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ABSTRACT: Recently Sahoo and Sen obtained a series of remarkable results concerning sub-
leading soft photon and graviton theorems in four dimensions. Even though the S-matrix
is infrared divergent, they have shown that the subleading soft theorems are well defined
and exact statements in QED and perturbative Quantum Gravity. However unlike the well
studied Cachazo-Strominger soft theorems in tree-level amplitudes, the new subleading soft
expansion is at the order Inw (where w is the soft frequency) and the corresponding soft
factors structurally show completely different properties then their tree-level counterparts.
Whence it is natural to ask if these theorems are associated to asymptotic symmetries of
the S-matrix.

We consider this question in the context of sub-leading soft photon theorem in scalar
QED and show that there are indeed an infinity of conservation laws whose Ward identities
are equivalent to the loop-corrected soft photon theorem. This shows that in the case of
four dimensional QED, the leading and sub-leading soft photon theorems are equivalent to
Ward identities of (asymptotic) charges.
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1 Introduction

In last few years there has been remarkable progress in our understanding of the symmetry
structure of gauge theories and gravity. This understanding is based on Strominger’s key
insight that soft theorems in these theories are manifestations of Ward identities of so-called
asymptotic symmetries. For theorems like Weinberg soft graviton theorem, this relationship
implies that BMS group is an exact symmetry of the (perturbative) Gravitational S-matrix
in four dimensions. However in four spacetime dimensions, the issue is more subtle when
it comes to sub-leading soft theorems. This is because sub-leading soft theorems in QED
or in gravity are sensitive to the infrared structure of the S-matrix unlike the leading soft
theorems. In fact in [1] it was shown that sub-leading soft theorems in Gauge theories and
Gravity are infrared divergent. In this analysis it was assumed that the soft expansion
was a power series in w and infrared modifications were then derived for the soft factors
in dimensional regularisation. In [2] Such modifications to the soft factors were beautifully



understood in terms of Ward identities. That is, it was shown that the same asymptotic
symmetries whose charges gave rise to tree-level soft theorems gave rise to infrared modified
soft theorems due to a change in the Asymptotic charges at loop level.

In the seminal work [4], Sahoo and Sen have shown that if we do not insist on the power
series expansion in soft frequency, then, in four spacetime dimensions the subleading soft
theorems in QED and gravity have a markedly different structure to the corresponding
theorems in tree-level amplitudes. More in detail, it is by now well understood that tree
level S-matrix has a soft expansion which is a Laurent series in the soft frequency w.
In fact, understanding of such tree-level soft theorems as Ward identities associated to
(Spontaneously broken) Asymptotic symmetries have been investigated in a large number
of recent works (see [5] and [6] for recent reviews). Sahoo and Sen have shown that once
loop corrections are taken into account, the situation changes rather drastically and the
soft expansion goes as %S © 4 Inw S® + .... In particular, in scalar QED, the soft
theorem is given by

1
MnJrl(pl""?pnak) = |:w S(O) + Inw S(ln) Mn(p17-~~apn) + o (1'1)

where S is the Weinberg soft factor and the loop-corrected soft factor S is given by

S™ = 3" filpa:ps) + f2(Paspe) (1.2)
a,b
with
; [P P
—1 € — k
f1(Paspp) = ququgm% Paph ~Pap )22 if both (a,b) are in-coming or outgoing
i [(Pa-pp)?—mgmy]2
=0 otherwise,
ngb Da Pyt \/(pa-pb)2—m3m§ mzmz €Da
F2(Pa,pp) = | =53 S et
pa-pr\/ (pa-pp)2—m2m3 | {(Pa-pe)*—mgm;}> Pa

2
qaqb PaPb €Pa
+ —€ppt k‘-pb}
4m? ((pa-pp)?—m2m3) { k-pa

for all pairs of particles, (a,b)
(1.3)

where €/ is the polarization of the soft photon with momentum k. In [4], the authors
referred to ) ab f1(pa,pp) as classical soft factor since the Inw term in the soft expansion
of classical electromagnetic radiation is dictated by this factor.

If the infinite dimensional asymptotic symmetries are symmetries of perturbative QED
as opposed to tree-level S matrix, then it must be so that the logarithmic sub-leading soft
photon theorem is equivalent to the corresponding Ward identities. In this paper, we take



a first step towards understanding such symmetries in the Quantum (as opposed to tree-
level) regime. Namely, we show that even in perturbative QED beyond tree-level there
exist an infinite number of charges (that we refer to as sub-leading charges) which are
conserved in the sense that the charge at the asymptotic past equals the charge at the
asymptotic future. Even though the structure of log-corrected sub-leading soft photon
theorem is rather involved, rather remarkably it turns out the Ward identities associated
to the quantized sub-leading charges are equivalent to the sub-leding soft photon theorem.
This is our main result. We also show that the entire formalism (although not aimed to
cure infra-red divergences of the S matrix) is such that the sub-leading charges have a
rather direct relationship with Kulish-Faddeev dressing of charged states.

The plan of the paper is as follows. We first show that the subleading soft photon
theorem in tree-level scattering amplitudes in scalar QED is equivalent to Ward identities
associated to symmetries which are parametrized by vector fields on S?. We then show
that the asymptotic charges associated to these symmetries get corrected at loop level and
derive the charges. As is always the case, this charge is a sum of a so-called soft charge and
a hard charge which depends on the three point coupling of matter with the asymptotic
gauge field. Unlike the tree-level soft charge, the soft charge in the present case is such that
it isolates the Inw frequency mode in the soft expansion. We show how the Ward identities
associated to these charges are equivalent to the subleading soft photon theorem derived
by Sahoo and Sen. As these theorems are 1-loop exact, our analysis reveals that there is an
infinity of conserved charges in perturbative scalar QED, one of which generate large U(1)
gauge transformation and the other parametrized by vector fields on the celestial sphere.

2 Anatomy of fall-offs and asymptotic charges

The essential steps in which we are led to different Asymptotic conditions for gauge fields
and matter currents are summarized below. Our summary here is brief and necessarily
qualitative as we would like to give a coherent picture of the Asymptotics at time-like and
Null infinity. Details of the structure presented below are in the main body of the paper.

e We start with the basic observation that Coulombic modes of scalar potential A
decay as % at late times. (Here 7 parametrizes asymptotic proper time along time-
like geodesics.)

e Due to this slowly decaying Coulombic mode, Asymptotic behaviour of scalar field at
InT

late times is modified such that the spatial matter current components decay as ~5".

e This logarithmic decay of current components implies that the Maxwell fields (e.g.
Electric field) decays as %ff(y) + 1;’—27 B (y) at large 7 with y being the co-ordinates
on fixed time slice.

e The behaviour of Maxwell fields near time-like infinity can be used to determine the
fall-off conditions of these fields in the future of Null infinity. In particular, the above
mentioned late time decay of Maxwell fields, along with Maxwell’s equations can be



used to determine |u| — oo behaviour of the radiative data A4 (u,Z) at Null infinity

0
and is given by A4 + ﬁAA-

e The above fall-off of radiative data at large u implies that in addition to infinity of
leading charges, one has an infinity of non-trivial “sub-leading” charges which are

1
defined at u = —oo in terms of A4(%).

e We then show that similar sub-leading charges are also non-trivial at v = 400 on
the boundary of past Null infinity and in fact the equations of motion of the theory
at spatial infinity imply that these two sets of charges are equal, leading to new set

of conservation laws.

