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Chapter 1

Preface

These lecture notes are based on the series of lectures that were given by the
authors at the E6tvos Lorand University for students in Physics, Geophysics,
Meteorology and Geology. It is written firstly for these students, however, it
can be also used by students in mathematics. People at the Department of
Applied Analysis and Computational Mathematics have taught mathematics
to science students for decades. The authors have taken part in this work
for several years, they taught the topics dealt with in these lecture notes
in many semesters. Their long term teaching and pedagogical experience is
behind this work.

Concerning its contents the book is similar to other analysis textbooks,
however, it is special because of several reasons. First of all, most of the
textbooks are written for students in mathematics, or for non-mathematics
students in some special field, for example students in engineering or econ-
omy. These lecture notes are customized to science students at the Edtvos
Lorand University. According to our teaching experience the students do not
acquire mathematical knowledge through the axiomatic set-up, instead they
understand mathematical notions and methods gradually getting deeper and
deeper synthesis. Hence the lecture notes follow an alternative way, all sub-
jects are presented at the beginners level, when mainly methods are taught
(for physics students this corresponds to the Calculus course). The book is
strongly application oriented. For example, vector calculus is included for
students in geophysics, complex functions, contour and surface integral is
presented for physics student.
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Chapter 2

Sets, relations, functions

We present the tools and frequently used notions of mathematics, and intro-
duce some important conventions. We prepare a solid base for the further
constructions. To abbreviate the words “every” or “arbitrary” we will often
use the symbol V, while the notation 3 will be employed for the expression
“exists” or “there is”. This chapter covers the following topics.

e Sets and operations on sets
e Relations
e Functions and their properties

e Composition and inverse functions

2.1 Sets, relations, functions

2.1.1 Sets and relations

A set is considered as given if we can decide about every well-defined object
whether it belongs to the set or not. (A “clever thought”, a “beautiful girl”, a
“sufficiently big number” or a “small positive number” cannot be considered
as well-defined objects, so we will not ask if they belong to a set.)

Let A be a set, and x a well-defined object. If x belongs to the set, then
we will denote this as x € A. If z does not belong to the set, we will write
x ¢ A

A set can be given by listing its elements, e.g., A := {a,b,c,d}, or by
specifying a property, e.g., B := {z | x is a real number and z2 < 2}.

Definition 2.1. Let A and B be sets. We say that A is a subset of B if for
all z € A x € B holds. Notation: A C B.
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Definition 2.2. Let A and B be sets. Set A is equal to set B if both have
the same elements. Notation: A = B.

It is easy to see that the following theorem holds.

Theorem 2.1. Let A and B be sets. Then A = B if and only if A C B and
BCA.

We will show some procedures which yield further sets.

Definition 2.3. Let A and B be sets.
The union of A and B is the set AUB :={z | z € Aor z € B}.
The intersection of A and B is the set AN B :={x | z € A and = € B}.
The difference of A and B is the set A\ B:={x | z € A and x ¢ B}.

When taking the intersection or the difference of sets, it can happen that
no object x possesses the required property. The set to which no well-defined
object belongs is called empty set. Notation: ().

Let H be a set and A C H a subset. The complement of A (with respect
to set H) is defined as the set A := H \ A. The following theorem is known
as De Morgan’s identities.

Theorem 2.2. Let H be a set, A, B C H. Then we have

AUB=ANB and ANB=AUB.

Let a and b be any objects. The set {a,b} can obviously be written in
several ways:

{a,b} = {b,a} = {a,b,b,a} = {a,b,b,a,b,b} = etc.

As opposed to this, we introduce the basic notion of the ordered pair (a, b),
an essential property of which is

(a,b) = (¢,d) if and only if a = c and b =d.
We define the product of sets with the aid of ordered pairs.

Definition 2.4. Let A, B be sets. The Cartesian product of A and B is
the set of ordered pairs

Ax B:={(a,b) | a€ Aand b e B}.
For example, let A :={2,3,5} and B := {1, 3}, then

AxB=1{(21),(2,3),(3,1),(3,3),(5,1),(5,3)}.
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Relations are based on the notion of ordered pair.

Definition 2.5. We say that a set r is a relation if each of its elements is
an ordered pair.

A Hungarian-English dictionary is a relation because its elements are or-
dered pairs of a Hungarian word and the corresponding English word.

Definition 2.6. Let r be a relation. The domain of definition of r is
D(r) := {z | there exists an y such that (z,y) € r}.
The range of r is
R(r) := {y | there exists an x € D(r) such that (z,y) € r}.

Obviously, » C D(r) x R(r).
For example, in the case of r := {(4,2),(4,3),(1,2)}, D(r) = {4,1},
R(r) ={2,3}.

2.1.2 Functions

A function is a special relation.

Definition 2.7. Let f be a relation. We say that f is a function if for all
(z,y) € fand (z,2) € fy=2.

For example, r := {(1,2),(2,3),(2,4)} is not a function since (2,3) € r
and (2,4) € r, but 3 # 4; however, f:={(1,2),(2,3),(3,3)} is a function.

We introduce some conventions in connection with functions. If f is a
function, then in case of (z,y) € f we call y the value of function f at z,
and we say that f associates y to x or maps z to y. Notation: y = f(z).

If f is a function, A := D(f), and B is such a set that R(f) C B (clearly,
A is the domain of definition of the function, and B is (a) range of the
function, then instead of the expression “f C A x B, f is a function” the
notation f : A — B is employed (“the function f maps set A to set B”).

If f is a function and D(f) C A,R(f) C B, then this is denoted by
f:A— B (“f is a function that maps from set A to set B”).
For example f := {(a, @), (b, 8), (9,7), (d,d), (e,£)} is a function. One can see
that 8 is the value of f at b: 8 = f(b).
If L denotes the set of Latin letters and G the set of Greek letters, then
[ {a,b,g,d,e} - G’f(a’) = a’f(b) = vi(g) = ’Y’f(d) = 6’f(6) =e. If we
only want to refer to the type of the function, then it is sufficient to write
fel—aG.

Obviously, any function has an inverse, however, it can happen that the
inverse is not a function.
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Definition 2.8. Let f : A — B be a function. We say that f is one-to
one (injective) if it associates different elements of B to different elements
x1,x2 € A, that is, for all 1,29 € A, x1 # xa: f(21) # f(x2).

It is easy to see that the inverse of a one-to-one function is a function. In
more detail:

Theorem 2.3. Let f be a function, A := D(f),B := R(f), f one-to-one.
Then the inverse f~' : B — A of f is such a function that maps any point
s € B totc A for which f(t) = s, (briefly: for any s € B: f(f~(s)) = s).

We can also prepare the composition of functions. Fortunately, it will
always be a function.

Let g: A — B,f: B — C. Then by using the composition of relations
one can show that

fog:A—C,andforallz e A: (fog)(x) = f(g9(x)).

For example, let the function g add 1 to the double of each number (g: R— R,
g(z) := 2z + 1); and the function f raise each number to the second power
(f:R—=TR, f(z) :=2%), then fog:R =R, (fog)(x) = (2z + 1)? will be
the composition of f and g.

Further useful notions

Let f: A — B and C C A. The restriction of a function f to C is the
function f|, : C — B for which f(z) := f(x) for all z € C.

Let f: A— B, C C Aand D C B. The set

f(C) :={y| there exists € C, such that f(z) =y}
is called the “image of set C' under the function f”. The set
fHD) = A{z| f(z) € D}
is called the “preimage of set D under the function f”. (Attention! The
notation f~! does not stand for the inverse function in this case.)
2.2 Exercises
1. Let A:={2,4,6,3,5,9}, B:={4,5,6,7}, H := {n | n is a whole number,

1 < n < 20}. Prepare the sets AUB,ANB,A\ B,B\ A. What is the
complement of A with respect to H?

2. Let A:={a,b}, B:={a,b,c}. Ax B=?"BxA="
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1

3. Let r := {(x,%) | 2,y real numbers, y = 22}. v—! =? Is 7 a function? Is

r~! a function?

4. Let f:R—R, f(z) := Prepare the functions fo f, fo (fo f).

_w
1+22°
5. Think over how the inverse of a one-to-one function f : A — B can be
illustrated.
6. Consider that the inverse of a function f : A — B can be obtained in the
following steps:
1) Write that y = f(z).
2) Swap the “variables” z and y: x = f(y).

3) From this equation express y with the aid of x: y = g(x). This very g
will be the inverse function f~1.

Example: f: R — R, f(z) =2x — 1. (This is a one-to-one function.)
Ny=2z-1
2)x=2y—1
r+1=2yy=21(z+1).
So ffl:R—=R, f7l(z) =L(z+1).
Draw the graphs of the functions f and f~1.
7. Let f: A— B, Cy,Cy C A, D1, Dy C B. Show that
f(C1UCy) = f(C1) U f(Ch),
f(C1nCs) C f(C1) N f(Co),
f7HD1UDs) = f~H(D1) U f~ (D),
fTHDiND2) = f7H(D1) N f~H(Dy2).
Is it true that Cy C Cy implies f(Cy) C f(Co)?
Is it true that Dy C Do implies f~1(Dy) C f=(D3)?
8. Let f:A— B, CCA,DCB.
Is it true that f~(f(C)) = C? Is it true that f(f~1(D)) = D?






Chapter 3

Sets of numbers

We can calculate with real numbers since our childhood, we add, multiply
and divide them, raise them to powers and take their absolute values. We
re-arrange equations and inequalities. Now we lay down the relatively simple
set of rules from which the learnt procedures can be derived. We will cover
the following topics.

e The set of real numbers

e The set of natural numbers

e The sets of integers and rational numbers

e Upper bound, lower bound

e Interval and neighborhood

e Exponentiation and power law identities

e The set of complex numbers

e The trigonometric form of complex numbers, operations

3.1 Real numbers

3.1.1 The axiomatic system of real numbers

Let R be a nonempty set. Suppose there is a function + : R x R — R called
addition and a function - : R x R — R called multiplication satisfying the
following properties:

al. for all a,b € R, a + b = b+ a (commutativity);
a2. for all a,b,c € R, a+ (b+ ¢) = (a + b) + ¢ (associativity);

9
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a3. there exists an element 0 € R such that for alla e R, a+0=1a (0 is a
neutral element with respect to addition);

ad. for all @ € R there is an element —a € R such that a + (—a) = 0;
ml. foralla,b eR,a-b=10b-q;
m2. foralla,beR,a-(b-¢c)=(a-b)- ¢

m3. there exists an element 1 € R such that foralla € R, a-1=a (1 is a
neutral element with respect to the multiplication);

m4. for all @ € R\ {0} there exists a reciprocal element 1 € R for which

a-lzl;
a

d. for all a,b,c € R, a- (b+ ¢) = ab+ ac (multiplication is distributive with
respect to addition).

It is easy to see that the fourth requirement of multiplication is essentially
different from the laws of addition (otherwise the two operations would not
differ from each other).

Axiom d also emphasizes the difference.

Assume that there exists an ordering relation < (called less than or equal
to) on R, which has the following further properties:

rl. for all a,b € R either a < b, or b < a holds;
r2. in all cases where a < b and ¢ € R are arbitrary numbers, a +c¢ < b+ ¢;
r3. in all cases where 0 < a and 0 < b, 0 < ab.

Let us fix that instead of a < b, a # b the notation a < b will be employed.
(Unfortunately, < is not an ordering relation, since it is not reflexive.)

On the basis of al-a4, m1-m4, d, r1-r3 one can derive all “laws” related
to equalities and inequalities. As a supplement, we mention three notions.
Definition 3.1. Let a,b € R, b # 0. Then { :=a - %

So, division can be performed with real numbers.

Definition 3.2. Let x € R. The absolute value of z is

] = z if 0<x
=Y if <0, x#0.

Inequalities with absolute value are very useful.

1. Forall z € R, 0 < |z|.
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2. LetzeRande eR, 0<e. Thenxz <e and —z <e<=|z|<e.
3. For all a,b € R, |a+ b| < |a| + |b| (triangle inequality).
4. For all a,b € R, ||a| —|b]| < |a —].
These statements are simple to prove. Here we show the proof of A 4.
Consider the equality a = a — b+ b. Then, by property 3,
la| = |la —b+b| < |a—b| +|b].

According to r2, by adding the number —|b| to both sides, the inequality does
not change.

la] + (=[b]) = la] = |b] <'a —b]. 3.1)
Similarly,
b=b—a+a,
bl =1b—a+al <|b—al+]a /—la],
[b] = lal <'[b—al,
= (la[ = [o]) < |b = af = |a = b]. (3-2)

The inequalities (3.1) and (3.2) according to property 2 (by the choice z :=
la| — |b]; € := |a — b|) exactly yield ||a| — |b]| < |a — b].

3.1.2 Natural, whole and rational numbers

Now we separate a famous subset of R.
Let N C R be such a subset for which
1° 1€ N,
20 forallmeN, n+1¢€N,
3° forallm € N, n+1# 1 (1 is the “first” element),

4° the facts that a) S C N,
b)leS,
c)forallne S, n+1e€S

imply S = N. (Complete induction.)

This subset N of R is called the set of natural numbers.
We supplement all this with the following definitions:

Z:=NU{0}U{m € R | —m € N} is the set of integers,

Q:={z € R there exists p € Z,q € N such that z = L} is the set of
rational numbers,
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Q* :=R\ Q is the set of irrational numbers.

With the aid of N, we impose a third requirement on R in addition to the
laws of the operations and ordering.

Archimedes’ axiom: For all a,b € R, 0 < a there exists n € N such
that b < na.

As a consequence of Archimedes’ axiom, one can show that for all K € R
there exists a natural number n € N for which K < n, since by the choice
a:=1, b:= K the axiom provides such a natural number.

We also show that for all € € R, 0 < ¢ there exists a natural number n € N
such that % < g, since let us choose a := ¢ and b := 1. According to the
axiom there is an n € N such that 1 < n-¢. By applying the appropriate
“law”

1< ne /+(=1),

0<ne—1 /

b

1
n

1 1 1
0<—(ne—1)=e—— -
n(n€ ) ¢ n /+n
1
— <e&.
n

Even with the introduction of Archimedes’ axiom R does not meet all de-
mands. We need a final axiom, for which we make preparations by introduc-
ing some further notions.

3.1.3 Upper and lower bound

Definition 3.3. Let A C R, A # (). We say that the set A is bounded
above if there exists a K € R such that for all a € A, a < K. Such a number
K is called an upper bound of set A.

Let A C R, A # () be bounded above. Consider
B :={K € R | K is an upper bound of set A}.

Let o € R be the smallest element of set B, that is, a number for which
1° a € B («a is an upper bound of set A),
2¢ for all upper bounds K € B, a < K.

The only question is whether there exists such an o € R.

The least upper bound axiom: Every set A C R, A # () of real numbers
having an upper bound must have a least upper bound.
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Such a number o € R (which is not necessarily an element of A) is called
supremum of A and denoted as

o :=supA.
Clearly, the following two properties of sup A hold:
1°foralla € A, a <sup A,
2° for all 0 < € there exists a’ € A such that (sup 4) — e < d'.

The laws of the operations and ordering, Archimedes’ axiom and the least
upper bound axiom make the set of real numbers R complete. In this way
we have laid down a solid base for the future calculations, too.

Some further conventions:

Definition 3.4. Let A C R, A # ). We say that A is bounded below if
there exists an L € R such that for all a € A, L < a. The number L is called
(a) lower bound of set A.

Let A be a set of numbers that is bounded below. The greatest lower
bound of A is called infimum of A. (The existence of this lower bound does
not require any new axiom, it follows from the least upper bound axiom.)
The infimum of A is denoted as

inf A.

Obviously,
1° for all a € A, inf A < a,

2¢ for all 0 < ¢ there exists an a’ € A such that ' < (inf A) + €.

3.1.4 Intervals and neighborhoods

Definition 3.5. Let I C R. We say that I is an interval if for all x1, 25 € I,
r1 < x9: any x € R for which z; < x < z9 is in [.

Theorem 3.1. Let a,b € R,a < b.
[a,b] :={z €R|a<z<b}
[a,b) :={z e R|a<z<b},
(a,b] :={zr eR|a <z <b},
(a,b):={r eR|a<x<b},
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[a,+00) ;== {z € R |a <},
(a,+00) :={z € R|a < z}; (0,+00) =: RT,
(—o0,a) :={z eR |z < a},

(—00,a) :={z eR |z <a}; (—o0,0) =:R™,
(=00, 4+00) :=R.

All these are intervals. We mention that [a,a] = {a} and (a,a) = 0 are
degenerate intervals.

Definition 3.6. Let a € R,7 € R*. The neighborhood with radius r of
point «a is defined as the open interval

K.(a) = (a—rya+r).

We say that K (a) is a neighborhood of point a if there exists an r € R
such that K (a) C K,(a).

3.1.5 The powers of real numbers

Definition 3.7. Let a € R. Then o' :=a,a? :=a-a,a® :=a’-q,...,a" :=
a"l.a,...
Definition 3.8. Let a € R, 0 < a. Denote by y/a the nonnegative number
whose square is a, i.e., 0 < V/a, (va)? = a.

Note that for all a € R, Va2 = |al.

Definition 3.9. Let a € R, k € N. Denote by 2*%/a the real number whose
(2k + 1)th power is a.

Note that if 0 < a, then #*%/a > 0, and if a < 0, then 2*+/a < 0.

Definition 3.10. Let a € R,0 < a,k € N. Denote by %/a the nonnegative
number whose (2k)th power is a.

Let us introduce the following notation: if n € N and a € R corresponds
to the parity of n, then

1
an = y/a.

Definition 3.11. Let a € RT,p,q € N.

P

ad 1=

aP.
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Definition 3.12. Let a € RT,p,q € N.

Definition 3.13. Let a € R\ {0}. Then a" := 1.

By this chain of definitions we have defined the number a € R raised to
any rational power r € Q. One can show that the numbers in the definitions
uniquely exist, and the following identities are valid:

1°fora c RT, r,s€Q, a”-a® =a"t3,
2°fora € RT, r€Q, a" - b" = (ab)",

3°fora e R, r,s€Q, (a")* =a".

3.2 Exercises

1. Let a,b € R. Show that

(a+b)(
a? —b* = (a—b)(a+b),

a® — b = (a—b)(a® + ab+ b?),
a® + b3 = (a+b)(a® — ab+ b?)

2. Prove that forallz € R,z #1 and n € N

"t -1

=l+z+a®+-- +a"
z—1

3. (Bernoulli’s inequality)
Let h € (—1,400) and n € N. Show that
(I14+h)" > 1+ nh.

Solution: Let S:={n e N | (1+h)" > 1+ nh}.

1°1€ 8, since (1+h)t=1+1-h.

2° Let k€ S. Then k41 € S, since

(I+h)M =0 +n)F 1 +h) >0 +EkR)(1+h) =
=1+ (k+1Dh+kh*> 1+ (k+ 1)h.
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(In addition to the rules of ordering we have exploited the fact that
k € S, that is, (1 +h)* > 1+ kh.)

Keeping in mind requirement 4° during the introduction of N, this
means that S = N, so the inequality holds for all n € N. This method
of proof is called mathematical induction.

. Let a,b € RT.

a+b 2 [a? + b2
Ay = Gy :=Vab, Hy:= ——, Ny:= .
2 2 ) 2 ao, 2 é+%a 2 2

Show that Hy < Go < Ay < N, and there is equality between the
numbers if and only if a = b.

These equalities are also valid in a more general case.

Let k € N (k > 3) and z1,%2,...,2 € RT.

T1+To+ -+ T

Ay = . v Gr= Ymas g,

k \/m%+x%+~~-—|—xi
Hj, = , Ni:= .
k L+?12+...+L k k

1

One can show that H < G < A < Ny, and there is equality between
the numbers if and only if 21 = x5 = ... = x}.

. Let h € R and n € N. Then

n

34+ ...+ B
e

(1+h)"=1+nh+<’;>h2+<

where, exploiting the fact that k! :=1-2-... -k,

n n!
=—- k=0,1,2,...
(k> Kl(n— k) 0.1,2,...,n
(remember that 0! := 1).

From this, one can prove the binomial theorem:

Let a,b € R, n € N. Then

(a+0)"

n n o
go <k>akb k.

k
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6. Let A := {HLH |n e N}. Show that A is bounded above. Find sup A.

Solution: Since for all n € N, n < n + 1, therefore nL_H <1l,s0 K :=1
is an upper bound. We show that sup A = 1, since

19 Forallm € N, 1= < 1.

+1
2° Let € € Rt. We seek such an index n € N for which
L |

—&

n+1 ’
n>1—-¢e)(n+1l)=n—en+1-—c¢,

en>1—¢,

1—=¢

n < .

€

Since one can find a greater natural number than any real number,

there is a greater natural number than 1;‘5 € R as well, let it be n’ € N,

n€A I >1-c SosupA=L
7. * Let E := {(“1)" | n € N}. Show that E C R is bounded above.

Solution: We show that for alln € N

<n+1) <4
n

Let n € N, and consider the number %( "T“)". According to the equality
between the algebraic (Ay) and geometric (G) means in Exercise 4:

Lint1\" _1 1 n+l ntl n4l _
4 202 -

therefore for

n n n n

n+2

1 1 +1 +1 +1
<(2+2+”n+nn...n) .

n+2
thus ()" < 4, and so E is bounded above. According to the least
upper bound axiom it has a supremum. Let e := sup F.

We remark that this supremum has never been and will never be con-
jectured (as opposed to Exercise 6...). It is approximately e ~ 2.71.
The number e was introduced by Euler.

8. Let

{028 (-3) ()

Is there an inf P? (When you have shown that inf P exists, do not get
disappointed if you cannot find it. The problem is unsolved.)
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3.3 Complex numbers

3.3.1 The concept of complex numbers, operations

We generalize the real numbers in such a way that the properties of the
operations remain unchanged.

Let C := R x R the set of real ordered pairs. Introduce the addition for
any (a,b), (¢,d) € C as

(a,b) + (¢,d) := (a + ¢, b+ d);
and the multiplication as
(a,b) - (¢,d) := (ac — bd, ad + bc).
It is easy to check some properties of addition and multiplication.
al. Y(a,b),(c,d) € C, (a,b) + (¢,d) = (¢,d) + (a,b) (commutativity).

a2. Y(a,b), (c,d), (e, f)€C, (a,b) + ((c,d) + (e, f))=((a,b) + (¢,d)) + (e, f)

(associativity).
a3. V(a,b) € C, (a,b) + (0,0) = (a,b).
ad. VY(a,b) € C, (—a,—b) € C is such that (a,b) + (—a,—b) = (0,0).
ml. Y(a,b),(c,d) € C, (a,b) - (¢,d) = (¢,d) - (a,b) (commutativity).

m2. V(a,b), (Ca d)v (eaf) € (Cv (a7b) : ((Cv d) : (eaf)) = ((Cb,b) : (Ca d)) : (evf)

(associativity).
m3. Y(a,b) € C, (a,b) - (1,0) = (a,b).

m4. V(a,b) € C\{(0,0)}, (357 — b ) € C is such that

el

(a,b)-( @ b >:(1,0).

a2 +b2" a2 +0b2

d. ¥Y(a,b), (c,d), (e, f) € C

(a,b) - [(c;d) + (e, f)] = (a,b) - (c,d) + (a,b) - (e, f)

(multiplication is distributive with respect to addition).
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The properties al-a4, m1-m4 and d ensure that operations and calculations
performed with real numbers (containing only addition and multiplication
and referring only to equalities) can be performed with complex numbers in
the same way.

Let us identify the real number a € R and the complex number (a,0) € C.
(Clearly, there is a one-to-one correspondence between R and the complex
set R x {0} C C.) We introduce the imaginary unit i := (0,1) € C. Then
for all complex number (a,b) € C

(a,b) = (a,0) + (0,1)(b,0) = a + ib.

(The second equality is the consequence of the identification!)
Taking into account that i = (0,1) - (0,1) = —1, the addition becomes
simple:
at+ib+c+id=a+c+i(b+d),

and so does the multiplication:
(a+1b) - (c+1id) = ac — bd + i(ad + bc).

Complex numbers can be illustrated as position vectors (Fig. 3.1).

(a,b)=a+ib

Figure 3.1

Addition corresponds to the addition of vectors in the plane by the “par-
allelogram rule” (Fig. 3.2).
3.3.2 The trigonometric form of complex numbers

To a complex number a + ib € C we can assign its absolute value and its
direction angle (Fig. 3.3).
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a+c+i(b+d)
c+id
a+ib
Figure 3.2
a+ib
b
r
0
a
Figure 3.3

The absolute value: 7 = v/a? + b2.
The direction angle can be given in each quarter plane:

arctg% ifa>0and b>0,
5 if a=0and b > 0,
7 — arctg|?| ifa <0 and b >0,
7+ arctg|7| ifa<0and b <0,
3 ifa=0andb <0,

2m —arctg|2| ifa>0and b <0.

¢ =

One can see that for the direction angle ¢ € [0,27). We remark that for
a=10,b=0: r =0, and the direction angle is arbitrary.
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o+

Figure 3.4

If a complex number a 4 ib € C has absolute vale r and direction angle ¢,
then
a=rcos¢, b=rsing,
therefore, a + ib = r(cos ¢ + isin¢). This is the trigonometric form of a
complex number. With the aid of the trigonometric form the multiplication
of complex numbers becomes geometrically meaningful.
Let r(cosa +isina), p(cosf + isinf) € C, then

r(cosa +isina) - p(cosf +isinf) =
= rp(cosacos f — sinasin § + i(sin acos 8 + cos asin B)) =
= rp(cos(a + B) + isin(a + 8)).
So, by multiplication the absolute values are to be multiplied, and the di-
rection angles to be added (Fig. 3.4).
Exponentiation also becomes fairly simple with the trigonometric form. If
z=a+ib=r(cosp+ising) € C and n € N, then
2" = (a+1b)" = [r(cos ¢ + isin @)™ = r"(cosnd + isinng),

so, when raising a complex number z to the nth power, the nth power of the
absolute value and n times the direction angle are taken in the trigonometric
form of z™.






Chapter 4

Elementary functions

We present the major properties of functions defined on and mapping to
the set of real numbers. We define the frequently used real functions called
elementary functions. The following topics will be covered.

e Operations on real functions

e Bounded, monotone, periodic, odd and even functions

e Power functions

Exponential and logarithmic functions

Trigonometric functions and their inverses

Hyperbolic function and their inverses

e Some peculiar functions

4.1 The basic properties of real functions
Definition 4.1. Let f: R D=+ R, A € R. Then

Af:D(f) = R, (Af)(x) := Af().
Definition 4.2. Let f,g: R > R, D(f) N D(g) # 0. Then
f+g:D(f)ND(g) =R, (f+g)(@):= f(z)+g(z),
f-9:D(f)ND(g) =R,  (f-g)(@):=f(z)-g(x).

Definition 4.3. Let g: R > R, H := D(g9) \ {z € D(g) | g(z) = 0} # 0.
Then
1
1/g: H =R, (1/g)(z) := 9@

23
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Definition 4.4. Let f,g: R >— R

f
Li=f-1/g
; /
Definition 4.5. Let f: R D= R. We say that f is bounded above if the
set R(f) C R is bounded above.

We say that f is bounded below if the set R(f) C R is bounded below.

We say that f is a bounded function if the set R(f) C R is bounded
below and above.

