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❋❧♦✇s⋆

❚❛♠ás ❑✐rá❧②1⋆⋆✱ ▲❛♣ ❈❤✐ ▲❛✉2⋆ ⋆ ⋆✱ ❛♥❞ ▼♦❤✐t ❙✐♥❣❤3†

1 ▼❚❆✲❊▲❚❊ ❊❣❡r✈ár② ❘❡s❡❛r❝❤ ●r♦✉♣✱ ❉❡♣t✳ ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ❊öt✈ös
▲♦rá♥❞ ❯♥✐✈❡rs✐t②✱ ❇✉❞❛♣❡st✳ t❦✐r❛❧②❅❝s✳❡❧t❡✳❤✉

2 ❉❡♣t✳ ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ❚❤❡ ❈❤✐♥❡s❡ ❯♥✐✈❡rs✐t② ♦❢ ❍♦♥❣
❑♦♥❣✳ ❝❤✐❅❝s❡✳❝✉❤❦✳❡❞✉✳❤❦

3 ❙❝❤♦♦❧ ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ▼❝●✐❧❧ ❯♥✐✈❡rs✐t② ❛♥❞ ▼✐❝r♦s♦❢t ❘❡s❡❛r❝❤✱ ❘❡❞♠♦♥❞✳
♠♦❤✐t❅❝s✳♠❝❣✐❧❧✳❝❛

❆❜str❛❝t✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ r❡❧❛t❡❞ ♣r♦❜❧❡♠s✱ t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞

❉❡❣r❡❡ ▼❛tr♦✐❞ ❇❛s✐s ♣r♦❜❧❡♠ ❛♥❞ t❤❡▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡

❙✉❜♠♦❞✉❧❛r ❋❧♦✇ ♣r♦❜❧❡♠✳ ❚❤❡ ✜rst ♣r♦❜❧❡♠ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡
▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠✿ ❲❡ ❛r❡ ❣✐✈❡♥ ❛
♠❛tr♦✐❞ ❛♥❞ ❛ ❤②♣❡r❣r❛♣❤ ♦♥ ✐ts ❣r♦✉♥❞ s❡t ✇✐t❤ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s
f(e) ≤ g(e) ❢♦r ❡❛❝❤ ❤②♣❡r❡❞❣❡ e✳ ❚❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛ ♠✐♥✐♠✉♠ ❝♦st
❜❛s✐s ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛t ❧❡❛st f(e) ❛♥❞ ❛t ♠♦st g(e) ❡❧❡♠❡♥ts ❢r♦♠ ❡❛❝❤
❤②♣❡r❡❞❣❡ e✳ ■♥ t❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ ❛ s✉❜♠♦❞✉❧❛r ✢♦✇ ♣r♦❜❧❡♠✱
❛ ❧♦✇❡r ❜♦✉♥❞ f(v) ❛♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ g(v) ❢♦r ❡❛❝❤ ♥♦❞❡ v✱ ❛♥❞ t❤❡
t❛s❦ ✐s t♦ ✜♥❞ ❛ ♠✐♥✐♠✉♠ ❝♦st ✵✲✶ s✉❜♠♦❞✉❧❛r ✢♦✇ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧
❝♦♥str❛✐♥t t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ ✐♥❝♦♠✐♥❣ ❛♥❞ ♦✉t❣♦✐♥❣ ✢♦✇ ❛t ❡❛❝❤ ♥♦❞❡
v ✐s ❜❡t✇❡❡♥ f(v) ❛♥❞ g(v)✳ ❇♦t❤ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ ◆P✲❤❛r❞ ✭❡✈❡♥
t❤❡ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠s ❛r❡ ◆P✲❝♦♠♣❧❡t❡✮✱ ❜✉t ✇❡ s❤♦✇ t❤❛t t❤❡② ❝❛♥ ❜❡
❛♣♣r♦①✐♠❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳ ▲❡t ♦♣t ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥✳ ❋♦r t❤❡ ✜rst ♣r♦❜❧❡♠ ✇❡ ❣✐✈❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ✜♥❞s ❛ ❜❛s✐sB ♦❢
❝♦st ♥♦ ♠♦r❡ t❤❛♥ ♦♣t s✉❝❤ t❤❛t f(e)−2∆+1 ≤ |B∩e| ≤ g(e)+2∆−1
❢♦r ❡✈❡r② ❤②♣❡r❡❞❣❡ e✱ ✇❤❡r❡ ∆ ✐s t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ❤②♣❡r✲
❣r❛♣❤✳ ■❢ t❤❡r❡ ❛r❡ ♦♥❧② ✉♣♣❡r ❜♦✉♥❞s ✭♦r ♦♥❧② ❧♦✇❡r ❜♦✉♥❞s✮✱ t❤❡♥ t❤❡
✈✐♦❧❛t✐♦♥ ❝❛♥ ❜❡ ❞❡❝r❡❛s❡❞ t♦ ∆ − 1✳ ❋♦r t❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✇❡ ❝❛♥
✜♥❞ ❛ ✵✲✶ s✉❜♠♦❞✉❧❛r ✢♦✇ ♦❢ ❝♦st ❛t ♠♦st ♦♣t ✇❤❡r❡ t❤❡ s✉♠ ♦❢ t❤❡
✐♥❝♦♠✐♥❣ ❛♥❞ ♦✉t❣♦✐♥❣ ✢♦✇ ❛t ❡❛❝❤ ♥♦❞❡ v ✐s ❜❡t✇❡❡♥ f(v) − 1 ❛♥❞
g(v) + 1✳ ❚❤❡s❡ r❡s✉❧ts ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦✲
r✐t❤♠s ❢♦r s❡✈❡r❛❧ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❞❡❣r❡❡ ❝♦♥✲
str❛✐♥ts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ▼✐♥✐♠✉♠ ❈r♦ss✐♥❣ ❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠✱
t❤❡▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ❯♥✐♦♥ ♣r♦❜❧❡♠✱ t❤❡
▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❉✐r❡❝t❡❞ ❈✉t ❈♦✈❡r ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡
▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ●r❛♣❤ ❖r✐❡♥t❛t✐♦♥ ♣r♦❜❧❡♠✳

⋆ ❆ ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ❛♣♣❡❛r❡❞ ✐♥ t❤❡ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✸t❤ ■♥t❡r✲
♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ■♥t❡❣❡r Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❛❧ ❖♣t✐♠✐③❛t✐♦♥✳

⋆⋆ ❘❡s❡❛r❝❤ s✉♣♣♦rt❡❞ ❜② ❣r❛♥ts ◆❋Ü ❈❑✽✵✶✷✹ ❢r♦♠ t❤❡ ❍✉♥❣❛r✐❛♥ ❘❡s❡❛r❝❤ ❛♥❞
❚❡❝❤♥♦❧♦❣② ■♥♥♦✈❛t✐♦♥ ❋✉♥❞✱ ❛♥❞ ❚➪▼❖P ✹✳✷✳✶✳✴❇✲✵✾✴❑▼❘✲✷✵✶✵✲✵✵✵✸✳

⋆ ⋆ ⋆ ❘❡s❡❛r❝❤ s✉♣♣♦rt❡❞ ❜② ❍♦♥❣ ❑♦♥❣ ❘●❈ ❣r❛♥t ✹✶✸✻✵✾✳
† ❘❡s❡❛r❝❤ s✉♣♣♦rt❡❞ ❜② ◆❙❊❘❈ ❉✐s❝♦✈❡r② ❣r❛♥t✳
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✶ ■♥tr♦❞✉❝t✐♦♥

❲❡ ❝♦♥s✐❞❡r ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❞❡❣r❡❡ ❝♦♥str❛✐♥ts✱ ❢♦r
✇❤✐❝❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ❛❧r❡❛❞② ◆P✲❝♦♠♣❧❡t❡✳ ❖♥❡ ❛♣✲
♣r♦❛❝❤ t♦ ❞❡❛❧ ✇✐t❤ t❤❡s❡ ♣r♦❜❧❡♠s ✐s t♦ ❛❧❧♦✇ ❛ s❧✐❣❤t ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡
❝♦♥str❛✐♥ts✱ ❛♥❞ ✜♥❞ ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s r❡❧❛①❛t✐♦♥ t❤❛t ❤❛s s♠❛❧❧ ❝♦st✳ ❆ ♣r✐♠❡
❡①❛♠♣❧❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡

♣r♦❜❧❡♠✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉♣♣❡r ✭❛♥❞ ♣♦ss✐❜❧② ❧♦✇❡r✮ ❜♦✉♥❞s ♦♥ t❤❡ ❞❡❣r❡❡ ♦❢
t❤❡ s♣❛♥♥✐♥❣ tr❡❡ ❛t ❡❛❝❤ ♥♦❞❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ◆P✲
❝♦♠♣❧❡t❡ s✐♥❝❡ ✐t ✐♥❝❧✉❞❡s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤ ♣r♦❜❧❡♠✳ ●♦❡♠❛♥s ❬✾❪ s❤♦✇❡❞
t❤❛t ✐❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ♦♣t✱ t❤❡♥ ♦♥❡ ❝❛♥ ✜♥❞ ✐♥ ♣♦❧②♥♦♠✐❛❧
t✐♠❡ ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦❢ ❝♦st ❛t ♠♦st ♦♣t t❤❛t ✈✐♦❧❛t❡s t❤❡ ❞❡❣r❡❡ ❜♦✉♥❞s ❜② ❛t
♠♦st ✷✳ ❯s✐♥❣ t❤❡ ✐t❡r❛t✐✈❡ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ♠❛✐♥ t❡❝❤♥✐q✉❡
✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ❙✐♥❣❤ ❛♥❞ ▲❛✉ ❬✶✹❪ ❣❛✈❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ✜♥❞s ❛ s♣❛♥♥✐♥❣
tr❡❡ ♦❢ ❝♦st ❛t ♠♦st ♦♣t t❤❛t ✈✐♦❧❛t❡s t❤❡ ❜♦✉♥❞s ❜② ❛t ♠♦st ✶✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s
♣❛♣❡r ✐s t♦ ♦❜t❛✐♥ s✐♠✐❧❛r r❡s✉❧ts ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s✳

✶✳✶ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ▼❛tr♦✐❞ ❇❛s✐s

❚❤❡ ✜rst ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ✐s t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ▼❛tr♦✐❞

❇❛s✐s ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡

❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠✳ ❲❡ ❛r❡ ❣✐✈❡♥ ❛ ♠❛tr♦✐❞ M = (V, I)✱ ❛ ❝♦st ❢✉♥❝t✐♦♥
c : V → R✱ ❛ ❤②♣❡r❣r❛♣❤ H = (V,E)✱ ❛♥❞ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s f(e) ❛♥❞ g(e)
❢♦r ❡❛❝❤ ❤②♣❡r❡❞❣❡ e ∈ E(H)✳ ❚❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛ ❜❛s✐s B ♦❢ ♠✐♥✐♠✉♠ ❝♦st
s✉❝❤ t❤❛t f(e) ≤ |B ∩ e| ≤ g(e) ❢♦r ❡❛❝❤ ❤②♣❡r❡❞❣❡ e ∈ E(H)✳ ❖♥❡ ♠♦t✐✈❛t✐♦♥
❢♦r ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠❛tr♦✐❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✇❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ♣♦s❡❞ ❜②
❋r✐❡③❡ ❬✽❪✿ ✏●✐✈❡♥ ❛ ❜✐♥❛r② ♠❛tr♦✐❞ MA ♦✈❡r t❤❡ ❝♦❧✉♠♥s ♦❢ ❛ 0, 1✲♠❛tr✐① A ❛♥❞
❜♦✉♥❞s gi ❢♦r ❡❛❝❤ r♦✇ i ♦❢ A✱ ✜♥❞ ❛ ❜❛s✐s B ♦❢ ♠❛tr♦✐❞ MA s✉❝❤ t❤❛t t❤❡r❡ ❛r❡
❛t ♠♦st gi ♦♥❡s ✐♥ ❛♥② r♦✇ ❛♠♦♥❣ ❝♦❧✉♠♥s ✐♥ B✑✳

❆ ♣r♦❜❧❡♠ s✐♠✐❧❛r t♦ ♦✉rs ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ r❡❝❡♥t❧② ❜② ❈❤❛✉❞❤✉r✐ ❡t ❛❧✳
❬✹❪✳ ❚❤❡ r❡s✉❧ts ✇❡ ❣✐✈❡ ✐♥ t❤✐s ♣❛♣❡r ✐♠♣r♦✈❡ t❤❡✐r ❛♣♣r♦①✐♠❛t✐♦♥ ❣✉❛r❛♥t❡❡s✳
❖✉r ✜rst ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✶✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠

❇♦✉♥❞❡❞ ❉❡❣r❡❡ ▼❛tr♦✐❞ ❇❛s✐s ♣r♦❜❧❡♠ ✇❤✐❝❤ r❡t✉r♥s ❛ ❜❛s✐s B ♦❢ ❝♦st
❛t ♠♦st ♦♣t s✉❝❤ t❤❛t f(e) − 2∆ + 1 ≤ |B ∩ e| ≤ g(e) + 2∆ − 1 ❢♦r ❡❛❝❤
e ∈ E(H)✱ ✇❤❡r❡ ∆ = maxv∈V |{e ∈ E(H) : v ∈ e}| ✐s t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢
t❤❡ ❤②♣❡r❣r❛♣❤ H ❛♥❞ ♦♣t ✐s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s ❛❧❧
t❤❡ ❞❡❣r❡❡ ❝♦♥str❛✐♥ts✳

❚❤✐s t❤❡♦r❡♠ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐❢ ♦♥❧② ✉♣♣❡r ❜♦✉♥❞s ✭♦r ♦♥❧② ❧♦✇❡r ❜♦✉♥❞s✮
❛r❡ ♣r❡s❡♥t✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♠♣r♦✈❡♠❡♥t ✉s❡s ❛ t❡❝❤♥✐q✉❡ ♦❢ ❇❛♥s❛❧ ❡t ❛❧✳ ❬✷❪✱
✇❤♦ ✇♦r❦❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ t❤❡ ▼✐♥✐♠✉♠ ❈r♦ss✐♥❣ ❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜✲
❧❡♠ ❛♥❞ ♦❜t❛✐♥❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦r t❤❛t s♣❡❝✐❛❧ ❝❛s❡✳