3 Asymptotics of classical electrodynamics at time and null infinities

3.1 Fall-offs at time-infinity

Massive charged fields decay very rapidly (O (7%.0)) at null infinity [8] and hence their

asymptotic modes are best described by analysing their behaviour at time-like infinity.
Details of this construction were given in [9] and here we summarise the key aspects of the
construction.

In the usual conformal compactification scheme of Penrose, future and past time-like

+ are points and as such they are ill suited to understand late time decay of

massive fields. A better arena for this purpose is “a blow up of i*” which is a three

infinities 7

dimensional space-like hyperboloid.
This hyperboloid picture is manifest in the following coordinates adapted to time

P B, e (3.1)

t2—7'2

infinity,

in terms of which the Minkowski line element takes the form
ds® = —dr? + T2 hoady®dy” (3.2)

where y® = (p, 2) are coordinates on the ‘time-infinity’ hyperboloid with metric
2

1+ p?

hagdy“dyﬁ = + p?yapdz?da®, (3.3)

and y4p the unit-sphere metric. We will denote by
Vi = (V1+p% pt) (3.4)

the unit vector on Minkowski space parametrized by y®. A spacetime point x* in hyperbolic

coordinates is then written as
ot =7YH. (3.5)

For concreteness we will focus on future time infinity but similar considerations apply to
past time infinity.



In Lorenz gauge, the fall-offs of Maxwell fields (sourced by massive charged matter) at
time-like infinity are given by!

1
AT: ;AT_'_... (3.6)
Ay = Aq + -+, (3.7)

where the dots denotes terms that are subleading when 7 — oo. In [9] it was shown
that these fall-offs imply that the 7 — oo asymptotics of the scalar field ¢ has a In7 phase
relative to the free field expression, i.e. the solution to the field equations of a charged scalar
field coupled to the Maxwell field has the following fall-off at future time-like infinity i+,

90(7'7 y) T200 eie InTA-(y) SOfree(7-7 y) (38)

where the free field admits the expansion

il78) = 5o ()™ () ™) (3.9)
As we shall discuss in section 5.1, in quantum theory the asymptotics (3.8) corresponds
to the Kulish-Faddeev asymptotics of quantum charged fields [10]. As is common in the
literature, we call the logarithmic phase the “dressing”, and refer to the field (3.8) as the
“dressed field”.

The asymptotic form of the dressed field implies the following 7 — oo fall-offs for the
matter current,

. 10 In7lh 11

Jr(my) = =3-(Y) + —J-(v) + —3-(v) (3.10)
T T T

) In7n 10

Ja(m,y) = —5Ja(y) + 5ialy) +-.. . (3.11)

These in turn dictate the asymptotic fall-offs of Fy;, at time-like infinity. The 7 — oo
asymptotic expansion compatible with (3.6) and (3.10) is found to be given by

10 In7n

Fro(r,y) = ;Fﬂ.a(y) + ?Fﬂ-a(y) + ... (3.12)
0 lnTln

Fap(1,y) = Fap(y) + —Fap(y) + ... . (3.13)

We can now solve Maxwell equations at each order in the % and InTT expansion. It is
0
straightforward to check that for the leading components F'y;, we get equations which are

independent of the In 7 terms in the current,

ap 0
DF.n = Jr
0
DPF,5 = 0, (3.14)

'The 1 /7 fall-off of the scalar potential A- is a Coulomb effect and can be deduced from the fact that
when sourced by massive particles with asymptotic constant velocities, the % potential decays as 1/t ~ 1/7.
See e.g. [10].



In
where D, is the covariant derivative on the hyperboloid. For the F; terms Maxwell

equations take the form

In In In In In In

In In In
OaF5y) =0, 0uFr3—0sFra+Fos=0, D*Frqa=j,, D°Fos—Fro=j, (3.15)

whereas current conservation V%4, = 0 implies
a

In In
J-(y) +D%ju(y) =0. (3.16)
In

Using the above equations it can be shown that F., is determined in terms of the In-

currents as
In

In In

[D? + 1] Fra = jo + Daj, (3.17)
We now note that all the terms proportional to In 7 in the matter current arise due to
the In7 term of the asymptotic matter field. In an expansion in the coupling constant e,
these terms are necessarily higher order as compared to the leading order current. Whence
if we are also interested in the expansion in the coupling constant, then at leading order in
the coupling we can ignore the log terms and all the components of the currents admit a
power-law fall off. As we will see in section 4, these “O(e) fall-offs” lead to the conserved

asymptotic charges associated with Low’s soft photon theorem in tree-level amplitudes.

3.2 O(e) fall-offs at time and null infinities

At O(e) in the coupling constant, the current can be computed from the free scalar field
with no dressing accompanying it. In this case we have

) 10 11
Jr(Ty) = ;JT(y) + gJT(y) + - (3.18)
) 10 11
Ja(Ty) = gja(y) + gja(y) + .- (3.19)

where as before, y denotes a point on the time-infinity hyperboloid.
Such power-law fall-offs for the current imply the field F,; also falls off as a Laurent
series in % obtained by setting all the log terms in eq. (3.12) to zero:

10 11

FToc(Ta y) = ;FTOL(y) + ﬁFTOL(y) 4 (320)
0 11

Fap(1,y) = Fap(y) + —Fasly) + - (3.21)

n
Maxwell’s equations and Bianchi identities once again determine F'y;, in terms of matter

n 1
currents j,. In particular, the subleading field F',,, satisfies [11]

[D? + 1]13” ~ Duj
Ta = Ja + alr (322)

where
1

0
jr=-D%, (3.23)



1
from current conservation. These equations imply that the p — oo behavior of the F,
fields is given by (see appendix A)

1 1,0
Foalp, @) = p Y Fog(2) +--- (3.24)
1 1,0
Frplp &) = p* Frp(d) + - (3.25)
with
1,0 Al,O
~ F.,+D*F, 4 =0, (3.26)

where we assumed that ;’T(p, %) and jl'a(p, &) vanish sufficiently fast for p — oo so that we
can use the free field equations in this limit.

We now discuss what these fall-offs imply at null-infinity. As we shall see, the asymp-
totic behaviour of the fields from the perspective of time-like infinity dovetails perfectly
with the “tree-level” fall-offs of radiative fields at future null infinity Z* discussed in [11].

Recall that near future null-infinity, Maxwell fields are expanded in inverse powers of
r, with the coefficients of the expansion being functions of retarded time u = ¢t — r. For
instance,

10
Fra(ru, @) = 5 Fra(u,2) + O(1/r3). (3.27)

Maxwell equations can then be solved recursively in terms of the ‘free data’ A(u, ), the
transverse gauge potential at ZT.

