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Abstract. S.A. Agahanov and G.I. Natanson [1] established lower and
upper bounds for the Lebesgue functions L (z) of Fourier-Jacobi se-
ries on the interval [—1,1]. The bounds differ from each other only in a
constant factor depending on Jacobi parameters « and 3, so their result is
of final character. The aim of this paper is to extend their estimation for
the weighted Lebesgue functions L% (z) using Jacobi weights with
parameters v and §. We shall also give sufficient conditions with respect
to a, 8,y and § for which the order of the weighted Lebesgue functions is
log (n 4 1) on the whole interval [—1, 1].

1. Introduction

It is known that the Lebesgue functions of an approximation process play
an important role in the convergence of that process. The Lebesgue functions
Lie? )(x) (see (2.1)) of Fourier—Jacobi series have been studied by many au-
thors.
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G. Szeg6 [10, 9.3.] showed that for every fixed number € € (0,1)

LB (z) ~ 1 1
pep X L () ~log (n+1)
(neN:={1,2,...}).
Here and in what follows for the positive functions a,,b, : I — R (I is an
interval of R) the notation

an(x) ~ by(x) (xel, neN)
means that there exist positive constants ci,co independent of z and n such

that

an ()
< < I .
Cl_bn(x)_CQ (xel, neN)

H. Rau [7] showed that the order of the Lebesgue functions at the points
—1and 1is n°F%, where ¢ = max {a, B}

S. A. Agahanov and G. I. Natanson [1] proved the following result: if o, 5 >
> —% then

L () ~log (n(1 = 2)7@ (14 2)°@) +1) + Vi (IR (@) + PG ()]
(x € [-1,1], neN),
where
i, ifteR\ {3}
£(t) = 2 2
0, ift=1

and P,(ﬁ’f’)(x) is the nth Jacobi polynomial.

The aim of this paper is to extend this estimation by using suitable Jacobi
weights. We will give conditions for the weight parameters v and ¢ such that
the order of the weighted Lebesgue functions L;“"’)’(%‘”(x)

the whole interval [—1,1].

is log (n+ 1) on

2. Pointwise estimate of the weighted Lebesgue function

For parameters a, 3 > —1 we shall denote by Pq(La’ﬁ )

nomial with the normalization

plad) (1) = (" Z a) (n € Ny :=1{0,1,2,...}).

the nth Jacobi poly-
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They are orthogonal with respect to the Jacobi weight function
w @A) (z) == (1 — 2)*(1 + z)? (z € (-1,1)).

The nth Lebesgue function of Fourier—Jacobi series is defined by

1
L) = [ 1 ) () y

—1

(2.1)
(neN, zel-1,1]),

where the kernel function K" (z,y) can be expressed as

n -1
Ky = 37} P @) P ) =

(22) ( ﬁfzo (c.0) (c.0) (e.8)
(&N «, o, a,
— \(a,8) Pn+1 (z)Pn (y) — Pn (‘T)PnJrl (v)
n T — y .
Here
(2.3) peod) _ 22 T(k+a+ )P(k+8+1)
' k 2k+a+p+1Tk+ 1) k+a+p+1)’
and
(2.4) Mooy _ 2P T+ 2Pnta+f+2)

Mm+a+f+2T(n+a+1)I(n+F5+1)

(see [10, (4.3.3) and (4.5.2)]), where I'(p) (p > 0) is the Gamma function.

For «,6 > 0 we define the nth weighted Lebesgue function of Fourier—Jacobi
series by

1
L@8.(18) () 1 10 () / K (@, ) [w P (y) dy
Z1

(neN, zel-1,1]).

(2.5)

For the existence of this integral, we shall assume that the parameters =, d
satisfy the inequalities

(2.6) y<a+l, d<pB+1.

Theorem. Suppose that o, 5 > —% and 7,0 > 0 satisfy the inequalities

a 1 a 3 g1 B 3
(27) §+Z<’Y<§+Z and §+Z<5<§+Z
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Then we have for alln € N and x € [—1,1] that
(28 aw@er@) < e (@) < 0 a0 (@) ()

with the constants c1,ce > 0 independent of x and n, where

L9 () = log ( V12?4 1)
+Vn (VI—a+ %)a% (WIFz+ 2" (1P @)+ PSP @)])

and
2 26
@(7’6)(x) L \/1—$ v ,/]_+l'
W T ) \(Vizerl)

We note that the conditions for the parameters «, 3,7, in Theorem imply
the inequalities in (2.6).

Corollary. Suppose that o, 3 > f% and v,8 > 0 satisfy the inequalities
(2.7). Then we have

rr[lafcl] LA 00 (1)~ log (n+ 1) (n € N).