✸

❚❤❡♦r❡♠ ✷✳ ❲❤❡♥ ♦♥❧② ✉♣♣❡r ❜♦✉♥❞s ❛r❡ ♣r❡s❡♥t✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧
t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ▼❛tr♦✐❞ ❇❛s✐s ♣r♦❜❧❡♠
✇❤✐❝❤ r❡t✉r♥s ❛ ❜❛s✐s B ♦❢ ❝♦st ❛t ♠♦st ♦♣t ❛♥❞ |B ∩ e| ≤ g(e) +∆− 1 ❢♦r ❡❛❝❤
e ∈ E(H)✳ ❲❤❡♥ ♦♥❧② ❧♦✇❡r ❜♦✉♥❞s ❛r❡ ♣r❡s❡♥t✱ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s ❛ ❜❛s✐s B
♦❢ ❝♦st ♦♣t ❛♥❞ |B ∩ e| ≥ f(e)−∆+ 1 ❢♦r ❡❛❝❤ e ∈ E(H)✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤✐s ❞♦❡s ♥♦t ♠❛t❝❤ t❤❡ r❡s✉❧t ♦❢ ❙✐♥❣❤ ❛♥❞ ▲❛✉
❬✶✹❪ ♦♥ ♠✐♥✐♠✉♠ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ s♣❛♥♥✐♥❣ tr❡❡s✱ s✐♥❝❡ t❤❛t r❡s✉❧t ❣✉❛r❛♥t❡❡s ❛
✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡ ❜♦✉♥❞s ❜② ❛t ♠♦st 1 ❡✈❡♥ ✇❤❡♥ ❜♦t❤ ✉♣♣❡r ❛♥❞ ❧♦✇❡r
❜♦✉♥❞s ❛r❡ ♣r❡s❡♥t✳ ❲❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✸ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s
t❤❛t s✉❝❤ ❛ r❡s✉❧t ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❣❡♥❡r❛❧ ♠❛tr♦✐❞s ❜② ❝✉rr❡♥t t❡❝❤♥✐q✉❡s✳

✶✳✷ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙✉❜♠♦❞✉❧❛r ❋❧♦✇

❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡✲

❣r❡❡ ❙✉❜♠♦❞✉❧❛r ❋❧♦✇ ♣r♦❜❧❡♠✳ ●✐✈❡♥ ❛ ✜♥✐t❡ ❣r♦✉♥❞ s❡t V ✱ t✇♦ s✉❜s❡ts
X ❛♥❞ Y ❛r❡ ❝❛❧❧❡❞ ❝r♦ss✐♥❣ ✐❢ ♥♦♥❡ ♦❢ X ∩ Y ✱ V \ (X ∪ Y )✱ Y \X✱ ❛♥❞ X \ Y ✐s
❡♠♣t②✳ ❆ s❡t ❢✉♥❝t✐♦♥ b : 2V → Z ∪ {+∞} ✐s ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r ✐❢ ✐t s❛t✐s✜❡s
t❤❡ ✐♥❡q✉❛❧✐t②

b(X) + b(Y ) ≥ b(X ∩ Y ) + b(X ∪ Y )

❢♦r ❛♥② ❝r♦ss✐♥❣ X ❛♥❞ Y ✳ ■♥ t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙✉❜♠♦❞✉❧❛r

❋❧♦✇ ♣r♦❜❧❡♠ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❞✐❣r❛♣❤ D = (V,E)✱ ❛ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r s❡t
❢✉♥❝t✐♦♥ b : 2V → Z ∪ {+∞}✱ ♥♦❞❡ s❡ts Vf ⊆ V ❛♥❞ Vg ⊆ V ✱ ❛♥❞ ❢✉♥❝t✐♦♥s
f : Vf → Z+ ❛♥❞ g : Vg → Z+✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❢♦r t❤❡
s❡t ♦❢ ❛r❝s ❡♥t❡r✐♥❣ ♦r ❧❡❛✈✐♥❣ ❛ ♥♦❞❡ s❡t✿

δin(X) = {uv ∈ E : u /∈ X, v ∈ X},

δout(X) = {uv ∈ E : u ∈ X, v /∈ X},

δ(X) = δin(X) ∪ δout(X).

■❢ F ⊆ E ✐s ❛♥ ❛r❝ s❡t ❛♥❞ x : E → R ✐s ❛ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❛r❝s✱ t❤❡♥ ✇❡ ✉s❡
t❤❡ ♥♦t❛t✐♦♥ x(F ) =

∑

e∈F x(e)✳ ❆ ❞❡❣r❡❡✲❝♦♥str❛✐♥❡❞ ✵✲✶ s✉❜♠♦❞✉❧❛r ✢♦✇ ✐s ❛
✈❡❝t♦r x ∈ E → {0, 1} ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

x(δin(X))− x(δout(X)) ≤ b(X) ❢♦r ❡✈❡r② X ⊆ V , ✭✶✮

x(δ(v)) ≥ f(v) ❢♦r ❡✈❡r② v ∈ Vf , ✭✷✮

x(δ(v)) ≤ g(v) ❢♦r ❡✈❡r② v ∈ Vg. ✭✸✮

■❢ Vf = Vg = ∅✱ t❤❡♥ t❤✐s ✐s t❤❡ ✇❡❧❧✲st✉❞✐❡❞ s✉❜♠♦❞✉❧❛r ✢♦✇ ♣r♦❜❧❡♠✱ ✐♥tr♦❞✉❝❡❞
❜② ❊❞♠♦♥❞s ❛♥❞ ●✐❧❡s ❬✻❪✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ❢♦r ✜♥❞✐♥❣ ❛
❢❡❛s✐❜❧❡ s✉❜♠♦❞✉❧❛r ✢♦✇✱ ♦r ❡✈❡♥ ❛ ♠✐♥✐♠✉♠ ❝♦st s✉❜♠♦❞✉❧❛r ✢♦✇ ❢♦r ❛ ❧✐♥❡❛r
❝♦st ❢✉♥❝t✐♦♥✱ ❛s ❧♦♥❣ ❛s t❤❡r❡ ✐s ❛♥ ❡✣❝✐❡♥t ♦r❛❝❧❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❢✉♥❝t✐♦♥ b
♦♥ ❛♥② s✉❜s❡t X ⊆ V ✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡ ❝♦♥str❛✐♥ts (2) ❛♥❞
(3) ♠❛❦❡s t❤❡ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠ ◆P✲❝♦♠♣❧❡t❡✱ ❛s ✇❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❖✉r
s❡❝♦♥❞ ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿



✹

❚❤❡♦r❡♠ ✸✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠

❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙✉❜♠♦❞✉❧❛r ❋❧♦✇ ♣r♦❜❧❡♠ ✇❤✐❝❤ r❡t✉r♥s ❛ ✵✲✶ s✉❜♠♦❞✲
✉❧❛r ✢♦✇ ♦❢ ❝♦st ❛t ♠♦st ♦♣t t❤❛t ✈✐♦❧❛t❡s ❡❛❝❤ ❞❡❣r❡❡ ❝♦♥str❛✐♥t ❜② ❛t ♠♦st
♦♥❡✱ ✇❤❡r❡ ♦♣t ✐s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s ❛❧❧ t❤❡ ❞❡❣r❡❡
❝♦♥str❛✐♥ts✳

■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ s❤♦✇ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts✳ ❚❤❡♥ ✇❡ ♣r❡s❡♥t
t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ❛♥❞ s♦♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❛r❞♥❡ss r❡s✉❧ts ✐♥ ❙❡❝✲
t✐♦♥ ✸ ❢♦r t❤❡ ♠❛tr♦✐❞ ♣r♦❜❧❡♠ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❢♦r t❤❡ s✉❜♠♦❞✉❧❛r ✢♦✇ ♣r♦❜❧❡♠✳

✷ ❆♣♣❧✐❝❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❤✐❣❤❧✐❣❤t s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts✳

✷✳✶ ▼✐♥✐♠✉♠ ❈r♦ss✐♥❣ ❙♣❛♥♥✐♥❣ ❚r❡❡

■♥ t❤❡ ▼✐♥✐♠✉♠ ❈r♦ss✐♥❣ ❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❣r❛♣❤
G = (V,E) ✇✐t❤ ❡❞❣❡ ❝♦st ❢✉♥❝t✐♦♥ c✱ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝✉ts ✭❡❞❣❡ s✉❜s❡ts✮
C = {C1, . . . , Cm} ❛♥❞ ❜♦✉♥❞ gi ❢♦r ❡❛❝❤ ❝✉t Ci✳ ❚❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛ tr❡❡ T
♦❢ ♠✐♥✐♠✉♠ ❝♦st s✉❝❤ t❤❛t T ❝♦♥t❛✐♥s ❛t ♠♦st gi ❡❞❣❡s ❢r♦♠ ❝✉t Ci✳ ❙❡❡ ❬✸❪ ❢♦r
✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ❚❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥✲

♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠ ✐s t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ C = {δ(v) : v ∈ V }✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✹ ✭s❡❡ ❛❧s♦ ❬✷❪✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✷✳ ◆♦t❡ t❤❛t
d = 2 ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠✳

❈♦r♦❧❧❛r② ✶✳ ❬✷❪ ❚❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠

❈r♦ss✐♥❣ ❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠ t❤❛t r❡t✉r♥s ❛ tr❡❡ T ✇✐t❤ ❝♦st ❛t ♠♦st ♦♣t
❛♥❞ s✉❝❤ t❤❛t T ❝♦♥t❛✐♥s ❛t ♠♦st gi + d− 1 ❡❞❣❡s ❢r♦♠ ❝✉t Ci ❢♦r ❡❛❝❤ i ✇❤❡r❡
d = maxe∈E |{i : e ∈ Ci}|✳ ❍❡r❡ ♦♣t ✐s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤
s❛t✐s✜❡s ❛❧❧ t❤❡ ❝✉t ❝♦♥str❛✐♥ts✳

Pr♦♦❢✳ ▲❡t M = (E, I) ❞❡♥♦t❡ t❤❡ ❣r❛♣❤✐❝ ♠❛tr♦✐❞ ♦✈❡r t❤❡ ❣r❛♣❤ G✳ ❚❤❡ ❤②✲
♣❡r❣r❛♣❤ H ✐s ❞❡✜♥❡❞ ✇✐t❤ V (H) = E(G) ❛♥❞ E(H) = {Ci : 1 ≤ i ≤ m}✳ ◆♦t❡
t❤❛t ∆ = maxv∈V (H) |{e ∈ E(H) : v ∈ e}| = maxe∈E(G) |{Ci : e ∈ Ci}| = d✳ ❙♦✱
✉s✐♥❣ ❚❤❡♦r❡♠ ✷✱ ✇❡ ♦❜t❛✐♥ ❛ ❜❛s✐s T ♦❢ ♠❛tr♦✐❞ M ✭✇❤✐❝❤ ✐s ❛ s♣❛♥♥✐♥❣ tr❡❡✮✱
s✉❝❤ t❤❛t |T ∩ Ci| ≤ gi + d− 1 ❢♦r ❡✈❡r② i ∈ {1, . . . ,m}✳ ⊓⊔

✷✳✷ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞✲❖♥❡s ❇✐♥❛r② ▼❛tr♦✐❞ ❇❛s✐s

❋♦r t❤❡▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞✲❖♥❡s ❇✐♥❛r② ▼❛tr♦✐❞ ❇❛s✐s ♣r♦❜❧❡♠ ♣♦st❡❞ ❜②
❋r✐❡③❡ ❬✽❪✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❜✐♥❛r② ♠❛tr♦✐❞ MA ♦✈❡r t❤❡ ❝♦❧✉♠♥s ♦❢ ❛ 0, 1✲♠❛tr✐①
A ❛♥❞ ❜♦✉♥❞s gi ❢♦r ❡❛❝❤ r♦✇ i ♦❢ A✳ ❚❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛ ♠✐♥✐♠✉♠ ❝♦st ❜❛s✐s B
♦❢ ♠❛tr♦✐❞ MA s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ ❛t ♠♦st gi ♦♥❡s ✐♥ ❛♥② r♦✇ ❛♠♦♥❣ ❝♦❧✉♠♥s
✐♥ B✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✷✳

✹ ■♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✇♦r❦ ✐♥ ❬✷❪✱ ✇❡ ♦❜t❛✐♥❡❞ ❈♦r♦❧❧❛r② ✶ ✇✐t❤ ❛ ✇❡❛❦❡r ❜♦✉♥❞ ✉s✐♥❣
❚❤❡♦r❡♠ ✶✳



✺

❈♦r♦❧❧❛r② ✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠

❇♦✉♥❞❡❞✲❖♥❡s ❇✐♥❛r② ▼❛tr♦✐❞ ❇❛s✐s ♣r♦❜❧❡♠ ✇❤✐❝❤ r❡t✉r♥s ❛ ❜❛s✐s B ♦❢
❝♦st ❛t ♠♦st ♦♣t s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ ❛t ♠♦st gi+d−1 ♦♥❡s ✐♥ ❛♥② r♦✇ r❡str✐❝t❡❞
t♦ ❝♦❧✉♠♥s ♦❢ B✳ ❍❡r❡ d ✐s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♦♥❡s ✐♥ ❛♥② ❝♦❧✉♠♥ ♦❢ A
❛♥❞ ♦♣t ✐s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s❛t✐s❢②✐♥❣ ❛❧❧ t❤❡ r♦✇ ❝♦♥str❛✐♥ts✳

Pr♦♦❢✳ ▲❡t M = MA ❛♥❞ ❞❡✜♥❡ ❛ ❤②♣❡r❣r❛♣❤ H ✇❤❡r❡ t❤❡ ✈❡rt❡① s❡t ✐s t❤❡
❝♦❧✉♠♥s ♦❢ A✳ ❚❤❡ ❤②♣❡r❡❞❣❡s ❝♦rr❡s♣♦♥❞ t♦ r♦✇s ♦❢ A ✇❤❡r❡ ei = {Aj : Aij = 1}
✇❤❡r❡ Aj ✐s t❤❡ jth ❝♦❧✉♠♥ ♦❢ A✳ ◆♦t❡ t❤❛t ∆ = maxv∈V (H) |{e ∈ E(H) : v ∈
e}| = maxj |{i : aij = 1}| = d✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♦♥❡s ✐♥ ❛♥②
❝♦❧✉♠♥ ♦❢ A✳ ❙♦✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✷✱ ✇❡ ♦❜t❛✐♥ ❛ ❜❛s✐s ♦❢ M = MA s✉❝❤ t❤❛t
♥✉♠❜❡r ♦❢ ♦♥❡s ✐♥ ❛♥② r♦✇ ✐s ❛t ♠♦st gi + d− 1✳ ⊓⊔