In [11] it was shown that corresponding to the tree-level soft expansion of the photon
field, the free data at ZT has u — +oo fall-offs such that 9,A4(u, ) decays faster than

any power of 1/u,
|u|—o0

Au(u, ) O(1) + O(1/[ul®). (3.28)

0 1
This in turn determines the u — oo fall-offs for Fu,(u, ), Fap(u, ), etc. For instance,

using the leading Maxwell equations VPF,, = 0, V?Fy, = 0:

0
OuFyy +0uDAA4 =0 (3.29)
0 1. 0 5
OuFra+ 5DaFry — DPDiyAp =0 (3.30)
one can easily show that (3.28) implies
0 i 00 0,1
Fra(u, ) =" uF*a(2) + F*ra(2) + O(1/u™) (3.31)

where the coefficients appear as ‘integration constants’ when solving the field equations.
Now, the celestial sphere on ZT at u = oo can be thought of as the p — oo boundary
of the asymptotic hyperboloid at 7 = oo. In particular, given the asymptotic expansion
at large 7 we can derive corresponding u — oo fall-offs at null infinity. Using an analysis
exactly analogous to the one in [11]? it can be shown that the O(e) fall-offs given in (3.20)

2There the analysis related fields at the (future) boundary of spatial infinity with fields at v = —oo.



imply the fall-offs (3.31) at null infinity. Furthermore, the ‘integration constants’ in (3.31)
are determined in terms of the asymptotic fields at time-like infinity. In particular one

finds
0,1 1,0
FToa(2) = Fra(2), (3.32)

1,0 1
where F4(%) is the leading p — oo coefficient of F;4(y) as defined in eq. (3.24).

3.3 Fall-offs at null infinity

As we saw in the previous subsection, ignoring logarithmic terms (which were higher order
in the coupling constant) in the matter fields was tantamount to considering the O(e)
expansion of radiative fields at null infinity. We now consider the full 7 — oo asymptotics
including logarithmic terms, and study its implications at null-infinity.

We again focus on F,. 4. Starting from the fall-offs at time-infinity (3.12), and changing
coordinates from (7, p) to (r,u) one finds

Inrn 10
fTA:rTFTA—i_ﬁFTA—i_“' (333)
In
with F,4 “=° O(u°) and
0 ey 00 0,ln
Fra(u, ) "= uF*(2) + InuF*,4(2) + O@°). (3.34)

There are thus two modifications from the previous asymptotics: (1) a In7/r? term in F, 4

0
and (2) a Inwu term in F'.4. The first modification does not play much of a role: the field
equations at null infinity imply this term is u-independent,

In
OuFra =0, (3.35)

The second modification can be understood as a change in the u — oo fall-offs of the free
data A(u, ), from (3.28) to

Ax(u,2) "= 0(1) + O(1/u) + - - . (3.36)

The appearance of a O(1/u) ‘tail’ is in agreement with the expected asymptotics of radiated
fields due to classical scattering particles [3], which in turn corresponds to a In w subleading
term in the low frequency expansion [4]. Thus, the null-infinity asymptotics (u — 00)
that we find may be thought of as giving “loop-corrected” fall-offs.

In fact, one can argue that A4(u,) obeys the same fall-offs as u — —oo. This is
because, in a generic (classical) scattering, charged particles accelerate under Coulombic
drag in the infinte past as well. Due to this, early time radiation (in (u,r, Z) co-ordinates)
has the same asymptotics as late time radiation. We thus see that eq. (3.36) can be
extended to

Ag(u, &) "=00)+ 01 u) + - . (3.37)



0,In
We also note that the coefficient F'*, 4 in (3.34) is not an integration constant at u = + oo

and hence can not be easily determined in terms of the asymptotic fields at time-infinity.
In appendix A.2 we show that using matter currents at time-infinity this mode can be

written as
0,In
, R 1 B Vo In
Fra@) =g [ d (-a- V)P LY @) T Fu) (339)
where ¢ = (1,Z) and J, and L} are angular momentum components defined at the

asymptotic hyperboloid and celestial sphere respectively. See appendix A.2 for details.

4 Revisiting the subleading charges of QED with massive particles

In [13] it was shown that the subleading soft photon theorem was equivalent to a new class of
infinite-dimensional symmetries parametrized by vector fields on the sphere. However this
analysis was restricted to tree-level scattering amplitudes. Moreover the charged particles
were assumed to be massless. The generalization to massive particles was given recently
in [14]. In this section we review the construction of these “subleading” charges in the
presence of massive particles. Our discussion will be along the lines of [11].

The interest in the massive case is more then a mere technical complication as the loop-
corrected log w subleading soft photon theorem trivializes for massless charged particles [4].
Whence to understand the loop corrected soft theorem as Ward identities it is useful to
first consider the tree-level case with massive charged particles.

4.1 Subleading charge

Assuming the O(e) fall-offs (3.28), the (future) subleading charge defined in [13] can be
written as [11]3

0,1
Q= [ EavAGF @) (1)

where Z* denotes the u = —oo sphere at future null infinity, V4(Z) is the vector field
0,1 0
parametrizing the charge, and F'~,4(2) is the O(u®) coefficient of F,.(u,#) at u — —oo,

given in eq. (3.31).

Analogous charge is defined at Z| (the v = 400 sphere at past null infinity) such that
their equality is equivalent to the subleading soft photon theorem [13]. In [11] this equality
was shown to be a consequence of field equations at spatial infinity under the assumption
of O(e) fall-offs (3.28) on both past and future null infinities.

The analysis of [11] was for the case of massless charged particles and whence the
matter contribution to the charge defined above was localised at null infinity. In this

3In [11, 15] the charge is parametrized in terms of two scalars that smear the O(u®) coefficients of
1

1 L
F,, and its Hodge-dual F',. The ‘purely electric’ charge can be interpreted in terms of O(r) large gauge
1

1 0 L
transformations. The two descriptions are related through Maxwell equations: F, = —DAFTA7 Frw =

0
6ABDAFTB.



section we generalise this derivation to our case of interest where the charged particles are
massive. This will illustrate how tree-level (subleading) soft theorem is manifestation of
Ward identities associated to the subleading charges defined in (4.1).

Hence, we want to write the charge Q[V] as a sum of a soft charge and a hard charge,
as in [13]. As the scattering particles are massive, we know that the hard charge will be
localised at time-like infinity (i.e. at v = o0) and the soft charge will be a flux at null
infinity. More in detail, we aim to rewrite Q[V] as

Q] = Q"] + @*"V] (4.2)
where Q"4[V] is integrated over the sphere at u = oo and Q*®[V] is the soft charge

integrated over Zt. From Maxwell equations at null infinity (3.30) one finds [13]

0,1 0 0
F~.4(2) = lim [FTA(u,i') +u <;DAFW(U,§:) — DBD[AAB] (u, ) )] . (4.3)

U—r—00

The above expression can be trivially re-written as

0,1 o0
Foa(@) = tim -] - [ ] (4.4)
where “[---]” denotes the expression in square brackets in (4.3). The first term is just the
O(u) coefficient of IO7TA at u — oo:
0,1
i [] = Fa(), (45)

This yields the hard charge.
Using Maxwell equations (3.30), the integrand in the second term can be written as

1

The expression can be further simplified if written in terms of stereographic coordinates
(z,2). For A = z it reduces to

—Ou[++] =ud,D,D*A; . (4.7)

Summarizing, the charge (4.1) can be written as

QIV] = Q"™ V] + Q" [V] (4.8)
where
0,1
Qi) = [ @avAFT,, (4.9)
7t
@] = [ iduVud,D.D A+ (s 0 2). (4.10)
T+

,10,



+

We finally would like to express (4.9) as an integral over i involving the current. For

1
this we use eq. (3.32) and Maxwell’s equation to express F'; 4 in terms of the matter current

as follows.
Let gﬁ(y; y') be the Green’s function for the Poisson-type equation (3.22),

Fraly) = [ EvG2wisw) (4.11)

and let Gﬁ(y’; Z) be its leading p — oo asymptotic value,

Ghlp.asy) "= T GAW ) + (4.12)
1,0
Then F'.4 can be written as
Lo A 3 /Q NAB T A
Fra(@) = | &Yis(y)GAY': 2). (4.13)

We now use Gi as a ‘boundary to bulk’ Green’s function for V4 to define a hyperboloid
vector field*

V) = / 4?2 GOy 2)VA(R). (4.14)
In terms of this vector field, the charge (4.9) can finally be written as
0
Qi) = [ @y V)i (1.15)

In appendix A we evaluate G2 (y;v') and Gi(y’ ;Z), and show that

. 1 - VA
Gaw:d) = (¢ V)P TR L @) (4.16)
where ng(y) and L}’(g) are the angular momentum generators on the hyperboloid and
sphere respectively.