Remark. A result similar to this Corollary was proved by U. Luther and
G. Mastroianni [5]. This paper does not contain a pointwise estimation (cf.

(2.8)).

3. Preliminaries

In what follows for the functions a,,b, : I — R (I is an interval of R) the
notation

an(z) = O(by(z)) (xel, neN)

means that there exists a positive constant ¢ independent of x and n such that

|an(z)] < cby(z) (x eI, neN).

3.1. Formulas for Jacobi polynomials. Here we list those well known
formulas which we shall use throughout the paper.
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If o, 8 > —1 then for every x € [—1,1] and n € N we have

(3.1) P (@) = (~1)" PP (—)
(see [10, (4.1.3)]) and
(32 AP @) = a5+ P )

(see [10, (4.21.7)]).

An important bound for Jacobi polynomials can be given in this form: if
a, > —1 then

1
—a—3

’P}ﬁﬂ) (x)’ =0 (n}) <M+ i)

(0<z<1, neN)

(3.3)

(see [6, 2.3.22]).

A more precise formula is the following. Let o, 6 > —1. Then we have

a -1 o)
(3.4) PlB)(coss) =n 2k:(s)(cos (Ns+v)+ m),
where
Ccs<n- E, k(s) = k(®P)(s) = 3 (Sin f)iaié (cos f)iﬁié,
n- n 2 2

N=n+i(a+8+1),v=—(a+3)3.

Here ¢ is a fixed positive number and the bound for the error term holds
uniformly in the interval [<, 7 — £] (see [10, (8.21.18)]).

If o, B, 4 > —1 then we have uniformly in n € N that

1 neT=2 0 ifou<a—3
65 [IPe@Ia - dy~ dntlogn, i2u=a -
0 n*%, if 2 > a — %

(see [10, (7.34.1)]).
Let p > 0 be a fixed real number. Then

I'(n+ p)

I(n)
(see [8, p. 166]). Thus for the numbers (2.3) and (2.4) we have

~ nP (n e N)

o 1

AP (n €N).
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We introduce the notations

@)1= PEHO@)

P,
ﬁn(a}) D= Prga+1’5+1)(x).

Using the formulas [10, (4.5.7)] we obtain that

1, .25 _ a—p (@8) ()
37 2(1 7)) Pua(w) = (x+2n+a+ﬂ+2)P” (z)
( ) ) 2n + 2 (a’ﬁ)(x)

Cnta+B+2 "L
Moreover, by [10, (4.5.4)] we have

a+ 3 = n+a+1_. o,
B8 (1455)0 - 2)Pul@) = =P (@) - P (@),

3.2. Auxiliary results.

Lemma 1. Suppose that R > 1 and A < 0 are fized real numbers. Then
with a suitable index N € N we have
27

TtA

i (54 8) s (22 1) 4]

s

uniformly in s € [0, 5] andn € N, n > N

(3.9)

+
3\:0\

S

Proof. Let us introduce the following notation

2m
3

I:=1(n,s,A,R):= /
s+§

(neN,se[0,5], A<0, R>1).

tA

t—s

dt

In order to prove the statement, we split the interval [0, 5] into three parts:

that
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Therefore we have

=3 =4 =3
M :
(3.10) /tA—ldtg / tt_sdt§2 / A1 dt.
9+% s+§ s+%
Since
ZTrr
A A
1 R 2w
11 A-lqp — — ki I e
(8.11) [ty (*n) (3)]

s+3

n

we obtain the following upper estimation of I:

(3.12) Igjl'(s—i-f)A[log (%4—1)4—1}.

Now, let us consider the lower estimation. If n > % and A < 0, then
(M)A < 24, Therefore using (3.10) and (3.11) we get

3R
R\*  /2m\* 1 rR\* ar \ 4
(+3) - (F) |=mC+n) 1‘<sf§> =
A
B () - ) -G
>1_2A(3+R)A:1_2A<3+R>A1+10g2>
4 n |A] n 1+log2 —

24 A
> itz (4 n) [1+10e (O +1)]

where we used the fact that from 57 <1 it follows that log2 > log (”—Pf + 1).

Consequently,

= +RA[1 (% +1) +1]
~C| S " og 7
(86[052]7A<0,R217n2%),

with a constant ¢ > 0 independent of s and n.
This inequality together with (3.12) prove (3.9),if 0 < s < £,
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CASE 2. Let £ < 5 < 2™ Then s + < 25 < 35 < 2%, Now we split the
integral I into two parts:

3 tA 3s Tﬂ
1= / 7 dt = / 7dt+/7dt I+ Is.
— S
s+2 s+2&

n n

For I; we have

3s 3s
A A 1
I = / dt§(5+R> / dt =
t—s n t—s

SJr% S+E

n

o8] ]2 (3)-
_ (HJZ)A [1og2+1og%] < (s+f)A [log (%—i—l) +1}.