✷✳✸ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ❯♥✐♦♥

■♥ t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ❯♥✐♦♥ ♣r♦❜❧❡♠✱ ✇❡ ❛r❡
❣✐✈❡♥ ❛ ❣r❛♣❤ G = (V,E) ✇✐t❤ ❡❞❣❡ ❝♦st ❢✉♥❝t✐♦♥ c✱ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ ❛♥❞
❞❡❣r❡❡ ✉♣♣❡r ❜♦✉♥❞s g(v) ❢♦r ❡❛❝❤ ✈❡rt❡① v✳ ❚❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛ s✉❜❣r❛♣❤ H
✇❤✐❝❤ ✐s t❤❡ ✉♥✐♦♥ ♦❢ k ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ tr❡❡s ❛♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ v ✐♥ H
✐s ❛t ♠♦st g(v)✳ ❚❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠
✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ k = 1✳ ❚❤❡♦r❡♠ ✷ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✐s
♦♣t✐♠❛❧ ✐♥ t❡r♠s ♦❢ t❤❡ ❞❡❣r❡❡ ✉♣♣❡r ❜♦✉♥❞s✳

❈♦r♦❧❧❛r② ✸✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠

❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ❯♥✐♦♥ ♣r♦❜❧❡♠ ✇❤✐❝❤ r❡t✉r♥s ❛ s✉❜❣r❛♣❤
G ♦❢ ❝♦st ❛t ♠♦st ♦♣t ✇❤✐❝❤ ✐s t❤❡ ✉♥✐♦♥ ♦❢ k ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ tr❡❡s ❛♥❞
t❤❡ ❞❡❣r❡❡ ♦❢ v ✐♥ H ✐s ❛t ♠♦st g(v) + 1✳ ❍❡r❡ ♦♣t ✐s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s ❛❧❧ t❤❡ ❞❡❣r❡❡ ✉♣♣❡r ❜♦✉♥❞s✳

Pr♦♦❢✳ ▲❡t M = (E, I) ❞❡♥♦t❡ t❤❡ ✉♥✐♦♥ ♦❢ k ❣r❛♣❤✐❝ ♠❛tr♦✐❞s ♦✈❡r t❤❡ ❣r❛♣❤
G✱ ✇❤✐❝❤ ✐s ❛ ♠❛tr♦✐❞ ❜② t❤❡ ♠❛tr♦✐❞ ✉♥✐♦♥ t❤❡♦r❡♠✳ ❚❤❡ ❤②♣❡r❣r❛♣❤ H ✐s
❞❡✜♥❡❞ ✇✐t❤ V (H) = E(G) ❛♥❞ E(H) = {δ(v) : v ∈ V (G)}✳ ◆♦t❡ t❤❛t ∆ =
maxv∈V (H) |{e ∈ E(H) : v ∈ e}| = maxe∈E(G) |{v ∈ V (G) : e ∈ δ(v)}| = 2✳ ❙♦✱
✉s✐♥❣ ❚❤❡♦r❡♠ ✷✱ ✇❡ ♦❜t❛✐♥ ❛ ❜❛s✐s T ♦❢ ♠❛tr♦✐❞ M ✭✇❤✐❝❤ ✐s t❤❡ ✉♥✐♦♥ ♦❢ k
❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ tr❡❡s✮✱ s✉❝❤ t❤❛t |T ∩ δ(v)| ≤ g(v) + 1✳ ⊓⊔

✷✳✹ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❉✐r❡❝t❡❞ ❈✉t ❈♦✈❡r

▲❡t D = (V,E) ❜❡ ❛ ❞✐❣r❛♣❤✳ ❆ s❡t ♦❢ ✈❡rt✐❝❡s ∅ 6= X ( V ✐s ❝❛❧❧❡❞ ❛ ❞✐r❡❝t❡❞ ❝✉t
✐❢ δout(X) = ∅✳ ❆ s✉❜s❡t ♦❢ ❛r❝s F ✐s ❝❛❧❧❡❞ ❛ ❞✐r❡❝t❡❞ ❝✉t ❝♦✈❡r ✐❢ |F ∩ δ(X)| 6= ∅
❢♦r ❡✈❡r② ❞✐r❡❝t❡❞ ❝✉t X✳ ■♥ t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❉✐r❡❝t❡❞ ❈✉t

❈♦✈❡r ♣r♦❜❧❡♠✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❞✐❣r❛♣❤ D = (V,E)✱ ❛ ❝♦st ❢✉♥❝t✐♦♥ c : E → Z✱
❛♥❞ ❞❡❣r❡❡ ❝♦♥str❛✐♥ts f(v) ❛♥❞ g(v) ❢♦r ❡❛❝❤ v ∈ V ✳ ❚❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛
❞✐r❡❝t❡❞ ❝✉t ❝♦✈❡r F ⊆ E ♦❢ ♠✐♥✐♠✉♠ ❝♦st s✉❝❤ t❤❛t f(v) ≤ |F ∩ δ(v)| ≤ g(v)
❢♦r ❡✈❡r② v ∈ V ✳ ❚❤❡♦r❡♠ ✸ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✐s ♦♣t✐♠❛❧ ✐♥
t❡r♠s ♦❢ t❤❡ ❞❡❣r❡❡ ❜♦✉♥❞s✳



✻

❈♦r♦❧❧❛r② ✹✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠

❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❉✐r❡❝t❡❞ ❈✉t ❈♦✈❡r ♣r♦❜❧❡♠ ✇❤✐❝❤ r❡t✉r♥s ❛ ❞✐r❡❝t❡❞ ❝✉t
❝♦✈❡r F ♦❢ ❝♦st ❛t ♠♦st ♦♣t ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t f(v)−1 ≤ |F∩δ(v)| ≤ g(v)+1
❢♦r ❡❛❝❤ ✈❡rt❡① v ∈ V ✱ ✇❤❡r❡ ♦♣t ✐s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s
❛❧❧ t❤❡ ❞❡❣r❡❡ ❝♦♥str❛✐♥ts✳

Pr♦♦❢✳ ❙❡t b(X) = −1 ✐❢ V \X ✐s ❛ ❞✐r❡❝t❡❞ ❝✉t✱ ❛♥❞ s❡t b(X) = ∞ ♦t❤❡r✇✐s❡✳
❚❤❡♥ b ✐s ❛ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r s❡t ❢✉♥❝t✐♦♥✱ ❜❡❝❛✉s❡ ✐❢ ❞✐r❡❝t❡❞ ❝✉ts X ❛♥❞
Y ❛r❡ ❝r♦ss✐♥❣✱ t❤❡♥ X ∩ Y ❛♥❞ X ∪ Y ❛r❡ ❛❧s♦ ❞✐r❡❝t❡❞ ❝✉ts✳ ■♥ t❤✐s s❡tt✐♥❣✱
❛ ✵✲✶ s✉❜♠♦❞✉❧❛r ✢♦✇ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❞✐r❡❝t❡❞ ❝✉t ❝♦✈❡r✳ ❙♦✱ ❜② ❚❤❡♦r❡♠ ✸✱
✇❡ ♦❜t❛✐♥ ❛ ❞✐r❡❝t❡❞ ❝✉t ❝♦✈❡r F s✉❝❤ t❤❛t f(v)− 1 ≤ |F ∩ δ(v)| ≤ g(v) + 1 ❢♦r
❡✈❡r② v ∈ V ✳ ⊓⊔

✷✳✺ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ●r❛♣❤ ❖r✐❡♥t❛t✐♦♥

■♥ t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ●r❛♣❤ ❖r✐❡♥t❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❡ ❛r❡
❣✐✈❡♥ ❛ ❞✐❣r❛♣❤ D = (V,E)✱ ❛ ❝♦st ❢✉♥❝t✐♦♥ c : E → Z✱ ❛♥❞ ❜♦✉♥❞s f(v) ≤ g(v)
❢♦r ❡✈❡r② v ∈ V ✳ ❚❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛♥ ❛r❝ s❡t ♦❢ ♠✐♥✐♠✉♠ ❝♦st ✇❤♦s❡ r❡✈❡rs❛❧
♠❛❦❡s t❤❡ ❞✐❣r❛♣❤ str♦♥❣❧② k✲❛r❝✲❝♦♥♥❡❝t❡❞✱ s♦ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s r❡✈❡rs❡❞
❛t ❡❛❝❤ ♥♦❞❡ v ✐s ❜❡t✇❡❡♥ f(v) ❛♥❞ g(v)✳ ❚❤❡♦r❡♠ ✸ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱
✇❤✐❝❤ ✐s ♦♣t✐♠❛❧ ✐♥ t❡r♠s ♦❢ t❤❡ ❞❡❣r❡❡ ❜♦✉♥❞s✳

❈♦r♦❧❧❛r② ✺✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠

❇♦✉♥❞❡❞ ❉❡❣r❡❡ ●r❛♣❤ ❖r✐❡♥t❛t✐♦♥ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✜♥❞s ❛♥ ❛r❝ s❡t ♦❢
❝♦st ❛t ♠♦st ♦♣t ✇❤♦s❡ r❡✈❡rs❛❧ ♠❛❦❡s t❤❡ ❞✐❣r❛♣❤ str♦♥❣❧② k✲❛r❝✲❝♦♥♥❡❝t❡❞ ❛♥❞
s✉❝❤ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s r❡✈❡rs❡❞ ❛t ❡❛❝❤ ♥♦❞❡ v ✐s ❜❡t✇❡❡♥ f(v) − 1 ❛♥❞
g(v)+1✳ ❍❡r❡ ♦♣t ✐s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s ❛❧❧ t❤❡ ❞❡❣r❡❡
❝♦♥str❛✐♥ts✳

Pr♦♦❢✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s✉❜♠♦❞✉❧❛r ✢♦✇ ♣r♦❜❧❡♠ ❞❡✜♥❡❞
❜② t❤❡ s❡t ❢✉♥❝t✐♦♥ b(X) = |δin(X)| − k (∅ 6= X ( V ) ✭s❡❡ ❬✼❪✮✱ ✇❤✐❝❤ ✐s ❛
s✉❜♠♦❞✉❧❛r s❡t ❢✉♥❝t✐♦♥✳ ■♥ t❤✐s s❡tt✐♥❣✱ ❛ ✵✲✶ s✉❜♠♦❞✉❧❛r ✢♦✇ ❝♦rr❡s♣♦♥❞s t♦
❛♥ ❛r❝ s❡t ✇❤♦s❡ r❡✈❡rs❛❧ ♠❛❦❡s t❤❡ ❞✐❣r❛♣❤ str♦♥❣❧② k✲❛r❝✲❝♦♥♥❡❝t❡❞✳ ❙♦ t❤✐s
r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳ ⊓⊔

■t ✐s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✶ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ◆P✲
❝♦♠♣❧❡t❡✱ ❛♥❞ t❤✉s t❤❡ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ❜♦✉♥❞❡❞ ❞❡❣r❡❡ s✉❜♠♦❞✉❧❛r ✢♦✇
✐s ❛❧s♦ ◆P✲❝♦♠♣❧❡t❡✳

✸ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ▼❛tr♦✐❞ ❇❛s✐s

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✿ ❚❤❡ ♠❛✐♥ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶ ✐s t❤❡ ✐t❡r❛✲
t✐✈❡ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞ ✉s❡❞ ✐♥ ❬✶✷✱ ✶✹❪✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐t❡r❛t✐✈❡ r♦✉♥❞✐♥❣
♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ❜② ❏❛✐♥ ❬✶✵❪✳ ❲❡ ✜rst ❢♦r♠✉❧❛t❡ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ r❡✲
❧❛①❛t✐♦♥ ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ▼❛tr♦✐❞ ❇❛s✐s ♣r♦❜❧❡♠✳ ▲❡t



✼

✶✳ ■♥✐t✐❛❧✐③❛t✐♦♥ B ← ∅✱
✷✳ ❲❤✐❧❡ B ✐s ♥♦t ❛ ❜❛s✐s ❞♦

✭❛✮ ❈♦♠♣✉t❡ ❛ ❜❛s✐❝ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ x✳ ❉❡❧❡t❡ ❛♥ ❡❧❡♠❡♥t v ✇✐t❤ xv = 0✳ ❯♣❞❛t❡
❡❛❝❤ ❤②♣❡r❡❞❣❡ e← e \ {v}✳ ❯♣❞❛t❡ ♠❛tr♦✐❞ M ←M \ v✳

✭❜✮ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t v ✇✐t❤ xv = 1✱ ✐♥❝❧✉❞❡ v ✐♥ B ❛♥❞ ❞❡❝r❡❛s❡ f(e) ❛♥❞ g(e) ❜②
1 ❢♦r ❡❛❝❤ e ∋ v✳ ❯♣❞❛t❡ ♠❛tr♦✐❞ M ←M/v✳