Thus, to summarise, the total charge Q[V] at future infinity is

0 _
QV]ly = / Py VP(yisy) + d?duViud,D,D*A; + (2 + %). (4.17)
it T+

We can write the charge at past infinity in exactly analogous fashion.
The infinity of conservation laws parametrized by V4 are then given by

QVllz+u i+ = QWVllz-u - (4.18)

In the next section we evaluate the corresponding Ward identities for tree-level S matrix
and show that they are equivalent to subleading soft photon theorems (for both helicities)
in scalar QED.

4Note that Gﬁ consists of G and G% which collectively map the vector field on the celestial sphere to
a vector field tangential to the asymptotic hyperboloid.

— 11 —



4.2 Ward identities and tree level soft theorem

We will for simplicity consider vector fields such that V* = 0 (corresponding to negative
helicity subleading soft photon theorem). In order to evaluate the S matrix Ward identity,
we first need to express Q[V] in terms of Fock operators. For the soft charge, this is done
by writing it in frequency space as [13]

Q¥MV] = lin%@ww/dQZ V#(z,2) D?As(w, 2, %), (4.19)
w—

and then expressing Az(w, z, Z) in terms of photon Fock operators.
As seen in the previous section, the hard charge is given by

Qi) = [ @y v uw) (1.20)
with 1
V) = g [ dil-a VIO @V ). (421)

0
Thus, to quantize Q"9[V] we need to evaluate the asymptotic current j, in terms of
asymptotic fields.® The 7 — co asymptotics of the free massive field (3.9) yields
0 iem

Jo = Jgy! D0 =V 0ab) = (b s ), (4.22)

The quantum charge is then defined in terms of Fock operators b, b', ¢, ¢ by a normal or-
dered version of (4.22). From the commutator of the Fock operators (written in hyperbolic

coordinates)
2(2m)3
(o). ') = 22 50,), (4.23)
one immediately finds that the action of hard charge on scattering states can be evaluated
using
hard . €
[b(y), @ V] = —i—V(y)0ad(y) (4.24)
T - € (63
[e(y), @™V = +i V() dacly) - (4.25)

Thus, the Ward identity Q[V]|+S = SQ[V]|- between given in and out states takes the form

V2
UL [w]?)

1
— lim 9w / 2wV D?

47T w—0

Mpj1(w) = —— Z Ve9aMy (4.26)
where we have used Ayg(w,q) = ﬁ%a_ (wq) [19] and written the r.h.s. for the case
of positive outgoing charges (negative or incoming will have relative minus signs).

On the other hand, for tree level amplitudes, the subleading soft photon theorem can
be written as

hm O (WM N1 (w ZS’ (g, y) M (4.27)

®We remind the reader that in this section we are considering O(e) fall-offs of the fields and hence the
matter field is taken to be free at late times.
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where S (q,y) is the differential operator
€ - vV g
SW(g,y) = —(a-Y) """ q" T, (4)0a (4.28)

(as in (4.26), in (4.27) we are also parametrizing the spatial components of hard momenta
by points y® on the hyperboloid).

To go from the soft theorem (4.27) to the Ward identity (4.26) we smeared both sides
of (4.27) by
1 V2
- d2 VwD2 _ve
ar | O e )
so that the left hand sides coincide. The right hand side then coincide thanks to the
identity®

(4.29)

D?U (m\/’zg)s(l)(%yo = %ﬁ(q ’ Y)_gLﬁyjﬁéuaa- (4.30)

To go in the reverse order, consider the kernel [13]

1 (1+22) (w—2)

Ko = i wn) (@ —2) (4.31)
which satisfies the identities
D K2 = 6@ (w, 2) (4.32)
D}KZ = 6% (w,z). (4.33)
If we now take the Ward identity (4.26) for the vector field
V= 4WMK§';O (4.34)

V2

then, by virtue of (4.32), the Lh.s. of (4.26) becomes the Lh.s. of (4.27) for a soft photon
with direction wg. Using (4.30) to express the r.h.s. of (4.26) one easily recovers the r.h.s.
of (4.27) thanks again to (4.32).

5 Defining Q[V] with general fall-offs

Now that we have warmed up by showing equivalence between tree-level subleading soft
theorem and Ward identities associated to the subleading charges (which are conserved
assuming O(e) fall-offs), we extend the above definition of subleading charges and corre-
sponding conservation laws for general fall-offs and quantize the corresponding charges.
This will lead us to Ward identities which are equivalent to Sahoo-Sen subleading soft
photon theorem.

®As a consistency check of the formulas, one can compute the m — 0 limit of (4.30) from eq. (A.17), by
regarding the m — 0 limit as p = p/m — oo with p = const. Doing so one recovers the m = 0 identitity

D2 (%Sm(q,p)) = %6@(&:, G)0- + ... which corresponds to eq. (4.33).
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0,1
In the previous section, the subleading charge was defined in terms of F~,4(Z)
(eq. (4.1)). For the general fall-offs we claim the subleading charge is defined in terms
0,ln
of F~,4(&), with this coefficient defined in eq. (3.34). We claim the charge is conserved in

the sense that
0,In 0,In

Fra(®)lze = Frra(@)lz- (5.1)
0,In
where F'*,.4(2)|7- is the analogue coefficient at past null infinity. The conservation (5.1)
can be shown by studying the field equations at spatial infinity, along the same lines as in
the case of the O(e) fall-offs [11].

Our strategy for writing the charge as a sum of soft and hard charges is the same as
0,1
in the previous section. Whence we first rewrite F'~,4(%) as an integral over null infinity

plus a boundary term at u = 400,
0,In 0 0 0,In
F=pa(@) = — lim_u?02F,s = / Qudy (W202F, 0) + Fpa(2). (5.2)
u — 0o

We will for simplicity focus on the A = z component. The term at null infinity can be
expressed in terms of the free data through the field equations

0 _
O’F,, = —D,D?d,A;. (5.3)
We then define
0,In

QV]:=— / dP2VF,.(8) = QM V] + Q™ [V]. (5.4)

The soft charge is given by’
QXM V] = /d2zVZD§8uu28qu = lirrb aww28w/d2zVZD§Az(w,z,2). (5.5)

w—

This has the same angular form as the tree-level soft charge, but with the w factors now
isolating a O(Inw) coefficient in the w expansion!® The hard charge is given by

0,Iln
QM d[V] = — / PEVAFT,.(2), (5.6)
which, using egs. (3.38) and (4.21) can be written as
In
Qi) = - [ dyve(w)aw) (57)

with V%(y) defined as before, eq. (4.21).