If3s§tthens§%t, ie. s—l—%tﬁt. Thus

t<t—-—s<t.

wlnN

Therefore for I we get

o

T
3

Summarizing the above formulas we obtain that there exists a constant ¢ > 0
independent of n and s such that

A
(3.13) Ise (‘9 + f) {log (E + 1) + 1}

(se(g,%’“), A<0, R>1, nz%).

For the lower estimation of I it is enough to consider the integral I;. Since



On the weighted Lebesgue function of Fourier—Jacobi series

59

er% §t§35§3(s+§),thusbyA<()wegetthat
3s 3s
4 R\* 1
Ilz/ dt23A<s—|—) / dt =
t—s n t—s

s+& s+&
3.14 A
(3.14) =34 (s + R> <10g(23) —log R>

n n

The following inequality holds:

log(2z) log 2
log(z+1)+1  1+log2 =
Indeed, if z > 1 then

(3.15)

log(2x) S log(2z) . 1
log(x +1)+1 ~ log(2x) +1 log(2z) +1 —
1 log 2

>1-— = .
- 14+log2 1+1log2
Since %2 > 1 we obtain from (3.14) and (3.15) that

I>Il>f?gggz<8+§>14{log(vg+l>+l},

: : ¢ R 27
which together with (3.13) prove (3.9), if & < s < 5F.

CASE 3. Let %’fgsggandte [s—&—%,%ﬂ Then

R 2 R
(3.16) s+—<t< 7Tgssgz))<s+n>,

w ) ) et
2 R
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For the lower estimation of I we use the condition A < 0 and (3.16). Then
we have

o
E)
o
B

~
Il
\w‘
I
o,
~
IV
w
S
®
+
3|
hS
\w‘
—_
(o
~
I

o
+
[

(
(3.18) =3 (s *

(

(

The following inequality is true:

log (% :c) log % -
log(z+1)+1 " log(8e) -

(3.19)

Indeed, if z > 4, then

og(be)  bog(hn) _ lg(he)
log(z +1)+1 " log(2z) +1  log (%) +log6 + 1

L log(6e) _— log(6e)  logj

B log (5 ) + log(6e) — log 4 +log(6e)  log(8e)’

Let n > 8% Then ns > 228 > 4. Thus using (3.18) and (3.19) we obtain

et (o ) e G o) 1)

which together with (3.17) prove (3.9), if 2% < s < 7.

Lemma 1 is proved. |

Lemma 2. If A> -1, neNand s € (%, g], then there exists a constant
¢ > 0 independent from s and n such that

A 1\*
/ dt<c(s+n) log (ns +1).

s—1t
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Proof. Consider the following identity:

For I; we have

3=

- )A+1

Noon < A
/ s A+1 €5
0

Cn\}—l
—_

where ¢ > 0 is independent of s and n. From A + 1 > 0 it follows that

s l ;L
STy

1 [ 1
- / dt < 4 / —— dt = s log(ns),
s s—t

0 0

therefore
L+ < csA(l + log(ns)) < cslog(ns +1).

Since

1 S 1

- < r=1- <1
2 s+ ns—+1

)

we have that there exists a ¢ > 0 independent of s and n such that

1 A
A<C<s+> ’
n

which proves our statement.
4. Proof of Theorem

In this section we shall use the following notations:

P,(z) := P,(la’ﬁ) (), Ap:= )\gf"ﬂ).
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By (3.1) we have the following symmetry property of the kernel function
(2.2)
Kr(;lﬁ) (‘T, y) = KﬁLﬂ)a) (7‘T, 7y)
(x,y e[-1,1], neN, o,0> —1).
Using this we obtain the symmetry property of the weighted Lebesgue function:
LB (:0) gy = LB:a), 07 ()

(4.1)
(x,ye[—l,l], neN, «o,F>-1, 7,(520),

which means that it is enough to prove (2.8) for z € [0, 1] only.
From now on we will assume that x € [0, 1].

In what follows, C or ¢ (or Cq, Cs, ..., c1, ¢a, ... ) will always denote a pos-
itive constant (not necessarily the same at different occurrences) independent
of n and x. Also, N will always denote a fixed natural number, not necessarily
the same at different occurrences.

