égal au
nombre des états marqués de 'AEF Ap ) calculé par l'algorithme. Nous avons montré
que la complexité de 'algorithme, dans le pire des cas, n’augmente pas avec le nombre
des superviseurs décentralisés fonctionnant en paralléle. Plus précisément, la complexité de

vérification de la coobservabité selon I'architecture multi-décisionnelle est, dans le pire cas,
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du méme ordre de grandeur que celle de la vérification de la coobservabité selon une des

architectures décentralisées en paralléle qui constituent |'architecture multi-décisionnelle.
Diagnostic multi-décisionnel

Dans la référence [Khoumsi et Chakib, 2008a], le principe multi-décisionnel a été élaboré
pour le diagnostic des SED selon les objectifs O1, O4 et O5 (voir la section 1.3.3). Ainsi,
la notion de F-p-CODIAG a été définie pour caractériser la classe de langages diagnosti-
quables selon les objectifs O1 et O4. Le couple (F, H) est dit F-p-CODIAG s'il existe une
décomposition {H!,..., H?} de H telle que, pour tout H?, (F,H’) est F-CODIAG. La no-
tion de NF-p-CODIAG a été définie pour caractériser la classe de langages diagnostiquables
selon les objectifs O4 et O5. Le couple (F, H) est dit NF-p-CODIAG s'il existe une décom-
position {F*,..., FP} de F telle que, pour tout F?, (F?,H) est NF-CODIAG. La propriété
FANF-p-CODIAG a été introduite pour caractériser la classe de langages diagnostiquables
selon les objectifs O1, O4 et O5. Le couple (F, H) est dit FANF-p-CODIAG s'il est a la fois
F-p-CoDIAG et NF-p-CoDIAG. Comme les conditions de F-p-CoODIAG et NF-p-CoODIAG
et FANF-p-CODIAG sont basées sur des décompositions de langages, généralement infinis,
des versions plus fortes de ces conditions ont été définies pour résoudre ce probléme. Ainsi,
une condition a été introduite pour transformer les décompositions des langages F et H
en des décompositions des ensembles d’états marqués d’AEF acceptant respectivement F
et ‘H.

Dans la référence [Chakib et Khoumsi, 2009], 'approche multi-décisionnelle est étudiée
dans un cadre générique dans le but de généraliser toutes les architectures fonctionnant en
paralléle. Plus spécifiquement, on a étudié le cas ol tous les diagnostiqueurs décentralisés
(Drwag’),=1,..p diagnostiquent le procédé selon I'architecture D&A, et leurs diagnostics
sont fusionnés conjonctivement, c.a.d., D = A, afin que le diagnostic effectif respecte les
objectifs O1 et O4. L’architecture obtenue est notée A-V?P.

Dans la référence [Chakib et Khoumsi, 2011a] (présentée au chapitre 5), on a étudié le
diagnostic multi-décisionnel dans un cas plus général. Plus précisément, les architectures A-
(Inf Ny -+ Inf ) et V-(Inf -+ -, Inf 5 ) ont été définies pour décrire le cas ot p diagnosti-
queurs décentralisés (Diag’),=1,. p prennent leurs décisions selon la technique de I'inférence
par ambiguité, c.a.d., chaque Diag’ prend sa décision selon I'architecture N,-inférence, ot
N, est un entier donné. Ces diagnostiqueurs décentralisés fonctionnent en paralléle et
leurs diagnostics globaux sont fusionnés conjonctivement (c.a.d., D = A) dans le cas de
l'architecture A-(Inf ,, - +,Infy ) ou disjonctivement (c.a.d.. D = V) dans le cas l'archi-
tecture V-(Inf v ,---,Inf 5 ). Nous avons défini et étudi¢ la notion de A-(Infy, .-+, Inf 5 )-
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CODIAG (resp., V-(Inf y, .- - - ,Inf 5 )-CODIAG) pour caractériser la classe de langages diag-
nostiquables selon I'architecture A-(Inf ,, - -,Inf 5 ) (resp., V-(Infy,.---.Inf 5 )). Dans le
cas D = A, on a montré que 'existence d’une décomposition (H!,..., H?) de H telle que
chaque Diag’ respecte les objectifs O1 et O4 par rapport & (F.H’), est une condition né-
cessaire et suffisante pour que le diagnostiqueur multi-décisionnel Diag = ((Drag?),es, N)
respecte les objectifs O1 et O4 par rapport a (F,H). Le méme résultat a été obtenu dans
le cas D = V en considérant une décomposition (F!,..., FP) de F.

On a proposé dans [Chakib et Khoumsi, 2009, 2011a; Khoumsi et Chakib, 2008a|, dans le
cas des langages réguliers, une méthode qui transforme le probléme de la décomposition
d’un langage régulier infini (en 'occurrence F ou H) en un probléme de décomposition de
I'ensemble d’états marqués d’un AEF A acceptant F ou H. On a ainsi défini une notion
de coobservabilité multi-décisionnelle forte par rapport & A, pour caractériser la classe de
langages diagnostiquables sous les architectures multi-décisionnelles, en considérant des
décompositions {F',...,FP} de F ou {H',...,HP} de H, qui respectent la condition
suivante : F7 (ou H’?) contient toutes les traces menant & un ou plusieurs états marqués
de I'AEF acceptant F (ou H).

Un algorithme a été proposé dans la référence [Chakib et Khoumsi, 2011a] (présentée
au chapitre 5), pour vérifier si (F,H) est V-(Infy,, -+ ,Infy )-CODIAG par rapport & un
AEF Afx donné acceptant F, ol p est un entier (inférieur ou égal au nombre des états
marqués de 'AEF Ar) calculé par I'algorithme. La méme procédure nous permet d’obtenir
un algorithme qui vérifie si (F,H) est A-(Infy,, - -,Infy )-CODIAG par rapport & un
AEF Ay donné acceptant H, ol p est un entier (inférieur ou égal au nombre des états
marqués de 'AEF Ajy) calculé par 'algorithme. Nous avons montré que la complexité
de I'algorithme, dans le pire des cas, n’augmente pas avec le nombre des diagnostiqueurs
décentralisés fonctionnant en paralléle. Plus précisément, la complexité de vérification de
la diagnostiquabilité selon ’architecture multi-décisionnelle est, dans le pire des cas, du
méme ordre de grandeur que celle de la vérification de la diagnostiquabilité selon une des

architectures décentralisées en paralléle qui constituent 'architecture multi-décisionnelle.

1.5.3 Organisation

Nous présentons une thése par articles. Sur les quatre articles inclus dans la thése, un
est publié dans une conférence internationale avec comité de lecture, un article accepté
dans un journal international avec comité de lecture, et deux articles sont soumis a des
journaux internationaux avec comité de lecture. La thése est structurée en deux parties.

La premiére partie est constituée des chapitres 2 4 4 et contient nos contributions au
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controle multi-décisionnel. La seconde partie est constituée du chapitre 5 et contient nos

contributions au diagnostic multi-décisionnel. Considérons chaque chapitre.

1. Le chapitre 2 présente 'application du contréle multi-décisionnel aux architectures
D&A et C&PVD&A. Ce chapitre est un article présenté a la conférence CASE'08
[Chakib et Khoumsi, 2008a].

2. Le chapitre 3 étudie en détail le cas général et générique du controle multi-décisionnel.
Dans ce chapitre, on étudie aussi plus spécifiquement le contréle multi-décisionnel
pour mettre en paralléle des architectures par inférence. Ce chapitre est un article
accepté au journal “IEEE Transactions on Automatic Control” [Chakib et Khoumsi,
2011b).

3. Le chapitre 4 présente un algorithme de vérification de la coobservabilité multi-
décisionnelle dans le cas d’architectures par inférence en paralléle. Ce chapitre est
un article soumis au journal “IEEE Transactions on Automatic Control” [Chakib et
Khoumsi, 2011c].

4. Le chapitre 5 étudie le diagnostic multi-décisionnel pour mettre en paralléle des
architectures par inférence. Un algorithme de vérification de la codiagnostiquabilité
multi-décisionnelle dans le cas d’architectures par inférence en paralléle est présenté
dans ce chapitre. Ce dernier est un article soumis au journal “Journal of Discrete
Event Dynamic Systems : Theory & Applications” [Chakib et Khoumsi, 2011a).

5. La conclusion est présentée au chapitre 6 avec les contributions et les perspectives

de nos travaux.
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CHAPITRE 2

Architecture C&PVD&A multi-décisionnelle pour

le contréle décentralisé de SED

Article: Hicham Chakib and Ahmed Khoumsi, Multi- Decision C6&SPV DEA Architecture
for the Decentralized Control of Discrete Event Systems, IEEE Conference on Automation
Science and Engineering (CASE). Washington, Etats-Unis, 23-26 aott, 2008.

Avant-propos

Auteurs et affiliation :
Hicham Chakib : étudiant au doctorat, Université de Sherbrooke, Faculté de génie,
Département de génie électrique et de génie informatique.
Ahmed Khoumsi : professeur, Université de Sherbrooke, Faculté de génie, Département

de génie électrique et de génie informatique.

Date d’acception : 25 mai 2008
Etat de ’acceptation : version finale publi¢e
Revue : Conference on Automation Science and Engineering (CASE)

Référence : IEEE Conference on Automation Science and Engineering (CASE), Wa-
shington, Etats-Unis, 23-26 aoit, p. 187-193, 2008

Titre francais : Architecture C&PVD&A multi-décisionnelle pour le controle décentralisé
de SED

Contribution au document : Le principe du contréle multi-décisionnel est basé sur le
fait que chaque superviseur local émet un ensemble de décisions (que nous avons appelées
micro-décisions) au lieu d’une seule décision. Dans la référence [Chakib et Khoumsi, 2008b)],
nous avions développé une premiére version de contréle multi-décisionnel pour généraliser
'architecture de controle Conjonctive et Permissive (C&P). Maintenant, nous présentons
une version améliorée pour généraliser les architectures C&P, D&A et C&PVD&A. Nous
proposons aussi dans ce chapitre, une méthode qui permet de transformer un AEF, pour
qui la condition de coobservabilité multi-décisionnelle n’est pas satisfaite, en un autre AEF

pour qui cette condition est satisfaite.
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Résumé frangais : Dans cet article, nous étudions le contrdole multi-décisionnel, présenté
dans la référence [Chakib et Khoumsi, 2008b], appliqué aux architectures C&P, D&A et
C&PVD&A. Le nouveau principe est basé sur le fait que chaque superviseur local émet
un ensemble de micro-décisions, au lieu d’une seule décision. Pour chaque architecture,
on définit la notion de m-coobservabilité, qui est utilisée pour caractériser la classe de
langages réalisables par I'une des architectures multi-décisionnelles. Des variétés fortes
et décidables de la m-coobservabilité ont été définies afin de résoudre le probléme de la
décomposition des langages infinis. La décidabilité de ces nouvelles variétés est assurée

dans le cas des langages réguliers.

Note : A la suite des corrections demandées par les membres du jury, le contenu de cet

article différe de celui qui a été accepté.

Abstract : In this paper, we study the multi-decision decentralized control frame-
work, introduced in [Chakib et Khoumsi, 2008b], within the context of C&P, D&A and
C&PVD&A architectures. The new framework is based on the fact that each supervisor
issues a tuple of so-called micro-decisions instead of a single decision. For each architec-
ture, we define the notion of m-coobservability, which is useful to characterize the class
of achievable languages. Stronger and decidable varieties of m-coobservability are defined
in order to cope with the problem of decomposing infinite languages encountered in veri-
fying the m-coobservability. The decidability of the new varieties is ensured in the case of

regular languages.

2.1 Introduction

This paper studies decentralized supervisory control (or more briefly, decentralized control)
of discrete event systems (DES), where several supervisors cooperate according to their
observations in order to determine the adequate enabling/disabling decisions to be applied

to a plant so that it respects a given global specification.

The decentralized control of DES has been studied intensively {Cieslak et al., 1988; Jiang
et Kumar, 2000; Lin et Wonham, 1988a, 1990; Overkamp et van Schuppen, 2001; Prosser
et al., 1997; Ricker et Rudie, 2000; Rudie et Willems, 1995; Rudie et Wonham, 1992].
The first decentralized control architecture that has been proposed is referred to as the
C&P (for Conjunctive and Permissive) architecture [Rudie et Wonham, 1992; Yoo et
Lafortune, 2002a]. The paper |Prosser et al., 1997] presents the first alternative in the
study of decentralized control with different fusion rules.
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In decentralized control. each supervisor takes local decisions, based on its local observation
of the plant, consisting of disabling or enabling events. The local decisions taken by all
the supervisors are fused in order to generate the actual decision that will be applied to
the plant. With the C&P architecture : 1) each supervisor is permissive, since it locally
disables an event iff it is certain that the event is rejected by the specification ; and 2) the
local decisions of the supervisors are fused by intersection (or conjunctively), in order to

generate the actual decision.

The authors of [Yoo et Lafortune, 2002a] have proposed the D&A (for Disjunctive and
Anti-permissive) architecture which is complementary with the C&P one. In fact, the
above two points 1 and 2 become : 1) each supervisor is anti-permissive, since it locally
enables an event iff it is certain that the event is accepted by the specification ; and 2) the
local decisions of the supervisors are fused by union (or disjunctively), in order to generate

the actual decision.

The authors in [Yoo et Lafortune, 2002a] also propose a general architecture where the set
¥, of controllable events is partitioned into two disjoint sets ¥, and %y, to which are
applied the C&P and D&A architectures, respectively. The authors of [Yoo et Lafortune,
2002a] show that the class of languages achievable by the general architecture strictly
includes those of the C&P and D&A architectures.

In a more recent work, the authors of [Yoo et Lafortune, 2004] propose a conditional archi-
tecture which generalizes the general architecture of [Yoo et Lafortune, 2002a]. In [Takai
et Ushio, 2005, the authors propose a new decentralized supervisory control architecture
using dynamic default control instead static default control. A knowledge-based concept
has been introduced in [Ricker et Rudie, 2000, 2003] where the local decision of each su-
pervisor is based on the evaluation of supervisors ambiguities. And the authors of [Kumar
et Takai, 2005] propose an inference-based framework which generalizes the architectures
of Yoo et Lafortune, 2004] and [Ricker et Rudie, 2000, 2003].

The main purpose of the multi-decision control framework is to minimize the informa-
tion lost when local supervisors transform an observed sequence into a local decision.
Under the multi-decision control framework, each supervisor generates a multi-decision
(decy,decs, . .., decy) for each controllable event. The multi-decisions of all supervisors
all fused in order to generate the actual decision which is applied to the plant. The
- multi-decision framework is intended to be applied to any of the decentralized control
architectures cited above. In [Chakib et Khoumsi, 2008b], we studied the multi-decision
control when applied to the C&P architecture of [Rudie et Wonham, 1992; Yoo et Lafor-
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tune, 2002a]. In [Khoumsi et Chakib, 2008a], the framework has been applied to the fault

diagnosis.

In this article, we generalize our multi-decision framework to the D&A architecture as well
as the general (also called C&PVD&A) architecture. Moreover, the problems related to
the decomposition of infinite languages are solved in a more optimal way than in [Chakib
et Khoumsi, 2008b].

The organization of the present paper is as follows. Notation and preliminaries are pre-
sented in Section 2.2. Section 2.3 summarizes |[Chakib et Khoumsi, 2008b}, that is, it
presents the multi-decision control when applied to the C&P architecture. Specific varie-
ties of C&P m-coobservable languages are defined in Section 2.4 in order to solve in a
more optimal than in [Chakib et Khoumsi, 2008b] the problem of decomposing infinite
languages encountered in the multi-decision control. In Section 2.5, we study the multi-
decision control when applied to D&A architecture as well as the C&PVvD&A architecture

of [Yoo et Lafértune, 2002a|. Finally the conclusion is presented in Section 2.6.

2.2 Notation and Preliminaries

We consider a DES plant modeled by an automaton G = (Q, %, 8, go, @y ), where @ is the
set of states, X is the finite set of events, a partial function § : QQ X ¥ — @ is the transition
function, go € @ is the initial state, and Q,, € @ is the set of marked states. Let ¥* be
the set of all finite traces of elements of %, including the empty trace £. The transition
function 6 can be generalized to § : Q x ¥* — @ in the usual way. The generated and

marked languages of G, are denoted by £ and L,,, respectively.

We say that a sequence £ € X* is a prefix of a sequence s € X*, denoted by ¢t < s, if
there exists a sequence A € £* such that s = tA. We denote by K the set of all prefixes of
sequences of a language K C X*. K is said to be prefix-closed if K = K. Given K C L,,
and o € X, we denote by £,(K)={s€ K|soc € K} the set of sequences of K after which o
is permitted by K. Similarly, we define by D,(K)={s€ K|so € L\K} the set of sequences
of K after which ¢ is accepted by £ and forbidden by K.

The problem of decentralized control treated in this paper is performed by n supervisors
(Sup;)1<n- Each Sup, has its own set of observable events ¥,, and own set of controllable
events X, ;. The supervisors together can then observe ¥, = ¥,, U---UZX,, and control
Y. = X1 U---UZ.pn. The sets of unobservable and uncontrollable events are denoted,
respectively, by X, = 2\ X, and £, = £\X.. We denote by [ = {1,...,n} the indexing
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set of all supervisors. For any o € Z., we define by I, = {i € I|o € Z.,} the indexing
set of supervisors controlling o. We denote by P, : ¥* — %7, the natural projection that

hides the events of £\ £,, from any sequence s € £*.

A language K C L,, is said L,,-closed if K = K N L,,, and is said controllable w.r.t. £
and Ty if K&, . NLCK.

The notion of C&P (resp., D&A) co-observability has been defined formally for the C&P
(resp., D&A) architecture in [Yoo et Lafortune, 2002a]. For the purpose of our study, let
us define them equivalently by using &,(K) and D,(K) as follows :

Definition 2.2.1 A language K C L,, is said to be CEP co-observable w.r.t. L, £,,,
Let, oy Bon,y Zen f Vs € Dy(K) and Vo € E,, 3i € 1, such that :

[(PTIP(s) NE(K) =0 Ao € Ee,). (2.1)

Definition 2.2.2 A language K C L,, is said to be DEA co-observable w.r.t. L, ¥,,,
Zels 0y Bony Len Uf Vs € E,(K) and VYo € I, i € I, such that :

[(Pl_lPl(s) N DO(K) = @] A {U € Zc,z]- (2-2)

2.3 C&P Multi-Decision Control and C&P
Multi-Coobservability

In this section, we summarize [Chakib et Khoumsi, 2008b] by introducing the multi-
decision control framework when applied to the C&P architecture of [Rudie et Wonham,
1992; Yoo et Lafortune, 2002a]. We consider a plant modeled by £ and L, and a spe-
cification modeled by K, and we assume that for each ¢ € X, we are given a partition
(EL,E2.... €M) of E,(K). That is, £,(K) = ELUEZU--- U E™ and the subsets £ are

non-empty and disjoint with each other. Note that these subsets £ depend on K and o.

For simplicity of notation, K is not indicated in &£2.

2.3.1 Multi-Decision Control

Each supervisor Sup, (i = 1,...,n) generates tuples of so-called micro-decisions instead of
single decisions. Since we study the multi-decision control when it is applied to the C&P
architecture, we obtain what is called : C&P multi-decision architecture. In the C&P
multi-decision architecture, each supervisor Sup, generates a m,-tuple (Sup,(P.(s),0),
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-, Sup(P,(s), o)), where each Sup!(P,(s),o) is an enable/disable decision related to &]
and is called the j** micro-decision of Sup,. The objective is that for each 7 € {1,...,m,},
the 7' micro-decisions Sup?(P,(s),o) (i € {1,...,n}) issued by the n supervisors will
be combined such that the resulting decision S7(s,0) enables o if! it is permitted in £J.

Formally, according to the conjunctive and permissive rules, we have :

Vie{l,...m},¥ie{l,...,n}:

Sup](Py(s),0)=1& [P P(s) NEL A0 Vo € T\Z, ] (23)
Vie{l,...,me}:8(s,0) = A Supl(P(s)0) (2.4)

The global decision Sup(s, o) issued by the fusion system that will be applied to the plant
is computed by :
Sup(s,o) = \/ S'(s,0) (2.5)

1<9<m,
Note that for each o € %, we have used a value m,. Let us denote by m the biggest of
these values m, considering all the events of X.. The obtained supervisor will be denoted
Sup and called C&P m-decision supervisor. From Egs. 2.4 and 2.5, the C&P multi-decision
architecture can be schematized as shown in Fig. 2.1.

Sup} |- - +| SupP Sup? |- - < Supl* ‘ G

Figure 2.1 The C&P multi-decision architecture

The prefix-closed language £(Sup/G) generated by the system G under the control of the
C&P m-decision supervisor Sup can be defined as follows :

1. e € L(Sup/G),
2. [s€ L(Sup/G)]N[so € LIN[Sup(s,0)=1] & so € L(Sup/G).

'The only of does not necessarily hold.
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The corresponding marked language 1s defined by L£n,(Sup/G)=L(Sup/G)NL,,. A C&P
m-~decision supervisor Sup is called nonblocking if L,,(Sup/G)=L(Sup/G).

2.3.2 Class of C&P m-Coobservable Languages

In this subsection, we present necessary and sufficient conditions for the existence of su-
pervisors that achieve a given desired specification in the context of C&P multi-decision

control. For this purpose, we need to introduce the notion of C&P m-coobservability

Definition 2.3.1 Gwen an wmnteger m > 1, a language K C L., 15 sard to be CEP
m-coobservable w.rt. L, o1, Ee1, -, Zon, Zen, If for each o € L., there exists an
teger m, (s.t., 1 < m, < m), and a partition (EL,...,ET) of E,(K) such that,
Vie{l, ..,ms} :

(| PT'P(E) N Dy(K) =0 (2.6)
€l,
For brevity. in the sequel we will omit the expression “w.r.t. £, o1, 1, -+, Zon, Zen -

Let us now define the C&P multi-coobservabilty, a weaker notion of C&P m-coobservability.

Definition 2.3.2 A language K C L, 15 sard to be CEP multi-coobservable if there exists
an wnteger m > 1 such that K 1s C6P m-coobservable.

The next Theorem relates C&P m-coobservability of a specification K with existence of
C&P m-decision supervisor Sup that can control the plant so that it respects K.

Theorem 2.3.1 Consider K C L,, where K # 0 and an integer m > 1. The following

two pownts are equivalent :

1. There emsts a partition (EL,...,E™ ) of every E,(K) (where 0 € . and m, < m)
s.t. the C&P m-decision supernisor Sup defined by Eqs. (2.8)-(2.5) 1s nonblocking
and satisfyrng Lo, (Sup/G)=K and L(Sup/G)=K,

2. K 1s controllable w.r.t L and ¥,., C&P m-coobservable and L,,-closed.

The gain obtained with the multi-decision is demonstrated in [Chakib et Khoumsi, 2008b].
In fact, it is proved that given G, £,, and £,, 2 = 1,...,n, the class of languages obtained
under the C&P multi-decision architecture strictly includes the class obtained with the
C&P architecture of [Rudie et Wonham, 1992; Yoo et Lafortune, 2002a/.
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2.4 Decidable and Stronger Varieties of C&P Multi-
Coobservability

Checking the C&P multi-coobservability of K C L,, requires to determine (for every
o € X.) whether there exists a partition (£},...,E™) of £,(K) that respects Eq. 2.6.
In general, the number of partitions of £,(K) is infinite, and thus, it may be necessary
to check an infinite number of partitions before to determine whether K is C&P m-
coobservable. A solution to tackle this problem is to consider stronger varieties of the
C&P m-coobservability where the number of partitions to be checked is finite. For this

purpose, we use for every o € X, :

Requirement 1 : define an equivalence relation between the sequences of &,(K) such
that the number of equivalence classes is finite ;

Requirement 2 : require that every £ contains one or several equivalence classes.

An example of equivalence relation is the Nerode relation N7 C &,(K) x £,(K) defined

as follows.
(s,t) ENZ &S VA€ T : sh € &,(K) & th € &E,(K).

We denote by Ng = (Nf)ses. the tuple of Nerode relations related to the controllable
events. In particular, when 3, = {0}, we have Nz = NZ. It is worth noting that K and
&,(K) are regular languages, and thus, can be defined by finite state automata. Let Ane
be the minimal automaton recognizing &,(K). This automaton is noted with the index
NZ because each of its marked states represents an equivalence class of NZ. If N7 is the
selected equivalence relation for Requirement 1, we deduce from Requirement 2 that each
&} is defined by one or several marked states of Axz. Therefore, the finite number of states
implies that we have to check a finite number of partitions.

Notation 2.4.1 Given two equivalence relations R and V, R is said to be stronger than

V, denoted R <V, if :
(s,t) € R = (s,t) € V.

In order to increase the number of possible partitions, we need to define, for every o € %,
an equivalence relation RZ C &,(K) x &, (K) which is stronger than NZ. Hence, each
equivalence class of R{ is a subset of an equivalence of NZ. We thus define Az as the
(non-minimal) automaton which recognizes £, (K') and whose each marked state represents
an equivalence class of RZ. The interest of using RZ < N¢ is that Requirements 1 and 2
permit more partitions of & (K) with RZ than with NZ.
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Hereafter, we define by Re = (RZ)sex. a tuple of equivalence relations related to the
controllable events such that RZ < N¢. In particular, when &, = {5}, we have Rz = RZ.
Let us now define the C&P m-coobservability w.r.t. R, a stronger variety of the C&P
m-coobservability :

Definition 2.4.1 Consider K C L,, and a tuple of finite equwvalence relations Re =
(RE)sex, . K 15 sard to be CEP m-coobservable w.r.t. Re iof, for each o € £, there exists
an wnteger m, (s.t., 1 <m, < m) and a partition {E},...,EP*} of E,(K) such that :
Vi€ {1, ..,my,}, & satisfies Eq. 2.6 and :

V(s,t) €ERI scél atekl (2.7)

Definition 2.4.2 Guven a tuple of finite equivalence relations Re = (R%)ses,, a language
K C L, 15 sad to be CEP multi-coobservable w.r.t. Re iof there erists an integer m > 1
such that K 1s CEP m-coobservable w.r.t. Re.

Let Ers denote the set of equivalence classes of RZ. The next Proposition sets a necessary
and sufficient condition for a language to be C&P multi-coobservable w.r.t. Re.

Proposition 2.4.1 Gwen a tuple of finite equivalence relations Rg = (RE)sex., a lan-
guage K C Ly, 15 CEP multi-coobservable w.r.t. Re 1ff, Vo€ ¥, VA€ Ery :

() B P(A) N D, (K) = 0. (2.8)

1€1,

From Proposition 2.4.1, we deduce the following corollary.

Corollary 2.4.1 Let Ve = (VZ)sex. be a tuple of fimite equivalence relations such that,
for every o € B, RZ <V < NZ. If K C L., 18 C&P multr-coobservable w.r.t. Vg, then
K 15 CEP multi-coobservable w.r.t. Re.

The following example proves that the converse of Corollary 2.4.1 is not true.

Example 2.4.1 We ronsuder the prefiz-closed plant G of Fig 2.2, the prefiz-closed spe-
cificatton K C L 18 obtawned by forbidding o ot states 6 and 7 (represented by dashed
transitions). We take X,y = {a1,b1,¢1,d1}, o2 = {a2,b,¢2,d2} and .1 = .2 = {0}
The (minimal) automaton Ane 15 obtained by marking only State 8. Therefore, X =
{b1ay, caayas, caa1bady, bibedy, aragdy, dabrasd; } € Eng 15 an equwalence class of N¢ cor-
responding to State 8, and we have biby € (), , PIP(X)NDy(K) # 0. We deduce from
Proposition 2.4.1 that K 15 not C&P multr-coobservable w.r.t. N¢. And from Theorem
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2.8.1, we deduce that the C&P m-decision supervisor Sup defined by Egs. (2.3)-(2.5) 1s
blocking or such that L,,(Sup/G) # K or L(Sup/G) # K.

Figure 2.2 Plant and specification. The latter is obtained by forbidding the
dashed transitions

Let us now represent the same specification by the non-mumimal automaton of Fig. 2.5.
Note that the dashed transitions (from states F, I, K and L) are not contaned mn K.
E,(K) contains the sequences leading to states M, G and N. Let us consider the relation
RE < NZ hawving three equivalence classes Yy, Yo and Y3 corresponding, respectwely, to
the three states M, G and N. These three equivalence classes are defined as follows :
Y) = {dabiaad,, a1a2d;, bibady, coarbadi }, Yo = {biaz} and Ys = {ca1a2}. It 13 easy to
check that (,_1, P P.(Y;) N Do(K) = O for all 3 € {1,2,3}. Therefore, by Proposition
2 4.1, K 18 CE8P 3-coobservable w.r.t. Re, and thus, K 1s CEP multi-coobservable w.r.t
Re.

Figure 2.3 Example of a specification having the same language as the speci-
fication of Fig. 2.2

C&P m-coobservability w.r.t. Re¢ is decidable (because the number of partitions to be
checked is finite) and permits to define the following sufficient (and not necessary in

general) condition for the existence of supervisors.

Proposition 2.4.2 Consider K C L., where K # 0 and a tuple of fimite equivalence
relations Re = (RE)oex.. If K 1s : 1) controllable w.r.t. L and L., 2) CEP multr-
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coobservable w.r.t. Re, and 3) L,,-closed, then there ezists a partition (E},...,EM) of
every E,(K) (where o € ¥, and m, < m) s.t. the CE&P m-decision supervisor Sup defined
by Egs. (2.8)-(2.5) is nonblocking and satisfying L.,(Sup/G)=K and L(Sup/G)=K.

Now, for any o € £, and any RZ < NZ, we define an equivalence relation ”PR; which will
be useful further to define a stronger relation than RZ. We define the equivalence relation
Prz C & (K) x £(K) as follows :

(s,t) € Prg &VA € Exg, Vi € I,, we have :
P'P(s)NA#P e PIP()NA#D.

It is easy to show that ’PR; is an equivalence relation from the fact that R¢ is an equivalence
relation. Intuitively, if two sequences s and ¢ are in relation under ’Png, then for any 2 € I,
the subset of states y C Qrg (where Qng is the set of states of the automaton £xz) not
distinguishable by the supervisor Sup, is the same after the execution of s or t. Hence, by
considering Sup, as an observer of G, P,(s) and P,(¢) lead to the same state in Sup, for all
1€ 1,.

In the following proposition, we give a necessary (and not sufficient) condition for a lan-

guage to be C&P multi-coobservable w.r.t. Rg.

Proposition 2.4.3 If o language K C L,, is C&P multi-coobservable w.r.t. Re, then,
VX € Ep,,, we have :
2

XNEHK)# D= XNDy(K)=0.

Now, for any equivalence relation RZ < N¢, we define an equivalence relation Mpg such
that Mgs < RZ. The motivation is to obtain more possibilities for partitioning &, (K')
than with R, and thus, we can achieve more languages (see Corollary 2.4.1). Given a
language K C L, for any RZ < N, we define Mng as follows : Vo € &,

(s,t) € Mng & (s,t) € RZ and (s,t) € Prg.

Hereafter, a tuple of relations (Mzg)ses. is denoted by Mgz, . From Corollary 2.4.1 and
the fact that Mgz < R, we state the next corollary, which justifies the interest of defining
Mpzs.
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Corollary 2.4.2 Consider a tuple of finite equivalence relations Rg = (R%)sex.. If a
language K C L is CE&P multi-coobservable w.r.t. Re, then it is C&HP multi-coobservable
w. 7.t MR[. '

Example 2.4.1 proves that the converse of Corollary 2.4.2 is not true, since we can easily
check that the relation RZ used is exactly Myg.

Given any equivalence relation R < NZ defined in &€,(K), we have developed an automata-
based algorithm which checks C&P multi-coobservabilities w.r.t. R and Mg,.. This al-

gorithm is not presented here for space limit.

Note that in [Chakib et Khoumsi, 2008b| we have tackled the problem of decomposing
infinite languages by using a single equivalence relation R which is defined in K and does
not depend on o. Consequently, the approach proposed here is better than [Chakib et
Khoumsi, 2008b| in the following sense : The existence of a single relation R on K for
which we have C&P multi-coobservability w.r.t. R, guarantees the existence of a tuple
Re = (R%)sex. for which we have C&P multi-coobservability w.r.t. R¢. But the converse

1S not true.

2.5 C&PVD&A Multi-Decision Control Framework

In this section, we show how the multi-decision is applied to the D&A architecture, and
then we study its application to the C&PVD&A (also called general) architecture, which
comprises the C&P and D&A architectures.

2.56.1 Class of D&A multi-Coobservable Languages

The D&A architecture is dual to the C&P one, in the sense that we obtain one from
the other by essentially switching between enable and disable and between &,(K) and
D,(K). And the D&A multi-decision architecture will be obtained by partitioning D, (K)
instead of &,(K). Hence, we assume that for every 0 € X., we are given a partition
(DL, D2,... . D™) of Dy (K).

In the D&A multi-decision architecture, for every o € X, each Sup, generates m, micro-
decisions (Sup)(P,(s),a),...,Sup™ (P,(s),)). The anti-permissive decision strategy of
the D&A architecture implies that the 7% micro-decision of Sup, disables o € T, iff : the ob-

servation of Sup, may correspond to an execution of D2. Formally : Vj € {1,...,m,},Vi €



2.5. C&PvD&A MULTI-DECISION CONTROL FRAMEWORK 47
{1....,n}.

Sup!(P,(s).0) =0« ([PIP(s)NDL £ 0| Ao € Te,]| Vo € Z\Ze] (2.9)

The disjunctive fusion rule of the D&A architecture implies that the decision S?(s,c).
resulting from the combination of the n j** micro-decisions Sup? (P,(s),0) (z € {1,...,n}).

is computed as follows :

Vi €{l,....m}:Ss,0) = \/ Supl(P.(s),0) (2.10)

1<i1<n

The global decision Sup, (s, o) issued by the fusion system that will be applied to the plant

is computed by :
Sup,(s,0) = /\ S(s,0) (2.11)

I<ysme

Equation 2.11 expresses the fact that an event ¢ € %, is disabled, i.e. Sup,(s,o) = 0, if
at least one of the micro-decisions S’(s, o) disables it. While o is enabled if all the micro-
decisions enable it. Note that, the D& A multi-decision architecture can be schematized as
the C&P multi-decision architecture shown in Fig. 2.1 by switching the modules OR and
AND

Next. we will directly define D&A m-coobservability w.r.t Rp = (R%)sex. such that
R% < NJ. Note that N3 and R% are defined like N and RE, but over D,(K) instead
of £&(K). We define Ags as the (non-minimal) automaton which recognizes D,(K) and

whose each marked state represents an equivalence class of R%,.

Definition 2.5.1 Consider K C L, a tuple of finite equivalence relations Rp = (R%)sex.
and an wnteger m>1. K 15 sard to be DEA m-coobservable w.r.t. Rp, L, 51, Lep, -,
Lon, Zen, of, for each 0 € L., there exists an wnteger m, (s.t., 1 < m, < m) and a
partion {D.,... , D™} of D,(K) such that, Vj € {1,...,m,}, we have :

[ PTIR(D3) 0 E(K) =0, (212)
ZEIU
V(s,t) e Ry, : s€ D) < teDl. (2.13)

For simplicity, the term “w.r.t £, 51, X1, -+, Lony Lo can be omitted.
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Definition 2.5.2 Consider a language K C L,,. K 15 said to be DEA multr-coobservable

w.r.t Rp of there exsts an integer m>1 such that K 1s DEA m-coobservable w.r.t. Rp.

In the next theorem, we relate the D&A m-coobservability w.r.t. Rp with the existence

of D& A m-decision supervisor Sup,, that can control the plant so that it respects K.

Theorem 2.5.1 Consider K C L,, where K # @ and an wnteger m > 1. If K 1s control-
lable w.r.t. L and T,., DEA m-coobservable w.r.t Rp and L,,-closed, then there erists
a partition {D.,..., D} of every D,(K) (where ¢ € £, and m, < m) s.t. the D&A
m-decision superwisor Sup, defined by Eqs. (2 9)-(2.11) s nonblocking and satisfying
L (Sup,/G) = K and L(Sup,/G) =K.

The next Proposition sets a necessary and sufficient condition for a language to be D&A
multi-coobservable w.r.t. Rp.

Proposition 2.5.1 K C L,, 1s D&A multi-coobservable w.r.t. Rp 1ff, Vo € ., VA €

Erq , we have :
[} PTHR(A) N E(K) = 0. (2.14)

1€l,

In the next example, we show a situation when a specification is D&A multi-coobservable
w.r.t. My, and not C&P multi-coobservable w.r.t My, .

Example 2.5.1 Consider the specification of Fig. 2.4, which 1s complementary with the
one of Fug. 2.2 (used in Section 2.4), in the sense that one 1s obtained from the other by just
suntching between £,(K) and D,(K). In Example 2.4.1, the specification of Fig. 2.2 was
shown to be CE&P 2-coobservable w.r.t. My, (Ng =Ng). We can then easily deduce that
the new specification 1s DEA 2-coobservable w.r.t. My, . More precisely, the equivalence
classes of Mg are gruen by : Agy = {b1az}, Aaz = {a1a2dy,bibady, dibragdy, c2a1b9d1 } and
Agz = {cpa1a2} which correspond to the sets of sequences reaching the states G, M and N
(Fig 2.3), respectively. We have for all Ag,; (5 € {1,2,3}), N,=y P7IP(Ag,)NEL(K) =0,
then K 15 DEA mults-coobservable w.r.t. Mas,.

Let us now show that the new specification 1s not CEP 2-coobservable w.rt. My, . The
equivalence classes of Mz are gwen by : Ay = {aib2}, Acp = {aya2,b1bs, dabrag, caa1b2},
Aez = {d2bibo} and A4 = {a1a2¢1.b1bacy, dabragey, coarbocy } whach correspond to the sets
of sequences reaching the states F, I, K and L (Fig. 2.8), respectwely. We have bjay €
Niz12 BP(Ac2) N Do(K) # 0, which means that K 15 not CE&P multi-coobservable
w.r.t My, .
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d, /Wl\‘cz

Figure 2.4 Plant and specification. The latter is obtained by forbidding the
dashed transition

From the fact that the new specification is not C&P 2-coobservable w.r.t. M, , we can
easily deduce that the specification of Fig. 2.2 is not D&A 2-coobservable w.r.t. Maz,.
To recapitulate, we have found an example (Fig. 2.2) which is C&P 2-coobservable w.r.t.
My, and not D&A 2-coobservable w.r.t. My, and an example (Fig. 2.4) which is D&A
2-coobservable w.r.t. My, and not C&P 2-coobservable w.r.t. My,.

In the general case where we have more than one controllable event, we can have the
situation where the specification is C&P multi-coobservable for some controllable events
and D&A multi-coobservable for others. This fact has motivated to study the so-called
C&PVD&A multi-decision architecture defined in the following subsection.

2.5.2 C(Class of C&PVD&A multi-Coobservable Languages

The C&PVD&A multi-decision architecture is based on partitioning the set of controllable
events in two subsets . » and I,y such that &, = £, AU,y and Z AN,y = 0. We obtain
a so-called C&PVD&A multi-decision architecture by applying the rules of C&P (resp.
D&A) multi-decision to the events of £, (resp. £.y). Hence, we assume that for every
o € ¥, we are given a partition (£}, E2,... ,EM) of E,(K), and for every o € ., we are
given a partition (D}, D2,..., D7) of Dy(K). Therefore, for every o € X, 4, the decisions
are computed using Eqs. 2.3-2.5, and for every ¢ € X, . the decisions are computed using
Eqgs. 2.9-2.11. For clarity, we give again all these equations in the following. Equations
2.15-2.16 correspond to Equations 2.3 and 2.9 and compute each j** micro-decision of

each Sup, :
o€ A Vie{l,...,m,},Vie{l,...,n},

Supl(P(s),0) =1 [PT'P(s)NEL # 0]V [0 € Ec A\ Uyl (2.15)
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o€,y :Vjie{l..... my},Vi € {1,...,n}.
Sup?(P,(s),0) =0 [PT'P(s)NDL #£0 Ao € X.,) Vo € Tov\Be,)- (2.16)
Equation 2.17 puts together Equations 2.4 and 2.10 and combines the n j** micro-decisions :

/\Istn Sup! (P(s),0) ifoeX.x;

Si(s,0) =
VlSzSn SUP‘Z](R(S),O') lfO' € Zc_\/.

(2.17)

Equation 2.18 puts together Equations 2.5 and 2.11 and computes the actual decision that

is applied to the plant :

Vicyem, S2(s,0) ifo € n:
/\IS]Sma S](S,O') ifoe EC,V-

Supe(s,o) = (2.18)

Hence, the C&PVD&A multi-decision architecture can be schematized by incorporating
two modules, one performing the C&P multi-decision architecture for all o € ¥, » and the
other performing the D&A multi-decision architecture for all o € X, .

Note that for each 0 € X, we have used a value m,. Let us denote by m the biggest of
these values m, considering all the events of £.. The obtained supervisor will be denoted
Sup; and called C&PVD&A m-decision supervisor.

For a given partition {E. A, X.v} of E, for all i € I,, we define £, 5, = X, N X A the
set of locally controllable events to which we apply the rules of C&P multi-decision, and
Teva = E¢, N X,y the set of locally controllable events to which we apply the rules of
D& A multi-decision.

Since we are interested by decidable notions (as already explained for the D&A multi-
decision), we directly define C&PVD&A m-coobservability w.r.t. Rg and Rp (the term
C&PVD&A can be omitted) that will be a condition for the existence of C&PVD&A

m-decision supervisor, where Rg = (R%)sex. . and Rp = (R%)sesx. -

Definition 2.5.3 Consider K C L, and an integer m > 1. K 15 said to be m-coobservable
w.r.t. Re, Rp, L, To1, Tet, =y Zom, Len, o, there exists a partition {E. A, Eev} of Lo
such that :

1. K is CEP m-coobservable w.r.t. Re, L, o1, Lent, ) Zoms SeAms

2. K is D&A m-coobservable w.r.t. Rp, L. Lo1, Levi, “* ) Sons Sevon-

For simplicity, the term “w.r.t. £, X, ;. ey, -+, Lony e’ can be omitted.
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A partition {Z. 1. Xy} of £, can be found as follows. ., (resp., X.v) may contain only
events o € L. for which there exists a partition of &, (K) (resp., D,(K)) that satisfies Eqs
2 6-2.7 (resp.. Egs. 2.12-2.13). And thus, for every o € X, that respects both requirements
(related to £. 5 and X.), we have the choice to put it in either £, and .. Let us now
define the multi-coobservabily w.r.t. R and Rp a weaker notion of m-coobservability
w.r.t. R¢ and Rop.

Definition 2.5.4 Consider K C L. K 15 sard to be multi-coobservable w.r.t. Rg and Rp
if, there exists an wnteger m>1 such that K s m-coobservable w.r.t. Re andRp

Theorem 2.5.2 Consider K C L,, where K # 0, tuples of finite equivalence relations
Re = (RE)oex. » and Rp = (R%)oex, o, and an integer m > 1. If K is controllable w.r.t.
L and Z,., m-coobservable w.r.t. Re¢ and Rp, and L,,-closed, then there erist a partition
{EL,.. JEP} of every E,(K) (0 € ey my, < m) and a partstion {DL,... , DM} of every
D,(K) (0 € Z.4,ms < m) s.t. the CEPVDEA m-decision supernisor Supg defined by
Eqgs. (2.15-2.18) 1s nonblocking and satisfying L, (Supg/G) = K and L(Sups/G) = K.

Corollary 2.5.1 Consider K C L,, where K # 0. If K s controllable w.r.t. £ and T,
multe-coobservable w.r.t. Rg and Rp, and L,,-closed, then there exist an integer m > 1, a
partition {E}, .., EM} of every E,(K) (0 € Tee,my < m) and a partstron {D},..., D7}
of every D,(K) (0 € E.q.m; < m), such that the CE&PVDEA m-decision supervisor
Sup; defined by Egs. (2.15)-(2.18) s nonblocking and satisfysng L,,(Sups/G) = K and
L(Sup./G) = K.

The next corollary is a consequence of the definitions of C&PVD&A m-coobservability

and multi-coobservability w.r.t. R¢ and Rp.

Corollary 2.5.2 Consider K C L,,.. If K 15 CEP multi-coobservable w.r.t. Re or DEA
multi-coobservable w.r.t. Rp then 1t 1s CEPVDEA multi-coobservable w.r.t. Re and Rop.

Let us consider an example which proves that the converse of Corollary 2.5.2 is not true,
and thus, the C&PVD&A architecture is more general than the C&P and D&A architec-
tures. More precisely, we will give a specification which is C&PVvD&A multi-coobservable
w.r.t. My, and My, but neither C&P multi-coobservable w.r.t. My, nor D&A multi-

coobservable w.r.t. My,.

Example 2.5.2 We consider the specificatron K of Fig. 2.5 that combines two previous
eramples : 1) the specification of Fig. 2.2 (where o 1s renamed 7) which 1s CEP 2-
coobservable w.r.t. My, ; and 2) the specification of Fig. 2.4 which 1s DEA 2-coobservable
w.r t. Mpy,. We can deduce that the new specification 1s CEEPVDEA 2-coobservable w.r.t.
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My, and My, with £, = {7} and E.v = {0o}. It can be easily deduced that the new
spectfication is neither CE&P multi-coobservable w.r.t. My, nor DEA multi-coobservable
w.r.t. My, from the fact that the specification of Fig. 2.2 (resp. Fig. 2.4) has been shown
to be not DEA (resp., not CEP) multi-coobservable w.r.t. My, (resp. My, ) (see Ezample
2.5.1).

Figure 2.5 Plant and specification. The latter is obtained by forbidding the
dashed transitions

2.6 Conclusion

We have studied the multi-decision control framework dealing with decentralized supervi-
sory control. In this framework, each supervisor issues a tuple of micro-decisions instead
of a single decision. We have opted to apply the multi-decision control in the case of
C&P, D&A and C&PVD&A architectures. For every architecture, we have defined and
studied the notion of m-coobservability, which is useful to characterize the class of lan-
guages achievable by the multi-decision control. Depending on the considered architecture,
the m-coobservability is based on partitioning &,(K) or D,(K) or both. Since the veri-
fication of the multi-coobservability is potentially undecidable (due to infinite number of
partitions), we have defined stronger and decidable varieties of multi-coobservability for

each architecture, by using specific equivalence relations.

As a future work, we will investigate more efficient methods for obtaining decidable versions
of multi-coobservability. Another interesting issue is to apply the multi-decision control
to the inference-based architecture. And last but not least, we will study the complexity

aspect of all our developed methods.



CHAPITRE 3

Controle supervisé multi-décisionnel : archi-
tectures décentralisées fonctionnant en paral-

lele pour controler des SED

Article : H. Chakib and A. Khoumsi, Multi-decision Supervisory Control : Parallel De-
centralized Architectures Cooperating for Controlling Discrete Event Systems, Accepted
“as a full paper” in IEEE Transactions on Automatic Control, 2011.

Avant-propos

Auteurs et affiliation :
Hicham Chakib : étudiant au doctorat, Université de Sherbrooke, Faculté de génie,
Département de génie électrique et de génie informatique.
Ahmed Khoumsi : professeur, Université de Sherbrooke, Faculté de génie, Département
de génie électrique et de génie informatique.