Definition 4.6. Let f : R >— R. We say that f is a monotonically in-
creasing function if for all x1, 25 € D(f), x1 < z2: f(z1) < f(22).
The function f is strictly monotonically increasing if for all z;,z5 €

D(f), z1 <z f(zx1) < f(22).

We say that f is a monotonically decreasing function if for all z1,z2 €

D(f), z1 < za: f(z1) > f(z2).

The function f is strictly monotonically decreasing if for all z1, 22 €

D(f), z1 < ma: f(x1) > f(x2).

Definition 4.7. Let f: R D~ R. We say that f is an even function if
1° for all z € D(f), —z € D(f),
2¢ for all = € D(f), f(—z) = f().

Definition 4.8. Let f : R >— R. We say that f is an odd function if
1° for all x € D(f), —x € D(f),
2¢ for all x € D(f), f(—z) = —f(=).

Definition 4.9. Let f : R >~ R. We say that f is a periodic function if
there exists a number p € R, 0 < p such that

1° for all 2 € D(f), z +p, = —p € D(f),
2° for all x € D(f), f(x +p) = f(z —p) = f(x).

The number p is called a period of the function f.

4.2 Elementary functions

4.2.1 Power functions

Let id : R D= R, id(z) := z. As Fig. 4.1 shows, id is a strictly monotonically
increasing function.
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Figure 4.1

id?

Figure 4.2
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id®
;
]
Figure 4.3
1 id™”
1
Figure 4.4

Let id® : R > R, id*(z) := 2. Clearly, idQ‘R+ is a strictly monotonically
increasing function, while idQIR— is strictly monotonically decreasing. The

function id? is even (Fig. 4.2).

Let id® : R o= R, id*(z) := #3. Function id® is strictly monotonically
increasing and odd (Fig. 4.3). If n € N, then the function id" : R — R,
id"(z) := x" inherits the properties of id? for even n, and the properties of
id® for odd n.

Let id™' : R\ {0} — R, id"!(z) := 1/z. The functions id~| and id"|

|R* |R+
are strictly monotonically decreasing (however, id~! is not monotone!). The
function id ™' is odd (Fig. 4.4).
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Figure 4.5

id1/2

Figure 4.6

Let id™2 : R\ {0} — R, id~?(z) := 1/2%. The function id*ir is strictly
monotonically increasing, while id*|2R+ is strictly monotonically decreasing.
The function id 2 is even (Fig. 4.5).

Let n € N. The function id™" : R\ {0} — R, id " (z) := 1/a" inherits
the properties of id =2 if n is even, and those of id ™! if n is odd.

Let id"/? : [0,00) — R, id'/?(z) := \/z. The function id*/? is strictly mono-
tonically increasing (Fig. 4.6). We mention that id'/? can also be defined as

the inverse of the one-to-one function idz‘ 000y

Let r € Q, and consider the function id" : RT — R, id"(z) := z". For
some values of r the functions id" are plotted in Fig. 4.7.
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Figure 4.7

Finally, let id . R — R, ido(x) := 1. The function id° is even, mono-
tonically increasing, and at the same time monotonically decreasing. It is
periodic by any number p > 0 (Fig. 4.7).

4.2.2 Exponential and logarithmic functions
Let a € RT. The exponential function with base a is defined as
exp, : R = R, exp,(z):=a".
exp, is strictly monotonically increasing if a > 1,

exp,, is strictly monotonically decreasing if a < 1,

exp, = id’ifa=1 (monotonically increasing and decreasing at the same
time) (Fig. 4.8).

If a > 0 and a # 1, then R(exp,) = RT, so exp, only takes positive values
(and it does take all positive values). For all a > 0 and by any z1, 22 € R:

exp,(r1 + x2) = exp,(z1) - exp,(z2).

(This is the most important characteristic of the exponential functions.) A
special role is played by the function exp, =: exp (Fig. 4.9) (where e is Euler’s
number introduced in Exercise 7* of the previous chapter).

Let a > 0,a # 1. Since exp, is strictly monotone, therefore it is one-to-one,
and so it has an inverse function:

log, = (exp,) ™"
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exp, a<1 exp, 1

1 exp,

Figure 4.8

exp

,__-———/

Figure 4.9

called logarithmic function with base a (Fig. 4.10). So
log, : RT = R, log,(x) =y, for which exp,(y) = .
If @ > 1, then log, is strictly monotonically increasing, and if a < 1,

then log, is strictly monotonically decreasing. Logarithmic functions have
the fundamental properties that

19 for all @ > 0, a # 1 and any x1, 22 € RT

log, (z122) = log, z1 + log, xa;
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log, a>1

log, a<1

Figure 4.10

2°foralla>0, a#1and any x € RT and k € R

log, z* = klog, ;

3° for all a,b > 0,a,b # 1 and any x € RT

logy,

1 = .
8a log, a

Property 3° implies that all logarithmic functions can be obtained by mul-
tiplying any one logarithmic function by a real number. That is why the
logarithmic function to the base e, called “natural logarithm” plays a special
role:

In :=log,

(Fig. 4.11).

4.2.3 Trigonometric functions and their inverses

Let sin : R — R, sinz := Do not expect a formula here! Draw a circle of ra-
dius 1. Then draw two straight lines perpendicular to each other through the
center of the circle. One of them will be called axis (1), while the other axis
(2). From the point where the (positive half) of axis (1) intersects the circle
“measure the arc corresponding to the number z € R to the circumference”.
[This operation requires considerable manual skills!...] The second coordi-
nate of the end point P of the arc will be sinz (Fig. 4.12). The sine function
is odd, and periodic with period p = 27 (Fig. 4.13). R(sin) = [—1,1].
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Figure 4.11

Figure 4.12
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-n/2

sin

/2

Figure 4.13

/2

-n/2

2n

Figure 4.14
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—n/2 /2 n

Figure 4.15

Let cos : R = R, cosz := sin(z 4+ §). The cosine function is even, and
periodic with period p = 2r (Fig. 4.14). R(cos) = [-1,1].
Fundamental relationships:

1° For all z € R, cos?z + sin®z = 1.

2° For all x1,z2 € R, sin(xy + x2) = sinzy cos o + cos 1 sin o,
cos(z1 + x2) = cosxy cos Ty — sinxy sin za.
sin

Let tg := and ctg := <2,

~ cos sin

It follows from the definition that

D(@):R\{%Mﬂkez}, D(ctg) =R\ {kr | k € Z}.

The functions tg and ctg are odd, and periodic with period p =« (Fig. 4.15
and Fig. 4.16).

Due to their periodicity, trigonometric functions are not one-to-one func-
tions.

Consider the resriction sin‘[ This function is strictly monotonically

T ’l] N
272
increasing, therefore one-to-one, and so it has an inverse function:

arcsin := (sin)_, i])71.
2’2
From the definition arcsin : [-1,1] — [=F, 7], arcsinz = a for which sina =

x.
The arcsin function is strictly monotonically increasing and odd (Fig. 4.17).
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ctg

Figure 4.16

n/2

arcsin

-n/2

Figure 4.17

The restriction to the interval [0, 7] of the cosine function is strictly mono-
tonically decreasing, therefore it has an inverse function:

arccos = (cos|, | )L

From the definition it follows that arccos : [—1,1] — [0, 7], arccosz = « for
which cosa = z.

The arccos function is strictly monotonically decreasing (Fig. 4.18).
The restriction to the interval (=7, 7) of the tg function is strictly mono-
tonically increasing, therefore it has an inverse function:
)

arctg := (sin) _

i
272
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arccos

Figure 4.18

From the definition it follows that arctg: R — (-5, %), arctg z = « for
which tg a = z.
The arctg function is strictly monotonically increasing and odd (Fig. 4.19).

/2

arctg

-n/2

Figure 4.19

The restriction to the interval (0,7) of the ctg function is strictly mono-
tonically decreasing, therefore it has an inverse function:

arcctg := (ctg), | )7L

From the definition it follows that arcctg : R — (0,7), arcctg z = «a for
which ctg a = .
The arcctg function is strictly monotonically decreasing (Fig. 4.20).
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/2
arcctg
Figure 4.20
sh
Figure 4.21

4.2.4 Hyperbolic functions and their inverses

Let sh : R — R, shz = < _;‘_I. The sh function is strictly monotonically
increasing and odd (Fig. 4.21).
Let ch : R — R, chz := e“r;fm. The function ch) _ is strictly mono-

tonically decreasing, while chy , is strictly monotonically increasing. The ch
function is even. R(ch) = [1,+400). This function is often called chain curve
(Fig. 4.22).

Fundamental relationships:

1° For all z € R, ch®z —sh®z = 1.
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ch

Figure 4.22

2° For all z1,20 € R
sh(zy + z3) = shajchzy + chayshao,
Ch(ﬂ?l -+ .Tg) = Cha?lChl’Q + thlshxg.

Let th := 2 cth:= &

ch’ sh”
It follows from the definition that th : R — R, thz = Zz;z:z, cth :
R\ {0} = R, cth z = szz:z . The th and cth functions are odd (Fig. 4.23).
cth
|
th
-1
Figure 4.23

The th function is strictly monotonically increasing. R(th) = (—1,1).
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arsh

Figure 4.24

The function cth|  is strictly monotonically decreasing, while cth| , is
strictly monotonically increasing. R(cth) =R\ [-1, 1].

The sh function is strictly monotonically increasing, and so it has an in-

verse function:
arsh := (sh) ™%

It follows from the definition that arsh : R — R, arsh z = In(z + vz2 + 1)
(see Exercise 5). The arsh function is strictly monotonically increasing and
odd (Fig. 4.24).

The restriction to the interval [0,00) of the ch function is strictly mono-
tonically increasing, therefore it has an inverse function:

arch := (chho’w) )71.

From the definition it follows that arch : [1,00) — [0,00), arch x =
In(xz + v2? — 1). The arch function is strictly monotonically increasing (see
Fig. 4.25).

The th function is strictly monotonically increasing, so it has an inverse
function:

arth := (th)~1.
From the definition it follows that arth : (—1,1) — R, arth z = 11In#Z.
The arth function is strictly monotonically increasing and odd (Fig. 4.26).

The restriction to RT of the cth function is strictly monotonically decreas-

ing, therefore it has an inverse function:

arcth := (cth|_, )7L

1 x+1
51n 2

From the definition it follows that arcth : (1, +00) — R, arcth z =
The arcth function is strictly monotonically decreasing (Fig. 4.27).

Ju
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arch

Figure 4.25

arth

Figure 4.26
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arcth

Figure 4.27

abs

Figure 4.28

4.2.5 Some peculiar functions

1. Let abs: R — R, abs(x) := |z|, where (as we saw before)

z, ifx>0, .
|| = { v ifr<0 (Fig. 4.28).
1, ifx >0,
2. Let sgn : R — R, sgn(x) := 0, ifz=0, (Fig. 4.29).

-1, ifx<O0
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;
sgn
1
Figure 4.29
ent
1 —_—
-
1 2
—
Figure 4.30

3. Let ent : R — R, ent(z) := [z], where
[] :=max{n € Z | n < z}.

(The “integer part” of the number x € R is the greatest integer that is less
than or equal to z.) (Fig. 4.30.)

1 ifzxeQ,

4. Let d : R — R, d(x)::{ 0 ifzeR\Q

This function is called Dirichlet’s function, and we do not make an attempt
to draw it.
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5 Let r:R—R
{ 0 ifzeR\Qorxz=0,
r(z) =

1 _p
7 1f:c€(@,x—5,

where p € Z, ¢ € N, and p and ¢ have no common divisor (different from
1). Tt is called Riemann’s function, and again we do not try to plot it.

4.3 Exercises

1. Compute the following function values:

id°(7) = ia® (;) = id? (4) = id=0(1) =
)= id? (_;) - id? (4) = id-6(2) =
id?(5) = 0= idiw = i @) _

2. Arrange the following numbers in ascending order:
a) sinl, sin2, sin3, sin4;
b) In2, exp, %7 expy1 2, log, 1;
¢) sh 3, ch (—2), arsh 4, th 1;

d) arcsin 1, arctg 10, th 10, cos1.

2
3. Prove that ch®z — sh®z = 1, ch?z = % for all z € R.

4. Prove that for z,y € R

a) sin2z = 2sinzcosz, cos2z = cos’z — sin’x, cos?z = FgsT
02, l—cos2zx.
sin® ¢ = 1=9822,
. . _ s z—y z+y _ _ s y—z szt
b) sinz — siny = 2sin *5¥ cos £HY, cosz — cosy = 2sin L5 sin T
5. Show that

a) arsh z = In(x + Va2 +1) (z € R);
b) arch = In(zx + Va2 — 1) (z € [1,+00));
c)arthz =iIn L (z € (-1,1)).

1-x

Solution: a)

1° y=shax=<=—
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20 T = 61}72€7y;
2r=¢Y—e Y/ e
2zeY = (e¥)? — 1;
(e¥)? —2ze¥ — 1 =0;

(ey>1,2 _ 2zi\/24w2+4 —r+ /1‘2 +*1

Since the exp function only takes positive values, and for all z € R

Va? 4+ 1> V22 = |z| > x, therefore
e =x+Vxz+1.

From this
y=In(z+ vz2+1),
which means that
3° arsh z =In(z + Va2 + 1).
6. Show that arctg # Jth.
7. Sketch the following functions:

sint if x #£0,
a) f:R— R, f(x)—{ OI ifxiO.

z?sinl if 2 #0,

b)g:R—R, g(””)::{ 0" ifrlo
2?(sin L +2) ifx #0,

¢)h:R =R, h(sc):—{ 0 o0

8. Let f : R — R be an arbitrary function. Show that for the functions
¢, :R—=R

P(x) = M, W(z) = f@) — f(=2).

2 2

¢ is even, ¥ is odd, and f = ¢ + 9. If f = exp, then what will be the
functions ¢ and ?

9. Let f,g : R — R. Assume that f is periodic with period p > 0, and g
with period ¢ > 0.

a) Show that if % € Q, then f + g is periodic.
b) Give an example where 2 € R\ Q, and f + g is not periodic.

Solution: a) Let % = %, where k,l € N. Then Ip = kq. Let w :=lp+ kq >
0. We show that f + g is periodic with period w.
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1° D(f+9) =R
2° Forall z € R
(f+9)(x+w) = f(z+kqg+Ip) +g(z +Ip+kq)

= f(x +kq) + g(x +1p) = f(z +Ip) + g(z + kq)
= f(z) + g(z) = (f + g)(2).

One can similarly prove that (f + ¢)(z — w) = (f + g)(z).



Chapter 5

Sequences, series

Sequences are fairly simple functions. They are useful in studying the ac-
curacy of approximations. They are important building stones of the later
concepts. We will deal with the following topics.

e The concept of sequence, monotonicity, boundedness

e Limit and convergence

e Important limits

e The relationships between limits and operations

e The definition of the number e

e Cauchy’s convergence criterion for sequences

e The convergence of series

e Convergence criteria for series

5.1 Sequences, series

5.1.1 The concept and properties of sequences

A sequence is a function defined on the set of natural numbers.

Let H # () be a set. If a : N — H, then we have a sequence in H. For
example, if H is the set of real numbers, then we have a number sequence; if
H is a set of certain signals, then we have a signal sequence; if H is a set of
intervals, then we have an interval sequence.

Let a : N — R be a number sequence. If n € N, then we denote the
nth element of the sequence by a, instead of a(n). The number sequence
a : N — R will also be denoted more briefly as (a,,), or we can emphasize by
writing (a,) C R that we have a number sequence.

45
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For example, instead of a : N = R, a,, := L we can write ().
Sometimes we use the lengthier notation ay, as,. .., a,,. .. instead of (a,).
For example, instead of (n?) we can speak about the sequence 1,4,9,...,n% ...

Since sequences are functions, therefore the concepts of boundedness, mono-
tonicity and the operations on sequences do not require new definitions. To
remind the reader, we still reformulate some terms.

Definition 5.1. We say that the sequence (a,) is bounded if there exists a
K € R such that for any n € N |a,| < K.

Definition 5.2. We say that (a,,) is monotonically increasing if for all n € N
an < An41-

Definition 5.3. If (a,) is a sequence, and A € R, then
AMan) := (Aay).
If (an), (by) are two sequences, then
(an) + (bn) := (an + bn),

(an) - (by) = (an - bn).
If moreover b, # 0 (n € N), then

iy = (5):

For example, the sequence (nLH) is bounded, since n < n+1 for all n € N,
therefore

nol__n
n+1l| n+1l '
The sequence (HL_H) is monotonically increasing, because for all n € N
n < n+1
ap = = Gp+41,
"TnHl n42 M

since n(n +2) < (n+1)2.

The sequence (e,,) := ((")") is also monotonically increasing. To prove
this, let n € N. Due to the inequality between the algebraic and geometric
mean values:

n+1\" n+l1l n+1 n+1 14n 0ot e
en = :1 . e < n
n+1

n n n n

Tl+2 n+1
:<n+1> = En+tl-

The sequence (e;,) is bounded (proving this requires the same calculation as
that shown in Exercise 7* of Chapter 3): for alln € N ("%:1)” < 4.
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5.1.2 The limit of a sequence

Now we will learn about a completely new property of sequences. We call
a sequence ai,as, ..., dy, ... convergent if there is a value that the terms of
the sequence “get close to eventually”. More precisely:

Definition 5.4. We say that a number sequence (a,) is convergent, if there
exists an A € R such that for any ¢ > 0 there exists an index N € N for
which |a,, — A| < € holds for all n € N, n > N. If there is such a number A,
then we call it limit of the sequence, and employ the notation lima,, = A or
a, — A.

For example, % — 0, since for any € > 0 there exists an N € N for which

N > 1 (Archimedes’ axiom). And if n > N, then 1 < % < ¢, and so

L_og/<e

n -

As another example, consider a one meter long rod. If we cut it into half,
then halve the half of the rod, then halve one of the pieces again, and so on,
then we are led to the sequence

11 1 1

5 30 58 g
Clearly, the lengths of the remaining pieces of the rod form the sequence
(%) — 0, so the new pieces will be arbitrarily small.

One can see at once that whenever (a,) is convergent, it is also bounded,
since for € := 1 there exists an index N; such that for all n > N;

A—1<a, <A+1,

and the finitely many elements a1, as,...,an cannot spoil the boundedness
of the sequence (ay,).

Convergent sequences nicely behave during operations.

Theorem 5.1. Ifa, — A and A € R, then Aa, — AA.
If a,, -+ A and b, — B, then a, + b, - A+ B, a,b, — AB.
If b, —» B and B # 0, then b%—) %.
Ifa, - A and b, - B # 0, then‘g—:%%.

Let us look at some applications of these theorems.

3m2—2n+1 . 3-2-14+L 3
S = lim e =
2n2 +n 24+ = 2

n

lim

since % — 0, therefore # = %% — 0. The denominator is 2—1—% — 240 #0,

so the quotient sequence is convergent.

Further ways of determining whether a sequence is convergent:
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Theorem 5.2 (The Sandwich Theorem for Sequences). If (an), (zn), (Yn)
are such that

1° for alln e N, z,, < an < yn,
2° limz,, =limy, =: a,
then (ay) is convergent, and lima,, = «.
Theorem 5.3. If (a,) is monotone and bounded, then (a,) is convergent.

For example, we have seen that the sequence (e,,) := ((%)n) is mono-
tonically increasing and bounded, and so it is convergent. Its limit is the
number e, known from Exercise 7* of Chapter 3:

lim =e.
n

For further convergent sequences see the exercises.

The definition of the limit of a sequence involves a serious difficulty: we
should conjecture the number A € R to which the elements of the sequence get
close eventually. This can be avoided with the aid of the following theorem:

Theorem 5.4 (Cauchy’s convergence criterion). The sequence (a) is con-
vergent if any only if for all € > 0 there exists an index N € N such that for
allm,n > N |a, — an| <e.

So, the property that the elements of a sequence get arbitrarily close to a
number is equivalent to the property that the elements of the sequence get
arbitrarily close to each other.

5.1.3 Series

Now consider the situation that somebody would like to glue the split pieces
of the previous one meter long rod, i.e., they would like to prepare the ,sum”
1 1 1 1

§+?+¥+...+an+....

Then they would glue the 2% meter long piece to the % meter long piece, so

it will be % + % meter long; then they would glue the 2% meter long piece to
it, so it will be % + 2% + % meter long, and so on. More generally: Let (ay,)

be a number sequence. Prepare the new sequence
S1:=ay, So:=a1+as, S3:=ay+as+as,...S,:=a1+as+ ...+ an,....

The sequence of partial sums (.S,,) prepared from the sums of the elements of
(ay,) will be called infinite series and denoted as ) a,,. Summing the infinite
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series is a convergent procedure, i.e., the infinite series Y a,, is convergent
if the sequence (S,,) is convergent. If the sequence (S,,) is convergent, then
the sum of the infinite series Y a, is defined as the limit of the sequence

(Sn)a i'e~7 Z,Zozl QAp = lim Sn

For example, let ¢ € R, 0 < ¢ < 1. Consider the sequence (¢"). Its nth
partial sum is

_ 2 3 n o __ qn_l
Sn=q+q¢ +q¢+...+q —qq_l.
Since ¢"™ — 0 (see Exercise 3), therefore
-1 _ —q q

lim .S,, = lim = = .
Too1 Tg1 T 1
So, the infinite series Y- ¢™ is convergent, and > 7, ¢" = 1L is the sum of

—q
the infinite series.

If > ay, is a convergent series, then (S,) is convergent. Then, according
to Cauchy’s convergence criterion, for all € > 0 there exists an index N such
that for allm > N andn:=m+1> N

e>|Sn—Sm|l=lar4+as+...+am+ame1 — (a1 + a2+ ...+ ap)| = |an]
This exactly means that a,, — 0. So the following theorem is valid:

Theorem 5.5. If Y a,, is convergent, then a, — 0.

The reverse statement is not true. Let (a,) := (In1). Since ™ =
1+ % — 1, therefore 111"7—'*;1 —Inl1=0.ForallneN
2 3 4 n+1 2 3 4 n+1
Snzlni—l—lni—i—lng—ﬂ—...—i—ln p :lni-§-§-~~ - =In(n+1).

Let K > 0 be arbitrary. There exists an n € N such that n + 1 > e®. Then
S, = In(n+1) > IneX = K, so (S,) is not bounded, but then it is not
convergent, either, so > a,, is not convergent.

The infinite series > % behaves the same way: although % — 0, the series
> 1 is not convergent.

It is possible to decide from the behavior of the summand whether the
series is convergent or not.

Theorem 5.6 (Ratio test). Let (a,) be a sequence for which there exists a
number 0 < ¢ < 1 and an index N such that for alln > N |*2=| < . Then
> an is convergent.

Theorem 5.7 (Root test). Let (a,) be a sequence for wich there exists a
number 0 < ¢ < 1 and an index N such that for alln > N {/|a,| < q. Then
> an is convergent.




50 5. SEQUENCES, SERIES

n ., .
% 1S a convergent series because

For example >

gn+1 9 1
An+1 (n+1)! .
=0 = < - ifn>5.
an 2 n+1 2 nn

n!

There is an interesting theorem about alternating series.

Theorem 5.8 (Leibniz). Let (ay,) be a monotonically decreasing sequence of
positive numbers for which a,, — 0. Then the alternating series >_(—1)"*a,
18 convergent.

For example, the series > (—1)""'1 is convergent because (X) is mono-
. . 1
tonically decreasing, and - — 0.

5.2 Exercises

1. Show that a,, — A if and only if a,, — A — 0.
Solution: Let ¢ > 0 be arbitrary. If a,, — A, then there exists an N such
that for n > N
lan, — A] < e.
Then |a, — A — 0| = |a, — A| < ¢ also holds, and so a,, — A — 0.

One can similarly prove the converse statement.

2. Show that a, — 0 if and only if |a,| — 0.

Solution: Let ¢ > 0. If a,, — 0, then there exists an N such that for
n > N, |a, — 0] = |an| < €, but then ||a,| — 0| = |an| < € is also true,
from which |a,| — 0 follows.

If |a,| — 0, then —|a,| — 0 also holds. Since —|a,| < ay, < |a,| for all
n € N, therefore due to the Sandwich Theorem a,, — 0.

3. Let ¢ € (—1,1). Show that ¢" — 0.
1
3n
Solution: If ¢ = 0, then 0™ — 0. If ¢ # 0, then 0 < |g| < 1, therefore
there exists an h > 0 such that & = 14 h. Then due to Bernoulli’s

lal —
inequality for all n € N

Is the sequence (35 ), ((sin §)"), (%) convergent?

1 n
<|q|> =(1+h)" > 1+ nh > nh,

1 1
0<|g|" < —-—.
lal* <7
Since 0 — 0, % . % — 0, therefore the sandwiched sequence also tends to
0, that is |¢"| = |¢|™ — 0. According to Exercise 2, ¢" — 0 is also true.
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4. Let a > 1. Show that % — 0.
Is the sequence (g5 ), (n-0.999™) convergent?

Solution: If a > 1, then there exists an h > 0 such that a = 1+ h. By
Exercise 5 of Chapter 3 for alln e N, n > 1

m— (L4 h)" > (Z)fﬂ _ =D

2
From this
0< i 2 1
h2n—1"
Clearly, .= — 0, and so for the sandwiched sequence % — 0.

5. Let a > 1, k € N. Show that Z—:—>O.

Let (ay) := (1701%). Estimate the value of ay,as,as, and give the limit

lima, =7
Solution: For all n € N

’I’Lk n n n

ar = (e (Va)

Since /a>1, therefore ( f)n — 0 according to Exercise 4. Then the prod-

uct of k sequences tending to 0 also tends to 0, consequently, i f)" —0.

6. Let a > 0. Show that 7+ — 0.
Solution: There eXlsts a k € N such that a < k. Let n € N, n > k. Then

a  a a a a a a
W1 2k k+1 n-1'n
Let -4 %:=L; 1% <1,...,5% <1, then
n
0<® <%
n! n

Since % — 0, therefore for the sandwiched sequence %T,L — 0.
7. Show that T% — 0.

8. Let a > 0. Prove that {/a — 1.

Solution: First let a > 1. Let p, := Ya—1 > 0 (n € N). Due to
Bernoulli’s inequality, for all n € N

a=14pn)" > npy,
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10.

11.

SO
a

0<py, < —.

n

a

Since & — 0, therefore for the sandwiched sequence p, — 0, but then,
according to Exercise 1 {/a — 1.

If 0 <a < 1, then % > 1, therefore { % — 1, but then for the reciprocal
sequence {/a — 1 holds, too.

lim /5 =? lim {/2" + 1000 =? lim {/2" 4+ 5" =?
Prove that {/n — 1.
Is the sequence (V/n?), ( T %) convergent?

Solution: Let p, := ¢Yn—1 >0 (n € N). Foralln € N, n > 1
n=(1+p,)" > (5)p? according to Exercise 5 of Chapter 3. From this

n(n—1)
n> 20l
2
2
< —
Pn n—1
V2
0<pn < \/ﬁ

It is easy to prove that \/% — 0, so the sandwiched sequence p, — 0,

which is equivalent to the statement {/n — 1 (see Exercise 1).

1
Prove that o 0.

Solution: For all n € N (temporarily assuming that n is even)

n n n n n n
!:1.2...(,_1).,.(, 1) 1-1---1- ===,
" 2 2 \g ™ "= 22777

son! > (2)%. From this

(SIS

it (3)"
1 V2

< —=.

n! o Vn

: 1 . 1
Since Tn 0, therefore for the sandwiched sequence v 0.