4.1. Upper estimation of L%O"B)’('y"s)(x). In order to estimate (2.5) we

split the integral into two parts:

N

1 —

—

[P e g ay= [ay s [
2
In the second integral we use the substitutions
y=cost (0<t<2) and z=coss (0<s<Z),

and consider the following two cases:

o
=
o

=

=
o
IN
VA
IN

3=

T 7
/...dy:/...dt:/...dt+/...dt+ .. dt.
0 <

Thus we have

4
L0 @) = 3"y,
k=1
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where

D=

=) [ K g w0 () dy,

—

H
wff

Jo = w9 () |K P (2, cos t)[w@™7P =9 (cos t) sin t dt,

+

3=

S

»
+
3=

Jzs = w0 (z) [ K@D (x,cost)|w*7P7%) (cost)sint dt,

S—

3=

1
s n

Jy = w9 (z) / | KB (, cos t) w780 (cos t) sint dt.
0

In the second case the lower bound in J3 is 0 and J4 := 0.

4.1.1. FEstimation of J;. Here we use the formula (2.2). Since x > 0 we
have |z — y| > % (-1<y< 77) Consequently,

1

2

— w9 / Poi1(2)Po(y) — Po(7)Poy1(y)
J |z =yl

w8 ) dy <

|

< 22,0 (@)|Py(@)| [ |Paga(y)[w 7P~ (y) dy+

—.

-1

|

+22, 0 (2)| Py () () w770 () dy.

im
%

1
By (3.1) we have

e D )dy = [P 5)* (14)*  dy <

-1

Nl

)—‘\
(M

1
\PW @) dy=c [IPED)I - 0P dy <

1

2

\N‘H
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/ 1P ()] (1 — )% dy.

Since § < g + 3, ie. 2(8—6) > B — 3 it follows by (3.5) that the last integral
has the upper bound enE. Consequently,

|

() w @D () dy =O(n~%)  (neN).

—
%

21
Collecting the above formulas and using (3.6) we obtain
I = O(mw (@) (|P9) @) + [P (@)

(x€[0,1], neN).

(4.2)

4.1.2. Estimation of Jo. The expression
27
3

Jo = w9 () | KB (2, cos t)[w@=7P =) (cos t) sin t dt

s+

3=

may be simplified by using the following formulas:
WO (2) = (1—a)(1+a) ~ (1—2)T (2 [0,1]),

w @) (cost) sint = (1 — cost)* V(1 + cost)? O sint ~ ¢2 @7+
(t € 0, 5]),
t —

S .
Sin

& —y=coss —cost = 2sin 5~t2—s2~t(t—s)
(se0,Z], tels, 2]).

Thus by (2.2) and (3.6) we have uniformly in z € [0, 1] and n € N that

ol

Jo ~ (1 —x)7 | KB (2, cost)| 2@+ dt ~

s+%
27
[ £2(a—)
~n(l—2x)" P, 1(x)P,(cost) — P, (x)Py11(cost) dt.
-5

s+

3=
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Following the idea of [1, p. 15] we use the identity

Poi1(y)Pu(z) — Po(y)Pagi(z) =

(4.3) o o o
= (14555 [0 PP ) - 0= ) PA) R0

which may be verified by using (3.8).
Thus we have uniformly in z € [0,1] and n € N that

27
_ [ t2(a—=)
Jo = 0(n)(1 —2)" TP, (z)] | P (cost)| - de+
s+L i
27
F o t2(a—"/)+2
+O0(n)(1 — x)7| P, (2)] | Py (cost)| — dt =
s+1 °
27T
o 2 toz—Q'y—%
s+%
27
F ta72'y+%
+O(Vn)(1 — 2)7| Py ()] ——, =tJnt I,
s+%

where we used (3.3) and /1 —cost ~ ¢ (t € [0, 2F]).
From the condition § + % < v it follows that a — 2y — % < —1, so by
Lemma 1, s ~ /1 —x (coss = x € [0,1]) and (3.3) we obtain

ot = 01— o Pa(e)] [
s+%
2v+2
—0(1) <\/17V_1;i711> (log (nv/T =z + 1) + 1).

Similarly, for Jos we have (since o — 2y + 1 € (—1,0))

N

ta72'y+%

J2 = O(Vn)(1 = 2)|Po(z)| [ ———dt=

t—s
s+

3=
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=0(1) (ﬁ) (log (nV1I—z+1)+vn(V1-z+ %)QJF% |Pn(x)|)

Finally we obtain the estimate

vVi—=z 2
" Jy =0(1) (M) (1og (nvI—z+1)+

VI (VT= 2+ 3) ™ (IPa@)] + P () + 1),

which holds uniformly in « € [0,1] and n € N, n > N.