"Here we used the identity wd2w = 0,w?d.,.

In

-1 In
8More in detail: limgy_0 Oww?d. (% + lnw f +O(w0)> = f.
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In
We finally discuss the form of j(y) in terms of the asymptotic Fock operators. From
eq. (3.8) we have

Ja(T,y) =" In 726200 Ar (y) | Ptree (T, y) |2 - (5.8)

Using the expression (3.9) for the free field in terms of Fock operators we then find

n m€2
Jalt) = g5l H) + ¢ ()0} A- () (59)
e2
= %n(y)aaA‘r(y) (5'10)

m2

where n(y) = o [T ()b(y) + ¢! (y)c(y)] is the number density operator and A, (y) is a
sum of two terms

Ar(y) = AL (y) + A2 (y) (5.11)
such that
. 0
DAl =5, DA™ —q. (5.12)

Thus AL (y) is the asymptotic scalar potential sourced by the charged matter current and

A}Twm is a homogeneous piece that, as we will see depends on the soft mode of the photon
field.
We first analyse AZ(y). By solving the asymptotic Maxwell equations one can write

: 0
AL in terms of j. as [12]:

A = [ (Ofyy)z_l + 1) Jr W), (513)

0
where j.. is given by

7)) = o[ ()b() + ¢ (¥)e(y)- (5.14)

We now analyse A1°™(y).? Understanding this term is subtle since we expect the homo-
geneous part of the scalar potential A, falls as 7—12 implying Ah™(y) = 0. As we show
below, a detailed analysis of A°™(y) reveals that it is fixed by a “mode” of A(u,#) which

behaves as Inu lfIiA(:i‘). However, as can be seen from eq. (3.36), this mode is absent in
the classical theory (the presence of such term would yield an infinite angular momentum
flux [16]). Rather remarkably this term turns out to be non-trivial in quantum theory and
contributes to the quantized charge.

In order to discuss the relation between the u — oo and 7 — oo asymptotics it is
convenient to work in a representation of A, used by Herdegen [16]: a general solution of
free Maxwell equations in Lorentz gauge may be written as

Ay () = —217T/dQQQ*DA(QqM)AA(—q-x,cj), (5.15)

An alternative description of A"™(y) in terms of Kulish-Faddeev fields is given in section 5.1.
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where A4 (u,§) = dyAa(u,§) is the u-derivative of the radiative data at future null infinity,
" = (1,4), and Q = Q(q) = (1 + 2z)/1/2.1°

Expression (5.15) can now be used to relate the u — oo with 7 — oo asymptotics in a
straightforward manner.

It says that the 7 — oo decay of A, is dictated by the u — oo decay of 9, A4 (u, ). Here
we note that if our radiative data were as in eq. (3.36), we would have 0, A4 (u, §) = O(1/u?)
and so A, = O(1/7?) as expected. Whence a O(771) term is associated to a logu piece in
the radiative data:

In
Ap(u, ) "= Aq(2)logu + . .. (5.16)

The time-infinity contribution from such logarithmic term can be obtained by substitut-
ing (5.16) in (5.15) and taking x = 7Y. For A, = Y* A, we get

In
1 o Aa(9) 1
== [ ZGQTIDAQY q) o+ = AT 1
Ar = =5 [ @ae DMy o S50 ~Abom (5.17)
with
1 In
Abom — —2/d2(j log(=Y - q)DAA4(§) + (y-independent) (5.18)
T

In
where the y-independent term is —% i d?>qIn(Q)DAA,. In the following we will ignore

In
such term since it is irrelevant for the current j, ~ 0,A-.
Whence the total hard charge Q"4[V] is given by

Q"MV] = @™ [V] + QonlV] (5.19)
with
QpiV] = - / d*yn(y) V(y)daAL(y)
Q) = [ @)V () 2,427 (). (5.20)

In the next section we quantize the hard charge Q"*4[V]. We conclude this section by
noting that

e Quantization of Q?ard[V] in eq. (5.20) is rather straightforward as it is a quartic
operator in charged scalar field as can be seen from eq. (5.13).

e As we will see in the next section and in contrast to the tree level hard charge,
the quantum Q" 4[V] has a non-trivial contribution from the gauge field mode at
u = 400, encoded in the non-trivial quantum operator corresponding to Qﬂggﬁl[\/].

%Herdegen gives a more generic expression for A, () parametrized by different choices of (residual) gauge
transformations. We have fixed the residual gauge and chosen a given €2 such that Fourier transform of
A, (z) matches with the standard expressions in Lorenz gauge [5]. See section 5.1 for further details.
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5.1 Deriving Qﬂﬁfg[V] from infra-red dressing

In
In this section we derive QI¥4[V]. As is clear from eq. (5.20), this entails quantizing A4(Z).

As we show below, quantum operator associated to 1?1 A(Z) has been derived previously,
albeit in a different context. Namely, in the analysis of asymptotic (dressed) operators
considered previously by Faddeev and Kulish [10]. We will partly follow the KF treatment
as presented in [18].

In the KF formulation, the creation and annihilation Fock operators associated to the
matter field are dressed due to the fact that the asymptotic Hamiltonian is not free. The
dressing is implemented by conjugation with e®(*) ¢®(*) where ®(t) is a Hermitian operator
that captures the Coulombic force between charged particles and R(t) is an anti-Hermitian
operator that describes the “photon cloud” surrounding the charged particles. The two
operators commute and so one can consider their effect separately. It is found that their
action on the particle annihilation operator b(p) produces a phase:

e PWp(p)ei®® = i1 P)p(p) (5.21)
e BOp(p)ef) = eia2®)p(p), (5.22)
with!!
62 . p- p/
alp) = ~Int [ A (HOM0) — ) (529
t o !V
p tp
as(p) =e [ d'—=A (a;” = ), 5.24
o) = [ dria, (=8 (.29
where ZZ\]; = 2(213)%;?\ and A, the free photon field,

A (z) = / a0 a,(p)e? + hc. (5.25)

The late time asymptotic Kulish-Faddeev field is then obtained by incorporating the
phases in the mode expansion, which modulo operator ordering is given by'?

pxe (@) = / dp s @)= ®) (b(p)eir® 4 of (p)ev+) (5.26)

To compare with the time-infinity asymptotics used in the paper, we need to take the
T — 00, YH" =const. limit of (5.26). In this limit the momentum integral localizes in
p =mY and one finds

prr(T,y) =0 eWelWpp (7 y) (5.27)

where a(y) = a(p?* = mYH).

1YWe adapt the formulas of [10, 18] to the normalization of Fock operators used here: b(p)nere =

V20°(27)*20(p) here.
2The phase for ¢! (p) should actually appear multiplying on the right. We are ignoring operator orderings
since our aim is to compare with the classical expression (3.8).
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Comparison with (3.8) shows that, in order for the two expressions to coincide we

should have

(&)

a1 (y) 4+ as(y) "= elnT A (y). (5.28)

We show below that (5.28) is satisfied modulo y-independent terms. This suffices for our
purposes since the charges depend on A, through 0,A; and is thus insensitive to such
“constant” (constant on the hyperboloid) terms.!?