0<

n
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12.

13.

14.

15.

Show that > ﬁ is convergent.
Solution: Let n € N.

1 1 1

1
Sp=— 4+ — P . —
n=i1atogtygt +1-n(n+1)
Since m :%fﬁ, therefore
5_1 1+1 1+1 1+ +1 1 1 1
"1 22 3'3 4 7 'n n+1" n+1"

lim S, =lim1— -1 =150 3" m is convergent, and Y-, n(n1+1) =1.

Show that 3 - is convergent.

n2

Solution: Let n € N, n. > 1. Then

Sn:i+i+i+__.+i<1+L+i+“.;

12 23 n? 1-2 2.3 (n—1)n

S I L S
2 2 3 n—1 n n

So the sequence (S,) is bounded. On the other hand, for all n € N
Sp+1 = Sp + ﬁ > S, therefore (S,,) is monotonically increasing.

Therefore, S,, is convergent, that is, Y # is convergent.

Is the infinite series 3 2, >~ 3% convergent?
For what values of « € R is the infinite series > %,L convergent?

Solution: We show that for all z € R, > %7 convergent, since if x # 0,
then

xn+1
()| _ CAN

if n> 2|z — 1],

N =

therefore by the ratio test > % is convergent.

Is the infinite series ) H?W convergent?

Solution: By the root test

3 3 1
y NEZR N
1150 <~ Vg =3 e

therefore S° —2_ is convergent.
1+3
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16.

17.

18.

Can we decide by the ratio or root test whether > - is convergent or
not?

Solution: No. The reason is that

1 5 n 2
(n+1)
= <1,
. <n+1>

n2

but there exists no number ¢ < 1 such that for some index NV, (nil) <gq
for all n > N.
According to the root test

1 1
,/ﬁ_—”nz <1

holds, too, but since lim 7\1/11172 = 1, therefore there exists no number ¢ < 1
such that from some index N "%/r? < qforalln>N.

Is the infinite series %\/%ﬂ) convergent?

Solution: cos(nm) = (—1)", (ﬁ) tends to 0 monotonically decreasing,

therefore by Leibniz’s theorem %\/%ﬁ) is convergent.

* Prove the following statements:
a) For all o, 3,7 € R

n-+-y
lim <1 + « ) =e”.

n+ 3
b) 3nlo =€
c¢) For all n € N there exists a ¢ € (0,1) such that
NI SV
e=—+—-+—+...+—=+——.
or 12! n!  nln

d) e R\ Q.



Chapter 6

Continuity

Continuity is a local property of a function. It means that small changes of
a point a result in small changes in the function value f(a). The following
topics will be discussed.

e The concept of continuous function

e The relationship between continuity and the operations

e The properties of continuous functions on an interval

6.1 Continuity

6.1.1 The concept and properties of a continuous func-
tion
Let f1: R =R, fi(z) =z, a:=2. Consider another function fs : R — R,

lifz <2,
folz) =< 2ifz =2, (Fig. 6.1).
3ifz>2

Apparently, the function f; is such that when z is close to the point a := 2,
then the values f1(x) = z are also close to the value f1(2) = 2. The same does
not hold for the function f5. For any number x that is close to the point a = 2
(x # 2), the function values fs(x) are far from the value f2(2) = 2 (clearly
further than %) In view of the behavior of the function f; we formulate the
concept of continuity.

Let f: R — R, a € D(f). We say that the function f is continuous
at some point q, if for any € > 0 there exists a § > 0, such that whenever

55
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Figure 6.1

x € D(f) and |z — a| < § (the point x is closer to the point a than ¢), then
|f(x) — f(a)|] < e (the function value f(x) is closer to f(a) than €). This
property will be denoted as f € Cla].

Indeed, f; € C[2], since Ve > 0 the value § := ¢ will do because Vz €
R, |z —2| < d: |fi(z) — f1(2)] = |z — 2| < . However, fo ¢ C[2], since by
€= % and Vd > 0 there exists an x € R, for example z := 2 + g for which
|z —2| =% <e¢, but |fo(z) — f2(2)| = [3 — 2| > ¢, therefore the function f>

is not continuous at the point a := 2.

A useful property of continuous functions is the preservation of sign.
It means that if f € Cfa] and f(a) > 0, then there exists a neighborhood
K(a) C D(f) such that Vo € K(a) f(z) > 0, that is, the sign of f(a) is
inherited by function values taken in the neighborhood of a. To prove this
property it is enough to consider the definition of continuity for the error
bound ¢ := @ > 0, since 30 > 0 such that Vo € Ks(a): f(a) —e < f(z) <
f(a) + &, that is,

0< @:f(a)—s<f(x).

Continuity is also related to convergent sequences. If f € Cla] and (x,,) C
D(f) is an arbitrary sequence such that x, — a, then f(z,) — f(a), that
is, the function values taken at the points of the sequence (z,) tend to f(a).
The converse is also true: if V(z,) C D(f), n — a: f(zn) — f(a), then f is
continuous at the point a. This characterization of continuity is symbolized
by the equality lim f(z,) = f(limx,).

6.1.2 The relationship between continuity and the op-
erations

Theorem 6.1. If f € Cla] and X € R, then Af € Cla].
Theorem 6.2. If f,g € C[a], then f 4+ g € Cla] and f - g € Cla].
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Theorem 6.3. If f,g € C[a] and g(a) # 0, then 5 € Clal.
Theorem 6.4. If g € Cla] and f € Clg(a)], then fog € Clal.

Note that the converse statements are not true. For instance, for f := sgn
and g := —sgn the sum f+g is the constant zero function, for which obviously
f+g=0¢€ C[0], however, f ¢ C[0] and g ¢ C]0].

The inverse function will only be continuous under rather special condi-
tions.

Theorem 6.5. Let I € R be an interval, and f : I — R a strictly monotone
function. Assume that at the point a € I f € Cla]. Moreover, let b := f(a).
Then f=1 € C[b)].

Let [a,b] C D(f). The function f is continuous on the closed interval
[a,b] if YV € [a,b], f € Cla]. This is denoted by f € Cla, b].

6.1.3 The properties of continuous functions on inter-
vals

Functions defined on bounded, closed intervals have nice properties.

Theorem 6.6 (Bolzano). If f € Cla,b] and f(a) < 0, f(b) > 0, then
Jc € (a,b) for which f(c) =0.

This is a particular case of the following statement also known as Bolzano’s
theorem.

Theorem 6.7. Let f € Cla,b], and d any number between f(a) and f(b).
Then 3c € [a,b] such that d = f(c).

This theorem states that if a continuous function defined on an interval
takes two values, then it takes any value between these two values as well,
that is, the continuous image of an interval is an interval.

Theorem 6.8 (Weierstrass). If f € Cla,b], then 3o, 8 € [a,b] such that
vz € [a,b]

fla) < f(x) < £(B).

This theorem states that f| _ , is bounded (since all values of the function
are between f(a) and f(3)), moreover, the function f|, has a minimum
and a maximum.

As a consequence of Bolzano’s and Weierstrass’ theorems, the continuous
image of a closed, bounded interval is a closed, bounded interval.
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6.2 Exercises

1. Show that the function f : [0,400) — R, f(x) := \/z is continuous at any
point a > 0.
Solution: First we show that if a := 0, then f € C[0].
Let € > 0 be arbitrary. Then due to /= < ¢ & x < &2 let § := 2. If
x>0, x <9, then |f(x) — f(0)] = Vz <e.
Let now a > 0. Clearly, Vo > 0

|\/5_\/a|:|\/5*\/5|'(\/5+\/5) [z —a] _|z—ad

VI +/a CVrHve T Wa

Let ¢ > 0 be arbitrary. In view of the previous inequality, § := ¢ - \/a.
Then Vz >0, |z —a| <6

|z — al

Ja

< =e¢,

f(z) = fla)] = V& — Va| <

5=

which means that f € Cla].

2. Show that the function f: R — R, f(z):= 22 is continuous at any point
a €R.

Solution: Let (z,) C R, =, — a be an arbitrary sequence. Then f(z,) =
(xp)? =y -z = a-a= f(a).

Since for any sequence (z,) C R, z, — a: f(z,) — f(a), therefore,
according to the definition of continuity in terms of limits of sequences

feClal.

3. Show that the function f : R — R, f(z) := sinx is continuous at any
point a € R.
Solution: By using the definition of the sine function, one can see the
inequality |sinz — sina| < |z — a| Va,x € R from Fig. 6.2.
Let ¢ > 0 be arbitrary. If § := ¢, then Vo € R, |z —a| < §: |f(z) — f(a)| =
[sinz —sina| < |z —a| < e, so f € Cla).

4. Let f: R — R, ,
sinz - f g £,

f(x):_{ 1 ifz=0,
Show that f € C[0].

5. Let f: R — R. Suppose that there is a number L > 0 such that Vs,t €
D(f), |f(s) — f(t)] < L|s —t|. Show that Va € D(f), f € C|a].
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sin x-sin a

Figure 6.2

6. Show that the equation z° + 4z — 3 = 0 has a root on the interval [0, 1].

7. Show that if f € Cla,b], f is a one-to-one function, then f is strictly
monotone on the interval [a, b].






Chapter 7

Limit of a function

The limit of a function at some point a is A if f(x) is close to A whenever x
is close to a. The following topics will be discussed.

e The concept of limit of a function

Relationship between the limit and the operations
Limit at infinity and infinite limit

o One-sided limit

The limit of monotone functions

7.1 Limit of a function

7.1.1 Finite limit at a finite point

Examine three functions, which look rather similar. Let

fi:R=>R filx) =z +2,
f2 i R\{2} 5 R fo(a) = =4 = &=2042) _ 4 o

T—

e+2 ifa?2,
1 ifz=2

f3:R—=>R fa(x) = Fig. (7.1).

We are interested in the behavior of these functions around the point a :=
2. The function f; is continuous at this point, which means that whenever
x is close to 2, the values f1(z) = x + 2 are close to 4, which is none other
than f1(2).

Although the function fy is not defined in 2, when x is close to 2, the
values fo(z) = x + 2 change just a little around 4.
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Figure 7.1

The function f3 is defined in 2. When =z is close to 2, (but x # 2), then
the values f3(x) = x + 2 (similarly to the functions f; and f3) change just a
little around 4 (independently of the fact that f(2) = 1).

We formulate the concept of limit of a function in view of the phenomena
experienced in the above examples.

We study functions f : R D= R whose domain of definition D(f) contains
points other than a arbitrarily close to a (possibly a ¢ D(f)).

Definition 7.1. We say that the function f has a limit at the point a if
there exists a number A € R such that for any error bound € > 0 there
is a distance § > 0 such that for all points x € D(f) closer to a than ¢
(|lx — a| < 9), but z # a, the function values f(z) are closer to A than the
error bound € (|f(z) — A| < ¢).

This property of the function f is designated by any of the notations
lim f = A;
lim f(z) = A;
if £ — a, then f(x) — A.

By comparing the limit of a function f with the definition of continuity, one
can see that lim, f = A exactly means that considering the function

r. 3 N f(.CL') if z 7é a,

Fip U&= { [0 fr7e

instead of the function f, f will be continuous at the point a. In other words,
the function f has a limit at the point a if it can be made continuous at the
point a. Therefore, whenever a € D(f) and there exists lim, f, the function
f is continuous at the point a if and only if lim, f = f(a).
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From this observation it follows that operations performed with limits
originate in operations performed with continuous functions.

Theorem 7.1. If im f = A and A € R, then lim A\f = \A.

Theorem 7.2. If lim f = A and limg = B, then lim(f +¢g) = A+ B.

Theorem 7.3. If limf = A and limg = B, then lim f - g = AB.

Theorem 7.4. If limg = B and B # 0, then lim

Theorem 7.5. If lim f = A and limg = B, B # 0, then lim L = 4

B

1
e 9

B

Theorem 7.6. If limg = B and f € C[b], then lim f o g = f(b).

7.1.2 Limit at infinity, infinite limit

One can notice that the concept of limit is based on the tendency of how the
function values change. We can extend the so-called “finite limit at a finite
point” (that we have considered so far). Let us look at what possibilities we

have:
Let f:R D>— R.
1° If D(f) is a set that is not bounded above, and there exists an A € R
such that for any error bound € > 0 there is a number w € R such that
for all points x > w, x € D(f): |f(z) — A| < €, then we say that the
limit of the function f at (+00) is A.
Notation: Emf =Aor 111_11 f(z) =Aor f(z) - A when 2 — +o0.
oo T—r+00
For example, lim % =0.
Tr—+00
2° If D(f) is a set that is not bounded below, and there exists an A € R
such that for any error bound € > 0 there is w € R such that for all
points < w, x € D(f): |f(xz) — A| < e, we say that the limit of the
function f at (—o0) is A.
Notation: lim f = Aor lim f(z)=Aor f(x) > Aasz — —o0.
—00 r——00
For example, lim % =0.
T——00
3° If a € R, moreover, the domain of definition D(f) contains points other

than a arbitrarily close to a, and for all K € R there exists a 6 > 0
such that for all © € D(f), = # a, |z — a|] < é: f(z) > K, then we say
that the limit of f at a is +o0.
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40

50

60

70

80

Notation: lim f = 400 or lim f(z) = +o0 or f(z) = +00 as z — a.
a r—a

For example, lim 4 = +cc.
z—0 %

If a € R, moreover, the domain of definition D(f) contains points other
than a arbitrarily close to a, and for all K € R there exists a 6 > 0
such that for all x € D(f), = # a, |x —a| < é: f(z) < K, then we say
that the limit of f at a is —oo.

Notation: lim f = —oo or lim f(z) = —oo or f(z) = —oc0 as & — a.
a Tr—a
For example, lim (—-) = —oo.
z—0 z
If D(f) is not bounded above, and for any number K € R there exists

an w € R such that for any point > w, = € D(f): f(z) > K, then we
say that the limit of the function f at (+o00) is +o0.

Notation: lim f = 400 or lim f(z) = 400 or f(z) = 400 as x —
+oo r——+00
+00.

For example, lim =«
r— 400

2 = +oo0.

If D(f) is not bounded below, and for any number K € R there exists
an w € R such that for all points © < w, = € D(f): f(x) > K, then we
say that the limit of the function f at (—o0) is +oo.

Notation: lim f = 400 or lim f(z) = +o0 or f(z) = +00 as x —
—o0o T——00
—00.

m z2=+4o0.

For example, li
Tr——00

If D(f) is not bounded above, and for any number K € R there exists
an w € R such that for all points z > w, z € D(f): f(z) < K, then we
say that the limit of f at (+o00) is —oc.

Notation: lim f = —occ or lim f(z) = —o0 or f(z) = —c0 as x —
+o00 T—+00
+00.
. 2 _
For example, IEIEOO( x?) 0.
If D(f) is not bounded below, and for any number K € R there exists

an w € R such that for all points z < w, x € D(f): f(z) < K, then we
say that the limit of f at (—o0) is —oc.

Notation: lim f = —oco or lim f(z) = —o0 or f(z) - —oc0 as x —
—0o0 T——00
—00.

m (—z?) = —c0.

For example, li
T—>r—00
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Sequences are functions whose domain of definition is N. The set N is not
bounded above, therefore a function a : N — N, that is, a sequence (a,) may
have a limit at (+o00). Comparing the definitions of a,, — A, a,, — +00 or
a, — —oo with the definition of the limit of a function at (4+00), we obtain
that

lima, = A<= lima = A,
“+o0
lima, = 400 <= lima = +0o0,
“+o0

lima, = —0co0 <= lima = —oo0.

— 00

7.1.3 One-sided limit

It can happen that there are points in the domain of definition arbitrarily
close to the point a both on the left and on the right side of a, however, the
function f has no limit at a. Sometimes we can say something about the
behavior of the function even in such a case.

9° If the point a € R is such that there are points x € D(f), = > a
arbitrarily close to a, and there exists a number A € R such that
for any error bound £ > 0 there exists § > 0 such that for all points
x € D(f),a <z <a+d: |f(z)—A| < e, then we say that the right-side
limit of f at a is A.

Notation: }g%f =Aor xgﬂof(x) = A. Sometimes f(a + 0) denotes

the right-side limit of the function f at a. [Traditionally, in the case
a = 0, instead of “0 + 0” we simply write “04" everywhere.

For example the function

1 ifx>0,
FiR=R, f(m):{—1 if 2 <0

has no limit at 0, however, lim,_,o1 f(z) =1 or f(0+) = 1.]

10° If a € R is such that there are points x € D(f), z > a arbitrarily close
to a, and for any number K € R there exists a § > 0 such that for
all points € D(f), a < x < a+9: f(x) > K, then we say that the
right-side limit of f at a is 4oc.

Notation: lim f = 400 or lim f(z) = +oo.
a+0 r—a+0

For example, the limit ;11)% % does not exist, but lim, o+ % = +00.

11° If a € R is such that there are points z € D(f), = > a arbitrarily close
to a, and for any number K € R there exists a § > 0 such that for
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12°

13¢

14°

all points x € D(f), a <z < a+§: f(z) < K, then we say that the
right-side limit of f at a is —oc.

Notation: li =— li = —o0.
otation alJIrI(l)f morxigiof(m) 00

For example, the limit lim (—1) does not exist, but lim, o4 (—%) =
z—0 x x

—0Q.

If @ € R is such that there are points z € D(f), x < a arbitrarily close
to a, and there exists an A € R such that for any error bound € > 0
there exists a 6 > 0 such that for all points x € D(f), a —d <z < a:
|f(x) — A| < &, then we say that the left-side limit of f at a is A.

Notation: lir%f =Aor lim o f(z) = A. Sometimes f(a — 0) denotes
a— T—a—

the left-side limit of f at a. [Traditionally, in case a = 0, instead of

“0 — 0” we write “0—"" everywhere.

For example, in the example after definition 9° lirgl flx) = =1 or
—0—
f0=)=-1]

If a € R is such that there are points € D(f), x < a arbitrarily close
to a, and for any number K € R there exists a § > 0 such that for
all points x € D(f), a—d <z < a: f(z) > K, then we say that the
left-sided limit of f at a is +oo.

Notation: lim f = 4oco or lim f(z) = +oc.
a—0 z—a—0

For example lim (—1) = +oo0.

x—0—
If @ € R is such that there are points z € D(f), = < a arbitrarily close
to a, and for any number K € R there exists a § > 0 such that for
all points z € D(f), a— 6 <z < a: f(z) < K, then we say that the
left-sided limit of f at a is —oo.

Notation: lim f = —co or lim f(z) = —oc.
a—0 z—a—0
For example lim,_,o_ % = —o0.

The icons in Fig. 7.2 summarize the different cases of limits.
We can also formulate the relationship between the one-sided limits and
the limit:
If there exists lim f as well as lim f, and lim f = lim f, then the function f
a+0 a—0 a+0

a—0

has a limit at a, and

hgnf :zlzli%f:}}f%f'

Note that whenever a € R is a point where only the right-sided or only
the left-sided limit may exist at the point a and it does exist, then the limit
of f at a will be this very one-sided limit.
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lim_ f=+co
a

lim  feeoo
-
A lim,_  f=A lim,, g f=to
73 DR LA R +
A lim,  f=A
1 +0 1 a
a ;I|ma_0 f=—oo

Figure 7.2
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7.2 Exercises

2z —x—6 _9

222 —z2—6 _9 _
2—x—2

1. limg 0 5= =1 limg o

zt—22%—3 _9 z*—222—3 _9 zt—20%-3 _

2. limy 1 Tt =7 limeo 0 oo =7 Moy s =

: 3 2 _
3. limg (m - ﬁ) =7

4. limy 55 =7 limg o SREF =7 limg 25 =7
5. limg—yo 123% =7 limgz 0 % =7

6l S =t iy TR =

7. lim, o % =7

8. limg 00 V22 +2 — Va2 +22 — 3 =7
limys oo V22 +2 — Va2 + 2z — 3 =2

9. Is there a number k& € R for which the limit

23— 922+ kx — 27
lim
xz—3 2 —-6z+9

exists and is real?



Chapter 8

Differentiability

Differentiability means the smoothness of a function. A differentiable func-
tion is continuous, and its graph cannot contain any breaks or spires. The
following topics will be discussed.

e The concept of derivative and its geometric meaning
e Derivatives of elementary functions

e Differentiation rules

e Monotonicity and extreme values

e Convexity and inflection

e Function analysis

e Taylor polynomial

e [’Hospital’s rule

8.1 Differentiability

8.1.1 The concept of derivative and its geometric mean-
ing

Let us examine two simple functions: f;: R—R, fi(t):=t? and fo: R—R,
f2(t) := |t|. Let us fix the point = := 0. As one can easily check, f; and
fo are even; bounded below and not bounded above; increasing on the set
of positive numbers, decreasing on the set of negative numbers; attain their
minima at the point z = 0 with minimum value 0; and both are continuous
at the point z = 0.

In spite of the many similarities, it is apparent that the function f; is
smooth at the point x = 0, while the function fs breaks at this point.

69



70 8. DIFFERENTIABILITY

Figure 8.1

Is there a “device” which would be able to detect whether a function is
smooth at a point, while another one is not smooth?
Let f : R D= R be an arbitrary function, x € D(f) a given point. We
introduce the difference quotient of f belonging to = as the function
KL D)\ (o) >R, Kty = O ZI),
Apply this “device” to the functions f; and f at the point x := 0 (Fig. 8.1).

As one can see, in the case of the smooth function f;, the difference quo-
tient function K, g ' has a limit (it can be made continuous) at 0, while for the
function f> with the break the difference quotient function Kj* has no limit
at 0.

This investigation motivates that a function whose difference quotient has
a limit at the point it belongs to be called differentiable at that point. We
will denote this property as f € Dlz].

If f € Dlx], then the limit of the difference quotient function of f is called
derivative of the function f at x:

i £ = S(@)

t—x t—=x

=: f'(z).
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It is easy to show that ¢t — x — 0 in case t — z, however, W does
not go to infinity, which can only be the case if f(t) — f(z) — 0, so if f is

differentiable at x, then it must be continuous at z, too.

How did we create our “device”, which is able to detect the smoothness of
a function? First we will show a geometric approach. Let f € D[z]. Draw a
straight line (a so-called secant) through two different points, (z, f(z)) and
(t, f(t)) of the coordinate system. The slope of this line is

f@t) = f(x)

t—ax

[That is what we denoted as K (t).]

Figure 8.2

If t tends to x, then the secants tend to a limit position called tangent,
so the slopes of the secants tend to the slope of the tangent (Fig. 8.2). [It is
this limit value that we called derivative.]

The other one is a physical interpretation. Assume that the movement
of a point is described by the position-time function ¢ — s(t). The average
velocity during the time interval [to,¢] is the quotient of the displacement
s(t) — s(to) and the total time t — ¢y, that is

[This quotient is often denoted by % .| If we shorten the time interval “beyond
all bounds”, the average velocity will be arbitrarily close to a number (by the
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assumption that the position-time function is smooth), and this number is
called instantaneous velocity:
s(t) — s(to) As

=:v(tp) or lim — =w.

li =
v At—0 At

t—to t—to
[One can see that the instantaneous velocity is the limit of the average velocity
and the derivative of the position-time function: s'(¢9) = v(¢o).]

The function f: R — R, f(t) := t? does not only look smooth at the point
z:=0. Let € R be an arbitrary real number. Let us examine whether the
difference quotient of the function f has a limit at x.

2 _ .2

lim f(t) = J () = lim P lim t=2)t+z) = lim(t 4+ ) = 2z.

t—x t—ax t—wx t— 2 t—x t—x t—zx
So, f € D[z] and f'(z) = 2z.

The function which gives the difference quotient of f at each x (where the
function is differentiable) is called derivative of the function f, and is denoted
by f’. In our example f': R = R, f'(z) = 2z.

The function f: R — R, f(t) := t? is often mentioned as the 22 function,
and its derivative is denoted by (22)’. With this convention in mind we can
write

(%) = 2z.

8.1.2 Derivatives of the elementary functions, differen-
tiation rules

Let us look at some further examples. Let f : R = R, f(t) :=t3, x € R.

lim = lim
t—x t—x t—wx t—x
t—xz)(t2+t 2
t—ax t—=x t—ax

thus f € D[z] and f'(x) = 322, or briefly (23) = 322
Let f:R—= R, f(t) :=sint, x € R.

. . i = L t+x
. t)— f(z . sint —sinx ~ 2sin 5% cos “LE
lim f(t) - f(=) = lim = lim 2 2
t—x t—=x t—x t—x t—x t—x
. (sint5E 4
= lim == Ccos —— | =1-cosz = cosz.
t—zx 7290 2

(During the transformation we used a consequence of the trigonometric addi-

tion formulas. Since lim, o *3* = 1, therefore in case t — x, u := f_T”” — 0,
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s t—x
so limy—,, 2—2— = 1.) So, f € D[], that is, the sine function is differentiable

at all z € R, and f'(z) = cosx, or briefly (sinz)’ = cosz.
One can show the differentiability of several other functions in a similar
manner, and as a result of the calculations we obtain the derivatives as well.
In the following summary we have collected the derivatives of some im-
portant functions:

1
(%) =az*™', a€R, (Inz) = =,
x
1
(sinz)’ = cosz, (log, z) = e (a>0, a#1),
1
(cosz) = —sinuw, (arcsin z)’ = ——,
V1—2z?
1
(e*) = e, (arccos z) = ———,
V1—a?
1
(@) =a"Ina (a>0), (arctgz) = T5a2
x
1
/ — h !/ -
(tg z) . (arsh z) T
1 1
(ctg z) = ———, (arch ) = —— (2 > 1),
sin® x?—1
1
(sh ) = ch z, (arth z)" = =22 (—l<az<l),
1
(Ch x)/ =sh x, (arCth 1’)/ = m (|$‘ > 1),

, 1
(th z)" = e
1
shZz’
During operations with differentiable functions we often obtain a differen-
tiable function. For example, if f,g € D[z], then

(f+9) ) = (f+9)(z) f(t) = f(x) +9(t) — g()

(cth z) = —

= lim

lim

t—x t—x t—x t—=x
= pim TOZT) iy SOZID 1)

Consequently, the function f + g is also differentiable at the point z, and
(f+9) (@) = f'(z) + ().

One can verify the following theorems in a similar manner:
Theorem 8.1. If f € D[z] and A € R, then \f € D[z] and (A\f)'(z) =
A (x).
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Theorem 8.2. If f,g € Dz], then f+ g € D[z] and (f + 9)'(z) = f'(z) +
g'(x), moreover, f - g € Dlz] and (f - g)'(z) = f'(z)g(z) + f(x)g'(z).

Theorem 8.3. If g € D[z| and g(z) # 0, then - € D[z] and (%)/(x) =

_ 9@
g%(z) "

Theorem 8.4. If f,g € D[z] and g(z) # 0, then 5 € D[z] and

o F@g(e) - f(z)d'(z)
(5) = FEEs,

Theorem 8.5. If g€ D[z] and f € D[g(z)], then fog€ D[z] and (fog)'(z)=
f'g(x)) - g' ().