4.1.8. Estimation of Js.

The expression J; may be simplified (see the
estimate of Ja):

3+le
Jz ~ (1 —x)7 / |K (@B (2, cost)| 2= q¢
1

STw

(z€[0,1], s €[0,5]),

if s > 1
n

(the lower bound of the integral is 0 if 0 < s < 1). For the kernel
function we shall use the following estimates (see (3.3) and (3.6))

"1
K9 (x, cost) ‘ = ‘Z — Py(z) Py(cost) ‘ = ‘ ; +thPk(x)Pk(cost)‘ =
0 k=1

(1+Zk\Pk )| | P ( cost)|)
1 1 1 1
(1+Zkk B(VI—z+d) R I ) O E) =

= O(l)(l +n(Vl-—z+ %)70[7% t’a*%>
(z €[0,1], t € [0, 3F]).

If % < 5 < 5 then we have uniformly in x = cos s that

st %
1
Js = 0(1) (1:5)7{ / 2le=N+ qp 4 n ™ o2ty dt}.
(VI=z+3)"72,
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Since
s+
sA
tANZf (1 <s<m neN, A>-1),
we obtain by s ~ /1 — x that
S2(a7’y)+1 Sa72'y+%
J5=0(1)(1 — ) + I (=
IV
1
=011 —z) {2t - =
(VI—z+4)7
2y
1 V1-—
=011 -2)—=-=0(1) a: ——— )
(V—z+1)” VIi—z+1i
Ifo<s< % then (see the definition of J3 in Section 4.1) we get
s+1 s+ 1
1
ly:OOﬂl—xV{u/t%aw+Hh+ - /nﬂ’”+2&}.
0 (m-i- "2

Since vy < a+1and v < $+2 we have 2(«—7)+1> —land a—2y+1 > —1.

So by

1
n

1 A+1
tAdtN(s—i—n) (s>0, A>—-1)

o\_"f_

we obtain
3
a—2y+35
Jy = O(1) (1—a)" (s + 2 )2(a N+ n(s+ )" 21 _
Wiae )
1 1
-0 =7 { ety + oV T4 ) e | -

1
=0 — )7 - V=

—O(1) (1 - 2)" (1_;1)% — o(1) (ﬁt?) .
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Finally we get the estimate

2y
(4.5) ek=mm<¢;:jl>7

which holds uniformly in = € [0,1] and n € N.

4.1.4. Estimation of Jy. First we remark that J, =0if 0 < s < %, SO we

suppose that s € [%, g], i.e. x =coss € [0, 1-— n%] =: I,,. The expression Jy

may be simplified (see the estimation of J3) by using the relation

|z —y| ~ [t? — s?| ~ s|t — s| ~ V1 — x|t — s

(%gsgl tG[O,s—l]).

27 n
Namely, we have (uniformly in z € I,, and n € N)

s 1

i = w0 () / KB (2, cos 1) w709 (cos £) sin t dt ~

0
s 1
. " t2(a7'y)+1
~n(l—x)""2 / |Pyy1(2) Py (cost) — Pp(x) Pyt (cost)] 7 dt.
5 —
0
Using the identity (4.3) and the estimate (3.3) we obtain
s 1
L " t2(a7'y)+1
Jy=0mn)(1—2)""24 (1 —2)|Pp(z)] | P (cost)] p— dt+
0
s 1
o £2(a=)+1
+| P ()] / t2 \Pn(cost)|7t dt y =
5 —
0
11— Siitai}wr%
oW -2 P [ e
0
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Since v < € 4+ 2, thus & — 2y + + > —1 we have by using Lemma 2 and
g 2 T 1 T2

s ~ /1 — x that

Jin = O(m)(1 — 2y [Py(@)] (s + )" Flog(ns +1) =

:owﬁ)( vi—w ) Po(x)] (VI—z+ 1) % log(ns + 1) =

— 2y
=0(1) (M) log (nvV1—x+1)

(z€l,, neN).

Similarly,

Jio = O(/m)(1 =23 [P ()] (s + 1) log(ns +1) =

vi—z \7 (VI—z+1)*"3

Aievr) PEOIT—=

- vi—z \7

=0(1) (M) log (nvV1—xz+1)
(m el,, ne N).

log(ns+ 1) =

= O(v/n) (

Summarizing the above formulas we obtain

— 2y
(4.6) Jy=0(1) ( 1w ) log (nv1—xz+1)

Vi—z+ 1
(xe]n, nEN).

4.1.5. The final upper estimate. Using (4.2), (4.4), (4.5) and (4.6) we have

LR 0:0) () = 0(1) <\/17 1;11> (log (nV1 —x+ 1)+

a+3
Vi (VT=2+ 1) ([Pa(@)] + [P (@)]) +1)
(x €10,1], n € N, n > N).
Let z € (0,1) be the closest number to 1 for which
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holds. If = € [0, Z] then

(4.7) 1—9c21—a;=P”(ll)%,:(;;”(“’")~n12 ((e(z,1))

(see (3.2)). Thus
log(nVl—z+1)>c¢

If z € (z,1] then P,(x) ~ n®, so

Vi (VT 2+ 1) (1Pa(@)] + | Paa () > c.
This means that also
2y
LR 9 () = O(1) <1v—lxii> (1og (nvV1—z+ 1)+
Vi (VT=2 4+ 5 (Pa@)] + [Paa(@)]))
(r€0,1],neN, n> N)

is true.