Date d’acception : 18 février 2011

Etat de P’acceptation : Accepté pour étre publié
Revue : IEEE Transactions on Automatic Control
Référence : L’éditeur nous a informé que la publication est prévue pour octobre 2011.

Titre frangais : Contréle supervisé multi-décisionnel : architectures décentralisées fonc-

tionnant en paralléle pour contréler des SED.

Contribution au document : Cet article effectue une étude générale de P’approche
multi-décisionnelle qui peut généraliser une classe générique d’architectures de controle
dites éligibles. Nous étudions ensuite plus spécifiquement le contréle multi-décisionnel
pour généraliser une catégorie particuliére d’architectures éligibles : les architectures par
inférence. Notons que celles-ci englobent les architectures C&P, D&A et C&PVD&A que

nous avons généralisées dans notre précédente contribution (chapitre 2).

Résumé francais : Cet article étudie le controle décentralisé de SED, ot un ensemble de
superviseurs locaux coopérent dans le but de réaliser une spécification globale donnée en
contrélant un SED. On propose une nouvelle approche, appelé contréle multi-décisionnel,

53



CHAPITRE 3. CONTROLE SUPERVISE MULTI-DECISIONNEL :
54 ARCHITECTURES DECENTRALISEES FONCTIONNANT EN PARALLELE . . .

qui consiste a utiliser des superviseurs décentralisés fonctionnant en paralléle et dont les
décisions sont fusionnées disjonctivement ou conjonctivement. Nous avons identifié des
conditions suffisantes qui rendent une architecture décentralisée éligible pour étre utilisée
dans une architecture multi-décisionnelle. Nous avons effectué une étude générique de
I'approche multi-décisionnelle-en considérant plusieurs architectures éligibles fonctionnant
en paralléle, et nous avons aussi considéré en detail le cas particulier ou plusieurs Inf y -

superviseurs a inférence par ambiguité fonctionnent en paralléle.

Note : A la suite des corrections demandées par les membres du jury, le contenu de cet

article différe de celui qui a été accepté.

Abstract : This article deals with decentralized supervisory control, where a set of
local supervisors cooperate in order to achieve a given global specification by controlling a
discrete event system. We propose a new framework, called multi-decision control, whose
basic principle consists in using several decentralized supervisory control architectures
working in parallel and whose decisions are combined disjunctively or conjunctively. We
have identified sufficient conditions that make a decentralized architecture eligible to be
used in the multi-decision framework. We have studied the generic framework consisting
of several eligible architectures running in parallel, and we have also considered in detail

the particular case of several inference-based Inf N,-Supervisors running in parallel.

3.1 Introduction

This paper deals with decentralized control of DES, where a set of local supervisors coope-
rate according to their observations in order to restrict the behaviour of a plant so that it
respects a given global specification. Each local supervisor has a local observation of the
plant and takes local decisions without communicating with the other local supervisors.
And the local decisions taken by the various supervisors are merged in order to issue an

effective decision.

We propose a multi-decision framework whose basic principle consists in using several exis-
ting decentralized architectures working in parallel. For example, we can have a conjunctive
and a conditionally disjunctive architectures {[Rudie et Wonham, 1992; Yoo et Lafortune,
2002a. 2004] running in parallel. The global decisions of all these decentralized archi-
tectures are fused disjunctively or conjunctively in order to obtain an effective decision
that is applied to the plant. The motivation of multi-decision framework is to obtain an

architecture that generalizes all the decentralized architectures that compose it.
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The paper is organized as follows. Discussion about related work is given in Section 3.2.
Section 3.3 introduces the decentralized control and presents pertinent definitions and re-
sults. Section 3.4 presents the motivation and principle of multi-decision control, where
several decentralized control architectures are running in parallel and their global deci-
sions are combined disjunctively or conjunctively. In Subsection 3.4.1, we identify sufficient
conditions that make a decentralized architecture eligible to be used in the multi-decision
framework. The case of disjunctive combination is considered in detail in Subsection 3.4.2.
Then, we explain in Subsection 3.4.3 how the results of Subsection 3.4.2 can be adapted
to the case of conjunctive combination. In Section 3.5, we illustrate the multi-decision
by studying the particular case of several inference-based architectures running in paral-
lel and combined disjunctively. Section 3.6 presents several interesting properties of the
multi-decision framework. In multi-decision, we are confronted with the problem of decom-
posing infinite languages. In Section 3.7, we propose an approach of how to tackle that
decomposition problem. Section 3.8 discusses the verification of coobservability for the
inference-based architecture of Section 3.5, using the decomposition approach of Section
3.7. The conclusion is presented in Section 3.9. The proofs are presented in an appendix.

3.2 Related work

There are many prior articles studying decentralized control of DES [Cieslak et al., 1988;
Jiang et Kumar, 2000; Kumar et Takai, 2007; Lin et Wonham, 1988a; Overkamp et van
Schuppen, 2001; Prosser et al., 1997; Ricker et Rudie, 2000, 2003; Rudie et Willems, 1995;
Rudie et Wonham, 1992; Takai et Ushio, 2005; Tripakis, 2004; Yoo et Lafortune, 2002a,
2004]. It has been shown in [Tripakis, 2004] that the decentralized control problem is in
general undecidable. The first architecture that has been proposed in decentralized control
is referred to as the C&P architecture [Rudie et Wonham, 1992; Yoo et Lafortune, 2002a).
The paper |Prosser et al., 1997] presents the first alternative in the study of decentralized
control with different fusion rules.

In all existing decentralized control architectures, each local supervisor continuously ob-
serves the plant and takes local decisions. The local decisions taken by the local supervisors
are fused in order to generate the actual decision that is applied to the plant. The authors
of [Yoo et Lafortune, 2002a] have proposed the D&A architecture which is complementary
with the C&P one. The authors in Yoo et Lafortune, 2002a] also propose a general ar-
chitecture that combines and generalizes the C&P and D&A ones. The authors of [Yoo et
Lafortune, 2004| use a conditional architecture, which generalizes the general architecture
of [Yoo et Lafortune, 2002a].
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The authors of [Takai et Ushio. 2005) propose a new decentralized supervisory control
architecture using dynamic default control instead of static one, where the default decisions

are updated dynamically.

In [Ricker et Rudie, 2000, 2003}, an approach is proposed where each local supervisor can
take decisions based on its ambiguities together with the ambiguities of the other local su-
pervisors. The authors of [Kumar et Takai, 2005, 2007] propose a general inference-based
framework for managing ambiguities. Note that the disjunctive and conjunctive architec-
tures of [Yoo et Lafortune, 2002a] are specific cases of the inference-based framework, when
the ambiguity is restricted to be 0. And the conditional architecture of [Yoo et Lafortune,
2004] is a specific case of the inference-based framework, when the ambiguity is restricted
to be < 1.

In [Chakib et Khoumsi, 2008a,b|, the multi-decision control has been defined in the special
case where several disjunctive or several conjunctive architectures are running in parallel,
without any mention and study of its generic form. Actually, it was defined in an ope-
rational way which does not show that several architectures are working in parallel. For
this reason, [Chakib et Khoumsi, 2008a,b} does not permit to understand the fundamental
aspects of multi-decision. Note that the multi-decision approach has also been studied in
the decentralized diagnosis of DES [Chakib et Khoumsi, 2009; Khoumsi et Chakib, 2008a]
and prognosis of DES [Khoumsi et Chakib, 2009].

3.3 Decentralized supervisory control of DES

3.3.1 Supervisory control of DES

We consider a plant described over an alphabet ¥ by a prefix-closed language £ C ¥* and
a marked language £, C L, and a specification described by a language K C L,,. We
consider that the plant is also modeled by a finite state automaton (FSA) G accepting
L.

We say that a trace t € £* is a prefix of a trace s € X* if there exists a trace A € £* such
that s = tA. We denote by K the set of all prefixes of traces of a language K C ¥~ i.e.,
K ={se |3t K, sis a prefix of t}. K is said prefix-closed if K = K.

The alphabet ¥ is partitioned into £, and X,., the sets of controllable and uncontrollable
events, respectively. For every controllable event o € ., we denote by &,(K) = {s €
K|soe€ K} the set of traces of K after which o is accepted by K. Similarly, we denote by
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D,(K) = {s € K|so € L\K} the set of traces of K after which ¢ is accepted by £ and
forbidden by K. When a single specification K is used, K can be omitted in &,(K) and
D, (K).

A supervisory system (supervisor for short) Sup restricts the behavior of the plant so that
it conforms to K, by taking effective enabling/disabling decisions. By effective decision,
we mean the decision that is actually applied to the plant. Let then Sup(s,o) € {¢,0,1}
denote the effective enabling/disabling decision taken on an event o € ¥ after the execution
of a trace s € L. Sup(s,0) = 1 (resp. 0) means that o is enabled (resp. disabled) after
the execution of s. A decision Sup(s, ¢) = ¢ means a “don’t care” or “unsure” decision. A
fundamental property that is respected by the effective decision Sup(s, o) of any supervisor
is :
Vs € L,Vo € . : Sup(s,0) = 1.

Definition 3.3.1 Given a language K C L,,,, a supervisor Sup is said admissible w.r.t.
K if for every o € L., Vs € £, UD,, Sup(s,o) # ¢.

In the sequel, the terms “w.r.t. (£, D)” and “w.r.t. K” can be omitted if it is clear from the
context. The prefix-closed language £(Sup/G) generated by the plant under the control
of an admissible supervisor Sup is defined as follows :

- €€ L(Sup/G),

[s € L(Sup/G) A sog € LA Sup(s,o) =1] & [so € L(Sup/G)].
The corresponding marked language is defined by L, (Sup/G) = L(Sup/G) N L,,. A
supervisor Sup is called nonblocking if £,,(Sup/G) = L(Sup/G).

The ultimate objective of supervisory control is to satisfy the following conditions :

L(Sup/G) =K, (3.1)
L (Sup/G) = K. (3.2)

To satisfy Conds. (3.1) and (3.2), Sup acts upon the plant by enabling every event which
is authorized by the specification, and disabling every event which is authorized by the
plant and forbidden by the specification. Formally, Vo € X,

s€ &, = Sup(s,a) =1, (3.3)
s € D, = Sup(s,0) =0. (3.4)

Definition 3.3.2 Given a language K C L,,, a supervisor Sup is said :
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consistent w.r.t. (E, D), where E C &, and D C D, for some 0 € L., 1f Sup sa-
tisfies Conds. (3.3) and (8.4) w.r.t. (E.D), i.e., Vs € E, Sup(s.0) = 1, and Vs €
D, Sup(s, o) =0,

consistent w.r.t. K if , Vo € L., Sup is consistent w.r.t. (€5, D,).

Recall the usual notions of L,,-closure and controllability.
Definition 3.3.3 A language K C L,, 15 said L,-closed if K = KN L,,.

Definition 3.3.4 A language K C L,, is said controllable w.r.t. L and Ly if KX, .,NL C
K.

In the sequel, the term “w.r.t. £ and X,.” will be omitted when referring to controllability.

3.3.2 Decentralized supervisory control principle

Decentralized control [Kumar et Takai, 2007; Rudie et Wonham, 1992; Yoo et Lafortune,
2002a, 2004] is performed by n local supervisors (Sup,)1<.<n. Each Sup, has its own set of
observable events ¥,, and own set of controllable events .,. We define £, =3, U+ U
Yom, e=2Xe1 U UZen, o =L\, and £, = T\ Z.. We denote by I = {1,...,n}
the indexing set of all supervisors. For any controllable event o € X., we define by I, =
{i € Ilo € £.,} the indexing set of local supervisors controlling o, and n, = |I,| denotes
the number of local supervisors controlling 0. We denote by P, : £* — X7 the natural
projection that hides the events of £\ X,, from any trace s € £*. The inverse projection
is defined as P '(s) = {t € &* : By(t) = s}.

In decentralized control, each local supervisor Sup,,7 € [, is a function Sup, : £}, X ¥, —
LD, that associates a local decision Sup,(P,(s),0) € LD to every controllable event o
and every observed trace P,(s). LD is a finite arbitrary set of local decisions. A particular
decision, denoted ¢, accounts for silent decision, meaning that the local supervisor is
unsure or doesn’t care. The effective decision that is applied to the plant is obtained
by combining the local decisions of the n local supervisors (Sup,).er using a so-called
coordinating operator D : LD™ — {¢,0,1}, we say that D is defined over LD. The
system enclosing the tuple of local supervisors (Sup,).c; and the coordinating module D
is called a decentralized supervisor, and denoted by ((Sup,)icr, D). The effective decision
Sup(s.o) € {¢,0,1} of a decentralized supervisor Sup = ((Sup,)icr, D) is computed as
follows :

Sup(s, o) = D((Sup,(F.(s),0))se1,) (3.5)

(3.5) means that Sup(s, o) is computed by applying the operator D to all Sup,(P,(s), o).
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Definition 3.3.5 A D-supervisor is a decentralized superwsor defined by (3.5) for a gi-
ven D and any local supervisors (Sup,).cr- The set of all D-supervisors is called a D-

architecture.

For example, we have the conjunctive architecture (A-architecture) and the disjunctive
architecture (V-architecture) of [Rudie et Wonham, 1992; Yoo et Lafortune, 2002a|, the
conditional conjunctive architecture (COND-A-architecture) and conditional disjunctive
architecture (COND-V-architecture) of [Yoo et Lafortune, 2004], and the N-inference ar-
chitecture (Inf y-architecture) of [Kumar et Takai, 2007].

3.4 Architectures running in Parallel

Increasing the set of languages that are achievable under control has often been an im-
portant criterion when it comes to the development of control architectures, and more
specifically decentralized architectures. With this idea, the objective of multi-decision is
to be applied to a decentralized architecture A in order to obtain a new architecture B
that generalizes A, in the sense that the set of languages achievable with B contains the set
of languages achievable with A. The basic idea is to increase the information transmitted
from the local supervisors (Sup,).cr to the fusion operator D. An extreme solution is that
each Sup, takes, and transmits to D, a decision on enabling/disabling an event ¢ € X, only
when it is certain of its decision. When Sup, is unsure of the decision to take, it informs
D of what it has observed. When all (Sup,),es are unsure on the decision to take on an
event o € X, then D combines their observations in order to obtain a richer information
and take a decision on o. This solution has been developed in [Khoumsi et Chakib, 2007,
2008b]. Its limitation is that it turns out undecidable when it is question of checking a
notion of n-observability and a more restrictive notion of n-normality [Khoumsi et Chakib,
2008b]. The decidability is obtained when the plant or specification language is finite, but

in general this is an unrealistic restriction.

The objective of multi-decision is to provide a less extreme but decidable solution. The
basic principle is that in each site ¢, we will use several, say p, local supervisors (Sup}),es,
where each Sup! generates a local decision. Therefore, in each site i, we have p different
local decisions. That is why we use the term “multi-decision”. This is equivalent to say
that we have p decentralized supervisors (Sup’),e(1, .} running in parallel and whose
global decisions are fused into an effective decision. Hereafter, the number of decentralized
supervisors is denoted by p, and we denote by J = {1,...,p} the indexing set of the
decentralized supervisors running in parallel. Therefore, each decentralized supervisor Sup’
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achieves its control according to a given decentralized architecture as shown in Subsection
3.3.2 and (3.5), but with a superscript j. That is, for every 3 € J, Sup’ = ((Sup!).er, D7)
contains n local supervisors (Sup!),c; and a coordinating module D’. The global decision
issued by Sup’, following the execution of a trace s € L, is computed by the following
equation, which corresponds to (3.5) with a superscript 7 added to Sup, Sup, and D :

Sup’ (s, 0) = D’((Sup](F(s). 0))iee1,}) (3.6)

The global decisions of the decentralized supervisors (Sup’),es are combined using a co-
ordinating module D in order to obtain an effective decision that satisfy Conds. (3.1)
and (3.2). D is defined as a function D : {¢,0,1}? — {¢,0,1}. The system enclosing
the tuple of local supervisors (Sup!).cr,ey, the fusion operators (D7),c; and the global
fusion operator D is called a multi-decision supervisor, and denoted by ((Sup’),es.D) =
(((Supl)ier. D?),e4, D). The effective decision of Sup = ((Sup’),es, D), Sup(s,0)€{¢,0,1},
is computed as follows :

Sup(s,) = D((Sup’(5,0)) ) (3.7

Eq. (3.7) means that the effective decision Sup(s, o) is computed by applying the operator
D to all the global decisions Sup’(s, o).

Definition 3.4.1 A D-(D',...,DP)-supervisor s a multi-decision supervisor defined by
(8.6) and (8.7) for given D and (Sup’),c;. The set of all D-(D',... DF)-supervisors is
called o D-(D',. .., DP)-architecture.

When all the D’-supervisors Sup’ (for 7 € J) correspond to the same decentralized ar-
chitecture v, we obtain an architecture which is denoted D-9P, while Sup is called D-y?-

supervisor.

Recall that the global decisions Sup’(s,0) (= 0, 1 or ¢), j € J, are just intermediate
results used to compute Sup(s,o), the latter being the effective decision actually applied

to the plant.

Let us for example take p = 2, D' = Vv, D? = COND-A, and D = A. This means that
we have a disjunctive (D') and a conditionally-conjunctive (D?) architectures running in
parallel and whose global decisions are fused conjunctively (D) for obtaining the effective
decision. And thus we have the A-(V,COND-A)-architecture.

The multi-decision control consists therefore in using p D’-supervisors Sup’ (for 3 € J)
running in parallel and whose global decisions are fused by an operator D in order to
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Figure 3.1 M\lulti-decision control framework

obtain an effective decision (see Fig. 3.1). We state in the following lemma the relation of
the consistency of a nonblocking and admissible supervisor Sup with a controllable and
L.,-closed language K and the achievement of K by Sup.

Lemma 3.4.1 Consider K C L,, and a supervisor Sup. The follounng assertions are

equivalent -

1. Sup s nonblocking and admissible and such that L,,(Sup/G) = K and L{Sup/G) =
K,

2. K 1s controllable and L,,-closed, and Sup s consistent w.r.t. K.

Consider £ and K as in Section 3.3.1, and (£,,),=1, » as in Section 3.3.2. For the purpose
of our study, we use the following definition of coobservability.

Definition 3.4.2 We call coobservability any property defined on pawrs (E, D), for any
o€ X, ECE; and D C D,. Gwen a coobservability denoted COOBS, we say that (E, D)
15 CooBs w.r.t. £, X1, ..., Xon to mean that COOBS 1s satisfied by (F, D).

In the sequel. the term “w.r.t. £, L., ..., £,,” will be omitted, except for some special
cases. Note that Def. 3.4.2 also holds for a centralized architecture, by taking ¥, instead
Of (ZU,L)lzl, R0

3.4.1 Eligible architectures

In this section, we define the notion of eligibilsty that specifies sufficient conditions that an
architecture should respect for being acceptable to be used as one of the architectures in
parallel that compose any multi-decision system. Shortly, if a decentralized architecture is



CHAPITRE 3. CONTROLE SUPERVISE MULTI-DECISIONNEL :
62 ARCHITECTURES DECENTRALISEES FONCTIONNANT EN PARALLELE

eligible, then it can be used in the multi-decision framework. Eligibility is formally defined
as follows.

Definition 3.4.3 Giwen a fusion operator D, the corresponding D -architecture 1s said
eligible (implicitly, for multi-decision), +f there exmsts a coobservalnlity property associa-
ted with D, denoted D-coobservability (or D-C00BS), such that the follounng eligibility
condition ELC 1s satisfied :

ELC-a - For every D-superwsor Sup, Vo € X, VE C &,, YD C D,, we have : of Sup 15
consistent w.r.t. (E, D) then (E, D) 1s D-Co0BS.

ELC-b : There enists a D-supernsor SUP such that, Vo € £, VE C &,, VD C D,, we
have : 1f (E.D) 1s D-C0o0BS then SUP 1s consistent w.r.t. (E, D).

Note that by ELC, we mean the two parts ELC-a and ELC-b. Based on ELC, we define
the notion of D-coobservability of a language under eligible architectures.

Definition 3.4.4 Gwen a fusion operator D and the corresponding eligible D -architecture,
a language K C L, 1s sard D-coobservable (or D-CooBs) if, Vo € Z., (£,,D,) 1s D-
CooBs.

At the present state of our study, we consider two cases of D when p > 1 : D is disjunctive
(V) or conjunctive (A), which will be considered in Sections 3.4.2 and 3.4.3, respectively.
Actually, the terms “disjunctive” and “conjunctive” are used with an abuse of the language,
in the following sense : By disjunctive, we mean that Sup(s,o) = 0 if all Sup’(s,o) =0,
Sup(s.o) =1 if at least one Sup’(s,0) = 1, and Sup(s, o) = ¢ otherwise. By conjunctive,
we mean that Sup(s,o) = 1 if all Sup’(s,0) = 1, Sup(s,o) = 0 if at least one Sup’(s,0) =
0, and Sup(s,o) = ¢ otherwise.

Remark 3.4.1 As we wnll see, the two cases D = A and D =V are based on decomposing
the sets D, and &,, respectwely. So far, we have identified and thoroughly studied these
two fusion operators D = A and D = V, but we see no reason why other values of D
could not be used. The main question 1s how to realize a multi-decision architecture for
other operators D. This 1s an open problem. At the end of the conclusion, we propose to

wmvestigate this pownt wn a near future.

3.4.2 D is disjunctive

When D is disjunctive, we are in the presence of a so-called disjunctive multi-decision
architecture, denoted V-(D', ., DP”). and any possible supervisor under this architecture is
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called disjunctive multi-decision supervisor denoted V-(D'..... D”)-supervisor. The latter
consists of a set of p D’-supervisors Sup’ (for 7 € J) running in parallel and whose global
decisions are fused disjunctwely The effective decision Sup(s, o) is obtained as follows -
Yoe Y. Vse L.
0 If.VyeJ Sup(s,o) =0,
Sup(s,0) =<1 1If 3y € J, Sup’(s,0) =1, (3.8)

¢ otherwise.

The principle of disjunctive multi-decision architecture is based on considering, for every
o € £, adecomposition (£}, ..., EF) of &, such that &, = E,U.. .UEP. Note that we use the
word decomposition instead of partition because the various £ are not necessarily disjoint
with each other. For the sake of simplicity and without loss of generality, we consider that
all &, are decomposed nto the same number of sublanguages, that is, we use the same
number p for all ¢ € X, mstead of a distinct p, for each ¢ € .. This may necessitate
that some &7 are empty. In the latter case (£ = @), we can take any supervisor Sup’ such
that Sup’(s,o) =0 for every s € L.

Definition 3.4.5 For a gwen p > 1. let V-ELAP-architecture mean a (disjunctive) mults-
decision architecture consisting of p eligible architectures (hence the acronym ELA) fused
disjunctwely. And by V-ELAZ'-architecture, we mean any (disjunctie) multr-decision ar-

chitecture consisting of one or more eligible architectures fused disjunctively.

Considering V-ELAF-architecture, for which are defined (D’-C00BS),c s, we define coob-

servability related to the V-ELAP-architecture as follows :

Definition 3.4.6 Consider a V-ELAP-architecture consisting of p eligible architectures
(D?)e5 and K C L,,. For every o € £, (£,,Dy) 18 sard v-(D,...,DP)-CoOBS 1f there
enists a decompositron {EL,...,EP} of &, such that, V) € J (€2,D,) 1s D?-CooBs. K 1s
sard V-(D',.. ,DP)-CooBs if, Yo € %, (€,,D,) s V-(D,...,D?)-CooBs.

In the case where the architectures and/or their number are unspecified, we obtain the

following weaker notions :

Definition 3.4.7 Gwen o € &, (§,,D,) 15 sard V-ELAP-Co0BS 1f ot 15 V-(D',... DP)-
COOBS for some eligible architectures (D7) 1<;<p. (€, Dy) 15 sard V-ELAZ'-COOBS +f 1t 15
V-ELAP-CooBS for some p > 1. K 1s sard V-ELAP-COOBS (resp., V-ELAZ'-C00BS) 1f,
Vo € &, (£,,D,) 15 V-ELAP-CoOBS (resp., V-ELAZ'-Co0BS).



CHAPITRE 3. CONTROLE SUPERVISE MULTI-DECISIONNEL :
64 ARCHITECTURES DECENTRALISEES FONCTIONNANT EN PARALLELE . . .

We have the following theorem that relates the decomposition of £, and the consistency
of a vV-(D!,..., DP)-supervisor w.r.t. (§,,D,).

Theorem 3.4.1 Consider K C L,,, D’-supervisors (Sup’),es, and 0 € X.. The V-
(DY, ..., DP)-supervisor Sup = ((Sup’)jes,V) is consistent w.r.t. (£,,D,) if and only if
there ezists a decomposition {E}, ... EP} of &, such that, Vj € J, the D?-supervisor Sup’
is consistent w.r.t. (£3,D,).

By using Lemma 3.4.1 and Theorem 3.4.1, we obtain the following theorem that states
necessary and sufficient conditions for a language to be achievable under a disjunctive

multi-decision architecture.

Theorem 3.4.2 Consider a V-ELAP-architecture consisting of p eligible architectures
(Dj)JeJ, and a language K C L,,. There ezists a nonblocking and admissible V-(D, ...,
D?)-supervisor Sup = ((Sup’),es, V) such that L(Sup/G) = K and L,(Sup/G) = K if
and only if K is L,,-closed, controllable and vV-(D',. .., DP)-Co0OBS.

By considering the case where we have a single eligible D-architecture (instead of several
(D7),es architectures in parallel), Theorem 3.4.2 becomes the following Corollary 3.4.1,
which states that D-CooBs (in addition to the controllability and the £,,-closure) cha-
racterizes the class of languages that are achievable under the D-architecture. The proof
of Corollary 3.4.1 is omitted since it is a particular case of Theorem 3.4.2.

Corollary 3.4.1 Consider an eligible architecture D and a language K C L,,. There
exists a nonblocking and admissible D-supervisor Sup such that L,,(Sup/G) = K and
L(Sup/G) = K if and only if K is controllable, L,,-closed and D-Co0BS.

3.4.3 D is conjunctive

When D is conjunctive, we are in the presence of a so-called conjunctive multi-decision
architecture, denoted A-(D', ..., DP); and any possible supervisor under this architecture
is called conjunctive multi-decision supervisor, which is denoted A-(D', .. ., DP)-supervisor.
The conjunctive multi-decision architecture can be developed by adapting the disjunctive
multi-decision architecture of Subsection 3.4.2 by the following essential modifications, for
each 0 € . : 1) we decompose D, instead of &, ; and 2) we compute the effective decisions
by using (3.9) instead of (3.8), that is, we replace the V operator by the A operator. Vo € X,
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Vs € L,
1 If, Vjie J Sup(s,0) =1,
Sup(s,0) =0 If, 3j € J, Sup’(s,0) =0, (3.9)

¢ otherwise.

Remark 3.4.2 By using the above points 1) and 2), all the notions and results that can
be obtained for D =V (i.e., for the disjunctive multi-decision architecture) can be adapted
quite easily for D = A (i.e., for the conjunctive multi-decision architecture). That s why

we have not developed the latter case.

Due to remark 3.4.2, in the following sections 3.5-3.8, we will consider uniquely the dis-
junctive multi-decision architecture (for simplicity, the term “disjunctive” will be omitted).
More precisely, we will study our multi-decision framework in the case where D = V. In
order to clarify our idea, we will apply in Section 3.5 the multi-decision framework in the
case of the inference-based architecture studied in [Kumar et Takai, 2007]. The reason
why we have decided to apply the multi-decision to the inference-based architecture, is
because, to the best of our knowledge, the inference-based architecture is the most general
decentralized architecture before the development of our multi-decision framework. For
example, it has been proved in [Kumar et Takai, 2007] that the disjunctive, conjunctive,
conditionally disjunctive, and conditionally conjunctive architectures [Rudie et Wonham,
1992; Yoo et Lafortune, 2002a, 2004] are special cases of the inference-based architecture.
So, the main objective of Section 3.5 is to prove the effectiveness of our multi-decision
framework by showing that it permits to generalize the inference-based architecture. Fur-
thermore, the inference-based ambiguity principle is more suitable when heterogenous
decentralized supervisors are considered, it suffices to consider decentralized supervisors

Sup’ with ambiguity levels N, j € J, that are not necessarily the same.

3.5 Inference-based multi-decision architecture

In this section, we study the inference-based multi-decision architecture. An inference-
based multi-decision supervisor Sup = ((Sup’),cs,V) consists on p inference-based de-
centralized supervisors (Sup’),c; running in parallel and whose global decisions are fused
disjunctively (D = V) for obtaining an effective decision that is actually applied to the
plant. Each inference-based decentralized supervisor Sup’ consists of n inference-based
local supervisors (Sup!),cs, and its decisions are computed using the inference-based ar-
chitecture introduced in [Kumar et Takai, 2007]. First of all, we will present in the following

subsection the inference-based architecture, and we prove its eligibility.
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3.5.1 Inference-based architecture

Inference-based supervisor

Each inference-based decentralized supervisor Sup consists of n inference-based local su-
pervisors (Sup,).cs, and its decisions are computed using the results of [Kumar et Takai,
2007 as follows. After the execution of s € K, each Sup, has observed P,(s) and issues a
local decision ¢,(F,(s), o) for each 0 € Z.. An ambiguity level n,(F,(s), o) is associated to

each local decision. Formally :

Sup,(P.(s),0) = (c.(Pi(s), 0), n(F(s), 7)), (3.10)

The generic global decision of each Sup was defined by (3.6). In the present case of
inference-based decentralized supervisor Sup, its global decision is computed as follows
[Kumar et Takai. 2007] : Vo € £.,Vs € K,

1, ifViel,;[n(s,0)=n,(P(s),0) = c(P(s),0) = 1],
Sup(s,0) =40, ifViel,;n(s,0)=n,(Pf(s),0) = c,(P(s),0) =0, (3.11)

¢, otherwise.

Where n(s, o) denotes the minimal ambiguity level of local decisions of Sup, i.e.,
n(s,o) = nel}n n(P(s), o). (3.12)

Definition 3.5.1 Given an integer N > 0, an inference-based decentralized supervisor
(i.e., defined by (3.10)-(3.12)) is said N-inferring (w.r.t. K ), and denoted Inf \ -supervisor,
if for any 0 € I, min{ng,n¢} < N, where n§ = MaX(, Risoecorsup(sim=oy (S ) and

€ —
Ne = max{seKISUEC/\Sup(s,a)=l} TL(S, 0)'

Note that N is the maximal ambiguity level that is used in a Inf y-supervisor.
Computing the local decisions ¢,(F,(s), o) and n,(P,(s),0)

We proceed as in [Kumar et Takai, 2007], but for a convenient presentation of the inference-
based multi-decision (in the following Section 3.5.2), we use languages (£, D) such that
E C &, and D C Dy, instead of (£,, D). We define inductively a monotonically decreasing
sequence of language pairs (E[k], D(k]) as follows.

Basis : E{0] = E and D[0] = D,
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Inductive step : for k > 1,

Elk +1) = E[K]n [) PP (D).
1€l
Dk +1] = D[R] (1) P P(ERK]).
€ly
The decisions of every Sup are defined by (3.10)-(3.12) from (c,(P,(s),0), n.(P,(5), 0))er, -
Now we propose a method of [Kumar et Takai, 2007] to compute ¢,(P,(s), o) and n,(P,(s),
o), for « € I,. More precisely, using the sequence (E[k], D[k]) of language pairs, every
local supervisor Sup, (1 € I,) computes, for every s € K and o € ., n,(F(s),o) and
a(P,(s),0) as follows.

n(P,(s),o) = min{k € Z* | P71 P,(s) N D[k] = 0},
nd(P,(s), 0) = min{k € Z*| P P(s) N Elk] = 0}.

(3.13)

A local decision is issued by comparing the two ambiguity levels, n¢(P,(s), o) and

d

n,

(P,(s),0), giving preference to the smallest one. This is formalized as follows. For every
o € ¥, the decision and ambiguity level of a local supervisor Sup, following an observation

P,(s), i.e., Sup,(P,(s),0) = (c.(P(s),0),n(P.(s),0)), is computed as follows :

0, if n{(P(s), o) < nf(P(s).9),
¢,(P(s).0) = <1, if ne(P(s),0) < nd(P,(s).a), (3.14)
¢, otherwise,

and
n,(Py(s),0) = min{n{(P,(s),a),ns(P.(s),o)}. (3.15)

We have not explained in detail the (3.10)-(3.15) because they have been taken from the
inference-based framework of [Kumar et Takai, 2007).

Eligibility of the inference-based architecture

In order to show that the inference-based architecture is eligible, we define the notion of
Inf y-CooBS (or N-inference-coobservability) as introduced in [Kumar et Takai, 2007].
For a convenient presentation of the inference-based multi-decision (in Section 3.5.2), we
do not use exactly the definition of [Kumar et Takai, 2007). We rather generalize it by the
use of subsets £ C &, and D C D, instead of &, and D,, respectively.
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Definition 3.5.2 Consider K C L,,, 0 € ., EC&, and D CD,. (E, D) 1s said Inf y-
coobservable (or Inf n-C00BS) if E[N +1] =0 or D[N + 1} = 0. K 1s said Inf ,-COOBS
if. Vo € ., (&€,.D,) is Inf -CoOBS.

We have the following lemmas 3.5.1 and 3.5.2 that state respectively that the inference-
based architecture satisfy the conditions ELC-a and ELC-b. From these two lemmas, we
then deduce lemma 3.5.3 by definition of the eligibility.

Lemma 3.5.1 Consider K C L,, and a Inf y-supervisor Sup. For every event o € L.,
E C &, and D C Dy, of Sup is consistent w.r.t. (E, D) then (E, D) s Inf n-COOBS.

Lemma 3.5.2 Consider K C L., and the Inf y-supervisor SUP given by (3.13)-(3.15).
For every event ¢ € L., E C & and D C D,, if (E, D) is Inf 5-CoOBS then SUP is
consistent w.r.t. (E, D).

Lemma 3.5.3 The inference-based architecture is eligible.

3.5.2 Parallel inference-based architectures running in parallel

Recall that a V-(D?, ..., DP) architecture consists of p D’-architectures running in parallel
and whose global decisions are fused disjunctively. When the p architectures are inference-
based with respective ambiguities Ny, ..., N,, we are in the presence of an inference-based
multi-decision architecture, denoted V-(Infy,, ..., Infy_ )-architecture. Any corresponding
supervisor Sup = ((Sup),es, V) consists on p Inf y -supervisors (Sup’),es, and is denoted
V-(Infy,, ..., Inf y )-supervisor. For each Inf  -architecture, the local decisions are com-
puted by using (3.10) but with a superscript j, i.e., Sup! (P,(s),0) = (< (P.(s),0),n] (P (s).
o)), and the global decision Sup’(s, ) is computed by using (3.11) but with a superscript
J- The effective decision Sup(s, o) of the V-(Infy,,..., Inf 5 )-supervisor is computed by
combining disjunctively the global decisions (Sup’(s,o)),es using (3.8).

As already explained in Subsection 3.4.2, we will use a decomposition {&},...,E2} of &,
for every o € X.. This decomposition is a practical rule for computing the inference-based
local decisions as described in (3.13)-(3.15) for every Inf y -architecture, by taking £ = £]
and D = D,. Hence, the sequence of language pairs (£ [k], D! [k]) are computed as follows.
For k =0, £2[0] = £] and D3[0] = D,. For k > 1, &2[k + 1) = EL[k) N, P P.(DI[k])
and D [k+1] = D [k]N,c,, P P(E2[K]). For simplicity, j is omitted when p = 1 (i.e.. no
decomposition). Before studying the existence of solutions for the inference-based multi-
decision architecture, we illustrate the multi-decision framework, applied to the inference-

based architecture, in the following example.
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Figure 3.2 Plant and specification. The latter is obtained by forbidding the
dashed transitions

Example 3.5.1 Figure 3.2 presents a plant G controlled by two local superwisors, the
first one observes £,1 = {a1,b1,c1}, while the second observes £,2 = {az, ba, c2,d2}, and
Yer = Zco = {o}. The specificatron 1s obtained by erasing the two dashed selfioops. We
consider that all states of the plant and the specification are marked, which ymplies that
(8.1) and (8.2) are equiwvalent. D, = {c1ds, caa;, baa1} s accepted by the FSA obtained
from the specification by remowving states 4, 6, 8 and 9, and marking states 7 and 10.
Es ={a1da0*, a1a20" , babi0*, c1020*} 15 accepted by the FSA obtamned from the specification
by remowng states 3, 7 and 10, and marking states 6, 8 and 9. Let us consider the cases
p=1andp=2.

Case p = 1 : Since j takes the single value 1, it will be implicit in all equations. We
have &,[0] = &, and D,[0] = D,, and there 1s no Inf y-supervisor satisfying Conds.
(31) and (3.2), YN € Z*. Indeed, after the ezecution of trace cidy, the language parrs
(&K, Dylk])k>0 are then computed as follows : First step (k = 1), we compute Dy[l] =
{b2ay, caar, c1d2} and &;(1] = {a1da0*, c1c20*}. Second step (k = 2), we compute D,[2] =
{cea1,c1d2} and &,]2) = E,[1). Third step (k = 3), we compute D,[3] = D,[2] and
&3] = £,12] = &,(1).

We obtain D,[k] = D,[2] = {caar,c1d2}, Yk > 2, and &,[k] = &[1] = {a1d20*, c10207},
Yk > 1. Since, Vk > 2, c1dy € D,[k], we have, V2 = 1,2, Vk > 1, P71 B(c1da) N Dy k] # 0.
And from (8.13), nS(P.(c1dy). o) 15 wnfimte. Moreover, Yk > 1, P Pi(cids) N E,[k] =
{c1c20*}, Pyt Pa(erdz) N E (k] = {aidao™}. Therefore, Vo = 1,2, Vk > 1, P P(c1d2) N
E,[k] # 0. And from (8.18), n(P,(c1ds), o) 15 wfinte Since nd(P,(c1dy), o) and

nf(P,(c1d2), 0) are infinite, we deduce by (3.14) that, Vi = 1,2, ¢,(P,(c1d2).0) = ¢. Then,
by (3.11), Sup(s,o) = ¢, which nolates Cond. (3.4), and thus, there 1s no Inf y-supervisor

that can enforce the plant to conform to the specification.

Case p = 2 : Consuder the decomposition {EL,E?} of €, where E} = {a1dy07, a1a20",
bobio*} and E2 = {cica0*}. The language pawrs (E2[k], D7 [k])k>0 are then computed as
follows :

Fory=1:
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First step (k = 1), we compute D}[1] = {boa1} and EX[1] = {a1dyo”}.
Second step (k = 2), we compute DL[2] = 0 and EL[2) = 0.
For3=2:

First step (k = 1), we compute D2[1] = @ and £2[1] = {c1c20™}.

Second step (k = 2), we compute D2[2] = 0 and £2[2] = 0.
Therefore, DLk] = EXk] = E2[k] = 0, Yk > 2, and D2[k] = 0, Vk > 1. Using (3.10)-
(3.15), Table 3.1 (resp., Table 3.2) presents the local and global decisions taken by the
Inf | -supervisor Sup' (resp., Inf,-supernsor Sup?) for all traces where a deciston on event
o 1s relevant, 1.e., traces at the term of which o 15 permatted by the plant (formally, traces
of £, UD,). Note that, for j € {1,2}, the ezpressions n$?, nS? and Sup} (resp., n2?, n§’
and Sup}) are computed for Pi(s) (resp., P:(s)) and Sup’ s computed for s. Table 3.3
presents the effective decisions computed using (3.8), taken by the V-(Inf,, Inf ,)-supervisor
that combines disjunctively the decisions of Sup' and Sup®. We see wn Table 3.3 that
Sup(s,0) = 1 for all traces s € &,, and Sup(s,0) = 0 for all traces s € D,, which
corresponds to satisfying Conds (3.3) and (3.4). We will ezplawn in Section 3.5.3 why we
have selected exactly Ny = 1 and Ny = 0.

This example illustrates the fact that the set of languages achievable by the multi-decision
inference architecture (for p > 1) wncludes the set of languages achievable by the inference
architecture of [Kumar et Takas, 2007] (corresponding to p=1).

Trace P [ ot ] Sup! | n2T ] nS | Supl [ Sup?
s=ads; | 0] L0 2 L @) o
8= Ca1 2 2 (¢,2) 0 1 (0,0) 0
S= b2a1 2 2 ((,‘b.2) 1 2 (0,1) 0

seamdoo” | 2 | 2 |02 2 1 1 @) | 1
s€ayax0* || 2 2 [ (02) || 1 0 {(1,0) 1
s€bgbio™ 1 0 | (1,0)f 1 2 |(0,1) 1
SE€cico0* 0 1 | (0,0) 0 1 |(0,0) 0

Tableau 3.1 Local and global decisions taken by the Inf,-supervisor Sup' (on
o € X.) computed by (3 10)-(3.15) for the plant and specification of Fig. 3.2
w.r.t. (E},D,), for £} = {a1dy0*, ajaz0*, babia*}.

3.5.3 Existence of solutions for the inference-based multi-decision

architecture

In this section, we introduce the notion of V-(Inf y,, ..., Infy )-COOBS in order to charac-

terize the class of languages achievable under the control of a nonblocking and admissible
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Trace n$? | n% | Sup? || ng* | nS* | Sup? || Sup®
8=Cld2 2 1 (1,1) 0 1 (0,0) 0
S=Coy 0 1 (0,0) 2 1 (1,1) 0
s=ba; || 0 | 1 |00 0] 1 |00 0

seaydyo® || 0 1 [ (00)|I 0O 1 {(0,0) 0
s€a ay0* 0 1 |(0,0) 0 0 | (4,0 ¢
sebbio | 01 0 [ (@011 0 | 1 100 ¢
SE€c1c20" 2 1 | (1,1) 2 1 | (1,1 1

Tableau 3.2 Local and global decisions taken by the Inf,-supervisor Sup? (on
o € X.) computed by (3.10)-(3.15) for the plant and specification of Fig. 3.2
w.r.t. (1, D,), for £2 = {cic0*}.

S
N
£
-
[
—~
N¥

Trace Sup Sup(s)
s = cd,
8 = CaQy
S = b2(11

s € mydaa

S € aya90*

$ € bybio*

8 € cic0™

Tableau 3.3 Global and effective decisions taken by the V — (Inf,, Inf,)-

supervisor (on o € X.) computed by applying (3.8) to the decisions Sup'(s)

and Sup?(s) of Tables 3.1 and 3.2.

0
0
0
* 1
1
1
0

—io (R |o|ololo
el e Ll R k=1 K =] k=]
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V-(Inf y,...., Inf 5 )-supervisor. By using the notion of Inf y-COOBS defined in Definition
3.5.2, we introduce in the following definition the notion of V-(Infy,, ..., Infy )-COOBS.

Definition 3.5.3 Consider K C Ly, and 0 € .. (€,,D;) 18 sard V-(Inf ... Inf 5 )-
Co0Bs 1f there emsts a decomposition (E},...,EP) of &, such that, ¥y € J, (£2,D,) 18
Inf 5 -CooOBS. (£5,Dy) 18 saud V-Infi}V-COOBS of 1t s V-(Inf ..., Inf 5 )-COOBS for
some p > 1 and some positwe ntegers Ny,..., N, < N. K 15 smd V-(Infy, ..., Infy )-
Co0BS 1, Yo € L., (€5, Do) 15 V-(Inf ..., Inf 5y )-COOBS. K 15 sad V-InfZy-COOBS 1,
Vo €., (£,.Dy) 15 V-InfZ-COOBS.

Since the inference-based architecture is eligible, as shown in Lemma 3.5.3, the following
corollary, which is a straightforward result of Theorem 3.4.2, states necessary and sufficient

conditions for a language to be achievable under the V-(Infy,, ..., Infy ) architecture.

Corollary 3.5.1 Gwen a language K C L,,, there exists a nonblocking and admas-
stble V-(Inf y,, ..., Inf 5 )-supermsor Sup = ((Sup’),es,V) such that L(Sup/G) = K and
Ln(Sup/G) = K 1f and only +f K 15 Li-closed, controllable and V-(Infy,, ..., Infy,)-
CooBs.

Let us return to the example 3.5.1 where &, is represented by the automaton Ag, obtained
from the automaton of Fig. 3.2 by removing the states 3, 7 and 10, and marking the states
6, 8 and 9. From Def. 3.5.2, we have that (£,,D,) is not Inf n-COOBS, because D, k] =
{c2a1,c1d2} # 0, Vk > 2, and &,[k] = {a1d20",c1c20*} # @, Vk > 1. From Corollary 3.5.1,
we deduce that there exists no Inf y-supervisor that can enforce the plant to conform
to the specification. Note that this result was observed in the case p = 1 of Example
3.5.1. If we use the decomposition {E2,E2} of &, where £} = {a1dy0*, a1a20,bebo*} and
&2 = {c;c20" }, corresponding to states (8,9) and 6, respectively, we compute D}[2] = @ and
D2[1] = @. From Defs. 3.5.2 and 3.5.3, (§,,D,) is V-(Inf,,Inf,)-CooBs. K is controllable
because it is obtained from the plant by forbidding ¢ € ¥. in some states. K is also
L,,-closed because £ and K are prefix-closed. From Corollary 3.5 1, we deduce that there
exists a V-(Inf,,Inf,)-supervisor that can enforce the plant to conform to the specification.
Such a V-(Inf,Inf,)-supervisor was in fact computed in the case p = 2 of Example 3.5.1
of Subsection 3.5.2, and was represented in Tables 3.1, 3.2 and 3.3.

By comparing Defs. 3.4.6-3.4.7 with Def. 3.5.3, and since the inference-based architecture
is eligible, we deduce straightforwardly (and hence, the proof is omitted) the following

proposition

Proposition 3.5.1 If K C (,, 18 \/-Infi}v—COOBS then it 1s V-ELAZ'-C0OOBS.
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3.6 Some properties related to multi-decision architec-

tures

We have identified many properties related to the coobservabilty of the V-ELAZ! archi-
tecture. In this section, we have selected some of the most relevant properties. In the next

proposition, we state a necessary condition for a language to be V-ELAZ'-CooBs.

Proposition 3.6.1 If a language K C L., is V-ELAZ'-C0OBS then, Yo € &, Vs,t € K
s.t. so,to € L, we have : [Vi € I, P,(s) = P(t)] = [s€ &, & t € &)

3.6.1 Comparison with other architectures

The existence of eligible architecture D such that K is D-CooBS is simply obtained
from the definition of V-ELAZ!-CooBs by restricting ourself, for each o € X, to the
trivial partition {£,}. Hence, we deduce straightforwardly (thus, the proof is omitted)
the following proposition which implies that any V-ELAZ! architecture permits to achieve

more languages than any eligible decentralized architecture.

Proposition 3.6.2 If K C L,, is not V-ELAZ'-Coo0Bs, then K is not D-COOBS for any
eligible architecture D.