Theorem 8.6. If f € D[z], f'(x) # 0, and the inverse function f~1 exists,
then by usmg the notation u := f(z) we have f~1 € D[u], and (f~!)'(uv) =

f’(r) f- 1(u))

Q=

8.1.3 The relationship between the derivative and the
properties of the function

How do we benefit form the fact that a function is differentiable (smooth)
and we know its derivative?

a) Let f € D[z]. This means that whenever ¢ is close to z, w is close
to f'(x). From this follows a further expressive and useful meaning of the
differentiability. Namely, if ¢ ~ z, then

) = flz)

- f/(x), which implies f(¢) — f(z) =~ f'(x)(t — x) or

f) = f(x)+ f'(@)(t - 2).
This means that at points ¢ that are close to x the function values can be
approximated by values of a first degree polynomial (straight line). The
function e, (t) := f(x) + f(z)(t — z) (t € R) is the tangent of f at the
point (z, £(z)).
b) The sign of the derivative informs us about the increase of the function.
Let f € D[z] and f'(z) > 0. Then

) = flz)

p—— f(z)ift ~ .

Since f’(x) > 0, therefore %ﬂz) > 0 if t & 2. This means that if
t1 < x, then f(t;) < f(z), and if t5 > z, then f(t2) > f(x). So, for
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)

any points t1,ts for which ¢; and 2 are both close to x and t; < x < to,
f(t1) < f(z) < f(t2). One can also show that if f'(z) > 0 at every point
x of an interval I, then the function f is strictly monotonically increasing
on the interval I, that is, for all 1,22 € I, 1 < z2: f(z1) < f(x2).

The derivative can also be applied for seeking local extreme values. A
function f has a local minimum at the point a € D(f) if there exists an
interval around a such that for any x € D(f), chosen from this interval,
f(z) = f(a).

If f € Dla], and the function f has a minimum at the point a, then
f'(a) = 0. Should f’(a) # 0, for example f’(a) > 0 hold, then there
should be two points t; < a < t3 close to a for which f(t1) < f(a) < f(t2),
which contradicts the fact that f has a local minimum at a.

Consequently, a function that is differentiable at all points of an open
interval may have a local extreme value only at a point where its derivative
is zero.

Attention! If f € Dla] and f’(a) = 0, then it is possible that there is
no extreme value at a. For example, in case f : R — R, f(t) := t3:
(%) = 3t2, therefore f'(0) = 3-0% = 0, but the function f has no local
extreme value at 0.

The derivative also tells us about the shape of a function. The function f
is called convex on the interval I if for all z1,29 € I, 21 < 2 the graph
of the function is below the chord connecting the points (z1, f(x1)) and
(2, f(x2)) on the interval [z, x2].

It can be verified that a differentiable function f is convex on the interval I
if and only if its derivative f’ is monotonically increasing on this interval.

We can decide if f’ is monotonically increasing by examining the sign
of its derivative. If f’ is differentiable, then by introducing the second
derivative f” := (f’)’, we are led to the theorem: if f”(z) > 0 (z € I),
then f is convex on I.

(Similarly, we can define the concept of a concave function, and we can
obtain a similar sufficient condition for such a function as well.)

A point a € D(f) is called inflection point of the function f if the shape
of the function is different on intervals before and after this point (that is,
the function changes from convex to concave or from concave to convex
at this point). For example, the function f(x) = x3 has an inflection at 0.

One can show that if @ € D(f) is an inflection point of the twice differen-
tiable function f, then f”(a) = 0.

Attention! If f is twice differentiable at the point a, and f”(a) = 0, then
it may not have an inflection at a. For example, in case of the function
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f:R — R, f(t) := t* the second derivative is f”(t) = 12t?, and so
f£7(0) = 0, but the function f is convex on the whole interval R (and not
concave on any sub-interval).

e) How can we use our previous results for sketching the curve of a function?
It is advisable to follow the steps on the example of Exercise 3.

Prepare the derivative function f’.

Find the zeros of f’ (or the points where f/ may change sign).
Calculate the second derivative f”.

Find the zeros of f” (or the points where f” may change sign).

The domain of definition of the function is slashed into open intervals
by the zeros (or the points of possible sign changes) of f’ and f”. We
examine the signs of the derivatives on these intervals, from which we
can determine the monotonicity and shape properties of the function.
(It is helpful to prepare a table for the function analysis.)

Uk W=

6. We calculate some important characteristics: the values of the local
minima and maxima, if they exist, the limits (possibly one-sided ones,
too) of the function at each point where the function is not defined,
but there may be a limit.

7. We sketch the curve of the function.

8.1.4 Multiple derivatives and the Taylor polynomial

We have seen the roles of the first and second derivatives of a function. As a
generalization, let us introduce the higher-order derivatives.

If f is differentiable, then f” := (f’)’.

If f” is differentiable, then f" := (f").

If (%) is differentiable, then f*+1D .= (f0)Y k=1,2,....

We remark that the apostrophes are only used for denoting the first three
derivatives, so f() := f/, f@&) .= 7 fG) .= " Sometimes it is useful to
follow the convention that f(©) := f.

“Sufficiently smooth” functions can be well approximated with polynomi-
als. We have already seen that if f € DJa], then for the tangent function

ea(t) == f(a) + f'(a)(t —a) (t€R)
we have
ea(a) = f(a’);

el (t) = f'(a), therefore €, (a) = f'(a), so the derivative of e, and that of f
are equal at a.
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One can also see that
LT =) )~ (f(@) + a)(t—a))
t—a t—a t—a t—a

= lim M — f'(a) =0,

t—a t—a

which expresses the fact that the tangent function e, is such an approximation
to the function f that even if the difference f(t) — e,(t) is magnified by
dividing it by (¢ — a), the obtained quotient will be close to 0 whenever ¢ is
close to a.

The tangent function e, is just a first degree polynomial. What should
that higher-order polynomial look like which would provide an even better
approximation?

Let P(z) := 3 — 2z + 42% — 523. Then P(0) = 3.

P'(z) = =248z —152%, P'(0) = —2;
P’ (z) =8 — 30z, P"(0) = 3g;
P"(z) = —30, P"(0) = —30.

One can easily check that for all x € R

P(z) = P(0) + P'(0)z + 2 ;(!0) 2+ L /;!(0) 2,

that is, a polynomial was fairly well (in this case exactly) approximated
with the aid of a polynomial, the coefficients of which are the higher-order
derivatives of the function at a point (now this point was 0), divided by the
factorial of the order of the derivative in each term.

The above two observations lead us to the so-called Taylor formula. As-
sume that f is so “smooth” that even the derivative function f™*1 is con-
tinuous in a neighborhood K (a) C D(f) of a € D(f). Let T, : R — R,

f"(a) f"(a)

2! n!

T(x) = f(a) + f'(a)(x — a) + (r—a)+...+

(x —a)"

the so-called nth Taylor polynomial. (One can see that 77 = e,.) It is easy
to check that Ty (a) = f(a), T.(a) = f'(a), T"(a) = f"(a),..., T\ (a) =
™ (a) (that is, the Taylor polynomial T}, possesses the same property as the
tangent function e,.) It can be verified that under such a condition for all
x € K(a) there exists a point ¢ between z and a such that

7o)

+ (n+1)! (ija)n—H,
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which means that the function f is so well approximated by the Taylor poly-
nomial that

@)= Talw) _ [ (e)
(x —a)n (n+1)!

(r—a)=0 iffz~a.

So, the Taylor polynomial approximates the function f fairly well (in the
order n); that is, the values of f at points close to a can be approximated
very accurately by function values of a polynomial.

8.1.5 L’Hospital’s rule

With the aid of the derivatives we can calculate some seemingly complicated
function limits. One of L'Hospital’s rules says that if f and g are differentiable
on an open interval I and at the point a (which can either be an element or
one of the end points of the interval, and can even be +oo or —c0), and

li =1 =
fim £(2) =l 9() =,
however, the quotient of the derivatives has a limit

lim f(z)

z—a g'(z)

then the quotient of f and g has a limit as well, and

lim @ =1L.

z—a g(x)
The same holds when at the point a f and g tends to +00 or —oo instead of

0 [the two infinite limits may have opposite signs, too].
cos T — cos 3T
22
Both the numerator and the denominator are 0 at 0, therefore it is enough
to calculate the limit of the quotient of the derivatives.

Apply L’Hospital’s rule to calculate the limit lin%
T—

1 (cos x—cos 3z)’ .. —sinz+3sindx 1 . sinx 3. sindx
1 9 sin 3x 1 9
— 1 o T STy
5 1T T 213

In this manner,

. cosx — cos3dx
hm —_— =
x—0 ,7,‘2

[The limit of the quotient of the derivatives could have also been calculated
by using L’Hospital’s rule:
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. —sinz + 3sin3x . —cosx+ 9cos3z 149
lim ————— = lim = =
z—0 2x z—0 2 2

4]

Unfortunately, not even L’Hospital’s rule is able to give a simple answer to
every “critical” limit value problem. For example,

lim sh(z +2) = lim sh(z —2) = +o0.
Tr—00 r—r00

If we consider the derivatives, then
lim ch(z +2) = lim ch(z — 2) = +oo,
Tr—r00 Tr—r 00

then the derivatives of these will read as

lim sh(z +2) = lim sh(z —2) = +oo0,
r—r00

Tr—r0o0
sh 2
and so on and so on. We will never obtain the limit lim s(m;) by
z—oo sh(z — 2)
applying L'Hospital’s rule. [We remark that
sh(z + 2) e? 12 — e~ (@42) 2 — ey
T—00 Sh({L‘ — 2) T—00 eT—2 e_(x_Q) T—00 g2 _ :21

8.2 Exercises

1. Differentiate the function f(z) := 3z° + \/z + Insin®(1).
-2sin(L) - cos(L) - (—L).

x x

Solution: f'(z) =3 -5z* + 53:_% +

1
sin?(1)
2. Differentiate the functions

g(z) = 42> — 222 + 52 — 3;

h(z) := (x — 2)3 sin(4x);

l(z) =2 +a” +ar+ 5+ % (a>0);

kE(x) := (sinx)os®;
m(z) = arctg%.

3. Sketch the curve of the function f: R — R, f(z) := j%

Solution:

) i) 2Va?+1-(20-1)5 2= 9(a2+1)-222+2  x+2
a T) = = — .
22 +1 (22 +1)2 (z2+1)2
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x+2
(@2 +1)3
point since the denominator is positive).

(22 +1)2 — (2 +2)% (22 + 1)222

=0, = —2 (the fraction does not change sign at any other

1" _
2 +1— (32 +6x) —22°—6x+1
(@2 +1)3 (@2 +1)%F
2% — 6z + 1 vy = S ~ 316,
d ————+—=0, 222—-62+1=0
(2 +1)2 wy = 5=Y4 ~ 0.16.
—3.16 —2 0.16
[ |+ +++++F+++++
e) | f mon. decreasing min increasing
'l ------- | +++++++++++F]------
f shape|concave | inflection | convex | inflection | concave
) f(-2)=-F= —/b ~ —2.23,
. _ . 21
limg o % = limy 500 ﬁ = -2,
lim, o 2221 — lim, 223 _o
Va2+1 1+
g) 2
f
-2
\'s
Figure 8.3

4. Analyze the curves of the following functions:

2

g:R= R, g(x):=e™",
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h: R\ {_278}7 h(.%‘) = M7
I:RT - R, l(z) :=zlnz,

k:R— R, k(z) == 1%

5. Prepare the Taylor polynomial of the order n := 11 for the function
f(x) := sinx around the point a := 0.

Solution:
f(z) =sinz, f(0)=0,
f'(z) = cos, f(0) =1,
f//(z) - —sinz, f”(o) :07
fm(:l?) = —cosu, f///(O) -1,
fW(z) = sina, F®(0) =0,
fO(x) = cos, 20 =1,
f(n)(:c) = —cosz f(u)(O) =1,
f(12)(:1c) =sinz f(12)(0) =0.
[One can see that f = f&) = f& = = @) = —qin]
Thus,
1 3 1 5 1 7 1 9 11
T11(I)fxf§x +§x — o +§ -0

Remark: If the sine function is approximated by its Taylor polynomial
T11, then, e.g., at x := 0,1 we have

. |sine| =, 0,12
1-T 1) = 1< —
|SIHO7 11(07 )| 1921 0, = 9
10—12
= m < 2- 1079 . 10712 =2- 10721.

Moreover, if 0 <z < 7, then (by exploiting the fact that » < 7 < 2)

[sine] 1»_ 1 (7r)12 - 212
z — (X il
12! —121\2 12!

<2.1072.212=8192-107% < 107°.

|sinac — T11(JJ)| =

Clearly, the values of T7; approximate the values of the sine function fairly
well (at least with an accuracy of four decimal digits) on the interval [0, 7].
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6. Prepare the Taylor polynomials for the following functions:

g(z) : =€, a:=0, n : = 10,
h(z) = cosx, a:=0, n:=12,
l(z) =V1+uz, a:=0, n:=2,

1
k(x) = a:=0, n:=2.

\/1+5€2

7. Calculate the limit lim,_,o 2% Inz.

Solution:
Inx
lim z?Inz = lim —.
z—0 z—0
Since (ln 2y L
Inx T~ 1
lim 1 li 1.2
zl—>0 (I_Q) IIE)I%] —2$_3 I% 21. 07
therefore |
hmn—i_o and so lim 2% lnz = 0.
x—0 1 x—0

8. Calculate the following limits:

: rtgr—1
a) lim,_,o 25

. Vcosz—1
b) limz 0 sin? 2z




Chapter 9

Integrability, integration

Integrability of a function means that the “domain under the graph” of the
function has an area. We will elaborate a method for determining this area.
We will trace several problems to the calculation of the area under the graph.
The following topics will be discussed.

e The concept and geometric meaning of the Riemann integral

e Integration rules

e The Newton—Leibniz formula

e Primitive functions

e Primitive functions of the elementary functions

e Some geometric and physical applications of the integral

e Fourier series

e Improper integral

9.1 Integration
9.1.1 The concept and geometric meaning of the Rie-
mann integral

It is well known that the area of a rectangle of length v > 0 and width v > 0
is uv. In case of u > 0 and v < 0 let us call uv the “signed area”. The areas of
curvilinear shapes were already investigated in the early ages of mathematics.
Let us now examine the area of the domain “under the parabola”

H = {(z,y) |z €[0,1], y € [0,27]}.

83
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(iin)?

1/n im

Figure 9.1

Divide the interval [0, 1] into n equal parts. The mesh points are then zy =
0, zi=2,m0=2 .., z,=2 LetS,:=1. ()24 1. (224 4 1.(2)m
that is, the sum of the areas of those rectangles whose base is %, and whose
height is the function value of id? at the mesh points (Fig. 9.1).

S, is the area of a “staircase shape”. If we increase the number n of the
mesh points, then the staircase shapes will fit better and better to the set H,
and so we can expect that the limit of the sequence (S,,) will exactly be the

area of the set H. By using the fact that for all k € N, 12 422 4 ... + k2 =
k(k+1)(2k+1)
6

3

1nmn+1)(@2n+1)

1
lim S, = lim — (1* + 2° ... + n°) = lim
n

n3 6
i 2n2 +3n+1 i 2424+ L 1
=lim —— =lim —2—" = _.
6n? 6 3
So, let the area of the set H be %
This train of thought will be generalized.
Let f : [a,b] — R be a function.
Let
T :={20,%1,%2y ..., Ti—1,Ti,...,Tn} C [a,b],
with

a=29< 21 <To<..<xi1<x;<...<xTp,=0b

be a partition of the interval [a, b].
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Let us set a point & within all sub-intervals [z;,_1,z;] (i = 1,2,...,n.)
Prepare the sum approximation of the function f for the partition 7:

o(r) = f(&)(x1 —z0) + f(&) (@2 — 1) + ... + f(&n) (¥ — Tn—1)

(This o(7) corresponds to the area S, of the staircase shape, where the point
&; was taken at the right end of each sub-interval.)

We call a function integrable if the sum approximations o(7) get infinitely
close to a number as the partition is “refined”. More precisely:

Definition 9.1. We say that the function f : [a,b] — R is integrable on
the interval [a,b], if there is a number I € R such that for any error bound
e > 0 there is a ¢ > 0 such that for all partitions 7 of the interval [a, b] for
which

max{z;, —x,—1 |i=1,2,...,n} < ¢

and for any points &; € [x;_1,x;] taken from the sub-intervals [z;_1, ;] of the
partition 7 the sum approximation o (7) = Y| f(&)(z; — x;_1) satisfies

lo(m) — I <e.

If f is integrable on the interval [a, b], then this will be denoted as f € R]a, b]
(in honour of Riemann, who introduced the integral in this manner), and let

/abf:—l.

(“integral from a to b”). Moreover, in this case we say that the set

H:={(z,y) | z€la,b], y€[0, f(2)] if f(x)=0, or ye[f(x),0]if f(x) <0}

(“domain under the graph”) has a signed area, and this area is the number
IeR

It is common to refer to this concept by introducing the notation Az; :=
x; — x;—1 and writing

lim Z f&)Ax, =1

Ax; —0
or

] b
Jim 37 7©az = [ fla)a.

(It is worth having a look at the metamorphose of the symbols!)
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PR

Figure 9.2

It is easy to see that if f : [a,b] — R, f(z) = ¢ is a constant function, then

n

AEE)OZf(fi)AfEi = Airr_l}()Zc(xi —i-1) =c(b—a),

i=1

as we have expected from the geometry, so f € R|a, b] and f; f=clb—a).

9.1.2 Relationship between the Riemann integral and
the operations

It can be proved that if f € Cla,b], then f € Rla,b]. It follows also from the
geometric approach that if f € R[a,b] and f € R[b, ], then f € R|a, c], what

is more, ,
/Qf-f—/bcf:/:f (Fig. 9.2).

It is not so obvious, but one can verify the following

Theorem 9.1. If f € R[a,b] and X € R, then \f € R|a,b], and

/b/\fz)\/bf.

Theorem 9.2. If f,g € R|a,b], then f + g € R[a,b], and

[ua-frofa
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Theorem 9.3. If f,g € R[a,b], and f(z) > g(x) for all x € [a,b], then

/abfz/abg-

An important consequence of the latter theorem is the statement that if
f € Rla,b], then |f| € R|a,b], and due to

=< f<Ifl

—/:flg/abe/ablfl,
/abf s/abm.

9.1.3 Newton—Leibniz formula

it follows that

thus

It is apparent from the geometry that the following theorem holds.

Theorem 9.4. If f € Cla,b], then there exists a c € [a,b] such that

b
/ F=f(©)-(b—a)  (Fig. 9.3).

The number i; Z is called mean value of the function f. This is a gen-
eralization of the mean value of finitely many numbers. (The theorem says
that the mean value is a function value.)

The statements that we have seen so far are expressive, however, we still
owe the reader a comfortable way of calculating the integral.

For simplicity, let f € Cla,b]. We introduce the area function as T :
[a,b] = R, T(z) := [ f (Fig. 9.4).

Let @ € (a,b) be an arbitrary point, and let us examine the difference
quotient

T(z) — T(x)
T —a
in case z € (a,b), = # a.

T(e)-T(e) _[If-Jof _ 1 /””f: 1

r—« r—« r—« Tr—«

f)(x —a) = f(e),

where ¢ € [a, ] (Fig. 9.5). From this, by exploiting the fact that f € C[q],
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SN

Figure 9.3

TN

Figure 9.4
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T(a)
a o c X b
Figure 9.5
lim I(z) ~T(a) = lim f(c) = f(a),
T—a T — T—a
on the other hand,
im L@ =T iy
T—a Tr —

So, the area function T is such that its derivative is f. Since T(a) = 0 and

T(b) = f: f, therefore
b
/ f=T(b) —T(a).
We have arrived at a famous result (in a rather heuristic way).

Theorem 9.5 (Newton—Leibniz formula). If f € Cla,b], and T is such a
function that T' = f, then

b
[ r=10)-100)
For example, if f : [0,1] = R, f(x) = 22, then the function T : [0,1] — R,
T(z) := % will be appropriate (since (%)’ = x?), thus

! 1200 1
| r=rm-r0)= 5 -5 =5

which is in accordance with the result obtained in the introducing example.
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9.1.4 Primitive functions

In some sense, a primitive function represents the opposite of derivation (also
called antiderivative).

Definition 9.2. Let I C R be an open interval, and f : I — R. The
differentiable function F' : I — R is a primitive function of f if F/ = f.

If F and G are primitive functions of f, then F/ = f and G’ = f, and
so (F'— G)" = 0, but on an interval the derivative of a function can only
be zero if the function itself is constant. So, there exists a ¢ € R such that
F — G = ¢, that is, the primitive functions of a function can only differ from
each other by a constant. (Also, the area function 7' can only differ from any
other primitive function by a constant.)

The calculation of the integral has become extremely simple, since we only
have to find a primitive function of f. If we denote it by F, then, according
to the traditional way of writing

/me=wmm

where [F(z)]% := F(b) — F(a).
For example, for the calculation of [ sinzdaz F(x) := — cosx is a suitable
primitive function ((—cosz) = sinx), thus

/ sinzdx = [—cosz|f =1—(-1) = 2.
0

Let us agree that a primitive function of f will be denoted by [ f instead of
F, and [ f(z)dz instead of F(z). Searching for a primitive function is the
“inverse” of derivation. Some simple methods for finding primitive functions
(which you can easily check by derivation!) are as follows.

IAf=ATF JU+a=]F+]g

Jf'ag=Ffg—[fg (integration by parts).

+

oo ¢ =25 ifa#t-L

J % =opif d(x) > 0 (x € I).
It [ f(@)de = F(a), then [ flaz +b) = LF(az+0).

([flop=[(fop-¢') (integration by substitution).
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The inversion of the differentiation “rules” yields the following table of inte-
grals.

potl

Jztde =T (a#-1),
[idz=Izifz>0,and [ldz=In(-z)ifz<0

[ etdx = e, [a®de = &,
[sinzdz = — cos z, J coszdx = sinz,
1 1
f cos?x te, f smZz — —ctgr,
[ shzdz = chz, [ chzdz = shz,
| 52 da = arctgz, i ﬁdx = arcsinz, z € (—1,1),
S/ Wvéﬁdx = arshz, il ﬁdx = archz, z € (1, 400).

9.1.5 The applications of integrals

1.

If f,g € Rla,bl], and for all z € [a,b], f(z) > g(x), then the area of the
set
H:={(z,y) |z € [a,b] &s g(z) <y < f(x)}

is given by the formula

T=/abf—/abg=/ab(f—g) <=/ubf(x)—g(w)dﬂc>

(Fig. 9.6). (Note that the functions f and g are not necessarily nonnega-
tive!)

It is known from geometry that the volume of a brick of length a, width
b and height m is V = ab- m. By generalization, the volume of a prism is
the product of the area of the base and the height, that is V =T - m.

Consider now a three-dimensional shape H (for example a potato). Pre-
pare all plane sections of H perpendicular to the x axis of the coordinate
system. (In the example of the potato a knitting needle, stuck through
the potato could play the role of the x axis. We split at right angles to
this needle.) Assume that the plane section S(x) obtained at z has an
area, and the function

S:fa,b) = R, x+— S(x),

is continuous on the interval [a,b] (if ' and 2" are close to each other,
then S(z’) and S(z”) are close, too) (Fig. 9.7).

Divide the interval [a, b]:

Tia=20 <1 <x2<...<xi1<x;<...<xy =D,
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Figure 9.6

Z

Figure 9.7
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and take arbitrary points &; € [z;—1,2;] (i = 1,2,...,n) (Fig. 9.8).

S(&)(x; — wi—1) is the volume of a prism whose “area of base” is S(&;),
and whose height is (z; — z;—1). Summing these areas we get a sum

approximation:
n

> S (&) (@i — wioa).

i=1

By refining the partition of the interval [a,b], the sum approximations
have a limit (S € Cla, b], therefore S € R[a, b]), which will be the volume
of the shape:

b
V= lim ZS(fi)(xi—xi_l):/ S(z)dz.

xi—x;—1—0

Calculating the volume becomes especially simple if H is a “solid of rev-
olution”, obtained by “rotating a function f : [a,b] — R, f € Cla,b],
f(z) > 0 (z € [a,b]) around the = axis” (Fig. 9.9). Then the area of the
plane section S(z) is the area of a circle:

S(x) =7 f*(x),
thus

V= /ab 7 f%(z)d.

It is easy to see Cavalieri’s principle, too, which says that if two
shapes have pairwise equal plane sections, parallel with a plane (that is,
S1(z) = Sa(zx) for all z, where the z axis is a straight line perpendicu-
lar to the plane), and the functions S; and S, obtained in this manner,
are continuous, then the two shapes have the same volume, since due to

S1 =25
/ab Si(x)da = /b Sa(z)dx.

a

3. Let f:[a,b] — R a continuously differentiable function. The set

H:={(z, f(z) |z € [a,b])}

is often called the graph of f. Our aim is to calculate its arc length.
Divide the interval [a, b] again:

Tia=20 <1 <x2<...<xi1<x;<...<xy =D
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[NANAY
JAVEY

Tl T

Figure 9.8

Y

Figure 9.9
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(o)

Figure 9.10

The length of the line segment connecting the points (z;_1, f(z;—1)) and
(i, f(x;)) (Fig. 9.10) is

I : = \/ i —xi1)? 4 (f(w) = f(2io1))?

-1 [ ]

By Lagrange’s mean value theorem there exists a &; € (x;—1, ;) for which

flxy) = flxizr) = f'(&) - (w; — x4-1), thus
li=(zi —xi—1)V 1+ [f(&)]*

One can see that the length of the broken line, approximating the graph
of fis

Doki= Y VI PP (i — i),

which is a sum approximation of the integral for the function ¢ : [a,b] >R,
o(x) := /14 [f'(x)]2. So, the arc length of the graph of f is

b
1) =, tm  SVIFF@R - ) = [ VIF P

Ti—Ti—
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4.

Figure 9.11

If f:a,b] = R, f(x) > 0 (x € [a,b]) is a continuously differentiable
function, then, in a similar manner, the side of the solid of revolution
obtained by rotating the graph of f around the x axis has the area

b
P(f)= | 2mf@)V1+ [Fo)Pde.

It is known that the vector pointing to the center of a mass-point system
is given by
_omary Fmarg + ..o mer,
-* mi+ma+ ... +my
where m; is the mass of the ith mass point, and r; is the position vector
pointing from a fixed point to the ith mass point (Fig. 9.11). Let f €
Rla,b], f(z) >0, z € [a,b], and

H:={(z,y) |z €[a,b], y € [0, f()]}
a homogeneous disc of density p (Fig. 9.12).

)

To find the center of mass of the disc let us divide the interval [a, b].

Tia=20 <1 <2< ...<xj1<x;<...<xy =D
By choosing the points &; := mi%% (i=1,2,...,n), the position vector
directed to the center of mass of the rectangle [z;_1,z;] X [0, f(&;)] is

r; <fz‘, ff”) )
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X4 & %

Figure 9.12

and the mass of the point, substituting the rectangle is

mi = pf(&)(i — xi1).
The approximate value of the first coordinate of the center of mass is

miér +mobo+ ... +mabn D1 pf(&) - il — i)

mip+ma+...+my Z?:l pf(&)(ws — xi1)

while that of the second coordinate is
my f(gl) + Mo f(§2) +otmy, f(gn) _ % Z?:l Pf2(§z)(l'z . 331‘—1)
my+mg+...+my Z?:l pf(&)(w; —ximy)

Apparently, both expressions contain sum approximations of integrals,
therefore no surprise that the vector r, = (x5, ys) pointing to the center
of mass of the disc will be as follows:

_Jpef@de g [ P @)dr

e fab f(z)dx e f:f(x)dx

6. The moment of inertia of a mass point of mass m rotating around the
point O is © = mi?, where [ is the distance of the mass point from O
(Fig. 9.13).