From this we have uniformly in « € [—-1,1] and n € N, n > N that

2y 26
1909 () = O(1) (S) (Afi) 7 @),

where

L) () = log ( ny1—a?+ 1)
ta(VI—z+ 1) (Vita+ %)mf (|P,<;" A (@) + 1P (@ )|) :
Thus the upper estimation in (2.8) is proved.

4.2. Lower estimation of L{*?:(% (). Because of symmetry, it is
enough to consider € [0,1]. We shall give three different lower estimations

for the weighted Lebesgue function.

4.2.1. The first lower estimation. If o, > —1 and ~,6 > 0, then there
exists a constant ¢ > 0 independent of x and n such that

(4.8) LD 09 () > caw™9) (1) (x€[0,1], neN).
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Indeed, using the orthogonality of Jacobi polynomials we have
1
/K;la,m (29w (y)dy =1 (z€0,1], neN).
-1
Therefore
1
LLB)000) () — w<%5>(;c)/|K,(ﬁ’ﬁ)(a:,y)|

—1
1

> cw™) (z) /‘K,sa’ﬁ)(xvy)’w(a’ﬁ)(y) dy >

-1

WA ()
T

1
> cw(z) /KT(Laﬁ) (z,y)w P (y) dy = cw 9 (z).
~1

4.2.2. The second lower estimation. If a, 3 > —1 and ,§ > 0, then there
exists a constant ¢ > 0 independent of x and n such that

L0 (1) > cw (@) Vi (|Pa(2)] + [ Pata (2)])

(+9) (z €10,1], n € N).

In [1, p. 18] it was proven that

K (@, cost)] dt > ev/n (| Pa(@)] + [Pasr()]),

\m\’;"

M

i
3

(z €10,1], n € N),
from which (4.9) follows immediately.
4.2.8. The third lower estimation. It is clear that
L%Oéﬁ)»(%is)(m) >
27
3
> w9 (z) / |K(P) (2, cost) [w@=7P=9) (cos t) sint dt

s+%

(4.10)

for all x = cos s € [0,1] and R > 0. Using the ideas of [1], we shall give a lower
estimation for the right hand side of (4.10) with a suitable number R > 1.
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Since
w @070 (cost) sint ~ 27 2F!

(s€l0,5, tels ),

we obtain from (4.10) that

4.11 LR 0 (2) > ¢ (1 — x)7 KB (z, cost)] - 22727 H1 dt.
(4.11) n n ;

—

=]

s+

n

The estimation the above integral is performed in several steps.
STEP 1. From (3.7) it follows that

Fo(@,y) := Poy1(y) Pu(x) = Pu(y) Pt (z) = WX

1 {(1 = 22 P 1 (2) Paly) = (L= ") P () Pal) + (5 — ) Pa(0) Pa(y) }

so by (3.6) we have uniformly for all x € [0,1] and n € N that

@8) (. )] — A8 |Fn(2Y)
K )] =) | 22
> en (1- xZ)?n_l(x)Pn(y; : ?(Jl —y2)Py_1(y)Po()  Py@)Pay)| >
— z? ~n—1 X)Ly - —y? ~n—1 n\L
s [Q=a)P <ﬂw2_g yﬂ><wp<wqﬁ&@”&@”
Since |z — y| = | cos s — cost| ~ t(t — s) we have

E
/ |K (P, cost)| - 2~ dt >
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Therefore by (3.5) we get uniformly for all z € [0,1] and n € N that

(4.12) LB 09 () >
2(7#
K . . t2a—27
>can (1 - x)'y / ’(1 - xz)Pnfl(x)Pn(y) - (1 - y2)Pn71(y)Pn(x) t—s dt—
5-&-%
—cavn(1 — )| P, (2)).
STEP 2. For the estimation of the integral
2r
2 - - t2a72'y
i [ 0= Pa@Pa) = (0= ) P Palo)
s+
we use the asymptotic formula (3.4) for the Jacobi polynomials
Pu(y) = P (y) and P_i(y) = P77 (),
which gives
o1
PP (cost) = ( s(Nt +v) + ( )>,
nsint
(41, ,8+1)
(a+1,6+1) EETPTO) o)
P t Nt =
Al (cost) = T (cos( +7)+ —ini
2D (i oW
Nt+7v)+ ——
\/ 1 sint <COS( +7)+ (n—1) sint) ’
where ) N1
S s )+;ﬁ+ )+l
and
ﬁ__2(a+1)+1 _,.T
- + Ty
We have