✭❝✮ ❋♦r ❡✈❡r② e ∈ E(H) ✇✐t❤ |e| ≤ 2∆✱ r❡♠♦✈❡ e ❢r♦♠ E(H)✳
✸✳ ❘❡t✉r♥ B✳

❋✐❣✳ ✶✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ▼❛tr♦✐❞ ❇❛s✐s ♣r♦❜❧❡♠✳

r : 2V → Z+ ❞❡♥♦t❡ t❤❡ r❛♥❦ ❢✉♥❝t✐♦♥ ♦❢ ♠❛tr♦✐❞ M ✳

♠✐♥✐♠✐③❡ c(x) =
∑

v∈V

cv xv ✭✹✮

s✉❜❥❡❝t t♦ x(V ) = r(V ) ✭✺✮

x(S) ≤ r(S) ∀S ⊆ V ✭✻✮

f(e) ≤ x(e) ≤ g(e) ∀ e ∈ E(H) ✭✼✮

0 ≤ xv ≤ 1 ∀ v ∈ V ✭✽✮

❚❤✐s ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ s✐③❡ ❜✉t ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ♦✈❡r ✐♥ ♣♦❧②♥♦✲
♠✐❛❧ t✐♠❡ ✐❢ ❣✐✈❡♥ ❛♥ ❛❝❝❡ss t♦ t❤❡ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦r❛❝❧❡ ❬✺❪✳ ●✐✈❡♥ ❛ ♠❛tr♦✐❞
M = (V, I) ❛♥❞ ❛♥ ❡❧❡♠❡♥t v ∈ V ✱ ✇❡ ❞❡♥♦t❡ ❜② M \ v t❤❡ ♠❛tr♦✐❞ ♦❜t❛✐♥❡❞ ❜②
❞❡❧❡t✐♥❣ v✱ ✐✳❡✳✱M \v = (V ′, I ′) ✇❤❡r❡ V ′ = V \{v} ❛♥❞ I ′ = {S ∈ I : v /∈ S}✳ ❲❡
❛❧s♦ ❞❡♥♦t❡ ❜② M/v t❤❡ ♠❛tr♦✐❞ ♦❜t❛✐♥❡❞ ❜② ❝♦♥tr❛❝t✐♥❣ v✱ ✐✳❡✳✱ M/v = (V ′, I ′)
✇❤❡r❡ V ′ = V \ {v} ❛♥❞ I ′ = {S \ {v} : S ∈ I, v ∈ S}✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s
s✉❝❝❡ss❢✉❧❧②✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✶ ❢♦❧❧♦✇s ❢r♦♠ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ✐♥ ❬✶✹❪✱ ✇❤✐❝❤
❣♦❡s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ♠❛tr♦✐❞ M ✐s ✉♣❞❛t❡❞ t♦ M \ v ✇❤❡♥✲
❡✈❡r ✇❡ r❡♠♦✈❡ v ✇✐t❤ xv = 0 ❛♥❞ ✉♣❞❛t❡❞ t♦ M/v ✇❤❡♥❡✈❡r ✇❡ ♣✐❝❦ v ✇✐t❤
xv = 1✳ ❚❤✐s ✇❛② t❤❡ r❡s✐❞✉❛❧ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ s♦❧✉t✐♦♥ ✭❝✉rr❡♥t ▲P s♦❧✉t✐♦♥
r❡str✐❝t❡❞ t♦ V \{v}✮ r❡♠❛✐♥s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♠♦❞✐✜❡❞ ❧✐♥❡❛r ♣r♦❣r❛♠
✐♥ t❤❡ t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✳ ❆❧s♦✱ ✐♥ ❙t❡♣ ✷❝ ✇❤❡♥ ✇❡ r❡♠♦✈❡ ❛ ❞❡❣r❡❡ ❝♦♥str❛✐♥t✱
t❤❡ ❝✉rr❡♥t ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ s♦❧✉t✐♦♥ r❡♠❛✐♥s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✳ ❚❤❡r❡❢♦r❡
t❤❡ ❝♦st ♦❢ B ♣❧✉s t❤❡ ❝♦st ♦❢ t❤❡ ▲P s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ✐♥ ❛♥② ✐t❡r❛t✐♦♥✱
s♦ ❛t t❤❡ ✜♥❛❧ st❡♣ t❤❡ ❝♦st ♦❢ B ✐s ❛t ♠♦st t❤❡ ❝♦st ♦❢ t❤❡ ✜rst ▲P s♦❧✉t✐♦♥✱
✇❤✐❝❤ ✐s ❛t ♠♦st ♦♣t✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ✇❡ ♦♥❧② r❡♠♦✈❡ ❛ ❞❡❣r❡❡ ❝♦♥str❛✐♥t ♦❢
❛ ❤②♣❡r❡❞❣❡ ✇❤❡♥ ✐t ❝♦♥t❛✐♥s ❛t ♠♦st 2∆ ❡❧❡♠❡♥ts✱ t❤❡ ❞❡❣r❡❡ ❝♦♥str❛✐♥ts ❛r❡
✈✐♦❧❛t❡❞ ❜② ❛t ♠♦st 2∆ − 1✱ ❛♥❞ ❚❤❡♦r❡♠ ✶ ✇♦✉❧❞ ❢♦❧❧♦✇✳ ❚❤✉s ✐t r❡♠❛✐♥s t♦
s❤♦✇ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❛❧✇❛②s t❡r♠✐♥❛t❡s s✉❝❝❡ss❢✉❧❧②✳ ❚❤❛t ✐s✱ ✐t ❝❛♥ ❛❧✇❛②s
✜♥❞ ❛♥ ❡❧❡♠❡♥t v ✇✐t❤ xv = 0 ✐♥ ❙t❡♣ ✷❛ ♦r ❛♥ ❡❧❡♠❡♥t v ✇✐t❤ xv = 1 ✐♥ ❙t❡♣ ✷❜
♦r ✐t ✜♥❞s ❛ ❤②♣❡r❡❞❣❡ e ✇✐t❤ |e| ≤ 2∆ ✐♥ ❙t❡♣ ✷❝✳

❙✉♣♣♦s❡ ❢♦r ❝♦♥tr❛❞✐❝t✐♦♥ ♥♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✳ ❚❤❡♥ 0 <
xv < 1 ❢♦r ❡❛❝❤ v ∈ V ❛♥❞ |e| > 2∆ ❢♦r ❡❛❝❤ e ∈ E(H)✳ ▲❡t T = {S ⊆ V :



✽

x(S) = r(S)} ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ t✐❣❤t s❡ts ❛t s♦❧✉t✐♦♥ x✳ ▲❡t χS ❞❡♥♦t❡ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ S✱ ✐✳❡✱ χS(v) = 1 ✐❢ v ∈ S ❡❧s❡ χS(v) = 0✳ ❆ ❢❛♠✐❧② ♦❢
s❡ts L ⊆ 2V ✐s ❝❛❧❧❡❞ ❛ ❝❤❛✐♥ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿ ❢♦r ❡✈❡r② A,B ∈ L
✇❡ ❤❛✈❡ ❡✐t❤❡r A ⊂ B ♦r B ⊂ A✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②
st❛♥❞❛r❞ ✉♥❝r♦ss✐♥❣ ❛r❣✉♠❡♥t s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ❢♦r s♣❛♥♥✐♥❣ tr❡❡s ✐♥ ❬✶✹❪✳
❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ✐♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❤❡r❡✳

❈❧❛✐♠✳ ❋♦r ❛♥② ❜❛s✐❝ s♦❧✉t✐♦♥ x✱ t❤❡r❡ ❡①✐sts ❛ ❝❤❛✐♥ L ⊆ T s✉❝❤ t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳

✶✳ ❚❤❡ ✈❡❝t♦rs ✐♥ {χS : S ∈ L} ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳
✷✳ span({χS : S ∈ L}) = span({χS : S ∈ T })✳

Pr♦♦❢✳ ■❢ S ❛♥❞ T ❛r❡ ❜♦t❤ ✐♥ T ✱ t❤❡♥

x(S)+x(T ) = r(S)+r(T ) ≥ r(S∩T )+r(S∪T ) ≥ x(S∩T )+x(S∪T ) = x(S)+x(T ),

s♦ ✇❡ ❤❛✈❡ ❡q✉❛❧✐t② t❤r♦✉❣❤♦✉t✱ ❛♥❞ ❜♦t❤ S ∩ T ❛♥❞ S ∪ T ❛r❡ ✐♥ T ✳ ▲❡t L ❜❡ ❛
♠❛①✐♠❛❧ ❝❤❛✐♥ ✐♥ T ✳ ❲❡ s❤♦✇ t❤❛t span({χS : S ∈ L}) = span({χS : S ∈ T })✳
❙✉♣♣♦s❡ ✐♥❞✐r❡❝t❧② t❤❛t t❤❡r❡ ✐s ❛ s❡t R ∈ T ❢♦r ✇❤✐❝❤ χR /∈ span({χS : S ∈
L})✱ ❛♥❞ ❝❤♦♦s❡ ♦♥❡ t❤❛t ✐s ✐♥❝❧✉s✐♦♥✇✐s❡ ✐♥❝♦♠♣❛r❛❜❧❡ t♦ ❛s ❢❡✇ s❡ts ♦❢ L ❛s
♣♦ss✐❜❧❡✳ ❚❤❡r❡ ♠✉st ❜❡ ❛t ❧❡❛st ♦♥❡ ✐♥❝♦♠♣❛r❛❜❧❡ s❡t T ❜❡❝❛✉s❡ t❤❡ ❝❤❛✐♥ ✐s
♠❛①✐♠❛❧✳ ❇② ♦✉r ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥✱ R ∩ T ❛♥❞ R ∪ T ❛r❡ ❜♦t❤ ✐♥ T ✳ ❙✐♥❝❡
χR + χT = χR∩T + χR∪T ❛♥❞ χR ✐s ♥♦t ✐♥ span({χS : S ∈ L})✱ ♦♥❡ ♦❢ R ∩ T
❛♥❞ R ∪ T ✐s ♥♦t ✐♥ span({χS : S ∈ L})✳ ❚❤✐s ❣✐✈❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❜❡❝❛✉s❡
❜♦t❤ R∩T ❛♥❞ R∪T ❛r❡ ✐♥❝❧✉s✐♦♥✇✐s❡ ✐♥❝♦♠♣❛r❛❜❧❡ t♦ ❢❡✇❡r s❡ts ✐♥ L t❤❛♥ R✳
❚❤✉s span({χS : S ∈ L}) = span({χS : S ∈ T })✱ ❛♥❞ ❛♥② ♠❛①✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥t
s✉❜❢❛♠✐❧② ♦❢ L ✇♦✉❧❞ ❞♦✳ ⊓⊔

❆s x ✐s ❛ ❜❛s✐❝ s♦❧✉t✐♦♥✱ t❤❡r❡ ✐s ❛ s❡t E′ ⊆ E ♦❢ t✐❣❤t ❤②♣❡r❡❞❣❡s ✭❛ ❤②♣❡r❡❞❣❡
e ✐s t✐❣❤t ✐❢ x(e) = g(e) ♦r x(e) = f(e)✮ s✉❝❤ t❤❛t t❤❡ ✈❡❝t♦rs ✐♥ {χS : S ∈
L} ∪ {χe : e ∈ E′} ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ |V | = |E′|+ |L|✳ ❲❡ ♥♦✇ ❞❡r✐✈❡
❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤✐s ❜② ❛ ❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t✳ ❲❡ ❛ss✐❣♥ 2∆ t♦❦❡♥s t♦ ❡❛❝❤
✈❡rt❡① v ∈ V ❢♦r ❛ t♦t❛❧ ♦❢ 2∆|V | t♦❦❡♥s✳ ❲❡ t❤❡♥ r❡❞✐str✐❜✉t❡ t❤❡ t♦❦❡♥s s♦ t❤❛t
❡❛❝❤ ❤②♣❡r❡❞❣❡ ✐♥ E′ ❝♦❧❧❡❝ts ❛t ❧❡❛st 2∆ t♦❦❡♥s✱ ❡❛❝❤ ♠❡♠❜❡r ♦❢ L ❝♦❧❧❡❝ts ❛t
❧❡❛st 2∆ t♦❦❡♥s✱ ❛♥❞ t❤❡r❡ ❛r❡ st✐❧❧ ❛t ❧❡❛st ♦♥❡ ❡①tr❛ t♦❦❡♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
2∆|V | > 2∆|E′|+ 2∆|L|✱ ✇❤✐❝❤ ❣✐✈❡s ✉s t❤❡ ❞❡s✐r❡❞ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ r❡❛ss✐❣♥♠❡♥t ✐s ❛s ❢♦❧❧♦✇s✳ ❊❛❝❤ ❡❧❡♠❡♥t v ❣✐✈❡s ∆ t♦❦❡♥s t♦ t❤❡ s♠❛❧❧❡st
♠❡♠❜❡r ✐♥ L ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥❞ ♦♥❡ t♦❦❡♥ t♦ ❡❛❝❤ ❤②♣❡r❡❞❣❡ e ∈ E′ ✐t ✐s
❝♦♥t❛✐♥❡❞ ✐♥✳ ❆s ❛♥② ❡❧❡♠❡♥t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛t ♠♦st ∆ ❤②♣❡r❡❞❣❡s✱ t❤✉s t❤❡
r❡❞✐str✐❜✉t✐♦♥ ✐s ✈❛❧✐❞ ❛s ✇❡ ❞✐str✐❜✉t❡ ❛t ♠♦st 2∆ t♦❦❡♥s ♣❡r ❡❧❡♠❡♥t✳ ◆♦✇✱
❝♦♥s✐❞❡r ❛♥② s❡t S ∈ L ❛♥❞ ❧❡t R ❜❡ t❤❡ ❧❛r❣❡st s❡t ✐♥ L ❝♦♥t❛✐♥❡❞ ✐♥ S✳ ❲❡
❤❛✈❡ x(S) = r(S) ❛♥❞ x(R) = r(R)✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ x(S \ R) = r(S)− r(R)✳ ❆s
❝♦♥str❛✐♥ts ❢♦r R ❛♥❞ S ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ xv > 0 ❢♦r ❡❛❝❤ v ∈ V ✱ t❤✐s
✐♠♣❧✐❡s r(S) 6= r(R)✳ ❙✐♥❝❡ r ✐s ❛ ♠❛tr♦✐❞ r❛♥❦ ❢✉♥❝t✐♦♥✱ r(S)− r(R) ≥ 1 ❛s t❤❡②
❛r❡ ❜♦t❤ ✐♥t❡❣❡rs✳ ❙✐♥❝❡ 0 < xv < 1✱ t❤✐s ✐♠♣❧✐❡s |S \R| ≥ 2✳ ❚❤✉s✱ S ❝❛♥ ❝♦❧❧❡❝t
❛t ❧❡❛st 2∆ t♦❦❡♥s ❜② t❛❦✐♥❣ ∆ t♦❦❡♥s ❢r♦♠ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ S \R✱ ❛s r❡q✉✐r❡❞✳



✾

❈♦♥s✐❞❡r ❛♥② ❤②♣❡r❡❞❣❡ e ∈ E′✳ ❆s |e| ≥ 2∆ ❛♥❞ ✐t ❝❛♥ ❝♦❧❧❡❝t ♦♥❡ t♦❦❡♥ ❢r♦♠
❡❛❝❤ ❡❧❡♠❡♥t ✐♥ e✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st 2∆ t♦❦❡♥s ❢♦r ❡❛❝❤ ❡❞❣❡ e✱ ❛s r❡q✉✐r❡❞✳