If we apply Prop. 3.6.2 to the particular case of inference-based architecture (which is
eligible, from Lemma 3.5.3), we have : if K is Inf y-COOBS then it is V-ELA='-CooBs. It
is proved in [Kumar et Takai, 2007 that each of C&P-Coons, D&A-CooBs, COND-C&P-
. CooBs and COND-D&A-CooBs implies Inf ,-C0o0BS. Then, we deduce straightforwardly

(and hence the proof is omitted) the following proposition :

Proposition 3.6.3 If K C L,, is not V-ELAZ!-Co0BS, then K is none of the following :
C&P-Coons, DEA-Coons, COND-CEP-CooBs, COND-DEA-Co0OBs or Inf y-CO0BS.

Now we compare the centralized architecture under partial observation with the V-ELA>!
architecture. Consider the natural projection P: X* — ¥ that models the partial observa-
tion of a centralized architecture. After the execution of a trace s, a centralized supervisor
has observed P(s) and issues a decision dec(P(s)) € {1,0,#}. Observability is defined by :

Definition 3.6.1 [Lin et Wonham, 1988b] K is said observable w.r.t. L, ¥, if and only
if, Yo € 3, Vs,t €K, s.t. so,tc € L : [P(s) = P(t)] = [s€ & o te &,

The following proposition states that the centralized architecture permits to control more

languages than the disjunctive multi-decision architecture.
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Proposition 3.6.4 If K C L,, is not observable w.r.t. L, &,, then K is not V-ELAZ!-
CooBs w.r.t. L, o1, ..., Zon-

Note that the converse of Proposition 3.6.4 is not true. Consider for example the language

plant £ = {aa az0, Baza;0} and a specification K = {aajay0, Baza, }, where £, = {a1, az}
and . = {o}. K is observable w.r.t. £ and X,, because the single supervisor of a cen-
tralized architecture observes the order in which a; and a; are executed, and thus, can
correctly decide if o must be enabled or disabled. Let us show that the specification is
not V-ELAZ'.CooBs w.r.t. L. Zo1 = {a1} and ;2 = {a2}. In fact, since aaia; € &,
3aza; € D, and P(aaiaz) = P,(Baza;) (i = 1,2), we have, from Proposition 3.6.1, K is
not V-ELAZ'-CooBs.

In the following proposition we compare the disjunctive multi-decision architecture with

the eligible architectures in the case where n = 1.

Proposition 3.6.5 When a single local supervisor is used (n = 1, centralized architectures

in parallel), then the following assertions are equivalent :
1. K is D-Coo0Bs for some eligible architecture D,
2. K is V-ELAZ'-CooBs,

3. K is observable.

Proposition 3.6.5 means that the multi-decision framework is irrelevant when n = 1, that
is, it is useless to take p > 1 when n = 1. More precisely, several centralized supervisors

in parallel produce the same observability as a single centralized supervisor.

3.6.2 Closure under union and intersection

If a language K is V-ELA=!-C00BS then there exist an integer p > 1 and some eli-
gible architectures D, ..., D? such that K is V-(D’,..., D?)-Co0BS, which is a necessary
condition for the existence of a multi-decision supervisor. Hence, it is relevant to determine
how to tackle the situation where a language K is not V-ELAZ'-CooBs. Traditionally,
depending on the exact objective, the idea is to determine whether there exists a supremal
sublanguage or an infimal superlanguage of K which is V-ELAZ!-CooBs. The existence
of supremal and infimal languages is related implicitly to the closure under union and
intersection of classes of languages. We therefore provide some algebraic properties of V-
ELAZ'-coobservability such as closure under intersection and union. We have the following
proposition related to the closure of V-ELAZ'-Coo0BS under union of languages.

Proposition 3.6.6 V-ELA='-COOBS is not preserved under union of languages.
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Proposition 3.6.6 can be proved by the following example. Let £ = {aa;a20, faza;0} and

a specification K = {aa;a20, Baza;}, where . = .2 = {0}, T,1 = {a1} and E,2 =
{ay}. We have K is not V-ELAZ'-Co0BS since for aa;a; € &, and Baza;, € D, we have
P,(aayay) = Py(Bagay), i = 1,2. Thus, by Proposition 3.6.1, K is not V-ELAZ!-CooBs. Let
us decompose K into K; = W and Ky = Wg—}, and thus, K = K; UK,. K; and
K, are Inf,-CooBs (and thus V-ELA=!-CooBs, from Prop. 3.6.3) because D,(K,) = 0
and &,(K3) = {, respectively.

The closure of the V-ELAZ!-CooBs under the intersection is in general not preserved
except for a special case. Before showing that V-ELA='-C0OOBS is not preserved in general,
we treat the special case where V-ELAZ!-C0o0BS is preserved under the intersection of

prefix-closed languages.

Theorem 3.6.1 Given two prefiz-closed languages K, and K, such that Ky is V-ELAP' -
CooBs and K, is V-ELAP?-Coo0Bs, then K| N Ky 15 V-ELAP'P*.C0o0BS.

Intuitively, consider a prefix-closed K (resp., K3) that can be achieved under the control
of p; (resp., p,) eligible architectures running in parallel and combined disjunctively. From
Theorem 3.6.1, we can deduce that K; N K5 can be achieved under the control of p;ps
eligible architectures running in parallel and combined disjunctively. Note that, the proof
of Theorem 3.6.1 is constructive in the sense that it permits to construct, from multi-
decision architectures A; and A, for which two prefix-closed languages L; and L, are
respectively A;-CooBs and A;-Co0BS, a multi-decision architecture A for which Ly N Lo
is A-CooBs.

Now we present a result which states that V-ELAZ'-COOBS is not necessarily preserved
under intersection of K; and K; when K, or K, is not prefix-closed.

Proposition 3.6.7 V-ELAZ'-C0OOBS is not preserved under intersection of languages.

The proof of the above proposition can be illustrated in the following example. For 2., =

Yo ={o}, Zo1 = {a1} and £, 2 = {a2}, consider £ = {aaza,0,a1a20¢, a1a208} and spe-
cifications K| = {aaya10, a1a2, a1a200}, Ky = {aasay0,a1a2, 010200} and K = KiNK, =
{aaza,0,a1a2}. We have &,(K,) = E,(K3) = {aaxa0,a1a2} and D,(K;) = D,(K,) = 0,
hence K, and K, are Inf,-C0o0BS, and then K, and K are v-ELA2'-CooBs. We have
&, (K) = {a@aza1} and D,(K) = {a1a2}, and since Pi(aaqa;) = Pjaia2) (i = 1,2), we
have, from Prop. 3.6.1, K is not V-ELA=!-CooBs.
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3.7 Multi-decision architectures with finite decompo-
sitions

From Theorem 3.4.2, determining the existence of a nonblocking and admissible v-(D!,
.., DP)-supervisor necessitates to determine whether K is L,,-closed, controllable and
v-(D!, ..,DP)-CooBs. L,-closure and controllability are classical notions that can be
checked in the usual way since they do not depend on the control architecture. It remains
therefore to determine whether K is v-(D', ..., D?)-Co0BS. From Def. 3.4.6, we have to

answer the following question :

Question 1 . Does there enist a decomposition (€}, ...,EP) of €, such that, V3 € J, (€2, D,)
1s D’-Coons ¢

What makes Question 1 difficult is that £, is in general infinite and decomposing infi-
nite languages is known to be a challenging problem. We propose here a solution that
transforms the problem of decomposing an infinite regular language into a problem of
decomposing a finite set of states in a FSA. Our solution for decomposing &, is based on
the use of a FSA Ag, accepting &,, that is, every trace s € &, leads to a marked state of
Ag,. We consider uniquely the decompositions satisfying the following assumption
A1l : Given a FSA Ag, accepting &, the only eligible decompositions (€}....,E?) of &,
are such that every £] consists of the traces leading to one or several marked states of
Ag,. In other words, every £J corresponds to a subset of the set of marked states of Ag, .

The important thing is that with Assumption A1, and assuming regular languages, the
number of eligible decompositions becomes finite. With A1, we have transformed the
problem of decomposing an infinite regular language into a problem of decomposing a

finite state set

Remark 3.7.1 The present assumption A1 s less restrictive than the assumption used
wn [Chakib et Khoumsi, 2008a,b], wn the sense that the latter permats less decompositions.
Thas s due to the fact that the present A1 can be based on a nondeterministic FSA, while
the assumption used wn [Chakib et Khoumsi, 2008a,b] 1s expressed i a form which imphes

that the associated FSA 1s necessarily deterministic.

We have the following definition to specify that a language is v-(D', .., D?)-CooBs for
decompositions satisfying A1 w.r.t a specific FSA Ag, .

Definition 3.7.1 Consider K C Ly, and a tuple of FSAs [Ag,lses,. (£5,Dy) 15 sard
v-(D'. . | DP)-CooBs w.r.t. Ag,, if there exists a decomposition {£.,...,EP} of €, satis-
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fying A1 w.r.t. Ag, such that, ¥y € J, (€1.D,) 1s D’-COOBS. K 1s said v-(D!, ...DP)-
CooBs w.r.t. [Ag,lses., of, Vo € £, (€,.D,) 15 V-(D',...,.D?)-CoOBS w.r.t Ag,.

The stronger notion of V-ELAZ'-Coo0BSs (i.e., w.r.t. a FSM) can be adapted straightfor-
wardly as in Definition 3.4.7. And as in Definition 3.4.6, we obtain the stronger notions of
v-(D',...,DP)-CooBs and V-ELA='-Coo0Bs for a language K.

We have the following theorem that states a practical necessary and sufficient condition
for (£,,D,) to be V-ELAZ'-CooBs w.rt. a FSA. For that, we denote by £ the set of
traces reaching the state x of a FSA Ag, accepting &,. Then, the specific decomposition
(in fact a partition) {£2', .. E;7} satisfies Assumption Al.

Theorem 3.7.1 Consider a FSA Ag, accepting €, and let {z1,...,z,} be the set of
marked states of Ae,. (E,,D,) 1s V-ELAZ'-CooBs w.r.t. Ag, +f and only +f for every
marked state z, of Ag,, (€57, D,) 15 D?-C00BS for some eligible architecture D’.

By considering only decompositions satisfying A1 w.r.t. a FSA Ag,, p is bounded by the
number of marked states of A¢, . The following corollary is deduced from Theorem 3 4 2.

Corollary 3.7.1 Consider eligible architectures (D?),ey, a language K C L,, and tuple of
FSAs [Ag,)oex,. If K 15 Lop-closed, controllable and V-(D',.. ,DP)-Co0BS w.r.t. [Ag,|sesx.,
then there exists a nonblocking and admassible V-(D', ... DP)-superusor Sup = ((Sup’), e,
V) such that L(Sup/G) = K and L,(Sup/G) = K.

The following Remark 3.7.2 can be seen as a proof of Corollary 3 7 1. Such intuitive proof
is sufficient since the deduction of Corollary 3.7.1 from Theorem 3.4.2 is quite easy to

understand.

Remark 3.7.2 If we compare Theorem 3 4.2 and Corollary 3.7.1, we see that the lat-
ter contains a sufficient condition (use of if) while the former contains a necessary and
sufficient condition (use of iff). This s due to the fact that in Corollary 3.7.1, we have
used Assumption A1, which s not actually necessary for the emstence of V-(D',. .., DP)-
supervisor. Assumption A1 has been added for soling the problem of decomposing nfinite

languages.

3.8 On the verification of \/—Infg}v-Coobs

In relation with the study of the disjunctive inference-based multi-decision architecture,
we have studied how to check its corresponding coobservability. We have developed an
algorithm that checks whether (£,,D,) is V-Inf%}V-COOBS w.r t. a given FSA Ag , and if
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yes, computes a specific decomposition satisfying Assumption A1. (As already mentioned.
the decomposition of &, is transformed into a decomposition of the set of marked states

of the automaton A¢, representing &,.)

An article which has just been finalized presents such algorithm and studies its complexity
in terms of memory and computation. Let us give a brief outline of such study. In fact,
the algorithm works on the two points in parallel, that is, for a given o € 3, it constructs
gradually a partition {£],...,EP} of &, verifying a specific condition C. Our approach is
justified by the fact that if for a partition {£]},...,EF} of &, satisfying condition C, there
exists & such that (£2,D,) is not Inf-CoOBS, then (£,,D,) is not V-Infé,lv—COOBS
w.r.t. the given FSA A, . Note that condition C is satisfied by the trivial partition where
each &2 corresponds to a marked state of .Ag,. We have used the multi-marking principle of
[de Queiroz et al., 2005] to construct partitions (£}, ...,EP) of &, and determine whether
EI[k] or D! [k] is empty, for k > 0 and j < p.

We have compared the complexities of the algorithm in the following two cases : 1) &, is not
decomposed. 2) decomposition is permitted. We obtain the same worst-case complexity,
in terms of Big-oh notation, for the two cases. Consequently, the worst case complexities
for checking V-Inf é}v-COOBS and the Inf -COOBS are comparable. Intuitively, this result
may be surprising. A possible explanation is that we have restricted the set of possible

decompositions in two ways :

1. We compute a specific decomposition satisfying A1l (Section 3.7). In this way, we
have eliminated the decompositions that do not satisfy A1 w.r.t. a given FSA. The
number of these eliminated decompositions may be infinite, while the number of the
remaining eligible decompositions is certainly finite.

2. Our algorithm considers only certain partitions respecting a given condition C, such
that if we have not coobservability for these partitions, there exists no decomposition
respecting A1 for which we have coobservability.

In the following explanations, we consider uniquely the particular case where the construc-
ted partition (£},...,EP) is such that each £ corresponds to a single marked state of Ag, .
We use the multi-marking principle of [de Queiroz et al., 2005] to determine whether £2(k]
or D2[k] is empty, for Kk > 0 and j < p. For each j € J, a color (say ¢) is associated
to the state of Ag, that is reached by traces of £J. And ¢ # ¢ when j # j', that is,
two distinct £ and £’ have different colors. On the other hand, D, has a single marking
since it is not decomposed. This multi-marking (or multi-coloration) of Ag, is then easily
propagated on (Ag, (1}, Ap, (1)), (Ae, (2 Ap,(2), -, as follows : each color is propagated as
we usually propagate the simple-marking of states. Note that, we use the synchronous
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composition with multi-marking to compute (Ag, k+1}, Ap,k+1]) from (Ae, k), Ap, k) A
formal definition of the synchronous composition A,||Az of two multi-marked FSA A; and
A, where A;||A; is also a multi-marked FSA, is given in [de Queiroz et al., 2005]. Then.
for k > 0 and j < p, we have that £2[k] (resp. D2[k]) is empty if and only if Ag, k) (resp.,
Ap,x]) has no state of color ¢. Indeed, the verification of V—Infé}v—COOBS turns out to

simply check if the states of Ag, ) and Ap, ) are colored.

3.9 Conclusion

We have developed a new framework, called multi-decision control, that is intended to be
applicable to any existing decentralized architecture in order to generalize the latter. The
basic principle of multi-decision control consists in using several decentralized supervisors
Sup? (j € J) running in parallel. Each decentralized supervisor Sup’ performs its local
and global decisions according to a given eligible decentralized architecture D’. The global
decisions of all decentralized supervisors Sup’ are then combined according to a binary
operator D in order to obtain the effective decision that is actually applied to the plant.
We have then defined the notion of multi-decision supervisor Sup = ((Sup’),cs, D) that
has for goal to control the plant in order to achieve a given specification.

We have identified sufficient conditions that make a decentralized architecture eligible to
be used in the multi-decision framework. Then, we have studied more thoroughly the cases
where the final decision is obtained by combining the global decisions of all decentralized
supervisors Sup’ (j € {1,...,p}) either disjunctively (D = V) or conjunctively (D = A).
In the case D = V (resp., D = A), for every o € I, we use a decomposition (£},...,EP)
of &, (resp., (D}, ..., DP) of D,) such that each decentralized supervisor Sup’ carries out
its decisions based on (£2,D,) (resp., (£,,D?)). Then, we have continued our study for
D = Vv (i.e., decomposition of &,), but we have explained how it can be adapted to the
case D = A (i.e., decomposition of D,).

In the case D = V, we have defined the notion of V-(D',..., D?)-CooBS, which is useful
to characterize the class of achievable languages under the V-(D!,...,DP) architecture.
Moreover, we have shown that the class of languages achievable under the V-(D?,... DP)
architecture englobe the class of languages achievable under the D’ architecture, for any

7€{1,...,p}

In order to show the applicability of our framework, we have illustrated the multi-decision
framework in the special case where several (say p) inference-based Inf n,-Supervisors (j=
1...p) running in parallel and whose global decisions are fused disjunctively.
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A difficult problem inherent to the multi-decision approach is the decomposition of infinite
languages. We solve this problem by transforming the problem of decomposing an infinite
regular language (£, or D,) into a problem of decomposing the finite state set of an
automaton accepting the regular language in question. We thus define the decidable notion
of V(or A)-(D',...,DP)-Co0BS w.r.t. some FSA.

As a future work, we will investigate more eflicient methods for obtaining decidable ver-
sions of the multi-decision framework. We will investigate if it is possible to solve the
decomposition problem by weakening Assumption A1. We also plan to study thoroughly
the multi-decision framework when applied to other instances of decision-making, such as
diagnosis and prognosis of DES. And as we have mentioned in Remark 3.4.1, other fusion
operators than the disjunctive and conjunctive ones should be investigated. Maybe, we
can find a fusion operator D which implies a decomposition of &, and D, in the same

time.
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Contribution au document : Dans la contribution précédente (chapitre 3), nous avons
dévéloppé, entre autres, le controle multi-décisionnel par inférence, c¢’est-a-dire le controle

multi-décisionnel avec des architectures par inférence fonctionnant en paralléle.

Dans la présente contribution, nous développons une méthode efficace (avec I'algorithme
correspondant) pour vérifier si une spécification est coobservable selon le controle multi-
décisionnel par inférence. Par efficace, nous voulons dire que la méthode développée n’est
pas plus complexe (en temps de calcul et en mémoire utilisée) que des méthodes dévelop-

pées pour des architectures de contrdle moins générales.

Résumé francais : Cet_article étudie le controle multi-décisionnel défini dans [Chakib
et Khoumsi, 2011b}, ot plusieurs superviseurs décentralisés fonctionnent en paralléle et
coopérent dans le but de réaliser une spécification donnée. Les auteurs dans [Chakib et
Khoumsi, 2011b| ont étudié en détail le contrdle multi-décisionnel fondé sur inférence
par ambiguité, c.a.d., plusieurs superviseurs décentralisés qui utilisent la technique de
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I'inférence par ambiguité sont utilisés en paralléle. Généralement, la réalisabilité d’une
spécification est reliée 4 une notion de coobservabilité. Dans cet article, on propose un
algorithme qui vérifie si une spécification est coobservable dans le contexte du controle
multi-décisionnel basé sur 'inférence par ambiguité. On montre que notre algorithme a,
dans le pire cas. une complexité de vérification de la coobservabilité multi-décisionnelle qui
n’augmente pas avec le nombre de superviseurs décentralisés fonctionnant en paralléle. Plus
précisément, dans le pire cas, on obtient le méme ordre de complexité qu’avec la méthode

de l'inférence par ambiguité de [Kumar et Takai, 2007].

Note : A la suite des corrections demandées par les membres du jury. le contenu de cet

article différe de celui qui a été soumis.

Abstract : This article deals with the multi-decision decentralized supervisory control
framework (or more briefly multi-decision control) defined in [Chakib et Khoumsi, 2011b},
where a set of decentralized supervisors work in parallel and cooperate in order to achieve
a given global specification by controlling a discrete event system. The authors of [Chakib
et Khoumsi, 2011b| studied in detail the inference-based multi-decision control, that is,
the case where inference-based decentralized supervisors with different ambiguity levels
are used in parallel. As usual, the achievability of a specification is related to a notion
of coobservability. In the present paper, we propose an algorithm that checks if a given
specification is coobservable in the context of inference-based multi-decision control. We
show that with our algorithm, the worst-case computational complexity for checking coob-
servability in the multi-decision framework is not increased by the number of decentralized
supervisors in parallel. That is, in the worst case we obtain the same order of complexity

as in the inference-based framework of [Kumar et Takai, 2007].

4.1 Introduction

This paper deals with decentralized control of DES [Cieslak et al., 1988; Jiang et Kumar,
2000; Kumar et Takai, 2007; Lin et Wonham, 1988a, 1990; Overkamp et van Schuppen,
2001; Prosser et al., 1997; Ricker et Rudie, 2000, 2003; Rudie et Willems, 1995; Rudie et
Wonham, 1992; Takai et Ushio, 2005; Yoo et Lafortune, 2002a, 2004], where a set of local
supervisors cooperate according to their observations in order to restrict the behaviour of
a plant so that it respects a given global specification. Each local supervisor has a local
observation of the plant and takes local decisions without communicating with the other



4.1. INTRODUCTION 83

local supervisors. And the local decisions taken by the various supervisors are merged in

order to issue an effective decision about enabling or disabling some controllable events.

Recently, the authors of [Chakib et Khoumsi, 2008a,b, 2011b| have proposed a multi-
decision control framework whose basic principle consists in using several existing decen-
tralized architectures working in parallel. For example, we can have a conjunctive and a
conditionally disjunctive architectures [Rudie et Wonham, 1992; Yoo et Lafortune, 2002a,
2004] running in parallel. The global decisions of all these decentralized architectures are
combined adequately in order to obtain an effective decision. The motivation of multi-
decision framework is to obtain an architecture that generalizes all the decentralized ar-

chitectures that compose it.

The authors of [Chakib et Khoumsi, 2011b] have first studied thoroughly the case where
the supervisors in parallel are of a generic class of decentralized architectures qualified as
eligible. Then, they have studied the more specific case of several decentralized inference-
based supervisors whose global decisions are combined disjunctively. They defined a notion
of coobservability for each developed architecture (the generic one, and the specific one),
that characterizes specifications for which there exists a supervisor that can generate
decisions which force the plant to conform to the specification. In the present paper, we
study the coobservability of the specific case (i.e., inference-based supervisors running in
parallel and combined disjunctively). Our purpose is to develop a method that checks if a
specification is coobservable, and then to determine the computational complexity of the

developed method.

The paper is organized as follows. Section 4.2 introduces the decentralized supervisory
control of DES and presents pertinent definitions and results necessary for our framework.
Sections 4.3 and 4.4 present the contributions of [Chakib et Khoumsi, 2011b] related
to the specific case of inference-based supervisors combined disjunctively, which are use-
ful for the understanding of the present article. Section 4.3 presents the motivation and
principle of multi-decision control. Sections 4.4 to 4.6 study the case of inference-based
architectures whose global decisions are combined disjunctively, but their contents can be
straightforwardly adapted to the case of conjunctive combination, because the two cases
are symmetrical with each other. Section 4.4 studies the case of inference-based architec-
tures which are combined disjunctively, with an emphasis on a corresponding notion of
coobservability. In section 4.5, we develop a method that checks if a given specification is
coobservable for the architecture of Section 4.4. In the same section, we show that with
our method, the worst-case computational complexity for checking coobservability is not
increased by the number of decentralized supervisors in parallel. That is, in the worst case
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we obtain the same order of complexity as with the inference-based framework of [Kumar
et Takai, 2007]. In Section 4.6, we present an algorithm that implements (correctly) the
method of Section 4.5. Section 4.7 illustrates our verification method by an example. The
conclusion is presented in Section 4.8. And last but not least, the proofs are presented in

an appendix.

4.2 Preliminaries on decentralized control of DES

We consider a plant modeled by a finite state automaton (FSA) G = (Q, %, 0,40, @m),
where Q is a finite set of states, X is a finite set of events, a partial function § : Q x X — @
is the transition function, ¢o € @ is the initial state, and @,, C @Q is the set of marked
states. Let ¥* be the set of all finite traces of elements of ¥, including the empty trace
€. The transition function ¢ can be generalized to § : Q@ x £¥* — @ in the usual way. The
generated and marked languages of G, denoted by £ and L,,,, respectively, are defined by
L ={s€X*(qo,s) is defined} and L, = {s € L] d(qo,s) € @m}. Note that, L, C L.

We say that a trace t € £* is a prefix of a trace s € ¥*, if there exists a trace A € £* such
that s = tA. We denote by K the set of all prefixes of traces of a language K C £*. K is
said prefix-closed if K = K.

We consider a specification modeled by a language K C L,,. The languages L, L,, and
K are defined over the same alphabet ¥, which is partitioned into £, and ¥, the sets of
controllable and uncontrollable events, respectively. For every controllable event ¢ € X,
we denote by &, = {s € K|soe K} the set of traces of K after which o is accepted by K.
Similarly, we denote by D, = {s € K|so € L\K} the set of traces of K after which o is

accepted by £ and forbidden by K.

A supervisory system (supervisor for short) Sup restricts the behavior of the plant so
that it conforms to K, by taking effective enabling/disabling decisions that are applied to
the plant. Let then Sup(s,o) € {4,0,1} denote the effective enabling/disabling decision
taken on an event o € ¥ after the execution of a trace s € L. Sup(s,0) = 1 (resp. 0)
means that o is enabled (resp. disabled) after the execution of s. A decision Sup(s, o) = ¢
means a “don't care” or “unsure” decision. A fundamental property that is respected by
the effective decision Sup(s,o) of any supervisor is : Sup(s,o) = 1, for any s € £ and
0 € Yy A supervisor Sup is said admissible w.r.t. K if for every 0 € £, Vs € &, U D,,
Sup(s.c) # ¢. The prefix-closed language £(Sup/G) generated by the plant under the
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control of an admissible supervisor Sup is defined as follows :
€ € L(Sup/G), and [s € L(Sup/G) A so € LA Sup(s,0) = 1] & [so € L(Sup/G)).

The corresponding marked language is defined by £,,(Sup/G) = L(Sup/G)N L,. A
supervisor Sup is called nonblocking if L,,(Sup/G) = L(Sup/G).

Decentralized control [Kumar et Takai, 2007; Rudie et Wonham, 1992; Yoo et Lafortune,
2002a, 2004] is performed by n local supervisors (Sup,)i<;<n. Each Sup, has its own set
of observable events ¥£,, and own set of controllable events ¥.,. The local supervisors
together can then observe £, = £,, U -+ UZX,, and control ¥, = £,; U---UX.,. The
sets of unobservable and uncontrollable events are denoted, respectively, by £,, = L\ X,
and £,, = £\ Z.. We denote by I = {1,---,n} the indexing set of all supervisors. For
any controllable event o € X, we define by I, = {1+ € I|o € X.,} the indexing set of
local supervisors controlling o, and n, = |I,| denotes the cardinality of I,. We denote
by P, : £* — X}, the natural projection that hides the events of X \ ¥, from any trace
s € ©*. The inverse projection is defined as P7'(s) = {t € £* : P,(t) = s}.

In decentralized control, each local supervisor Sup,,i € I, is a function Sup, : X7, x ¥, —
LD, that associates a local decision Sup,(P,(s),c) € LD to every controllable event ¢ and
every observed trace P,(s). LD is an arbitrary finite set of local decisions including ¢. The
latter accounts for silent decision, this situation can occur when the local supervisor is
not sure about the decision it can take following the observation of P,(s), we say that the
local supervisor is unsure. The silent decision can also refer to a don’t care situation. The
effective decision that is applied to the plant is obtained by combining the local decisions
of the n local supervisors (Sup, ),c; using a so-called fusion operator D : LD™ — {¢,0, 1},
we say that D is defined over LD. The system enclosing the tuple of local supervisors
(Sup,)er and the coordinating module D is called a decentralized supervisor, and denoted
by ((Sup,)ier, D). The effective decision Sup(s,o) € {¢,0,1} of a decentralized supervisor
Sup = ((Sup,).er, D) is computed as follows :

Sup(s, o) = D((Sup,(P(s),0)) res,}) (4.1)

Eq. (4.1) means that Sup(s, o) is computed by applying the operator D to all Sup,(P.(s), o).

Definition 4.2.1 A D-supervisor 1s a decentralized supervisor defined by (4.1) for a given
coordinating module D and any local supervisors (Sup,).c;. The set of all D-supervisors is

called a D -architecture.
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For example, we have the conjunctive architecture (A-architecture) and the disjunctive
architecture (V-architecture) of [Rudie et Wonham, 1992; Yoo et Lafortune, 2002a)], the
conditional conjunctive architecture (COND-A-architecture) and conditional disjunctive
architecture (COND-V-architecture) of [Yoo et Lafortune, 2004], and the N-inference ar-
chitecture (Inf y-architecture) of [Kumar et Takai, 2007].

4.3 Multi-decision decentralized supervisory control :

several architectures running in parallel

In the multi-decision control, we have several (say p) decentralized supervisors
(Sup’),eq1, py running in parallel and whose global decisions are fused into an effective
decision using an operator D. Hereafter, we denote by J = {1,---,p} the indexing set
of the decentralized supervisors running in parallel. Each decentralized supervisor Sup’
achieves its control according to a given decentralized architecture as shown in Section
4.2 and (4.1), but with a superscript j. That is, for every j € J, Sup? = ((Sup?)er, D7)
contains n local supervisors (Sup]),c; and a coordinating module D?. The global decision
issued by Sup’, following the execution of a trace s € L, is computed by the following
equation, which corresponds to (4.1) with a superscript j added to Sup, Sup, and D :

Sup’(s,0) = D?((Supi(F.(s), 0))per}) (4.2)

The global decisions of all the decentralized supervisors (Sup’),cs are combined using an
operator D in order to obtain an adequate effective decision. D is defined as a function
D : {¢,0,1}» — {#,0,1}. The system enclosing the tuple of local supervisors (Sup )icr ;¢4
the fusion operators (D7),e; and the global fusion operator D is called a multi-decision
superuvisor, and denoted by ((Sup?),es, D) = (((Sup])ier, D?),es, D). The effective decision
of a multi-decision supervisor Sup = ((Sup’);cs, D), Sup(s,o) € {¢,0,1}, is computed as
follows :

Sup(s,o) = D((Sup’(s,0)) yesy) (4.3)

Eq. (4.3) means that the effective decision Sup(s, o) is computed by applying the operator
D to all the global decisions Sup’(s, o).

Definition 4.3.1 A D-(D',---  DP)-supervisor is a multi-decision supervisor defined by
(4.2) and (4.3) for given D and (Sup’),cs. The set of all D-(D',--- , DP)-supervisors is
called a D-(D', -+ | DP)-archatecture.
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When all the D’-supervisors Sup’ (for j € J) correspond to the same decentralized archi-
tecture ¢, we obtain a so-called D-¢? architecture, while Sup is called D-¢? supervisor.

Let us for example take p = 2, D' = v, D? = COND-A, and D = A. This means that
we have a disjunctive (D') and a conditionally-conjunctive (D?) architectures running in
parallel and whose global decisions are fused conjunctively (D) for obtaining the effective
decision. And thus we have a A-(V,COND-A) architecture and supervisor.

At the present state of our study, we have considered two cases of D when p > 1: D
is disjunctive (V) or conjunctive (A). In the case D = V, we are in the presence of a
v-(D',--. ,DP) architecture. The corresponding V-(D*,--- , DP)-supervisor consists of a
set of p D’-supervisors Sup’ (for j € J) running in parallel and whose global decisions are

fused disjunctively. By disjunctive, we mean :

0 if,Vje J Sup’(s,o) =0,
Sup(s,0) =<1 if, 3j € J, Sup’(s,0) = 1, (4.4)

¢ otherwise.

This case is based in considering, for each ¢ € ¥, a decompesition (£}, --- ,EP) of £, such
that & = EL U --- U EP. We use the word decomposition instead of partition because the

various & are not necessarily disjoint with each other.

The case D = A can be obtained by adapting straightforwardly the disjunctive case,
because the two cases are symmetrical with each other (see [Chakib et Khoumsi, 2011b] for
more details). The following sections 4.4-4.6 study the case of inference-based architectures

whose global decision are combined disjunctively.

4.4 Inference-based multi-decision architecture

In this section, we study the inference-based multi-decision architecture. An inference-
based multi-decision supervisor Sup = ((Sup’),es, V) consists on p inference-based de-
centralized supervisors (Sup’),cs running in parallel and whose global decisions are fused
disjunctively (D = V) for obtaining an effective decision that is actually applied to the
plant. The inference-based architecture of [Kumar et Takai, 2007] is summarized in the

next subsection.
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4.4.1 Inference-based architecture

Inference-based supervisor

Each inference-based decentralized supervisor Sup consists of n inference-based local su-
pervisors (Sup,).er, and its decisions are computed using the results of [Kumar et Takai,
2007] as follows. After the execution of s € K, each Sup, has observed P,(s) and issues a
local decision ¢,(P,(s), o) for each o0 € £.. An ambiguity level n,(P,(s), o) is associated to

each local decision. Formally :

Sup,(P(s),0) = (c.(P(s), o). n(Fi(s),0)). (4.5)

The generic global decision of each Sup was defined by (4.2). In the present case of
inference-based supervisor Sup, its global decision is computed as follows [Kumar et Takai,
2007| : Vo€ 2., Vs€ K,

1, ifViel;;[n(s, o) =n(P(s),0) = c(Pl(s),o) =1
Sup(s,0) = €0, ifVie l,;[n(s,o)=n(P(s),0) = c(P(s),0) = 0], (4.6)

¢, otherwise.
Where n(s, o) denotes the minimal ambiguity level of local decisions of Sup, i.e.,

n(s,o) = minn,(P,(s), o) (4.7)

1€l

Definition 4.4.1 Given an integer N > 0, an inference-based decentralized supervisor
(i.e., defined by (4.5)-(4.7)) is said N-inferring (w.r.t. K), and denoted Inf 5 -supervisor,
if for any 0 € £, min{n¢,nS} < N, where n¢ = MAX cR|soe LASup(s.0)=0} P(S: T) and

n¢e7 = MAX( e K|soc LASup(s,0)=1} n(s, 0)‘
Note that N is the maximal ambiguity level that is used in a Inf y-supervisor.
Computing the local decisions ¢,(P,(s).o) and n,(P,(s),0)

We proceed as in [Kumar et Takai, 2007], but for a convenient presentation of the inference-
based multi-decision (in the following Section 4.4.2), we use languages (F, D) such that
E C &, and D C D,, instead of (£,, D,). We define inductively a monotonically decreasing
sequence of language pairs (F[k], D[k]) as follows.

Basis : £[0] = E and D[0] = D,
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Inductive step (k > 1) : E[k + 1] = E[k}N ., P7'P.(DIk]) and D[k + 1] = D[k} N
Mier, P R(ELR)).

The decisions of every Sup are defined by (4.5)-(4.7) from (¢, (P(s),0),n.(F,(s),0))er, -
Now we present a method of [Kumar et Takai, 2007] to compute ¢,(F,(s), o) and n,(F,(s), o),
for ¢ € I,. More precisely, using the sequence (E[k], D[k]) of language pairs, every local su-
pervisor Sup, (1 € I,) computes, for every s € K and o € X, n,(P,(s),0) and ¢,(P,(s), o)
as follows.

né(P(s),o) = min{k € Z* | P P,(s) N D{k] = 0},

nd(P,(s),0) = min{k € Z* | P,"1P,(s) N E[k] = 0}.

(3

f

(4.8)

A local decision is issued by comparing the two ambiguity levels, n¢(P,(s), o) and n2(P,(s),
o), giving preference to the smallest one. This is formalized as follows. For every o € %,
the decision and ambiguity level of a local supervisor Sup, following an observation P, (s),
Le., Sup,(P.(s),0) = (c(P(s),0),n,(P(s),0)), is computed as follows :

0, if nd(P(s),a) < n¢(P(s),0),
¢,(P(s),0) =<1, ifnc(P(s),0) < nd(P,(s),0), (4.9)
¢, otherwise,

and
n,(P,(s),0) = min{n{(P,(s),0),n{(P,(s),0)}. (4.10)

We have not explained in detail the (4.5)-(4.10) because they have been taken from the
inference-based framework of [Kumar et Takai, 2007].

4.4.2 Parallel inference-based architectures running in parallel

Recall that a v-(D?,--- , DP) architecture consists of p D’-architectures running in pa-
rallel and whose global decisions are fused disjunctively. When the p Inf y -supervisors
are inference-based with respective ambiguities Ny,---,N,, we are in the presence of
an inference-based multi-decision architecture, denoted V-(Inf y,,-- - , Inf v )-architecture.
Any corresponding supervisor Sup=((Sup),c, V) consists on p Inf N,-Supervisors (Sup?);eq.
and is denoted V-(Infy, ,--- , Inf w,)-supervisor. For each Inf v -supervisor, the local deci-
sions are computed by using (4.5) but with a superscript 7, i.e., Sup! (P,(s), 0)=(c/ (P.(s), o).
n!(P,(s),0)), and the global decision Sup’(s,c) is computed by using (4.6) but with a

[3
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superscript . The effective decision Sup(s,a) of the V-(Infy,, -+, Infy )-supervisor is
computed by combining disjunctively the global decisions (Sup’(s,0)),es using (4.4).

As already mentioned in Section 4.3, we will use a decomposition {£},---,EP} of &, for
every ¢ € X.. This decomposition is a practical rule for computing the inference-based
local decisions as described in (4.8)-(4.10) for every Infy -supervisor, by taking E = &]
and D = D,. Hence, the sequence of language pairs (£2[k], D2[k]) are computed as follows.
For k = 0, £2[0] = €2 and D[0] = D,. For k > 1, &2k + 1] = E2[K|NN,e;, P P(DI[K])
and DI [k + 1] = DLk} N, P P.(E1]k]). For simplicity, j is omitted when p =1 (i.e.,

no decomposition).

4.4.3 Existence of solutions

In this subsection, we introduce and study the notion of V-(Infy,,-- , Infy )-COOBS in
order to characterize the class of languages achievable under the control of a nonblocking

and admissible V-(Infy , -, Inf v, )-supervisor.

For a convenient presentation of the inference-based multi-decision (in Section 4.4.2), we
do not use exactly the definition of [Kumar et Takai, 2007]. We rather generalize it by the
use of subsets £ C &£, and D C D, instead of £, and D,, respectively.

Definition 4.4.2 Consider K C L,,, 0 € &,, EC &,, D C D, and an integer N > 0.
(E, D) is said Inf y-coobservable (or Inf-CooBs) if E[IN +1] =0 or DIN +1] =0. K
is said Inf -COOBS if, Yo € X, (€,,D,) is Inf y-COOBS.

Based on the notion of Inf y-C0OOBS of Definition 4.4.2, let us define the notion of V-(Inf y, .
-+, Inf . )-CoOBS.

Definition 4.4.3 Consider K C L, and 0 € X.. (&5, D,) is said V-(Infy,,--- Anfy )-
CooBs w.r.t. a decomposition (E5,--- ,EF) of & if, Vj € J, (£3,D,) is Inf y -CoOOBS.
(€5, Dy) is satd V-(Inf y,, - - - ,Ianp)-COOBS if there ezists a decomposition (E},--- ,EP)
of & such that (€5, Dy) is V-(Infy,,- - .Ianp)-COOBS w.rt (EL,---  EP).

Definition 4.4.4 Given an integer N > 0, (€,,D,) is said V-Infi,lv-COOBS if it 15 V-
(Infy,, -+, Infy )-COOBS for some p > 1 and non-negative integers Ny,--- N, < N.
(€9, Dy) is said V-Inf%é-COOBS if it is V-Infé}w -CoO0BS for some unspecified integer M >
0.

Note that by Definition 4.4.4, V-InfZ-CooBs implies V-InfZ-CoOBS.
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It has been shown in [Chakib et Khoumsi, 2011b] that there exists a V-(Inf y,, -+ .Inf v )-
supervisor forcing the plant to conform to K if and only if K is controllable and L,,-closed,
and (€,.Dy) is V-(Inf , . - Inf 5 )-COOBs for every o € Z..

Ly-closure and controllability are classical notions in supervisory control of DES that can
be checked in the usual way, since they do not depend on the control architecture. It
remains therefore to determine whether (£,,D,) is V-(Inf v, -+ ,Inf 5 )-COOBS for every
o€ L.

According to Def. 4.4.3, we have to answer the following question for every ¢ € X, :

Question 1 : Does there exist a decomposition (£}, -- ,EP) of €, and some Ny,--- , N, < N
such that, Vj € J, (€}, D) is Inf 5 -CoOOBS, ie., EJ[N, + 1] = B or D[N, + 1] = 07

What makes Question 1 difficult is that &, is in general infinite and decomposing infi-
nite languages is known to be a challenging problem. We propose here a solution that
transforms the problem of decomposing an infinite regular language into a problem of
decomposing a finite set of states in a FSA. Our solution for decomposing &, is based on
the use of a FSA Ag, accepting &,, that is, every trace s € £, leads to a marked state of
Ag,. We consider uniquely the decompositions satisfying the following assumption :

A1l : Given a FSA A, accepting &,, the only eligible decompositions (£L, - ,£P) of &,
are such that every &J consists of (all and only) the traces leading to one or several marked
states of Ag, . In other words, every £ corresponds to a subset of the set of marked states
of Aga.

With Assumption A1, and assuming regular languages, the number of eligible decomposi-
tions becomes finite. Indeed, with A1, we have transformed the problem of decomposing
an infinite regular language into a problem of decomposing the finite state set of a FSA.

We have the following definition to specify that (£,,D,) is V-(Infy,, -+, Infy )-COOBS
for decompositions satisfying A1 w.r.t. a specific FSA Ag, accepting &,.

Definition 4.4.5 Consider 0 € L. and a FSA Ag, accepting &,. (E5,D,) is said V-
(Inf n,, -+« Infn )-COOBS w.r.t. Ag,, if there exists a decomposition {£},--- ,EP} of &,
satisfying A1 w.r.t. Ag, such that, Vj € J, (€}, D,) is Inf y -CoOOBS (see Def. 4.4.2).

The Definition is generalized as well to \/-Infzv-COOBS (and V-Infgé-COOBS) w.r.t. Ag, .
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4.5 Checking coobservability and constructing decom-

position of &,

We have seen that the notion of coobservability is relevant to determine the existence of
supervisors forcing the plant to conform to a specification. We have seen three versions of
coobservability in Defs. 4.4.3 and 4.4.4 :

V-(Infy, .-+, Inf 5 )-CoOBSs for given p > 1 and Ny, -+, N, > 0;

V—[nfi(l,-COOBS meaning V-(Inf ., -, Inf 5,)-COOBS for some unspecified p > 1 and

Ny, --- N, >0;

V-Inf%}v—COOBS meaning V-(Infy,, -, Inf y )-COOBS for some unspecified p > 1 and

Ny, oo, N, <N.
Contrary to V-Inf%é-COOBS, the parameters p and Ny, -+, N, must be specified in V-
(Infw,, -+, Infy )-CoOBS, which makes V-(Infy,, -+, Infy )-COOBS more restrictive
than V—Infg(l)—COOBS. But the problem with \/-Infg(l)-COOBS is that Ny,---, N, are not
bounded, which makes it undecidable in general. That is why we have defined the (deci-
dable) V—Infg}v-COOBs by limiting the possible values Nj,---, N, to be checked. In this
section, we are indeed interested by V-Inf g}V-COOBs. More precisely, we propose au au-
tomata based method that checks for every o € &, if (£,,D,) is v-Infg}V-Cooss w.r.t a
given FSA Ag, (accepting &,). (In the sequel, the notion of V-Infg}V-COOBS is implicitly
w.r.t. a given FSA Ag ) And when the method determines that (&,,D,) is v-lnféfv-
CooBs, it computes a corresponding decomposition (in fact, a partition) of &,. For that
purpose, we first need to compute the pairs (£,[k], D, [k])k>0, or more precisely automata

accepting them. This is the subject of Subsection 4.5.1.

4.5.1 Computing automata accepting &,[k| and D,[k], for £ > 0

Let Agx = (R,X,& 79, Rn) be a finite trim acceptor of K C L., which means that
L.(Ax) = K and L(Ax) = K. For every ¢ € %., an automaton accepting &,, noted
Ag, = (X, X, a,29, X ), is obtained from Ag by replacing the marked state set R, with
Xm = {z € R|&(z,0) is defined} and then removing the states from which no state of
X, is reachable. Complexity of computing Ag, is O(|R] - |Z]).

Recall that the plant is modeled by an automaton G = (Q, %,4, gy, @m). Computing an
automaton Ap, = (Y, X, 5, yo, Ym) accepting D, requires the construction of the syn-
chronous composition of G and Ag, noted G||Ax = (H,%,7v, ho, Hn). The automaton
Ap, is obtained from G||Ag by replacing the marked states set H,, with Yy, = {(¢,7) €
H |6(q.0) is defined,
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&(r,0) is not defined}, and then removing the states from which no state of Y, is rea-
chable. Complexity of computing Ap, is O(|Q] - |R| - |Z]).

Let Ag i) = (X[k],Z, alk], zo[k], X (k]) and Ap, k) = (Y], Z, B[K], yo[k], Y [K]) be the
automata accepting &, (k] and D, [k}, respectively, for k > 0. Recall that &£,{0] = &, and
D, (0] = D,. We have just shown how to compute Ag, g = Ag, and Ap, o) = Ap,. Let us
now show how to compute inductively Ag,k+1) and Ap,x+1) from Ag, ) and Ap, .

Since &, [k + 1] = &k} NNy, P PADo(K]), Ae,k+1) is computed as follows. For each
i € I,, we compute the projection P,(Ap,[x)) as indicated in [Barrett et Couch, 1979;
Hopcroft et Ullman, 1979]. Note that the result of projection may be nondeterministic, we
do not determinize it for avoiding computational complexity. Then, the inverse projection
of P,(Ap, i), i.e., P P,(Ap, ) is obtained by simply adding self-loop transitions labeled
by events of £\X,, at each state of P,(Ap, ). After that, a synchronous composition is
applied between all P;_IPz(A’Do[k])a i € 1,, and Ag, ). The set of marked states of Ag, k41
is obtained in the usual way. Ap,[x+1) is computed with a similar approach. We denote by
Xm[k] and Yy, [k] the set of marked states of Ag,x and Ap, ), respectively. Emptiness of
&, k] (resp. D,[k]) is equivalent to emptiness of X,,[k] (resp. Y,,[k]).

We have the following lemmas that evaluate the orders of | X[k + 1}|, |Y'[k + 1}|, |afk + 1]]
and |Gk + 1]| from | X [k]| and |Y'[k]|, and evaluate the complexity for computing Ag, k41
and Ap,+1 from Ag, i and Ap, . That is, we consider one step, from % to k + 1, for
k> 0.

Lemma 4.5.1 |X[k+1]] is in O(|X[K]|- [Y[k]|™) and |a[k+1]] is in O(| X [k]|?-|Y [k]|*" -
1))

= O(| X[k +1]|? - |Z|). Symmetrically, |Y [k + 1]| is in O(|Y[k]| - | X [k]|"*) and |B[k + 1]| is
in O(|Y (k]| - | X (k]| - |Z]) = O(|Y [k + 1]* - |Z]).

Lemma 4.5.2 Computing Ag, (k+1) from Ag, k) and Ap,x s performed in O(|alk +1]]) =
O(IX[K]|* - [V [K]|*™ - |%]). Symmetrically, computing Ap, k1) from Ag, k) and Ap, is
performed in O(|B[k + 1]]) = O(|Y[k]|? - | X [k]|>™ - |Z|).