(1- x2)Pn—1(x)Pn(y) - (1= 3/2)§n—1(y)Pn(x) =

k(aﬁ( ){(1—1‘ )P,_1(z) cos(Nt + v —2\/7P 51nt-sin(Nt+1/)}+

~ (a,8)
+0 (7131/2> (1—2)Py_1(z)- u +0 ((11—11)3/2) P, (z) - KA (t).

sint
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R 2
If0<5+5§t§§,then

1

_/3_7
(cos %) Pt

N

kB () = ! (smt)_a_

7
Therefore
27
3
Z% /’(1_9”2)31 1(2) cos(Nt +v)—
s+%
047277%
=24/ 25 Py(x)sint - sin(Nt +v) — dt—
s to—27— 2 ta—Z'y—%
-y {(1—$)|Pn 1(z)] / ?dt—HP )| / ﬁdt :
s+% s+%

STEP 3. Using the above inequality and (4.12) we have

(4.13) LB 0 () > e v/ (1 — )7 x

27

3

/‘1—33 n—1(x) cos(Nt +v) — 2,/ L5 Py(x)sint - sin(Nt + v)|x

s+R
o= 2'y7—
X — - dt —cav/n (1 —2)Y|P,(2)| — c3 01(n, ),
where
1—2)7
oy R ta—Zv—é R toz—2’y—%
A=) [ S ) [ S,
s+% s+%
Since t > % we have
() < (1~ )
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Using Lemma 1, s ~ /1 — 2 and (3.3) we get uniformly for all z € [0,1] and
n € N that

2y
V1=
oi(n,z) <c T T X
Vl_l‘+i

x{%[log(nm+ 1)+ 1} Fva (VI T+ 1) |Pn(x)|}.

STEP 4. Now, we consider the integral in (4.13) and write sins = v/1 — 22
instead of sint. Then by the Lagrange mean value theorem we have

sint=sins+7=+1—224+71

with |7| <t — s. Thus we obtain an error term in the integral, which we shall
denote by g2(n, z). Therefore we have uniformly in x € [0,1] and n € N that

LR () > ¢ n (1 — )7 V1 — a2 x

n

X

‘\/1—x215n,1(x)cos(Nt+1/)—2 1Pn(ac)sin(]\ft—i—u) X

@
+
sl ey

ta72'yf%
4t a(0) — 3 4 ) — e V(L= )7 [P (2],
where
27
3
o2(m, ) = 2/ (1~ 2) | Py (a)] / |sin (N + )|t~} dt <
s+%

V=7 )2”

< ev(l=a) )] (VIZa+ 1) < <m

(using s ~ /1 — z and (3.3)).

Let P (mﬁn—l(gj) +Z-2\/an(x)).

Then we have uniformly in z € [0,1] and n € N that

LB 00 () > ¢ (1 — 2)7 x

=

x (n(l — 42 ((1 —2?)P?_ | (z) + n4_"lpg(x)>) x
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2

5 ta—?’y—%
X / | cos (Nt + z/+¢)|t7 dt—
-8
s+&

—c3 02(n, ) — ¢z 01(n, ) — ca /(1 — )7 |Po(z)|.

STEP 5. Now we will estimate the integral

27
F tO‘_Z'Y_E
B = / |cos (Nt + v + )| ————dt
-5
s+%
Since | cost| > cos? t = H’%S(Qt) it follows that

2

el

ta72'yf%

(1+cos2(Nt+u+w)) —dt.

B>
t—s

N | =
\w‘

s+

3l

Using Lemma 1 we have

2

5

ta—Q’y—l R 0—27_%

: \w\

w
+
3w

n

a72'yf%
>c(s—|—R> [log(ns—i—l)—i—l—logR},

and by the second mean value theorem

V)
3

3 1 1
ta=27—3 4 Rya—2y—3
/Cos2(Nt—|—1/+¢) t752dt:(8 T]L%)/n X

»
+
3w

« [ osrntevanase s+ BT (g o+ B.5),

n

»
+
;\m\m

Then we get

1

R a—2y—3
B>01<s+> [log(ns—i—l)—}—l—cQ}.
n
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7

STEP 6. From this we obtain

LM 0N0) 2 0 (-2 (1 =) (1= AP )+ 2P )

a—2'y—%
x(s—i—f) [log(ns—l—l)—&—l—cQ}—

—c3 02(n,w) — cs01(n, ) — e5 V(1 — )7 [Py ().
(z€0,1],neN, n>N).
By (3.3) and s ~ /1 — 2 we have