◆♦✇✱ ✐t r❡♠❛✐♥s t♦ ❛r❣✉❡ t❤❛t t❤❡r❡ ✐s ❛♥ ❡①tr❛ t♦❦❡♥ ❧❡❢t✳ ■❢ ❛♥② ♦❢ t❤❡ ❡❧❡✲
♠❡♥ts ✐s ✐♥ str✐❝t❧② ❧❡ss t❤❛♥ ∆ ❤②♣❡r❡❞❣❡s ♦❢ E′ ♦r ✐❢ V /∈ L t❤❡♥ ✇❡ ❤❛✈❡ ♦♥❡
❡①tr❛ t♦❦❡♥✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡

∑

e∈E′ χe = ∆ · χV ✱ ✇❤✐❝❤ s❤♦✇s ❧✐♥❡❛r ❞❡♣❡♥✲
❞❡♥❝❡ ❛♠♦♥❣ t❤❡ ❝♦♥str❛✐♥ts ❛s V ∈ L✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ ❝♦♥tr❛❞✐❝t✐♦♥✱
❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ❢♦❧❧♦✇s✳ ⊓⊔

◆♦✇ ✇❡ s❤♦✇ ❤♦✇ t♦ ✉s❡ t❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡ ♦❢ ❇❛♥s❛❧ ❡t ❛❧ ❬✷❪ t♦ ♦❜t❛✐♥
❚❤❡♦r❡♠ ✷✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✿ ❚❤❡ ♣r♦♦❢ ❢♦r ✉♣♣❡r ❜♦✉♥❞s ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✶ ❡①❝❡♣t ❢♦r t❤❡ ❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t✳ ❚❤❡ ♦♥❧② ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ✐s
t❤❛t ✐♥ ❙t❡♣ ✷❝ ✇❡ r❡♠♦✈❡ ❛ ❤②♣❡r❡❞❣❡ e ✐❢ g(e) +∆ − 1 ≥ |e|❀ t❤✐s ✐s ♣♦ss✐❜❧❡
s✐♥❝❡ ✐♥ t❤❛t ❝❛s❡ t❤❡ ❞❡❣r❡❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ e ❝❛♥ ❜❡ ✈✐♦❧❛t❡❞ ❜② ❛t ♠♦st ∆−1✳
■t ❢♦❧❧♦✇s t❤❛t ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t |e| − g(e) ≥ ∆ ❢♦r ❛❧❧ ❤②♣❡r❡❞❣❡s✳

❚❤❡ ♣r♦♦❢ t❤❛t |V | > |E′| + |L| ✐❢ 0 < x < 1 ❣♦❡s ❛s ❢♦❧❧♦✇s✳ ▲❡t L =
{S1, . . . , Sk}✱ ✇❤❡r❡ S1 ( S2 ( · · · ( Sk✱ ❛♥❞ ❧❡t S0 := ∅✳ ❚❤❡♥ |e| − x(e) ≥
|e| − g(e) ≥ ∆ ❢♦r ❡✈❡r② e ∈ E′✱ ❛♥❞ x(Si \ Si−1) = r(Si) − r(Si−1) ≥ 1 ❢♦r
i = 1, . . . , k✳ ❯s✐♥❣ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥ t❤❛t

|E′|+ |L′| ≤
∑

e∈E′

|e| − x(e)

∆
+

k
∑

i=1

x(Si \ Si−1)

=
∑

v∈V

1− x(v)

∆
|{e ∈ E′ : v ∈ e}|+ x(Sk) ≤ |V |,

❛♥❞ ✐❢ ❡q✉❛❧✐t② ❤♦❧❞s✱ t❤❡♥ |{e ∈ E′ : v ∈ e}| = ∆ ❢♦r ❡✈❡r② v ∈ V ❛♥❞ Sk = V ✳
❇✉t t❤❡♥ ∆ · χSk

=
∑

e∈E′ χe✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡✳
■❢ ♦♥❧② ❧♦✇❡r ❜♦✉♥❞s ❛r❡ ♣r❡s❡♥t✱ t❤❡♥ ✇❡ ❝❛♥ ❞❡❧❡t❡ ❛ ❤②♣❡r❡❞❣❡ e ✐♥ ❙t❡♣ ✷❝

✐❢ f(e) ≤ ∆ − 1✱ s♦ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t f(e) ≥ ∆ ❢♦r ❛❧❧ ❤②♣❡r❡❞❣❡s✳ ❚♦
s❤♦✇ |V | > |E′| + |L| ✇❡ ✉s❡ t❤❛t x(e) = f(e) ≥ ∆ ❢♦r ❡✈❡r② e ∈ E′ ❛♥❞
|Si \ Si−1| − x(Si \ Si−1) ≥ 1 ❢♦r i = 1, . . . , k✱ ✇❤❡r❡ t❤❡ ❧❛tt❡r ❤♦❧❞s ❜❡❝❛✉s❡
x(Si \ Si−1) < |Si \ Si−1| ❛♥❞ ❜♦t❤ ❛r❡ ✐♥t❡❣❡r✳ ❚❤✉s

|E′|+ |L′| ≤
∑

e∈E′

x(e)

∆
+

k
∑

i=1

(|Si \ Si−1| − x(Si \ Si−1))

=
∑

v∈V

x(v)

∆
|{e ∈ E′ : v ∈ e}|+ |Sk| − x(Sk) ≤ |V |,

❛♥❞ ✐❢ ❡q✉❛❧✐t② ❤♦❧❞s✱ t❤❡♥ |{e ∈ E′ : v ∈ e}| = ∆ ❢♦r ❡✈❡r② v ∈ V ❛♥❞ Sk = V ✳
❇✉t t❤❡♥ ∆ · χSk

=
∑

e∈E′ χe✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡✳ ⊓⊔

❘❡♠❛r❦ ✶✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✶✹❪ t❤❛t ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥✲

♥✐♥❣ ❚r❡❡ ♣r♦❜❧❡♠ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡ ❜♦✉♥❞s ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② ∆−1



✶✵

✭✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ 1 s✐♥❝❡ ∆ = 2 ✐♥ t❤❛t ♣r♦❜❧❡♠✮ ❡✈❡♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜♦t❤
❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ❞❡❣r❡❡s✳ ■♥ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❢♦r ♠❛tr♦✐❞s✱ ✐t
s❡❡♠s t❤❛t ♦✉r ♠❡t❤♦❞ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ ❛ s♦❧✉t✐♦♥ t❤❛t ✈✐♦❧❛t❡s t❤❡ ❜♦✉♥❞s ❜②
❛t ♠♦st ∆− 1 ✐❢ ❜♦t❤ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❞❡❣r❡❡ ❜♦✉♥❞s ❛r❡ ♣r❡s❡♥t✳ ❚❤❡ r❡❛s♦♥ ✐s
t❤❛t t❤❡r❡ ♠❛② ❜❡ ❛ ❜❛s✐❝ s♦❧✉t✐♦♥ ✇✐t❤ ♥♦♥✲✐♥t❡❣❡r ✈❛❧✉❡s✱ ❜✉t ❙t❡♣ ✷❝ ❝❛♥ ♥♦t
❜❡ ❛♣♣❧✐❡❞✱ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s✳

▲❡t V = {u1, u2, . . . , u6, v1, v2 . . . , v6} ❜❡ ❛ ❣r♦✉♥❞ s❡t ♦❢ ✶✷ ❡❧❡♠❡♥ts✱ ❛♥❞
❧❡t M = (V, I) ❜❡ t❤❡ ♣❛rt✐t✐♦♥ ♠❛tr♦✐❞ ✇❤❡r❡ ❡❛❝❤ ❜❛s✐s ❝♦♥t❛✐♥s ✶ ❡❧❡♠❡♥t
❢r♦♠ ❡❛❝❤ ♦❢ {u1, v1}✱ {u3, v3}✱ {u4, v2}✱ ❛♥❞ {u6, v5}✱ ❛♥❞ ✷ ❡❧❡♠❡♥ts ❢r♦♠
{u2, u5, v4, v6}✳ ▲❡t H = (V,E) ❜❡ t❤❡ ❤②♣❡r❣r❛♣❤ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❤②♣❡r❡❞❣❡s
{u1, u2, u3}✱ {u3, u4, u5}✱ {u5, u6, u1}✱ {u2, u4, u6}✱ ❛♥❞ {v1, v2, v3}✱ {v3, v4, v5}✱
{v5, v6, v1}✱ {v2, v4, v6}✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ∆ = 2✳ ❋♦r t❤❡ ✜rst ❢♦✉r ❤②♣❡r❡❞❣❡s✱
❧❡t t❤❡ ❧♦✇❡r ❜♦✉♥❞ f(e) ❜❡ ✷✱ ❛♥❞ ❢♦r t❤❡ ❧❛st ❢♦✉r ❤②♣❡r❡❞❣❡s✱ ❧❡t t❤❡ ✉♣♣❡r
❜♦✉♥❞ g(e) ❜❡ ✶✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ ❜❛s✐❝ s♦❧✉t✐♦♥✿ ui = 2/3 (i = 1, . . . , 6)✱
vi = 1/3 (i = 1, . . . , 6)✳ ■t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❞❡❧❡t❡ ❛♥② ❤②♣❡r❡❞❣❡s s✐♥❝❡ f(e) ≥ ∆
♦r |e| − g(e) ≥ ∆ ❢♦r ❡❛❝❤ ❤②♣❡r❡❞❣❡ e ∈ E✳

✹ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙✉❜♠♦❞✉❧❛r ❋❧♦✇

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✿ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s ❛❧s♦ ❜❛s❡❞ ♦♥ t❤❡ ✐t❡r❛t✐✈❡
r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞ ✉s❡❞ ✐♥ ❬✶✷✱ ✶✹❪✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ ❜②

♠✐♥✐♠✐③❡ c(x) =
∑

e∈E

c(e)x(e) ✭✾✮

x(δin(X))− x(δout(X)) ≤ b(X) ❢♦r ❡✈❡r② X ⊆ V , ✭✶✵✮

x(δ(v)) ≥ f(v) ❢♦r ❡✈❡r② v ∈ Vf , ✭✶✶✮

x(δ(v)) ≤ g(v) ❢♦r ❡✈❡r② v ∈ Vg, ✭✶✷✮

0 ≤ x(e) ≤ 1 ❢♦r ❡✈❡r② e ∈ E. ✭✶✸✮

▲❡t x∗ ❜❡ ❛♥ ♦♣t✐♠❛❧ ❜❛s✐❝ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ r❡❧❛①❛t✐♦♥✳ ❚❤✐s
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❜② t❤❡ ❡❧❧✐♣s♦✐❞ ♠❡t❤♦❞✳ ❖❜✈✐♦✉s❧② c(x∗) ≤
♦♣t✳ ❲❡ ✇✐❧❧ ✜♥❞ ❛ ✵✲✶ s✉❜♠♦❞✉❧❛r ✢♦✇ ♦❢ ❝♦st ❛t ♠♦st c(x∗) t❤❛t ✈✐♦❧❛t❡s t❤❡
❞❡❣r❡❡ ❜♦✉♥❞s ❜② ❛t ♠♦st ♦♥❡✳

❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛♥ ✐♥st❛♥❝❡ ❝♦♥t❛✐♥✐♥❣ ❢❡✇❡r ❛r❝s ✐♥ t✇♦
❝❛s❡s✿

✕ ■❢ x∗(e) = 0 ❢♦r s♦♠❡ e ∈ E✱ t❤❡♥ ✇❡ ❞❡❧❡t❡ t❤❡ ❛r❝ e ❢r♦♠ t❤❡ ❞✐❣r❛♣❤✳ ❆
s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❜❧❡♠ s♦❧✈❡s t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳

✕ ■❢ x∗(e) = 1 ❢♦r s♦♠❡ e = uv ∈ E✱ t❤❡♥ ✇❡ ❞❡❧❡t❡ t❤❡ ❛r❝ e ❢r♦♠ t❤❡ ❞✐❣r❛♣❤✱
❞❡❝r❡❛s❡ f(u), f(v), g(u), g(v) ❜② ✶✱ ❛♥❞ ❝❤❛♥❣❡ b ❛s ❢♦❧❧♦✇s✿

b′(X) =











b(X)− 1 ✐❢ u /∈ X ❛♥❞ v ∈ X✱

b(X) + 1 ✐❢ u ∈ X ❛♥❞ v /∈ X✱

b(X) ♦t❤❡r✇✐s❡✳



✶✶

❚❤❡ s❡t ❢✉♥❝t✐♦♥ b′ ✐s ❛❧s♦ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r✳ ■❢ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ x′ ❢♦r
t❤✐s ♠♦❞✐✜❡❞ ♣r♦❜❧❡♠✱ t❤❡♥ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠
❜② s❡tt✐♥❣ x′(e) = 1✳

❚❤✐s ✇❛② ✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ ❛♥ ✐♥st❛♥❝❡ ✇❤❡r❡ 0 < x∗(e) < 1 ❢♦r
❡✈❡r② e ∈ E✳ ❲❡ ♠❛② ❛❧s♦ ❞❡❧❡t❡ ✐s♦❧❛t❡❞ ♥♦❞❡s ❜② ❝❤❛♥❣✐♥❣ b ❛♣♣r♦♣r✐❛t❡❧②✳ ◆♦✇
✇❡ tr② t♦ r❡♠♦✈❡ ❞❡❣r❡❡ ❜♦✉♥❞s s♦ t❤❛t t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❜❧❡♠
❛r❡ ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❖♥❡ ❞✐✛❡r❡♥❝❡ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶
✐s t❤❛t ✐♥ s♦♠❡ ✐t❡r❛t✐♦♥s ✇❡ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ t❤❡ ❣r❛♣❤✱ ❜✉t ✐♥
❡❛❝❤ st❡♣ ✇❡ ✇✐❧❧ ❞❡❝r❡❛s❡ |E|+ |Vf |+ |Vg| ❜② ❛t ❧❡❛st ♦♥❡ ❛♥❞ t❤✉s t❤❡ ♥✉♠❜❡r
♦❢ st❡♣s ✐s ♣♦❧②♥♦♠✐❛❧✳