For every k > 1, each state u € X,,,[k] can be expressed in the form (uy,- -, Un,,Un,+1)s
where v, C Y[k—1]and u,NY, [k—1] #0.fori € I, = {1, - ,n,}, and u,, +1 € Xnlk—1].
Symmetrically, each state v € Y,,[k] can be presented in the form (vi,--- , Un,, VUn,+1),

where v, C X[k — 1] and v, N X, [k — 1] # 0, for ¢ € I, and vy, 41 € Y|k — 1].

Having seen how to compute (Ag, [k}, Ap, [t} x>0, We can now show how to check if (£,, D, )
is V—Infzv-COOBS w.r.t. Az, . In Subsection 4.5.2, we consider the particular case where
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p =1 (no decomposition of £&,) and N = 0 (no inference). In Subsection 4.5.4, we consider
the general case where p > 1 and N > 0. For the following, recall that X,, and Y;, are the
marked states of Ag, and Ap,. respectively ; and X, [k] and Yy, [k] are the marked states
of Ag, ) and Ap, . respectively.

4.5.2 Checking if (£,,D,) is Inf,-Coobs

Let us first check the basic case where we have coobservability without decomposing &,
or D, (no multi-decision) and without inference, i.e., (£,,D,) is Inf,-CooBs. That is, the
aim is to check whether &,[1] or D,[1] is empty, i.e., X;,[1] or ¥;,[1] is empty. The following
proposition is deduced from Lemma 4.5.2 by taking k = 0.

Proposition 4.5.1 Checking if (€,,D,) is Infy,-C0oOBS (i.e., if E;(1] =0 or D,[1] =0)
is performed in O((|X|*™ - |Y]? + |[Y|*"|X]?) - |Z|).

For checking if (&,,D,) is V-Infé}V-COOBS w.r.t. Ag, , we first need to define the notion

of multi-marking.

4.5.3 Multi-marking in A and Ap

When (&,,D,) is not Inf,-COOBS, the aim is to check whether there exists a decomposition
{&L,--- &P} of &, respecting Al w.r.t. Ag, such that (£,,D,) is V-(Infy,,--- s Inf . )-
Cooss for some p > 1 and some Ny, -, N, < N. We use the notion of multi-marking of
[de Queiroz et al., 2005] to construct partitions (£},--- ,EP) of &, and determine whether
EL[k] or D[k] is empty, for k > 0 and j < p. Let {X},,---, XP} be a decomposition of
X, astate v € Yp[k] (or v € X,,[k]) is said X} -marked if v remains marked when only
the states of X7 (instead of X,,) are marked in Ag,. This multi-marking is determined
inductively in Xp,[k] and Y, (k] (marked states of Ag, i and Ap, ), respectively), k > 1,

as follows :

Consider a state u = (uy, -+ , Uy, , Un,+1) € Xmll] and thus, u,, +1 € X The state u
is X7 -marked if u,, 4+ € Xj,.

Consider a state v = (vy,- -+ ,Un,,Un,+1) € Ym[l] and thus, Vi € 1, v, N X;,, 5 0. The
state v is X7 -marked if, Vi € I, v, N X7, # 0.

Consider a state v = (V1,*+ ,Un,,Un,+1) € Yilk], £ > 2, and thus, Vi € I, v, N X, [k —
1} # 0 and v, 41 € Ynlk — 1]. The state v is X7 -marked if, Vi € L,, v, contains a
X7 -marked state of X[k — 1] and v, 41 is a X} -marked state of Y, [k — 1].
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Consider a state u = (uy, -+ ,Un,, Un, +1) € Xmlk], kK > 2. and thus, Vi € I,, u,N Y, [k —
1] # 0 and u,,4+1 € X[k — 1]. The state v is X7 -marked if, Vi € 1,, u, contains a
X7 -marked state of Y;,[k — 1] and u,,+, is a X} -marked state of X,,[k — 1].

Note that a state may be at the same time X! -marked and X} -marked for ¢ # j. The
multi-marking can be interpreted as follows : A state in X, [k] (resp. Yy, [K]) is X7,-marked
if and only if it is reached by trace(s) of £2[k] (resp., D’ [k]). Therefore, E2[k] (resp. D?[k])
is empty if and only if X,[k] (resp.. Yn[k]) contains no X} -marked state.

Given X C X,,, we denote by X,,[k]|x C X,[k] and Yy, [k]|x C Yin[k] the X-marked states
of Xn[k] and Y, [k], respectively. A decomposition {E},--- ,EP} of &, is formally related

to its corresponding decomposition {X},, -, X2} of X,, as follows :
& = {s € K|a(zo,5) € X},}. (4.11)
Note that, for each decomposition {X},---, X2} of X,,, the decomposition D = {&},-- -,

EP} of &,, for which every €2 € D is given by (4.11), satisfies A1. Indeed, each £ contains
all and only the traces leading to the states contained in X7 . Hence, whenever we say
that a decomposition D = {&}, - ,EP} of £, satisfies A1, this means that there exists a
decomposition {X1, -+, X2} of X,, such that every XJ, € D is given by (4.11).

The following proposition shows how the languages £2[k] and D.[k}, Yk > 1, are obtained
from (4.11).

Proposition 4.5.2 Consider a decomposition {X},,--- , XP} of X,,. By considering the
decomposition {E},--- ,EP} of E, such that each &2 is given by (4.11), E2[k] and D [k],
vk > 1, are computed as follows :

&k = {s € T alk](zo[k], s) € Xm[K]|x; },

(4.12)
Dlik] = {s € £*| Blk](yo[k], 5) € Yin[K]lx; }-

4.5.4 Checking if (£,,D,) is V-InfZ\-Coobs w.r.t. A,

Let us now show how the multi-marking can be used to check whether (&, D, ) is V—Inf%}v-
CooBs w.r.t. Ag,. For that purpose, we target to find a decomposition {X,,, -, X2} of
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Xm such that, Vj € J, X}, satisfies the following condition,

V(vi, " Ung Ung+1) € Y[l o V@, oo san,) € (i NXT) X X (vn, NX])
JURCHIESE (413)
€1,
Before explaining Condition (4.13), recall that a state of Y,,[1] is in the form (vy,- - , vy, .

Un,+1) Where v, N X,,, # 0, V2 € I, and v, 4, € Y. Recall also that for a decomposition
{X%---, X2} of X, and for a j € J, a state v € Yp[1] is X -marked if all its v,
¢t = 1,--+,n, contain an X7 -marked of X,,. Condition (4.13) requires that for every
v € Yp,[l] and every j € J, if all its v,, i = 1,---,n,, contain states of X7 then all
these v, contain in fact the same single state x € X7 and no other state of X/,. The
relevance of (4.13) is due to the fact that if a state v € Y;,[1] is X7 -marked for some j in a
decomposition (X7,),cs such that v, N X7, = {z},Vi € I,, then every other decomposition
of X,, has one of its element, say X', such that v is X-marked and v, N X = {x},Vi € [,
if z € X. Note that (4.13) is satisfied by the trivial partition (X7 ),=1..|x,.| such that each
X}, is a singleton.

If for a decomposition (X},),es satisfying (4.13), Yi,[1] has no X} -marked state, i.e.,
Yoallllx, = @, for every j € J, then every corresponding D/ (1] is empty, that is, every
(€2,D,) is Infa-CooBs. Consequently, (€,,D,) is V-(Infg,- -, Inf,)-COOBS.

In the case where (&,,D,) is not Inf,-CooBs, if for a decomposition satisfying (4.13),
Y,.[1] has at least one X} -marked state for some j, thus we have DJ[1] # @ for the &
corresponding to X},. Therefore, (£2,D,) is not Inf,-Co0BS for some j € J. In this case,
we have to check if (£2,D,) is Inf y-Co0OBs for some N > 0. Before that, we show in the
following lemma an important result that will be used to show the relevance of (4.13).

Lemma 4.5.3 Consider a decomposition D = {X} .-+ XP} of X, satisfying ({.13).
Vk > 1, Yv € X[kl UYL[K], if v is X} ,-marked for some X7 € D, then there ezists
z € X}, such that v s {x}-marked and not X-marked, VX C X}, s.t. X # {z}.

We have the following theorem which implies that V-Inf g}V-COOBS of (£4,D,) needs to
be checked uniquely in a decomposition satisfying (4.13).

Theorem 4.5.1 Consider an integer N > 0, a FSA Ag, accepting £, and a decomposi-
tron {X1,.... X2} of X satisfying (4.13). If (€,,D,) is not V-Inf%}vﬂ-COOBS w.r.t.
{&,...,E}, where E] is given by (4.11), then (€,,Dy) is not v-lnfi}v-Coons w.r.t. Ag,.
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Given a decomposition (X7 ),c, satisfying (4.13), we compute iteratively for each 3 € J :
(Ag, k), Ap, k) until k = N + 1, or Ag, k) or Ap,[x) has no X} -marked states, Vj € J :

Foreach j € J - (£],D,) is Inf,_,-CoOBS if Ag, () or Ap, ) has no X7 -marked state, for
k< N.(&,D,) is V-Infg}V-COOBS w.r.t. Ag, if, V3 € J, we have found some N, < N
such that (£7,D,) is Inf y -Co0Bs. Otherwise, (£,,D,) is not V-Infzv-COOBS.
(€3,D,) is not Inf,,-Coo0Bs if for some k < N, Ag, iy and Ag,k+1) have the same
non-empty X -marked language (an X} -marked language is the set of traces leading
to an X -marked state), and Ap, ) and Ap,x+1; have the same non-empty X -marked
language (&,,D,) is not V-Inf%é-COOBS if we have found some j € J such that (£2,D,)
is not Infy-COOBS.

Consider a decomposition (X7,),c; and let us evaluate the computational complexity for
checking whether (£2,D,) is Inf,-Coo0Bs, V) € J and for some k € Z*. That is, whether
Elk + 1] or DLk + 1] is empty, ¥y € J. We are interested by the worst case for a single
step k of inference. By “single step k”, we mean, Vj € J, A, () 2nd Aps (x) are assumed
computed. By “worst case”, we mean that, ¥y € J, Asg,[k] and ‘AD?,[kI are assumed non-null.
and thus, Agg,[k+1] and 'A’Df,[k+1] need to be computed before to know whether they are
null. We have the following proposition which can be deduced from Lemma 4.5.2 :

Proposition 4.5.3 Consider a decomposition (X1,),es and a step k of inference. Assu-
mang that Ag, i) and Ap, k) are computed, the complezty for checking whether E1[k + 1]
or D2k + 1] 15 empty, V7 € J, 15 1n the worst case 1n the follounng order -

O((IX[k + 1]I* + Y[k + 1)) - |Z]) = O((X[K]* - |V k]I + [V [E]P™ - | X [K]]?) - |Z]).

4.5.5 Procedure of decomposition of X,

We have noted that (4.13) is satisfied by the trivial partition (X},),=1 , where each X7, is
a singleton, and thus, p = | X,,,|. To reduce execution time and memory space during the
execution of control, it 1s preferable to find a non trivial partition satisfying (4.13) with a
smaller p, if any. Let us propose a procedure that computes such a non trivial partition
(X7.);es, if any. Before presenting our partition procedure, we need to define Elig(X).

Definition 4.5.1 Consider X C X, such that X satisfies (4.13). Elig(X') contains all the
states of X, \ X that can be added mdindually to X without wolating (4.13). Formally,

Elig(X) = {z € X,\X | X U{z} satisfies (4.13)}.



CHAPITRE 4. VERIFICATION DE LA COOBSERVABILITE DANS LE CONTEXTE
98 DU CONTROLE MULTI-DECISIONNEL DE SED

In the sequel, Elig({z}) is written Elig(z). Note that, Elig(#) = X,,,. Our partition proce-
dure will construct every X7, by moving iteratively some states from X,, to X}, ; let then
Z., denote the current remaining part of X,, (i.e., states of X,, that have not yet been

moved to a X7 ). The basic principle for constructing X} is as follows :

1. Initializations : (a) Zm < X, (b) X} « 0,

2. While Elig(X1) N Z, # 0 :

We select randpmly a state z € Elig(X}) N Z,,,
We move z from Z, to X}, thatis: X} — XL u{z}, Z,, — Zn \ {z}.

The construction of X}, is completed when the while-loop terminates, i.e., when Elig( X} )N
Zn = 0. Note that this while-loop terminates in finite time because the computed sets
Elig(X} )N Z,, are finite and define a monotonically decreasing sequence of state sets. The
above procedure guarantees that the computed X}, satisfies (4.13) and that (4.13) is not
satisfied as soon as we add any other state to X 1.

The other X, , j > 1, are constructed by repeating the above procedure without Substep

1(a). The construction of the partition is complete when Z,, = 0.

The set Elig(X') has been defined in Def. 4.5.1, let us now see how it is computed for any
X C X,,. We define for every v = (v1,...,Un,,Un,+1) € Yr[l], and X C X, ID,(X) by :

ID,(X)={iel,|v,NnX =0}, (4.14)
therefore, ID,(0)) = I,. In the next lemma we present a property of ID,(.),Vv € Y,,[1].
Lemma 4.5.4 Given two subsets W, Z C X,,, we have : ID,(WUZ) = ID,(W)NID,(Z).
The following lemma states a new reformulation of (4.13) by using the function ID,(.) :

Lemma 4.5.5 A subset X C X, satisfies (4.13) iff :

Vo€ V(1] : ID,(X) =0 = [Xn|Jwl=1 (4.15)

1€l,

We will now show how the functions ID,(.), Vv € Y;,[1], can be used for computing Elig(X),
for X € X,,. We will present an inductive computation method :

Basis : When X is a singleton {z}, Elig(z) can be computed as follows :
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Proposition 4.5.4 Gwen a marked state t € X,,,

Elig(z) = Xm \ [{z} U U U v, U U ﬂ v, (4.16)

v€Ym| l] €], v€Ym(l] 1€IDy(x)
1D, (z)=0 IDy(z)#0s

Inductive step : Elig(X U {r}) can be computed from Elig(X) and Elig(z) as follows :

Proposition 4.5.5 Gwen a subset X C X,, satisfying (4.13), for every x € Elig(X) we

have :

Elig(X U {z}) = (Elig(X) nElig(z))\[ | N wl (4.17)
vEYm(l] 1€ID (XU{x})
D (XU{z}D#1,

Let us evaluate the complexity of the above 2-step partition procedure. For that purpose,
we first need to evaluate the complexities of computing : ID,(z) and Elig(z).

Lemma 4.5.6 Gwen x € X,,, and v € Y, [l], the complexsty for computing ID,(z) s
bounded by O(n, - | X]).

Lemma 4.5.7 Gwen x € X,,, the complexity for computing Elig(z) 1s bounded by
O(no - |Yin(l] | ‘X|2

Lemma 4.5.8 Considerx € X,,, X C X,,, and assume we are gwen Elig(X) and Elig(z).
The complezity for computing Elig(X U{x}) (by (4.17)) 1s bounded by O(ny-|Ym[1]]-1X|?)

Proposition 4.5.6 The complenity of our partition procedure 18 bounded by
O(nq - [Yiu[1]] - |X]?)

4.5.6 Conclusion on the complexity of our framework

Let us compare the computational complexity of our multi-decision framework with the
complexity of the inference-based framework of [Kumar et Takai, 2005]. We have evaluated
the complexities of the operations of our framework throughout this section 4.5. The most
costly "new" operations that have been added to the framework of [Kumar et Takai, 2005]
to construct our multi-decision control are :
In Subsection 4.5.5 : the partition procedure;
In Subsection 4.5.4 : the procedure for checking emptiness of £2{k + 1] and DI [k + 1],
Vj € J, in one step k, that is, Ag, ) and Ap, are given. For brevity, we will call it
"checking procedure".



CHAPITRE 4. VERIFICATION DE LA COOBSERVABILITE DANS LE CONTEXTE
.100 DU CONTROLE MULTI-DECISIONNEL DE SED

Consider the operation for computing Ag, jk+1; and Ap, jr4+1) from Ag, iy and Ap, (). which
is a part of both frameworks ([Kumar et Takai, 2005 and ours). Let us compare its
complexity (evaluated in lemma 4.5.2 of Section 4.5.1) with the complexities of the above

two procedures (partition and checking) :

1. The complexity of lemma 4.5.2 is higher than the complexity of the partition proce-
dure evaluated in Proposition 4.5.6 (Section 4.5.5).

2. The complexity of lemma 4.5.2 is higher than the complexity of the checking proce-
dure evaluated in Proposition 4.5.3 (Section 4.5.4).

Consequently, in terms of Big-Oh, the complexity of our multi-decision framework is com-
parable to the complexity of the inference-based framework of |[Kumar et Takai, 2005|.
Intuitively, this result may be surprising. A possible explanation is that we have restricted
the set of possible decompositions in two ways :

1. We have used a finite state-based approach by using assumption A1l (Sect. 4.4).
In this way, we have eliminated the decompositions that do not satisfy A1 w.r.t. a
given FSA. The number of these eliminated decompositions may be infinite, while
the number of the remaining eligible decompositions is certainly finite.

2. We have developed a procedure that computes a single partition, which guarantees
that if we have not coobservability for this partition, then there exists no decompo-

sition for which we have coobservability.

Therefore, computing Ap,pjj is in general more complex in comparison to computing
a partition that satisfies (4.13). Hence, the overall complexity to compute a partition
satisfying (4.13), and then checking if (&,,D,) is V-Infi?v—COOBS, is in the order of
O(Y 2 - | X[ - |Z]).

4.6 Algorithm for computing a partition of £, and che-
cking V-Infg?v-Coobs

Algorithm 1 (represented in the next page) implements our results of Section 4.5. That is,
for o € X, it constructs a partition of X,, satisfying (4.13) and then checks if (&,,D,) is
V-Infg?\,—COOBS. Therefore, the algorithm must be executed for every o € .. Based on
results presented throughout Section 4.5, the following theorem states the correctness of

our algorithm.

Theorem 4.6.1 Algorithm 1 is correct in the sense that each of its three outputs is gene-

rated if and only if it is true.
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Input: G, K, N.

Initialization : np «— 1;

Compute Ap,, Ag,, Ap,pj and Ag, ) ; /* See Subsection 4.5.1 */

if [Yi[l] = 0]V [Xn[1] = 0] then return “(&,.D,) is Inf,-COOBS”; /* See Subsection
4.5.2 x/

/* Compute ID,(r) and Elig(z) as explained in Subsection 4.5.5 */
foreach x € X,, do
foreach v € Y,,[1] do Compute ID,(z) : /* by using (4.14) */
Compute Elig(z) ; /* by using (4.16) */
end
/* Compute partition as explained in Subsection 4.5.5 */

Zm A me ]« 1,
while Z,, # 0 do
Select some z in Z,,;
Zm — Zo\{z}, X7, «— X}, U{z}; /* the selected x is moved from Z,, to X}
x/
while Elig(X? )N Z, # 0 do
foreach v € Y},,[1] do

| ID,(X2, U {z}) = ID,(X2,) NID,(x) : /* Using Lemma 4.5.4 */
end

Select some z in Elig(X]) N Zp;
X} — X3, U{z}: Z,, — Z,\{x} ; /* the selected z is moved from Z, to
X}, */

Compute Elig(X},) ; /* Using (4.17)
end
173+

end
P J;

/x Check if (£,,D,) is V-InfZ},-CooBs as explained in Subsection 4.5.4  x/
NPar — {1,...,p}; -

for k — 1 to N do

foreach j € NPar do

| if [Yaulk]lx, = 0]V [Xnlk]|x; = 0] then N, —k —1; Remove j from NPar;
end

if [NPar = (] then return “(§,,D,) is V-Infy,, ..., Inf y -COOBS”;

if K < N then

¥*
~

| Compute Ag, (k+1), A, k+1] 5 /* See Subsection 4.5.1 x/
else

] Return “(&,, D,) is not V-Inff}v—COOBS”;

end B

end
Algorithm 1: Constructing a partition of X,, and checking if (£,,D,) is Inf,-COOBS or
V-InfZ\-CooBs
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4.7 Example

Consider the plant G of Fig. 4.1, the specification is obtained by forbidding the dashed
transitions. Supervisor Sup, observes £, = {a1,b1,¢1}, Supervisor Sup, observes ¥, =
{aa, be, 2}, and both supervisors control £.; = X.2 = {0}. The automaton Ag, is obtained
from the automaton of Fig. 4.1 by marking the four states X,, = {z',z% 2% 2%} and
removing states 6, 7, 8, 9, 4% and y3. The automaton Ap, is obtained from the automaton
of Fig. 4.1 by marking the three states Y,, = {y',4%, 33} and removing states 1, 2, 4, 7, 8,

9, z!, 22, 2% and 1.

Figure 4.1 Plant and specification. The latter is obtained by forbidding the
dashed transitions

The FSA Ag,p has its states defined by (u;,ug,v) where uy NYy, # 0, up N Yy # 0,
and v € Xy, Ag,qq is represented on Fig. 4.2 where each state (u;,uy,v) is represented
by a three-part square containing u;, uz and v, respectively. After the execution of event
ba. Ag,1; may be in two equivalent states ({1,4},{4,y'}.4) or ({1,4},{6},4), which are
distinct by their second parts {4,y'} and {6}. The two states are represented by a single
three-part square where their distinct second parts {4,y'} and {6} are stacked in the
second part of the square. The marked states are shaded.

In a similar way, the automaton Ap, (1), represented on Fig. 4.3, has its states defined by
(v1,v9, u) where vy N Xy, # 0, v2N Xy, # 0, and u € Yy,. Each state (v1, v, u) is represented
by a three-part square containing vy, v2 and u, respectively. The same approach is used to

represent several equivalent states reached by the same sequences.

Note that with our representation of states in three-part squares, (4.13) is not satisfied
if in a marked state v of Ap, 1) (i.e.. v € Yju[1]), we have elements a € X, and b € X,
(a #b). in parts 1 and 2 respectively, such that ¢ and b are in the same X7 .
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Figure 4.3 Ap, [y for the example of Figure 4.1

Let us show how the procedure of Section 4.5.5 is used to partition X,,. For that purpose,
we first compute ID,({z}) for every x € X,, (i.e., marked states of A¢, ) and every v €

Y (1] (i.e., marked states of Ap,pyj), which is represented in Table 4.1. Then, by using

y = RIOT RIL T RIZT R8T 14T RIS | p16 | p17
D, (") {2} L {2} L, [ I, [ I, |{i}] L,
D, (z?) LI_| {1} {1} 0 {2} | {2} | {2}
ID,(z’) {1} {1} L (2} | {2} | {2} | {2}
IDy(zY) | L, [{2}] I, {2} L |{1}] L | {1}

Tableau 4.1 Computing ID,({z}) for all states v € Y,,[1] and z € X,,.

the functions ID,(.), for every v € Y;,[1], and the Equation (4.16), we compute the sets

Elig(z) of eligible states for every marked state z € X,

A=X,.N U Uvz—(Z)

ver 1] e€leo
IDy(z})=0

z = z! : We compute
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B =X,N U m v, = X N(RPUAZURS) = {23}u{a?}u{a?, 2%} = {2? 2}
vEY[l] 1€IlDy(x!)
D (z')#l,

Then. we obtain Elig(z!) = X, \ [{z'} U AU B] = {z*}.
x = z% : We compute

A=Xpn | UYw=XanGltuny?) = (2% 2%,

vEYm[l] €ls

ID,(z?)=0
B=X.n |J (1 v=XmN(RZUAPURP URP URY) = {z', 2},
v€Ym(l] 1€ID.(z?)

1D, (2%)#1s

Then, we obtain Elig(z?) = X,, \ [{z?} U AU B] = X, \ {z%, 2%, 2% 2%} = 0.

z = 7% : We compute
A=X.n | UYwu=0

veYm[l] €ls
1D, (x3)=0

B=X,0N U m v, = X N (RICURP UR URP URS UL = {2}, 2%, 2%}
v€Ym{l] 2€1D,(z3)
IDy(2%)#l,

Then, we obtain Elig(2®) = X, \ [{#*} U AU B] = X, \ {z!,2%,23,z%} = 0

x = z* : We compute
A=X,,N U UU,:Q),

veYm(l] :€ls

1Dy (z%)=0
B=X.n |J (| v=Xan (k' URP URP UM = {?,2°}.
vEYm([l] €ID, (z4)
ID, (z4)#1,

Then, we obtain Elig(z*) = X, \ [{z'} U AU B] = X, \ {22, 2%,2%} =0

Let us now explain the construction of each X}, using the automaton Ap,p; of Fig.
4.3 and the following intuitive expression of (4.13) : The latter requires that for every
v = (v, v2, w) of ¥,[1] and every j € J, if both parts 1 and 2 of v (i.e., v; and v2) contain
states of X}, then all these parts contain in fact the same single state of X7 and no other
state of X],.

a) Construction of X} : Initially X! = 0 and Z,, = X,,. We select z! € Elig(®)nZ,,, =
Z,, and move it to X}, we obtain X}, = {z'} and Z,, = {z? 2* 2}. We compute
Elig(X}) N Z,, = Elig(z') N Z,, = {z*'}. Therefore, z* is the only state of Z,, that can
be added to X} without violating (4.13). Therefore, we take X} = {z!,z%} and we
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have Z,, = {z?,2°}. Let us explain intuitively why z* can be put with x!, and why z?
and 2* cannot :
If we move z% to X} = {z'}, X}, becomes {z!,z2}. Condition (4.13) is violated
because in the marked state h'? = ({z'},{z?},y?) of Y,[l], both parts 1 and 2
contain distinct states of X! : x! and z?, respectively. Therefore, z? is not moved to
XL,
If we move x* to X}, = {z'}, X, becomes {z' 23}. Condition (4.13) is violated
because in the marked state h'® = ({z!'},{z3},y%) of Y,,[1], parts 1 and 2 contain

% is not moved to X} .

distinct states of X} : z! and x*, respectively. Therefore, x
If we move z* to X} = {z'}, X}, becomes {z!,z*}. Condition (4.13) is satisfied
because there is no marked state of Y;,[1] whose both parts 1 and 2 contain elements
of X} . Therefore, we move z* to X} and obtain X}, = {z!,z}.

b) Construction of X? : Initially X2 = @ and Z,, = {z? z%}. We select 22 € Elig(0) N

Zm = Zy and move it to X2, we obtain X2, = {z?} and Z, = {z3}. We compute
Elig(X2) N Z, = Elig(z?) N Z,, = 0 from the fact that ID«(x?) = @. Therefore, no
state of Z,, can be added to X? without violating Condition (4.13). Therefore, we take
X2 = {z?} and we have Z,, = {2°%}.
Let us explain intuitively why 2® cannot be put with z? : If we move 23 to X2 = {z?},
X2 becomes {z?,2°}. Condition (4.13) is violated because in the marked state h'* =
({y', 2%, 2%}, {z2}.y") of Yiu[l], parts 1 and 2 contain distinct states of X2, : z3 and 2.
respectively. Therefore, x° is not moved to X2.

¢) Construction of X3 : We take X3 = {23} because z3 is the only remaining state in

Zm.

To recapitulate. we have X! = {z' 2}, X2 = {2%} and X3 = {z3}. We will thus apply
the triple-marking : (X} ),=123 to the marked states of Ag, i and Ap, i) as explained
in Subsection 4.5.4. Then, we check how the X} -marking is propagated to Ap, of Fig.
4.3. Note that with our representation of states in three parts, a marked state u of Ap, |
(i.e., u € Yiu[1]) is X} -marked if both parts 1 and 2 of u contain states of X7 . We thus
understand visually that A'* is X2 -marked and no other state is X7 ,-marked. Therefore,
YVallllxy = Ya{lllxs = 0, and Yi[l]|xz = {h} # 0. Hence, (€},D,) and (&2, D,) are
Infy-Coons. and (£2.D,) is not Inf,-CooBs. We now have to check whether (£2,D,)
is Inf,-CooBs. For that purpose, we compute Ag, 5 (see Fig. 4.4) and check if it has
X2 -marked states. that is, states whose both first and second parts contain h'* and whose
part is ¢® or g'' (because h'* is the only X2-marked state of Ap,p;j, while g® and g'
are the XZ-marked states of Ag, (). In fact. A, 2] has no X2-marked state, and thus,
Xm[2]|x2, = 0. Therefore, (£2,D,) is Inf,-COOBS.



CHAPITRE 4. VERIFICATION DE LA COOBSERVABILITE DANS LE CONTEXTE
106 DU CONTROLE MULTI-DECISIONNEL DE SED

To recapitulate, (£},D,). (£2,D,), and (€3, D,) are Inf,-CooBs, Inf,-CooBs, and Inf -
CoosBs, respectively. That is. (£,,D,) is V-(Inf,. Inf, Inf;)-COOBS.

N
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Figure 4.4 Ag, 2 computed from Ag, ;) and Ap, [y of Figures 4.2 and 4.3, Rler--d]
stands for {h*,..., W}

4.8 Conclusion

This paper is concerned with the verification of the coobservability in the context of the
multi-decision control framework defined in [Chakib et Khoumsi, 2011b]. In the present
paper, we consider more particularly the disjunctive inference-based multi-decision control,
that is, the case where inference-based decentralized supervisors with different ambiguity
levels are used in parallel and whose global decisions are combined disjunctively. But it has
been shown in [Chakib et Khoumsi, 2011b] that any result obtained with the disjunctive
combination can be easily adapted for the conjunctive combination.

The achievability of a specification in the context of (disjunctive) inference-based multi-
decision control is related to specific notions of coobservability, namely V-(Infy,,...,
Inf 5 )-CoOBS and V-InfZ-CooBs (if p and Ny...., N, are not specified and not boun-
ded) of a specification. We have also defined the more applicable notion of V-Inf g}V—COOBS
for which Ny, ..., N, are bounded by N. Then, we have developed a method and its cor-
responding algorithm which checks if a given specification is V-Infé}v-COOBS. We show
that with our algorithm, the worst-case computational complexity for checking Vv-Inf %}V-
Coo0Bs is not increased by the number of decentralized supervisors in parallel. That is,
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we obtain the same order of complexity as in the inference-based framework of [Kumar et
Takai. 2007].
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Titre frangais : Diagnostic multi-décisionnel : architectures décentralisées coopérant pour

diagnostiquer la présence de défauts dans des SED

Contribution au document : Dans les chapitres 3 et 4, nous avons développé le contréle
multi-décisionnel. Plus précisément, une contribution essentielle du chapitre 3 a été d’utili-
ser le controle multi-décisionnel pour généraliser les architectures de controle par inférence.
Et au chapitre 4, nous avons développé une méthode efficace pour vérifier si une spécifi-

cation est coobservable selon le controle multi-décisionnel par inférence.

Dans [Khoumsi et Chakib, 2008a], nous avons développé le diagnostic multi-décisionnel
pour généraliser quelques architectures de diagnostic existantes dans la littérature. Dans
[Chakib et Khoumsi, 2009], nous avons utilisé le diagnostic multi-décisionnel pour généra-
liser une classe générique d’architectures de diagnostic dites éligibles. Nous avons étudié
ensuite plus spécifiquement le diagnostic multi-décisionnel pour généraliser une classe par-

ticuliére d’architectures éligibibles : les architectures disjunctives.
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La présente contribution utilise le diagnostic multi-décisionnel pour généraliser les archi-
tectures de diagnostic par inférence. Et ensuite, nous développons une méthode efficace
pour vérifier si une spécification est codiagnosticable selon le diagnostic multi-décisionnel

par inférence.

Résumé frangais : Cet article étudie le diagnostic décentralisé, ot un ensemble de diag-
nostiqueurs coopérent pour détecter des défauts dans des SED. Nous proposons une ap-
proche, appelée diagnostic multi-décisionnel, dont le principe de base consiste & utiliser
plusieurs architectures de diagnostic décentralisées fonctionnant en paralléle. On présente
en premier lieu une forme générique du diagnostic multi-décisionnel, ot plusieurs archi-
tectures de diagnostic décentralisées fonctionnent en paralléle et combinent leurs décisions
globales disjonctivement ou conjonctivement. Nous étudions ensuite le diagnostic multi-
décisionnel basé sur l'inférence par ambiguité, c.a.d., dans le cas ot chaque architecture
décentralisée utilisée en paralléle est basée sur la technique de l'inférence par ambiguité.
On développe une méthode qui vérifie si une spécification donnée est diagonalisable sous
Parchitecture de 'inférence par ambiguité multi-décisionnelle. Et nous montrons qu’avec
notre méthode, la complexité de calcul pour vérifier la codiagnostiquabilité pour notre
architecture a inférence par ambiguité multi-décisionnelle est dans le méme ordre de gran-
deur que la complexité de vérifier la codiagnostiquabilité pour P'architecture & inférence
par ambiguité de [Kumar et Takai, 2009).

Note : A la suite des corrections demandées par les membres du jury, le contenu de cet

article différe de celui qui a été soumis.

Abstract : This article deals with decentralized diagnosis, where a set of diagnosers
cooperate for detecting faults in a discrete event system. We propose a new framework,
called multi-decision diagnosis, whose basic principle consists in using several decentralized
diagnosis architectures working in parallel. We first present a generic form of the multi-
decision diagnosis, where several decentralized diagnosis architectures work in parallel and
combine their global decisions disjunctively or conjunctively. We then study in more detail
the inference-based multi-decision diagnosis, that is, in the case where each of the decen-
tralized architectures in parallel is based on the inference-based framework. We develop a
method that checks if a given specification is diagnosable under the inference-based multi-
decision architecture. And we show that with our method, the worst-case computational
complexity for checking codiagnosability for our inference-based multi-decision architec-
ture is in the same order of complexity as checking codiagnosability for an inference-based

architecture of [Kumar et Takai, 2009.
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5.1 Introduction

This paper deals with the detection of faults (or fault diagnosis) in discrete event systems
(DES). A fault is a deviation from an expected behavior. The fault diagnosis (or more
shortly : diagnosis) in DES aims at detecting a fault within a bounded delay after its
occurrence, by observing the DES behavior. The possibility to detect a fault is captured by
the notion of (fault) diagnosability in DES introduced in [Sampath et al., 1995]. Polynomial
tests for diagnosability are given in [Jiang et al., 2001} and [Yoo et Lafortune, 2002b]. The
property of diagnosability in DES is related to the ability to infer, from observed event
traces, about the occurrence of certain unobservable events (the faulty events). For DES
modeled by regular languages, diagnosability can be verified by constructing the diagnoser
corresponding to the finite-state automaton model of the system. Diagnosers are kinds of
observers that carry failure information by means of labels attached to states.

We consider the case of several local diagnosers that cooperate for detecting faults. Each
local diagnoser has a partial observation of the plant, the latter denoting the system to
be diagnosed. Previous work on cooperating diagnosers includes the distributed diagnosis,
where the local diagnosers communicate with each other [Debouk et al., 2000; Qiu et
Kumar, 2005; Sengupta, 1998|, and the decentralized diagnosis, where the local diagnosers
communicate with a global coordinator [Debouk et al., 2000, 2003].

In this paper, we consider the decentralized diagnosis architecture, where each local diag-
noser has a local observation of the plant and makes local diagnoses without communica-
ting with the other local diagnosers. And the local diagnoses made by the various local

diagnosers are fused in order to issue a global diagnosis.

We propose a multi-decision framework whose principle consists in using several decen-
tralized architectures working in parallel. For example, we can have a disjunctive and a
conditionally conjunctive architectures {Wang et al., 2005, 2007] running in parallel. In
this paper, we study in more detail the inference-based multi-decision, that is, the case
where each of the architectures in parallel is inference-based [Kumar et Takai, 2009]. This
is not restrictive, because it has been shown in [Kumar et Takai, 2009] that the inference-
based architecture is more general than the previously developed architectures. The global
diagnoses of all these decentralized architectures are fused adequately in order to obtain
an effective diagnosis. The motivation of multi-decision framework is to obtain an archi-
tecture that generalizes all the decentralized architectures that compose it. Hence, our
inference-based multi-decision framework generalizes the inference-based architecture of
[Kumar et Takai, 2009).
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The organization of the present paper is as follows. Discussion about related work is given
in Section 5.2. Section 5.3 introduces some preliminaries about the decentralized diagno-
sis. Section 5.4 presents the principle of multi-decision for the decentralized diagnosis (or
more briefly, multi-decision diagnosis). The remaining sections (i.e.. 5.5-5.10) study the
so-called conjunctive inference-based multi-decision architecture, that is, several inference-
based architectures of [Kumar et Takai. 2006, 2009] which are fused conjunctively. Section
5.5 presents in detail this architecture, while Section 5.6 studies its existence of solutions
and Section 5.7 studies some of its properties. In Section 5.8, we develop a method that
checks if a given specification is diagnosable under the considered architecture. In the
same section. we show that with our method, the worst-case computational complexity for
checking codiagnosability is not increased by the number of decentralized diagnosers in
parallel. That is, checking codiagnosability for our inference-based multi-decision architec-
ture is in the same order of complexity as checking codiagnosability for an inference-based
architecture of [Kumar et Takai, 2009], although the former framework is more general
than the latter one. Section 5.9 contains an algorithm that implements the method of
Section 5.8, and Section 5.10 illustrates this method in an example. The conclusion is
presented in Section 5.11. And last but not least, the proofs are presented in an appendix.

5.2 Related work

In [Debouk et al., 2000], the authors developed several decentralized diagnosis methods,
each one based on a distinct communication protocol between the local diagnosers. They
make diagnoses about the occurrence of faults, and then their diagnoses are merged by

simple memoryless Boolean disjunction operations.

In [Qiu et Kumar, 2006], the authors suggested the following technique for managing
ambiguity. A diagnosis decision is issued by a local diagnoser only when it is unambiguous
about it. The authors of [Qiu et Kumar, 2006] introduce the codiagnosability meaning
that : for each faulty trace executed by the plant, there is at least one local diagnoser
that can unambiguously state this faulty execution, within a bounded delay. The authors
of [Wang et al., 2004, 2005] introduced the notion of conditional codiagnosability that is

weaker than codiagnosability.

The authors of [Wang et al., 2007] defined the decentralized diagnosis in a general fra-
mework, where n local diagnosers Diag,,: = 1,...,n, are used for detecting a fault f,
each Diag, taking a local diagnosis h, that belongs to an arbitrary set LD of local diag-
noses. The local diagnoses are fused by using a global function D. The global diagnosis
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can be either positive (fault detected) or negative (no fault detected). They target the fol-
lowing two objectives : “no missed detection”, i.e., every fault occurrence is followed after
a bounded delay § by a positive diagnosis: “no false detection”, i.e., a positive diagnosis
guarantees that a fault has occurred The authors of [Wang et al., 2007] introduce the D-
codiagnosability to describe the languages for which there exist local diagnosis functions
(hi)i=1, = such that every sufficiently long faulty trace 1s correctly diagnosed globally by
fusing the local diagnoses (h,),=1, . using the global function D. They studied the fol-
lowing cases : |[LD| = 1, corresponding to comjunctive codiagnosability and disjunctive
codragnosability ; and |LD| = 2, corresponding to conditionally conjunctive codiagnosabi-
lity and conditionally disjunctive codiagnosability.

Sengupta and Tripakis in [Sengupta et Tripakis. 2002} studied the case where the coordi-
nating site could be any arbitrary memoryless function and local diagnoses may belong to
an infinite set. They called joint diagnosabilsty the class of languages diagnosable under
these assumptions and they proved that joint diagnosability is undecidable.

Kumar and Takai in [Kumar et Takai, 2006, 2009] proposed the nference-based ambigusty
that generalizes the special cases |[LD| = 1 and |LD| = 2 of [Wang et al.,, 2007]. Each
local diagnoser uses its observations of the plant behavior to issue its diagnosis decision
together with a level of ambiguity for that diagnosis decision. The principle is that when
the coordinating site receives several concurrent diagnoses from the local diagnosers, it

will select the diagnosis with the lowest ambiguity level.

The authors of [Kumar et Takai, 2006, 2009] target the same “no missed detection” as
[Wang et al., 2007}, but with the introduction of ¢, they reformulate a new “no false
detection” as follows : a positive (resp. negative) diagnosis guarantees that a fault (resp.
no fault) has occurred. Note that if in [Kumar et Takai, 2006, 2009] the global diagnosis
¢ is replaced by 0, then the objectives of [Wang et al., 2007] become equivalent to those
of [Kumar et Takai, 2006, 2009].

In |Takai et Kumar, 2006}, the N-inference framework has been used for a variety of non-
failure diagnosis which targets the following objective : after a sufficiently long healthy
execution, the diagnosis system must be able to determine that until now no fault has
occurred. We can find other variants of objectives related to the absence of faults, e.g..
[Qiu et Kumar, 2006; Wang et al., 2004).

In [Khoumsi et Chakib, 2008a]. the multi-decision diagnosis has been defined uniquely in
the special case where several disjunctive or several conjunctive architectures are running

in parallel, without any mention of its generic form. In [Chakib et Khoumsi, 2009], the
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multi-decision diagnosis has been studied in its generic form. that is, with any set of

existing decentralized architectures running in parallel.

Note that the multi-decision has also been studied in the decentralized supervisory control
of DES [Chakib et Khoumsi, 2008a,b| and prognosis of DES [?].

5.3 Preliminaries on decentralized diagnosis of DES

5.3.1 Diagnosis of DES

The plant to be diagnosed is modeled by a finite state automaton (FSA) G=(Q, X, 4, qo),
where @ is a finite set of states, ¥ is a finite set of events, a partial function § : Q@ x X — Q
is the transition function and gy € @ is the initial state. Let £* denote the set of all finite
traces of elements of ¥, including the empty trace €. The transition function & can be
generalized to § : @ x £* — @Q in the usual way. For any event trace s € £*, |s| denotes
the length of s. We say that a trace t € £* is a prefix of a trace s € £*, denoted by ¢ < s, if
there exists a trace A € ¥* such that s = tA. We denote by K the set of all prefixes of traces
of K CX* ie, K={tcZ3se Kst t<s} K issaid to be prefix-closed if K = K.
The generated (prefix-closed) language of G is defined by £ = {s € £*|8(qo, s) 1s defined}.
Let Z* denote the set of strictly positive integers.

Given a fault f, L consists of a non-faulty language, denoted H, and a faulty one, denoted
F. The faulty behaviour F is the set of faulty traces characterized by the occurrence of
fyie, F={s€ L|Fu,ve*: s=ufv} While H is the set of non-faulty (or healthy)
traces, i.e., not containing f. We have £L = HUF and HN F = 0. In the presence of
several faults which must be distinguished, we have to do the same study for each fault.
Therefore, we consider uniquely a single fault f.

Note that, by construction, H and F are regular languages. Moreover, H is necessarily
prefix-closed, because if an execution s is healthy, then its “past” (i.e., the set of prefixes
of s) is healthy. We introduce F; to denote the set of faulty traces for which the fault f is
followed by at least [ events, i.e., Fi={s€F:Ju,veX*, |v| > l,s = ufv}.

The detection of the presence (resp., absence) of f will be called positive (resp., negative)
diagnosis. We consider that a diagnoser indicates positive and negative diagnoses using the
values 1 and 0, respectively. For the sake of simplicity, we make the following assumptions
[Sampath et al., 1995] :

A1l : L is live, l.e., there is a transition at each state of G.
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A2 : Every cycle of G must contain at least one event observable at some site.

Assumption A1 can be relaxed easily as discussed in [Sampath et al., 1995]. Assumption
A2 ensures that the system will not generate arbitrarily long traces of unobservable events,

which would prevent diagnosis within bounded delays.

A diagnoser Diag observes the behavior of the plant and takes an effective positive /negative
diagnosis decision (or more simply : diagnosis). By effective diagnosis, we mean the final
diagnosis. (We will see that in decentralized diagnosis some diagnoses are just intermediate
results which are used to compute the effective diagnosis.) Let then Diag(s) € {¢,0,1}
denote the effective positive/negative diagnosis made after the execution of a trace s € L.
The fact that Diag(s) = 1 (resp. 0) means that after the execution of s, the diagnoser has
determined that the fault f has (resp., has not) occurred. While Diag(s) = ¢ means a

“don’t care” or “unsure”’ decision.

In this study we adopt the objectives of [Kumar et Takai, 2006, 2009] defined by Conds.
(5.1)-(5.3).

3l € Z* Vs € F : Diag(s) = 1, (5.1)
Vs € F : Diag(s) # 0, (5.2)
Vs € H : Diag(s) # 1. (5.3)

Cond. (5.1) corresponds to the “no missed detection” objective and means that a fault
occurrence is followed after a bounded delay (defined by a bounded number [ of events) by
a positive diagnosis. Conds. (5.2) and (5.3) correspond to the “no false detection” objective
of [Kumar et Takai, 2006, 2009] : Cond. (5.2) means that a negative diagnosis (0) is never
generated after a fault occurrence, and Cond. (5.3) means that a positive diagnosis (1)
is never generated before the first occurrence of a fault. When the three conditions hold,
we say that Diag satisfies Conds. (5.1)-(5.3) with respect to (or, “w.r.t.”) (F,H). We say
that a diagnoser Diag “has no missed detection” if it satisfies Cond. (5.1), and Diag “has
no false detection” if it satisfies Conds. (5.2) (w.r.t. F) and (5.3) (w.r.t. H).

Remark 5.3.1 It is worth noting that the proposed multi-decision framework can be easily
adapted for more ambitious objectives, such as those in [Kumar et Takai, 2009; Qiu et
Kumar, 2004; Takai et Kumar, 2006; Wang et al., 2004].
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5.3.2 Decentralized diagnosis principle

In a decentralized diagnosis [Kumar et Takai, 2009; Sampath et al., 1998, 1995], n local
diagnosers (Diag, ),es observe the plant and cooperate with each other in order to synthesize
a correct diagnosis verdict, where I = {1,...,n} is the indexing set of all diagnosers. The
local diagnosers then report their diagnoses about fault occurrence: these local diagnoses
are fused at a coordinating site in order to issue a positive or negative effective diagnosis.
Each Diag, has a partial view of the plant, that is, its set of observable events is £,, C %.
Let ¥, = U1gzgn Yoi and L, = X\ Z,. Therefore, an event of L, is observable by at least
one diagnoser, and no diagnoser can observe an event of X,,. We denote by P, : £* — ¥ |
the natural projection that erases the events of X\ ¥,, from any trace s € £*. The inverse
projection is defined as P,"'(s) = {t € £* : P,(t) = s}. We assume that f is unobservable,
i.e., f € Xy, since an observable fault is trivially diagnosed by just observing it.

Each Diag,,i € I, is a function Diag, : X, — LD, that associates a local diagnosis
Diag,(F,(s)) € LD to every observed trace P,(s). LD is an arbitrary set of local diagnoses
including ¢. The effective diagnosis is obtained by combining the local diagnoses of the
n local diagnosers (Diag,),c; using a fusion operator D : LD™ — {¢,0,1}, we say that
D is defined over LD. The system enclosing the local diagnosers (Diag,),e; and D is
called a decentralized diagnoser, and denoted by ((Diag,).cr, D). The effective diagnosis
Diag(s) € {#,0,1} of a decentralized diagnoser Diag = ((Diag,).,c1, D) is computed as

follows :
Diag(s) = D((Diag,(P.(s)))ser). (5.4)

Eq. (5.4) means that Diag(s) is computed by applying the operator D to all Diag,(P,(s)).

Definition 5.3.1 An architecture obtained using a fusion operator D and local diagnosers
(Diag,)ies is called D-architecture, and the corresponding decentralized diagnoser defined
by Eq. (5.4) is called D-diagnoser.