If a rod of length L and mass M rotates around an axis, fixed to the end
of the rod and perpendicular to it, then we can calculate the moment of
inertia of the rod with respect to the axis. Divide the interval [0, L] as

T:0=xpg <1 <2< ...<Ti 1 <x;<...<xp, = L.
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o
-

Figure 9.13

The mass of the rod segment [z;_1,x;] is

M
— - (zy —xi-1),

L

while the distance to the rotation axis can be chosen as
g’i = T,
so the moment of inertia of this segment can be given as

M

f : (xz - 371‘—1)53

The sum of the moments of inertia of the segments approximates the
moment of inertia of the whole rod:

n

> %5@2(%‘ - Ti-1)-

i=1
From this, the moment of inertia of the rod is
: ~ M, tM o,
0= xl_iliffllﬁ(); TS (i —wi—1) = /0 - *d,
which, by the Newton-Leibniz formula can be calculated as

L 371L 3
/ %xzdz: M z” :%I;ZEML{
o L L 3], L 3 3
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thus © = 3 M L%

These few examples have shown what a wide variety of problems can be
traced to integrals.

We will sketch a further important application.

9.1.6 Fourier series

Let f : R — R be a periodic function with period 27. (If the period of f is
p > 0, then by a simple transformation (z := 2?’Tt) we can make it periodic
with period 27.) Our aim is to compose f as a “sum” of the well known
functions cosonid (n = 0,1,2,...) and sinonid (n = 0,1,2,...), that is, to
construct such sequences ag,a1,as,..., Gn,... and by, ba, ..., b,,... that for
allz € R

fz) = %Jralcosx
+ by sinx + as cos2x + by sin2x + ... + a, cosnx + b, sinnx + ...

(9.1)

It is not clear at this point for what functions f it is possible to do this.
Moreover, if we do obtain some sequences (a,,) and (b,), then how do we know
that the sum on the right-hand side returns f? Now, by formal reasoning,
let us start from the assumption that f € C(R) and for all z € R it is equal
to the sum of the infinite series

o0
ao .
oY + E an COSNX + b, sinnz.

n=1

1. Integrate the equality (9.1) from (—7) to 7 by the assumption that the
sum can be integrated termwise:

s

flz)dx = / %dx + Z an/ cosnzdzr + bn/ sin nazdz.
—m —m n—1 —m

—T
Since

s
/ @da: = a—o27r7
a2 2

4 sinnx "™ 4 —cosnz "
cosnxdx = =0, sinnrde = | —— =0,
n —T n —T

—Tr —Tr

therefore
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2. Let k € N be a fixed index. Multiply the equality (9.1) by (coskz), and
integrate from (—m) to m:

s ™

f(z) coskadr = % cos kxdz

S ™
+ Z an / cos nx cos kxdx + b, / sin nx cos kxdx.
n=1 -

—T

By trigonometric formulas, for n # k

T s 1
/ cos nz cos kxdx = / i(cos(n + k)x + cos(n — k)x)dx

_ 1 ([sin(n+k)z]" N sin(n — k)z " _0
) n+k 777 n—k o o
and for n =k

g T 1+ cos2kzx 1 sin 2kz]”
2 e _— = — =
/ cos® kxdx = / > dx {213 + 1 } - .

—T —T

By a similar calculation

s
/ sin nx cos kxdx = 0.
So, the terms of the infinite series are all zero with the exception of one,
hence
1 ™
ap = — f(z) cos kxdz.
T™J_x
If the equality (9.1) is multiplied by (sin kz) and integrated from (—m) to
7, then the same way of calculation yields
1 ™
b = — f(x) sin kadz.

T™J—x

3. When the function f is continuous, then the obtained numbers

1 (7 1 (7 1 (7

ap=— [ flz)dz, apr == [ f(z)coskxdz, by == | f(z)sinkzdz,
T T T

k=1,2,... are called Fourier coefficients of f. It can be verified that

(apart from some very exceptional functions, unimaginable in practise)
f is given as the sum of the Fourier series, made up with the above
coefficients:

a > .
flzx) = ?0 +;akcoskx+bksmkx (x €R).

This method can be used for the investigation of vibrations and waves.
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9.1.7 Improper integrals

So far we have investigated integrability and calculated integrals over closed
and bounded intervals [a, b] only. Now we shall extend our concepts.

Definition 9.3. Let f : [a,+00) — R be a function for which Vw € R, w > a:
f € Rla,w]. We say that the improper integral of f is convergent on
the interval [a, +00) if

w

Jlim [ feR

w—00 a

Let us denote this as f € R[a,+0). If f € R[a,+0c0), then

/:wf;: lim wf.

w—00 a

If the limit limg,_, . f: f does not exist, or if it exists, but not finite, then
we say that the improper integral of f is divergent.

For example,

te “ 1 1] 1
/ —dzr = lim / —dzr = lim [—} = lim <— + 1) =1,
1 x w—oo 1 T w—>00 T4 w—00 w

thus id ™2 € R[1, +00).

Since
w

lim —dz = lim [Inz]® = lim lnw = 400,
w—oo [ w—00 w—ro0

therefore id ™ ¢ R[1,+00), that is, the improper integral of id ™! is divergent.
There are other extensions as well.

Definition 9.4. Let f : (a,0] — R be a function for which VYu € (a,b),
f € R[p, b]. We say that f € R[a,b] if
b
Jlim [ feR.

N
n—a f,

Then
b b
/ f:= lim I
a pn—a o

If the limit lim,_,q f: f does not exist or it is infinite, then we say that the

integral of f is divergent on the interval [a,b]. (This can even happen to
bounded functions, but in most cases the victims are unbounded functions.)
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For example,

/ fdx—hm/ \[dx—hm[Qf] —5%2—2\/;7:2,

pn—0 pn—0
soid”? € RI0, 1].

1 1
1 1
/ —dz = lim —dz = lim[In x]b =lim(Inl —1Inpy) = 400,
0 0 n—0

x pn—0 “ x n—

hence the integral of the function id™! is divergent on the interval [0,1] as
well.
One of the main results obtained for improper integrals is that

/ e~ dg = ﬁ
O 2

This implies (by further extension of the concepts) that if m € R and § > 0,

then
+oo (1 rn)
/ dz = V270,

— 00

which plays an important role in probability theory.

9.2 Exercises

1. Check the methods for finding primitive functions.
Solution: If « 7é —1, then

sty Pt

) (557) = o371 - (@ +1)¢* - ¢/, therefore [ ¢ - ¢ = a+1
b) (f-9—/ f'g = f"g+fg'—fg = f"g, therefore [f'g=fg—[fg

(integration by parts).

¢) ([ fogp-¢') = fop-¢', on the other hand, (([ f)op)’' = fop-¢'. Since

the derivatives of the two functions are equal on an interval, therefore the

functions may only differ by a constant, thus ([ f)o¢ = [(fo¢-¢')

(integration by substitution).

2. Find the following primitive functions:

[sin®zcoszdr =?  [tgzcos® xdx =7 [ (jfj;’):;d

[ imda =7 [ tgzdz =7 J e de =7

[ cos(bz —1)dx =? [ 2+2dx =7 S mdx =7
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3. Find the following primitive functions by integration by parts:
[ ze?*dx =? [ 2?e*®dx =? [ €2 sin 3zdx =?
f e cos brdx =7 fln zdx =7 f V1 — 22dz =2
Solution:
/@dxz/bﬂdmzxmf/w
— 2 _
- [
w\/l—xQ—/\/l—xQ—ﬁdx
=21 - 22— / V1 — 22dz + arcsinz.
From this 2 [v/1— 22dz = 2v/1 — 22 + arcsinz, and so

1
/ V1—a?de = 5(%‘\/ 1 — 22 + arcsinx).

idx
V1—22

4. The graph of the function f : [0,7] —» R, f(x) := v/r2 — 22 is a quarter
circle of radius r centered at the origin. Calculate the area and the cir-
cumference of the circle, and the volume and the surface of a sphere of
radius 7.

5. Let a > 0. Calculate the area under the graph and the arc length of the
function chy, .

6. Where is the center of mass of the homogeneous semicircle of radius r7

7. Let f:R =R, f(z) =2 ifx € [-7m,7], and for all z € R f(x + 27) =
f(z —2m) =: f(z) (Fig. 9.14).
a) Find the Fourier coeflicients of f.

b) Expand f into Fourier series.

¢) What does this series give for z := 0, z :=7?

8. Calculate the following improper integrals:

o] 1 oo
/ —dzr =7 (a>1) / e dt =7 (a >0)
1 0

xT
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—n k] 3n

Figure 9.14

9. The gamma function.

Let I' : [0,00) = R, ['(a) := [;° t®e~*dt. Show that I'(0) =1, I'(1) = 1,
and for any a > 0 I'(a + 1) = (o + 1)I'(«).

Solution: T'(0) = [;° e~'dt = [e7"]3° = 1 (Here we have used an abbrevi-
ation: instead of limy, o0 [e7t]¥ we wrote [e7t]$°.)

rm+¢y3/ ﬂ“fﬂﬁ:kéﬂ“ﬂ?—/ —e (a4 1)tdt
0 0

=0+ (a+1) /00 t%etdt = (a + 1)I'(a).
0

Therefore,

r'(1)=(0+1)r0) =1
r@e)=@1+1r1)=2-1=2
I'(3)=(2+1)I(2) =3-2! = 3!

T(n)=n! (neN).

The values I'(«), o ¢ N can also be calculated (approximately).
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10. Calculate the mean value of sinﬁ0 .

Solution:
27 27

1 1-— 2

— sin? zdz = — LTS

2m Jo 2m Jo 2
11 sin22]®™ 11 1

= — |-x — = — 27 =—.

21 | 2 4 0 21 2

The mean value of Sinﬁ0 on) is %
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Chapter 10

Sequences and series of
functions

This is a supplementary chapter. Some problems arising in practice (such
as the approximation of functions or the approximate solution of ordinary
and partial differential equations) necessitate the forthcoming concepts and
results. The following topics will be discussed.

e The domain of convergence of a sequence of functions

e Pointwise and uniform convergence

e Continuity, differentiability and integrability of the limit function

e Convergence of a series of functions

e Weierstrass’ majority criterion

e Continuity, differentiability and integrability of the sum of a series of
functions

e Power series
e The Cauchy-Hadamard theorem

e Differentiability of the sum of a series, Abel’s theorem

10.1 Sequences and series of functions

10.1.1 Sequences of functions

Let H C R, H # 0 be a set, and ¢1,¢2,...,0¢,,... functions for which
¢n : H - R (n € N). Then we say that the sequence of functions (¢,) is
“defined on the set H”.

107
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For example,
1. (id™) [here D(id") =R, n € NJ;

0 ifz=0,
2. if n €N, then ¢, : [0,1] = R, ¢p(z) =< 1 if0<a<?i,
0 ifL<a<l;

3. if n € N, then see Fig. 10.1;

1/2n 1/n 1

Figure 10.1

4. if n € N, then see Fig. 10.2;

5. * (3 _,sino(k - id)) |here again R is the domain of definition of each
function].

It is interesting to raise the question of whether the members of the se-
quence of functions(¢,) get closer to some function if n is increased.

Definition 10.1. The convergence domain of the sequence of functions
(¢n) [D(¢n) = H, n € N is

KH(¢y) :={x € H | the number sequence (¢, (x)) is convergent}.
In Example 1, KH (id")

2™ — 0; if z := 1, then id"(1)
does not converge.

(—1,1], because if —1 < z < 1, then id"(z) =
=1—1,butifx > 1orz < —1, then (id"(z))
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1/2n 1/n 1

Figure 10.2

In Example 2, KH(¢,) = [0,1], since ¢,(0) =0 — 0. If 0 < = < 1,
then there exists an N such that 3 < , and then the sequence (¢, (z)) is
1,1,...,1,0,0,0,...,0,..., which tends to 0 (if n < N, then ¢,(z) = 1, if
n > N, then ¢, (z) = 0).

The same holds for Examples 3 and 4.

Example 5* is a bit more difficult. If z = Iz (I € Z), then the number
sequence is (3_)_, sin(klm)) = (0), which tends to 0. So

KH (Xn:sino(kdd)) >{lr|leZ}.

k=1

Should there be further € R, x # Ir (I € Z) in the convergence domain of
the function sequence, the sequence (sin kz) should converge to 0. Assume
that sin kz — 0. Then sin(k + 1)x — 0 would also hold, that is,

sin(kx 4+ x) = sinkx cosx + cos kx sinz — 0.
Since sinxz # 0, sinkx — 0, therefore coskx — 0 is also true. In this

manner, sin®kz + cos? kz — 0 would also hold, but it is impossible, since
sin? kz + cos? kz = 1. Thus,

KH (isinou{: . id)) ={lr|leZ}.

k=1
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This is an important example because the topic of Fourier series gives rise to
several difficulties of the same kind.

Definition 10.2. Let (¢,) be a sequence of functions defined on a set H. As-
sume that K H(¢,) # (. The limit function of the sequence of functions(¢y,)
is the function f : KH(¢,) — R for which

f(x) :=lim ¢ ()
for all x € KH(¢n)

The notation f := lim ¢,, is often used.

In Example 1

0 if —l<a<l,

limid" : (—1,1] = R, (limid")(z) := { et

In Examples 2, 3 and 4
lim ¢, : [0,1] = R, (lim¢,)(z) :=0.

In Example 5*

lim » “sino(k -id) = Y “sino(k-id) : {ir | k € Z} - R,
k=1 k=1

n oo
<limz sino(k - id)) (x) = Z sin kz := 0.
k=1 k=1
When we compare the properties of the members of a sequence of functions
with the properties of the limit function in the examples, we can find some
interesting differences. In Example 1, id" is continuous and differentiable
on R, while limid"™ is not continuous, and so of course not differentiable,
either. In Example 2 none of the functions ¢,, is continuous, however, lim ¢,,
is not only continuous, but also differentiable. In Examples 3 and 4 both the
members ¢,, and lim ¢,, are continuous, ¢,, is not differentiable, and lim ¢,,
is smooth. But here we should notice another exciting difference:
In Example 3

1 11 1 1 1
/an:,,.l:fﬁo, and/lim¢n:/0:0,
0 2n 2n 0 0

while in Example 4

1 1 1
11 1 1
= _—_—.n=— — —. but li = 0=
/0¢n 2 n B 9’ u /0 im ¢, /0 ,
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so, the limit of the sequence consisting of the integrals of the members in the
sequence of functions is not the integral of the limit function.

In Example 5* the members of the sequence of functions are nice trigono-
metric, smooth and periodic functions on the whole R, while the limit func-
tion has rather poor properties, it is only periodic. ..

The above examples show that the concept of “pointwise convergence”
is not sufficient for the nice properties of the members of the sequence of
functions to be inherited by the limit function. We will try to do something
about this.

Definition 10.3. Let (¢,) be a sequence of functions defined on the set
H # (). Assume that KH(¢,) # 0, and let E C KH(¢,), E # 0. We say
that the sequence of functions (¢,,) is uniformly convergent on the set £
if for any error bound € > 0 there exists an index N € N such that Yn > N
and forallz € E

|pn(z) — (lim ¢y ) ()| < e
Let us denote this fact by ¢,, < g lim ¢,,.

This means that the index N is independent of z, that is why this kind of
convergence is called uniform.

In Example 1 the convergence of (id™) is not uniform on the set (—1,1].
But not even on (—1,1)! However, if 6 > 0, then on the interval E :=
[—1+446,1—4]

id™ —g 0.

In Examples 2, 3 and 4 the convergence is not uniform on the interval [0, 1],
but for § > 0

&n 15,11 0

already holds.

Although in Example 5* the convergence is uniform on the set F :=
KH(>"}_,sino(k-id)), it is of little avail. ..

What are the consequences of the uniform convergence of a sequence of
functions? We can put an end to the confusion seen in the examples.

Theorem 10.1. Let ¢, € Cla,b] (n € N). Assume that ¢, —(qp f. Then
f € Cla,bl.

Theorem 10.2. Let I C R be an open interval, ¢,, : I — R (n € N).
Assume that there is an xg € I such that (¢n(x0)) is convergent. Suppose
¢n 1s continuously differentiable on the interval I (¢, € C1(I), n € N) and
¢!, =1 g. Then the sequence of functions (¢y,) is also uniformly convergent to
a function f : I — R on the interval I (¢, <1 f), and f € D(I), moreover,
f'(z) = g(z) =lim ¢ (x) for all x € I.



112 10. SEQUENCES AND SERIES OF FUNCTIONS

Briefly, the theorem states that
(lim ¢,,)" = lim ¢/,
so the limit and the differentiation are interchangeable.

Theorem 10.3. Let ¢, € R[a,b], (n € N). Assume that ¢p, —[ap) f- Then
f € Rla,b], and lim [° ¢, = [* f.

To put it more briefly, in case of uniform convergence

b b
hm/ ¢n:/ hm¢nv

that is, the limit and the integration are interchangeable.

10.1.2 Series of functions

The concepts defined for sequences of functions can be extended to series of
functions with some obvious modifications.

Definition 10.4. Let (¢,) be a sequence of functions defined on the set
H#0D. Let Sy, :=d1 4+ ¢2 + ... + ¢ (n € N) be the nth partial sum. The
series of functions contributing to the sequence of functions (¢, ) is defined
as the sequence of functions (S, ), that is, > ¢, := (Sy).

Definition 10.5. KH Y ¢, := KH(S,).
One can see that KH Y ¢, = {z € H | > ¢n(z) is convergent}.
Definition 10.6. Assume that KH Y ¢, # (. We call

> bn:KHY ¢, >R, <Z qan) (z) =Y én(x)

the sum function of the series of functions.

Clearly, (3.7, ¢n) (z) = lim S, (z) for all z € KH(S,).
For example, in case ¢, :=1d" (n € N), at any point € R

zZ =L ifg 1,

z—1

I 2 n __
Sp(x)=z+2°+... 4 —{ - 1

Therefore, lim S, () = £ if z € (—1,1); if z € R\ (—1,1), then (S, (x)) is

1-x

divergent. Thus, KH ) id" = (—1,1), and (}_,~ ;id")(z) = 1%

—x"
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Definition 10.7. Let (¢,) be such a sequence of functions for which

KHY  ¢n # 0.

Let E C KH Y ¢,. We say that Y ¢, is uniformly convergent on the set
E if the sequence of partial sums (.S,,) is uniformly convergent on the set E.

Notation: Y ¢n g Y ooy dn.

A useful sufficient condition for the uniform convergence of a series of
functions:

Theorem 10.4 (Weierstrass’ majorant criterion). Let (¢y,) be a sequence of
functions defined on the set H # () for which there is a sequence (a,) C RT
of positive numbers such that |¢p,(x)| < a, (n € N) for all x € H, and also
> an is convergent. Then

n=1

Due to the conditions for the uniform convergence of the sequence of partial
sums of the series of functions, the following theorems (sketchily given here)
are valid:

o If ¢, € Cla,b], and Y dr, = (ap) Doy On, then Y2 | &y, € Cla, b].
o If ¢, € Ci(I), and Y. ¢, <> g, then Y 07 | ¢, € C1(I), and

(Z ¢7z> = ZQS;L =g
n=1

n=1

(The summation is interchangeable with the differentiation.)

o If ¢, € Rla,b], and >~ ¢ —[ap) Dopeq Pn» then D07, b, € Rla, b], and

b oo o b
Z ¢n = Z/ ¢n
n=1

@ n=174a
(A series of functions can be integrated termwise.)

10.1.3 Power series

Power series are special series of functions.
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Definition 10.8. Let cg,c1,¢2,...,¢p, ... be a number sequence, and a € R
a number. The series of functions

Z cn(id —a)”

is called power series with sequence of coefficients (¢,) and “center” a € R.
Let us consider a := 0 in the sequel for the sake of simpler formulation.

Theorem 10.5 (The Cauchy-Hadamard theorem). Let Y c,id" be a power
series.

19 If ({/]cnl) is bounded, and limsup ¥/|c,| # 0, then let

R:= _
© limsup {/]en]

(R is called convergence radius of the power series).

Then
(-R,R) C KH cpid* C [-R, R).

2° If ({/|cnl) is not bounded above, then

KH cpid* = {0}.

3° Iflimsup {/|c,| =0, then

KHchz‘d” =R.

One can see that the convergence domain of a power series is always an
interval (in case 2° it is a degenerate interval), but in case 1° this interval
can either be (=R, R), (—R, R], [-R,R) or [-R, R]. Compare the conver-
gence domain of a power series with the convergence domain of the series of
functions ) sino(k - id) of Example 5%, the difference is salient.

Theorem 10.6. Let > ¢, id" be a power series for which ({/|c,|) is bounded
above. Then the sum function

fiEHY cyid" =R, f(x):= icnx”
n=0

is mot only continuous, but also differentiable on the open interval

int KHchid”;
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what is more, for all x € int KH Y c,id"

fl(x) = i nep,r™ L.

n=0

This theorem implies that ({/|nc,|) = (/n{/|cy|) is bounded above if
(%/]cn|) is bounded above, moreover, the convergence domain of the power
series Y nenid™ ! remains the same as the convergence domain of > cnid™.
Therefore, the sum function of this power series is also differentiable, and

oo

f'(z) = Zn(n —1)c a2

n=2

for all x € int KH )" ¢,id".
This train of thought can be continued:

%) (z) = Z nn—1)...(n—k+1Decpz™*, 2z €int KHchid”.

n==k
Note that f(0) = co, f'(0)=c; ..., fF(0) = klcy, . ..

Theorem 10.7 (Abel). Let Y c,id" be a power series with convergence ra-
dius R > 0. Assume that > c,R" is convergent. Then f € C|R], that is,

lim, g f(z) =Y 0" o cnR™

10.2 Exercises

1. Find the domains of convergence for the following power series:
doidh Y oidh Yo id Y idt, Y id”
1 san n: n
Zﬁld , Zn id"™.
Solution: limsup ¥/1 = 1, limsup {/ n% =1, limsup {/ % =0,

limsup {/1 =1, limsup {/z- = L, (/n") = (n) is not bounded above.

n 5mn

KHY id" = (-1,1),
1
KH —id" =1[-1,1 Leibniz’s th
an [-1,1) (Leibniz’s theorem),
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KHY (_;)nid” =(-1,1],
KHY %id” = [-1,1],
KHY %id” =[-5,5),
KH» %id” =R,
KH n"id" = {0}.

2.
1
1+x+x2+x3+...+x"+...:1 if |z| < 1.
-z
Is it true that
2 n—1 1 ! 1 .
1422 +32z°+...+n2"" " +...= = if |z] <17
1—z (1—2x)?
Is it true that
x+2x2+3z3+...+nx"+...:Lif|x\<1?
(1-)?
Calculate the sum
14+ 2%0 + 3222 .. Fn2™ L if o) < 1
3. .
1+x+x2+...—|—x"+...:1 if |z| < 1.
—x

Let x := —t. Then

1
1—t+2— .+ (D" +...= if |t| < 1.
+ +(-D)"" + 1+t1||

Is it true that

2 43 g1
t=g g =t (D) =) i ] < 17
Is it true that
l—=+-—...+ (=D 1 +...=1In27
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1
l4+z+a?+.. . +a2"+... = 1_wif\sc|<1.

Let  := —t2. Then

17t2+t47...+(71)"t2”+...:H%if\t|<1.
Is it true that
t3 tS t2n+1
t_§+§_ o ( )"2n+1+...:arctgtif\t|<1?







Chapter 11

Multivariable functions

There are numerous phenomena that cannot be described by real functions.
Therefore we generalize our concepts, introduced so far for real functions.
The following topics will be discussed.

Operations on vectors and matrices
e The concept and illustration of multivariable functions

The limit of a vector sequence

The limit and continuity of a multivariable function

11.1 Multivariable functions

11.1.1 The n-dimensional space

In the Linear Algebra course we learnt about the vector space R™. If z € R™
is a vector, then = (x1,9,...,x,), where ; € R is the ith coordinate of
2. The norm (length) of a vector x is

o] == /a3 + a3 +...+ a2 €R.
The norm of a vector satisfies the following properties:
1° |lz]] > 0, and ||z]| =0 <z =0 € R,
22 xe R Az| = [Alfl=]],
3% flz+yll < llzll + llyll-

119
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Let ¢; := (0,...,19,...0) € R" be the ith unit vector (|le;|| = 1), i =
1,2,...,n. Then x = z1e1 + x2e2 + ...+ xphe,.
The inner product of the vectors a,b € R" is defined as the number

{(a,b) :== a1by +asbs + ...+ anb, € R
The properties of the inner product:
1° {a,b) = (b, a),
2° {a+b,c) = (a,c) + (b, c),
3° if X € R, (Aa,b) = (a, Ab) = X a,b),
4° {a,a) = |la|* > 0,
5% [{a,b)| < la|| - |b]] (Cauchy—Bunyakovsky—Schwarz inequality).

The vectors a and b are orthogonal (perpendicular) if {(a,b) = 0.

We are familiar with matrices, too. If A is a matrix of m rows and n
columns, then A € R™*", where the jth element of the ith row is a;;.

Let A,B € R™*" and A € R. Then C := A+ B € R™*", where ¢;; =
a;j + bij, and D := M)A € Rmxn, where di]‘ = )\(lij.

If A e R™"™ and B € R"*?, then S := A-B € R™*?, where s;; =
> k=1 ik

Let us agree that we identify the vector space R™ with the space of column
matrices R™*!| which implies that the vector x € R", = = (z1,%2,...,2,) is
identified with the column matrix

x1

T2
T = GR”Xl

Tn

(We do not even make any distinction in their notation, what is more, we
say vector, but write a column matrix.) For example, if a,b € R™, then their
scalar product can be considered in the form

by
bo
(a,b) = a1by + agby + ...+ apb, = a1 a2 ... ay) : ,
by,
too, that is, as the matrix product of a row matrix of R'™ and a column
matrix of R?*1,
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11.1.2 Multivariable functions

Let f : R™ >— RF be a function of n variables with vector values of dimension
k. If z € D(f) and = = (x1,29,...,7,), then f(z) € R¥, and f(z) =
(f1(z), fa(x),..., fr(x)), where f; : R™ — R is the ith coordinate function of

f (i=1,2,... k). Such a function f can be given in the form
S
Jf2
i
For example, let
sin(xzy22)
f : R? —>R3, f(.Z‘l,.Z‘g) = Tl + X9
Z2

Here f; : R2 = R, fi(x1,22) := sin(z122) is the first coordinate function,
while f3 : R2 - R, fao(x1,22) := 21 + 22 and f3 : R2 = R, f3(wy,22) = 2
are the second and third coordinate functions, respectively.

Let us look at some special cases.

1°n=1, k=1, f € R Ris a real function that we have discussed so
far.

2°n>1, k=1, f € R® —» R is an n-variable, real-valued or scalar-
valued function. It can be illustrated for n = 2 as follows. On a line
perpendicular to the plane at the point (z1,z2) € D(f) we measure
the number f(z1,22) € R. The points obtained in this manner form a
surface (Fig. 11.1). Another way of illustration for the case n = 2 is
as follows. Let ¢ € R and

Ne == {(z1,22) € D(f) | f(21,72) = c}.

N, is the level curve of the function f corresponding to the value c.

Plotting the contour lines for a few values ¢; < c3 < ... < ¢; tells a
lot about the function f. In cartography this is called contour map
(Fig. 11.2).