❋✐rst ❧❡t ✉s ♦❜s❡r✈❡ t❤❛t g(v) > 0 ❢♦r ❡✈❡r② v ∈ Vg ❛♥❞ f(v) < |δ(v)| ❢♦r ❡✈❡r②
v ∈ Vf ✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ t❤❡r❡ ✇♦✉❧❞ ❜❡ s♦♠❡ ❛r❝ e ✇✐t❤ x∗(e) = 0 ♦r x∗(e) = 1✳
❘❡♠♦✈❛❧ ♦❢ ❛♥ ✉♣♣❡r ❞❡❣r❡❡ ❜♦✉♥❞ ❛t ❛ ♥♦❞❡ v ✐s ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
❝❛s❡s✿

✕ ■❢ |δ(v)| ≤ g(v) + 1✱ t❤❡♥ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❛t v✱ s✐♥❝❡ ❛
s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❜❧❡♠ ❝❛♥♥♦t ✈✐♦❧❛t❡ t❤❡ ♦r✐❣✐♥❛❧ ❞❡❣r❡❡ ❜♦✉♥❞
❜② ♠♦r❡ t❤❛♥ ✶✳

✕ ■❢ g(v) = 1✱ t❤❡♥ ✇❡ r❡♣❧❛❝❡ v ❜② t✇♦ ♥♦❞❡s v1 ❛♥❞ v2✳ ❆♥ ❛r❝ uv ∈ E ✐s
r❡♣❧❛❝❡❞ ❜② uv1✱ ✇❤✐❧❡ ❛♥ ❛r❝ vu ∈ E ✐s r❡♣❧❛❝❡❞ ❜② v2u✳ ❚❤❡ s❡t ❢✉♥❝t✐♦♥ b
✐s ♠♦❞✐✜❡❞ ❛s ❢♦❧❧♦✇s✿

b′(X) =



















1 ✐❢ X = v1 ♦r X = V − v2✱

b(X) ✐❢ X ∩ {v1, v2} = ∅✱

b(X − {v1, v2}+ v) ✐❢ {v1, v2} ⊆ X✱

∞ ♦t❤❡r✇✐s❡✳

❚❤❡ s❡t ❢✉♥❝t✐♦♥ b′ ✐s ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r✿ ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✜rst s♣❧✐t✲
t✐♥❣ v ✐♥ t✇♦ ❛♥❞ s❡tt✐♥❣ b′(X) = ∞ ♦♥ ❛♥② s❡t s❡♣❛r❛t✐♥❣ v1 ❛♥❞ v2✱ ❛♥❞
t❤❡♥ ❝❤❛♥❣✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ b′(v1) ❛♥❞ b′(V − v2)❀ ❜♦t❤ ♦❢ t❤❡s❡ ♦♣❡r❛t✐♦♥s
♣r❡s❡r✈❡ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r✐t②✳ ◆♦ ❞❡❣r❡❡ ✉♣♣❡r ❜♦✉♥❞ ❛♥❞ ❧♦✇❡r ❜♦✉♥❞
❛r❡ ❣✐✈❡♥ ❢♦r v1 ❛♥❞ v2✱ ✐✳❡✳ V

′
g = Vg − v, V ′

f = Vf − v✳ ◆♦t❡ t❤❛t t❤❡ ❝✉rr❡♥t
s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s r❡❧❛①❛t✐♦♥✳ ❚❤❡ ❞❡✜♥✐t✐♦♥
♦❢ b′ ✐♠♣❧✐❡s t❤❛t x(δ(v1)) ≤ 1 ❛♥❞ x(δ(v2)) ≤ 1 ❢♦r ❛♥② s♦❧✉t✐♦♥ x✳ ❚❤✐s
♠❡❛♥s t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ❞✐❣r❛♣❤ ✈✐♦❧❛t❡s t❤❡
❞❡❣r❡❡ ❜♦✉♥❞s ❛t v ❜② ❛t ♠♦st ✶✳

❆❢t❡r t❤❡ ❛❜♦✈❡ ♠♦❞✐✜❝❛t✐♦♥s✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t g(v) ≥ 2 ❛♥❞ |δ(v)| ≥ g(v)+2
❢♦r ❡✈❡r② v ∈ Vg✳ ❘❡♠♦✈❛❧ ♦❢ ❛ ❧♦✇❡r ❞❡❣r❡❡ ❜♦✉♥❞ ❛t ❛ ♥♦❞❡ v ✐s ♣♦ss✐❜❧❡ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s✿

✕ ■❢ f(v) ≤ 1✱ t❤❡♥ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛t v✱ s✐♥❝❡ ❛ s♦❧✉t✐♦♥ ♦❢
t❤❡ r❡s✉❧t✐♥❣ ♣r♦❜❧❡♠ ❝❛♥♥♦t ✈✐♦❧❛t❡ t❤❡ ♦r✐❣✐♥❛❧ ❜♦✉♥❞ ❜② ♠♦r❡ t❤❛♥ ✶✳

✕ ■❢ f(v) = 2 ❛♥❞ |δ(v)| = 3✱ t❤❡♥ ✇❡ r❡♣❧❛❝❡ v ❜② t✇♦ ♥♦❞❡s v1 ❛♥❞ v2✳ ❆♥
❛r❝ uv ∈ E ✐s r❡♣❧❛❝❡❞ ❜② uv1✱ ✇❤✐❧❡ ❛♥ ❛r❝ vu ∈ E ✐s r❡♣❧❛❝❡❞ ❜② v2u✳ ❋♦r



✶✷

t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ b t❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s✳ ■❢ |δout(v)| ≤ 1✱ t❤❡♥ ✐t ✐s ♠♦❞✐✜❡❞
❛s ❢♦❧❧♦✇s✿

b′(X) =



















−1 ✐❢ X = V − v1✱

b(X) ✐❢ X ∩ {v1, v2} = ∅✱

b(X − {v1, v2}+ v) ✐❢ {v1, v2} ⊆ X✱

∞ ♦t❤❡r✇✐s❡✳

■❢ |δin(v)| ≤ 1✱ t❤❡♥ t❤❡ ♠♦❞✐✜❡❞ s❡t ❢✉♥❝t✐♦♥ ✐s

b′(X) =



















−1 ✐❢ X = v2✱

b(X) ✐❢ X ∩ {v1, v2} = ∅✱

b(X − {v1, v2}+ v) ✐❢ {v1, v2} ⊆ X✱

∞ ♦t❤❡r✇✐s❡✳

❚❤❡ s❡t ❢✉♥❝t✐♦♥ b′ ✐s ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r✳ ◆♦ ❧♦✇❡r ❜♦✉♥❞ ✐s ❣✐✈❡♥ ❢♦r v1
❛♥❞ v2✱ ✐✳❡✳ V

′
f = Vf − v✳ ◆♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❞❡❣r❡❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥

v ❜② t❤❡ ♣r❡✈✐♦✉s r✉❧❡ ✭s✐♥❝❡ g(v) ≥ f(v) ≥ |δ(v)| − 1✮✱ ❛♥❞ t❤❡ ❝✉rr❡♥t
s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✐♥ t❤✐s r❡❧❛①❛t✐♦♥✳ ❚❤❡ ❞❡✜♥✐t✐♦♥
♦❢ b′ ✐♠♣❧✐❡s t❤❛t x(δ({v1, v2})) ≥ 1 ❢♦r ❛♥② s♦❧✉t✐♦♥ x✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ❞✐❣r❛♣❤ ✈✐♦❧❛t❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛t
v ❜② ❛t ♠♦st ✶✳

❆❢t❡r t❤❡ ❛❜♦✈❡ ♠♦❞✐✜❝❛t✐♦♥s✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t |δ(v)| ≥ 4 ❢♦r ❡✈❡r②
v ∈ Vf ∪Vg✳ ❚❤❡ s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x∗ ✐s st✐❧❧ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✱ ❜✉t ✐t ✐s
♥♦t ♥❡❝❡ss❛r✐❧② ❛ ❜❛s✐❝ s♦❧✉t✐♦♥✱ s♦ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ ▲P ❛❣❛✐♥ ❛♥❞ ❝♦♥t✐♥✉❡
t❤✐s ♣r♦❝❡ss ✉♥t✐❧ ❛ ❜❛s✐❝ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✇❤❡r❡ t❤❡r❡ ❛r❡ ♥♦ ✵✲✶ ❛r❝s ❛♥❞
♥♦ ❞❡❣r❡❡ ❜♦✉♥❞s ❝❛♥ ❜❡ ❞❡❧❡t❡❞✳ ◆♦t❡ t❤❛t ✐❢ t❤❡r❡ ✐s ❛♥ ❡✣❝✐❡♥t ♦r❛❝❧❡ t♦
❡✈❛❧✉❛t❡ b ♦♥ ❛♥② s✉❜s❡t X ⊆ V ✱ t❤❡♥ t❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② ♠♦❞✐✜❡❞ t♦ ❣✐✈❡ ❛♥
❡✣❝✐❡♥t ♦r❛❝❧❡ t♦ ❡✈❛❧✉❛t❡ b′ ♦♥ ❛♥② s✉❜s❡t X ′ ⊆ V ′✱ ❛♥❞ s♦ t❤❡ s✉❜♠♦❞✉❧❛r
✢♦✇ ♣r♦❜❧❡♠ ❝❛♥ st✐❧❧ ❜❡ s♦❧✈❡❞ ❡✣❝✐❡♥t❧②✳ ✭■♥ ❢❛❝t✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ s♦❧✈❡
t❤❡ ▲P t♦ ♦♣t✐♠❛❧✐t②✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣❡r❢♦r♠ t❤❡ ❡❛s✐❡r t❛s❦ ♦❢ ✜♥❞✐♥❣ ❛ ❜❛s✐❝
s♦❧✉t✐♦♥ t❤❛t ✐s ♥♦t ✇♦rs❡ t❤❛♥ t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥✳ ❚❤✐s ❣✉❛r❛♥t❡❡s t❤❛t t❤❡
✜♥❛❧ s♦❧✉t✐♦♥ ❤❛s ❝♦st ❛t ♠♦st ♦♣t✳✮

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss ❡✐t❤❡r ❛❧❧ ❛r❝s ❛r❡ ✜①❡❞ t♦ ✵ ♦r ✶ ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✱
♦r 0 < x∗(e) < 1 ❢♦r ❡✈❡r② e ∈ E✱ t❤❡r❡ ❛r❡ ♥♦ ✐s♦❧❛t❡❞ ♥♦❞❡s✱ ❛♥❞ |δ(v)| ≥ 4 ❢♦r
❡✈❡r② v ∈ Vf ∪ Vg✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❧❛tt❡r ❝❛s❡ ✐s ✐♠♣♦ss✐❜❧❡✳

❲❡ ❝❛❧❧ ❛ s❡t X ⊆ V t✐❣❤t ✐❢ x∗(δin(X)) − x∗(δout(X)) = b(X)✳ ▲❡t T ❜❡
t❤❡ ❢❛♠✐❧② ♦❢ t✐❣❤t s❡ts✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❧❡t ✉s ❞❡♥♦t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢
δin(X) ♠✐♥✉s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ δout(X) ❜② χX ✭♥♦t❡ t❤❛t ✐t ✐s ❞✐✛❡r❡♥t
❢r♦♠ t❤❡ χX ✐♥ t❤❡ ♠❛tr♦✐❞ s❡❝t✐♦♥✮✳ ❋♦r ❛♥② X ❛♥❞ Y ✐♥ T ✇❡ ❤❛✈❡ χX +χY =
χX∩Y + χX∪Y ✱ s♦ ✐❢ X ❛♥❞ Y ❛r❡ ❝r♦ss✐♥❣✱ t❤❡♥ t❤❡ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r✐t② ♦❢
b ✐♠♣❧✐❡s t❤❛t X ∩ Y ❛♥❞ X ∪ Y ❛r❡ ❛❧s♦ ✐♥ T ✳

❆ ❢❛♠✐❧② ♦❢ s❡ts F ⊂ 2V ✐s ❝❛❧❧❡❞ ❝r♦ss✲❢r❡❡ ✐❢ ❢♦r ❡✈❡r② ♣❛✐r ♦❢ s❡ts A,B ∈ F
✇❡ ❤❛✈❡ ❡✐t❤❡r A ⊆ B✱ B ⊆ A✱ A∩B = ∅ ♦r A∪B = V ✱ ❛♥❞ ✐t ✐s ❝❛❧❧❡❞ ❧❛♠✐♥❛r
✐❢ ❡✈❡r② ♣❛✐r s❛t✐s✜❡s ♦♥❡ ♦❢ A ⊆ B✱ B ⊆ A✱ ♦r A ∩ B = ∅✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ s✐♠✐❧❛r❧② t♦ ❈❧❛✐♠ ✸✳



✶✸

❈❧❛✐♠✳ ❚❤❡r❡ ❡①✐sts ❛ ❝r♦ss✲❢r❡❡ ❢❛♠✐❧② F∗ ⊆ T s✉❝❤ t❤❛t t❤❡ ✈❡❝t♦rs ✐♥ {χX :
X ∈ F∗} ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ span({χX : X ∈ F∗}) = span({χX :
X ∈ T })✳