For example. we have the conjunctive architecture (A-architecture) and the disjunctive
architecture (V-architecture) of [Qiu et Kumar, 2006; Wang et al., 2004, 2007], the condi-
tional conjunctive architecture (COND-A-architecture) and the conditional disjunctive ar-
chitecture (COND-V-architecture) of (Wang et al., 2005, 2007}, and the N-inference archi-
tecture (Inf y-architecture) of [Kumar et Takai, 2006, 2009; Takai et Kumar, 2006].
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5.4 Multi-decision decentralized diagnosis : several ar-

chitectures running in parallel

The multi-decision decentralized diagnosis principle is based on using several (say p) de-
fused into an effective diagnosis. We call this scheme multi-decision diagnosis. Hereafter.
J = {1,...,p}. Therefore, each decentralized diagnoser Diag’ achieves its diagnosis ac-
cording to a given decentralized architecture as shown in Subsection 5.3.2 and Eq. (5.4).
but with a superscript j. That is, for every j € J, Diag’ = ((Diag!)er, D’) contains n
local diagnosers (Diag?),c; and a coordinating module D?. The global diagnosis issued by
Drag’, following the execution of s € L, is computed by Eq. (5.5), which corresponds to
Eq. (5.4) with a superscript j added to Diag, Diag, and D :

Diag’(s) = D?((Diag](P(s))).e1). (5.5)

The global diagnoses of all the decentralized diagnosers (Diag’),c; are then fused using
a coordinating module D in order to obtain an eflective diagnosis that must satisfy
Conds. (5.1)-(5.3). D is defined as a function D : {¢,0,1}* — {¢,0,1}. The system
enclosing (Diag]).er es, (D?),es and D is called a multi-decision diagnoser, and denoted
by ((Diag’),es, D) = (((Diagl)ier, D’),es, D). The effective diagnosis of a multi-decision
diagnoser Diag = ({Diag’),cs, D), Diag(s) € {¢,0,1}, is computed as follows :

Diag(s) = D((Diag’(s))jes)- (5.6)

Eq. (5.6) means that the effective diagnosis Diag(s) is computed by applying the operator
D to all the global diagnoses Diag’(s).

Definition 5.4.1 An architecture consisting of coordinating modules (D?),c; and a gloi)al
coordinating module D is called D-(D', ..., DP) architecture, and the corresponding multi-
decision diagnoser defined by Eqs. (5.5) and (5.6) is called D-(D', ..., DP)-diagnoser.

When all the D’-diagnosers Diag’ (for j € J) correspond to the same decentralized archi-
tecture 1, we obtain a so-called D-¢? architecture, while Diag is called D-y?-diagnoser.

Let us for example take p = 2, D! = v, D? = CoND-A, and D = A. This means that
we have a disjunctive (D') and a conditionally-conjunctive (D?) architectures running in
parallel and whose global diagnoses are fused conjunctively (D) for obtaining the effective
diagnosis. And thus we have a A-(V,COND-A) architecture and diagnoser.
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The multi-decision diagnosis consists therefore in using p D’-diagnosers Diag’ (for j € J)
running in parallel and whose global diagnoses are fused by an operator D in order to
obtain an effective diagnosis. At the present state of our study, we consider two cases of
D when p > 1: D is conjunctive (A) or disjunctive (V). Actually, the terms “conjunctive”
and “disjunctive” and their corresponding symbols “A” and “V” are used with an abuse of
the language, in the following sense :
By conjunctive, we mean that Diwag(s) = 1 if all Diwag’(s) = 1. Diwag(s) = 0 if at least
one Diag’(s) = 0, and Driag(s) = ¢ otherwise.
By disjunctive, we mean that Diag(s) = 0 if all Diag’(s) = 0, Diag(s) = 1 if at least
one Diwag’(s) = 1, and Diag(s) = ¢ otherwise.
The two cases are based on decomposing the sets H and F, respectively. They are outlined

in the following subsections 5.4.1 and 5.4.2, respectively.

5.4.1 D is conjunctive

When D is conjunctive, we are thus in the presence of a A-(D',....DP) architecture. The
corresponding A-(D?, ..., DP)-diagnoser consists of a set of p decentralized D’-diagnosers
Drag’ (for y € J) running in parallel and whose global diagnoses are fused conjunctively.
More precisely, the effective diagnosis Diag(s) is obtained by adapting Eq. (5.6) for D = A,
that is,
1 f, Vy € J, Duag’(s) =1,
Vs € L, Diag(s) = <0 if, 37 € J, Dwag’(s) = 0, (5.7)

¢ otherwise.

Let us see in more detail how this is realized. We consider a decomposition (H!, - - -, HP)
of H such that H = H! U -.-U HP. Note that we use the word decomposition instead of
partitron, because the various H? are not necessarily disjoint with each other. We have the
following proposition that relates the decomposition of H and the satisfaction of Conds.
(5 1)-(5.3) w.r.t. (F.'H) by a A-(D', ..., DP)-diagnoser.

Proposition 5.4.1 Consider languages F and H, and D’ -diagnosers (Diag’),cs. The A-
(D', ..., D?)-diagnoser Diag = ((Diag?),cs.A) satisfies Conds. (51)-(5.8) w.r.t. (F, H)
of and only of there emsts a decomposition {H!,..., HP} of H such that, V5 € J, the
D’-diagnoser Diag’ satisfies Conds. (5.1)-(5.8) w.r.t. (F,H?).

The proof of Proposition 5.4.1 is given in the appendix.
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5.4.2 D is disjunctive

D = V is dual to D = A, in the sense that we obtain one from the other by switching
between conjunction and disjunction, and between decomposing H and decomposing F.
That is, when D is disjunctive, the effective diagnosis Diag(s) is computed as follows,

0 if, Vg € J, Diag’(s) = 0.
Vse L, Dwag(s) =41 if 3j€ J Diag’(s) =1, (5.8)

¢ otherwise.

We consider a decomposition (F!,..., FP) of F such that F = F' U --- U FP, where the
various JF7 are not necessarily disjoint with each other. We have the following proposition
that relates the decomposition of F and the satisfaction of Conds. (5.1)-(5.3) w.r.t. (¥, H)
by a v-(D',...,DP)-diagnoser.

Proposition 5.4.2 Consider languages F and H, and D’ -diagnosers (Diag’),cy. The V-
(D'....,DP)-diagnoser Diag = ((Diwag’),cs,V) satisfies Conds. (5.1)-(5.3) w.r.t. (F. H)
of and only 1f there exists a decomposition {F',...,FP} of F such that, ¥Vj € J, the
D’-diagnoser Diag’ satisfies Conds. (5.1)-(5.3) w.r.t. (F?, H).

The proof of Proposition 5.4.2 is given in the appendix.

5.4.3 Discussion and continuation of the article

‘H and F are infinite languages in general, and decomposing an infinite set (e.g., language)
into a finite number of subsets satisfying some properties is known to be a challenging
problem. A solution to this decomposition problem will be proposed in Section 3.6 in
the special case where D = A and all D’ are inference-based architectures of [Kumar et
Takai, 2009]. But note that the proposed solution is easily adaptable for D = Vv, by the
following essential modifications : 1) we decompose F instead of H ; and 2) we compute
the effective decisions by using Eq. (5.8) instead of Eq. (5.7), that is, we replace the A
operator by the V operator. For this reason, and for avoiding an excessively long article,
in the remaining sections, we will clarify our multi-decision diagnosis in a particular case
of Subsection 5.4.1. More precisely, we study the case where D = A and all D’ have
the inference-based architecture of [Kumar et Takai, 2009]. The obtained architecture
is denoted A-(Infy,,....Infy ). where p > 1 and each N, > 0 is the ambiguity level
of DY, for y = 1---p. When the values of N, and p are not specified, the architecture

. >
is denoted /\-Inf;é, where “> 1” means “for some p > 17 and “> 0” means “for some
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Ny ... N, > 0". Our choice that each of the decentralized diagnosers in parallel has an
inference-based architecture, is dictated by the fact that the inference-based architecture
is a generalization of all known decidable decentralized architectures [Kumar et Takai,
2009]. Indeed, A and V architectures of [Qiu et Kumar, 2006; Wang et al., 2004, 2007] are
special cases of inference-based architectures where the maximal ambiguity is N = 0, and
the conditional architectures of [Wang et al., 2005, 2007 are special cases of inference-
based architectures where the maximal ambiguity is N = 1. Furthermore, the inference-
based ambiguity principle is more suitable when heterogenous decentralized diagnosers are
considered. it suffices to consider decentralized diagnosers Diag’ with ambiguity levels IV,,

J € J, that are not necessarily the same.

5.5 Multi-decision inference-based architecture

5.5.1 Multi-decision inference-based diagnosers

An inference-based multi-decision diagnoser Diag = ((Dwag’),e s, A) consists of p inference-
based decentralized diagnosers (Diag’),cs running in parallel whose global diagnoses are
fused conjunctively (D = A) for obtaining an effective diagnosis. Each inference-based
decentralized diagnoser Diag’ consists of n inference-based local diagnosers (Diagl ),e;, and
its diagnoses are computed using the results of [Kumar et Takai, 2009] as follows. After the
execution of s € L, each Diag’ has observed P,(s) and issues a local diagnosis ¢/ (P,(s)).
An ambiguity level n? (P,(s)) is associated to each local diagnosis, i.e., LD = {0,1,¢} xZ*.

Formally :
Drag](Pi(s)) = (c/(P(s)), n(Fi(s)))- (5.9)
Let n’(s) denote the minimal ambiguity level of local diagnoses of decentralized diagnoser
Duag’, i.e.,
w(s) = minn (Py(5)). (5.10)

The generic global diagnosis for each Diag’ was defined by Eq. (5.5). In the present case
of inference-based diagnoser Diag’, its global diagnosis is computed as follows [Kumar et
Takai, 2009] :

1, ifVie I;[n(s) =n!(P(s
Vs e L.Dwug’(s) = €0, ifVeel;[n(s)=n!(Ps

e S
S
—_~ o~
U
P
w 0
N N
N p——

I
L =
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o
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[

p——

¢, otherwise.
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Definition 5.5.1 An inference-based decentralized diagnoser (i.e., defined by Eqgs. (5.9)-
(5.11)) Drag’ is saud Nj-inferring, and denoted Inf y -diagnoser, if :

1. Vs €L : Dag’(s) # ¢ = n(s) < N,. and
2. Vs,s' € L : [Diag’(s) # ¢ An?(s') < n?(s)] = Diag’(s') # ¢.

An inference-based multi-decision diagnoser Diag = ((D1ag’),es, N) consisting of p Inf x -

diagnosers (Diag’),ey, is denoted A-(Inf y,, ..., Inf y )-diagnoser.

Note that N, is the maximal ambiguity level that is used in a Infy -diagnoser. The ef-
fective diagnosis Diag(s) of the A-(Infy, ..., Inf y,)-diagnoser is computed by combining
conjunctively the global diagnoses (Diag’(s)),es of Eq. (5.11) using Eq. (5.7).

5.5.2 Decomposing H and computing the local diagnoses ¢/ (P,(s))
and n?(P(s))

As already explained in Subsection 5.4.1, we will use a decomposition {H!,..., H?} of H.
This decomposition is a practical rule for computing the inference-based local diagnoses
Diag;(F.(s)) of Eq. (5.9), i.e., ¢/(P,(s)) and n(F(s)).

Given a decomposition {H!,... , HP} of H, for each j € J we apply to (F,H?) the fra-
mework of [Kumar et Takai, 2009] as follows. For each j € J, we define inductively a

monotonically decreasing sequence of language pairs (F?[k], H?[k]) as follows :

FI0] = F,H[0] = W,
Vk > 0: Flk+ 1=k 0P P k), Wk + =1k n () P7 P(F [K).

wel €]

(5.12)

For simplicity, j is omitted when p = 1 (i.e., no decomposition). The global diagnoses of
every Diag’ are defined by Eqs. (5.9)-(5.11) from (! (P,(s)), n!(P.(s))):er- Now, we use a
method of [Kumar et Takai, 2009] to compute (¢} (P,(s)),n)(P,(s)))ier,yes which guarantees
that every Diag’ is Nj-inferring. For each j € J, using the sequence (F?[k], H’[k])o<k<n, -
every local diagnoser Diag! computes, for every s € L :

n?(P,(s)) = min{k € Z" | [P(s) ¢ P(H’[K])] V [k = N, + 1]}, (5.13a)
R (P(s)) = min{k € Z* | [P(s) & PP K]V [k = N, + 1]}, (5.13b)
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A local diagnosis is issued by comparing the two ambiguity levels, n/” (P,(s)) and n? (P,(s)).

giving preference to the smallest one. This is formalized as follows :

0, if n?(P(s)) < nf(P(s)),
q(P(s)) =<1, if nl7(P(s)) < nM(P(s)), (5.14)
o, if nf?(P(s)) = nM(Py(s)),

and
n?(P,(s)) = min{n;"? (P.(s)), n]” (P(s))}. (5.15)

Note that we adapted the equations of [Kumar et Takai, 2009] with an index or superscript
J, since every Diag’ is a N -inference diagnoser. See [Kumar et Takai, 2009] for more detail

on the inference-based framework.

Remark 5.5.1 An inference-based diagnoser is by definition a decentralized diagnoser
that satisfies Eqs. (5.9)-(5.11). Thus, “an wnference-based diagnoser satisfying Eqgs. (5.15)-
(5.15)” means “a decentralized diagnoser satisfying Eqs. (5.9)-(5.15)". But for the sake of
clarity. we have opted to always indicate “Egs. (5.9)-(5.15)” instead of “Egs. (5.13)-(5.15)”,

even if we mention “inference-based diagnoser”.

We have the following lemma which is an an adaptation of Lemma 2 of [Kumar et Takai,
2009| by considering H? instead of H (see [Kumar et Takai, 2009] for the proof).

Lemma 5.5.1 [Kumar et Takai, 2009] Given a subset H? C H, the inference-based de-
centralized diagnoser defined by Egs. (5.9)-(5.15) w.r.t M’ is an Inf y -diagnoser (see De-
finition 5.5.1).

We have the following proposition which is a straightforward consequence of Definition
5.5.1 and Lemma 5.5.1 (and thus, the proof is omitted).

Proposition 5.5.1 Given a decomposition {H!,... , H?} of H, the multi-decision diag-
noser defined by Egs. (5.9)-(5.15) and (5.7) is a A-(Inf ., ..., Inf 5 )-diagnoser.

Example 5.5.1 Figure 5.1 presents a plant G such that £,y = {a1,b1,d1,e} and L,2 =
{ag.by,dy, ca,e}. We have H = {ajaze*, bibse”. dydze*, dicae*} and F = {a, fbye*, b, fdae*,

by fcae*, dy fase*}. Let us consider the cases p=1 and p = 2.

Case p =1 : Since j takes the single value 1, it will be tmplicit in all equations. We have
F0] = F and H{0] = H, and there is no Inf 5-diagnoser satisfying Conds. (5.1)-(5.3),
VN € Z*. To show it, let us compute the languages pairs (F k|, H[k])k>o-
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Figure 51 Plant £

Furst step (k =1) : H[1] = {ajaz2€*, biboe*, dydse*, dice*} and F[1] = F|0].

Second step (k =2) : H[2] = H[1] and F[2] = F[1] = F[0].
Therefore, we obtawn . Yk > 1, H[k] = {ajaze”, bibge*, didae*, dycoe” }, and, Yk > 0, Fk] =
{ay fboe* by fdoe*, by feae*, dy faze*}.

We consider the trace a) fbye® € Flk], and thus, we have, Vi = 1,2, Vk > 0, P,(a; fbee*) €
P,(H[k]). And from Eq. (5.13), nf (P,(a)fbye?)) = N + 1, YN € Z*. Moreover, Vk > 0,
Vi = 1,2, P(a1fbse®) € P,(Flk]) And from Eq. (5.18), n?(P,(a;fbe?)) = N +1, VN €
Z*. Since, VN € Z*, n?(P,(a,fbye?)) = n! (P,(a1fbee?)) = N +1, we deduce by Eq. (5.14)
that, Yo = 1,2, c,(P,(a1fb2e?)) = ¢. Then, by Eq. (5.11), Vz € Zt, Diag(a,fbhae*) = ¢,
whach wolates Cond. (5.1), and thus, there 1s no Inf y-dwagnoser that can make the right
diagnosis, 1.e., that can respect Conds. (5.1)-(5.8).

Case p = 2 : Consider the decomposition {H', H?} of H where H' = {ajaze”, bibse*, di}
and H? = {didze*,d1c2e"}. (FI k], H?[k])k>0 are then computed as follows :
Forj=1:
Furst step (k = 1) : FY1] = {a1fbe*, d1f@3,b, f} and H [1] =
Second step (k = 2) : F'[2] = {a; fbye*, b\ f,d1 faz} and H'[2]
Third step (k = 3) : F[3] = {a1fby, bif,d1 fas} and H[3] = 0.
Forj=2:
Furst step (k = 1) : F?[1] = 0 and H?[1] = {d,dse",d1c2e" }.
Using Egs. (5.9)-(5.15), Table 5.1 (resp., Table 5.2) presents the local and global diagnoses
taken by the Inf,-diagnoser Diag" (resp., Inf,-diagnoser Diag?). Note that, for 3 € {1,2},
the expressions n'?, nd? and Diag] (resp., n??, n? and Diagl) are computed for P,(s)
(resp., Pa(s)) and Diag’ 1s computed for s. Using Eq. (5.7), Table 5.3 presents the effectwe
diagnoses taken by the A-(Inf,, Inf,)-diagnoser that combines congunctively the diagnoses
of Diag* and Diwag® We see wn Table 5.3 that Diag(s) # 1 for all traces s € H (thus,
Cond. (5 3)) and Diwag(s) # 0 for all traces s € F (thus, Cond. (5.2)), and Diwag(s) = 1

{015_25;, bll')?{é-*', d1}~
= {alag’ dh blgg}
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for all traces s € F, (thus, Cond. (5.1)). We will ezplain in Section 5.6 why we have
selected ezactly the Inf,-diagnoser Diag* and the Inf,-diagnoser Diag?, that is, N; = 2
and N, = 0.

Trace executed n;l'l nlf‘1 Diagi ng‘l ng’l Dz'agé Diag*
s=¢ 0 1 (0,0) 3 3 (¢,3) 0
s€af 3 3 (¢,3) 3 3 (¢,3) ¢
sebf 3 3 (¢,3) 3 3 (¢,3) ¢
se€dif 3 3 (¢,3) 3 3 (6,3) ¢
§ = aas 3 3 1 (¢,3) 3 3 | (4,3) ¢
8§ = b1b2 3 3 (¢,3) 3 3 (¢’3) ¢
S = d1d2 3 3 (¢,3) 1 0 (1,0) 1
5§ = d1C2 3 3 (¢,3) 1 0 (1,0) 1
8§ = alfb2 3 3 (¢33) 3 3 (¢53) d)
s = by fd, 3 3 (¢,3) 1 0 (1,0 1
s=b feo 3 3 (6,3) 1 0 (1,0 1
s=difay 3 3 | (#3) ] 3 3 | (¢3) ¢
s € ajazet 3 2 (1,2) 1 2 (0,1) 0
s € bybye* 1 2 (0,1) 3 2 (1,2) 0
s = ddye* 1 0 (1,0) 1 0 (1,0) 1
s = dycoe™ 1 0 (1,0) 1 0 (1,0) 1
s € ayfhoet 3 2 (1,2) 3 2 (1,2) 1
s € by fdye® 1 2 | (0,1) 1 0 | (1,0) 1
s =byfcoe’ 1 2 | (0,1) 1 0 | (1,0) 1
s € d,fazet 1 0 (1,0) 1 2 (0,1) 1

Tableau 5.1 Local and global diagnoses taken by the Inf,-diagnoser Diag’
computed by Egs. (5.9)-(5.15) for the plant of Fig. 5.1, w.r.t. (¥, H!), for H! =
{(110,26*, b1b2€*, dl}
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Trace executed || n% | nf? | Diag? || n}?® | nd® | Diag? | Diag?
s=¢ 0 1 (0,0) 1 0 (1,0) )
s€af 1 0 | (1,0) 1 0 | (1,0) 1
seEbf 1 0 | (1,0) 1 0 (1,0) 1
sedf 1 |1 | @) 11 0] @o 1
s = aiay 1 0 | (1,0) 1 0 | (1,0 1
8§ = blbg 1 0 (1,0) 1 0 (1,0) 1
s = did, 1 1 (@l || 1 1 | (¢1) ¢
§ = d]CQ 1 1 (¢,1) 1 1 ((25,1) ¢
s =ayfby 1 0 | (1,0) 1 0 (1,0) 1
s = b fdy 1 |0 [ @O 11 ] (&) 1
s = blfCQ 1 0 ( ) 1 1 (Cb,l) 1
s=d;fay 1 1 | (¢1) 1 0 | (1,0) 1
s € ajaget 1 0 | (1,0) 1 0 | (1,0) 1
s € bybye? 1 0 (1,0) 1 0 (1,0) 1
s € didye” 1 [ 1 [ @)1 [ 1] (@) é
s € dicze” I 11 @)1 [ 1D b
s € ayfbet 1 0 | (1,0) 1 0 | (1,0) 1
s € b]fd2€+ 1 0 (1 O) 1 1 (d),l) 1
s € b feet 1 0 (1,0) 1 1 (¢,1) 1
s € dy fazet 1 1 | (¢1) 1 0 | (1,0) 1

Tableau 5.2 Local and global diagnoses taken by the Inf,-diagnoser Diag®
computed by Egs. (5.9)-(5.15) for the plant of Fig. 5.1, w.r.t. (F,H?), for H? =

{dldge*, dlcge*}.
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(s)

o
N
S
)

Trace executed
s=¢
s€aif
s € blf
sedf
§ = a,a,

§ = b]bg
8§ = d1d2
s = dicy
s = ayfby
s=0b1fd
s=b1fc
s=dfay
s € arazet
s € bibyet
s € didye™
s € dicye™
s € ay fbet
s € by fdyet
s € by fege™
s € dy fage*
Tableau 5.3 Global and effective diagnoses taken by the A — (Inf,, Inf,)-
diagnoser computed by applying Eq. (5.7) to the diagnoses Diag'(s) and

Diag®(s) of Tables 5.1 and 5.2.

'(s) | Drag®(s)
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5.6 Existence of solutions for the A-InfZ}, architecture

In this section, we characterize the class of languages for which the fault can be detected
in bounded delay by a A-(Infy,,....Infy )-diagnoser. For that, we have the following
lemma which is an adaptation of Lemma 3 of [Kumar et Takai. 2009] by considering H’
instead of H (see [Kumar et Takai, 2009] for the proof).

Lemma 5.6.1 [Kumar et Takai, 2009] Given a subset H?> C H and an integer N,, the
Inf y -diagnoser defined by Egs. (5.9)-(5.15) satisfies Conds. (5.2) and (5.3) w.r.t. (F, H?).

The following proposition shows that no false detection is made by the multi-decision
decentralized diagnoser defined by Egs. (5.9)-(5.15) and (5.7) for a given decomposition

Proposition 5.6.1 Given a decomposition {H!,... , H?} of H and integers Ny,..., N,,
the A-(Inf n,, ..., Inf 5 )-diagnoser defined by Eqs. (5.9)-(5.15) and (5.7) satisfies Conds.
(5.2) and (5.8) w.r.t. (F, H).

The proof of Proposition 5.6.1 is given in the appendix.

In order to define the class of diagnosers that have no missed detection (i.e., satisfy
Cond. (5.1)) w.r.t. F, we present in the next definition the notion of N-inference F-
codiagnosability (or Inf y-F-CODIAG) as introduced in [Kumar et Takai, 2009]. Definition
5.6.1 is an adaptation of Definition 2 of [Kumar et Takai, 2009], where we consider subsets
H? instead of H.

Definition 5.6.1 [Kumar et Takai, 2009] Consider a decomposition (H',..., H?) of H.
and integers Ni,..., Np. For every j € J, (¥,’H?) is said Infy -F-codiagnosable (or
Inf y -F-CODIAG) if there ezists |, € Z* such that F'[N, + 1]NF = 0.

By using the notion of Inf,-F-CODIAG defined in Definition 5.6.1, we define the notions
of A-(Inf 5, ..., Inf y )-F-CODIAG, A-InfZ), and A-Inf3.

Definition 5.6.2 Given N,,...,N, € Z*, (F,H) is said A-(Inf y,,. .., Inf 5 )-F-CODIAG
w.r.t. a decomposition (HY,..., HP) of H if, Vj € J, (F,H’) is Inf y -F-CODIAG. (F,H)
is said A-(Infy,, ..., Inf  )-F-CODIAG if there exists a decomposition (HY,..., HP) of H
such that (F,H) is A-(Infy,,..., Infy )-F-CODIAG w.rt. (H',..., HP).

Definition 5.6.3 Given an integer N, (F,H) is said /\-Infzv-F-CODIAG if it is A-
(Infn,s ==, Infy )-F-CODIAG for some p > 1 and N1,...,N, < N. (F.H) is said
/\-[nf%é«F-CODIAG of it is /\-Infg,-F—CODIAG for some unspecified M € Z*.
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We will explain in Section 5.8 that /\-Infg}v-F-CODIAG is more useful than /\—Infgé—F—
Cobiac.

We have seen in Lemma 5.6.1 that the Inf y -diagnoser defined by Egs. (5.9)-(5.15) satisfies

Conds. (5.2)-(5.3) (i.e., no false detection) w.r.t. (F, H?). The following Lemma 5.6.2 states

this Inf y -diagnoser satisfies also Cond. (5.1) (i.e.. no missed detection) w.r.t. F.if (F, H?)

is Inf y -F-CODIAG. This lemma is an adaptation of Lemma 4 of [Kumar et Takai, 2009]
- by considering H’ instead of H (see [Kumar et Takai, 2009] for the proof).

Lemma 5.6.2 [Kumar et Takas, 2009] Gwen a subset H? C H and an wnteger N, of
(F,H?) 15 Inf 5 -F-CODIAG then the Inf y -diagnoser given by Eqs. (5.9)-(5.15) satisfies
Cond. (5.1) wrt F.

We have seen in Proposition 5.6.1 that the A-(Infy, .. ., Ianp)-diagnoser defined by Eqgs.
(5 9)-(5.15) and (5.7) satisfies Conds. (5.2)-(5.3) (i.e., no false detection) w.r.t. (F,H).
The following Proposition 5.6.2 states that this A-(Infy,,..., Infy )-diagnoser satisfies
also Cond. (5.1) (i.e., no missed detection) w.r.t. F, if (F,H) is A-(Infy,,..., Infy,)-F-
Coblac

Proposition 5.6.2 Gwen a decomposition (H', . ,HP) of H, 1f (F,H) s A-(Infn,,...,
Inf  )-F-CODIAG w.r.t. (H',..., HP), then the A-(Infy,, ... ,Inf y )-dragnoser grwen by
Eqgs. (5.9)-(5.15) and (5.7) satisfies Cond. (51) wr.t. F.

The proof of Proposition 5.6.2 is given in the appendix.

The following Theorem 5.6.1 states a necessary and sufficient condition under which there
exists a Infy -diagnoser that makes the right diagnoses for (¥, H’). This theorem is an
adaptation of Theorem 1 of [Kumar et Takai, 2009] by considering H’ instead of H (see
[Kumar et Takai, 2009] for the proof).

Theorem 5.6.1 [Kumar et Takar, 2009/ Consider a subset H C H and an integer N,.
(F,H?) 1s Inf 5 -F-CODIAG 1f and only 1f there exsts a Inf y -diagnoser Diag’ that satisfies
Conds. (5.1)-(5.3) w.rt. (F,H’).

We state in the next theorem a necessary and sufficient condition under which there exists
a A-(Infy,,. ., Infy )-diagnoser that makes the right diagnoses for (F,H).

Theorem 5.6.2 (F,H) s A-(Infy,, ..., Infy )-F-CODIAG f and only 1f there ezists a A-
(Infy, -+ JInf y,)-dragnoser Diag = ((Drag’),es, N) that satusfies Conds. (5.1)-(5.3) w.r.t.
(F, H).

The proof of Theorem 5 6.2 is given in the appendix.
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From Theorem 5 6.2, determining the existence of a A-(Infy, , -+, Ianp)-diagnoser satis-
fying Conds. (5.1)-(5 3), for some integers p > 1 and N,..., NV, necessitates to determine
whether (F, H) is A-(Infy,. ..., Inf 5 )-F-CODIAG. Hence, according to Def. 5.6.2, we have
to answer the following question :

Question 1 : Does there exist a decomposition (H!,...,HP?) of H and some Ny,..., N,
such that, Vj € J, (F, H?) is Inf y -F-CODIAG, i.e., FIN, +1]nF, = O for some [, € Z* ?

What makes Question 1 difficult is that H is in general infinite and decomposing infi-
nite languages is known to be a challenging problem. We propose here a solution that
transforms the problem of decomposing an infinite regular language into a problem of de-
composing a finute set of states in a FSA Hence, our solution for decomposing H is based
on the use of a FSA Ay accepting H, that is, every trace s € H leads to a marked state
of Ay. We consider uniquely the decompositions satisfying the following assumption :
A3 : Given a FSA Ay accepting H, the only eligible decompositions (H!, ..., HP) of H
are such that every H’ consists of (all and only) the. traces leading to one or several
marked states of Ay. In other words, every H7 corresponds to a subset of the set of
marked states of Ay,
With Assumption A3, we have transformed the problem of decomposing an infinite regular
language into a problem of decomposing the finite state set of a FSA.

Remark 5.6.1 Assumption A8 1s less restrictive than the assumption used wn [Chakib et
Khoumsi, 2009; Khoums et Chakib, 2008a/, wn the sense that the latter permats less decom-
positrons. This 1s due to the fact that Assumption A8 can be based on a nondeterministic
FSA, while the assumption used i [Chakib et Khoumsi, 2009; Khoums: et Chakib, 2008a]

18 ezpressed in a form which wnphes that the associated FSA 1s necessarily determanistic.

The following Definitions 5.6.4 and 5.6.5 are adaptations of Defimitions 5.6.2 and 5.6.3 for
decompositions satisfying Assumption A3 w.r.t. a specific FSA Ay accepting H.

Definition 5.6.4 Consider integers Ni,..., Ny, and a FSA Ay accepting H. (F, H) 15
sasd A-(Inf ..., Infy )-CODIAG w.r.t. Ay, of there emsts a decomposition {H',.. |
HP} of H satsfying Assumption A3 w.r.t. Ay such that, (F, H) 1s A-(Infy, ..., Infy,)-
CopIAG w.r.t. {H'... ,HP} (see Defimtion 5.6.2).

Definition 5.6.5 Consider an wnteger N, and a FSA Ay accepting H. (F,H) 18 sawd
/\-lnfi}v-F-CODIAG w.rt. A if s A-(Infy,, ..., Infy )-F-CODIAG w.r.t Ay for some
p > 1 and some N1,...,N, < N. (F,'H) 1s sard A-Inf§é~F—CODIAG w.r.t. An of ot 18
/\-Inf%}WF»CODIAG w.r.t. Ay for some unspecified M € Z+.
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The following corollary is a straightforward result obtained from Theorem 5.6.2 (and thus,

its proof is omitted).

Corollary 5.6.1 Given a FSA Ay accepting H, if (F,H) is /\-(Ianl,---vlan,)'F'
CODIAG w.r.t. Ay, then there exists a A-(Infy,, ..., Infy )-diagnoser Diag that satisfies
Conds, (5.1)-(5.3) w.r.t. (F,H).

Remark 5.6.2 If we compare Theorem 5.6.2 and Corollary 5.6.1, we see that the latter
contains a sufficient condition while the former contains a necessary and sufficient condi-
tion. This is due to the fact that in Corollary 5.6.1, we have used Assumption A3, which is
not actually necessary for the eristence of A-(Infy, ..., [anp)-F-diagnoser. Assumption

A3 has been added for solving the problem of decomposing infinite languages.

Let us return to the example 5.5.1. From Def. 5.6.1, we have that (F,H) is not Inf -
F-CODIAG, because F[k] = {a\fbye*, b, fdze*,d; faze*}, Yk > 1, and thus, VI, k € Z*,
Fi N Flk] # 0 . From Theorem 5.6.1 (applied for p = 1), we deduce that there exists no
Inf n-diagnoser that can make the right diagnosis, i.e., that can respect Conds. (5.1)-(5.3).
Note that this result was observed in the case p = 1 of Example 5.5.1 of Subsection 5.5.2.
Consider now an automaton Ay accepting H, which is obtained from Fig. 5.1 by remo-

ving states I*, 1 = 1,...,6, and marking the remaining states. We use the decomposition
{H, H?} of H where H' = {a,aze", bibse*, di} and H? = {d,dqe*, d\cze*}. This decompo-
sition satisfies Assumption A3 w.r.t. Ay. We compute F, N F}[3] = 0 and Fo N F2[1] = 0.
From Definitions 5.6.1 and 5.6.2, (F,H) is A-(Inf,,Inf,)-F-CODIAG. From Theorem 5.6.2
(or Corollary 5.6.1), we deduce that there exists a A-(Inf,,Inf)-diagnoser that can make
the right diagnosis. Such a A-(Inf,,Inf)-diagnoser was in fact computed in the case p = 2
of Example 5.5.1 of Section 5.5.2, and was represented in Tables 5.1, 5.2 and 5.3.

5.7 Some properties related to the /\—Infg(l) architecture

The following lemma states the effect of inclusion between subsets of H7 on the Inf -F-

codiagnosability.

Lemma 5.7.1 Consider a decomposition {H',... , HP} of H. For every vi,vp € J such
that H* C H*2, if (F,H"?) is Inf y-F-CODIAG then (F,H"') is Inf y-F-CODIAG.

The proof of Lemma 5.7.1 is given in the appendix.

Intuitively, if we consider a decomposition {H!,...,HP} of H and some N > 0 such
that all (F.H?) are Infy-F-CODIAG, then for every other decomposition {J!,...,J9}
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of M such that every J' is a subset of some H’, we have that all (F,J;) are Infy-F-
CoDIAG. Furthermore, consider a decomposition {H!,...,HP} of H which may contain
some “incorrect” H, i.e., such that (F, H?) is not Inf -F-CODIAG. By decomposing every
“incorrect” H’, we might obtain a good decomposition, i.e., a decomposition for which
each (F,H?) is Inf y-F-CODIAG.

The following proposition states necessary and sufficient conditions for (F,H) to be A-
InfZ\-F-CODIAG or A-InfZ\-F-CODIAG w.r.t. a FSA. For that, we denote by L(Ay, z)
the set of healthy traces reaching the state x of a FSA Ay accepting H.

Proposition 5.7.1 Consider an integer N and a FSA Ay accepting H. (F,H) is A-
]nfz\,—F-CODIAG (resp., /\~Inf§}v-F-CODIAG) w.r.t. Ay iff, for every marked state x of
Az, (F,L(Ay, x)) is Inf y_-F-CODIAG for some N < N (resp., > 0).

The proof of Proposition 5.7.1 is given in the appendix.

Consider the particular decomposition (in fact, a partition) {H!,..., HP} of H where each
‘H? corresponds to a single state x of A3, and conversely, each state x of A3, corresponds
to a single H7. The correspondence between H’ and z means that H’ contains (all and
only) the traces leading to x. This is in fact the “most refined” partition in the sense that
decomposing any H’ of this partition will violate Assumption A3. And by using Lemma
5.7.1, we deduce that if this “most refined” partition contains some H’ such that (F, H?) is
not Inf y-F-CODIAG, then every other decomposition respecting Assumption A3 contains
some H’ such that (F,H’) is not Infn-F-CODIAG. And by using Proposition 5.7.1, we
deduce that (F,H) is not /\—Inf%}v-F—CODIAG w.r.t. Ay.

Next, we show the impact of the structure of the FSAs on the set of languages diagnosable

under A-InfZ), architecture.

Proposition 5.7.2 Consider two (equivalent) FSAs Ax,1 and Ay o accepting H. Assume
that for every marked state x of A1, there ezists a marked state y of Ay o such that
L(An1,7) C L(Ay2,y). If (F,H) s /\-Infé}v-F-CODIAG w.r.t. Ay 2, then it is /\—Infé}v-
F-CODIAG w.r.t. Ay, 1.

The proof of Proposition 5.7.2 is given in the appendix.

From Proposition 5.7.2, we deduce straightforwardly (hence, the proof is omitted) the

following result.

Proposition 5.7.3 Consider two FSAs Ay, and Ay accepting H, such that Ay is
obtained by splitting some states of Ay 2 in the sense that : each state of Ay o is equivalent
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to one or more states of Ana. If (F,'H) is /\-Infélv-F-CODIAG w.r.t. Ayo, then it is N-
InfZ),-F-CODIAG w.r.t. Aw,.

Since {H} forms a trivial decomposition of H, we also deduce straightforwardly the follo-

wing result from Proposition 5.7.2.

Proposition 5.7.4 If (F,H) is Infx-F-CODIAG then it is /\-Inf%}v-F—CODIAG w.r.t.
every FSA accepting H.

From [Kumar et Takai, 2009}, Inf ,-F-CODIAG is a generalization of F-codiagnosability of
[Wang et al., 2005] (which is named codiagnosability in [Qiu et Kumar, 2006] and diagno-
sability under Protocol 3 in [Debouk et al., 2000}), and of conditional F-codiagnosability
[Wang et al.. 2005]. Therefore, from Proposition 5.7.4, we have that A-InfZy-F-CoDIAG

is a generalization of those codiagnosabilities as well.

Next, we compare A-Inf E}V—F -CODIAG with the diagnosability property that characterizes
the class of languages d;agnosable under the centralized architecture with partial obser-
vation [Sampath et al., 1995]. The centralized architecture is the framework for which
one diagnoser observes partially the plant and issues an effective diagnosis. Formally, the

observability is defined as follows.

Definition 5.7.1 [Sampath et al., 1995/ (F,H) is said diagnosable if :
JeZt VseF:ue P'Ps)NL=>ue F,

where P is the natural projection from ¥ to %,.
Proposition 5.7.5 If (F,H) is A-Inf%}V-F-CODIAG then (F,H) 1s diagnosable.
The proof of Proposition 5.7.5 is given in the appendix.

To prove that the converse of Proposition 5.7.5 is not true, we consider the plant £ of Fig.
5.2 where £,; = {a1} and Z,2 = {a2}. We have H = {ay,a2a,¢*} and F = {a; fazc*}.
(F,H) is diagnosable because the single diagnoser of a centralized architecture observes

the order in which a; and as are executed, and thus, when it observes a;a, it is sure
that the fault has occurred. Let us show that (F,H) is not /\—Infi}v—F-CODIAG, i.e., for
every decomposition {H!,... , HP} of H, there exists j € J such that F/[N + 1N F; #
0, YN € Z*. In fact, for every decomposition {H',... , HP} of H, there exists j € J
such that apa;cd € HJ for some | > 1. Since Pi(a;faxd) = Pi(aza;d™!) = a,c! and
Py(a) faad™") = Py(aza 1) = aodd ™!, we have, VN € Z* and V! > 1, aga; ™! € HI[N +1]
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a) fapct™! € FI[N + 1]. or more precisely a; faoc™! € F![N + 1] N F;. Therefore, (F,H) is
not A-InfZ}-F-CODIAG.

c c
Figure 5.2 Plant £ which is diagnosable and not /\-Infzv—F-CODIAG

5.8 Checking codiagnosability and constructing decom-

position of H

We have seen that the notion of codiagnosability is relevant to determine the existence of
diagnosers. We have seen three versions of codiagnosability in Definitions 5.6.2 and 5.6.3 :

A-(Inf s Ianp)—F—CODIAG for given p > 1 and Ny, ..., N, > 0;
A-InfZ-F-CODIAG meaning A-(Infy,, ..., Inf 5 )-F-CODIAG for some unspecified p >
land Ny,...,N, > 0;

A-Inf%}V-F-CODIAG meaning A-(Infy,, ..., Infy )-F-CODIAG for some unspecified p >

land Ny,...,N, < N.

Contrary to /\-Infé}v-F-CODIAG, the parameters p and Nj,..., N, must be specified
in A-(Infy,, -+, Infy )-F-CODIAG, which makes A-(Infy,,...,Infy, )-F-CODIAG more
restrictive than A-InfZ-F-CODIAG. But the problem with A-InfZy-F-CODIAG is that
Ny, ..., Ny are not bounded, which makes it undecidable in general. That is why we have
defined the (decidable) /\-Inf%}v-F-CODIAG by limiting the possible values N;,..., N, to
be checked. In this section, we are indeed interested by /\-Infi}v-F-CODIAG. More preci-
sely, we propose au automata based method that checks if (F,H) is /\—Inf%,lv—F—CODIAG
w.r.t a given FSA Ay (accepting H). (In the sequel, the notion of /\—[nf%}\,—F—CODIAG
is implicitly w.r.t. a given FSA Ax.) And when the method determines that (F,H) is
/\-Infé}\,-F-CODIAG, it computes a corresponding decomposition (in fact, a partition) of
H. For that purpose, we first need to compute the pairs (H{k], F[k])x>0, or more precisely
autornata accepting them. This is the subject of Subsection 5.8.1.

5.8.1 Computing automata accepting F (k| and H[k], for k£ > 0

Recall that the plant is modeled by an automaton G =(@Q, Z, d, go). The FSAs accepting H
and F are denoted respectively Ay = (X, %, o, o, Xin) and Az =(Y, Z, 53, ¥0, Yim). Xm and
Y, are the marked states of respectively Ay and Agr, i.e., H = {s € E*| afz, s) € X}



CHAPITRE 5. DIAGNOSTIC MULTI-DECISIONNEL : ARCHITECTURES
134 DECENTRALISEES COOPERANT POUR DIAGNOSTIQUER . . .

and F = {s € £ 3(yo,s) € Ym}. H and F are constructed as follows. We consider the
FSA Ay p with two states, H and I, where H is the initial state. F is reached from H
through a transition labeled by the faulty event f. H is self-looped by transitions labeled
by the events of ¥\ f. and F is self-looped by transitions labeled by the events of %.
Note that G||Ag r is universal in the sense that its language is £*. We compute the
synchronous composition G||Ay r [Hopcroft et Ullman, 1979], and thus, every state of
G||Ag.r is identified in the form (z, H) or (z, F'), where z is a state of G. G||Ayr and
G accept the same language, but G||Ay r has the particularity to distinguish the states
reached by traces of H and JF, respectively. Indeed, the states reached by traces of H (resp.
F) are those identified in the form (x, H) (resp. (z, F')). Ay is obtained from G||Ay r
by marking states (z, H) and removing states (z, F'). Ay is obtained from G||Ay r by
marking states (z, F') and removing states (z, H) from which no state (z, F') is reachable.
Complexity of computing Ay and Ax are in O(|Q|.|Z]).

Let Ay = (X[K], X, alk], zo[k], Xm[k]) and Azp = (YI(K], X, B[k}, yo[k], Yin[k]) be the
automata accepting H[k] and Flk], respectively, for £ > 0. Recall that H[0] = H and
F[0] = F. We have just shown how to compute Ay = Ay and Azjg) = Az. Let us now
show how to compute inductively Ap+1) and Ay from Appg and Agp. Since H(k +
1} = HKINNes P Pi(HIK]), Angrs1) is computed as follows. For each ¢ € I, we compute
the projection F;(Axqy) as indicated in [Barrett et Couch, 1979; Hopcroft et Ullman,
1979]. Note that the result of projection may be nondeterministic, we do not determinize
it for avoiding computational complexity. Then, the inverse projection of P,(Axpy), i.e.,
P7'P,(AF) is obtained by simply adding self-loop transitions labeled by events of £\ X, ;
at each state of P;(Arp). After that, a synchronous composition is applied between all
R"H(A;[k]), i € I, and Anpy. The set of marked states of A1) is obtained in the
usual way. Ark4q) is computed with a similar approach. We denote by X, (k] and Y, [k]
the set of marked states of Awg) and Agp, respectively. Emptiness of H[k] (resp. F[k])
is equivalent to emptiness of X,,[k] (resp. Y;,[k]). Given H? C H, Ay, is obtained from
A by deleting states and transitions that lead to traces not in H?, the above procedure
to compute Ay and Az, VA < 1, can be adapted straightforwardly to compute Az
and Az, where H/[k] and F7[k] are given by Egs. (5.12).

We have the following lemmas that evaluate the orders of |Y[k + 1], | X[k + 1]}, |B[k + 1]|
and |afk + 1]| from |Y'[k]| and | X[k]|, and evaluate the complexity for computing Ark41]
and Ajx41) from Az and Axqr). That is, we consider one step, from k to k+1, for k > 0,

where n = ||.
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Lemma 5.8.1 | X[k+1]| 15 1 O(| X [K]]|Y K]|*) and |a[k+1]| s en O(| X [K]|%.|Y [K]|*™.|Z]) =
O(| X[k + 1]]2.1Z)). Symmetrically, Y[k + 1]| 15 mn O(|Y[K]|.|X[k]|*) and |8]k + 1]] 15
O(IY (K] 2| X [k]]*™.|Z]) = O(Y [k + 1]]2.|Z)).

The proof of Lemma 5.8.1 is given in the appendix.

Lemma 5.8.2 Computing Apjk+1) from Anp and Az 1s performed i O(lalk + 1)) =
O(|X[K][2.|Y [K]]*.|Z]). Symmetrically, computing Axjisy) from Anpy and Az 15 perfor-
med m O(|3[k + 1]]) = O(|Y [k][*.| X [K)*" |Z])

The proof of Lemma 5 8.2 is given in the appendix.

Each state u € Yy, [k] can be expressed in the form (u, ..., un, Uns1), where v, € Xk — 1]
and u, N X[k — 1] # 0, for ¢ € I, and uny1 € Y[k — 1], V& > 1. Symmetrically, each
state v € X,,[k] can be presented in the form (vy,...,Un, Uns1), where v, C Y[k — 1] and

v, NYlk=1]#0, for 2 € 1. and v,41 € Xin|k — 1.

Having seen how to compute (A, Axx))k=0, We can now show how to check if (F,H)
is /\-]nfé}v-F-CODIAG w.r.t. Ay. The following theorem tests for the Inf 5-CODIAG. The
theorem is an adaptation of Theorem 2 of [Kumar et Takai, 2009] by considering H?,
FIN +1] and Ay, instead of H, F[N + 1] and Azny) (see [Kumar et Takai, 2009
for the proof)

Theorem 5.8.1 Consider a decomposition {H',...,HP} of H, the pawr (F,H?) 15 not
Inf 5 -F-CODIAG 1f and only of there exists a cycle of faulty states in the acceptor Ax;n4y
of FI[N +1].

In Subsection 5.8 2, we consider the particular case where p = 1 (no decomposition of H)
and N = 0 (no inference). In Subsection 5.8.4, we consider the general case where p > 1
and NV > 0.

5.8.2 Checking if (F,H) is Inf,-Codiag

Let us first check the basic case where we have codiagnosability without decomposing H or
F (no multi-decision) and without inference, i.e., (F,H) is Inf,-F-CODIAG. That is, the
aim is to check whether H[1] or F[1] is empty, i.e., Yu[1] or X,,[1] is empty. The following
proposition is deduced from Lemma 5.8.2 by taking & = 0.