3° n:=1, k>1, r € R— R¥ is a vector-valued function in k dimensions
of a single variable.

Such a function can be illustrated for k = 3 as follows. Let D(r) :=
[a, B]. To a parameter value t € [, ] we assign a point in R? given by
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f(x1,x2)

(x1 ,x2)

Figure 11.1

00

50

Figure 11.2
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40

=/'\ r(t)
top

Figure 11.3

the coordinates 7(t) := (x(¢),y(t), 2(t)). The points obtained in this
way form a space curve (Fig. 11.3). (Note that the space curve is the
range of the function r!)

For example,

2cost
r:]0,6m] — R r(t):= | 2sint
0.5t

is the section of a helix of height 37 that spirals up around a cylinder
of radius 2 (Fig. 11.4).

n>1 k>1 f € R — RFis a multivariable function of vector
values.

When we assign the wind velocity vector to each point of the atmo-
sphere:

veR? — R3,

then we obtain the so-called velocity function (or velocity field). The
gravitational field of a mass (for example, of a star) can also be defined
by assigning a vector, namely, the gravitational force, acting at the
given point, to each point of the space, and so a function g € R? »— R3
describes the gravitational field of a mass (or a star).
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Figure 11.4

11.1.3 Limit and continuity

Let us examine what properties can be extended to such functions.

Let a := (a1,az2,...,a,) : N = R™ be a vector sequence. The vector
sequence (a,) is convergent if it gets arbitrarily close to some point, more
precisely:

Definition 11.1. We say that the vector sequence (a,) is convergent if
there exists a vector A € R™, A = (A1, Ag,...,Ap) such that for any error
bound € > 0 there exists an index N such that for all n > N

lan — Al| < e.

This will also be denoted by lima,, = A or a, — A. It is easy to see that
€
lm’

so, a vector sequence is convergent if and only if each of its coordinate

sequences (number sequences) are convergent. For example, the vector se-

lan, — Al < e & |ai, — 4] < 1=1,2,...,m,

quence ( %WLH is convergent because % — 0, nLH — 1, therefore
lim (%, 41 ) = (0,1). The vector sequence ( L. (=1)™)) is not convergent

(divergent) because ((—1)™) is not convergent.

Let f € R" — R* and a € D(f). The function f is called continuous at
the point a if at points close to a the function values are close to f(a), more
precisely:
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Definition 11.2. We say that f is continuous at the point a if for all error
bounds ¢ > 0 there exists a ¢ > 0 such that for all z € D(f), ||z —al < 0:

1f(z) = fla)l| <e.

This will also be denoted by f € Cla].
One can see that for f = (f1, fo, ..., fx) we have
€
x)— fla)]| <e<=|filx)— Jila)] < —,
[f(x) = fla)] |fi(x) = fi(a)] N
and so f is continuous at a if and only if each of its coordinate functions is
continuous at a. This can also be defined in terms of sequences:

Theorem 11.1. Let f € R" ~— R*¥ a € D(f). Then f € Cla] <
for all sequences (z,) C D(f), xn — a: f(z,) = f(a).

i=1,2,....k,

For example,

1T
f:R2*>R37 f(x17x2) = .%'%
L2
is continuous at a := (1,3) because for any sequence (z1,,%2,) — (1,3),
Tip - Tap — 1-3, (21,)? — 12 and x9, — 3, therefore f(z1,,72,) — f(1,3).

So, f € C[(1,3)].

Sometimes we need matrix-valued functions. If f € R™ - R**P  then
fij € R® — R is the (¢, j)th component of f. Let us call f continuous at
the point a € D(f) if each of its components f;; is continuous at a. (It is
sufficient to consider that R**? is identified with the vector space R*P.)

A matrix-valued function is

T1xo ert

.2 2x2 —
f]R — R s f(l’l,xg) = 0 T1 + Lo

Moreover, this function f is continuous at every point (a1, as) € R2.

Let a € R™ and r > 0. The neighborhood of radius r of the point a is
defined as

K (a) ={z eR"| ||z —a|] <r}.

Let H C R™ and a € R™. The point a is called accumulation point of the
set H if in any neighborhood K (a) of a there are infinitely many points of
H. Let us denote this by a € H.

Let f € R" — R* and a € (D(f)).

Definition 11.3. We say that the function f has a limit at the point a if
there exists an A € R such that for all error bounds € > 0 there exists a
0 > 0 such that for all z € D(f), ||z —al <4, z # a:

1f(z) = Al <e.
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This will be denoted by lim, f = A or lim,_,, f(z) = A or f(z) - A
whenever z — a.

It is easy to see that the function f € R™ — R¥ has a limit at the point
a € (D(f)) if and only if each of its coordinate functions f; € R™ »— R has a
limit at a.

The following theorem is again valid:

Theorem 11.2. lim, f = A < for all (z,) C D(f), xn — a, x, # a:
flzn) = A.
11.2 Exercises

1. Verify the Cauchy-Bunyakovsky—Schwarz inequality: for all vectors a,b €
R™ a = (a1,a9,...,a,) and b= (by,ba,...,b,)

[{a, 0) < lall - [[ol;

or

|a1by + agby + ... + apby| < \/a§+a§+...+a%~\/b§+b§+...+b%.
Solution:

1° If b= (0,0,...,0), then the statement is obviously true.
2° If b # 0, then for all A € R

0 < {a+ Ab,a+ \b) = (a,a) + 2(a, b))\ + (b,b)\*
= [[bIPA* + 2(a, b)A + ||al>.
Due to the fact that ||b]| # 0, this is such a second degree polynomial
which is nonnegative for all A € R. Therefore its discriminant D < 0.
Thus,
4(a,0)* — 4[p[*[lal* < 0,
(a,5)* < [lal*[1bII*,
[(a, b)] < [lal| - [|b]].
2. Think over that the function f : R? — R, f(xy,72) := 22 + 22 can be

illustrated as a surface of revolution. How does the surface g : R? — R,
g(z1,22) == 23 + 23 — 221 + 45 + 1 look like?

3. Let F:R3\ {0} —» R?, F(r) := —%, where r = (z1,x2,23), M > 0.
Find the coordinate functions of F' =: (P, @, R).
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4. Let
ry
9:R* =R g(z,y):=| 24y |,
r—=y
FiRE =R, flu,v,w) = v’ +w.
Find the composition f o g.

5. Let

Ty f562+ 27&0
.2 — ?1g2 ! Yy )
fRoR, (o) { 0 ifa?4y?=0.

Does the function f have a limit at the point (0,0) € R??

Solution: First let (z,,yn) = (£,0) (n € N). (25,y,) — (0,0), but
(Tnyyn) # (0,0).

If, however, (zn,yn) := (5;, ) (n € N), then though (z,,y,) — (0,0) and
(@n, yn) # (0,0),

S=
|=

1
x 5 = n n = -
F(ens ) mta 2

Since for two appropriate sequences, converging to (0, 0), the sequences of

the function values converge to different limits, f itself does not have a
limit at (0, 0).

6. Let

FORP R, f(ey) e mi A0,
' ’ R 0 ifz?4+y%2=0.

Show that f € C[(0,0)].






Chapter 12

Differentiation of
multivariable functions

We introduce the concepts of partial derivatives, the differentiability of mul-
tivariable functions and the directional derivative. We will compute extreme
values with the aid of derivatives. The following topics will be discussed.

Partial derivatives

Differentiation of multivariable functions, the derivative matrix
The relation between partial derivatives and the derivative matrix
The tangent plane to a surface

The tangent of a space curve

Extreme values and their necessary condition

Young’s theorem

Second derivative, Taylor’s formula

The sufficient condition of an extreme value

12.1 Multivariable differentiation

12.1.1 Partial derivatives

Let f : R?2 > R be a function. Consider an internal point a = (z,y) €
int D(f) of the domain of definition. Draw a straight line through the point
a parallel with the x axis, a point of which will be

(r+t,y), t €R,

129
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%)

7(x+t,y)

Figure 12.1

then take the values of the function at these points: f(z + ¢,y). In this
manner we have defined a real function ¢ : R D= R, ¢(t) := f(z + t,y), the
graph of which is a curve lying on the surface (Fig. 12.1).

Definition 12.1. We say that the function f is partially differentiable
with respect to the first variable at the point (z,y) if ¢ is differentiable
at t = 0.

If ¢ € D|0], then the partial derivative of f with respect to the first
variable at (z,y) is defined as ¢'(0), that is,

O f(x,y) := ¢'(0).

Keeping in mind the differentiability of real functions, the partial derivative
is none other than
t .
01 f(2,y) = lim flatty) — flay)

t—0 t

One can see that the partial differentiability with respect to the first vari-
able only means the smoothness of the curve on the surface at the point t = 0,
and 0, f(z,y) gives the slope of this curve. Apparently,

f(x+t,y) 7f(1'»y)
t

~ 0 f(z,y) ift =0,
which tells us that moving from (x,y) in the direction of the first axis

flx+ty) = flz,y)+ 01 f(x,y) - tif t =0.
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Similarly, if we draw a straight line through the point (x,y) parallel with the
y axis, then we get another surface curve ¢ : R D= R, ¥(t) := f(z,y+1t). If
1 € D[0], then f is partially differentiable with respect to the second variable
at the point (z,y), and

82f(:17,y) — ’l/}/(()) — lim f(xvy + t) — f(xvy)
t—0 t
will be the partial derivative of f with respect to the second variable at the
point (z,y). The meaning of 95 f(z,y) can be given similarly.

Instead of 0; f(x,y) the notations %(x,y), fi(z,y) and Dqf(z,y) are
also frequently used for the partial derivative. Corresponding notations are
employed for 0 f(x,y), too.

Observe that when differentiating f partially with respect to the first vari-
able, the second coordinate y does not change, it remains constant. That is
why if we want to calculate the first partial derivative of, say, the function

flay) ="y +22+y ((v,y) €R?)

at an arbitrary point (x,y), then the variable y should be considered as
constant during the differentiation, so

Oflwy)=2ay>+2+0 ((z,y) €R?).

In a similar manner, during partial differentiation with respect to the second
variable, x should be considered as constant, that is

Oof(z,y) =23y +1 ((z,y) €R?).

Unfortunately, the partial differentiability of f, even with respect to both
variables, does not even guarantee the continuity of f at that point. For
example, for the function

2 1 ifzy=0,

01£(0,0) = 0 and 02 f(0,0) = 0, but f ¢ C[(0,0)].

12.1.2 The derivative matrix

Now our aim is to create such a differentiability concept which will be an
actual generalization of the differentiability of real functions.
Let f:R? > R, (x,y) € int D(f).
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Definition 12.2. We say that f is differentiable at the point (z,y) if
there exist A1, As € R and a function « : R? D= R such that for any vector
h = (h1,h2) € R? for which (z + hy,y + ha) € D(f), the equality

f(x+hi,y+he) — f(x,y) = Arhy + Asha 4 a(hy, ho)

is satisfied, where

a(h)
P RTA I

The limit limj,_,q % = 0 ensures that the remainder «(h) be “small”.
Clearly, limj,_,0 a(h) = 0 holds too, but if we divide the values of a(h) by the
small number ||h|| & 0, then we “magnify” the values of «(h), so, if even this
quotient tends to zero, then «(h) will be really “small”.

When h is of the form h := (hq1,0), then after rearranging and taking the
limit

h—0 h1 h1—0

which means that if f is differentiable at the point (z,y), then A; can only
be 01 f(z,y).

Similarly, for vectors of the form h := (0, ha) we would obtain that Ay can
only be &y f(z,y).

So, if f is differentiable at the point (x,y), then the change of the function
f@+hi,y+ h2) — f(z,y) can be well approximated by the “linear function”

61f(1',y)h1 + 62f($,y)h2,

what is more, the error of the approximation, a(hi, hs2) is negligibly small:

a(h)
. . .Hh” . K .

By using matrices, the differentiability of f means that there exists a

function o : R2 >— R such that

even the magnified quotient is close to 0 when ||A|| is small.

f(x + hlvy + h2) - f(l'vy) = [alf(xvy) an(xvy)] |: Z; :| +Oé(h17h2)
and )
e
A5 T~

The differentiability of the function f at the point (x,y) € int D(f) will be
denoted as f € D[(z,y)], and the derivative of f at this point as

f(@,y) =01 f(z,y) Oaf(z,y)] € RV
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If f € D|(x,y)], then f € C[(z,y)], too, since

hm f(x+h17y+h2) f(x,y)

hi,ha—
=, 11m_) o f(z,y)h + 02 f(z,y)ha + a(h1, ha) = 0.
In the applications of mathematics the notations h; =: Ax, hy =: Ay are

often used; and the change of the function is denoted by

A.f = f(w+hlay+h2)7f(x7y)

Then
of af
oy

refers to the fact that the change of the function Af is well approximated by
the linear function prepared from the partial derivatives. This has a version
using “infinitesimal quantitites”, which hardly makes any sense:
of 9f 4
d + ==
y dy.

Here df is called “differential of the function f”.

The concepts that we introduced for functions of two variables can be
generalized to functions of more than two variables without any difficulty.

Let f:R" D= R, z = (z1,22,...,%4,...,2Tpn) € int D(f). Then

AfN Am—i—

df =5

fley, oo, .zt xn) — f(T1,22, 0y T4y oy Tn)

0if(x) := %E}%

is the partial derivative of f with respect to the i-th variable.
We call the function f: R™ D— R differentiable at the point z € int D(f)
if there exist

A:=[A; Ay ... A,] € RY" and a function o : R” > R

such that for any vector h € R™

f(@+h) = f(x) = Ah+ a(h), where lim Hgﬁl)

It is again true that A; = 9, f(x), i =1,2,...,n. If f € D[z], then

fl(x)=[01f(x) Oof(z) ... Onf(x)].

Finally, let f : R® > RF, 2 € int D(f). The function f is differentiable at
the point z if there exists an A € RF*™ and « : R D>— RF such that for all
heR"

_ a(h)
fl@+h)— f(z) = Ah + a(h), where 111)1}] il = 0.
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Now A;; = 0, fi(x), and so

Oifi(x) Oafi(z) ... Onfi(x)
O1fa(z) Oafe(x) ... Onfo(x)

/

x) = € Rkxn

Oful@) Oufu(x) ... Oufulx)

is the derivative of f at the point z. It is called Jacobian matrix.
For example,

1. if f(z,y, 2) := xyz, then f'(x,y,2) = [yz xz zy],

cost —sint
2. ifr(t):= | sint |, thenr'(t):= | cost |,
t 1
P(z,y,2) 0,P 0,P 0,P
3. if F(x,y,2) = |Q(z,y,2) |, then F'(z,y,2) = | 0,Q 0,Q 0.Q
R(z,y,2) 0. R OyR O.R

12.1.3 Tangent

Tangent plane to a surface

Let f:R? >+ R, (z0,y0) € int D(f), and assume that f € D[(zo,yo)]. This
means that

[z, y) — f(xo,90) = 01 f(20,y0)(® — o) + O2f (0, y0) (¥ — Yo)

if (z,y) =~ (x0,¥o0), and this approximation is “sufficiently good”. Let zp :=
f(x()vyo)a then by

z 1= 01 f (2o, y0)(x — o) + O2.f (0, Y0) (¥ — Yo) + 20
flz,y) = z if (z,y) =~ (x0,yo). Note that if
n = (01 (2o, Y0), 02 (0, ¥0), —1),
ro := (Zo, Yo, 20),
ri=(z,y,2),

then we have shown that the plane described by the equation (n,r —rg) =0
“sufficiently well” approximates the surface given by the function f.

The plane (n,7 —19) = 0 is called tangent plane to the surface f at the
point (%o, Yo, f (o, Y0))-
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Tangent line to a space curve

Let r : R > R3, to € int D(r), and assume that r € Dlto]. If

x(t)
rt) =1 y() |,
2(t)
then
(t) — x(to) i(to)
r(t) —rto) = | y(t) —y(to) | =7(to) (t—to) = | ¥(to) | (t—to),
z(t) — z(to) Z(to)
and the approximation is “sufficiently good”. This means that for any point
T z(to)
r:= | y | of the straight line with direction vector v := | y(¢y) | and
(to)
passing through the point 7, := | y(to) | we have
z(to)

x = x(to) + &(to) - (£ — o),
y =y(to) +y(to) - (t — to),
zZ = Z(to) + Z(to) : (t - to),
and this line runs close to the curve, that is, r(¢) ~ r if ¢t = #.
The line r = 1y, + v(t — o) is called tangent line to the space curve r at
the parameter value g, whose direction vector is the tangent vector r (o).

(Traditionally, the derivative of a space curve is denoted by a point instead
of a comma.)

12.1.4 Extreme values
Let f:R? D= R, a = (a1,as) € D(f).

Definition 12.3. We say that the function f has a local minimum at
the point a if there is a neighborhood K(a) of a that for all x = (z1,22) €
K(a) N D(f)

f(a1,22) = f(ar,a2) or f(x) = f(a).
The local maximum can be defined in a similar way.
Theorem 12.1 (The necessary condition of a local extreme value). Let f :
R? — R, a = (a1,a2) € int D(f) and f € D[a]. If f has a local extreme

value (either minimum or maximum) at a, then f'(a) = 0.

[f'(a) =0 <= 01f(a1,a2) =0 and 92 f(a1,az) = 0]
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To prove this, it is enough to consider that if f has a local minimum at
the point (a1, as), then the function

p:RD>—=R, o) = f(t,a2)
will have a local minimum at the point ¢t = a;.
Since f € Dl(a1,a2)], therefore ¢ € Dla;], and so ¢'(a;) = 0, which

exactly means that 0y f(a1,a2) = 0.
The same holds for the function

YRR, () := f(a,t).

So, ¢'(az) = 0, that is, 92 f (a1, az) = 0.

This method can be applied for finding the extreme value points of a
differentiable function.

Our results can be extended to functions f : R™ D>— R with slight modifi-
cations.

Theorem 12.2. Let f : R" D> R, a € int D(f) and f € Dla]. If f has a
local extreme value at a, then f'(a) = 0.
[f'(a) =0 <= 01f(a) =0, &2f(a) =0,...,0nf(a) = 0]

If f: R" D> R and f € D[a], then instead of the row matrix f'(a) € R**"
the vector gradf(a) := (f(a))” is used.

So,
o1 f(a)
92f(a) , N .
grad f(a)= ) (a column matrix that can be identified with a vector).
On f(a)

The meaning of gradf(a) will be illustrated in Exercise 4.

12.2 Exercises

1. Imagine the surfaces defined by the functions f : R? — R,

fla,y) =2 +y*
flz,y) == 22 + 9% + 4o — 2y + 10;
F(,y) =202 + 5.
How could the surface of the functions
h:{(z,y) | 2® +9® <100} = R, h(z,y) = —x? —y* + 100
look like?
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2. Find the tangent plane to the function f : R? = R, f(x,y) := 22y> at the
point (zg,yo) := (1,2).
3. Find the tangent vector to the space curve r : [0,47] — R3, r(t) =

(2cost,2sint,t) at any point ¢y € (0,4m). Calculate the scalar product
(7(to), es) (es :=(0,0,1)). Explain the result.

4. Let f : R = R, a € int D(f) and e € R?, for which |le|| = 1. The
directional derivative of f along a vector e at a point a is defined as
the limit

o1
Ocf(a) := glm —(fla+te) — f(a))
—0t
it this limit exists.
If f € Dlal, then one can show that

8ef(a) = (gradf(a), 6).

Verify that at the point a the surface is steepest in the direction which is
parallel with the vector gradf(a).

Solution:

The direction that we look for is the vector é € R?, ||| = 1 for which
Def(a) < 0:f(a) for any e € R?,|le| = 1. We know from Linear Algebra
that for planar vectors

(gradf(a), e) = [lgradf(a)[| - [le]| cos e,

where « is the angle of the two vectors. Since ||gradf(a)|| does not change
(a € int D(f) is fixed), and |le]| = 1, therefore, the product is maximal if
cosa = 1, that is, if e is parallel with the vector gradf(a).

This has the consequence that mountain streams and glaciers always move
along the direction of the gradient at each point.

5. The method of least squares

Assume that we make measurements in order to verify some relation. De-
note by y; the measurement corresponding to the value x;. Our conjecture
is that the points (x;,;), ¢ = 1,2,...,n should be located along a line.
Let us find the straight line y = Az + B that best fits the measurement
points.

Solution:

The sum > ., (Az; + B —y;)? is the square sum of the differences between
the measurements and the straight line. We want this sum to be as small
as possible.
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Let e(A, B) := > | (Az;+B—y;)?. The function e can be minimal where
e'(A, B) =0, that is

0ae(A,B) = ZQ(Axi +B—y)z; =0,

Ope(A, B) = Z2(Axi +B—y;)=0.

In more detail,

AZ:{:?-FBZ%:Z%%,
Ain—i—Bn:Zyi.

This is a system of linear equations in two unknowns (A and B), whose
solution (which always exists if the points x; are all different) is

A:nzxiyﬁinEyi B:Zw?Zyz—Emszyz
nyap = (Cw)? nyap—(Cw)?
(The summation indices run from 1 to n everywhere.) It can be shown

that for such values of A and B the line y = Az + B truly runs closest to
the points.

6. Let f:R? 5 R, f(z,y) := e cos(x?y?).
Calculate the partial derivatives 0, f(x,y), Oyf(z,y),0y(0xf)(z,y) and
0z (0y f)(z,y). What do you observe?

7. Let f:R? 5 R,

z2—y®> e 2 2
— ey i at+yt #0,

Show that

8. Find the local extreme values of the function f : R? — R, f(x,y) =
oyt — 22+ 3y + 1.

9. The equality 22°y> + 23y® — 3z%y? + 52y = 622 — 1 is satisfied for z = 1
and y = 1. Does this equation have any other solution?
Solution:

Let f:R?2 = R, f(z,y) := 225y + 23y® — 3219 + 5xy3 — 622 + 1. Clearly,
feCtand f(1,1) = 0.

Do f(x,y) = 62°y% + 523y* — 62*y + 152y?, therefore o f(1,1) = 20 # 0.
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Due to the implicit function theorem, there exist neighborhoods K, (1)
and K,(1) and a differentiable function ¢ : K, (1) — K,(1) such that for
all x € (1 —p, 1+ p), f(x,d(x)) =0, so the equation has infinitely many
solutions. (Of course this does not mean that besides the solution (1,1)
it has any other solution that is made up of two integers!) Since

O f(z,y) = 102y 4 322y° — 1223y + 5% — 122, 91f(1,1) = —6,

therefore Auf(L 1) 3
/ _ 1 ) _ Y
¢(1) = O f(1,1) 10

Exploiting this, we can get an approximation of the function ¢:
p(@) ~ (1) +¢'()(z - 1) if z =~ 1,

that is,

3

ple)=l+ —(z—-1)ifzx~1
10
10. Assume that there is a differentiable function y : R >— R that is defined
by the equation zy + ¢*t¥ — 4% + 5 = 0. Calculate its derivative!
Solution:

Let f:R2 D= R, f(z,y) := vy + e*T¥ — 2 + 5. Due to the assumption,
for all z € D(y)

h(z) == f(z,y(x)) =0,
therefore, the derivative of the function A is 0, too, that is, for all z € D(y)

W (@) = (ay(x) + eV — 42 (x) + 5)'
= y(@) + 2y (x) + - (14 4/ (2)) - 2y(2)y () = 0.
From this we can express y'(z) as

y(z) 4 emtu(@)
T + extvE@) — 2y(x)

y'(z) = (z € D(y)).

This result is often written in the superficial form

iyt
oz ety -2y’

We remark that in this case the derivation rule of the implicitly defined
function is applied without checking the conditions.
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11. The state of a gas is given by the equation of state F'(p,V,T) = 0. (For
an ideal gas it has the form pV — nRT = 0.) This equation defines three
implicit functions:

p=p(V,T),
V =V(T,p),
T=T(p,V).
Show that
ovp(V,T)-0rV(T,p) - 0T (p,V) = —1.
Solution:

Assuming that the assumptions of the implicit function theorem are sat-
isfied and substituting the implicit functions we obtain that

(V.T) = F(p(V,T),V,T) =0,
(T,p) = F(p,V(T,p),T) =0,
(V) = F(p,V,T(p,V)) = 0.
The partial derivative of the constant 0 function is 0, therefore

OvF(p(V,T),V,T) = 01F -0yp+ 0oF - Oy V + O3F - Oy T

O F
=0= 8vp = —8177
OrF(p,V(T,p), T) = O F - Orp + 02 F - OrV + 03 F - OrT
_ _ O3F
=0=0rV = O
0, F(p,V,T(p,V)) =01 F - Opp + OoF - 8,V + 03F - 9,T
_ _ OF
=0=0,T = F

From this we have

O F 0sF 0nF
ovp-0rV - 0pT == ||-—=]|—5=)=—-1
VP oTy 1o ( 81F> ( 82F> ( B5F
We remark that those thinking superficially may be surprised that by
using the traditional notations and treating the partial derivatives as
quotients the expected result would be
op v or _
ov oT dp
Check by calculation in the case pV —nRT = 0 that the product is really

(=1).

1....
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z(u,v) U+ v
12. Let @ : R? — R3 ®(u,v) = | y(u,v) | = | u?+0v? | be a “surface
z(u,v) ud + v?

parameterized with two parameters”. Find a normal vector to the tangent
plane of this surface at the point (ug,vg) := (1, 2).

Solution:

The inverse of the function
) z(u,v) | | u+w
g.(u,v)»—> [ y(u7v) ] = |: u2 + 2 :|
would be

v ]

By substituting this into the function z, the surface ® would be given as
the two-variable real-valued function

g7t (zy) [

zog !l (z,y) = 2(u(z,y),v(z,y)).

A normal vector of its tangent plane is

n = (0z2(u(xo,Y0), v(Z0,Y0)), Oyz(u(z0,Y0), v(T0, Y0)), —1).

One can see that (z 0 g~!) (xg,9o) is the derivative we just need. Using
the inverse function theorem we obtain that

(zog™ ") (w0, 90) = 2'(g7 (0, 0)) - (¢~ ") (0, %0)
= [ Duz(uo,v0)  Oy2z(uo, vo) ] -(g/(uo,’uo))_l

-1
1 1
- [ 3u% 3’()(2) ] ' |: 2U0 2’[}0 :|

-1
11
=[3 12 ] [ 5 4 ]
2 -1 9
(s 12)-[ 5 Fl=[-6 4]
2
So, 0;z(u(1,2),v(1,2)) = —6 and 9, 2(u(1,2),v(1,2)) = 2, thus, a normal
vector of the tangent plane is n(—6, %7 —1).
13. Find the local extreme value points of the function f : R? — R, f(z,y) :=
22 + 4% — 22 + 4y — 1 on the closed set

Q= {(z,y) eR* [ 2® +y* < 1}.
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Solution:

The function f may have a local extreme value on the open circle
intQ = {(z,y) e R? | 2?2 +¢* < 1}
only where

Of(z,y)=2x—-2=0,

o f(z,y) =2y+4=0.
From this we obtain (xg,y0) = (1,—2), which is not on the open circle
int@, that is, f has no local extreme value inside the circle. Since @ is
a compact set (bounded and closed), therefore the continuous function f

has a minimum and a maximum in ). So, the extreme value points are
on the boundary of Q.

Find the conditional minimum and maximum of the function f under the
condition g(z,y) := 2% +y? —1=0.