Pr♦♦❢✳ ▲❡t F ❜❡ ❛ ♠❛①✐♠❛❧ ❝r♦ss✲❢r❡❡ s✉❜❢❛♠✐❧② ♦❢ T ✳ ❲❡ s❤♦✇ t❤❛t span{χX :
X ∈ F} = span{χX : X ∈ T }✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❝❧❛✐♠ ❜❡❝❛✉s❡ ✇❡ ♠❛② ❝❤♦♦s❡
❛♥ ❛r❜✐tr❛r② ♠❛①✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥t s✉❜❢❛♠✐❧② ♦❢ F ❛s F∗✳ ■♥❞✐r❡❝t❧②✱ s✉♣♣♦s❡
t❤❛t t❤❡r❡ ✐s ❛ s❡t Y ∈ T ❢♦r ✇❤✐❝❤ χY /∈ span{χX : X ∈ F}✱ ❛♥❞ ❝❤♦♦s❡ ♦♥❡
t❤❛t ✐s ❝r♦ss✐♥❣ ❛s ❢❡✇ s❡ts ♦❢ F ❛s ♣♦ss✐❜❧❡✳ ■t ♠✉st ❝r♦ss ❛t ❧❡❛st ♦♥❡ s❡t Z ∈ F ✱
♦t❤❡r✇✐s❡ ✐t ❝♦✉❧❞ ❜❡ ❛❞❞❡❞ t♦ F ✳ ❆s ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞✱ Y ∩Z ❛♥❞ Y ∪Z ❛r❡ ❛❧s♦
✐♥ T ✱ ❛♥❞ χY + χZ = χY ∩Z + χY ∪Z ✳ ❙✐♥❝❡ χY ✐s ♥♦t ✐♥ span{χX : X ∈ F}✱ ❛t
❧❡❛st ♦♥❡ ♦❢ χY ∩Z ❛♥❞ χY ∪Z ✐s ❛❧s♦ ♥♦t ✐♥ span{χX : X ∈ F}✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts
t❤❡ ❝❤♦✐❝❡ ♦❢ Y ❜❡❝❛✉s❡ ❜♦t❤ Y ∩Z ❛♥❞ Y ∪Z ❝r♦ss ❢❡✇❡r s❡ts ✐♥ F t❤❛♥ Y ✳ ⊓⊔

❙✐♥❝❡ x∗ ✐s ❛ ❜❛s✐❝ s♦❧✉t✐♦♥✱ t❤❡r❡ ✐s ❛ s❡t ♦❢ ♥♦❞❡s V ∗ s✉❝❤ t❤❛t x∗ s❛t✐s✜❡s
❛ ❞❡❣r❡❡ ❜♦✉♥❞ ✇✐t❤ ❡q✉❛❧✐t② ❛t ❡❛❝❤ ♥♦❞❡ ✐♥ V ∗✱ ❛♥❞ x∗ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❡q✉❛t✐♦♥ s②st❡♠ ❣✐✈❡♥ ❜② t❤❡s❡ t✐❣❤t ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ t✐❣❤t ❝♦♥str❛✐♥ts
♦❢ F∗✳ ■t ❢♦❧❧♦✇s t❤❛t |E| ≤ |F∗|+ |V ∗|✳ ❲❡ s❤♦✇ t❤❛t t❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ✉s✐♥❣ ❛
s✐♠♣❧❡ ❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t✳

❲❡ ❛ss✐❣♥ 2|E| t♦❦❡♥s t♦ t❤❡ ♥♦❞❡s ❛s ❢♦❧❧♦✇s✿ ❢♦r ❡✈❡r② ❛r❝ ✐♥ E ✐t r❡❝❡✐✈❡s
t✇♦ t♦❦❡♥s✱ ❛♥❞ t❤❡♥ ✐t ❣✐✈❡s ♦♥❡ t♦❦❡♥ t♦ ❡❛❝❤ ♦❢ ✐ts t✇♦ ❡♥❞♣♦✐♥ts✳ ❚❤❡ ✐❞❡❛
♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ r❡❛ss✐❣♥ t❤❡s❡ t♦❦❡♥s t♦ t❤❡ ♠❡♠❜❡rs ♦❢ F∗ ❛♥❞ V ∗ s♦ t❤❛t
❡✈❡r② ♠❡♠❜❡r ♦❢ F∗ ❛♥❞ V ∗ ❣❡ts ❛t ❧❡❛st t✇♦ t♦❦❡♥s✱ ❛♥❞ ❢✉rt❤❡r♠♦r❡ ❛t ❧❡❛st
♦♥❡ t♦❦❡♥ ✐s ♥♦t ❛ss✐❣♥❡❞ t♦ ❛♥② ♠❡♠❜❡r ✐♥ F∗ ❛♥❞ V ∗✳ ❚❤✐s ✇♦✉❧❞ ✐♠♣❧② t❤❛t
|E| > |F∗|+ |V ∗|✱ ❝♦♥tr❛❞✐❝t✐♥❣ |E| ≤ |F∗|+ |V ∗|✳

▲❡t r ∈ V ❜❡ ❛♥ ❛r❜✐tr❛r② ♥♦❞❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧②

H∗ := {X ⊆ V − r : X ∈ F∗} ∪ {X ⊆ V − r : V −X ∈ F∗}.

◆♦t✐❝❡ t❤❛t H∗ ✐s ❧❛♠✐♥❛r✳ ❋♦r ❛ s❡t X ∈ H∗✱ ✇❡ ❞❡✜♥❡ X ′ ∈ F∗ t♦ ❜❡ ❡✐t❤❡r X
♦r V − X ✭❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤✐❝❤ ♦♥❡ ✐s ✐♥ F∗✮✳ ❲❡ ✇✐❧❧ ❛ss✐❣♥ ✷ t♦❦❡♥s t♦ ❡❛❝❤
♠❡♠❜❡r ♦❢ H∗ s♦ t❤❛t ❡✈❡r② ♠❡♠❜❡r ❣❡ts t♦❦❡♥s ❢r♦♠ ✐ts ♥♦❞❡s✱ t❤✉s t❤❡ t♦❦❡♥s
♦❢ r ❛r❡ ♥♦t ✉s❡❞✳

❆ ♥♦❞❡ v ∈ V ∗ ❤❛s ❛t ❧❡❛st ✹ t♦❦❡♥s s✐♥❝❡ |δ(v)| ≥ 4✳ ❲❡ ❛ss✐❣♥ ✷ ♦❢ ✐ts
t♦❦❡♥s t♦ v ✭❛s ❞❡❣r❡❡ ❝♦♥str❛✐♥t✮ ❛♥❞ ✷ t♦❦❡♥s t♦ t❤❡ s♠❛❧❧❡st ♠❡♠❜❡r ♦❢ H∗

❝♦♥t❛✐♥✐♥❣ v✳ ■❢ ♥♦ ♠❡♠❜❡r ♦❢ H∗ ❝♦♥t❛✐♥s v✱ ✇❡ ❤❛✈❡ ✷ ✉♥✉s❡❞ t♦❦❡♥s✳

❚♦ s❤♦✇ t❤❛t ❡❛❝❤ ♠❡♠❜❡r ♦❢ H∗ r❡❝❡✐✈❡s t✇♦ t♦❦❡♥s ✐♥ t❤✐s ❛ss✐❣♥♠❡♥t✱ ✇❡
♣r♦❝❡❡❞ ✐♥ ❛♥ ♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r ♦❢ ✐♥❝❧✉s✐♦♥✳ ▲❡t X ∈ H∗

❛♥❞ ❧❡t {X1, . . . , Xk} ❜❡ t❤❡ ♠❛①✐♠❛❧ ♠❡♠❜❡rs ♦❢ H∗ ✐♥s✐❞❡ X✳ ❚❤❡r❡ ♠✉st ❜❡
❛♥ ❛r❝ ✇✐t❤ ❛♥ ❡♥❞♣♦✐♥t ✐♥ X−∪k

i=1Xi✱ ♦t❤❡r✇✐s❡ t❤❡ ❝♦♥str❛✐♥ts ❝♦rr❡s♣♦♥❞✐♥❣
t♦ X ′, X ′

1, . . . , X
′
k ✇♦✉❧❞ ❜❡ ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t✿ t❤❡ ❝♦♥str❛✐♥t ❢♦r X ′ ✇♦✉❧❞ ❜❡

❛ ±1 ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥ts ❢♦r X ′
1, . . . , X

′
k✱ ✇❤❡r❡ t❤❡ i✲t❤ ❝♦❡✣❝✐❡♥t

❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r X ′
i = Xi ♦r X

′
i = V −Xi✳ ▼♦r❡♦✈❡r✱ ✐❢ ♦♥❧② ♦♥❡ s✉❝❤ ❛r❝ e

❡①✐st❡❞✱ t❤❡♥ x∗(e) ✇♦✉❧❞ ❜❡ ❛♥ ✐♥t❡❣❡r ❜❡❝❛✉s❡ ✐t ✇♦✉❧❞ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛♥
✐♥t❡❣❡r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ b(X ′), b(X ′

1), . . . , b(X
′
k)✳ ❙✐♥❝❡ 0 < x∗(e) < 1 ❢♦r ❡✈❡r②

❛r❝✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ ❛r❝s ✇✐t❤ ❛♥ ❡♥❞♣♦✐♥t ✐♥ X − ∪k
i=1Xi✱
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❤❡♥❝❡ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ ♥♦❞❡s ✐♥s✐❞❡ X ❢♦r ✇❤✐❝❤ X ✐s t❤❡ s♠❛❧❧❡st ♠❡♠❜❡r
♦❢ H∗ ❝♦♥t❛✐♥✐♥❣ t❤❡♠✳ ❚❤❡r❡❢♦r❡ X r❡❝❡✐✈❡s t✇♦ t♦❦❡♥s ❜② t❤❡ ❛ss✐❣♥♠❡♥t r✉❧❡✳

❍❡♥❝❡ ❡✈❡r② ♠❡♠❜❡r ♦❢ H∗ ❛♥❞ V ∗ ✐s ❛ss✐❣♥❡❞ ✷ t♦❦❡♥s✱ ❛♥❞ t❤❡r❡ ✐s ❛♥
✉♥✉s❡❞ t♦❦❡♥ ❛t r s✐♥❝❡ ✐t ✐s ♥♦t ❛♥ ✐s♦❧❛t❡❞ ♥♦❞❡ ❛♥❞ ♥♦ ♠❡♠❜❡r ♦❢ H∗ ❝♦♥t❛✐♥s
r✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t |E| ≤ |F∗| + |V ∗|✱ s♦ ✇❡ ♣r♦✈❡❞ t❤❡
t❤❡♦r❡♠✳ ⊓⊔

✹✳✶ ❍❛r❞♥❡ss ♦❢ ❚❤❡ ❋❡❛s✐❜✐❧✐t② Pr♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❛t ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❞❡❣r❡❡✲❝♦♥str❛✐♥❡❞ ✵✲✶ s✉❜✲
♠♦❞✉❧❛r ✢♦✇ ♣r♦❜❧❡♠ ✐s ◆P✲❝♦♠♣❧❡t❡✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ❛❧s♦ s❤♦✇s t❤❛t t❤❡ ❢❡❛✲
s✐❜✐❧✐t② ♣r♦❜❧❡♠s ❢♦r ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ●r❛♣❤ ❖r✐❡♥t❛t✐♦♥ ❛♥❞ ❇♦✉♥❞❡❞
❉❡❣r❡❡ ❉✐r❡❝t❡❞ ❈✉t ❈♦✈❡r ❛r❡ ◆P✲❝♦♠♣❧❡t❡✳ ❆ s✉❜s❡t ♦❢ ❛r❝s ✐♥ ❛ ❞✐❣r❛♣❤
✐s ❝❛❧❧❡❞ ✐♥❞❡♣❡♥❞❡♥t ✐❢ ♥♦ t✇♦ ❛r❝s ❤❛✈❡ ❛ ❝♦♠♠♦♥ ♥♦❞❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ E[W ]
❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐♥❞✉❝❡❞ ❛r❝s ✐♥ W ✱ ✐✳❡✳ ❛r❝s ✇✐t❤ ❜♦t❤ ❡♥❞♣♦✐♥ts ✐♥ W ✳

❚❤❡♦r❡♠ ✹✳ ●✐✈❡♥ ❛ ❞✐❣r❛♣❤ D = (V,E) ❛♥❞ ❛ s✉❜s❡t W ⊆ V ♦❢ ♥♦❞❡s✱ ✐t ✐s
◆P✲❝♦♠♣❧❡t❡ t♦ ❞❡❝✐❞❡ ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤❛♥❣❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛♥ ✐♥❞❡♣❡♥❞❡♥t
s✉❜s❡t ♦❢ ❛r❝s ✐♥ E[W ] s♦ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❞✐❣r❛♣❤ ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❲❡ r❡❞✉❝❡ ❙❆❚ t♦ t❤✐s ♣r♦❜❧❡♠✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❙❆❚ ✐♥st❛♥❝❡ ✇✐t❤
✈❛r✐❛❜❧❡s x1, . . . , xn ❛♥❞ ❝❧❛✉s❡s c1, . . . , cm✳ ❲❡ ❛ss♦❝✐❛t❡ ❛ ❞✐❣r❛♣❤ D = (V,E)
❛♥❞ ❛ ♥♦❞❡ s❡t W ⊆ V t♦ t❤✐s ✐♥st❛♥❝❡ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥❀ s❡❡
❋✐❣✉r❡ ✷ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥✳

❋✐❣✳ ✷✳ ❈♦♥str✉❝t✐♦♥ ♦❢ ❞✐❣r❛♣❤ D ✐❢ xj ✐s ✐♥ ❝❧❛✉s❡ ci ❛♥❞ ¬xj ✐s ✐♥ ❝❧❛✉s❡ ch✳

❋♦r t❤❡ ✈❛r✐❛❜❧❡ xj ✱ ❧❡t mj ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛✉s❡s t❤❛t ❝♦♥t❛✐♥ xj ♦r

¬xj ✳ ❲❡ ❝♦♥str✉❝t ❛ ❝②❝❧❡ Cj ♦❢ ❧❡♥❣t❤ 4mj ✿ t❤❡ ♥♦❞❡s ❛r❡ uj
i , v

j
i , w

j
i , z

j
i ✭i =

1, . . . ,mj✮✱ t❤❡ ♦r✐❡♥t❡❞ ❛r❝s ❛r❡ uj
iv

j
i , w

j
i v

j
i , z

j
iw

j
i , z

j
i u

j
i+1 ✭i = 1, . . . ,mj ✱ t❤❡ ❧❛st

❛r❝ ✐s zjmj
uj
1✮✳ ❚❤❡ ♥♦❞❡ s❡t W ❝♦♥s✐sts ♦❢ ❛❧❧ t❤❡s❡ ♥♦❞❡s✳
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■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛❞❞ ❛ ♥♦❞❡ t ❛♥❞ ♥♦❞❡s si ✭i = 1, . . . ,m✮✱ ❛♥❞ ❛❞❞ ❛r❝s sit
✭i = 1, . . . ,m✮✳ ❋♦r ❛ ❣✐✈❡♥ ✈❛r✐❛❜❧❡ xj ✱ s✉♣♣♦s❡ t❤❛t ci ✐s t❤❡ l✲t❤ ❝❧❛✉s❡ t❤❛t