O(z) = (1 - ) (s + f)a_%_z X

cfn(1 =) (1= a?)P2 (@) + 2 P2a) ) <

2
Vi—z K
<o | ————"=] <o,
\/1—1}4’;

which means that

LR (z) > ¢, O(x) {log (nvV1—z+1)+ 1} —

e (F%) % (log (nv/T — 2 +1) + 1) +

Vi (VTZ7 4+ 1) ™2 [Py + 1| — e vt — )7 [Pa(e)]

(x €10,1], n € N, n > N).
Let Z € (0,1) be the closest number to 1 for which
1
2
holds. If x € [0, Z] then by (4.7) we have

s~V1l—z>vV1—-%>

Po(z) = =Pu(1) ~ n®

C
)
n

thus

1
2

X
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which means that

C(z) > csa*%{nu - :132)((1 — )P (z) + n4flpg(x)) }

It is proved in [1, p. 21] that

s073 {n(l - x2)<(1 - ﬁ)ﬁz_l(a:) + n—1"

so for every x € [0,Z] and n € N, n > N we have

LEDD (2) > ¢ [1og (nvI—z+1)+ 1} - cQ{ﬁ(l — ) (@) | By ()| +

+ <%_j_l> (% log (nvV1—z+1)+1] +

+vn(VI—z+ }L)(“% |P,(2)] + 1) }

Here
2 2
Co V1i—=x 7> Co S Vv1i—=x K
cg—— | — L — —= =:c 3| —— .
VCR\VI—z+l) TR U EE VT2

The number R can be chosen such that ¢3 > 0. Then we have

2y
Vi—z
LR 0) (1) > ¢4 <*1 — 1) log (nV1—a+1)+1]—

—eav/a(l — 2)7 ()| Pa(a)| — ez (ﬁ) -

2 1

Vi—z+4+1i
for all z € [0,Z] and n € N, n > N. If = € [Z,1] then
_ 1
n

(see (4.7)), and so

Vvi—z > Vvi—z >
<1—$+i> [log(nV1—z+1)+1] <c (W) <



On the weighted Lebesgue function of Fourier—Jacobi series 79

SC(W) Vi (VIi—z+ 1) 2 P(a)]

(since P,(x) ~ n® on this interval), which means that with a suitable ¢4 > 0
we have

JE— 2y
L{eB-000) () > g ( L-w ) [log (nvV1—z+1)+1]—

Vi—z+1
i iz \7
(4.14) —c2v/n(l = 2)7(2)| Pu(z)| - 2 (W) N

2y 1
- (ﬁ) Vi (V=4 3)" (o)

for all x € [0,1) and n € N, n > N.
4.2.4. The final lower estimation. From (4.8) we have

(4.15) LB (1) > ¢ (1 —2)Y  (z€[0,1], n € N).

(4.9), (4.14) and (4.15) imply

JE— 2y
c _ og (nvV1—x+1)+1| < LY*PH0) ()4
3( Low ) [log (nv 1) +1] < L0000 ()

2y
. JVi—z
Feav/n(l — 2) Y (|Po()] + [ Pata (2)]) + c2 (M) +

VvVi—z
\/1fx+%

c

c

< LA 00 () 4 R LB (0) () 4 28000 (2) (VT =g+ 1) 77 4
& 6

1
+ A (008, (1:0) (1) (Vi—z+ %)O‘*%*E .
&

2y 1
04\/ﬁ< ) (VI=2+ 1) (Pu@)] + [Panr (@) <

Hence we obtain
c3(1— )" [log (nvT — 2 + 1) + 1] < 7 LA 09 ()

(x €10,1], n € N, n > N).
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Since (by (3.3))

Vi (VT =2+ 1) "2 (|P, ()] + |Popa ()]) < ¢

(z €10,1], n € N),

we have
LR 00) (1) > ¢ (1 — x)”(log (nv1—x+1)+
1
a+5
Vi (VI=2+3)" 2 (1)) + [P (@) >
> cw™?(2) g7 (),
where

6@ (z) =log (nv/1— 22 + 1) + v (VI—z + 1)* 2 x

< (VIFe+ 1) (B @)+ 1P @)
The above estimate holds uniformly in z € [0,1] and n € N.

Theorem is proved. |
5. Proof of Corollary

Since L") (41) = 0 we have

L(@D:0:8) () — [(@:8),(7.9)
Jnax Ly (z) = Ly, (o)

with zp € (—1,1).
From Theorem and (3.3) it follows that

L9 (20) < ¢y -1+ (log (n+1) + ¢2) < ezlog (n+1)

LA (20) > e, w% (24) log <m/1 -2+ 1) >

> cslog(cgn + 1) > crlog (n+ 1),

and

where the ¢; (i = 1...7) constants are positive and independent of n. This
proves the statement. |
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