Proposition 5.8.1 Checking 1f (F,H) 1s Inf,-F-CODIAG (u.e., there enists a cycle of
faulty states wn Agp)) 15 performed wm O(|Y |*.|X|*".|Z)).

The proof of Proposition 5.8.1 is given in the appendix.
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For checking if (F,H) is /\—Infi}\,-F-CODIAG w.r.t. Ay, we first need to define the notion

of multi-marking.

5.8.3 Multi-marking in Ay and Az

When (F,H) is not Inf,-CODIAG, the aim is to check whether there exists a decom-
position {H',.... HP} of H respecting Assumption A3 w.r.t. Ay such that (F,H) is
A-(Infy,, ..., Inf 5 )-F-CODIAG for some p > 1 and some Ny,...,N, < N. We use the
notion of multi-marking of |[de Queiroz et al., 2005 to construct partitions (H!,..., HP) of
H and determine whether H?[k] or F7[k] is empty, for £ > 0and j < p. Let {X},..., X%}
be a decomposition of Xn,, a state w € X, [k] (or w € Yy, [k]) is said X} -marked if w
remains marked when only the states of X}, (instead of X,,) are marked in A4;;. This
multiple-marking is determined inductively in X,,[k] and Y,[k] (marked states of A
and Arp, respectively), k > 1, as follows :

Consider a state u = (U1, ..., Un, Unt+1) € Xn[l] and thus, u,41 € Xi. The state u is

X -marked if u,4, € X7,.

Consider a state v = (v1,...,Vn, Unt1) € Yiu[1] and thus, Vi € I. v, N X,, # 0. The state

vis X2 -marked if, Vi € I, v, " X2 # B,

Consider a state v = (v1,...,Vn, Un41) € Yiulk], k > 2, and thus, Vi € I, v,n X, [k—1] # 0

and vp41 € Yiulk — 1]. The state v is X7,-marked if, Vi € I, v, contains an X -marked

state of X,,[k — 1] and v, is an X -marked state of Y;,[k — 1].

Consider a state u = (uy,...,Un, Unt1) € Xm[k], k > 2, and thus, Vi € [, u,NY,, [k —1] #

0 and up41 € X[k —1]. The state u is X7 -marked if, V2 € I, u, contains an X7 -marked

state of Y, [k — 1] and un4 is an X7 -marked state of X,,[k — 1].
Note that a state may be at the same time X} -marked and X} -marked for i # j. The
multiple marking can be interpreted as follows : A state in X, [k] (resp. Yn[k]) is X7 -
marked iff it is reached by trace(s) of H’[k] (resp., F?[k]). Therefore, H’[k] (resp. F”[k])
is empty iff X,,[k] (resp., Y, [k]) contains no X -marked state.

Let X7, € Xin. Xunlkllx; € Xi[k] and Yiu[k]|y, C Yin[k] denote the X7 -marked states of
Xmlk] and Y, [k], respectively. A decomposition {H!,..., H?} of H is formally related to

its corresponding decomposition {X,,,..., X2} of X,, as follows :
H = {s € K|alzy,s) € X} (5.16)

Note that. for each decomposition { X}, ..., X2} of X,,. the decomposition D = {H!,...,
HP} of H. for which every X7 € D is given by Eq. (5.16), satisfies Assumption A3. Indeed,



5.8. CHECKING CODIAGNOSABILITY AND CONSTRUCTING DECOMPOSITION

OF H 137
each H’ contains all and only the traces leading to the states contained in X . Hence,
whenever we say that a decomposition D = {H!...., HP} of H satisfies Assumption A3.
this means that there exists a decomposition { X}, ..., XP} of X,, such that every X7, € D

is given by Eq. (5.16).

The following proposition shows how the languages H’[k] and F?[k]. Yk > 1, are obtained
from Eq. (5.16).

Proposition 5.8.2 Consider FSAs Ar and Ay, and a decomposition {X},,..., X} of
Xm. By considering the decomposition {H',..., HP} of H such that each H’ is given by
Eq. (5.16), H’[k] and F?{k], Vk > 1, are computed as follows :

Hj[k] = {S S E*! a[k](xg[k‘],s) € Xm[k”)(in}v (5'17)
FI k] = {s € 7| Bk (yo[k], s) € Yml[K]l x;, }-

The proof of Proposition 5.8.2 is given in the appendix.

5.8.4 Checking if (F,H) is A-InfZ)-F-Codiag w.r.t. Ay

By using Theorem 5.8.1, the following theorem tests for the /\—Infi}v—F—CODIAG of a pair
(F,H) (w.r.t. a FSA Ay).

Theorem 5.8.2 Consider FSAs Ar and Ay, and a decomposition {X},..., X2} of
X, (F,H) is not /\-Infi}v—F-CODIAG w.r.t. Ay if and only if, for every decomposi-
tion D = {X},..., X2} of X,, satisfying Assumption A8, there exists a cycle of faulty
states through which an X] -marked state is reached in Agnyy1), for some X} € D.

The proof of Theorem 5.8.2 is given in the appendix.

The existence of cycles of faulty states can be expressed by the function Cy(.) defined as

follows.

Definition 5.8.1 Given a state v € Y[k], Vk > 1, Cs(v) denotes the set of traces reaching
v through a cycle of faulty states of Ary).

Note that, Cs(v) depends implicitly on k. Let us show how the multi-marking can be used
to check whether (F,H) is /\-Inf%}v-F—CODIAG w.r.t. Ax. For that purpose, we target to
find a decomposition {X}...., X2} of X,, such that, Vj € J, X}, satisfies the following

condition,
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Vv = (UI»" '71"n~7“'n+1) (S Ym[l]',(r;n s.t. Cf(U) 7& 0,
V(ag,...,a,) € (vyNX)) x - x (vyN X)) IU{a,}] = 1.

el

(5.18)

Cond. (5.18) requires that, Vj € J, for every v € Ypu[1] such that Cp(v) # 0, if all its
v, © = 1,...,n, contain states of X7 then all these v, contain in fact the same single
state x € X}, and no other state of X7. Note that Cond. (5.18) is satisfied by the trivial
partition (X7,),=1,.,x,.| such that each X7, is a singleton.

In the case where (F,H) is not Inf,-F-CODIAG, if there exists a decomposition {H!, ...,
HP} of H satisfying Cond. (5.18) such that, for some j, Y;,[1] has at least one X7 -marked
state reached by traces through a cycle of faulty states, then, from Egs. (5.16) and (5.17)
and Theorem 5.8.1, (F, H?) is not Inf,-F-CODIAG. In this case, we have to check if (F, H?)
is Inf y-F-CoODIAG for some N > 0. Before that, we show in the following lemma an

important result that will be used to show the relevance of Cond. (5.18).

Lemma 5.8.3 Consider a decomposition D = {X},..., X2} of X,, satisfying Cond.
(5.18). Vk > 1, Yv € Yn[k], if C;(v) # 0 and v is X}, -marked for some X}, € D, then
there ezists x € X}, such that v is {x}-marked and not X-marked, VX C X}, s.t. X # {z}.

The proof of Lemma 5.8.3 is given in the appendix.

We have the following theorem which states that /\~Inf§}v-F—CODIAG of (F,H) needs to
be checked uniquely in a decomposition satistying Cond. (5.18).

Theorem 5.8.3 Consider a FSA Ay accepting H, an integer N € Z* and a decomposi-
tion {X},,..., XL} of X, satisfying Cond. (5.18). (F,H) is /\-[nfi}\,—CODIAG w.r.t. Ay
if and only if (F,H) is /\-Inf%}v—CODIAG w.r.t. {H',..., HP}, where H’ is given by Eq.
(5.16).

The proof of Theorem 5.8.3 is given in the appendix.

Given a decomposition (X7 ),cs satisfying Cond. (5.18), by computing iteratively

(Azp), Anp) until £ = N + 1, we have :
(F,H?) is Inf,-F-CODIAG if in Agp4+1 there is no reachable cycle of faulty states
through which an X} -marked state is reached. (F,H) is /\—Inf%}v-F-CODIAG if, vVj e J.
we have found some N, < N such that (F,H’) is Inf y -F-CODIAG. Otherwise, (F,H)
is not /\-Inf%k-F-CODIAG.
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(F.H’) is not Inf,y-F-CODIAG if for some k < N, Ay and Axjk41) have the same
non-empty X -marked language (an X7 -marked language is the set of traces leading
to an X] -marked state), and Ary; and Azj4q) have the same non-empty X7 -marked
language. and in Ag, k1), there exists a cycle of faulty states through which an X7 -
marked state is reached. (F,H) is not /\-Inf%}v-F-CODIAG if we have found some j € J
such that (F,H’) is not Infy-F-CODIAG.
Consider a decomposition (X7, );es and let us evaluate the computational complexity for
checking whether (F,H?) is Inf,-F-CoODIAG, Vj € J and for some k € Z*. We are
interested by the single step k of inference. By “single step k", we mean V) € J, H[k]
and F7[k]] (rather, their automata Ay and Ay, ) are assumed computed. We have the

following proposition which can be deduced from Lemma 5.8.2 :

Proposition 5.8.3 Consider a decomposition (X7 ),e; and a step k of winference. Assu-
ming that Axp and Agp are computed, the complezity for checking whether in Arpiy
there ts no reachable cycle of faulty states through which an X7 -marked state is reached,
Vj € J, is in the worst case in O(|Y [k + 1]|2.|Z]) = O(|X [k]|*.|Y [k]]%.|Z]).

The proof of Proposition 5.8.3 is given in the appendix.

5.8.5 Procedure of decomposition of X,

We have noted that Cond. (5.18) is satisfied by the trivial partition (X},),=; , where
each X7 is a singleton. and thus, p = | X,,|. To reduce execution time and memory space
during the execution of diagnosis, it is preferable to find a non trivial partition satisfying
Cond. (5.18) with a smaller p, if any. Let us propose a procedure that computes such a
non trivial partition (X7, ),ey, if any. Before presenting our partition procedure, we need
to define Elig(X).

Definition 5.8.2 Consider X C X,, such that X satisfies Cond. (5.18). Elig(X) contains
all the states of X\ X that can be added individually to X without violating Cond. (5.18).

Formally,
Elig(X) = {z € X,,\X [ X U {z} satisfies Cond. (5.18)}.

In the sequel, Elig({z}) is written Elig(z). Note that, Elig(§) = X,,. Our partition proce-
dure will construct every X/, by moving iteratively some states from X, to X7 ; let then
Z, denote the current remaining part of X,, (i.e., states of X,, that have not yet been

moved to a X7,). The basic principle for constructing X, is as follows :

1. Initializations : (a) Zm — X, (b) X}, — 0.
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2. While Elig(X}) N Z, # 0 : a) We select randomly a state z € Elig(X}) N Z,,. and
b) we move z from Z,, to X}, that is : X} — X! u{z}, Z,, « Z,, \ {z}.

The construction of X}, is completed when the while-loop terminates, i.e., when Elig(X} )N
Znm = 0. Note that this while-loop terminates in finite time, because the computed sets
Elig(X1)NZ,, are finite and define a monotonically decreasing sequence of state sets. The
above procedure guarantees that the computed X! satisfies Cond. (5.18) and that Cond.
(5.18) is not satisfied as soon as we add any other state to X} .

The other X7 . ; > 1, are constructed by repeating the above procedure without Substep
1(a). The construction of the partition is complete when Z,, = 0.

The set Elig{X') has been defined in Def. 5.8.2, let us now see how it is computed for any
X C X,,. We define for every v = (vy,...,Un, Unt1) € Yii[l], and & C X, ID,(X) by :

ID,(X) ={te | vnX =0}, (5.19)

therefore, ID,(@) = I. In the next lemma we present a property of ID,(.), Vv € Yy,[1].
Lemma 5.8.4 Given two subsets W, Z C X,,, we have : ID,(WUZ) = ID,(W)NID,(Z).
The proof of Lemma 5.8.4 is given in the appendix.

The following lemma states a new reformulation of Cond. (5.18) by using the functions
ID,(.) :

Lemma 5.8.5 A subset X C X,, satisfies Cond. (5.18) iff :

Vv € Ynll] s.t. Ci(v) #0: ID(X) =0 = |X¥ | Ju| =1 (5.20)

el

The proof of Lemma 5.8.5 is given in the appendix.

We will now show how the functions ID,(.), Vv € Y;,,[1], can be used for computing Elig(X'),
for X C X,,,. We will present an inductive computation method :

Basis : When X is a singleton {z}, Elig(z) can be computed as follows :

Proposition 5.8.4 Given a marked state © € X,,,

Elig(z) = X, \{z}u |J Uunu U [) wl (5.21)
vEY (1] €] veYR[1] 1€IDy(z)
Cr(v)#0 Cr(v)#0
1Dy (z)=0 ID,(z)#]
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The proof of Proposition 5.8.4 is given in the appendix.
Inductive step : Elig(X U {z}) can be computed from Elig(X') and Elig(z) as follows :

Proposition 5.8.5 Given a subset X C X,, satisfying Cond. (5.18), for every x €
Elig(X) we have :

Elig(X U {z}) = (Elig(X) nEligt=))\[ | N ul (5.22)
v€Ym{l]:  €IDy(XU{x})
1D, (XU{z})#1
Cr(u)#0

The proof of Proposition 5.8.5 is given in the appendix.

v

Let us evaluate the complexity of the above 2-step partition procedure. For that purpose,

we first need to evaluate the complexities of computing ID,(z) and Elig(z).

Lemma 5.8.6 Given z € X,, and v € Y,,[1], the complexity for computing ID,(z) s
bounded by O(n.|X]).

The proof of Lemma 5.8.6 is given in the appendix.

Lemma 5.8.7 Given x € X,,. the complezity for computing Elig(x) is bounded by
O(n. Y [1]].|X ).

The proof of Lemma 5.8.7 is given in the appendix.

Lemma 5.8.8 Considerz € X,,, X C X,,,, and assume we are given Elig(X') and Elig(x).
The complezity for computing Elig(XU{z}) (by Eq. (5.22)) is bounded by O(n.|Y,,.[1]|.| X |?).

The proof of Lemma 5.8.8 is given in the appendix.

Proposition 5.8.6 The complezity of our partition procedure is bounded by
O(n.|Yam [1]]-| X1%).

The proof of Proposition 5.8.6 is given in the appendix.

5.8.6 Conclusion on the complexity of our framework

Let us compare the computational complexity of our multi-decision framework with the
complexity of the inference-based framework of [Kumar et Takai, 2009]. We have evaluated
the complexities of the operations of our framework throughout this section 5.8. The most
costly “new” operations that have been added to the framework of [Kumar et Takai, 2009]
to construct our multi-decision diagnosis are in Subsection 5.8.5, the partition procedure,
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and in Subsection 5.8.4, the procedure for checking, Vj € J, if there exists a cycle of faulty
states in A, (x41), in one step K, that is, Ay and Azy are given. For brevity, we will

call it “checking procedure”.

Consider the operation for computing A4y and Agpiy from Ay and Agpy, which
is a part of both frameworks ([Kumar et Takai, 2009] and ours). Let us compare its
complexity (evaluated in lemma 5.8.2 of Section 5.8.1) with the complexities of the above

two procedures (partition and checking) :

1. The complexity of lemma 5.8.2 is higher than the complexity of the partition proce-
dure evaluated in Proposition 5.8.6 (Section 5.8.5).

2. The complexity of lemma 5.8.2 is in the same order of the complexity of the checking

procedure evaluated in Proposition 5.8.3 (Section 5.8.4).

That is, the complexity of the inference-based framework of [Kumar et Takai, 2009] is in
the same order of the complexities of the new operations that have been added to [Kumar
et Takai, 2009] to construct our multi-decision framework. Consequently, in terms of Big-
Oh, the complexity of our multi-decision framework is comparable to the complexity of
the inference-based framework of [Kumar et Takai, 2009]. Intuitively, this result may be
surprising. An explanation is that we have restricted the set of possible decompositions in

two ways :

1. We have used a finite state-based approach by using Assumption A3 (Section 5.5). In
this way, we have eliminated the decompositions that do not satisfy Assumption A3
w.r.t. a given FSA. The number of these eliminated decompositions may be infinite,

while the number of the remaining eligible decompositions is certainly finite.

2. We have developed a procedure that computes a single partition, which guarantees
that if we have not codiagnosability for this partition, then there exists no decom-

position for which we have codiagnosability.

Therefore, computing Az is in general more complex in comparison to computing a
partition that satisfies Cond. (5.18). Hence, the overall complexity to compute a partition
satisfying Cond. (5.18), and then checking if (F,H) is /\-Inf%}V-F-CODIAG, is in the order
of O([Y 2| X |*.|Z)).
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5.9 Algorithm for computing a partition of H and che-
cking /\—Infglw-F—Codiag

Algorithm 2 implemenis our results of Section 5.8. That is, it constructs a partition of
X, satisfying Cond. (5.18) and then checks if (F,H) is /\—]nfé;v—F—CODIAG. Based on
results presented throughout Section 5.8, the following theorem states the correctness of

our algorithm.

Theorem 5.9.1 Algorithm 2 is correct in the sense that each of its three outputs is gene-

rated if and only if it is true.

The proof of Theorem 5.9.1 is given in the appendix.
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Input: G, N.
Initialization : np « 1:
Compute Az, Ay, Arjy and Ay ; /* Subsection 5.8.1 %/
if Yve Y, [1],Cs(v) =0 then return “(F,H) is Inf,-CODIAG": /* Subsection 5.8.2 */
/* Compute ID,(z) and Elig(x) as explained in Subsection 5.8.5 */
foreach = € X,, do
foreach v € Y,,[1] do Compute ID,(z) : /* by using Eq. (5.19) */
Compute Elig(z) : /* by using Eq. (5.21) =%/
end
/* Compute partition as explained in Subsection 5.8.5 */

Ly — Xmy J— 1, Xrln(_wa

while Z,, # 0 do

Select some z in Z,,;

Zm — Zo\{z}. X}, — X}, U {x}, /* the selected z is moved from Z, to X},
*/

while Elig(X2 )N Z,, # 0 do

Select some z in Elig(X7) N Zp;
foreach v € V,,[1] do
| ID, (X7, U {z}) = ID,(X2,) NID,(z) ; /* Using Lemma 5.8.4 */
end
X}, — X}, U{z}; Zn — Zn\{z}; /* the selected = is moved from Z,, to
X}, =/
Compute Elig(X})) ; /* Using Eq. (5.22) */
end
Je=J+ L
end
P J;

/* Check if (F,H) is A-InfZ,-F-CODIAG as explained in Subsection 5.8.4 x/
NPar « {1,...,p} -
for k — 1to N do
foreach j € NPar do
l if there is no cycle of faulty states in Az then N; « k —1; Remove j from
NPar;
end
if [NPar = @] then return “(F,H) is A-(Inf y,, ..., Inf 5 )-CODIAG”;
if £ < N then
! Compute Ayjkri), Arp+1) ; /* Subsection 5.8.1 */
else
’ Return “(F,H) is not A-InfZ)-F-CODIAG”;
end
end
Algorithm 2: Constructing a partition of X, and checking if (F,H) is Inf,-F-Copiac
or A-InfZ)\-F-CODIAG
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5.10 Example

We continue with Example 5.5.1 for which the plant is represented in Fig. 5.1. The au-
tomaton Ay is obtained from the automaton of Fig. 5.1 by marking the states X,, =
{H',H? H3 H* H5 H® H"} and removing states F', F? F3 F4% F®°and F®. The au-
tomaton Ag is obtained from the automaton of Fig. 5.1 by marking the states Y,, =
{F'.F?2 F3 F1 F5 F% and removing states H*, H® and H".

Recall that the marked states of Ay are identified in the form u = (uy,...,Un, Unt1).
where v, C Y[k — 1] and v, N Y[k — 1] # 0, for 2 € I, and un+1 € X[k — 1]. For our
example, Az is represented in Fig. 5.3. The marked states Xn[1] = {H{|2 <@ < 13}
are presented in the form H{ = (FPiPz  Fo9 HT) where F**20 denotes the set
{F',F»,...} C Y, and H" € X,,. In a similar way, the automaton Az, represented
on Fig. 5.4, has its marked states Y,[1] = {F}|5 < ¢ < 16} are presented in the form
F} = (HPvp2 H®92 FT7) where H"**> denotes the set {H*, H**,...} C X,, and
F" € Y,,. For example, a trace s reaching a state H{ = (FPv/>» F9.92 H") means
that s reaches the state H™ € X, in Ay, and there exists traces ¢; and t, that reach
marked states in respectively {FP,FPz ...} C Y, and {F%,F%, ...} C Y, such that
Pi(s) = Pi(t1) and P(s) = Pa(ta).

a,; Hy b,

H;=(F1’2,F1'3",H2) dl iH:=(F3"'3F1'3“,H3)!

b,

a;
LH:=(F5'$F1'3 GIHS)
lH;'z:(Fl",FS,H‘) d/ \Y\z

e [Hi=FSFHO| i SF )

Hu=(F‘ F: H‘)
13 e e Ly
HE=r %j
€ |HY=(F* F* H)
e H}=(F",F° H*)| |H{=(F*,F H") :
e
€ e

Figure 5.3 Ajqy for the example of Figure 5.1

Hl9=(F3.4.5’F2’H1) l

e

Let us show how the procedure of Section 5.8.5 is used to partition X,,. For that purpose,
we first compute ID, ({z}) for every z € X,, (i.e., marked states of A») and every v € Y,,[1]
(i.e., marked states of Azy)), which is represented in Table 5.4.
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o,

[F“ (Hzcﬂxz:s}-l F (Hss-erzJSF‘)l

F;
a,

S

F'=(H*H*' F?)

F:___(HS.‘J’H‘IFS)

IF:=(H3"H 1.2‘3,5,}'3) ]

F1=(H ,H ,F!)
F“‘—(H H*,F )
1 =1,

10 13,4557 [t Frpn
EarsH Y| | Fiar e | U,

v = FP IR R F ] FY RO FR I FRFB PP FB | F®
D,HHY[ {3 | 1|1 {1}y 1| 1] 1] 1 {13 1|1
ID,HH {1y | T | T | T [{}y| 1 | 1T [T 11717 ® {2
ID(H) {2y | T | T | 1T | @ [{2y1{2}] I I {1} | 1
ID, (H?) {1} | {u} {1} [ {2} | {2} {2} | {2} {2} {2}

0
D, | 6 [{2y| 1 | I {1y T | T | T T {1%]1
D,E (Y [y T 1| T {3 7 {11

T
X

] Bt B TR =STI

. [ @[ T [ Ty T [ 111
Tableau 5.4 Computing ID,({z}) for all states v € ¥;,[1] and z €

m-

Then, by using the functions ID,(.), for every v € Y,,[1], and Equation (5.21), we compute
the sets Elig(z) for every marked state x € X,

z = H! : We compute

A=X,N U Uw=0 B=Xx.n {J N

vEYm[1]: €] veY R [1): 2€ID(H1)
IDy(H')=0 Dy (H1)#1
Cr{v)#0 Cr(v)#0

Then. we obtain Elig(H') = X,, \[{H'}U AU B] = {H% H® H* H° HS H" H%}.



5.10. EXAMPLE 147

z = H? : We compute

A=Xnn |J UYw=0 B=X.n {J (| v=0

veYn[l] 1€l veYm(l] €lD, (H2)
ID, (H?)=0 ID, (H%)#1
Cr(v)#£0 Cy(v)#0

Then, we obtain Elig(H?) = X, \ [{H?} U AU B] = {H', H3 H*, H® H® H" H®}.
r = H?® : We compute

A=Xnn |J Uv=0 B=X.n |J [) =u=0

veYm|l] 1€l veYm(l] 1€ID(H3)
ID,{H3)=0 ID, (H?)#!
Cr{v)#0 Cr(v)#0

Then, we obtain Elig(H?%) = X,, \ [{H3}U AU B] = {H!, H? H* H® H® H' H®}.

7 = H*: We compute

A=Xnn |J UYw={H}B=Xnn |J (| w={HH}

veYm[l] €] vEYm[l] 2€ID.(H%)
IDy (H4)=0 1D (HY)#1
Crl{v)#0 Ci(v)#0

Then, we obtain Elig(H*) = X,, \ {H*} U AU B] = {H'.H? H* H®}.
z = H’ : We compute

A=Xnn |J Uw=0, B=Xn.n U N w=0

veYny[l] €l veYm([l] €ID,(H?)
1D, (H%)=0 1D (H%)#1
Cy(v)#0 Cp(v)#0

Then, we obtain Elig(H®) = X,, \[{H®?}U AU B] = {H',H* H* H* H® H'}.
x = H® : We compute

A=Xnn | Uwv=0 B=X.n |J [) w={H#H}

vEYR[l] €l veYpn (1] 1€1D,(HS)
ID, (H®)=0 ID(H8)#I
Crlv)#0 Cr(v)#0

Then, we obtain Elig(H®) = X,, \ [{H’}U AU B] = {H',H* H® H° H"}.
x = H” : We compute

A=X.n |J UYw=0 B=X.n (J (| v={H

vEY,[1] €l vE€Y (1] 1€ID(HT7)
ID, (H7)=0 IDy(H7)#1
Cy{v)#0 Cy(v)#£0
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Then. we obtain Elig(H") = X,, \ {H'}U AU B] = {H' H? H3 H5, H®}.
Let us now explain the construction of each X} . using the automaton Az of Fig. 5.4
and the following intuitive expression of Cond. (5.18) : The latter requires that for every
v = (vy,vp,w) € Yn[l] (such that Cs(v) # 0). Vj € J, if both parts 1 and 2 of v (i.e., v,
and v2) contain states of X7, then all these parts contain in fact the same single state of

X}, and no other state of X7 .

Construction of X}, : Initially X! =@ and Z,, = X,,. We select H' € Elig(0)N Z,,, =
Z» and move it to X}, we obtain X}, = {H'} and Z,, = {H? H3 H* H® HS H"}. We
compute Elig(X1) N Z,, = Elig(H") N Z,, = {H? H3 H* H® HS H'}. Therefore, every
state of Z,, can be added to X}, without violating Cond. (5.18). For example, we select to
add H? and obtain X} = {H', H?} and we have Z,, = {H3 H* H® H® H7}. Then, we
compute Elig(X!) (Proposition 5.8.4) :

Elig(X,,) = Elig(H") nElig(H*)\[ | N u].
UGYm[I] zEIDU({}IlvH2})
1D, ({H!,H2})£]I
Cr(v)#£0

Then. by using Lemma 5.8.4, we have, Vv € Y,,[1] ID,(X}) = ID,({H') N ID,(H?), and
then

Elig(X,,) = Elig({H', H*}) = {#*, H*, H® H® H'}.

Let us select H® € Elig({H', H?})NZ,, and move it to X .. We obtain X}, = {H!, H% H3}
and Z,, = {H*, H% H® H"}. Then, we compute Elig(X} ) (Proposition 5.8.4) :

Blig(X;,) = Blig({#", ) nElig(H\[ | 1wl
vEYm[l] €IDu(X},)
IDy (X7, )#1
Cy(v)#0

Then, by using Lemma 5.8.4, we have. Yv € Y,,[1], ID,(X}) = ID,(H*, H*) N ID,(H?),
and then

Elig(X}) = Elig({H', H*, H*}) = {H* H®, HS H"}.
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Let us select H' € Elig({H!, H*. H*}) N Z,, and move it to X.. We obtain X} =
{H'.H? H3 H*} and Z,, = {H® H® H"}. Then, we compute Elig(X!) (Proposition
5.8.4) :

Elig(X)) = Elig{H', . H*})nElig #\[ |J [ wl
vEY (1] €ID,(XL)
DL (XL )A]
Cy(v)#0

Then, by using Lemma 5.8.4, we have, Vv € Y, [1] ID,(X}) = ID,(H!, H?, H*)NID,(H*).
and then

Elig(X,,) = Elig({H', H*, H* H*}) = {H°}\ {H® H"} = {H"}.

Hence H® is the only state that can be moved to X},. Then, we obtain X}, = {H', H? H?,
H4 H®} and Z,, = {HS, H"}.

Construction of X? : Initially X2 =0 and Z,, = {H®, H"}. We select H® € Elig(d) N
Zm = Z, and move it to X2, we obtain X2 = {H®} and Z,, = {H"}. We compute
Elig(X2) N Z,, = Elig(H®) N Z,,, = {H"}. Therefore, H" can be moved to X2. Then, we
obtain X2 = {H® H"} and Z,, = 0.

To recapitulate, we have X}, = {H', H?, H* H* H®} and X2 = {H® H"}. We will thus
apply the double-marking : (X7,),=12 to the marked states of Ay and Axy as explained
in Subsection 5.8.3. Then, we check how the X -marking is propagated to Az of Fig.
5.4. Note that with our representation of states, a marked state v = (uy,ug, u3) of Az
(i.e., u € Yp[l]) is X},-marked if both coordinates u; and wu; contain states of X7 . We
thus understand visually that there is no X?2-marked state, and among the marked states
v € Y,,[1] such that Cs(v) # 0, we have F|'® which is X -marked. In fact, F® is reached
by the faulty traces a, fbyee* through the self-loop (labeled by e) on F!®. Hence, (F,H!)
is not Inf,-CODIAG, and (F, H?) is Inf,-CODIAG. We now have to check whether (F, H!)
is Inf,-CODIAG. For that purpose. we compute Agrpy (see Fig. 5.5) and check if it has
X,ln-marked states v = (v, Vo, U3), that is, states whose both first and second coordinates
v; and vy contain H}°, H}' or H{? and whose third coordinate v; is F}® (because F}¢ is
the only X} -marked state of Agp. while H°, H{! and H{® are the X} -marked states of
Anqy)). The marked states of Az are presented in the form FJ = (HP"P> HIV® FT),
where H}""?"" denotes the set {H{*,II}?,...} C Xz[1] and F] € Y;,[1]. In fact, FY is the



CHAPITRE 5. DIAGNOSTIC MULTI-DECISIONNEL : ARCHITECTURES
150 DECENTRALISEES COOPERANT POUR DIAGNOSTIQUER . . .

only state that is X, -marked of Asp. We have C;(F]) # 0, this implies that, VI > 1,
FU2l N F # 0, i.e.. (F,H') is not Inf,-CODIAG.

In order to check if (F,H') is Inf,-CODIAG, we have to check if Azp contains X} -
marked states reached through cycles of faulty states. Before that, we need to compute
Axz) represented in Fig. 5.6. The marked states of Ay are presented in the form Hg =
(Fprpee- Fir® HT), where FY'" denotes the set {F}*, FY?,...} C Y,[1] and H] €
X,n[1]. All the marked states v = (vy, v2, v3) € X;n[2] such that C(v) # 0, i.e., HS, HE, H3,
H1? and H}3, are not X} -marked , that is, none of them is a state whose both first and
second coordinates vy and v, contain F'® and whose third coordinate vs is H1°, H}* or H}3.
This implies that in Az there is no cycle of faulty states through which an X,-marked
state is reached. In fact, we have seen in Example 5.5.1 that F'[3] = {a, fby, b\ f,d1 @35},
and then F![3] N F, = 0. Therefore, (F, H?) is Inf,-CODIAG.

To recapitulate, (F,H!) and (F, H?) are Inf,-F-CODIAG and Inf,-CODIAG, respectively.
That is, (F,H) is A-(Inf,, Inf,)-CODIAG.
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Figure 5.5 Az computed from Ay and Agp of Figures 5.3 and 5.4
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Figure 5.6 Ay computed from Ay and Agpy of Figures 5.3 and 5.4

5.11 Conclusion

We have developed a new framework, called multi-decision diagnosis, that is intended to
be applicable to any existing decentralized architecture in order to generalize the latter.
The basic principle of multi-decision diagnosis consists in using several decentralized diag-
nosers Diag’ (7 € J) running in parallel. Each decentralized diagnoser Diag’ performs its
local and global diagnoses according to a given decentralized architecture D’. The global
diagnoses of all decentralized diagnosers Diag’ are then fused using a coordinating module
D in order to obtain the effective diagnosis. We have then defined the notion of multi-
decision diagnoser Diag = ((Dwag’),c, D) that has for goal to diagnose the plant in order

to detect faulty transitions.

We have studied more thoroughly the cases where the effective diagnosis is obtained by
combining the global diagnoses of all decentralized diagnosers Diag’ (j € {1,...,p}) either
conjunctively (D = V) or disjunctively (D = A). In the case D =V (resp., D = A) we use
a decomposition (F!,..., FP) of F (resp., (H!,..., HP?) of H) such that each decentralized
diagnoser Diag’ makes its diagnoses based on (F?, H) (resp., (F,H?)).

In the case D = V., we have shown that the existence of a decomposition (F?, --- | FP) of

F such that each decentralized diagnoser Diag’ has no missed and no false detection, i.e.,



CHAPITRE 5. DIAGNOSTIC MULTI-DECISIONNEL : ARCHITECTURES
152 DECENTRALISEES COOPERANT POUR DIAGNOSTIQUER . . .

satisfies Conds. (5.1)-(5.3) w.r.t. (F7,H), is a necessary and sufficient condition for the
multi-decision diagnoser Diag = ((Dwag’ ),es, V) to have no missed and no false detection,
i.e., satisfies Conds. (5.1)-(5.3) w.r.t. (¥, H). And in the case D = A, we have shown that
the existence of a decomposition (H!, ..., H?) of H such that each decentralized diagnoser
Drag’ has no missed and no false detection, i.e., satisfies Conds. (5.1)-(5.3) w.r.t. (F, H?).is
a necessary and sufficient condition for the multi-decision diagnoser Diag = ((Dwag?),es, N)
to have no missed and no false detection, i.e., satisfies Conds. (5.1)-(5.3) w.r.t. (F,H).

We have studied in more detail the multi-decision diagnosis in the case of A-Inf g}\, ar-
chitecture where several (say p) inference-based Infy -diagnosers (7 = 1---p) running
in parallel and whose global diagnoses are fused conjunctively (i.e., D = A). The obtai-
ned diagnoser is then called A-(Infy,, --,Inf v )-diagnoser. We have defined and studied
the notion of A-(Infy, .-+ ,Inf 5 )-F-CODIAG, which is useful to characterize the class of
languages that can be diagnosed correctly by a multi-decision diagnoser.

A difficult problem inherent to the multi-decision approach is the decomposition of infi-
nite languages. We solve this problem by using an assumption on the decomposition by
transforming the problem of decomposing an infinite regular language (F or H) into a
problem of decomposing the finite state set of an automaton accepting the regular lan-
guage in question. We thus define the decidable notion of A-(Inf v, ..., Inf v )-F-CODI1AG
w.r.t. some FSA accepting H.

We have also defined the more applicable notion of /\—Inf%}\,—F—CODIAG for which Ny, ...,
Np are bounded by N. Then, we have developed a method and its corresponding algo-
rithm which checks if a given specification is A-Inf i}V-F-CODIAG. We show that with our
algorithm, the worst-case computational complexity for checking /\—Inf%}\,-F-CODIAG is
not increased by the number of decentralized diagnosers in parallel. That is, we obtain the

same order of complexity as in the inference-based framework of [Kumar et Takai, 2009].

As a future work, we will investigate more efficient methods for obtaining decidable versions
of the multi-decision framework. We will investigate if it is possible to select systematically
a FSA Ay that enhances the performance of multi-decision, based on some criteria to be
determined. We sill also investigate if it is possible to solve the decomposition problem

without using FSAs.



CHAPITRE 6

Conclusion

Dans ce dernier chapitre, on résume les principales contributions de cette thése et on

termine avec quelques perspectives pour des travaux futurs.

6.1 Contributions

Dans cette thése, on a développé une approche multi-décisionnelle de prise de décision
pour le controéle et le diagnostic décentralisés de SED. On a proposé deux démarches pour
étudier les architectures muiti-décisionnelles. La premiére démarche, et qui présente la réa-
lité physique de ’architecture multi-décisionnelle, considére un seul décideur décentralisé
dont les décideurs locaux prennent un n-uplet de décisions au lieu d’une seule décision.
d’ott le nom “architecture multi-décisionnelle”. L’autre démarche considére plusieurs déci-
deurs (superviseurs ou diagnostiqueurs) décentralisés qui fonctionnent simultanément et
en paralléle, les décisions globales des décideurs décentralisés sont fusionnées afin d’ob-
tenir une décision effective. Cette deuxiéme démarche peut étre considérée comme une
“méta-théorie” dans le sens ou elle permet d’utiliser différentes architectures décentralisées
existantes, qu'on a nommé “éligibles”, pour former une architecture plus générale. Cela
nous a permis d’utiliser les résultats existants des architectures décentralisées, comme les
conditions d’existences des décideurs décentralisés, pour établir des résultats concernant
l’architecture multi-décisionnelle qui généralisent ceux des architectures décentralisées qui

forment celle-ci.

Nous avons étudié les cas ol la décision effective est obtenue en fusionnant disjonctive-
ment ou conjonctivement les décisions globales des différents décideurs décentralisés. Ainsi,
dans cette thése, on a appliqué Papproche multi-décisionnelle aux architectures C&P,
D&A, C&PVD&A., conditionnelles et non conditionnelles et aux architectures utilisant la
technique de l'inférence par ambiguité. On a montré que 'approche multi-décisionnelle
généralise toutes ces architectures. Plus précisément, on a montré que si une architecture
décentralisée A coopére avec d’autres architectures décentralisées pour former une archi-
tecture multi-décisionnelle B, alors la classe de langages réalisables ou diagnostiquables

par B englobe celle des langages réalisables ou diagnostiquables par A.
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Le principe de 'approche multi-décisionnelle dans la prise de décision dans le contréle
des SED (le controle multi-décisionnel) consiste & utiliser plusieurs (disons p) superviseurs

décentralisés (Sup’),=1.. , fonctionnant en paralléle pour former un superviseur multi-

décisionnel. Chaque superviseur décentralisé Sup’ prend les décisions locales et globales
en appliquant les régles d'une architecture décentralisée DIY. Les décisions globales de
D afin d'obtenir une décision effective du superviseur multi-décisionnel qui sera appliquée
au procédé. Nous avons étudié les cas o la décision effective est obtenue en fusionnant
les décisions globales des différents p superviseurs décentralisés, disjonctivement (D = V)
ou conjonctivement (D = A). Dans le cas D = V, pour chaque ¢ € X, on utilise une
décomposition {&},...,EP} de &, telle que chaque superviseur décentralisé Sup’ prend
sa décision en se basant sur le couple (£, D,) au lieu de (&,,D,). Dans le cas D = A,
pour chaque ¢ € X, on utilise une décomposition {D},...,DP} de D, telle que chaque
superviseur décentralisé Sup’ prend sa décision en se basant sur le couple (&,,D?) au lieu de
(£4,D,). Dans le cas D = V, nous avons défini la notion de V-(D?, ..., D?)-CoOBS, qui est
utile pour caractériser la classe de langages réalisables sous I'architecture V-(D', ..., D?).
En plus, nous avons montré que la classe de langages réalisables sous ’architecture V-

(D',...,DP) englobe la classe de langages réalisables sous 'architecture D’, pour chaque
je{l,....p}

Le principe de 'approche multi-décisionnelle dans la prise de décision dans le diagnos-
tic des SED (ou le diagnostic multi-décisionnel) est basé sur ['utilisation de plusieurs
(disons p) diagnostiqueurs décentralisés (Diag’),=,, ., fonctionnant en paralléle pour for-
mer un diagnostiqueur multi-décisionnel. Chaque diagnostiqueur décentralisé Diag’ émet
des diagnostics locaux et globaux en appliquant les régles d’une architecture décentrali-
sée décentralisée DIY. Les diagnostics globaux de tous les diagnostiqueurs décentralisés
(Diag’),=1,..p sont ensuite fusionnés selon une fonction binaire D afin d’obtenir un diagnos-
tic effectif du diagnostiqueur multi-décisionnel. Nous avons étudié les cas ou le diagnostic
effectif est obtenu en fusionnant les diagnostics globaux des différents diagnostiqueurs dé-
centralisés, disjonctivement (D = V) ou conjonctivement (D = A). Dans le cas D = Vv, on
utilise une décomposition (F?!,...,FP) de F tclle que chaque diagnostiqueur décentralisé
Diag’ fait un diagnostic en se basant sur le couple (F7,H) au lieu de (F,H). Dans le
cas D = A, on utilise une décomposition (H!,..., HP) de H telle que chaque diagnosti-
queur décentralisé Diag’ fait un diagnostic en se basant sur le couple (F,H?) au lieu de
(F,H). Nous avons défini et étudié la notion de A-(Infy,,....Infy )-CODIAG (resp., V-
(Inf n,.. . ..Inf . )-CODIAG) pour caractériser la classe de langages diagnostiquables selon
architecture A-(Inf y,.....Infy ) (resp.. V-(Infy,,....Infy ).
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Comme la condition d’existence d'un décideur multi-décisionnel est basée sur des décom-
positions de langages, se pose alors le probléme de la décomposition des langages infinis.
On a pu résoudre ce probléme dans le cas des langages réguliers en proposant une mé-
thode qui transforme la décomposition d'un langage régulier infini X (ot X représente
&s, D,. F ou H) en une décomposition d’ensemble d’états marqueés finis d'un AEF Ay
acceptant X. Ainsi, des conditions plus fortes pour I'existence des déciseurs (superviseurs
et diagnostiqueurs) multi-décisionnels ont été définies. Plus précisément, en plus de la
condition de v-(D',..., DP)-CooBs (ou A-(D?,..., DP)-CooBs) dans le cas du controle
et V-(D',...,DP)-CoDIAG (ou A-(D',...,DP)-CoODIAG) dans le cas du diagnostic, on a
ajouté une condition que chaque décomposition (X!,..., X?) de X doit satisfaire, a sa-
voir, chaque X7 contient toutes les traces qui ménent 4 un ou plusieurs états marqués de
Ax. Ces conditions ont I'avantage d’étre vérifiables et moins contraignantes que les condi-
tions d’existence pour les architectures décentralisées utilisées en paralléle pour former une

architecture multi-décisionnelle.

On a proposé une méthode (et I'algorithme correspondant) qui vérifie si (€,,D,) est V-
(Inf - - Inf 5, )-COOBS (resp., A-(Inf y,.....Inf 5 )-COOBS) par rapport & un AEF Ag,
(resp., Ap,) donné acceptant &, (resp., D,). De méme, on a proposé une méthode (et
I'algorithme correspondant) qui vérifie si (F,H) est V-(Infy,,...,Inf 5, )-CODIAG (resp..
A-(Inf y,,....Inf v )-CODIAG) par rapport & un AEF Ay (resp., Ay) donné acceptant F
(resp., H). Nous avons montré que la complexité des algorithmes de la vérification de la
coobservabité ou de la diagnosticabilité est, dans le pire cas, du méme ordre de grandeur
que la complexité de vérification de la coobservabité ou de la diagnosticabilité selon une des

architectures décentralisées en paralléle qui constituent {'architecture multi-décisionnelle.

La solution que nous avons proposé permet une décomposition finie d’un langage régu-
lier infini X en procédant a des décompositions d’états d'un AEF Ax qui accepte X.
Cependant, cette solution laisse la condition d’existence des superviseurs et des diagnosti-
queurs dépendante de la structure des AEF et non du langage en lui méme. Et ainsi pour
deux AEF acceptant le méme langage, on peut avoir une solution pour un AEF et pas
de solution pour l'autre. Ainsi, étant donné un langage X (ou, X = &,, Dy, F ou H),
on peut se demander si pour un AEF Ax acceptant X, pour qui la coobservabilité (ou
la codiagnosabilité) multi-décisionnelle n’est pas satisfaite, est-il possible de transformer
Ax en un autre AEF A% acceptant X pour qui la condition de coobservabilité (ou de
codiagnosabilité) multi-décisionnelle est satisfaite ? Nous avons proposé dans le chapitre 2
une solution qui permet une transformation dans ce genre, mais il reste que celle-ci est de

complexité exponentielle en terme du nombre des décideurs locaux.
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6.2 Perspectives

L'approche multi-décisionnelle est une nouvelle méthode qui ouvre la voie & plusieurs
perspectives dans le domaine de la prise de décision décentralisée. Parmi ces perspectives
on trouve, entre autres.
exploiter d’autres alternatives concernant la fusion des décisions globales des décideurs
décentralisés. En effet, a part les deux fonctions booléennes utilisées dans cette thése,
conjonctive et disjonctive, d’autres fonctions peuvent étre étudiées, par exemple des
fonctions d’exclusion ou des fonctions avec mémoire.
L’application de 'approche multi-décisionnelle dans le test et la vérification des SED.
Chercher d’autres alternatives que la décomposition des langages pour effectuer des
prises de décisions multi-décisionnelles.
Trouver une réponse a la question pertinente suivante : est ce qu’il y a d’autres approches
qui peuvent étre plus générales que ’approche multi-décisionnelle ?
Résoudre le probléme de décomposition des langages infinis par d’autres méthodes que
celle utilisée dans cette thése. Avant d’adopter la méthode de décomposition d’ensemble
d’états, on a tenté plusieurs méthodes qui n’ont pas abouti & des résultats satisfaisants.
Nous comptons dans un futur proche donner suite & nos tentatives pour résoudre ce
probléme.
En plus de 'aspect théorique, nous comptons appliquer le principe multi-décisionnel aux
systémes présentant une architecture décentralisée ou distribuée. Parmi ces applications,
on peut citer comme exemple : la détection et la résolution des interactions de services
dans les systémes de télécommunications et les systémes réseautiques. La détection et la
résolution d’interactions seront respectivement abordées par le controle et le diagnostic.
Comme aspect technique, nous comptons développer un logiciel qui implémente ’algo-
rithme présenté dans cette thése qui vérifie la codiagnostiquabilité d’une spécification
donnée avec l'architecture multi-décisionnelle.
Génération de code de controleur et de diagnostiqueur multi-décisionnels & partir d’une
spécification formelle du contréleur ou du diagnostiqueur, c.a.d. :
On donne en entrée : les expressions mathématiques de Sup? (ou Diag]), D’ et D.
On obtient en sortie les codes (par exemple en C++) qui implémentent chacune de

ces fonctions.



ANNEXE A

Preuves du chapitre 3

A.1 Proofs of Section 3.4

A.1.1 Proof of Lemma 3.4.1

Consider a supervisor Sup and K C L,,. Let us prove that points 1 and 2 are equivalent.

Proof of 1 = 2 : We assume that Sup is nonblocking, admissible w.r.t. K and such
that £(Sup/G) = K and L,,(Sup/G) = K, and we have to prove that K is controllable,
Ln,-closed and Sup is consistent w.r.t. K.

Controllability of K : Consider s € K and o € X, such that so € L. Since any
supervisor enables all the uncontrollable events, we have Sup(s, o) = 1. From the definition
of £L(Sup/G) and the fact that Sup(s,0) = 1, s € K, L(Sup/G) = K and so € L, we
deduce so € L(Sup/G) = K. We have thus proved that KX,. N L C K, that is K is
controllable.