Writing «; in (5.23) in terms of p = mY and p’ = mY’, using % = m?d®y and
comparing with (5.13) one finds

a1(y) = elnTAL (y) + i InTQ (5.29)

where Q is the total electric charge operator. This term corresponds to the Coulumbic

potential due to the total charge, A, = %%
We now discuss ag. Substituting (5.25) in (5.24) and using the prescription [ d#/e’!" =
%e“t we can see the t' integral leads to
N e Lo p\ itEE
oo = —ie [ dp/ -a,(p)e ** +hec. (5.30)

We now split the p’ integral into angular and energy integrals. Writing p’* = wg! with
g = (1,q) the expression becomes

ie 2~ pt o iwlgt
ay=————=[d q/ dwa,(wq)e »° " +h.c. (5.31)
2(277)3/ P-4 Jo w(wa)
Writing
wio+ 1 soft+/ ~ 5.32
aM(WQ) - aay (q) e ( : )
the w integral can be evaluated using fooo dww™ e = —1Ins, leading to
e " p/J soft+ / »
=Int d? 50 h.c. 5.33
o2 =ty [ @il (g) + e (5.33)

To compare with A°™ we need to find the relation between a,(p') and the free data at
null infinity. Recall a,(p’) in (5.25) is given by

au(p') = €, (1) as(p)) + ¢ (v)a- () (5.34)

+
i

ing Fock operators. Let us for concreteness consider the polarization vectors used in [5]

where €5 (p’) are positive/negative helicity polarization vectors and a4 (p’) the correspond-

e =0:(0), €, =0:(Qq) (5.35)

where we recall that Q = (14 22)/v/2 and p'* = wg" as before. Using the relation between
Fock operators and (Fourier transformed) radiative data A, given in eq. (5.41) one finds

ay(wq) = 4wi Q" DM(Qg,) Aa(w,d), (5.36)

13The field strength is also independent of such terms.
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from where it immediately follows that

@ () = —4m 97! DA [Aa(@)]" (5.37)

where [A4(q)]" is defined below in eq. (5.44). Substituting in (5.33), integrating by parts
and evaluating at p* = mY* we arrive at

as(y) =eln 7(227)2 /d2cjln(—Y - q)DAA(G)]" +hec (5.38)
we thus conclude that

as(y) = elnTA™ (y) + y-independent term (5.39)

where the “y-independent” piece corresponds to the one appearing in eq. (5.18) and A}Tlom(y)
is given as,
i

AP (y) = W

/dch In(—Y - ¢)DA[A4(§)]" + h.c. + y-indepdendent term. (5.40)

Comparing eq. (5.40) with eq. (5.18) and using the relation between A4 (w, ) and the
photon Fock operators [5]

i . ﬁ1£\2a+(w7j7) for  w>0
A =1 i (5.41)
T Imi T[22 al (~w,z) for w<O0

we get,
n i V2 . .
A= oo Jim w(as(w,2) - al (w,2)). (5.42)

In
Az is given by a similar expression with + and — interchanged.

In
For later purposes, it will be useful to rewrite the expression for A4 as

Aa = 510~ [Aa]) (5.43)
where
[A(2)]E = —i wli}rgi WA (w, &) (5.44)

is the evaluation of [A4] using only positive/negative frequencies.!* In terms of these
quantities, we can express AI™(y) in eq. (5.18) as

Ao (y) =~ [ @glog(~Y (DA - DUAA@]). (5.45)

We would once again like to emphasise that this mode is absent in classical theory
due to asymptotic boundary condition imposed on the radiative data at Ii. Whence we
interpret this contribution as a purely quantum contribution to the hard charge.

“That is, lim,,_,o+ wA»(w) ~ limy_owa—(w) and lim,,_,o- wA,(w) ~ —limg,_o wal(w).
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5.2 Quantization of the hard charge

In In
Having derived the quantum operator associated to A, (or more generally A,4), we are in

a position to quantize Q"*[V], which as we recall, is given by

Q) = —© / By n(y) Vo (y) 8aAr(y) (5.46)

where

n(y) = 5 DT (W)b(y) + ¢ (y)e(y)]
is the number-density operator and
Ar(y) = Al(y) + AF™(y) (5.47)

given in egs. (5.13), (5.18). Let

|OUt> = ‘(elvyl)a(€27y2)a"'> (548)
be an ‘out’ state consisting of particles with momenta labeled by 1,92, -+ and electric
charge ej,eg,--- where ¢; = +e for a particle/antiparticle. The action of n(y) on such

state is easly obtained from the Fock commutation relation:

n(y)lout) = > 6 (y, ya)lout), (5.49)
acout
from which we find®
Q" jout) = —— Z V(o) 5 Ar(ya)out). (5.50)
aeout i

We next need to compute the action of A,(y;) on the out state. Rather than doing so
directly, we will consider the computation within S matrix elements,

(out|Q"4Sin) = —— Z Ve( ya 0ut|A (ya)S]in), (5.51)

aeout

as this will bring out simplifications and will suffice for the evaluation of Ward identities.
We write
(out|Q"4Sin) = <0ut|Q?ardS\in> + (out|@hard §|in) (5.52)

to denote the contributions from A% and Abom yespectively. The first contribution can be

0
evaluated from the action of j_(y') on the out state,

Jo@)lout) = = 37 ead®(y/, ) out) (5.53)

acout

5There is a subtelty here in that n(y) and AZ(y) do note commute. Thus, strictly speaking, eq. (5.50) is
only valid for an operator ordering where n(y) appears to the right of A7 (y). The action for the corrected,
normal ordered operator, can however be easily obtained from eq. (5.50), see eq. (5.55) and footnote 16.
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together with eq. (5.13)

. 1 y.Y’ 0
Al :/d3’ 41, 5.54
W)=, [ 4y ( Ty () (5.54)
leading to'6
2 0 Y, Y,
out|QP 4 S|in) = . er V< (y, o b out|S|in). 5.55
fouiQsin) = 72 3 e <y>3y3< T ) oSl (555)

We now evaluate the second contribution,
[ V) toutln()0, A" ) Sin)

62 o 8 hom :
=—— >V (¥a) g (0ut] 42" () Slim) .- (5.56)

acout

The action of A}Twm in the above equation can be evaluated by noting that (5.45) is closely
related to the leading soft charge [19],

SO 1 ~ ~ ~ AN —
oA = 2/dr“qA(Q)(DA[AA(CJ)]+ +DAAAG)]). (5.57)
Let us see why this is the case. Consider a specific choice of the celestial function A given by,
Aa(q) :=log(—q - Ya). (5.58)

Taking this function as a (leading) large gauge parameter,'” the corresponding gauge pa-
rameter at time infinity is given by [9]

1 . Aa(q)
A(y) = — [ &2 . .
()= / Yy (5.59)
We then have
£ A1 (31) Sfin) = ——— (out|2Q5A\,] i
(out| A5y, )Slin) = —— (out]2Q3™ [, JSin)
1
= —m Z ebAa(yb) (560)
b
where we used the leading Ward identity together with Q¥M[A]S = —SQ*[\]. The

integral (5.59) can be shown to be given by

Y Yo (Y Yar VY YET
(0]
Y -1 e \yv,— Y21

6The correct, normal ordered charge yields eq. (5.55) with the divergent a = b terms absent. We will

1
Ao(y) = B > + terms independent of y,. (5.61)

implicitly assume the restriction a # b on the double sum.
"Note that the sub-script a indicates a point on the hyperboloid and is not a co-vector index.