❝♦♥t❛✐♥s xj ♦r ¬xj ✳ ■❢ ✐t ❝♦♥t❛✐♥s xj ✱ t❤❡♥ ✇❡ ❛❞❞ t❤❡ ❛r❝s siu
j
l , u

j
l si, w

j
l t, tw

j
l ✳

■❢ ✐t ❝♦♥t❛✐♥s ¬xj ✱ t❤❡♥ ✇❡ ❛❞❞ t❤❡ ❛r❝s siw
j
l , w

j
l si, u

j
l t, tu

j
l ✳ ❚❤✐s ✜♥✐s❤❡s t❤❡

❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✐❣r❛♣❤ D✳
❈♦♥s✐❞❡r t❤❡ ❝②❝❧❡ Cj ♦❢ ❧❡♥❣t❤ 4mj ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✈❛r✐❛❜❧❡ xj ✳ ❚❤❡ ♥♦❞❡s

vji ❤❛✈❡ ♦✉t✲❞❡❣r❡❡ ✵✱ ✇❤✐❧❡ t❤❡ ♥♦❞❡s zji ❤❛✈❡ ✐♥✲❞❡❣r❡❡ ✵ ✭i = 1, . . . ,mj✮✳ ❚❤✐s
♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ t♦ ❝❤❛♥❣❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ 2mj ✐♥❞❡♣❡♥❞❡♥t ❛r❝s ✐♥ t❤❡
❝②❝❧❡ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ str♦♥❣ ♦r✐❡♥t❛t✐♦♥✳ ❚❤✉s ✇❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿ ❡✐t❤❡r
✇❡ ❝❤❛♥❣❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛r❝s uj

iv
j
i , z

j
iw

j
i ✭i = 1, . . . ,mj✮✱ ♦r ♦❢ t❤❡ ❛r❝s

wj
i v

j
i , z

j
i u

j
i+1 ✭i = 1, . . . ,mj✮✳ ❲❡ s❛② t❤❛t t❤❡ ❢♦r♠❡r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❵tr✉❡✬

✈❛❧✉❡ ♦❢ xj ✱ ✇❤✐❧❡ t❤❡ ❧❛t❡r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❵❢❛❧s❡✬ ✈❛❧✉❡✳
■♥ t❤✐s ✇❛②✱ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♦r✐❡♥t❛t✐♦♥s ♦❢

t❤❡ ❛❜♦✈❡ str✉❝t✉r❡ ❛♥❞ ♣♦ss✐❜❧❡ ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❲❡ ❝❧❛✐♠ t❤❛t
t❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✈❛❧✉❛t✐♦♥
s❛t✐s✜❡s t❤❡ ❙❆❚ ❢♦r♠✉❧❛✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✐s ♥♦t s❛t✐s✜❡❞✱ ✐✳❡✳ t❤❡r❡ ✐s
❛ ❝❧❛✉s❡ ci ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ❢❛❧s❡ ❧✐t❡r❛❧s✳ ❈♦♥s✐❞❡r t❤❡ ♥♦❞❡ s❡t ❝♦♥s✐st✐♥❣ ♦❢ si
❛♥❞ ✐ts ♥❡✐❣❤❜♦rs ♦❢ t②♣❡ u ❛♥❞ w✳ ❇② t❤❡ ❝♦♥str✉❝t✐♦♥✱ t❤✐s s❡t ❤❛s ✐♥✲❞❡❣r❡❡
✵ ✐♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡ ♦r✐❡♥t❛t✐♦♥
❝❛♥♥♦t ❜❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞✳

◆♦✇ s✉♣♣♦s❡ t❤❛t ❛♥ ❡✈❛❧✉❛t✐♦♥ s❛t✐s✜❡s t❤❡ ❢♦r♠✉❧❛✳ ❚❤❡♥ ❡❛❝❤ ♥♦❞❡ si
✭i = 1, . . . ,m✮ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❢r♦♠ t ❜② ❛ ♣❛t❤ ♦❢ ❧❡♥❣t❤ ✹ ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ✏tr✉❡✑ ❧✐t❡r❛❧ ✐♥ ci✮✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❛♥ ❛r❝ ❢r♦♠ si t♦ t ❢♦r ❡❛❝❤ si✱ ❛♥❞ ❛❧❧
♦t❤❡r ♥♦❞❡s ♦❜✈✐♦✉s❧② ❤❛✈❡ ♣❛t❤s t♦ ❛♥❞ ❢r♦♠ t ♦r s♦♠❡ si✱ t❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s
str♦♥❣❧② ❝♦♥♥❡❝t❡❞✳ ⊓⊔

❈♦r♦❧❧❛r② ✻✳ ❚❤❡ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ❞❡❣r❡❡✲❝♦♥str❛✐♥❡❞ ✵✲✶ s✉❜♠♦❞✉❧❛r
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Pr♦♦❢✳ ❚♦ ✇r✐t❡ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ ❛s ❛ ❢❡❛s✐❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ❞❡❣r❡❡✲❝♦♥str❛✐♥❡❞
s✉❜♠♦❞✉❧❛r ✢♦✇s✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ t♦ s✉❜♠♦❞✉❧❛r ✢♦✇ ✐♥ ❙❡❝t✐♦♥
✷✳✺✱ ✇✐t❤ k = 1✱ ❞❡❣r❡❡ ✉♣♣❡r ❜♦✉♥❞s g(v) = 1 ✐❢ v ∈ W ✱ ❛♥❞ g(v) = 0 ♦t❤❡r✇✐s❡✳
❚❤❡r❡ ❛r❡ ♥♦ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❞❡❣r❡❡s✳ ⊓⊔

✺ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❘❡❝❡♥t❧② ❇❛♥s❛❧ ❡t✳❛❧✳ ❬✶❪ s❤♦✇ ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ ✐t❡r❛t✐✈❡ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞ t♦
♦❜t❛✐♥ ♥❡✇ ♦r ✐♠♣r♦✈❡❞ ❜✐❝r✐t❡r✐❛ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ♠✐♥✐♠✉♠ ❝r♦ss✲
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❆❧s♦ t❤❡ ♠❡t❤♦❞ ✐♥ t❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ♣r♦✈❡ ❛ ❣r❛♣❤ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t
♦♥ ❞❡❣r❡❡ ❜♦✉♥❞❡❞ ❢♦r❡st ❝♦✈❡r✐♥❣ ❬✶✶❪✳

❘❡❢❡r❡♥❝❡s

✶✳ ◆✳ ❇❛♥s❛❧✱ ❘✳ ❑❤❛♥❞❡❦❛r✱ ❏✳ ❑ö♥❡♠❛♥♥✱ ❱✳ ◆❛❣❛r❛❥❛♥✱ ❇✳ P❡✐s✱ ❖♥ ●❡♥❡r❛❧✐③❛t✐♦♥s

♦❢ ◆❡t✇♦r❦ ❉❡s✐❣♥ Pr♦❜❧❡♠s ✇✐t❤ ❉❡❣r❡❡ ❇♦✉♥❞s✱ ✐♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✹t❤ ❈♦♥✲



✶✻

❢❡r❡♥❝❡ ♦♥ ■♥t❡❣❡r Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❛❧ ❖♣t✐♠✐③❛t✐♦♥ ✭■P❈❖✮✱ ✶✶✵✲
✶✷✸✱ ✷✵✶✵✳

✷✳ ◆✳ ❇❛♥s❛❧✱ ❘✳ ❑❤❛♥❞❡❦❛r ❛♥❞ ❱✳ ◆❛❣❛r❛❥❛♥✱ ❆❞❞✐t✐✈❡ ●✉❛r❛♥t❡❡s ❢♦r ❉❡❣r❡❡

❇♦✉♥❞❡❞ ❉✐r❡❝t❡❞ ◆❡t✇♦r❦ ❉❡s✐❣♥✱ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱ ✸✾✭✹✮✱ ✶✹✶✸✲✶✹✸✶✱
✷✵✵✾✳

✸✳ ❱✳ ❇✐❧♦✱ ❱✳ ●♦②❛❧✱ ❘✳ ❘❛✈✐ ❛♥❞ ▼✳ ❙✐♥❣❤✱ ❖♥ t❤❡ ❈r♦ss✐♥❣ ❙♣❛♥♥✐♥❣ ❚r❡❡ Pr♦❜✲

❧❡♠✱ Pr♦❝❡❡❞✐♥❣s ♦❢ ✼t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠s ❢♦r
❈♦♠❜✐♥❛t♦r✐❛❧ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠s ✭❆PP❘❖❳✮✱ ✺✶✲✻✵✱ ✷✵✵✹✳

✹✳ ❑✳ ❈❤❛✉❞❤✉r✐✱ ❙✳ ❘❛♦✱ ❙✳ ❘✐❡s❡♥❢❡❧❞ ❛♥❞ ❑✳ ❚❛❧✇❛r✱ ❆ P✉s❤✲❘❡❧❛❜❡❧ ❆❧❣♦r✐t❤♠

❢♦r ❆♣♣r♦①✐♠❛t✐♥❣ t❤❡ ▼✐♥✐♠✉♠✲❉❡❣r❡❡ ▼❙❚ Pr♦❜❧❡♠ ❛♥❞ ✐ts ●❡♥❡r❛❧✐③❛t✐♦♥ t♦

▼❛tr♦✐❞s✱ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✹✶✵✭✹✹✮✱ ✹✹✽✾✲✹✺✵✸✱ ✷✵✵✾✳
✺✳ ❲✳❍✳ ❈✉♥♥✐♥❣❤❛♠✱ ❚❡st✐♥❣ ▼❡♠❜❡rs❤✐♣ ✐♥ ▼❛tr♦✐❞ P♦❧②❤❡❞r❛✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐✲

♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇✱ ✸✻✭✷✮✱ ✶✻✶✲✶✽✽✱ ✶✾✽✹✳
✻✳ ❏✳ ❊❞♠♦♥❞s✱ ❘✳ ●✐❧❡s✱ ❆ ▼✐♥✲▼❛① ❘❡❧❛t✐♦♥ ❢♦r ❙✉❜♠♦❞✉❧❛r ❋✉♥❝t✐♦♥s ♦♥ ●r❛♣❤s✱

❆♥♥❛❧s ♦❢ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s✱ ✶✱ ✶✽✺✲✷✵✹✱ ✶✾✼✼✳
✼✳ ❆✳ ❋r❛♥❦✱ ❆♥ ❆❧❣♦r✐t❤♠ ❢♦r ❙✉❜♠♦❞✉❧❛r ❋✉♥❝t✐♦♥s ♦♥ ●r❛♣❤s✱ ❆♥♥❛❧s ♦❢ ❉✐s❝r❡t❡

▼❛t❤❡♠❛t✐❝s✱ ✶✻✱ ✾✼✲✶✷✵✱ ✶✾✽✷✳
✽✳ ❆✳ ❋r✐❡③❡✱ P❡rs♦♥❛❧ ❈♦♠♠✉♥✐❝❛t✐♦♥✱ ▼❛r❝❤ ✷✵✵✼✳
✾✳ ▼✳❳✳ ●♦❡♠❛♥s✱ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞✲❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡s✱ ✐♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡

✹✼t❤ ❆♥♥✉❛❧ ■❊❊❊ ❙②♠♣♦s✐✉♠ ♦♥ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❋❖❈❙✮✱ ✷✼✸✲
✷✽✷✱ ✷✵✵✻✳

✶✵✳ ❑✳ ❏❛✐♥✱ ❆ ❋❛❝t♦r ✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r t❤❡ ●❡♥❡r❛❧✐③❡❞ ❙t❡✐♥❡r ◆❡t✇♦r❦

Pr♦❜❧❡♠✱ ❈♦♠❜✐♥❛t♦r✐❝❛ ✷✶ ✭✷✵✵✶✮✱ ✸✾✕✻✵✳
✶✶✳ ❚✳ ❑✐rá❧②✱ ▲✳❈✳ ▲❛✉✱ ❉❡❣r❡❡ ❇♦✉♥❞❡❞ ❋♦r❡st ❈♦✈❡r✐♥❣✱ ✐♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✺t❤

■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ■♥t❡❣❡r Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ❈♦♠❜✐♥❛♦t♦r✐❛❧ ❖♣t✐♠✐③❛✲
t✐♦♥ ✭■P❈❖✮✱ ✸✶✺✲✸✷✸✱ ✷✵✶✶✳

✶✷✳ ▲✳❈✳ ▲❛✉✱ ❏✳ ◆❛♦r✱ ▼✳ ❙❛❧❛✈❛t✐♣♦✉r ❛♥❞ ▼✳ ❙✐♥❣❤✱ ❙✉r✈✐✈❛❜❧❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ✇✐t❤

❉❡❣r❡❡ ♦r ❖r❞❡r ❈♦♥str❛✐♥ts✱ ✐♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✸✾t❤ ❆♥♥✉❛❧ ❆❈▼ ❙②♠♣♦s✐✉♠
♦♥ ❚❤❡♦r② ♦❢ ❈♦♠♣✉t✐♥❣ ✭❙❚❖❈✮✱ ✻✺✶✲✻✻✵✱ ✷✵✵✼✳

✶✸✳ ❆✳ ❙❝❤r✐❥✈❡r✱ ❈♦♠❜✐♥❛t♦r✐❛❧ ❖♣t✐♠✐③❛t✐♦♥✱ P♦❧②❤❡❞r❛ ❛♥❞ ❊✣❝✐❡♥❝②✱ ❙♣r✐♥❣❡r✲
❱❡r❧❛❣✱ ✷✵✵✸✳

✶✹✳ ▼✳ ❙✐♥❣❤ ❛♥❞ ▲✳❈✳ ▲❛✉✱ ❆♣♣r♦①✐♠❛t✐♥❣ ▼✐♥✐♠✉♠ ❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❙♣❛♥♥✐♥❣ ❚r❡❡s

t♦ ✇✐t❤✐♥ ❖♥❡ ♦❢ ❖♣t✐♠❛❧✱ ✐♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✸✾t❤ ❆♥♥✉❛❧ ❆❈▼ ❙②♠♣♦s✐✉♠ ♦♥
❚❤❡♦r② ♦❢ ❈♦♠♣✉t✐♥❣ ✭❙❚❖❈✮✱ ✻✻✶✲✻✼✵✱ ✷✵✵✼✳