Ly-closure of K : K = L,,(Sup/G) = L(Sup/G)N Ly = KN Ly

Sup is consistent w.r.t. K : We have to show that K satisfies Conds. (3.3) and (3.4)
w.r.t. the admissible and nonblocking D-supervisor Sup. Let ¢ € X, and s € &,, which
implies that s € K and so € K, and then so € L. Hence from the definition of L(Sup/G)
and the fact that K = L£(Sup/G), we deduce that Sup(s,o) = 1, and thus Cond. (3.3) is
satisfied. Assume that s € D,, which implies that s € K, so € £ and so € K. Hence from
the definition of £(Sup/G) and the fact that K = L(Sup/G), we deduce that Sup(s, o) # 1
(i.e., € {0,4}), and since Sup is admissible we have Sup(s,o) = 0, and thus Cond. (3.4)
is satisfied.

Proof of 2 = 1 : We assume that K is controliable, £,,-closed and Sup is consistent
w.r.t. K. We have to prove that Sup is nonblocking, admissible such that £(Sup/G) = K
and L,,(Sup/G) = K. From the consistency of Sup with K (Def. 3.3.2), for every o € %,
Sup satisfies Conds. (3.3) and (3.4) w.r.t. (&,,D,). Let us prove that this supervisor Sup
is admissible, nonblocking, and such that £(Sup/G) = K and L,(Sup/G) = K.

Proof that Sup is admissible : From Conds. (3.3) and (3.4), we have Sup(s, o) € {0,1}
for s € £, UD,, and thus, Sup(s,0) # ¢ for s € £, UD,.

Proof that £(Sup/G) = K : Let us present a proof by induction on the length of traces.
Basis : We have ¢ € L(Sup/G) and € € K.

Inductive step : The aim is to prove that if s € £L(Sup/G) and s € K, then Vo € Xs.t.
so € L, we have : so € L(Sup/G) iff so € K. Assume s € L(Sup/G) and s € K, and
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consider o € L s.t. so € L, that is s € £, UD,. Consider the two possible cases : 0 € X,
and o € 3.

o € ¥, : Hence Sup(s,0) = 1. From the definition of £(Sup/G) and the fact that
s € L(Sup/G), so € L and Sup(s.c) = 1, we deduce that so € L(Sup/G). And from
the controllability of K. we deduce that so € K.

o € 3, : Let us show that : s € L(Sup/G) iff so € K.

Proof of so € L(Sup/G) = so € K : Assume that so € £(Sup/G). From the definition
of L(Sup/G) and the fact that s € L(Sup/G), so € L and so € L(Sup/G), we deduce
that Sup(s,o) = 1. Since s € £, UD, and £, N D, = B, we have either s € &, or
s € D,. Assume that s € D,, then by Cond. (3.4) we deduce Sup(s,o) = 0, which is in
contradiction with the previous deduction Sup(s,o) = 1. Hence, s € &,, i.e., s0 € K.
We have therefore shown that for o € %, if so € L(Sup/G) then so € K.

Proof of so € K = so € L(Sup/G) : Assume that so € K, i.e., s € &, then by Cond.
(3.3) we have Sup(s,o) = 1. Hence, from the definition of E(Sup/G) and the fact that
s € L(Sup/G), so € L and Sup(s,0) = 1, we deduce that so € L(Sup/G). We have
therefore shown that for o € T, if so € K then so € L(Sup/G).

We have therefore proved by induction that K = L(Sup/G).

Proof that £,,(Sup/G) = K : By the L,,-closure of K, the fact that K = L(Sup/G) and
the definition of £,,(Sup/G), we have K = KN L,, = L(Sup/G) N L, = L,(Sup/G).

Proof that Sup is nonblocking : Since L(Sup/G) = K, we deduce L,,(Sup/G) =
L(Sup/G).

A.1.2 Proof of Theorem 3.4.1

“Only if” : Consider for every j € J a D’-supervisor Sup?. Assume that the v-(D*, ... DP)-
supervisor Sup = ((Sup’)jes, V) is consistent w.r.t. (€, D,), i.e. satisfies Conds. (3.3) and
(3.4) w.r.t. (,,D,). Let us consider the set {£}, ..., EP} of subsets of £, defined as follows :

Vje J E =& N{s|Sup’(s,o) =1}. (A1)

Eq (A.1) implies that s & £2 if Sup’(s, o) # 1, Vj € J, or s € &,. Let us now show that

{€},...,EP} is a decomposition of &,, i.e., U]EJ =&

Proof that |, ; £} C &, : (A.1) implies that £ C &,, Vj € J. Therefore. J,.; &} C &,.

Proof that £, C UJEJ : Assume that s € &,. Since Sup is consistent w.r.t. (&,,D,),

we have Sup(s,o) = 1. Thus, from (3.8), 3j € J such that Sup’(s,o) = 1. It follows that,
from (A.1), 3j € J s.t. s € &]. Hence, s € U, &L, ie, & C U 85 So, U, €2 = &

Let us show that, Vj € J, Sup’ is consistent w.r.t. (£, D,), i.e., Sup’ satisfies Cond. (3.3)
w.r.t. £ and Cond. (3.4) w.r.t. D,. By the construction of the decomposition {&}, ..., &P}
of &£, defined by (A.1), we have, Vj € J, Sup’ satisfies Cond. (3.3) w.r.t. £
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Since Sup satisfies (3.4) w.r.t. D,, we have : Vs € D,,

Sup(s.c) =0=Vy € J Vs €D,,Sup’(s,0) =0,
(from (3.8))
&V € J, Sup’ satisfies (3.4) w.r.t. D,.

Hence, V) € J. Sup’ satisfies Conds. (3.3) and (3.4) w.r.t. (£2,D,).

“If” : Consider &, and D, associated to o € .. Assume that there exists a decomposition
{€),... EP} of £, such that, V) € J, the D’-supervisor Sup’ is consistent w.r.t. (£2,D,),
ie.,

Vye J,se &l = Sup’(s,0)=1. (A.2)
Vye J,seD, = Supl(s,0)=0. (A.3)
Let us now show that the V-(D',..., D?)-supervisor Sup = ((Sup’),es, V) is consistent

w.r.t. (£,,D,), i.e., Sup satisfies Conds. (3.3)-(3.4) w.r.t. (£,,D,). Assume that s € &,.
Hence, since &, = |J,; &3, 37 € J such that s € &. It follows from (A.1) that 3y € J
such that Sup’(s, o) = 1. Hence, from (3.8), Sup(s,o) = 1. That is, Sup is consistent w.r.t.
&>. Assume that s € D,. Hence, from (A.3), Vy € J, Sup’(s,o) = 0. It follows from (3.8)
that Sup(s,o) = 0. That is, Sup is consistent w.r.t. D,. As required, we have shown that
Sup = ((Sup?),ey, V) is consistent w.r.t. (E;, D,).

A.1.3 Proof of Theorem 3.4.2

Consider eligible architectures (D’),c;, and a language K C L.

“Only if” : Assume that there exists a nonblocking and admissible V-(Sup',. .., Sup®)-
supervisor Sup = ((Sup’),cs,V) such that £(Sup/G) = K and L,,(Sup/G) = K. This
means, from Lemma 3.4.1, that K is L,,-closed, controllable and Sup is consistent w.r.t.
K. It remains to show that K is v-(D',..., D?)-CooBs.

Sup is consistent w.r.t. K means that, Vo € X, Sup = ((Sup’),es, V) is consistent w.r.t.
(€5, Dy). Thus, from Theorem 3.4.1, Vo € X, there exists a decomposition {£],...,EP} of
&, such that, ¥y € J, the D’-supervisor Sup’ is consistent w.r.t. (£2,D,). From the latter
and since, ¥y € J, D’ is eligible (and then satisfies ELC-a), we have, Vj € J, (£2,D,) is
D’-Cooss.

Therefore. Vo € X, there exists a decomposition {£},...,EP} of &, such that, Vj € J,
(€2,D,) is D’-CooBs. Thus, from Definition 3.4.6, Yo € &, (&,,D,) is v-(D',...,DP)-
Cooss and K is v-(D!,..., D?)-CooBs, as required.

“If” ; Assume that K is L,,-closed, controllable and \/-(Dl,...,Dp)—COOBS. From the
latter and Definition 3.4.6, Vo € ¥, (§,,D,) is V-(D',...,DP)-Cooss. It follows that :
(1) :Vo € I, there exists a decomposition {£],...,EP} of &, such that, ¥y € J, (£2,D,)
is D’-CooBs.
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From the eligibility of the architectures (D’),c;. ELC-b is satisfied for every architecture
D’. Thus. Vj € J, there exists a D’-supervisor Sup’ such that, Vo € L., VE C &, :
(E,D,) is D’-CooBs implies that Sup’ is consistent w.r.t. (E.D,). It follows that (1)
implies :

(2) : Vo € L., there exists a decomposition {&},...,EP} of &, such that, Vj € J, Sup’
is consistent w.r.t. (€2, D,).

From Theorem 3.4.1, (2) is equivalent to : Yo € X, the v-(D',...,DP)-supervisor Sup =
((Sup’),es, V) is consistent w.r.t. (§,,D,). From the latter and Definition 3.3.2, it follows
that (2) is equivalent to Sup is consistent w.r.t. K. From the latter and the fact that K is
L,,-closed and controllable, it follows, from Lemma 3.4.1, that Sup is a nonblocking and
admissible v-(D!, ..., D?)-supervisor such that £(Sup/G) = K and L,,(Sup/G) = K. As
required.

A.2 Proofs of Section 3.5

A.2.1 Proof of Lemma 3.5.1

Consider a Inf y-supervisor Sup and an event ¢ € X.. Given £ C &, and D C D, such
that Sup is consistent w.r.t. (E, D), suppose for contradiction that (E, D) is not Inf -
CooBs. Then, E[N + 1] # @ and D[N + 1] # 0. By following the same steps of the proof
of Lemma 4 of [Kumar et Takai, 2007] but by considering E[k] and D[k] instead of &, [k]
and D, k], Vk > 0, we will find a trace s, € K such that n(s,,, o) = 0 and for which two
cases can occur :

sm € DI[1] : then there exists s,,, € E[0] = E such that P(s,,) = Fi(sm,) for some ! € I,

and Sup(sm,,0) # 1. This is in contradiction with the consistency of Sup w.r.t. E.

$m € E[1] : then there exists s,,, € D[0] = D such that Pi(sp,) = P(s,) for some ! € I,

and Sup(sm,,o) # 0. This is in contradiction with the consistency of Sup w.r.t. D.

Therefore, (E, D) is Inf ,-COOBS.

A.2.2 Proof of Lemma 3.5.2

Same as the proof of Lemma 1 of [Kumar et Takai, 2007] by considering subsets £ C &,
and D C D, instead of &£, and D,, respectively.

A.3 Proofs of Section 3.6

A.3.1 Proof of Proposition 3.6.1

Assume that, 30 € &, 3s € &,, 3t € D, s.t., Vi € I,, P,(s) = P,(t). For every decompo-
sition {E},...,EP} of &, there exists [ € J, s.t. s € E.. For every eligible architecture D',
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and any D'supervisor SUP' = ((LSup!),e;. D'). we have from (3.6),

SUP'(s,a) = D'((LSup'(P,(s),0))er,)
= D'((LSup'(P.(t),0) )ie1,)
= SUP\(t, o).

It follows that SUP' is not consistent w.r.t. (€1, D,). Thus, since D' is eligible, and then
satisfies ELC-b, (£!.D,) is not D-CooBs. Therefore, from Definitions 3.4.6 and 3.4.7, K
is not V-ELAZ!.

A.3.2 Proof of Proposition 3.6.4

Assume that K is not observable w.r.t. £ and X,. Hence, there exist o0 € ¥., s € £, and
t € D, such that P(s) = P(t), and then P,(s) = P,(t) for any ¢ € I,. Therefore, from Prop.
3.6.1, K is not V-ELAZ",

A.3.3 Proof of Proposition 3.6.5

Given a language K C L,,, by Propositions 3.6.2 and 3.6.4, we have respectively “(1)=-(2)"
and “(2)=>(3)”. It remains to show that “(3)=-(1)". For that, assume that K is observable,
and consider the architecture D = I (I stands for the identity function) as the set of
I-supervisors Sup = (LSup(P(s).0),I) (recall that n = 1 and P: ¥ — ¥,) defined by :
Vs € K, Vo € T, LSup(P(s),0) € {¢,0,1} and Sup(s,o) = LSup(P(s),o). And consider
the I-CooBs property defined by : K is I-Coons if, Vo € £, VE C &,,VD C D, : (E, D)
is I-Cooss iff P"'P(E)N D = 0.

Let us show that the [-architecture is an eligible architecture (w.r.t. I-COOBS), i.e., satisfies
the condition ELC. In order to show that the I-architecture satisfies ELC-a, consider
o€ L., ECE, and D C D, such that (E, D) is not I-CooBs. Hence, P"!P(E)N D # 0,
which means that, 3s € E and 3t € D s.t. P(s) = P(t). Thus, we have for every I-
supervisor Sup, Sup(s,0) = LSup(P(s),0) = LSup(P(t),c) = Sup(t,o). That is, Sup is
not consistent w.r.t. (F, D). Therefore, the I-architecture satisfies ELC-a.

In order to show that the [-architecture satisfies EL.C-b, consider a I-supervisor SUP =
(LSUP(P(s),0),1) defined by : Vo e L., VEC E,, VD C D,, Vs € K,

1 if P7IP(s)ND =0,
SUP(s,0) = LSUP(P(s),0) =<0 if P"'P(s)NE = 0.
¢ otherwise.

Given 0 € L., E C &, and D C D,, suppose that SUP is not consistent w.r.t. (E. D).
Hence, we have the two following possibilities,
3s € E s.t. SUP(s,0) # 1, it follows that P~'P(s) N D # @, and then Ju € D s.t.
P(s) = P(u). Thus, P"'P(EYND #0, i.e., (E, D) is not I-Co0BSs.
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3t € D s.t. SUP(t,a) # 0, it follows that P"'P(t) N E # (. and then 3v € E s.t.
P(t) = P(v). Thus. P"'P(EYN D # @, i.e.. (E, D) is not I-CooBs.

Therefore, the I-architecture satisfies ELC-b. Since K is observable, we have, Yo € ¥,
(€5, Dy) is I-Cooms. It follows that K is I-CooBs.

We have shown that K is observable implies that K is [-CooBs, where the I-architecture
is eligible. Hence, K is observable implies that K is D-CooBs for some eligible D-
architecture. That is, “(3)=(1)".

A.3.4 Proof of Theorem 3.6.1

First of all, we need to show that for every prefix-closed languages K, and K5, we have :
EAKINKy) =&E,(K))NE(Ky). (A4)

In fact, by prefix-closure of K; and K3, we have K1 N K, = KinK,, and then : s €
gg(Kl ﬂK«Z) ~ 80 € Kl ﬂKQ &~ SO € K1 Nso € K2 < S € SU(KI)Q&,(KQ).

Consider prefix-closed languages L, Ly, C L such that L; is V-ELAP'-Coo0BS and L, is
V-ELAP>-CooBs. Hence, Vo € Z.. there exists a decomposition {E}(L;),...,EP (L)} of
Es(L1), such that, Vj € J; = {1,...,m}. (§2(L1),D,(L,)) is DI-CooBs for some eligible
architecture D7. And there exists a decomposition {€}(Ly),...,EP(Ly)} of £,(Ls), such
that, Vj € Jo = {1,...,p2}, (€2(L2). D,(Lz)) is D}-CooBs for some eligible architecture
D}. By using (A.4), we have :

80([1) = SU(LI ﬂ Lg)
- So(Ll) ﬂ SG(LQ)

pP1 p2
=J&wyn & (L)
=1 7'=1

i

U &@)ne (L.
1<5<p:
1<y <p2
So. by taking £27'(L) = £2(L,) N &Y (Ly), we have {EM(L),EL2(L). ..., EpvPri(L),
ErrP2([31} is a decomposition of £,(L).

It remains to show that, ¥y € Ji, Vj' € Jy, (€27 (L), D, (L)) is D!-CooBs for some eligible
architecture D', where L = L, N L,. For that, given a language K C L., let us consider,
for every j € J; and 3’ € Js, the architecture D} A D} as the set of (D] A D} )-supervisors
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Sup’?’ = Sup) A Sup) defined by : Vo € £, Vs € K.

(1 if Supl(s,0) =1

and Sup) (s,0) =1,
Sup?(s,a) = < 0 if Sup’(s,0) =0 (A.5)
or Sup) (s,0) =0,

(¢ otherwise,

where Sup (resp.. Sup%i) is a DJ-supervisor (resp., D;'-superV'isor). The corresponding
(D] A Dél)-coobservability is defined, for every 0 € X, E C &, and D C D, as follows :
(E, D) is (D} A D2)-CooBs iff, there exists a decomposition {Dy, D,} of D s.t. (E, D) is
D!-CooBs and (E, D) is D} -Coobs.

Next. we will show, for every j € J; and 7/ € Jo, that the architecture D] A D%l is
eligible. In order to show that the architecture D} A D} satisfies ELC-a, suppose that,
35 € %, IE C &,, 3D C Dy, such that (E, D) is not (D! A D})-CooBs. Thus, for every
decomposition {D;, Dy} of D, we have either (E, D;) is not DJ-CooBs or (E, D,) is not
D -CooBs. Hence, from the eligibility of the architectures D) and D} (and then satisfy
ELC-a), for every DI-supervisor Sup] and for every D -supervisor Sup} . we have either
Sup} is not consistent w.r.t. (E,D;) or Sup%l is not consistent w.r.t. (E, D;) for every
decomposition {D;, D2} of D. We have the two following situations :

(a) Supl or Supl is not consistent w.r.t. E. This implies that, 3s € E such that
Sup’(s,0) # 1 or Sup{,l(s,a) # 1. It follows, from (A.5), that Sup’’'(s,0) # 1.
Therefore, Sup’?" is not consistent w.r.t. (£, D).

(b) Sup} is not consistent w.r.t. D; or Supjzl is not consistent w.r.t. D, for every de-
composition {Dy, Dy} of D. Let us consider the decomposition {D;, D,} of D such
that Dy = {t € D| Supl(t,0) = 0} and D, = {t € D| Supi(t,c) # 0}. By construc-
tion, Sup] is consistent w.r.t. D;. Thus, Sup{ is not consistent w.r.t. D,. Hence,
we have Dy = {) € D2|Sup2'(/\ o) # 0} # 0. Thus for the nonempty subset
D3 C D, we have, VA € Ds, Supl(A, o) # 0 and Sup2 (A, o) # 0. That is, from (A.5),
Sup™' (X, 0) # 0. Therefore, the supervisor Sup’? is not consistent w.r.t. (E, D).

We have shown in (a) and (b) that Sup’ is not consistent w.r.t. (E, D) for every (D} AD?)-
supervisor Sup’’. That is, the architecture (D} A D) satisfies ELC-a.

Let us show that the architecture DJ A Dg satisfies ELC-b. For that, given ¢ € X,
E C & and D C D,, suppose that (F,D) is (D} A D%')-COOBS. Thus, there exists a
decomposition {Dy, Ds} of D s.t. (E, D,) is D}-CooBs and (E, D,) is D} -Coons. Thus,
from the eligibility of the architectures D] and D?z’ (and then satisfy ELC-b), there exist
a Di-supervisor S,supf1 and a D} -supervisor Sup}, such that Sup’ is consistent w.r.t.
(E, D) and Sup} is consistent w.r.t. (E, D,). Hence, we have,

(a) Vs € E. Sup’(s,o) = 1 and Sup) (s,0) = 1. That is, from (A.5), Sup’?'(s,0) = 1.

Thus, Sup”™’ = Sup] A Sup{ is consistent w.r.t. E.
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(b) Vt € D, we have t € Dy or t € D,. Hence, Sup’(t,o) = 0 or Sup), (t,0) = 0. That
is. from (A.5), Sup’’ (t.0) = 0. Thus, Sup’” is consistent w.r.t. D.

We have shown in (a) and (b) that Sup’™”’ = Sup’ A Sup) is consistent w.r.t. (E, D)
for the special (D] A D} )-supervisor Sup’?’. That is, the architecture (D} A D} ) satisfies
ELC-b.

We have show, V7 € J;. V)’ € J,. that the architecture (D? A DY) is eligible. Let us show
that, Vj € J,. V)’ € Ja, (E27'(L), Dy(L)) is (D) A D)-CooBs. For that, we next show
that D,(L) = D,(L1 N Ly) C Dy(L,) UD,(L,). Indeed, by prefix-closure of L; and Lo, we
have, s € D,(L, N Ly) implies that s € L; N L, and so € L; N Ly. That is, s € L; N Ly,
and so & L, or so & Ly. Therefore, s € D,(L1) U Dy(Ls).

Hence, the subsets Dy = D,(L) N Dy(L,) € D,(L) and Dy = D,(L) N D,(L2) C D,(L)
form a decomposition of D,(L). Let E = £27'(L) = E2(Ly) N EY(Ly), in order to show
that (E, D,(L)) is (D] ADJ)-CooBs, we will show that (E, D;) is D}-Coobs and (E, D)
is DJQI-COOBS. For that, suppose for contradiction that either (E, D;) is not Di-CooBs
or (E, Dy) is not D}-CooBs. Consider the case where (E, D;) is not DJ-CooBs. Thus,
by ELC-a, Sup} is not consistent w.r.t. (F, D;), for every Dj-supervisor Supj. The two
following cases can be presented :

(a) 3s € E, and then s € £2(L,), such that Supi(s,o) # 1. It follows that Sup] is not
consistent w.r.t. (£2(Ly),Dy(Ly)).

(b) 3t € Dy, and then t € D,(L,), such that Supi(t,o) # 0. It follows that Sup] is not
consistent w.r.t. (£2(L;),Dy(Ly)).

The assertions (a) or (b) imply that Sup] is not consistent w.r.t. (£2(L;1), D,(L1)), for
every Di-supervisor Sup], which is a contradiction with the fact that (£2(L,), D,(L,)) is
DI-CooBs (from ELC-b). The case (E, D;) is not D}-Co0BSs can be treated similarly,
which leads to the contradiction with the fact that (€2’ (Ly), Dy(Ls)) is D;'-COOBS. Hence,
(E, Dy) is DJ-Co0Bs and (E, D,) is DY -CooBs, and then (£29'(L). Dy(L)) is (DI A D )-
Coons, which completes the proof.

A.4 Proofs of Section 3.7

A.4.1 Proof of Theorem 3.7.1

Consider a FSA Ag, accepting &,, and let {x1,...,z,} be the set of marked states of Ag, .

“Only If” : Assume that, Iz € A4¢, s.t., for every eligible architecture D :

1. (£3,D,) is not D-CooBs. Hence, from ELC-a, there is no D-supervisor Sup which
is consistent w.r.t. (£%, D). Thus, from Def. 3.3.2, for every D-supervisor Sup, there
exists s € £ s.t. Sup(s.o) # 1.

2. For any decomposition {&},...,E?} of &, satisfying Al (w.r.t. Ag,), 37 € J, such
that £F C &7,
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From 1) and 2), for every D-supervisor Sup, there exists s € £, such that Sup(s.c) #
1, which implies that Sup is not consistent w.r.t. (£2,D,). From the latter and ELC-
b, we have that (£2,D,) is not D-CooBs. Therefore, from Definition 3.4.6, there is no
eligible architectures (D7),-; ., for which (&, Ds) is v-(D',...,DP)-Cooss. Hence, from
Definition 3.4.7, (§,,D,) is not V-ELAZ'-Co0BS w.r.t. Ag, .

“If” : Assume that for every marked state z, of Ag,, (€57, D,) is D’-Co0Bs for some
eligible architecture D’. From Definition 3.7.1, and the fact that the specific partition
{Ex,... &5} of &, satisties A1, (£,,D,) is V-(D',...,DP)-CooBs w.r.t. Ag, for some
eligible architectures (D7);<,<,. That is, (€5, D,) is V-ELAZ!-Co0BSs w.r.t. Ag, .
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B.1 Proofs of Section 4.5

B.1.1 Proof of Lemma 4.5.1

Lemma 4.5.1 can be deduced from the following known result :

Result 1 : Consider n nondeterministic FSA A;,--- , A, over an alphabet of cardinality e.
Let g; be the number of states of A;, fori=1---n,and ¢ = ¢, X --- X g,. Let A be the
synchronized product of all the A,,7 = 1---n. The number of states of A is in O(q) and
its number of transitions is in O(q.(g.€)) = O(¢%.e).

Let us apply Result 1 to Ag,(x+1) which is the synchronized product of Ag, ) with
PP (Ap, k), i = 1-- n,. Each P, P,(Ap, ) is computed by a projection P, of Ap,
without determinization and then by adding self-loops. Therefore the number of states of
each P.'P,(Ap, i) is in O([Y [k]]). Using Result 1, we obtain :

the number of states | X [k + 1]| of Ag, (k+1) is in O(|X[K]] - [Y [K]|™),

the number of transitions |a[k + 1| of Ag, x+1) is in O(| X[k +1?| - |Z]) =

O(IX [k - Y [k][*r - |Z]).
With the same approach, if we apply Result 1 to Ap, 41 which is the synchronized product
of Ap, g with Pl_ll%(.Aga[k]). i=1---n,, we obtain :

the number of states |Y[k + 1]} of Ap, jx4q) is in O([Y[K]] - | X [k}|"™),

the number of transitions |8[k + 1]| of Ap, k41 is in O(JY [k + 1] - |Z|) =

O(|Y [k]|? - | X [k][>r - ).

B.1.2 Proof of Lemma 4.5.2

Lemma 4.5.2 can be deduced from the following known result :

Result 2 : The computational complexity for constructing an automaton is in the order of
its number of transitions.

Let us apply Result 2 to Ag,k+1) whose number of transitions is |a{k + 1]| =
O() X [k][*-|Y [k]|*"+|Z]) (from Lemma 4.5.1). We obtain that the computational complexity
for constructing Ag,x41) is in O(Jalk + 1]]) = O(|X[k]|* - |[Y [k]|*™ - |Z]).

Let us apply Result 2 to Ap, k+1) whose number of transitions is [3[k + 1]| =
O(|Y[k]]*-| X [k][>"-|Z]) (from Lemma 4.5.1). We obtain that the computational complexity
for constructing Ap, jx+1) is in O(|3[k + 1]]) = O(|Y [k]? - | X K] - |Z)).

167
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B.1.3 Proof of Proposition 4.5.1

Computing Ag, () and Ap,j from Ag, and Ap, is the most costly part (in terms of
computation) in the procedure that checks if Ag, ;1) = 0 or Ap,;1 = 0.

From Lemma 4.5.2 :

The complexity of computing Ag, ;) from Ag, and Ap, is in O(Ja[l]]) =

O(IX|? - Y2 - |Z]).

The complexity of computing Ap,_ () from Ag, and Ap, is in O(|3[1]}) =

O(|Y |2 - |X[* - |Z]).
Therefore, the complexity of computing Ag, 1) and Ap,j) from Ag, and Ap, is the sum
of the two above complexities : O((|X|? - [Y[*" + |Y|? - | X]*™) - |Z]).

B.1.4 Proof of Proposition 4.5.2

Consider a decomposition {X},---, X2} of X,,. By considering the decomposition {£,
o+, EP} of &, such that each & is given by (4.11), we show by induction on the in-
ference steps k, that : EJ[k] = {s € Z*|alk](zolk],s) € Xmlk]ly;} and DI[k] = {s €
Z*| Bk] (yolkl, 8) € Yom[][ x5, }-

Basis : Let us show that £J[1] = {s € Z*| a[1](xo[1],5) € Xn[1]|, },

se&ll)e[se&AViel,,s € PTIR(D,))
< [s€e &) AVie€ l,,3t; € D, s.t. Pi(s) = Pi(t;))

From (4.11), s € & is equivalent to a(zo,s) € X7, and hence,
se &l & [a(ze,s) =z € XA Vi€ I,,3t; € D, s.t. B(s) = B(t,)]

Since Ap, is an acceptor of D,, we have, Vi € I, 3(yo,t;) = v; for some v, € Y;,. Thus,
from the synchronous composition of the FSAs Ag, and (P! P,(Ap,) )1, [Hopcroft et
Ullman, 1979], we have,

s € &1] e a[l)(zo]l],s) = u = (u1,"* ,un,x) € Xp[l] s.t., Vi € I, v, € u,.
Since z is X7 -marked, we have u is XJ,-marked, and hence

s € E1] & all](zo[l], s) € Xm[l]|x, -

Let us show that D[1] = {s € Z*| 8{1)(yo[l], s) € Yi[1]|x; }.

seDl] & [se DA€ L,s € PPE)
& [s €D, A[Vi€ [,,3t; € & st. Ps) = P(t,)].
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From the latter equivalence and the fact that Ap_ is an acceptor of D,, we deduce,
seDll] < [FyeYnst 3y, s) =yl ANV e I,,3, € £ s.t. P(s) = P(t,)].

From (4.11), we have, V2 € I,, a(zy,t,) = u, for some u, € X7 . Thus, from the synchronous
composition of the FSAs Ap, and (P! P,(Ag, )1, |Hoperoft et Ullman, 1979], we have,

s e D1 & 31)(yoll],s) = v = (v1, - ,vn,y) € Yu[l] s.t., Ve € I, u, € v,.
Since, Vi € I,. u, is X} -marked, we have v is X] -marked, and hence,
s € D}[1] & B[1](yo[l], s) € Ya[l]| ;.-
Induction step : Assume that £3[k] = {s € Z*| a[k](zo[k], s) € Xiu[k]|x, } and Dj[k] =
{s € Z*| 3[kl(wlk],s) € Ym[kllx, }. And let us show that £k + 1] = {s € E*|alk +

(zolk +1],8) € X[k +1]lx; } and D3k + 1] = {s € =*| B[k + 1] (volk + 1], s) € Yru[k +
1”)(3,.}'

se&k+ 1< [sellk)|AVie€ I, s € PTIR(D2[k)]
& [s e ER A Ve € I, 3t, € DIIK] s.t. B(s) = Bi(t,)).

From the induction hypothesis, we have :

s € EIk] @ alk](xolk], s) = x € Xin[k] for some X] -marked state z in Ag,
t, € DLk} & Blk](yolk], t.) = v, € Yo [k] for some X] -marked state v, in Ap,(x

Thus, from the synchronous composition of the FSAs Ag, ) and (P, P,(Ap, ) )iz, [Hop-
croft et Ullman, 1979], s reaches a state (ui, -+ ,un,Z) in Ag,jk41) s.t. Vo € I, v, € u,,
hence,

se&llk+1] e alk+1(xolk +1],8) = (u1,"** ,Un, ) € Xplk +1] s.t.,, V2 € I,,v, € u,.
Therefore, from the definition of the multi-marking, we have,
s € E)[k +1] & alk + (zolk + 1], 8) € X[k + 1|4, -

Therefore. £3[k + 1] = {s € " alk +1](zo[k + 1], 5) € Xn[k+1]|y, }. The same procedure
can be followed to show that DJ[k + 1] = {s € Z*| B[k + 1}(yolk + 1], 5) € Y[k + 1][x, }-

B.1.5 Proof of Lemma 4.5.3

Consider a decomposition D = {X},-- , X2} of X, s.t. D satisfies (4 13). Let us prove
Lemma 4.5.3 by induction on the inference steps & > 1.

Basis (k = 1) : Let v = (vy,"++ ,Un,Un,+1) € Yu[l] be a X},-marked state for some
X? € D. Then, since X} satisfies Cond. (4.13), we have, ¥(ay,--- ,a,,) € (v1 N X},) %
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cox (vn, N X)) N User, {a:} =1, 1e . Vo€ L, v, N X}, = {x}, for some unique = € XJ,.
This means that v is {z}-marked and not X-marked, VX C X7 s.t. X # {z}. From the
definition of the multi-marking (Subsection 4.5.3), for every v € X,,[1] such that v is
X} -marked for some X}, € D, there exists a unique z € X}, such that v is {z}-marked.

Induction Step : Given k£ > 1, assume that for every marked state u € X[k, U
Y[kl x;, there exists x € X7, such that u is {z}-marked and not X-marked, VX C X,
st. X # {z}. Let us show that for every marked state v € Xn[k + 1|y, (the case
v € Yiu[k + 1]|x; can be treated similarly) there exists z € X}, such that v is {z}-marked
and not X-marked, VX C X7, s.t. X # {z}. For that, let v**! = (vf*!, ... vkl o5+ ) be
a X7 -marked state in X,,[k+1] (the superscript “k+1" stands for the inference step), which
implies that w* = v&*! is X7 -marked in X, [k]. Hence, from the induction hypothesis,
there exists z € X7, such that w* € X,,[k] is {z}-marked and not X-marked in X[k,
VX C X7, s.t. X # {z}.

Assume for contradiction that v**! is {z,y}-marked, where y € X?, such that, 3/ € 1,
satisfying vf ™' N Y, (k]| # 0, e, vf! is {y}-marked. Hence, V2 € I,\{l}, there exists
u* € vM! N Y, [k] which is {z,y}-marked, and there exists uf € vf*t! N Y;,[k] which is
{y}-marked. Moreover, and from the definition of the natural projection of FSA [Hopcroft
et Ullman, 1979], there exit s € £,[k] reaching the state w* € X,,[k] and traces t, € D, [k]
reaching the states u* € Y,,[k] such that P,(s) = P,(t,), v € I,. Since. w* is {r}-marked,
(u¥).en,\qy are {z,y}-marked and uf is {y}-marked, s reaches a {z}-marked state w*~! €
X[k = 1], t, reaches a {z,y}-marked state v*~' € Y;,[k — 1], for « € I,\{l}, and t; reaches
a {y}-marked state uf ~' € Y;,[k — 1]. Therefore, from the fact that, Vi € L,, P,(s) = P,(t,).
s reaches a state A = (A, -+, A, w*!) € Xp[k] such that, V2 € I, uf‘l € AN It
follows that A is {z,y}-marked and A N Y., [K]|yy # 0, ie., A is {y}-marked, which is a
contradiction with the induction hypothesis. Thus, v¥*! is {z}-marked and not X-marked
in Xpplk+ 1], VX C X7 s.t. X # {z}.

B.1.6 Proof of Theorem 4.5.1

Consider a FSA Ag, and a decomposition {X},,---, X2} of X,, satisfying (4.13). Assume
that (£,.D,) is not V-InfZy,,-CoOBS w.r.t. {£,--- ,EP}, where &I = {s € £*| a(zo, s) €
X7.}. Then, 3j € J such that (£],D,) is not Inf . ,-CooBs. Hence, EI[N + 2] # 0 and
DIIN + 2] # 0. Thus. from Proposition 4.5.2, there exist states u € X,,[N + 2] and
v € Yiu[N + 2] that are X7 -marked. Since & satisfies (4.13), this implies, from Lemma
4.5.3, that there exist z,y € X}, for which v is {z}-marked and v is {y}-marked.

For every decomposition D = (X!,--- , X9) of X,,. two cases can be presented :
1. 3XL X" € D such that £ € X' and y € XY, and thus u is X'-marked and v is A¥-
marked. Let £X[k] and DY k] denote the set of traces reaching the X-marked states
of Xu[k] and Y;,[k], respectively. Therefore, EX'[N + 2] # @ and DX(N + 2] # 0.
It follows that EX'[N +1] # 0 and DX'[N + 1] # 0, and EX [N + 1] # 0§ and
DX'IN + 1] # 0. That is. (€X', D,) is not Inf y-COOBS and (Efl/,D,) is not Inf y-
CooBs.
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2. 3X! € D such that z,y € X!, and thus u is X'-marked and v is X'-marked. Therefore.
EX'[N+2] # 0 and DX [N+2] # 0. It follows that EX' [N+1] # @ and DX [N+1] + 0.
That is, (EX',D,) is not Inf y-COOBS.

Therefore, from (1) and (2), we have (&,,D,) is not V-Infi}V-COOBS w.r.t. Ag,, as requi-
red.

B.1.7 Proof of Proposition 4.5.3

The proof of this proposition is adapted from the proof of Prop. 4.5.1.

For each j € J, computing A, and Ap, .,y from Ag, and Apy .y is the most
costly part (in terms of computation) in the procedure that checks if £k + 1] = @ or
Dik+1] =0
From Lemma 4.5.2 :
1. The complexity of computing Ag, x+1) from Ag, [k] and Ap, k] is in O(Jalk + 1]|) =
O(IX[k]|* - [Y'[k]|?" - |Z]). The complexity of computing Ag ., from Az, and
Aps ) 18 in the same order because A, (k+1) 18 Obtained from Ag,k+1) by : 1) keeping
marked only the states of Ag, k11 that are X7 -marked, and 2) removing all states

which are not reachable from the X7 -marked states. This procedure is in the worst
case in O(lalk + 1]).

2. The complexity of computing Ap,x+1) from Ag, [k] and Ap,[k] is in O(|B[k + 1]|) =
O(IY[K]? - | X [k][*" - |Z]). The complexity of computing Ap, ;. from A, and
Ap; s is in the same order because Ap, |, is obtained from Ap, [x+1) by : 1) keeping
marked only the states of Ap,x+1) that are X7 -marked, and 2) removing all states

which are not reachable from the XJ -marked states. This procedure is in the worst
case in O(|B[k + 1}]).

Therefore, the complexity of computing A€$(k+1] and .A,D“H” from Ag;[k] and sz,[k] is
the sum of the two above complexities : O((J X [k]|? - |Y[k]|*™ + |Y[K]|? - | X [K]*") - |Z]).
B.1.8 Proof of Lemma 4.5.4

Given two subsets W, Z C X,,,, we have :

ID,WUZ)={ielJo.n(WUZ)=0}={icl,[(,NW=0)A(v,nZ =0)}
={ielju,NW=0}n{iel,|v,NZ =0} =1D,(W)NID,(Z).

B.1.9 Proof of Lemma 4.5.5

X C X,y satisfies (4.13) means (by definition) :
1. Vo e Y[l st y, N X # 0, Vi € 1,
2. Y(ay, -+ ,8,,) € (1 NX) X -+ X (v, NX), we have |J,{a}| = 1.
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The above Item 1 can be rewritten : Vv € Yy,[1] s.t ID(X) = 0.

The above item 2 is equivalent to : |U,e;, (X Nv,)| = 1, which can be rewritten : [X' N
(UzEZa Ul)’ = 1.

To recapitulate : X satisfies (4.13) is equivalent to : Vv € Yj[1] s.t. ID,(X) = @, |A N
Uzeﬂa v1| = 1

B.1.10 Proof of Proposition 4.5.4

Consider z,y € X,. Let us prove that y € Elig(z) if y € X \ [{z} UU vevimpy Uzeﬂ, v, U
D, (2)=0
U vevaniy ﬂlele(x) v,]. By definition, we have,
[Dy(2)#]s

y € Elig(z) & [{x,y} satisfies (4.13)] A [y € X \ {z}]

The set of states A C X, s.t., Vy € A, {z.y} satisfies (4.13), can be obtained by computing
the set of states B C X, s.t. Vz € A, {z,z} does not satisfy (4.13). And then we have
A = B¢ where B¢ is the complementary of B. For every z € B, we have,

{z, z} does not satisfy (4.13) (B.1)

(B.1) & 3v € Yn[l] s.t. ID,({z,2}) = B and [{z, 2} N | Jw| > 1
. (B.1) @ v e Yp[l] s.t. ID,({z,2}) =0 and {z,2} N U v, = {x, z}

1€l

{z.2} U, v = {=, 2} is equivalent to {x, 2} C |J,;, v. which is equivalent to say that
ID,(z) # I, and ID,(2) # 1,. So, we have

(B.1) & v € Yy,[1] s.t. ID,({z,2}) = 0,ID,(z) # I, and ID,(z) # L,.

For every v € Yy,u[1] s.t. ID,({x,2}) = 0. ID,(z) # I, and ID,(2) # I,, two cases can be
presented :

1 TN (Y — . in thic raca far ovorv » < | | 7
e 2\ 2o A LALS TS0 IOT OVRIN T T el Yo

2. ID,(z) # 0 : since ID,({z,2}) =0, Vi € L,. {z,2} Nv, # 0. Hence, VI € I, s.t. & v,
i.e., VIl € ID,(x), we have z € v,. It follows that z € nlemv(z) v;. Therefore, for every
2 € Nieipy(z) V> {T5 2} does not satisfy (4.13).

Since, either z € {,¢;, v: (in the case ID,(z) = 0) or z € (¢pp, ;) vt (in the case ID,(z) #
@) imply that ID,(z) # [,, we have,

J» 21 dnoc nnt caticfrr {4 1)
wr vy bl et U

(B.1) & Jv e Y[l st
ID,(z) # I, AIDy(z) =0 Az e | Ju]VID,(z) #I, AID(z) #0Az€ (] wi

€1, l€IDy(z)
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Since ID,(r) = @ implies ID,(z) # I,. and ID.(z) = @ implies (., () v = @, we have,

(B.1) & Fve Yaull] st IDyz) =0Aze | Ju]VIDu(z) #l, Aze [ vl
€l 1€IDy(x)
e U Unwv U N
vEYm[1] 1€y vEYm[I] 1€ID, (z)
1Dy (2)=0 IDy (z)#1s

Therefore, B = Uveym“] Uze]l v, U U ver[l] ﬂem (@) V- Thus, we have,
IDo(z)=0 ID. (z)#

y € Elig(z) & [y € B] A ly € X \ {z}]

syeX\lztu | Unu U N

vEYm (1] 1€ls vEYm{l] 1€IDy(x)
D, (2)=0 Dy (2)#1,

B.1.11 Proof of Proposition 4.5.5

Consider X C X,,, z € Elig(X). We have to prove the equality S = T, where § =
Elig(X U {z}) and T = (Elig(X) NElig(x)) \ [U vevail  Miem,(xugzy) v2l- Let us prove

ID, (¥U{z})#1,
“SCT" and “T C 5™

Proof of S C T : Consider y € Elig(X U {z}), which means that y € X, \ (¥ U {z})
and X U {y,x} satisfies (4.13). Hence, y € X;, \ X, y € X;» \ {z}, X U {y} satisfies (4.13)
and {y,x} satisties (4.13). Therefore, y € Elig(X’) N Elig(x). We now prove ad adsurbum

YEU wevair N xuay U
1D, (X2} #Ls

Assume that y € U vevmlt e, (xuey Ve Hence, Jv = (vi, -+, Unt1) € Y[l 5.t
ID, (XU{z})#£L,
ID, (X U{z}) # I, and, Vi € ID,(X U {z}). y € v,. From the latter, we deduce that

IDy(X U {z.y}) = 0. From ID,(X U {x}) # L, we deduce ({J,oy v.) N (X U {z}) #
(. The latter expression and the facts that y ¢ X U {z} and y € {J,¢;, v, imply that
(X U{z,y}) U, vl > 1. ID,(X U {z,y}) = 0 and [(X U {z,y}) N U, v.| > 1 imply
that X U {z,y} does not satisfy (4.13) (Lemma 4.5.5), which contradicts the hypothesis
that X U {z, y} satisfies (4.13).

Proof of 7' C S : Consider y € (Elig(X) N Elig(z)) \ U wevaip  MNiern, (xugey vil-
D, (xu{z})#L,

Hence, since y € Elig(X), we have y € X,, \ X and X U {y} satisfies (4.13). And since
y € Elig(z), we have y € X, \ {z} and {z,y} satisfies (4.13). From y € X,,\X and
y € X,,\{z}, we deduce y € X,, \ (XY U {z}).

In the following we will show that X U{z, y} satisfies (4.13). For that, Vv € Y,,[1], we have
to show that : if ID,(X U {z,y}) = @ then |(X U {z,y}) "U,¢;, vl = 1. Two cases can be
considered :
ID, (X U {z}) = 0 : this implies that ID,(X U {z,y}) = 0. z € Elig(X) implies X U {x}
satisfies (4.13). The latter and ID, (X U {z}) = @ implies [(X U {z}) N (U, v)l = 1
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(Lemma 4.5.5). This means that either a unique z € X is contained in all v, or = is

contained in all v,. This equivalent to consider the two following :
ID,(X) = 0 and ID,(z) = L, : since ID,(X) = @, we have ID, (X U {y}) = 0.
And since y € Elig(&x). [(X U {y}) N (U,es, »:)| = 1. Thus, since, Vi € I,, z € v,
it follows that y & U, v Since ID(z) = L, (ie., z & U, v:), we deduce that
(XU {2.0)) N Uy, 00 = 1.
ID,(z) = @ and ID,(X) = I, : since ID,(z) = @, we have ID,({z,y}) = §. And
since x € Elig(z). [({z,y}) N (U,eg, )] = 1. Thus, since. Vi € I, = € v,. it follows
that y & U, .. Since ID,(X) = I, (ie, X N, v. = §), we conclude that
(X U{z,y}) N, vl = 1.

ID,(X U {z}) # 0 : two cases can be considered :
D, (XU{z}) =L : Vi€ l,, , N (X U{z}) = 0. If ID,(X U {z,y}) = 0. we have
Vi € I, y € v,. It follows that [(X U {z,y}) NU,o. | = {3y} = 1.
ID,(XU{z})# L, :sincey €U  vevap anIDu(XU{z}) v,, then there exists i € [,

IDy (XU{z})+#lo
s.t. y € v, and v, N (X U {x}) = @, thus, v, N (X U {z,y}) = 0. Therefore, ID,(X U
{z,y}) # 0, and thus from Lemma 4.5.5, we deduce X U {z,y} satisfies (4.13) w.r.t.
v.
From y € (Elig(X) NElig(z)) \ [U wevm  MNeetpy(xugey) v:)» we have deduced y €
ID,(Xu{x Iy
X \ (XU {z,y}) and X U {z,y} satisées {(4}.)1¢3), which means y € Elig(X U {z}).

B.1.12 Proof of Lemme 4.5.6

Given v € Yj,[1] and z € X,,,, the most costly operation for computing ID,(x) is checking
whether v,N{z} =0, Vi € I,. Checking whether v,N{z} = @ is in O(]X|) because v, C X.
The complexity of checking for all v, of v is obtained by multiplying the above complexity
by n,, that is, O(n, - | X|).

B.1.13 Proof of Lemme 4.5.7

Given r € X, and v € Y;»|1], the complexity for computing v, U v,41 and v, Nv,4 is in

O(]X|?), and the complexity of computing U vevnit) U,er, v and U vevi) Mierp,(z) 2 18
ID,(z)=0 IDy(z)#L,

obtained by multiplying the above complexity by n,, that is, O(n, - | X |?).

If we consider all v € Y;,[1], the complexity of computing |} vey,(1) U,er, v: and
IDy{x)=0
U vevinly ﬂzeIDv(x) v, is obtained by multiplying the above complexity by |Y,[1]| that is,
D (z)#1s '
O(ny - |Ym[1]] - |X|?). The union with {z} is in O(|X]). The subtraction X,, \ --- is in
O(|X|-1Xml) <O(]X]?). Therefore the complexity of computing Elig(x) is in
O(n, - |Yu[1]] - X ).
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B.1.14 Proof of Lemma 4.5.8

We have seen in the proof of Lemma 4.5.7 that the complexity for computing

U vevmit) Micipy (e Ve 18 O - |Yin[1]]-1X]?). The complexity of the intersection Elig(X) N
Dy (z)#1,

Elig(x) is in O(|Xn[?) < O(]X|?). The complexity of the subtraction [Elig(X )N Elrg(z)] \
- is in O] X;n] - |X]) < O(]X|?). Therefore, the total complexity is O(n, - |Yi[1]] - [ X]?)