— 921 —



Substituting eq. (5.60) in r.h.s. of eq. (5.56) we get,

2

. € a .
out|Qpen [V] S fin) = —— > e V(ya)Paha(ys) (out] S [in). (5.62)
acout,b

We can similarly evaluate (out| S Q"94[V]|in) and combining the result with
egs. (5.55), (5.62) we get,

(out| [Q"[V], S] |in) =

e? 0 Y, Y,
ey, V4 (y, — out & in
Arm 2 @Vl )03/3 ( (Yo ¥p)? -1

a,bcout

a€out,b a€ in,b

4mm ( Z Z ) b V' (Ya)Oala(ys) (5.63)

(out|S|in).

We can re-express the r.h.s. of the above equation in a more compact form as fol-

lows. Let
Ya : YE} .
s1(Y,, V) = + e’e if (a,b) € out
1(Ya, Y) NG AL (a,b)
Ya Y . .
= — e b if (a,b) € in (5.64)
(Ya ’ 1/5)2 -
= 0 otherwise
and
$2(Ye, V) = —iep Ay(Y) Y a € out
2( b) b ( b) (565)
=i ep Ao(Ys) Vacin.
We then have
(out| [Q"[V], 8] [in) =
e? o 0 . (5.66)
yemd) D4 (¥0) gz (1Y Yh) + 2(Ya, Y3)) {out|S]in) .

a,

6 Ward identity and Sahoo-Sen subleading theorem

Let S = >77%S(n) where Zg:o S(ny denotes the (loop-corrected) S matrix operator up
to order O(e?V). S(g) is the tree-level S matrix. The ward identity for Q[V] can then be
written in a loop expansion as,

{out|[ Q*F[V], S() Jlin) = —(out|[ Q™ [V], i1y |lin) . (6.1)
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Whence the Quantum-corrected Ward identity (for the sub-leading charge) in scalar
QED is given by,

0
{out|[Q*"[V], S(y]fin) = - Vo‘(ya)ajﬂ (51(Ya, ¥p) + 52(Ya, ¥3)) {out[S(p 1) [in) .

4dmm
a, a

(6.2)
We now claim that this Ward identity is equivalent to the Sahoo-Sen sub-leading Soft
photon theorem in Scalar QED.

Let us for simplicity, specialise to 1-loop S matrix. In this case, the Ward identity

gives,
{out|[ @ V], Sillin) = 0
(outl [ QV], 81 Jim) = —(out][ Q"[V], 5, Jm). o
The first of the above two equations can be re-written as,
lim O Dy MU (1, .., P k) = 0 (6.4)

which is consistent with the tree-level soft photon theorem which has no Inw term.
The second equation yields a “1-loop corrected” Ward identity, which using eq. (5.66)
can be written as

e2

(out|[ Q< V], S ]lim) = — vaa)g;(sm,m + s52(Ya, ) (out]Siin)

4mm <

a,b

(6.5)

We will now show how this Ward identity is equivalent to the logarithmic sub-leading
soft photon theorem for 1-loop QED scattering amplitude.

lim 9,070 M,y (out,in, k) = > 75" (pa, py) My (out, in). (6.6)
a,b

The Lh.s. of eq. (6.6) contains a 1-loop corrected scattering amplitude which is infra-red
divergent and is regularised in [4] using the technique developed by Grammer-Yennie in [17].
The r.h.s. contains a logarithmic soft factor multiplying tree-level scattering amplitude
given in eq. (1.1). Thus formally, the soft theorem has the same structure as the sub-
leading Ward identity. We now show that they are equivalent. Following the same steps
leading to the tree-level Ward identity (4.26), we arrive at the following form for eq. (6.5).

2
GH%MNH(L‘J) = —i% Z ebS(Ya, Yp) My —(out <> in).

a,bcout

L tim Dw?0,, / d?wVvD?

T w—0

(6.7)
To obtain the soft theorem, we choose V* as in eq. (4.34) so that the Lh.s. of (6.7) becomes

Lhs. = lig%) D0y M 41(p1, - - - ; (wi(wo, wo), €)). (6.8)
On the other hand, for this choice of V% we have

V@ =—(q-Y) e q" I3, (y)Oas (6.9)
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which was the identity that allowed us to recover the subleading tree-level soft theorem
from the Ward identity. Going back to the definition for s1(y,y’) + s2(y,4’) given in
egs. (5.64) and (5.65) we can readily show that the r.h.s. of (6.7) is precisely given by r.h.s.
of eq. (6.6).

Several comments are in order:

e Rather remarkably, the quantum piece in the log corrected soft photon theorem which
includes sum over all pairs of particles naturally arises due to a Quantum correction
to the hard charge. In [4], it was shown that this quantum piece is small when back-
reaction effect of emitted radiation on scattering particles can be neglected. We see
that even from the perspective of Asymptotic charge, the quantum correction to the
hard charge is small when particles suffer small deflection. This is due to the fact
that this hard charge is governed by leading soft photon factor which vanishes in the
limit of vanishing deflection of scattering particles.

e We recall that the central beast in our derivation of Q" 4[V] is A, = AJ 4 Abom
As we show in section 5.1, A; has a clear relationship with Kulish-Faddeev Dressing
factor.

e As the hard charge is quartic in matter operators, The algebra generated by Q[V] is
not understood and hence we so far lack any understanding of Asymptotic symmetry
associated to the conservation laws.

7 Conclusion and open questions

Analyzing Physics of gauge theories at spatial infinity appears to offer an interesting per-
spective for exploring the infinite dimensional Asymptotic symmetries which constrain the
scattering amplitudes of the theory in the IR sector. Most of the work in this subject has
focused on understanding the relationship between soft theorems, Asymptotic symmetries
and classical effects like the memory by focusing on symmetries of tree-level scattering
amplitudes. For leading soft theorems and associated asymptotic symmetries (like large
U(1) gauge transformations at celestial sphere) this is not an issue as soft theorems and
the corresponding Asymptotic charges are protected against (infra-red divergent) loop cor-

18 As [4] have shown, the sub-leading soft theorems in Four dimensions gets

rections.
“non-perturbatively” corrected by infra-red effects and in fact a new soft factor appears
at O(lnw). In this paper we have shown that the story established at tree level, namely
an equivalence between infinity of conservation laws and sub-leading soft photon theorem
continues to hold even when sub-leading soft photon theorem receives log corrections. We
believe that the charges derived here may be associated to divergent large gauge transfor-
mations [15, 19, 21] but a detailed analysis of this issue remains to be done.

Many questions remain open. Although the conserved charges are well defined in
classical as well as Quantum theory, their action on radiative data is not clear. A naive

analysis shows that the action of Q*°"[V] on the Ashtekar-Struebel radiative data is trivial!

'8 This is no longer true in Non-Abelian gauge theories in four dimensions [1].
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Furthermore, the action of Q" [V] on massive matter does not shed light on the nature
of the symmetry. It is also important to notice that as the hard charge is quartic in the
(matter) field, their Poisson brackets do not appear to close to form an Algebra. Hence the
nature of the symmetry associated to the conservation laws derived in this paper remains
unclear.

One of the key concerns regarding symmetries of S-matrix in QED and Quantum
Gravity comes from the fact that in four dimensions due to infra-red divergences the S-
matrix does not exist and is only a formally defined object. Of course, as soft theorem
is really a statement concerning ratios of two Scattering amplitudes (involving amplitudes
with and without soft particle), it is a well defined statement even in the absence of a well-
defined S matrix [4]. However when it comes to formulating statements about symmetries
of S-matrix, we need a well defined S matrix!