Prepare the function F(x,y) := f(x,y) + Ag(x,y) = 22 + y? — 2z + 4y —
T+ Az +y2—1).
O F(z,y) =22 —24+2\x =0,
P (z,y) =2y +4+2\y =0,
z? + y2 —1=0.

Solving the system of equations in three unknowns (we have exactly as

many equations as unknowus. .. ), we obtain that z = IJ%\, Yy = 71+i/\’
from which
1 4 _1
T FaaeE b
There are two solutions: A\ = v/5 — 1 and Ay = —v/5 — 1. The points
corresponding to these solutions are Py(_z, —7) and Pa(——z, ).

First let Ay = v/5 — 1 and pl(%, _%),

Fi(z,y) = f(2,y) + Mg(,y),

Flz,y)=[20-2+2(5-1z 2y+4+2(5-1)y |,

24+2(v5-1) 0 ~[2v5 o0
0 2+2(\/5—1)]_[ 0 2\/5]

is the matrix of a positive definite quadratic form, so for any vector

h € RZ h # 0: (F{'(x1,y1)h, h) > 0. Therefore, at the point Pl(\%, —%)

F'(z1,91) =

the function f has a minimum under the condition g = 0.
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X2 = —v/5 —1 and Pg(—%, 25) define a function Fy(z,y) = f(z,y) +

S

Aog(z,y) as well.

Fy(xy)=[22-2+2(-V6-1z 2y+4+2(—V6-1)y |,

2+2(—V/5-1) 0 ]:[—2\/5 0 ]
0 2+2(—V/5-1) 0 —2v5

is the matrix of a negative quadratic form, so for any vector h € R2,
h # 0: (Fy(x2,y2)h,h) < 0. Therefore, at the point P2(—%7 %) the
function f has a maximum under the condition g = 0.

Fél($2,y2) =






Chapter 13

Line integrals

We generalize the integral of a function f : [a,b] — R. The role of the
interval [a, b] will be played by a curve, while the role of the function f by a
multivariable vector-valued function. The following topics will be discussed.
e Line integral and its properties
e Potential and the relation between its existence and the line integral
e The differentiability of parametric integrals

e A sufficient condition for the existence of potential

13.1 Line integrals

13.1.1 The concept and properties of line integral

When a sleigh is pulled from point A to point B along a displacement s with
a force F parallel with the path, then the work done is W = F - s (Fig. 13.1).

When the force F' encloses an angle o with the displacement (Fig. 13.2),
then the work is approximately

W = Fcosa = (F,s).

r

Figure 13.1

145
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Figure 13.2

The work of a force F € R® — R3, changing from point to point (i.e.,
a force field) along a space curve r : [a, 5] — R3 can be approximated by
dividing the interval [a, 8] by the division points « =ty < t1 < ... < t;—1 <
t; < ...<t, =0 and taking further points

ti—l sz Sti (i: 1,...,TL).
Then the elementary work is
AW; := (F(r(&)),r(t:) — r(ti-1)),

and the work done by the force field F' along the curve is
WY AW =Y (F(r(&)),r(t:) = rtia)) = Y (F(r(&)), Ars).
i=1

If r is sufficiently smooth (differentiable), then

w(t;) — x(ti-1) &(ni)(ti —tiz1)
r(ti) —r(tic1) = |y(ts) —y(tizr) | = [9(0)(ti —tic1) | = 7(&)(t — tiz),
2(t;) — 2(ti-1) 2(G)(ti — ti1)

provided that 7 is continuous. One can see that

n

W Y (F(r(&), (&)t — tima),

i=1

which looks like a sum approximation of an integral. This consideration is
the ground for the further concepts.

Let © C R™ be a connected (meaning that any two points of £ can be
connected by a continuous curve running in ) and open set, that is, a
domain. Let f € R" — R", D(f) :=  be a continuous vector function, f €
C(Q). Let r : [a, 8] = Q be a smooth space curve, that is, r € Cla, 8], r €
D(a,B),7(t) 20 (t € (o, B)), and for all t1,t2 € («, B), t1 # to: 7(t1) # r(t2).
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Figure 13.3

Definition 13.1. The line integral of the function f along r is

/,« /= /a ")

For example,

oty
f:RSHR{ f(x,y7z) = r—y
|z
(here Q = R3) and for
[t
r0,1] = R3 r(t):= | 2t
3t
1
we have 7(t) = | 2 |, thus,
3

t+2t

1 1 1
/Tf:/o < el |2 >dt—/0 [(+ 26) + 2(¢ — 2¢) + 98]t

1 12 1
:/ 10tdt = {10] =b.
0 2]y
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The properties of line integral

1°Ifr o, B] = Q, m2 : [B,9] = Q and r1(8) = r2(8), then ri Urg :
[, y] = Q, where 1 U T2 =11 and 1 U T2 =72 is called union
of the two curves. Then

Jod =l ]

20 If r : [a, B] — €U, then we call 5 : [, 8] — Q, 7 (£) := r(a+ 8 — t) the

reverse curve to r. Then
L]
a r

3° If f is bounded on the domain 2, that is, there is a number K > 0
such that for all x € Q, || f(z)|| < K, and the length of r : [o, 5] — Q is
equal to L, then

/f‘gK-L.

13.1.2 Potential

Line integral is basically related to the “work of a force field”. When work
(energy) is considered, one may be interested whether there is energy loss or
perhaps energy gain along a closed curve. It may also be important to know
what path is worth following from the point of view of the work done. Such
questions are answered by the following theorem.

Theorem 13.1. Let Q@ C R™ be a domain, f : Q — R, f € C(R). The
following three properties of the function (or force field) f are equivalent:

1° For any smooth closed curve r : [o, ] = Q, r(a) =r(8) §f =0
(here the symbol ¢ emphasizes that we integrate along a closed curve).

2° For any fized a,b € Q and any arbitrary curves r1 and ro “connecting
a and b” (that is, r1 : [aq,81] = Q and o : [ag, B2] — Q for which
ri(oq) = ro(a2) = a and r1(B1) = r2(f2) =b),

IRRRE

3° There exists a so-called potential function ¢ : @ — R, & € D(Q)
such that for allx € Q andi=1,2,...,n

or, more briefly, grad® = f.
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This theorem states that if the force field f has a potential, then the work
done along any closed curve is zero, moreover, the work done between two
points is independent of the curve that connects them.

Obviously, it would be interesting to know how we can decide whether a
force field f has a potential.

Theorem 13.2. If 2 C R™ is a domain that has a point a € ) such that for
all x € Q
[a,2] :={a+t(x —a) e R" |t €[0,1]} C Q

(la,x] is called the “section connecting the point a with the point x”, such
a set ) is called o “starlike domain” with respect to the point a), and
f:Q =R, feCQ) is such that for all 4,5 = 1,2,...,n 0;f; € C(Q)
(each partial derivative of each coordinate function of f is continuous at all
points of 1), moreover,

0ifj(x) =0 fi(x) forallzeQi,j=12,...,n

(which means that the derivative matriz f'(x) is symmetric), then the func-
tion f has a potential ® : 2 — R.

When Q = R3, then this domain is starlike. If the force field

P
f=|Q | :RP=R3
R

is sufficiently smooth with coordinate functions P, Q, R : R3 — R (also men-
tioned as “components” of the force field), then the condition 0;f; = 9;f;
means that the derivative matrix

fll@) =] 01Q(z) 0Q(x) 095Q(x) (z € Q)

is symmetric. If we introduce the concept of rotation, then

€1 €y €3
rotf :=Vxf:=|d 0 03
P Q R

= (82R — (93@)61 — (81R — 63P)€2 + (alQ - 82P)63 =0e€ Rs

on the whole R3 space. In physics this theorem is often mentioned in the
following form: “A rotation-free force field has a potential.”
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Finally, let us examine how we can find the potential of a force field f in
case it exists, and what else we gain from knowing it.

For simplicity, let

f:R? = R?, f(z,y) = [ ijz }

Since dy(xz +y) = 1 and 9,(x — y) = 1, therefore f'(z,y) is symmetric, so f
has a potential ®, and this — temporarily unknown — potential is a function
® : R? — R for which

90:®(z,y) =2 +y,
0y®(z,y) =2 —y.

If 0,®(z,y) = ¢+ y, then ® is of the form ®(z,y) = % + zy + ¢(y), where
¢ : R — R is differentiable, but otherwise arbitrary. Then 0,®(z,y) =
x+¢'(y) =z —y, so ¢(y) = —y, from which ¢(y) = —% + ¢, where ¢ € R
is arbitrary.

Consequently, the potential of f can only be a function of the form
®:R? 5 R, &(z,y) = I—;—l-xy—%—i—c.

If after all this we would like to calculate the work of the force field f
along any smooth curve r : [a, 8] — R2?, then (in view of the chain rule of
differentiating a composition of functions)

B B B
[£= [t iw) = [ (eradeo) o = [ #00): it
B
— [ @ (©)ydt = @O = Br(3) - B(r(a)).

which shows that the value of the line integral only depends on the two
“end points” of the curve, and is independent of the curve that connects the
points r(«) and r(8) (a fact also suggested by the theorem). Particularly, if
r(a) = r(8), then we have a closed curve, and then ®(r(8)) = ®(r(a)), so
fr f =0, as it was also stated by the theorem.
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13.2 Exercises

1. Let

[ r+y+z
fiRP SR f(a,y,2): = y—z and r:[0,67] — R
T+ z

2cost
r(t):= | 2sint
t

Calculate the line integral [ f.

2. Let f:R2\ {(0,0)} = R2, f(z,y) := { _””ZLZ”Z ]
x2+y2

Calculate the line integral of the tangent space f along a closed circle
of radius 1, centered at the origin and with positive (counterclockwise)
direction.

3. Show that the force field
— L1
(zf+a3+a3)3/2
F RB\{(O,O,O)} —)RB, F(iEl,ZEQ,l‘g) = 7(1%+m§j—m§)3/2
pC
has a potential. Calculate the potential ®.

Solution:

Let 4,7 = 1,2,3 and i # j. Then

Ly _ 3. 5 2 2\—5/2
% () o (Ut e ) o

3 5 i
= - (—2(93? + a3 +$§)_°/Z> 2w = 0j <— - ) ;

(2% + 23 + 23)%/?

therefore the force field F' has a potential. If ® : R3\ {(0,0,0)} — R, then
L4
(2% + 23 + 23)%/2

0;®(x1,x9,23) = —

and then
1

P(xq,29,23) =
( 1,42 3) (Z’%+$%+I’§)1/2

+c,
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since

1
0;®(x1, 22, 23) = — = (af + 23 + 23) /% (22))

2
T .
= — 5 2217273.
(2% + 3 + 23)%/°

We remark that F' can be considered as the gravitational force field of a
mass point M = 1 located at the origin, since the force acting on the mass
m = 1 at the point with location vector r (apart from the multiplication
factor arising from the choice of the unit system) is

&

1
The potential of this force field is
)= (r#0)
[ial]

4. Let

2
ﬁR”+W,f@w:{i%],

and let the curve be a lemniscate, for example

Li={@y e R | V@27 +y V+2P+ =8}

(The curve L is the locus of points on the plane whose product of dis-
tances from the points C1(2,0) and C3(—2,0) equals 8.) Calculate the
line integral of f along this lemniscate.



Chapter 14

Differential equations

Differential equations are suitable for the description of several natural and
social phenomena. The following topics will be discussed.

e The concept of differential equation
e Separable differential equations

e Applications

14.1 Differential equations

14.1.1 Basic concepts

Let Q C R? be a domain, and f : Q — R a continuous function. We look
for such functions y : R — R whose range D(y) is an open interval, y is
continuously differentiable, and for all = € D(y): (z,y(z)) € Q and

y'(z) = f(z,y(x)).

This problem is called first order differential equation, and we denote
it by the symbol ¢y = f(z,y). We will see that such a problem usually has
infinitely many solutions. If, however, at some point zy we prescribe the
value of the solution y(zo), then, as a rule, we will obtain one solution. The
relation
y(@o) = wo

is called initial condition. As the exercises will reveal, such types of condi-
tions naturally belong to the differential equations.

We can raise the question of whether the continuity of the function f is suf-
ficient for the differential equation ¢y = f(z,y) to have a solution, moreover,
if it has one, how can we calculate it.

153



154 14. DIFFERENTIAL EQUATIONS

14.1.2 Separable differential equations

As a first step, let us deal with the special case where the function f : R? — R
is of the form

f(@,y) = g(x)h(y),
where g,h : R — R are continuous functions, D(g) is an interval, and the

function A is nowhere equal to zero. This type of differential equations is
called separable differential equation, and can be denoted more briefly as

y' = g(x)h(y).

Assume that some function y : I — R solves the problem, that is, for all
x €1,y (z) =g(x)h(y(z)). Then

v@ _ oo .
ry(x))fg() (xzel). (14.1)

Let H := [1/hand G = [ g be primitive functions of 1/h and g, respectively.
For any arbitrary = € I

(How%mzﬂfwu»yu>:g%%%fzmd &'(2) = g(x).

Since the derivative functions (H o y)’ and G’ are equal on the interval I by
(14.1), therefore the functions H oy and G can only differ by a constant. So,
there exists a number ¢ € R such that for all x € T

H(y(z)) = G(x) +c.
If H has an inverse function, H~', then
H™'(H(y(x))) = H ' (G(z) +¢),
that is, for all x € I
y(x) = HY(G(z) + ¢). (14.2)

Consequently, the solution of the problem y' = g(x)h(y) can be given in the
form (14.2). (One can check by substitution that these functions are really
solutions.) We remark that following this train of thought just formally, we
can get to a solution procedure that is easy to memorize:

Y = g(x)h(y),

Y gahiy),
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Integrating this equation and introducing the primitive functions H := [ 1/h
and G = [ g, we are led to the equation

H(y) = G(z) +c.

Applying the inverse function H~! to both sides, we obtain the solution
(14.2).

Let us look at what kinds of phenomena can be described by such a simple
type of differential equations.

14.1.3 Application

Assume that a radioactive substance has mass mg at time ty. As time passes,
at t > 0 we denote the mass m(t), while at time ¢ + At by m(t + At). We
suppose that the change of mass Am := m(t + At) — m(t) between the time
instances ¢ and t + At is proportional to the mass m(t) at time ¢ and the
time At that has passed: Am ~ m(t)At. Due to the radioactive decay,
Am < 0 if At > 0. Introducing a proportionality factor £k > 0, we have
Am = —km(t)At, and so we are led to the equality

Am

A —km(t).

In the limit At — 0 we obtain the differential equation

Am  dm 1
R
Here the variable is denoted by t instead of x, and the unknown function
by m(t) instead of y(x). The differential equation is separable (now k does
not even depend on the variable t). Let us solve the equation by using the
previously introduced method. By separating the variables we have

d
S _kat.
m
Integrating both sides yields
Inm = —kt+c,

from which

m = e—kt+c _ e—ktec.

Since from the initial condition mg = m(0) = e%e® = e, therefore the solution

for any ¢t > 0 is

m(t) = moe .
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An important characteristic of radioactive substances is the half-life T', which
is the time required for one half of the amount of radioactive material to
degrade. The decay constant k can be expressed in terms of T, since

Mo
2

=m(T) = mge "7,

from which
B In2

T

Research has shown that the concentration of the carbon-14 isotope is con-
stant in living plants, since the radiated C'* is replenished from the atmo-
sphere during the assimilation. However, when a tree dies, no more C* will
infiltrate, therefore, its concentration decreases in the material of the tree. A
decayed trunk has been found in which the amount of C'* per unit volume
is just 90% of the usual amount. When did the tree die if we know that the
half-life of C'* is 5370 years?

Since the amount of C'# at time t after the death of the tree is given by
the formula

k

m(t) = moe_égi?zot,

and now the amount of C'* is 0,9mg in the wood, therefore the time in
question is given by the equation

_In2,
0,9m0 = Mmope 5370",

Dividing both sides by m( and then taking their logarithms we have

In2
1 = ———
n0,9 537015,
from which
1
t = —5370 10,9 = 816 years.
In2

So, the tree died 816 years ago. This example illustrates the method of
absolute dating, for which W. Libby, American chemist was awarded the
Nobel Prize in 1960. ..

14.2 Exercises
1. (The model of unlimited reproduction) Assume that the mass of virus in

the population of a city at time t = 0 is mg. Describe the formation of
the epidemic (if there is no remedy of the disease...).
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2. (The model of limited growth) On an island the grass can support at most
a population of rabbits of total amount (e.g., mass) M. Assume that a
rabbit population of mass mg are settled on the island. Describe how the
amount of rabbits changes in time.

Solution: Denote by m(t) the amount in question at time t. We may
assume that the change of this amount in time At at ¢ is proportional
to the time At that has passed, the amount m(t) of the rabbits and the
remaining carrying capacity of the island. Thus,

m(t + At) — m(t) ~ m(t)(M — m(t))At.
By introducing the reproduction factor k,
m(t + At) — m(t) = km(t)(M — m(t))At.

Dividing the equation by At, and then taking the limit as At — 0, we
obtain the separable differential equation

dm ,
= M —m).
;= m kEm( m)

Separating the variables we have

dm

——— = kdt.
m(M —m)

Exploiting the equality

1 1 1 n 1
m(M—-m) M\m M-m)’
we obtain that

1 1 1 m

Integrating both sides of the equation yields

1 m
—1 =kt
MM —m e
In - Mkt + M
n = c
M—m ’
M”_”L — = oMkt Me.
From here
oMbkt
m(t) = M

e—Mc +eMkt'
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e

Figure 14.1

Due to the initial condition m(0) = mo,

1
mo Mech T 1 y
and so
eMc mo
M — mo
So, the solution is
oMkt
m(t) = M M—mo | oMkt
mo

One can see that

. 1 1
e Y S T
0

3. Solve the following differential equations:
a) y'
b) y' = —ytgx, x € (-7/2,7/2),
)y

=uay, r € R,

= /1+92, 2>0.



Chapter 15

Integration of multivariable
functions

Now we generalize the integration of real functions in another direction. We
will get to the volume of space under a surface, the calculation of which will
be traced back to integrals of real functions. The following topics will be
discussed.

e The definition of the Riemann integral for multivariable functions
e Calculating the integral on a rectangle by Fubini’s theorem
e Calculating the integral on a normal domain

e Calculating the integral on other domains by integral transformation

15.1 Multiple integrals

15.1.1 The concept of multiple integral

Let T := [a,b] x [c,d] C R? be a closed rectangle. Let f : R? D= R be a
continuous function of two variables for which T C D(f). Prepare a partition
a=20 <21 <...<xi1 <x <...<ax, =>bof the interval [a,d] and
c=yo < ... < Yp—1 < Yp < ... < Yy = b of the interval [c,d]. At each
subinterval [x;_1,x;] we set a point & € [x;_1,x;], and at each sub-interval
[yk—1,yx] a point ng € [yk—1,9x] (i =1,...,n, k =1,...,m). Prepare the
sum approximation

n

Tnm = D (&) (@i — wi1) (Y — ys—1)-

i=1 k=1

159
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(Here oy, can be illustrated as the sum of “signed” volumes of prisms with
a rectangular base of area [z;_1, ;] X [yx—1, yx] and “height” (&, nr) (which
can be negative, tool).)

Under the condition that f is continuous, one can verify that the sum
approximations have a limit in the sense that there exists a number I € R
such that for all € > 0 there is a number § > 0 such that for all partitions
satisfying the property

max{z; —x;—1 |1 =1,2,...,n} <¢
and
max{yr —yk—1 | k=1,2,...,m} <o
and for arbitrarily chosen values & € [z;—1,2;] (i = 1,...,n) and n, €

[yk—layk] (k = 17 .. 'am)
[Onm — I| < e.

Such a number I € R is called integral of the function f on the rectangle
T and denoted as
/ f=1
T

This concept is often referred to as

li is i — Ti — Yk
/Tf zi—zi,leo{%—yk,ﬁo;f@ M) (@i = Tie1) (Y — Y1)

Az;—0, Ayr—0

im 3 (& m) AviAyy = / F(y)dady.
ik [a,b] % [c,d]

The number fT f € R is called “signed” volume of the space
H:={(x,y,2) eR® | (x,y) € T, 0 < 2 < f(z,y) if f(z,y) >0
or f(x,y) <z <0if f(x,y) <0}

under the surface f.

15.1.2 Integration on rectangular and normal domains

Obviously, performing the procedure just introduced would make it rather
complicated to calculate the integral of a function f on a rectangle T

Let us remember how the integrals of real functions can be applied to
the calculation of volumes. Let the plane section of H at an arbitrary point
x € [a,b] be denoted by S(z) (Fig. 15.1). This area is the integral of the
function [¢,d] 3 y — f(z,y) on [¢,d]:

d
S(x) = / f(z,y)dy.
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Figure 15.1

If this function [a, b] 3 © — S(z) (which is continuous due to the continuity
of f) is integrated on the interval [a, b], then

/T f= /[M}X[C’d] f (@, y)dady = / " Sl = / b ( / df(x,wdy) dz.

By a similar consideration,

/Tf=/cd (/abﬂx,y)dx) dy.

Theorem 15.1 (Fubini’s threorem). Let f : R? »— R, f continuous and
[a,b] x [¢,d] C D(f). Then

/[a,b]x[c,d] = /ab (/cdf(x,y)dy> dz = /Cd (/ab f(x,y)dx) dy.

For example, let f: R? = R, f(z,y) = xy. T := [0,1] x [2,3]. Then

O a2 7 Sy y?1> 9 5
= zydx d:/[]d:/ d:[} -2 _1=2
/Tf /2</0 Y > Y 2 2y0y 223/ 41, 4 4

The definition of the integral of f on the rectangle T did not require the
function f to be continuous. If f is not continuous, then it may happen that
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the number I € R does not exist. If, however, the number I with the desired
property exists, then the function f is called integrable on the rectangle T,

and then
/ f=1
T

With this remark we move on to the integrability and integration of a function
f : R? > R on domains that are not rectangular.

Let o, 8 : [a,b] — R be a continuous function, such that for all z € [a, ],
a(z) < B(x). Let
N, = {(z,y) €R? | z € [a,b] and a(z) <y < B(x)}
be a normal domain with respect to the = axis. Let f : N, — R be a
continuous function. Since «, 8 € Cla,b], therefore there exist ¢,d € R such
that for all = € [a,b], ¢ < a(z) < f(z) < d. Let us extend the function f to

the rectangle

= [a,b] X [¢,d]

as follows:

£ £ ._ f(x,y) if(:):,y)ENz,
TR f(x’y)'{ 0 if(z,y) €T\ N

This function f is such that f| v, s continuous, while it is constant zero on

the set T'\ N,. It can be verified that such a function f is integrable, and we
define the integral of the function f on the normal domain N, as the integral
of the function f on the rectangle T

fo=17
N, T
By Fubini’s theorem

Loefre < AR

(x) B(x)
dy+/ f(xydy+ fxydyd
a(z)

B()
( f(z,y dy) du,
a(x)

since [¢, ()] 3 y = f(w,y) =0, [a(z),8x)] 3 y = f(z,y) = f(z,y) and
[B(x),d >y~ f(a:,y) =0 for all = € [a, b].
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For example, let f : R2 = R, f(x,y) = xy and
Ny ={(z,y) eR* |z € [-1,1] és2? -1 <y <1 -2}

1 1—g? LT 2 1-2?
/ f:/ / rydy dac:/ {x} dx
N, -1 \Jaz2—1 1l 2]
1

1

:/ 3(1—:152)2—%@2—1)2@:/ 0dz = 0.
-1

-1

Then

We obtain the integral of f on a normal domain N, with respect to y with
obvious modifications.

We can similarly construct the integral of a function f : R3 >— R on the
brick T := [a1,b1] X [ag,bs] X [as, b3], the corresponding Fubini’s theorem,
and then the integral on a normal domain N,, with respect to the plane xy.

The set Ny, C R3 is a normal domain with respect to the plane zy if
there exists a closed interval [a, b] C R and continuous functions a, 8 : [a, b] —
R for which a(z) < B(z) (z € [a,b]), and there exist continuous functions
A, i 2 R2 > R for which A(z,y) < u(z,y) (z € [a,b], a(x) <y < B(x)) such
that

Ney = {(z,y,2) R’ [ € [a,b], a(z) <y < B(2), Ma,y) < 2 < plw,y)}
Assume that f: R® >— R, it is continuous, and Ny, C D(f). Then

/N f= /ab {/:j) (/Aziw:) f(x,y,z)dz) dy} dz.

zy

15.1.3 The transformation of integrals

The integration by substitution of real functions has its equivalent in multiple
integration. According to the integration by substitution in the real case, if
¢ : [, ] = [a,b] is a strictly monotonically increasing one-to-one function,
and ¢ € D, then

b B
/ f(z)de = / F(6(0)) - & ().

Assume that we would like to integrate the function f : R >— R on the
set @ C D(f). If we are lucky, then we can find such a one-to-one function
® = (¢,9) : T — Q, where T = [, 8] x [7,d] C R? is a rectangle, ® is
continuously differentiable, and for all (u,v) € T

| Budlu) Bei(u,v)
detq’(“’”)“ But(u,v) Bib(u,v) |7 O
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One can prove that
[ £= [ #6000 0) - det () dude,
Q T

For example, let Q := {(z,y) € R? | 22 + y? < 4}, which is a closed circle of
radius 2, centered at the origin. Then f: R? — R, f(x,y) := 22 + y2.
Since

(¢,9) :=10,2] x [0,27] = Q, ¢(u,v) :=wucosv, Y(u,v) :=usinv
is a one-to-one function (known as polar transformation), and

cosv —usinv
sinv  ucosv

= wcos? v + usin® v = u,

det(¢> 7#)'(% U) =

therefore

/ 22 + y2dady = / {(ucosv)? + (usinv)?®} ududv
Q [0,2] % [0,27]

2 27 2 ’U,4 2
= / </ u3dv> du = / [u%]é”du = {271'] = 8.
0 0 0 4 ]y

It makes the integration of a function f : R? >— R easier if we notice that
by the transformation
X(r,¢,9) := rsind cos ¢,
Y(r,¢,9) ;= rsindsin ¢,
Z(r,p,9) :=rcos¢
the brick
[R1, Ra] X [¢1, ¢2] X [U1,02] == T

is mapped to the domain of integration Q C R® by the function ® :=
(X,Y,Z) : T — Q in a one-to-one manner, and det &’ # 0 on the brick T.
Then

sincos¢p —rsindsing rcosvcosp
det ®'(r,¢,9) = | sin¥sing rsindcos¢ rcos¥sing | = —r?sind.
cos ¥ 0 —rsind

Then
/ f(z,y, z)dzdyd= :/ f(X(r,0,9),Y(r,¢,9), Z(r,¢,9)) -r2sin ¥ - drdedd.
Q T

The polar transformation, applied here, is suitable for domains @ that are
part of a sphere (hemisphere, spherical layer etc.).



Chapter 16

Vector analysis

We define and calculate the characteristics of space curves (curvature, tor-
sion, arc length). We introduce the concept of integral on a surface. As
a generalization of the Newton—Leibniz theorem, we formulate theorems for
integral transforms (Gauss, Stokes). The following topics well be discussed.

e Tangent, binormal and principal normal vectors of a curve

e Rectifiable curves and their lengths

e Curvature, osculating circle, torsion

e Parametric definition of a surface

e The definition of surface

e Surface integral of a scalar field

e Surface integral of a vector field

e Gradient, divergence, rotation

e Stokes’ theorem, Gauss’ theorem

16.1 Vector analysis

16.1.1 Space curves

Let r : [a, 8] — R3 be a sufficiently smooth space curve (7,7, 7 € C and
for all t € (a, B) 7(¢),#(t), 7(t) # 0). As we have seen, 7(ty) is a tangent
vector to the curve at the point corresponding to the parameter value tg.
Denote by ¢ the unit vector pointing to the direction of 7(¢o):

~7(to)
L= ol

165
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This is called tangential vector.