B.1.15 Proof of Proposition 4.5.6

Let us consider the 2 steps of the procedure.

1. Initializations : Z,, «— X, is in O(|Xn]), X} « @ is in O(1). Therefore Step 1 is in
O(1Xml),
2. Compute Elig(X}) knowing Elig(x) and Elig(X,, \ {z}) :
Compute Elig(z) is in O(n, - |Yu[1]] - | X]?) (Lemma 4.5.7).
Compute Elig(X!) from Elig(z) and Elig(X} \ {z}) is in O(n, - |Yiu[1]| - | X|?).

Then from Elig(X},) and Z,, : computing Elig(X}) N Z,, is in O(|X.|?) < O(|X|?);
checking it Elig(X1) N Z,, is empty is in O(|X,]?) < O(]X|?): selecting randomly z in
Elig(X}) N Z, is in O(1); and moving the selected z from Z, to X} is in O(1). To
construct the whole partition, the while-loop is repeated at most |X,,| times. Therefore,
the total complexity is in O(n, - [Yi.[1]] - | X|? - | Xm|) < O(n, - |Yu[1]] - | X]3).

B.2 Proofs of Section 4.6

B.2.1 Proof of Theorem 4.6.1

The algorithm computes Ag,, Ap,, Ag, iy and Ap, [y as indicated in Subsection 4.5.1. If
Yl] = 0 or X, [1] = 0 (thus, &[1] = 0 or D,[1] = 0), then from Def. 4.4.2, (£,,D,) is
Inf,-CooBs. This the only situation where the algorithm generates the output "(&€,.D,)
is Inf,-CooBs". Therefore, the latter output is generated if and only if it is true.

The algorithm computes every ID,(x), using its definition given by (4.14), and Elig(x),
using (4.16) of Proposition 4.5.4. Then the algorithm constructs iteratively sets X1, -+, X2,

that congctitnute a pgrtition nf _\f” . suich that sach Y] catichioc //1 1‘2\ Tha construction r\f

PPt B il S uiv)

each X], is based on : ID,(X},), which is computed using Lemma 4.5.4; and Elig(X},),
which is computed using 4.17 of Proposition 4.5.5.

Then, the algorithm searches the smallest Ny,--- , N, £ N such that Y [N, + 1]y, = ]
or XN, +1]|x, =0, (thus, E[N, +1] = 0 or D[N, +1] = 0), for every y = 1,--- , p. For
that purpose, the algorithm computes Ag, ) and Ap,p for & = 1,- -+ ,max(Ny, .-+, N,)
as indicated in Subsection 4.5.1.

If such (/V) =1...p exists (and thus, is found by the algorithm), then from Def. 4.4.2,

every (£2.D,) is Inf y -COOBS. And from Def. 4.4.3, (€5, Dy) is V-(Infy -+~ Anf y)-
CooBs. ThlS the only situation where the algorithm generates the output "(&,,D,) is
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V-(Inf ., -+ . Infy )-CooBs". Therefore. the latter output is generated if and only if it
is true.

If such (N,);=1... , does not exist (and thus, is not found by the algorithm), then from
Theorem 4.5.1. (£,,D,) is not V-Infg}v-COOBS. This is the only situation where the
algorithm generates the output "(€,,D,) is not V-InfZ,-CooBs". Therefore, the latter
output is generated if and only if it is true. -
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Preuves du chapitre 5

C.1 Proofs of Section 5.4

C.1.1 Proof of Proposition 5.4.1

“Only If”” : Consider p D’-diagnosers (Diag’),c s, whose global diagnoses are fused conjunc-
tively. Assume that the A-(D', ..., DP)-diagnoser Diag = ((Drag’),cs, A) satisfies Conds.
(5.1)-(5.3) w.r.t. (F,H). Let us consider a set {H',...,H?} of subsets of H defined as

follows :

V3 e JH =HN{s| Dwag’(s) # 1}. (C.1)
Eq (C.1) implies that s & H? if s & H or Dwag’(s) = 1, V3 € J. Let us now show that
{M',...,HP} is a decomposition of M, i.e., |J,c; H’ = H. Eq. (C.1) implies that "’ C H,
V) € J. Therefore, |J,c, H? C ‘H. It remains to show that H C {J,; H’, as follows :

s€H = Dug(s) #1 (from Diag satisfies Cond. (5.3) w.r.t. H)
= 3y € J s.t. Dwag’(s) # 1 (from Eq. (5.7))
=JjeJst.seH (from Eq. (C.1) and s € H)
& s € U H,

seJ

which means that H C ., 1.

Cond. (5.3) : Let us show that, Vj € J, Diwag’ satisfies Cond. (5.3) w.r.t. H?. By the
construction of the decomposition {H!,..., H?} of H defined by Eq. (C.1), we have, V) €
J, Diag’ satisfies Cond. (5.3) w.r.t. H’.

Cond. (5.2) : Assume that Diag satisfies Cond. (5.2) w.r.t F, thus we have,

Vs € F: Diuag(s) #0=Vy € J,Vs € F: Duag’(s) # 0, (from Eq. (5.7))
V) € J, Dwag’ satisfies Cond. (5.2) w.r.t. F.

Cond. (5.1) : Assume that Diag satisfies Cond. (5.1) w.r.t F, thus we have,

3leZ* Vs€F, : Duag(s)=1= IleZ* Vsc F,¥y€J : Dwag’(s)=1, (from Eq. (5.7))
Ve J,3leZt,Vse F: Diag’(s) =1,
< Yy € J, Dwag’ satisfies Cond. (5.1) w.r.t. F.

177
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“If” : Consider languages F and H. and D’-diagnosers (Dwag’),c;. Assume that there
exists a decomposition {H',..., HP} of H such that, ¥3 € J, the D’-diagnoser Diag’
satisfies Conds. (5.1)-(5.3) w.r.t. (F.H7).

Cond. (5.1) : Since Diag’ satisfies Cond. (5.1) w.r.t. F, we have,

Vje J3l, e Z*. Vs € F, : Diag’(s) = 1. (C.2)

Consider 1y, ..., [, corresponding to Eq. C.2, and let | = max,¢;{,. Then. Vj € J,ifs € F;
then s € F, (because I, <, and thus. F; C F; ). Hence, from Eq. (C.2), Vs € F;, Vj € J,
Duag’(s) = 1. It follows from Eq. (5.7) that Diag(s) = 1. Therefore, Diag satisfies Cond.
(56.1) w.r.t. F.

Cond. (5.2) : Since, ¥j € J, the D’-diagnoser Diag’ satisfies Cond. (5.2) w.r.t. F, we
have,
Vi€ J, Vs € F: Diag’(s) # 0. (C.3)

Consider s € F, and thus, Vj € j, Diwag’(s) # 0 (from Eq. C.3). Hence, from Eq. (5.7),
Drag(s) # 0. Therefore, Diag satisfies Cond. (5.2) w.r.t. F.

Cond. (5.3) : Since, Vj € J, the D’-diagnoser Diag’ satisfies Cond. (5.3) w.r.t. H7, we
have,
Yj € J,Vs € H : Dwg’(s) # 1. (C.4)

Consider s € H, and thus, there exists j € J s.t. s € H? (because H = |J,, H), and
then from Eq. (C.4), Dwag’(s) # 1. Hence, from Eq. (5.7), Diag(s) # 1. Therefore, Diag
satisfies Cond. (5.3) w.r.t. H.

C.1.2 Proof of Proposition 5.4.2

“Only If” : Consider p D’-diagnosers (Diag’),c,. whose global diagnoses are fused disjunc-
tively. Assume that the V-(D',..., DP)-diagnoser Diag = ({Diag’),c,, V) satisfies Conds.
(5.1)-(5.3) w.r.t. (F,H). We consider an integer [ such that Diag(s) = 1 for every s € F.
Such ! exists from the satisfaction of Cond. (5.1). Let us consider a set {F',...,F?} of
subsets of F defined as follows :

Vi e J, F ={s e F| Dag’(s) = 1} U {s € F\F| Dwag’(s) # 0}. (C.5)

Let us now show that {F',..., 7P} is a decomposition of F, ie, U,., 7’ = F. Eq.
(C.5) implies that 72 C F, Vj € J. Therefore, (J,¢; 7/ C F. It remains to show that
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F C U, F, as follows :

s € F = Diug(s) #0, (Drag satisfies Cond. (5.2) w.r.t. F)

& [s € Fi A Dag(s) # 0]V [s € F\F; A Drag(s) # 0],

< [s € FinDrag(s) = 1)V[s € F\FiADrag(s) # 0],
(Drag satisfies Cond. (5.1) w.r.t. F)

= [FyeJ:se FADwag’(s) =1V [y € J : s € FA\FADwag’(s) # 0].
(from Eq. (5.8))

=3qeJ:seF, (from Eq. (C.5))

& s E U F,

7€J

which means that F C UJEJ FI.

Cond. (5.3) : Since Duag satisfies Cond. (5.3) w.r.t. H. Thus we have,

Vs € H: Dwag(s) #1 =V € JVs€ H: Duag’(s) # 1, (from Eq. (5.8))
< Vy € J, Duag’ satisfies Cond. (5.3) w.r.t. H.

Cond. (5.2) : Let us show that, V3 € J, Diag’ satisfies Cond. (5.2) w.r.t. 7. By the
construction of the decomposition {F!,....FP} of F defined by Eq. (C.5), we have, V) € J.
Drag’ satisfies Cond. (5.2) w.r.t. F7.

Cond. (5.1) : Consider the [ from which the decomposition (F?),c; has been constructed
using Eq. (C.5). Consider s € F] for some 7 € J.

sEF] =>seFNseF,
= Diag’(s) = 1 (from Eq. (C.5)).

“If” : Consider languages F and H, and D’-diagnosers (Diag’),c;. Assume that there
mrrimbn n Ao mntel o (] TNl [ ad 1o ) —~ T ) ™ - 2
CAIBLW o QLlOInpodivion (v ..., [ UL J dutll Lilat, VJ < J, LUEC 7-uldguosel viay.

satisfies Conds. (5.1)-(5.3) w.r.t. (F?.'H).

Cond. (5.1) : Since, Vj € J, the D’-diagnoser Diag’ satisfies Cond. (5.1) w.r.t. F?, we
have,

VyeJ3,eZt Vse Fi : Duag’(s) = L. (C.6)
Consider [, ...,[, corresponding to Eq. C.6, and let | = max,c,{,. Consider s € F;, and
thus. 37 € J such that s € 7] (because F; = (J,¢; F/). Then, since 7/ C F} (because
[, <1), s e .771]] It follows from Eq. (C.6) that Diag’(s) = 1. Hence, from Eq. (5.8),
Diag(s) = 1. Therefore, Diag satisfies Cond. (5.1) w.r.t. F.
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Cond. (5.2) : Since, Vj € J, the D’-diagnoser Diag’ satisfies Cond. (5.2) w.r.t. F7, we
have,

Vi€ J Vs e F: Diag’(s) # 0. (C.7)
Consider s € F. and thus, 3j € J s.t. s € F7 (because F = |J ., F7). Hence, from Eq.

(C.7), Diag’(s) # 0. it follows from Eq. (5.8) that Diag(s) # 0. Therefore, Diag satisfies
Cond. (5.2) w.r.t. F.

Cond. (5.3) : Since, Vj € J, the D’-diagnoser Diag’ satisfies Cond. (5.3) w.r.t. 7, we
have,
Vj e J,¥Vs € H: Diag’(s) # 1. (C.8)

Consider s € H, and thus, Vj € J, Diag’(s) # 1 (from Eq. (C.8)). It follows from Eq.
(5.8) that Diag(s) # 1. Therefore, Diag satisfies Cond. (5.3) w.r.t. H.

C.2 Proofs of Section 5.6

C.2.1 Proof of Proposition 5.6.1

Consider a decomposition {H!,...  HP} of H, and the A-(Inf y,, ..., Inf 5 )-diagnoser
Diag = ((Diag’),es,N) defined by Eqs. (5.9)-(5.15) and (5.7) w.rt. {H},..., HF}. Le.,
every Diag’ is an Infy -diagnoser given by Eqgs. (5.9)-(5.15) w.r.t. (¥,H’). Hence, from
Lemma 5.6.1, Vj € J, Diag’ satisfies Conds. (5.2) and (5.3) w.r.t. (F, H?). It follows, from
Proposition 5.4.1, that Diag satisfies Conds. (5.2) and (5.3) w.r.t. (F,H).

C.2.2 Proof of Proposition 5.6.2

Consider a decomposition {H',...,H”} of H, and the A-(Infy,,...,Infy )-diagnoser
Diag = ((Diag’),es, N) defined by Egs. (5.9)-(5.15) and (5.7) w.r.t. {H!,..., HP}. Hence,
every Diag’ is an Inf y -diagnoser given by Egs. (5.9)-(5.15) w.r.t. (F, H?). It follows, from
Lemma 5.6.2, ¥j € J, Diag’ satisfies Cond. (5.1) w.r.t. F. Therefore, from Proposition
5.4.1, Diag satisfies Cond. (5.1) w.r.t. F.

C.2.3 Proof of Theorem 5.6.2

“Only If " Assume that (F, H) is A-(Inf y,, ..., Inf 5 )-F-CODIAG. Hence, from Definition
5.6.2, there exists a decomposition {H!,..., HP} of H such that, Vj € J, (F, H?) is Infy -
F-CoDIAG. Consider the multi-decision decentralized diagnoser Diag = ((Diag’),c.,
A) defined by Egs. (5.9)-(5.15) w.r.t. {H!,..., H?}. By Propositions 5.5.1, 5.6.1 and 5.6.2,
Diag is a A-(Inf y,, . .., Inf 5 )-diagnoser satisfying Conds. (5.1)-(5.3) w.r.t. (F,H).

“If” : We consider a A-(Infy,, ..., Inf v )-diagnoser Diag = ((Diag’)jes, N), thus, Vj € J,
Diag’ is a Inf y -diagnoser. We assume that Diag satisfies Conds. (5.1)-(5.3) w.r.t. (F, H).
We consider the decomposition {H!, ..., H?} of H defined by Eq. (C.1). We have shown in
the proof of Proposition 5.4.1 that, Vj € J, Diag’ satisfies Cond. (5.1)-(5.3) w.r.t. (F, H’).
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Hence, from Theorem 5.6.1. (F.H?) is Inf 5 -F-CODIAG for every j € J. From Definition
5.6.2. we deduce that (F,H) is A-(Infy,...., Infy )-F-CODIAG.

C.3 Proofs of Section 5.7

C.3.1 Proof of Lemma 5.7.1

Let us first show by induction on k that, Vk > 0, H*' [k] C H*?[k] and F*'[k] € F*2[k]. In
the basis case k = 0. we have H"' [0] = H"* C H"? = H**{0] and 7' [0] = F C F = F*2[0].
Assume that for a given integer £ > 0, F*'[k] C F*?[k] and H"' [k] C H"?[k] and let us
show that H“' [k + 1] € H*2[k + 1] and F* [k + 1] € F*2[k + 1]. Since P, and P! are
maps and H*'[k] C H*2[k]. we have, Vi € I, P 'P(H*[k]) C P'P,(H*[k]) and then
Mwes PTTPH(KD) € Ny PTP.(H[K]). From the latter inclusion and the fact that
F¥r[k] C F2(k], we deduce

Folk+1) = F M0 (P P(H k) C F2 k] 0 ()P R(H2[K]) = F2lk + 1]

el wel
By the same approach, we can show that H"'[k + 1] C H*2[k + 1].

Now we assume that (F,H"?) is Infn-F-CODIAG, i.e., there exists [ € Z* such that
F2IN +1]NF; = 0. From the latter and the fact that F**[N +1] C F*?[N + 1], we deduce
that F1 [N + 1N F =0, ie., (F,H*") is Inf y-F-CODIAG.

C.3.2 Proof of Proposition 5.7.1

“Only If” : Assume that there exists a state z of Ay such that (F,L(Axn,2)) is not
Inf 5 _-F-CoODIAG for any N; < N. For any decomposition {H*,..., HP} of H satisfying
Assumption A3 (w.r.t. Ay), 35 € J, such that L(Ay,z) C H’. Since (F, L{Ax,x)) is
not Infy -F-CoDIAG for any N; < N, then from Lemma 5.7.1 we have that (F,H?)
is not Inf, -F-CODIAG for any N, < N. We have shown that for any decomposition
{H, ..., HP} of H satisfying Assumption A3 (w.r.t. Ay), we can find a H’ such that
(F,H?) is not Infy -F-CODIAG for any N, < N. Hence, from Definition 5.6.5, (F,H) is
not /\-Inf%}v-F-CODIAG w.r.t. Ay.

“If” : Assume that for every marked state x; of Aw, (F,L(Ax,z;)) is Infy -F-CODIAG
for some N, < N. This means that every (F,H?) is IanJ-F-CODIAG for some N, < N, for
the special partition (H?),c; defined as follows. Every H? = L( Ay, z,) for some marked
state x, of A3, and conversely, for every marked state z, of Ay there exists a unique
H’ such that H? = L(Ay,x,). Note that his special partition satisfies Assumption A3,
and its corresponding p is the number of states of Ay. Therefore, from Definition 5.6.4,
(F,H) is /\-(Ianl,..‘,Ianp)—F-CODIAG w.r.t. Ay for some Ni...., N, < N. And from

Definition 5.6.5, (F,H) is A-InfZp-F-CODIAG w.r.t. Ay.

The same kind of proof can be made for A-Inf%}v-F-CODIAG.
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C.3.3 Proof of Proposition 5.7.2

Consider FSAs Ay ; and Ay 2 accepting H such that, for every marked state x of Ay ;,
there emsts a state y of Ay such that L(A1,z) C L(Ap.2,y). Assume that (F,H) is
A- Inf ~F-CODIAG w.r.t. Ay 2. Hence, from Proposition 5.7.1, for every marked state y of
Ao, (f L(Ar2,y)) is Inf y -F-CODIAG for some N, < N. From L(Ay 1,1) € L{Ap2.9)
and (F, L(Axn,2.y)) is Inf y -F-CODIAG, we deduce from Lemma 5.7.1 that (F, L( Ay 1, X))
is Inf y,-F-CODIAG. To recapitulate, for every marked state x of Ay 1, (F, L(Aw,1, 7)) is
Inf y, -F-CODIAG for some N; < N. It follows, from Proposition 5.7.1, that (F,H) is

A-InfZ)-F-CODIAG W.r.t. As,1.

C.3.4 Proof of Proposition 5.7.5

Assume that (F,H) is not diagnosable. Hence, VI € Z™*, there exist s € F; and v € H
such that P(s) = P(u). For any decomposition {H!,..., HP} of H, there exists 7 € J such
that w € H?. Since P(s) = P(u) we have P,(s) = P,(u) for any ¢ € I.-Let us prove by
induction that, Vk > 0, s € F’[k] # 0 and u € H?[k] # 0.

Basis : We have s € F = F?[0] and u € H’ = H?[0].

Induction step : Assume that s € F?[k] and u € H?[k] for some k > 0. Let us prove
that s € F?[k + 1] and v € H?[k + 1]. Since P,(s) = P,(u) for any + € I, we have
s € MNyer PTIP(H[K)) and w € Mo, £ P(F?[k]). And since s € F?[k] and u € H[k], we
obtain s € F?[k] NN, P P(H k) = Pk + 1] and u € W (k] N(,o; P P(FK]) =
H [k +1].

We have proved by induction that s € F7(k] and u € H’[k], V& > 0. Since s € F, it
follows that, VN, > 0, s € FINF’[N, + 1] # 0, ie., (F ,HJ) is not Inf 5 -F-CODIAG, and
then (F,H) is not A-InfZ)-F-CODIAG.

C.4 Proofs of Section 5.8

C.4.1 Proof of Lemma 5.8.1

Temma 5 8 1 can he deduced from the f'nllnwing knaun reanlt

Result 1 : Consider n nondeterministic FSA A, ..., A,, over an alphabet of cardinality e.
Let g, be the number of states of A,, for1 =1...n,and g = ¢ X ... X g,. Let A be the
synchronized product of all the A,,2 = 1...n. The number of states of A is in O(q) and
its number of transitions is in O(q.(g.e)) = O(q°.e).

Let us apply Result 1 to Axp.y which is the synchronized product of PflP,(.Af[k]),
t=1...n, with As. Each PZ—IP,(A}—[,C]) is computed by a projection P, of Az without
determinization and then by adding self-loops. Therefore the number of states of each
P71P(Agy) is in O(|Y'[k][). Using Result 1, we obtain :

the number of states | X[k + 1]| of Ay is in O(|X[K]| - |[Y[K]|™).
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the number of transitions |a[k + 1]| of Ax41) is in

O(IX [k + 12| - [Z]) = O(X[K]|* - |[Y [K]]*™ - |Z)).
With the same approach, if we apply Result 1 to Ark4+1} which is the synchronized product
of Ary with PZ'IP,(AHM). i=1...n, we obtain :
the number of states |Y [k + 1]| of Az is in O(JY[E]] - | X[K]|™),
the number of transitions |3[k + 1]| of Azk4q) is in

O(IY [k +1]1* - [Z]) = O([Y [k - X [K]*" - |Z]).

C.4.2 Proof of Lemma 5.8.2

Lemma 5.8.2 can be deduced from the following known result.

Result 2 : The computational complexity for constructing an automaton is in the order of
its number of transitions.

By applying Result 2 to Axj+1), we obtain that the computational complexity for construc-
ting Awpr41) is in O(|afk+1]|) = O(|X[k]|*|Y [k]|*"-|Z]) (from Lemma 5.8.1). Let us apply
Result 2 to A )41 whose number of transitions is |3[k+1]| = O([Y [k]|*-| X [k]|*"-|Z]) (from
Lemma 5.8.1). We obtain that the computational complexity for constructing Axzk41; is
in O(13lk + 1]) = O(Y (K] - [ X K] - Z).

C.4.3 Proof of Proposition 5.8.1

From Lemma 5.8.2, the complexity for computing Azi; from Ay and Ax is in

O([Y|? - [X|* - |Z]). And detecting cycles of faulty states in Az is linear in the size of
Az, Le., O(|B[1]]). Therefore, the complexity of computing Az and detecting cycles of
faulty states in Agy is in O(|8[1]]) = O(|Y |2 - |X*" - |Z)).

C.4.4 Proof of Proposition 5.8.2

Consider FSAs Az and Ay, and a decomposition {X},..., X2} of X,,. By considering
the decomposition {H!,..., H?} of H such that each H’ is given by Eq. (5.16), we show
by induction on the inference steps k, that : H[k] = {s € Z*[alk](zo[k], s) € X [K][x; }
and F[k] = {s € £*| B[k](volk], s) € Y[kl x, }-

Basis : Let us show that H?[1] = {s € Z*| a[1}(xo[l],s) € Xn[l]ly; },

seH 1] & [se H|AViel,se PTIR(F)]
e seHAViel, 3 e Fst P(s) = Plt,))

From Eq. (5.16), s € H? is equivalent to a(zo,s) € X},, and hence,

s € H 1] & [a(zo,s) =z € X] A [Vie [,3t, € Fs.t. P(s) = P(t,)].
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Since Ag is an acceptor of F, we have, Vi € I, 3(yo, t,) = v, for some v, € Y,,. Thus, from
the synchronous composition of the FSAs Ay and (P 'P,(A#)).e; [Hopcroft et Ullman,
1979]. we have,

s € H[1] & a[ll(zo(l],8) = u = (uy,...,uy, 1) € Xpu[l] s.t., Vi € I,v, € u,
Since z is X} -marked, we have u is X} -marked, and hence,
s € H[1} & a[1](zo[1], 5) € Xm[1]]xz -
Let us show that F7[1] = {s € £*| 3[1](vo[1], 5) € Yom[l]lx; },

se Fllle [se FINVie I,s € PTIR(H))
o [se FIAVie 1,3, € H s.t. P(s) = P(t,)],
From the latter equivalence and the fact that Ax is an acceptor of F, we deduce,
s€ F1] & [y € Yo s.t. Byo,s) =y A Vi€ I,3t, € H s.t. P(s) = P(t,)].

From Eq. (5.16), we have, Vi € I, a(xg,t,) = u, for some u, € X},. Thus, from the
synchronous composition of the FSAs Az and (P! P,(A#x)).c1 [Hoperoft et Ullman, 1979],
we have,

s € F1) « F[1(yoll],s) =v = (v1,...,Un,y) € Yn[l] s.t., Vi€ [, u, € v,
Since, Vi € I, u, is X},-marked, we have v is X7 -marked, and hence,
s € P’[1] & B[1(yoll], s) € Ym[l]lx, -

Induction step : Assume that H’[k] = {s € &*| a[k](zolk],s) € Xu[k]|y; } and FI[k] =
{s € Z*| B[k|(vo[k],s) € Yml[k]lx; }. And let us show that H/[k + 1] = {s € Z*|alk +
(zolk + 1], 5) € Xulk + 1|y, } and F?[k + 1] = {s € T*| Bk + (yolk + 1], 5) € Y[k
Ul }-

seHk+1] & [se H[k]]A
& (s € HIEN A

L 8

vi
2]

From the induction hypothesis, we have :
s € M k] & alk](zo[k], s) = x € X,,[k] for some X7 -marked state z in Apg),

t, € FI[k] & Blkl(yolk], t.) = v, € Y [k] for some X}, -marked state v, in Az,

Thus, from the synchronous composition of the FSAs A and (PP (Arw))ies [Hop-
croft et Ullman, 1979], s reaches a state (ui,...,upn,Z) in Appsq st. Vi € I, v, € u,,
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hence,

se Hk+1] e alk+1)(xolk +1].8) = (uy,...,up,7) € Xplk+ 1] s, Vi e Ly, € u,,

L

Therefore, from the definition of the multi-marking, we have,
seHk+1] & alk+ 1)(zolk+1],8) € Xpnlk + IHX%,'

Therefore, H? [k +1] = {s € E*| a[k+1}(xo[k +1],s) € X[k +1]|y; }. The same procedure
can be followed to show that [k + 1} = {s € *| Bk + 1](yolk + 1],5) € Y[k + 1]|4; }-

C.4.5 Proof of Theorem 5.8.2

Consider the set of marked states X,,, = {x!,...,z/*=l} and consider the trivial partition
T = {H!,... HX=I} of H such that, Vj € {1,...,|Xn|}, M’ is given by Eq. (5.16), i.e,
H? = L{Ay,27) = {s € K|a(zo,s) = 2’ }. From Proposition 5.7.1, the following assertions
are equivalent :

(a) (F,H) is not A-InfZy-F-CODIAG w.r.t. A,

(b) 3z? € X, s.t. (F,L(Ay,2?)) = (F, H?) is not Inf y-F-CoDIAG.
From Theorem 5.8.1, we have,

(b) & IH €T,
there exists a cycle of faulty states in the acceptor Az n11) of F?[N + 1].

From Proposition 5.8.2,
FIN +1] = {s € Z*[ BIN + 1(po[N + 1], 8) € Yiu[N + 1|21y},
thus,

(b) S I e X, v e Ym[N + l]|{x1}
s.t. v is reached in Az|y41) through a cycle of faulty states.

For every decomposition D = {X},..., X2} of X,,, 3X! € D such that 27 € X[.
Therefore, since v is {2’ }-marked, v is X! -marked. And then,

(a) & (b) 327 € X, I € V[N + 11,
s.t. v is reached in Ax(y 1) through a cycle of faulty states.

C.4.6 Proof of Lemma 5.8.3

Consider a decomposition D = {X},..., X2} of X, s.t. D satisties Cond. (5.18). Let us
prove Lemma 5.8.3 by induction on the inference steps k > 1.

Basis : Let v = (vy,...,Up Uns1) € Yiulk] be a X7 -marked state such that C;(v) # 0,
for some X7 € D. Then. since X} satisties Cond. (5.18), we have, V(a1,...,a,) € (v; N
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X)) x o x (v N X)), [ Uer, {a}] = Lie, Vi € I, v,N X}, = {z}, for some z € X},
This means that v is {z}-marked and not X-marked, VX C X} s.t. X # {z}.

Induction Step : For some k > 1, assume that for every marked state u € Yn(kl|y, .
for which Cs(u) # 0, there exists x € XJ, such that u is {z}-marked and not X-marked.
VX C X}, s.t. X # {x}. Let us show that for every marked state v € Yy, [k+1]| y, , for which
C(v) # B, there exists z € X7, such that v is {z}-marked and not X-marked, VX C X{ s.t.
X # {z}. For that, let v**! = (vf*! ... vk vty be a X7 -marked state in X [k+1] (the
superscript “k-+1” stands for the inference step), such that C;(v**!) # @, which implies
that v¥ = vitl € Y,,[k] is X7 -marked (i.e., v* = v5t] € Yulk]lx; ). Let us show that
Cs(vF) # 0. Since Cs(v**1) # 0, there exists traces A,p,v € &%, such that yu is faulty
and Ap*v C L(Agp+1), v**"), where L(Agp41), v*+?) is the set of traces reaching v**! in
Agik+1)- Since for every trace s reaching v**! in A1), L.e., s € L{(Agpk41), v¥1), we have
s reaches vE1] = v¥ in Az, ie. s € L(Azrp, v*). Hence, L(Agk41), v**1) C L(Azp, v*).
Thus, Au*v © L(Agy, v*), Le., Cs(vF) # 0. Hence, from the induction hypothesis, there
exists y € X7, such that v* = (v, ..., vF vk ) € Y, [k] is {y}-marked and not X-marked
in Y[k, VX C X7 s.t. X # {y}.

Assume for contradiction that v¥*! is Y-marked for some subset Y C X7, such that y € Y
(otherwise, i.e., y & Y, v¥*! is not Y-marked). Hence, 3! € I such that v}*! contains a state
wk = (wk,.. ., wk wk, ) € X, [k] which is Y-marked, hence w*~! = w¥_, is Y-marked in

X[k — 1] (see the definition of multi-marking in Subsection 5.8.3).

Since w* € v,k“, and from the definition of the natural projection of FSA [Hopcroft et
Ullman, 1979, there exits s € F[k] reaching the state v* = vi*] € Y,,[k] and t € H[k] rea-
ching the state w* € X,,[k] such that P,(s) = P,(t). Since s reaches v* = (v¥, ... vk vk, )
in Az, then s reaches v*~! = vk | € Y,,[k — 1] in Agj_y. And since ¢ reaches w* =
(wh, ..., wk. wk, ) € Xp[k] in Ay, then ¢ reaches w*™! = wk, | € X[k — 1] in Ape—y).
Since P(s) = P(t) and from F[k] = F[k — 1] N(,.; P 'P.(H[k — 1)), we have w*~! € of
(recall that v* = (v¥,... v5, vk, ,)). And since w*~! is V-marked and v* is {y}-marked,
we have v* is () U {y})-marked. This contradicts the fact that v* is {y}-marked and not
X-marked in Y, [k], VX C X s.t. X # {y}. Thus, Y = {y}, and then w* is {y}-marked.
Therefore, v**! is {y}-marked and not X-marked in Y, [k + 1], VX C X7, s.t. X # {y}.

~ 7 N £ £ Thncmenes E O D
L ] ] ' I LIICVICIN J.U.Y

A GOt ©
Consider a FSA Ay accepting H and a decomposition {X,,..., X2} of X, satisfying
Cond. (5.18). “If”” : Assume that (F, M) is A-InfZ)-CoODIAG w.r.t. {H',..., HP}, where,
Vj € J, H’ = {s € *| a(xo, s) € X}, }. Since, each H’ contains only the traces leading to
marked states of X7, the decomposition {H!, ..., HP} satisfies Assumption A3. Therefore,
from Definitions 5.6.4 and 5.6.5, (F,H) is A-InfZ5-CODIAG w.r.t. Ay.

“Only If” : Assume that (F,H) is not A-InfZ,-CODIAG w.r.t. {H!,..., HP}, where
M) = {s € £*|a(zo,s) € X2,}. Then, 3j € J such that (F,H’) is not Inf y-CODIAG, i.e.,
there exists v € Y,,[N + 1] that-is X7 -marked and reached by traces through a cycle of
faulty states in Axy41). Since H7 satisties Cond. (5.18), this implies, from Lemma 5.8.3,
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that there exists r € X, for which v is {z}-marked and not X-marked, VX C X} s.t.
X # {r}.

For every decomposition D = (X!,..., X9) of X,,,, 3X' € D such that x € X', and thus v
is X'-marked. Since, v is reached by traces through a cycle of faulty states in Arniy). this
implies from Theorem 5.8.2, that (F,H) is not /\-Infg}v-CODIAG w.r.t. Ay, as required.

C.4.8 Proof of Proposition 5.8.3

From Lemma 5.8.2, the complexity of computing Agj+y from Axlk] and Ax(k] is in
O(I8lk + 1)) = O(IY[K]|* - |X[k]]* - |=]). The complexity of computing Ag;41) from
Asoy and Agyp) is in the same order because Ag; (k) is obtained from Axjkyy) by : 1)
keeping marked only the states of Az that are X] -marked, and 2) removing all states
which are not reachable from the X7 -marked states. This procedure is in the worst case
in O(|B[k + 1]]). And detecting cycles of faulty states in Az[c4y) is linear in the size of
Azik+1), 1., O(|B[k +1]|). Therefore, the complexity of computing Az 1) from Ay (k] and
Azlk] and detecting cycles of faulty states in Agpg4q) is in O(|B[1]]) = O([Y[K]}? - | X [K]|*™.
1%].

C.49 Proof of Lemma 5.8.4
Given two subsets W, Z C X,,,, we have :

ID,WUZ)={iellu,n(WUZ) =0} ={i € [|(t; NW =) A (v, " Z = 0)}
={iellu,NW=0}n{i € I|u,N Z =0} = ID,(W) NID,(Z).

C.4.10 Proof of Lemma 5.8.5

X C X, satisfies Cond. (5.18) means :

1. Yo = (v1,...,Un41) € Yu[l] s.t. v is A-marked and Cy(v) # 0,

2. Y(ay,...,a,) € (i NAX) X ... % (vaNX), we have |,c,{a.}| = 1.
The above Item 1 can be rewritten : Vv € Y,,[1] s.t. C(v) # 0 and ID,(X) = 0. The above
item 2 is equivalent to : || J,c;(X Nv,)| = 1, which can be rewritten : |X' N ({J,c; v.)| = 1.

To recapitulate, X" satisfies Cond. (5.18) is equivalent to - Vo € Y [1] «t Celn) £ G - if
ID,(X) = 0 then |X N J,.,v| = L.

€]

C.4.11 Proof of Proposition 5.8.4

Consider z,y € X, Let us prove that y € Elig(z) iff y € Xpn \ [{2} UU vevumiy Uies v
Cy(v)%6
IDf..(vI)z
U vevm) Neeip, (z) 2:)- By definition, we have,
Cyl
ID]U(UI)#

y € Elig(z) & [{z, y} satisfies Cond. (5.18)] A [y € X \ {2}]
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The set of states A C X,, s.t., Yy € A, {x,y} satisfies Cond. (5.18), can be obtained by
computing the set of states B C X, s.t. Vz € A, {z, z} does not satisfy Cond. (5.18). And
then we have A = B¢, where B¢ is the complementary of B. For every 2 € B, we have,

{z, z} does not satisfy Cond. (5.18) (C.9)

(C9) & Fv e Yn[l]st. Cs(v) # 0,IDy({z,2}) = 0 and [{z.2} 0| Ju| > 1

wel

(C.9) & Jv e Yy[l] s.t. Cs(v) # 0,ID,({z. 2}) = 0 and {z,2} N Uv, = {z, z}

el

{z, 2} NU,e; v = {z,2} is equivalent to {z,z} C |J,c; v, which is equivalent to say that
ID,(x) # I and ID,(z) # I. So, we have

(C9) & Jv € Yy[1] s.t. Cp(v) # 0,ID,({z, 2}) = 0,ID,(x) # I and ID,(z2) # 1.

For every v € Yn[1] s.t. Cs(v) # 0, ID,({z, 2}) =0, ID,(z) # I and ID,(2) # I, two cases
can be presented :

1. IDy(z) = @ : in this case for every z € {J,.; v, {z, 2z} does not satisfy Cond. (5.18).

2. ID,(z) # 0 : since ID,({z,2}) =0, Vi € I. {z,2} Nv, # 0. Hence, VI € I s.t. = & v,
i.e., Vl € IDy(z), we have 2 € v;. It follows that z € (¢pp, (. 0t Therefore, for every
z € (Nie1py(z) V> {T, 2} does not satisfy Cond. (5.18)

Since, either z € |J,¢, v (in the case ID,(z) = @) or 2 € Nyp, () Wi (in the case ID,(z) # 0)
imply that ID,(z) # I, we have,

(C.9) & v € Y,[1] s.t. c}()#@-
[IDy(z) # I AIDy(z @Azer, ) AIAD(z)£BNze () v

Since ID, () = @ implies ID,(z) # I, and ID,(z) = 0 implies (¢1p, o) v = 0, we have,

(C.Q)@EUEY[]st Cs(v) #£0:
(ID (DAZEUU, [ID,(z) #INz€E ﬂ vy

el l€IDy(x)

&z € U Uv1U U ﬂ U,

veYny(l] €l ver {1] 1€IDy ()
Cs(v)#0 Cy(v)#0
D, (z)=0 IDL(I);éI
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Therefore, B = |J vevni1) Uier e U U vevimpy] nzele(r) v,. Thus, we have,
Cy (v)#0 Cy(v)#0
1D, (z)=0 Dy (2)#]

y € Elig(z) & [y € BIA [y € X \ {7}]

syeX, \{z}u |J Ynu U [ vl

vEYn (1] el v€Ym[l] 1€IDy(x)
Crlv)£0 Cr(v)#£6
ID,(z)=0 1D, (z)#!]

C.4.12 Proof of Proposition 5.8.5

Consider X C X,,. x € Elig{X). We have to prove the equality S = T, where § =

Elig(x' U {z}) and T' = (Elig(X) NElig(z)) \ U vevmip  (Mcinu(xuiz)) v)- Let us prove
IDy (XU{z})#]
Cy(v)7#0
“S C T and“T C S”. Hereafter, we consider only the states v € Y,,[1] satisfying Cs(v) # 0.

Proof of S C T : Consider y € Elig(X U {z}), which means that y € X, \ (¥ U {z})
and X U {y.z} satisfies Cond. (5.18). Hence, y € X;, \ X, y € Xin \ {z}, X U {y} satisfies
Cond. (5.18) and {y,z} satisfies Cond. (5.18). Therefore, y € Elig(X) N Elig(z).

We now prove ad adsurbum y € U vyl Nierp, (xugzy) ve- Assume that

1D, (XU{z})#1]
Cy(v)#0
Yy < U vEYm(1]: anIDU(XU{:z}) U,. Hence, Jv = (Ul,...,vn+1) (S Ym[l} s.t. Cf(’l)) ”r/‘ @,
1D, (XU{z})#1
Cr(v)#£0

ID,(X U {z}) # I and, Vi € ID,(X U {z}), y € v,. From the latter, we deduce that
ID, (X U {z,y}) =0.

From ID, (X U {z}) # I, we deduce (U,; v:) N (X U {z}) # 0. The latter expression and
the facts that y ¢ X U{z} and y € ¢, v, imply that |(X U {z,y}) N U, w] > 1.

D, (X U{z,y}) =0 and [(XYU{z,y})NU,;v| > 1 imply that XU {x,y} does not satisfy
Cond. (5.18) (Lemma 5.8.5), which contradicts the hypothesis that X U {x,y} satisfies
Cond. (5.18).

Proof of T C S : Consider y € (Elig(X)NElig(z))\[U vevmi; (Niemp, (vuie) vil- Hence,
ID. (¥U{z))1 ’
Celv)

since y € Elig(X), we have y € X, \ X and & U {y} satisfies Cond. (5.18). And since
y € Elig(x), we have y € X, \ {2} and {z,y} satisfies Cond. (5.18). From y € X,,\&X and
y € X \{7}, we deduce y € X, \ (XY U {z}).

In the following we will show that X U{x, y} satisfies Cond. (5.18). For that, Vv € Y,,;[1] s.t.
Cs(v) # @, we have to show that : if ID,(X U {x,y}) =@ then [(XYU{z,y})NU,c;v.|=1.
Two cases can be considered :
ID, (X U{z}) = 0 : this implies that ID,(X U {z,y}) = 0. « € Elig(X) implies X' U {z}
satisfies Cond. (5.18). The latter and ID,(X'U{z}) = @ implies [(XU{z})N(U,c; v.)| = 1
(Lemma 5.8.5). This means that either a unique 2z € X is contained in all v, or z is
contained in all v,. This equivalent to consider the two following :
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ID.(X) = @ and ID,(x) = I : since ID,(X) = 0, we have ID, (XU {y}) = 0. And since
y € Elig(X). [(XU{y})N(U,e; v.)| = 1. Thus. since, Vi € I, z € v,, it follows that y ¢
U,es ve- Since ID () = I (i.e.. 7 & U, 1), we deduce that [(XYU{x,y})NU, ;| = 1.
ID,(z ) @ and ID,(X) = I : since ID,(z) = @, we have ID,({z,y}) = 8. And since z €
Elig(x), |({z, y})"(U,¢; .)| = 1. Thus, since, Vi € I, x € v, it follows that y & | J,., v
Since ID (X) =1 (ie., XNY,; . = 0), we conclude that (XU {z,y})NU,; ] = 1.
ID (X U {x}) # 0 : two cases can be considered :

IDJ(XU{z})=T:Viel, v,n(XU{z})=0. fID,(XU{x,y}) =0, we have Ve € I,
y € v,. It follows that [(X U {z,y}) N, vu] = [{¥}] = L.

ID (XU {z}) # I:sincey €U vevaml) [ ern, (xuga)) Ve then there exists i € I's.t.
1D, (XU{z})#]
Crv)#0

y & v, and v,(XU{z}) = 0, thus, v,N(XU{z.y}) = 0. Therefore, ID,(XU{z,y}) # 0,
and thus from Lemma 5.8.5, we deduce X' U {z, y} satisfies Cond. (5.18) w.r.t. v.

From y € (Elig(X) NElig(z)) \ U vevmly Micipyxugzy) v:)s We have deduced y € X \
ID (XU{x))#1
Cylv)s#0
(X U{z,y}) and X U {z,y} satisfies Cond. (5.18), which means y € Elig(X U {z}).

C.4.13 Proof of Lemme 5.8.6

Given v € Yy,[1] s.t. Cp(v) # 0, and € X,,. the most costly operation for computing
ID, () is checking whether v,N{z} = @, Vi € I. Checking whether v,N{z} = @ is in O(|X])
because v, C X. The complexity of checking for all v, of v is obtained by multiplying the
above complexity by n, that is, O(n - | X|).

C.4.14 Proof of Lemme 5.8.7

Given z € X, and v € Yn[l] such that Cs(v) # 0, the complexity for computing v, U

V41 and v, N vy is in O(|X|?), and the complexity of computing Uveymm (U,ez e and
N (=0

Cy(v)#0
U Leymll | Mieip,(z) 2 is bounded by multiplying the above complexity by n, that is, O(n
IDu(z
cylv \;é@
1X1%)

The complexity of computing U vev,1) U,e;v: 2nd U vevimy) MNicip, () v+ is bounded by
IDy(z)=0 IDu(2)#] Y
Cr(v)#0 Cr(v)#0
multiplying the above complexity by |Y;,[1]] that is, O(n - |Y;,[1]| - |X|?). The union with
{z} is in O(]X|[). The subtraction X, \ ... is in O(|X| | Xm|) < O(}X|?). Therefore the

complexity of computing Elig(z) is in O(n - |Y,[1]] - | X]?).
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C.4.15 Proof of Lemma 5.8.8

The complexity for computing U vevinp) Mein, ) ¥ 15 O(n - |Ya[1]] - | X]?) (from Lemma
IDy(2)#1
Cr(v)#0
5.8.7). The complexity of the intersection Elig(X) N Elig(z) is in O(|X]?) < O(X?).
The complexity of the subtraction [Elig(X) N Elig(z)]\ ... is in O(|Xn|-|X]) < O(|X|?).
Therefore, the total complexity of computing Elig(X) is O(n - |Yu[1]] - | X]?).

C.4.16 Proof of Proposition 5.8.6

Let us consider the 2 steps of the procedure.
1. Initializations : Z,, — X, is in O(]Xn]), X}, <@ is in O(1). Therefore Step 1 is in
O(| Xml),
2. Compute Elig(X,) knowing Elig(z) and Elig(X} \ {z}) :
Compute Elig(z) is in O(n - |Y,,[1]] - | X|?) (Lemma 5.8.7).
Compute Elig(X},) from Elig(z) and Elig(X} \ {z}) is in O(n - |Yan[1]] - |X|?)
(Lemma 5.8.8).
Then from Elig(X})) and Z,, : computing Elig(X})) N Z,, is in O(|X»|?) = O(|X]?);
checking if Elig(X})) N Z,, is empty is in O(|Xn|?) < O(]X|?); selecting randomly z
in Elig(X1) N Z,, is in O(1); and moving the selected = from Z, to X} is in O(1). To
construct the whole partition, the while-loop is repeated at most | X,,| times. Therefore,
the total complexity is in O(n - [V, [1]] - | X|? - | Xn]) < O(n - |Yall]] - [X]?).

C.5 Proofs of Section 5.9

C.5.1 Proof of Theorem 5.9.1

The algorithm computes Ay, Az, Axp) and Az as indicated in Subsection 5.8.1. If there
is no cycle of faulty states in Yy,[1], then from Def. 5.6.1, (¥, H) is Inf,-F-CoODIAG. This
the only situation where the algorithm generates the output “(F,H) is Inf,-F-CODIAG”.
Therefore, the latter output is generated if and only if it is true.

The algorithm computes every ID,(z), using its definition given by Eq (5. 19) and Elig(z}),
nsing Fa (5 21) of Propacition 5 8.4, Then the algerithm constructs itcratively scis Xy, - - -
, XP that constitute a partition of X, such that each X7, satisfies Cond. (5.18). The
construction of each X7, is based on : ID,(X},), which is computed using Lemma 5.8.4;
and Elig(X},), which is computed using Eq. (5.22) of Proposition 5.8.5.

Then, the algorithm searches the smallest Vy,..., N, < N such that there is no cycle of
faulty states in Arn, +1), for every j = 1,..., p. For that purpose, the algorithm computes
Amniry and Az for k= 1,...,max(N,, ..., N,) as indicated in subsection 5.8.1.

If such (N,),=1,.,p exists (and thus, is found by the algorithm), then from Def. 5.6.1,
every (F,H?) is Infy -F-CODIAG. And from Def. 5.6.2. (F,H) is A-(Infy,,...,Infy )-
F-CobiAG. This the only situation where the algorithm generates the output “(F, H) is
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A-(Infu ..., Ianp)-F-CODIAG". Therefore, the latter output is generated if and only if
it is true.

If such (N,),=1, p does not exist (and thus, is not found by the algorithm). then from
Theorem 5.8.3, (F,H) is not /\-InfE}V—F—CODIAG. This is the only situation where the
algorithm generates the output “(F,H) is not A-InfE}V-F—CODIAG”. Therefore, the latter
output is generated if and only if it is true. B
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