If we restrict our analysis to tree-level scattering amplitudes, this issue does not arise as
there are no IR divergences but in the current example, when we are trying to understand
loop corrected soft theorems as Ward identities, this issue becomes relevant. As is well
known, in the case of QED (and Gravity) one can in fact define infra-red finite S matrix
with more careful treatment of the charged scattering states which acquire a dressing due to
long range Coulombic effect. Whence a question that needs to be addressed is, whether the
Ward identities associated to the conservation laws are equivalent to Sahoo-Sen subleading
theorem when evaluated in dressed states. Although we did not answer this question in
this paper, we showed how the KF dressing is directly related to the Asymptotic matter
fields at time-infinity. This observation may be of some relevance when analysing these
Asymptotic symmetries in dressed states.

Finally, in this paper we focussed on sub-leading soft photon theorem in the absence
of gravitational interaction. As was shown in [4], the loop corrected soft photon theorem
receives further correction once Gravitational drag effect on outgoing soft radiation is taken
into account. It will be interesting and highly non-trivial to understand this modification
from the perspective of Asymptotic charges. This issue is currently under investigation [22].
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A  Green’s functions

One way to obtain the Green’s function gg is by expanding in 1/7 the standard Minkowski
spacetime Green’s function. We start with Maxwell equations in Lorentz gauge,

OA, = —j,, (A.1)

and write the corresponding retarded solution,

1

Au(”’?) py-

/ d 20t — 1)5((x — 2)2)ju (). (A.2)

We next express (A.2) in terms of hyperbolic coordinates. Writing z# = 7Y#, 2'* = 7'Y'#
and defining

o= -Y"Y, (A.3)
one has
da’ = dr'd3y'1"3, (A.4)
N2\ 1 / /
where

e =7(0c £ Vo2 -1). (A.6)

One can check that the 7 and 7_ roots correspond to advanced or retarded boundary
conditions respectively, so only the second one will be relevant in the present discussion.

The idea now is to substitute the 1/7" expansion of the current on the r.h.s. of (A.2)
and evaluate the 7/ integral with the Dirac delta function to obtain a 1/7 expansion for
the vector potential. For the O(e) fall-offs, the cartesian components of the current and
vector potential have an expansion of the form

10 11
Aulr0) = TAuy) + 5 Auly) (A7)
. 10 11
In(Ty) = —57uW) + —5u(y) + - (A.8)
Performing the 7" integral one finds
L 3,/ ! L /
Auly) = [ &y'g(=Y - Y")j,(y) (A.9)
where 1 1 1

(A.10)

From (A.9) we can obtain the Green’s function GE of eq. (4.11) as follows. The carte-
sian current components of the current are expressed in terms of hyperbolic components
according to

) o1 ,
j,u = — /"/]T + ;DOLYM‘]O" (All)
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whereas the hyperbolic components of the vector potential are
A =YNA,, Ay=T0.Y"A,. (A.12)

Substituting in (A.9) and computing the field strength one eventually arrives at

Fraly) = / @ 9(0)DaDP 0 5(y') — B / @y 9(0)0j, (). (A.13)

This is not explicitly in the form (4.11) but it can be brought into this form by using

1 0

eq. (3.23) to express j, in terms of the divergence of jz and integrating by parts.

Studying the p — oo limit of (A.13) one finds the desired asymptotic behav-
ior (4.12) with

. 1 . via
Ghy0) = o (—a-Y) 0, ()L (@) (A.14)

where Ji, = Y, DY, — (u <> v) and Ly’ = ¢*Dpq” — (1 ¢+ v) are the Lorentz generators
on the hyperboloid and sphere respectively.

Finally, it is interesting to compute the p — 0o asymptotics of (A.14) by means of the
identities [20]

(—q-Y) 3 "= dmps® (i, q) (A.15)
T WL (lg=s "= —p 207 (A.16)

leading to
A ) " A0 4). (A1)

This limiting behavior can be used to obtain the massless subleading soft factor from the
massive one (see comment in footnote 6).
A.1 Log-corrected fields

Repeating the calculation above for the logarithmic corrected 7-fall offs one finds

Fraly) = / Pyl sy o) (A.18)
Fraly) = 0,Y" / By (1~ In(o — v/o? — 1))g(0)] o) + / Py Gy )is(y) (A19)
with

In

In In
ju = _Y,Uj’r + Dayuja (A20)
In
= D(Yuja), (A.21)

where in the last equality we used eq. (3.16).

In 1 In 0
Since Frq has the same form as the tree-level Fr,, with j playing the role of jgz, we

conclude
In P00 1111,0

Fralp.#) " T a(d) (A.22)
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with o
n, In
F () = / By GE (s 2)7 5(4). (A.23)

0ln
In order to obtain F'*,4 from the (r,u) <> (7, p) change of coordinates we would also need

1
to discuss the p — oo expansion of F.4. Since this procedure is quite cumbersome, we

0ln
follow in the next section a simpler route for obtaining F'*,4 in terms of the current at

time-infinity.
A.2 Eq. (3.38)

0
From the field equation at null infinity (5.3) we know the Inw coefficient of F,,(u,z) is
related with the 1/u coefficient of A,(u,Z) by
0ln _1
F,.(2) =—-D.D*Ax(%). (A.24)

1
The idea now is to evaluate Az directly from (A.2). For this purpose we write z* in retarded
coordinates and z’* in hyperboloid coordinates:

o = r(1,2) +u(1,0) (A.25)
't = TYH (A.26)

introducing the notation ¢* = (1,2) we have
—(z -2 =2r(u+7q-Y)+ 0. (A.27)

Substituting in (A.2) we find

1

(o) = g [ drdyrsut r - Y)jr) + 00/, (A.28)
7r

We now consider the 7 — 0o expansion of the current

, 0 In rln 11
() = 3 W) + =) + —5uy) + - (A.29)

and evaluate the 7 integral with the delta function. This yields a ©v — oo expansion of
the form

1/0 In o In 11
Ay(z) = . (Au(:?:) + %A#(i:) + &Au(:?:) + - ) +0(1/r%). (A.30)
There appears to be a new Inu/u term, however
In . 1 3 In
) = o [ @i =0 (A.31)

In
because j, is a total derivative (eq. (A.21)). The term of interest for us is

In

i) = o [ (- e 30+ 5w). (A.52)
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In
with j, given in (A.21) and

1 0
jy, = - #jT +Dayﬂja (A33)
In 0
=Y, Do+ D*(Yja) (A.34)

1 In 0
where in the second equality we used eq. (3.16) and j,. = j,. —D%j, as implied by current
1
conservation. Substituting these expressions in (A.32) and rearranging terms one finds 4,

can be written as
In

4,6) = 1= [ 5@ V)W Faw) (A.3)

where Jjj, (y) = Y, DY, — Y, D?Y,,. We finally need to evaluate

1 1
Ag = agq“AH . (A36)

1
Comparing with (4.28) we see that Az is essentially given by the tree-level subleading
soft factor. We can then use the identity (4.30) to evaluate the sphere derivatives (A.24)
(written as D, D? = 7,D?). This leads to

0ln R 1 B Ui o In
Fro#) = - Py (q-Y) L ()5, (1) ] o (y)- (A.37)
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