Now let the point Py on the curve be the end point of the vector r(tp).
Take two arbitrary points P, and Py (P1, P2 # Pp) on the curve. If Py, Py, Ps
do not fall on one straight line, then they determine a plane. Let P; and P»
both approach Py. Assume that the planes determined by them also approach
a limit position, which is a plane, too. This plane is called osculating plane
of the curve belonging to the point Py (in fact, this plane contains a small
piece of the curve close to Pp). It is possible to show that the osculating
plane is spanned by the vectors 7(to) and #(to), therefore 7(tg) x #(tg) is a
normal vector of the plane. Therefore, for the position vector r of any point
of the osculating plane we have

((7(to) x #(to)),r —7(to)) = 0 (the equation of the osculating plane).

The unit vector derived from a normal vector of the osculating plane is called
binormal vector: ) .
T’(t()) X T’(to)

[[7(to) x #(to)|l”

Clearly, the binormal vector b is perpendicular to the tangential vector t.
The plane spanned by b and t is called rectifying plane. A normal vector
to this plane is t x b, and the unit vector f derived from this vector is called
principal normal vector: B

e (7(to) X 7(to)) x 7(to)
= |[(7(to) x #(to)) x 7 (to)|l”

The plane spanned by f and b is called normal plane (a normal vector of
which is the tangent vector 7(tg)).

The vectors ¢, f and b are pairwise orthogonal unit vectors, which form a
right-handed system in this order. The vector system ¢, f, b fit to the point
of the curve with position vector 7(to) is called accompanying trieder (if
to changes, the accompanying trieder changes as well, but this system seems
quite natural for the curve).

The length of a path is important to know even our in everyday life. We
will clarify when a space curve r : [a, 3] — R® has an arc length, and if it
does, how we can define it.

Let 7 be an arbitrary partition of [a, f] :

Tra=ty<t—1<..<ti1<t;<...<t,=2p0.

The vectors r(t;—1) and r(¢;) are position vectors of two points on the curve,
so ||r(t;) — r(t;—1)]| is the length of the section connecting them. Let

L(r) = Z llr(t:) = r(ti-0)ll,
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that is, the broken line corresponding to the points r(to), 7(t1),...r(t,). Let
us prepare the set containing the lengths of all these broken lines:

{L(7) | 7 is a partition of the interval [o, 3]}.

If this set is bounded above, then the space curve r is called rectifiable
(“straightenable”), and then the real number

sup{L(7) | 7 is a partition of the interval [a, 8]} =: L

is called length of the space curve. If this set is not bounded above, then the
curve has no length (or infinite length).
We have already seen that in case of a smooth curve

r(ts) —r(ticn) =7 (&) - (ti—tio1) (& € [tim1, i),
thus

L(r) = Z [l (t:) — r(tia) |l = Z [17(&) - (8 — ti1)ll,

which is the sum approximation of an integral. One can show that in case of
a smooth curve this leads us to the arc length of the curve: a smooth curve

is rectifiable, and
B
L— / 17 ().

If r : [a,8] — R is a smooth curve, then for all ¢ € [a,f] let s(t) :=
f; |I7(w)||du, that is, the arc length of the curve between the parameter point
a and ¢ (which also exists obviously). From the definition one can see that

£ =5 [ Iiwdu = 10|

If t,t + At € [a, 5], then
t+At
As:=s(t+ At) —s(t) = / I7(w)||du = [|7(t) || At ifAt ~ 0.
t

From this we can derive the orbital (tangential) velocity of a point moving
along the space curve 7:
As ds
)= lim — = — = |#(t)].
v = i, Ky = = PO
The concept of angular velocity is also frequently used. Assume that the
angle enclosed by the vectors r(¢) and r(t+At) is A¢. We define the angular
velocity at the point t of the space curve r as

AYY)
w(t) = limg R
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For a sufficiently smooth curve we calculate the angular velocity w(t). It is
known that

[r(8) x (¢ + At = [lr@)] - [Ir(t + A)] - sin Ag.

[Ir(#) x (r(t + At) — r(t))]
lr@I - llr(t + At

(
By exploiting the fact that r(t) x r(t) =0,
sin A¢g = (r
t)

We remember that hmAqu = 1, and in case At — 0, A¢p — 0, we

continue the calculation as

A<z>

. r At)—r
sinAg Ad||r(t) x T B-r(@)

Ap At (@)l (It + AL
.ot AL —r(t)
Am =y 0
e A () x @)
wit) = tm X = T er

When sitting in a car we arrive at a bend, it is important to know how steep
the bend is. Denote by As the arc length of a sufficiently smooth curve
between the parameter points ¢ and ¢t + At. Let the angle of the tangent
vectors at these two points be Aa. The curvature at point ¢ is defined as

Aa
G = 8 A
The curvature informs us about the change of the angle along the displace-
ment As. If G is big, then the bend is “steep”, if G is close to zero, then the
path is practically straight.
We calculate the curvature in case of a sufficiently smooth curve (7,7 € C).
If As =~ 0, then At =0, so

Aa Ao As
As At At
from which
A A As
G(t) = lim == = lim == lim Q) : [+,

As—0 As At—0 At At—0 At

where Q(t) is the angular velocity of 7 (this is also a space curve!) at the
point belonging to the parameter ¢t. So,
[l#(&) < F @I . [[7(t) > # ()]l
Git) = —mm POl = —5mm
()12 17 ()11
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Let
1

R(t) := <0 >0
in case G(t) # 0. It is possible to verify that the circle of radius R(¢) that fits
the point of the curve belonging to the parameter ¢, which is in the osculating
plane, and whose center lies on the principal normal vector f, approaches the
curve most tightly. It is called osculating circle. Any movement along a
small section of the curve can be replaced by movement along the osculating
circle.

Curvature measures how much a curve deviates from the straight line.
Another characteristic property, the so-called torsion informs us about the
deviation of a space curve from a plane curve.

A normal vector of the osculating plane of a curve is called binormal vector.
If the osculating plane changes with the parameter, then this is shown by the
deflection of the binormal vector. The change in the angle of the binormal
vector whereas the arc length changes by As is characterized by the torsion
(twist), that is, the torsion at the location of parameter value ¢ is defined as

N
T(#) = Jim X5

where AS is the angle enclosed by the normal vectors at the points r(t) and
r(t 4+ At) of the curve (that is, the angle of b(¢) and b(t + At)), and As is the
arc length between the two points. Similarly to our previous consideration,
for a sufficiently smooth curve (7,7, 7 € C)

T() = i AB _ o, BB As_ . AB . As
T AsS0 As | Albo At S At Ao AL arso At
_llott) < bl

POEERALE

where the dividend is the angle velocity of the binormal b as a space curve.
Substituting the already known form of the binormal vector, after some sim-
plifications we obtain that

1) 0 F )
S EOFFOT

We remark that if we do not take the absolute value of the “mixed product”
in the numerator, then the curve makes a right-handed screw if T'(t) > 0,
and a left-handed screw if T'(¢) < 0. In case of screws and winding staircases
this may also be of great importance ...
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16.1.2 Surfaces

Let S be a plane in the space. Let the vector r, be directed to a point of
the plane S. Assume that a and b are two non-parallel plane vectors. It is
known that a vector r directed to an arbitrary point of the plane S can be
given in the form

r =71+ ua+vb,

where u,v € R are suitable numbers. To put it coordinate-wise,

r = xp+uai + vby,
= Yo + uaz + vbs,
z = zy+ uaz+ vbs.

So, we could give any point of the plane S with the aid of three functions of
two variables.
This is generally true. Let

X
P:RZo>-5 R o=|VY |,
Z

where X,Y,Z : R?2 D= R. If Q := D(®) C R?, then for all (u,v) € Q

defines a position vector of a point of the plane. These points define a (two-
parameter) surface. For example, the function @ : [0, 27] x [0, 7] — R3,

3sinv cosu
®(u,v) := | 3sinvsinu
3cosv

is the two-parameter representation of the surface of a sphere with radius
R = 3, centered at the point (0,0,0) (Fig. 16.1).

Let ® : R? D= R3, (ug,v9) € D(®). The curve p : R > R?, p(u) :=
®(u,vp), lying on the surface is called u-parameter curve, while ¢ : R >—
R3, q(v) := ®(ug,v) is called v-parameter curve (Fig. 16.2).

If ® is a smooth function (the partial derivatives of the coordinate functions
X,Y, Z are continuous), then p(ug) and ¢(vg) are tangent vectors of the az
u-parameter curve and the v-parameter curve, and then n := p(ug) x ¢(vo) is
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Figure 16.1

Figure 16.2
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a normal vector to the tangent plane of the surface ® at the point ®(ug,vo).
Since

auX(uO,Uo) avX(’LL(),Uo)
p(ug) = | 9.Y (ug,vo) and  ¢(vo) = | 9Y (ug,v0) |,
BuZ(uo,vo) 81)2(“07’00)

therefore the normal vector of the tangent plane is the determinant

where the partial derivatives are to be evaluated at the point (ug,vp).

Let ® be a smooth surface, and consider the rectangle defined by the points
(u,v), (u+ Au,v), (u+ Au,v+ Av), (u,v+ Av) € D(®). The area of this
rectangle is Au - Av. Then

O (u+ Au,v) — ®(u,v) ~

P
N ==
s
<

O0p X (u,v) ]
0,Y (u,v) | Av=:b,
| 0vZ(u,v) |

D(u,v+ Av) — ®(u,v) =

therefore, the area of the piece of surface, enclosed by the u- and v-parameter
curves, characterized by the “vertices” ®(u,v), ®(u+ Au,v), ®(u+ Au,v +
Av), ®(u,v + Av) can be approximated with the area of a parallelogram,
lying on the tangent plane of the surface at the point ®(u, v), the side vectors
of which are a and b. This area can be expressed by the vector product

[ J k
lla x b|| = ||n]|AvAv = ||| 0.X .Y 0uZ || - Aulw.
WX 0Y 0,7

Partitioning the parameter domain finely enough with straight lines parallel
with the u and v axes, cells of area AuAv are obtained (Fig. 16.3).

The image of a cell is a “curvilinear cell” on the surface, the area of which
has just been calculated. Summing these up, we obtain a sum approximation
of the area of the surface ®:

OuX (u,v) Oy X (u,v)

SN oY (wv) | x| Y (uv) | [|Audv,
u v E)uZ(u,v) 3vZ(u,v)
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Figure 16.3

which, by refining the partition beyond all bounds, tends to the integral of
the surface ® over its domain of definition 2. So, the area of the surface ® is

s::/ 10,® x 9, dudo,
Q

where
OuX Op X
0,®=1 0,Y and 0,o=| 9,V
Ou”Z 0uZ
We can simplify the integrand. Since for the vectors a, b
laxbl* = llal®-[lol* sin® & = [lal|*[[B][*(1 — cos® )
lall®[l]1* = llal®[[]]? cos? e = [lal*[16]]* — ({a, b))?,
therefore

S =/(\|3u‘1’||2H<9v<1’\|2 — ((0.2,0,9))*)"*dudv.
Q

Surface integral of a scalar field

Let ® : R? >~ R3, Q := D(®) be a smooth surface. Assume that to each
point of the surface a real number is assigned, so, let U : R3 > R, D(U) :=
®(£2). Assume that U is continuous. The integral of the “scalar function” U
on the surface ® is defined in the usual manner:

1° We divide the parameter domain 2 into cells of area AuAwv.

2° We take arbitrary points (u/,v’) in the cells.
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3° We prepare the product U(®(u',v")) |0y P X 0, P||AuAv (we multiplied
the value of the function U at a surface point by the approximate area
of the image of the cell of area AuAv).

4° The sum ), > U(®(w, ")) [|0uP X 0, P||Aulv is the approximation
of an integral.

5° The integral of the scalar function U on the surface ® is defined as the
limit of the sum approximations:

P : / ! .
A)U - Mjﬁwozujzvjlf@(u,v)) 19uD x 9, AuAv

= /QU(@(u,v)) || O ® (1, v) X Oy P(u,v)||dudv.

Surface integral of a vector field

Let ® : R? >~ R3, Q := D(®) be a smooth surface. Assume that to each
point of the surface a vector is assigned, that is F' : R? >— R3, D(F) = ®(Q).
Assume that F' is continuous. The integral of the “vector-valued” function F
on the surface ® can be defined in the usual manner:

1° We divide the parameter domain € into cells of area AuAuw.
2° We take arbitrary points (u/,v’) in the cells.
3° We prepare the vector F(®(u/,v")).

4° To the point ®(u,v), belonging to the “vertex” (u,v) of the cell, corre-
sponds a tangent plane, a normal vector of which is

Ou®(u,v) X 0y ®(u,v).

Since the area of the surface element corresponding to the cell of area
AuAv is

AS ~ ||0,P(u, v)Au x 9,P(u, v)Av|| = ||0,P(u, v) X 0,P(u,v)||Aulwv,
therefore the vector
AS = (0, P(u,v) X 0P (u,v))Aulv

is called surface vector. (The length of AS is exactly the area of the
surface element, and its direction is orthogonal to the surface so that
it forms a right-handed system with the vectors p(u), ¢(v).)
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5° We prepare the sum of scalar products
Z Z ), AS).

This is the sum approximation of an integral.

6° The integral of the vector-valued function F' on the surface ® is defined
as the limit of the sum approximations:

/F:: lim ZZ (®(u',v")), 0, P(u, v) x 0y ®(u, v))Aulv
P

Au—0,Av—0

_ /Q<F(<I>(u,v)),8u<1>(u7v) % Dy (1, v))dudy. (16.1)

16.1.3 The nabla symbol

Nabla is a symbolic vector, which expresses partial differentiation with re-
spect to x, y and z. It is denoted as V. It can be used as a vector and can
be employed as a factor in scalar and vector products.

If f: R3 > R is a smooth function, then
O f
gradf =Vf=| 0,f
3 f

(Here f behaves like a scalar multiplier of a vector, however, in an unusual
way it is located behind the vector.)

If f: R?® > R? is a smooth function, then let the sum of the elements in
the main diagonal of the derivative matrix f/(x,y, z) € R3*3 be

din(.T},y, Z) = axfl(x7y7 Z) + any(x7y7 Z) + azf3('7;ay7 Z)

The divergence of f in terms of the nabla vector reads as

divf =(V, [)

(the scalar product of nabla and the vector f).
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If f:R3 D= R3 is a smooth function, then the vector consisting of the
differences of the elements, symmetrical to the main diagonal of the derivative
matrix f/(x,y,z) € R3*3 is called rotation of f, and

any(x7y7z) —0Zf2(:1c7y,z)
rOtf(Ivyaz) = 8zf1('rayvz) - azf3('rayvz)
asz(x7y7z) _ayf1(957y72)

The rotation of f can be expressed in terms of the V vector as
rotf =V x f

(the vector product of nabla and the vector f).

The meaning of gradf was discovered in connection with the directional
derivative, while rotf arose in the topic of the line integral, where the suf-
ficient condition of the existence of a potential was investigated. (divf will
soon appear, t00.) One can see that grad, div and rot are differentiation
operations, which become more transparent with the aid of the V symbol.

V really behaves like a vector. For example, in case of a sufficiently smooth
function f: R? >— R

rot(gradf) =V x (Vf) =0,

since V and V[ are “parallel”. (After performing the tedious derivations we
would get the same result.)

Note that the scalar product of V by itself is known as the Laplacian
operator:

A= (V,V),
that is, if f : R® D= R is a sufficiently smooth scalar function, then
Af = div(gradf) = 02, f + 85, f + 02, f

is called “Laplacian of {”.

16.1.4 Theorems for integral transforms

We are going to generalize the Newton—Leibniz theorem of real functions.
As a consequence of this theorem, if a function f : R D— R is continuously
differentiable, then

b
/ £ = £(b) - f(a),

which means that the integral of the function f on the set [a,b] is equal to
the change of the function on the boundary of the set.
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The first generalization is as follows:

Let ® : R? > R? be a smooth surface, bounded by an oriented curve
r : R > R® (r should be positively oriented from the viewpoint of the
surface vectors).

Theorem 16.1 (Stokes’ theorem). If F : R* D= R3 is a smooth vector

function, then
/rotF: /F7
P T

that 1is, the surface integral of rotF (here a differential operator has been
applied to the function F) is equal to the line integral of F' on the boundary
of the surface.

The second generalization is as follows:
Let ® : R? >— R? be a closed, smooth surface, enclosing the space V' C R?
(the surface vectors are oriented “outwards”).

Theorem 16.2 (Gauss’ theorem). If F : R? > R3 is a smooth vector

function, then
/divF:/R
v @

that is, when integrating the function divF on the space domain V (here
another differential operator has been applied to the function F), this integral
can be given as a surface integral on the boundary of the space domain.

16.2 Exercises

cost
1. Consider the helix 7 : [0,67] — R3, r(¢) :== | sint |. At the parameter
t

s

point tg := 7 calculate

a) the vectors t, f,b of the accompanying trieder,

b) the curvature G(ty), and the radius R(tg) of the osculating circle,
¢) the torsion T'(to).

Calculate the length of the helix.
2. Consider the spherical surface
3sinwvcosu

@ : [0,27] x [0,7] = R®, ®(u,v) := | 3sinvsinu
3cosv
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Give the u- and v-parameter curves p : [0,27] — R?, p(u) := ®(u, §) and
q:[0,7] = R3, g(v) := ®(0,v) for the parameter values (ug,vo) := (0, Z)-
(What would they mean on the surface of the Earth?)

Give the equation of the tangent plane corresponding to the parameter
values (ug,vo) := (5, %5). (What angle does it enclose with the plane of
the Equator?)

3. Calculate the area of the previous surface ®(u,v) over the parameter do-
main

Q::{(u7v)|OSU§

4. Show that the area of the smooth function f : [a,b] X [¢,d] — R as a
surface is given by the integral

/cd (/ab \/1 + [0nf(z,9)]2 + [ayf(x,y)PdI> dy.

Solution: Define the surface as the two-parameter function

x
®:[a,b] x [¢,d] = R3 ®(x,y) = Yy
fz,y)
1 0
0P (z,y) = 0 , Oy®(z,y) = 1 ,
9. f(2,y) Oy f(z,y)

10:@(, ) 1* = 1+ [Baf (., 9)]%, 0@ (x,)|* =1+ [0, f(z,y)]%,
(0:@(2,y), 0y ®(x,y)))* = (0 f (x,y) - Oy f (x,1))?,
10:2[1* - 8, ®* — (02®,0,8)* =1 + (8=)* + (9, /)*.
The latter implies the statement.
u+v ]
5 Let @ : [0,1] x [0,1] — R3, ®(u,v) := | u—v |, and U : R® — R,

u
U(z,y,z) :=x +y + z. Calculate the surface integ-ral JoU.

6. Let -~

U+ v
®:[0,1] x [0,1] = R, d(u,v):=| u—v |,
u
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and
Y
F:R®* = R3 F(z,y,2):=| z
z
Calculate the surface integral [ F'.
7. Consider the “upper hemisphere”
COS U COS U
@ :[0,27] x [0,7/2] = R?, ®(u,v) := | cosvsinu
sinv
and its boundary curve
cost
r:[0,27] — R3, r(t) := | sint
0
x2y
Let F:R® = R3 F(z,y,2) := | yz | bea vector function. Check the
z
validity of Stokes’ theorem.
Solution:
i j k
rOtF(x7yaz) =Vx F(ac,y,z) = |0 ay 0.
22 yz 2
=i(0—y) — (0~ 0) + k(0 — 2?),
—y —cosvsinu
so rotF(z,y,2) = 0 , Tot F(®(u,v)) = 0
—a? —(cos v cos u)?
—cosvsinu —sinvcosu
0, P(u,v) = cosvcosu |, Op®(u,v) = | —sinvsinu |,
0 cos v
i J k
Ou®P(u,v) X Opy®(u,v) =| —cosvsinu cosvcosu 0
—sinvcosu —sinvsinu cosv

= i(cos® v cos u) — j(—cos? v sin u) +k(cos v sin v sin*u+cos v sin v cos?w)

cos? v cosu
= | cos?vsinu |,

cos v sinv
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and these vectors are oriented “outwards”.

The left-hand side of Stokes’ theorem:

/ rotF :/ (rot F(®(u, v)), 0, P(u, v) x 0,®(u,v))dudv
P [0,27] x[0,7/2]

on( pmxj2/] —cosvsinu cos? v cos u
:/ / < 0 , | cos? vsinwu >dv du
0 0 —cos?vcos?u cosvsinv
27 w/2
= / (/ (— cos® vsinu cosu — cos® vsin v cos® u)dv) du.
0 0

Since

/— cos® vdv = —/COS v(1 — sin® v)dv
/ sin® v

cosvdv+/sin2vcosvdv=—sinv+ 3

therefore
w/2 :3 /2 92
/ — cos® vdv = {sianrsm U} = __
0 3 1, 3
On the other hand,
/2 4 /2 1
/ cos® v(—sinv)dv = [COS U} =——.
0 4 ], 4

By exploiting all this,

27 2
/rotF :/ sinu cos u - <—) +cos?u - <—> du

B 2[51112ur7T 1/2”1+cos2udu
302 |, 4/ 2
101 sin 2u]? us

‘4{2“ i L e

o
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The right-hand side of Stokes’ theorem is a line integral:
cos? tsint —sint
> a

/TF = /027r(F(r(t)),7"(t)>dt —/02ﬁ< 8 , coost

27 2 27
2 1 — cos 4t
:/ fCOSQtsithdt:/ _sm dt:/ ST g
0 0 4 0 8

_[ lt sin4trﬂ_ T

st |, T T

So, in this example

2

T

rotF:/F:ff.

Jyor = [P =3
-y

8. Consider the vector function F : R3 — R3, F(z,y,2) = | yz
z

Let
Vi={(z,y,2) €R® |2® +y*+2* < R?}

be a sphere of radius R, centered at the origin, which is bounded by the
surface

Rcosvcosu

®:[0,2n7] x [-7/2,7/2] = R3, ®(u,v):= | Rcosvsinu
Rsinwv

Check the validity of Gauss’ theorem.

Solution:
divF(z,y,2) =(V,F)(z,y,z) = 8m(x2y)+0y(yz)+8z(z) =2zxy+z+1.

The left-hand side of Gauss’ theorem:
/ divF = / (2zy + z + 1)dzdydz.
1% 1%

For the calculation of the integral it is convenient to perform polar trans-
formation. Let

T COSV COS U
W : (0,27 x [1/2,7/2] x [0, R] — R®, W(u,v,7):= | rcosvsinu

rsinv
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U is a one-to-one correspondence between T' := [0, 27| x [7/2,7/2] % [0, R]
and the sphere V. Calculate the determinant of the derivative of the
substituting function:

—rcosvsinu —rsinvcosu COSVCOSU
det ¥'(u,v) =| rcosvcosu —rsinvsinu cosvsinu
0 T COS vV sinv

2 2 2

= —rcosv(—rcos? vsin® u — r cos® v cos? u)

+ sinv(r? cos v sin v sin? u + 2 cos v sin v cos? u)

= ’I“QCOS’U.

Since v € [—%, 5], therefore | det ¥’ (u, v)| = r? cos v. By exploiting this,

/ (2zy + z + 1)dadydz
v

27 /2 R

:/ (/ (/ (2(r cos v cos u) (1 cos v sinu) +r sin v+1)r? cos vd7> dv) du
0 —n/2 \Jo
27 /2 R

:/ / /(2r4 cos® v cos usinu 4 73 sin v cos v + r% cosv)dr | dv | du
0 —n/2 \Jo

27 /2 ) 1 1
:/ / <R5 cos® vcosusinu + ZR4 sinwvcosv + gRS cos v) dv | du.
0 —m/2

By Exercise 7,

/71'/2 3 |: . Sin3vj|7r/2 4
cos’ vdv = |sinv — = —.
_71—/2 3 7_“_/2 3

/2 .9 q7m/2 7/2
/ sinwv cosvdv = [Sm U} =0 ¢és / cosvdv = 2.
/2

—m/2 - —m/2

By continuing the integration:

27 ) 27
4 2 . . 1 4, 2 4 8 5 |sin“u AT _a
— = S - — du= —R —R
/0 {3 5R cosus1nu+4R +3R} u=15 >, + 3
47
= R3.
3

The right-hand side of Gauss’ theorem is a surface integral:

/F :/ (F(®(u,v)), 0u,P(u,v) X 0,P(u,v))dudv.
o (0.27] %[~ %, 5]
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—Rcosvsinu —Rsinvcosu

0u®(u,v) = | Rcosvcosu |, O0,P(u,v)=| —Rsinvsinu
0 Rcosv
[ J k
Ou®(u,v) X 0,®(u,v) = | —Rcosvsinu Rcosvcosu 0

—Rsinvcosu —Rsinvsinu Rcosv

= i(R? cos® veosu) — j(—R? cos® vsinu)

+ k(R? cosvsinvsin® u + R? cos v sin v cos? u)
R?cos?vcosu

= | RZ%cos?vsinu

R2 cosvsinw

[ (Rcoswvcosu)?(Rcosvsinu)
F(®(u,v)) = (Rcosvsinu)(Rsinv)

Rsinwv

By using these functions,

R3 cos® vecos? usinu R2 cos?vcosu
dudv

/F:/ < R%cosvsinvsinu |, | R%2cos?vsinu
® (0.27] [~ %, 3] Rsinv R? cosvsinwv

27 /2

5 5 . . . .

:/ (/ (R® cos®v cos®u sin u+ R*cos® v sin v sin?u+ R sin” v cos v)dv) du.
0 —m/2

We calculate the integral of each term:

/0055 vdv = /(1 —sin?v) cos® vdv = /cos?’ vdv — /0053 vsin? vdv.

. . e )
From Exercise 7 we have f cos® vdv = sinv — %

/cos3 vsin® vdv = /(0083 vsinw) sinvdv

cos*v | cos* v
= — sinv— | — cos vdv
4 4

1 1
~1 cos4vsinv+z/cos5 vdo.
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After rearrangement of the results we obtain

.3
5 5 1 1
/cos‘) vdv = sinv — S v + = cos*vsinv — 7/0085 vdo,
3 4 4
5 infv 1
Z/Cosf’ vdv = sinv — SH; v + Zcos‘lvsinv,
/”/2 ; 4 [ s 1, r” 44 16
cos’vdv = = |sinwv — + = cos* vsinv =—--=—.
— 5 3 4 —ap 0 3 15

Thus we have

/2
/ (RS cos® v cos® usinu + R* cos® vsinvsin® u + R? sin® v cos v)dv
—m/2

16 4 w/2 .3 /2
= RS cos® usinu + R* sin? [COS U} 4R [sm v}

15 4 1 3 1 ap
= %RE’ cos® usinu + gRB.
Finally,
/27r <16R5 cos® usin u + 2R3> du
0 15 3
- Eg}f <C°S44“> + §R3u] ZW = %”RB.
So,

/disz/F:i”RS.
v @ 3



