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Statistical Methods for Detecting and Characterizing

Departures from Additivity in Multi-Dimensional Drug/Chemical Mixtures

Abstract

A dissertation submitted in partial fulfillment of the requirements for the degree of Doctor
of Philosophy in the Department of Biostatistics at the Medical College of Virginia, Virginia
Commonwealth University.

Kathryn S. Dawson

Medical College of Virginia

Virginia Commonwealth University

Research Co-Directors: Dr. Walter Hans Carter, Jr.

Dr. Chris Gennings

In studies of the effects of multiple drug or chemical combinations, one goal may be
to detect and characterize the interactions between the agents. The techniques currently
applied to this problem have limitations when the experiments involve more than 2 agents.
Certain response-surface techniques require an unrealistic number of observations for
studies involving a large number of agents. Current graphical methods are impossible to
use in studies of 3 or more agents. In this research two statistical techniques are described
that can be applied to studies with an unlimited number of agents. In the first approach,
dose combinations are collected along rays or at fixed ratios. Using properties of this
experimental design, an additive model is derived. Comparing the fitted dose-response

curve along each ray to the curve predicted under additivity, synergistic and antagonistic



i
interactions between the agents can be detected. Statistical testing procedures are given to

determine if these are significant interactions, not due to random fluctuations in the data.
Graphical techniques that enhance the interpretation of the results are described. The
second approach developed in this research is a point-wise test which determines if the
agents interact in an nonadditive manner. This test can be applied to each dose combination
of interest. After applying a multiple comparison adjustment to the resulting p-values,
departures from additivity can then be characterized. These approaches are likely to be
more economical than current techniques, implying that a larger number of agents can be

studied in combination for the same experimental effort.



Chapter 1

Introduction

1.1 Motivation and Background

A goal of studies that examine the effects of combinations of chemicals or drugs is
to describe how the agents interact. Specifically, based on knowledge of each agent's
dose-response relationship, an additive response, or the response assuming the agents do
not interact, can be determined. If the observed response differs from the additive
response, then the manner in which it differs can be assessed. This type of information
may be useful in several ways. For example, if it can be determined that the chemicals that
comprise an insecticide interact to enhance the effect, less of the chemicals in combination
may be needed to observe the desired response.

One purpose of this dissertation is to derive statistical and graphical methods for
detecting and characterizing the interactions in studies that contain a large number of agents.
While many methods exist for analyzing two agent combinations, not all are applicable to
studies that involve 3 or more agents. This can possibly be explained by limitations
inherent in the two agent methods. Certain of these methods are dependent on 2-
dimensional graphical displays which are not generalizable to dimensions higher than 2 or
3. In addition, while other analytic methods can be applied, at least theoretically, to studies
that involve any number of agents, the size of the experiment needed to adequately
determine the results is unreasonably large. Calabrese, (1991, p. 4) has noted, however,
that "humans are not exposed to single agents; the environment provides exposure to

1



complex daily mixture of agents; health standards have long ignored the issue of multiple
exposures; and this should be an area of high priority". Berenbaum (1989) also gave
several examples of situations where it is important to study the effects of combinations of
more than 2 agents, i.e. in the treatment of certain cancers 4 - 6 agents are jointly applied,
since in combination, they have been shown to be more effective than each agent alone.
Clearly there is a need for methods that can be applied to studies that involve a large
number of agents.

In the following discussion several terms will be used that will only be briefly
defined in this chapter. These terms and derivations, however, will be thoroughly
discussed in Chapter 4. In fact, one aim of this dissertation is to unify certain definitions
that have been used to describe interactions. It has been noted in this field of study that
there has been a lack of consistency in terminology. Calabrese (1991, p. 13) writes,

" there are different words describing phenomena that seem to be the same but are often
employed in totally different ways by different authors. Such lack of communication and
frequent anarchy creates a high baseline of confusion within the scientific and regulatory
communities but also the general public". For example, all of the following terms have
been used to describe an interaction where the response is greater than additive: synergy,
potentiation, superadditivity, positive interaction.

While the focus in this research is on combinations of a large number of agents it
will be useful to review certain methods that have been applied to the study of two agents.
In general the literature on this subject can be grouped into two broad, not necessarily
exclusive, categories. The first group is dependent on an assumed knowledge of the
mechanism of action of the agents considered in the study. As noted by Berenbaum
(1989), authors who have considered this approach include Bliss (1939), Finney (1952),
Hewlett and Plackett (1964), Ashford and Smith (1964), and Chou and Talalay (1984).



An alternative approach, and the approach considered in this dissertation, is
mechanism-free. The results are based only on the observed effects. In general, it is
assumed that an underlying dose-response surface exists. By examining the isobols, or
contours from this surface, the types of interactions between the agents can be described.

In 1953 Loewe graphically described a 3-dimensional dose-response surface.
When the agents interacted in an additive manner, the resulting surface was described by
Loewe as a "tense sail". Loewe noted that an "inflated" sail, or synergism, indicates less of
the agents in combination are needed to reach a given response. A "sagging sail", or an
antagonism, implies more is needed. Loewe demonstrated that when isobols, or contours
from these surfaces for a fixed value of the response, were examined, the resulting 2-
dimensional plot differentiated the types of interactions between the agents. Illustrations of
these surfaces and their associated isobols are shown in Figure 1.1. A plot of the isobol is
referred to as an isobologram. Note that, assuming additivity, the isobol is a straight line.

The equation of this line of additivity is given by

X, + X,
ED,(n) ED,(n)

where 7t is the fixed response of interest, X, is a dose of the ith agent, and ED,(x) is the
effective dose of the ith agent, i = 1,2. Berenbaum (1977,1981, 1989) validated the

usefulness of this approach by demonstrating that (1.1.1) holds for combinations of two
agents that clearly do not interact: the sham combination of an agent with itself. He also

derived the interaction index given as

>1 Synergism
=1 Additivity . (1.1.2)
<1 Antagonism

X, + X,
ED, () ED,(n)
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By applying (1.1.2) at a given dose combination with observed response 7, the type of
interaction can be described. Berenbaum noted, however, that "Whether the degree of
synergy so measured is statistically significant or clinically relevant are matters for
investigation by appropriate statistical, experimental, and clinical methods" (1978, p.130).
Hence, the methods of Loewe and Berenbaum can be considered exploratory in nature
since the conclusions drawn, based on these methods, may be attributable to random
variability in the data.

Gessner and Cabana (1970) incorporated statistical techniques when they used
isobolograms to study the joint effects of chloral hydrate and ethanol. Dose combinations
were taken at fixed levels of one agent and varying doses of the other. The loss of righting
reflex (yes/no) in mice was then observed. Using probit analysis, the dose associated with
a 50% response was estimated and confidence intervals placed about the dose combination.
The results are shown in Figure 1.2. Synergism is suggested at low doses of ethanol and
high doses of chloral hydrate since the predicted dose combinations fall below the line of
additivity. Note, however, that while multiple confidence intervals were derived, no
multiple testing adjustment in their statistical methods was made.

The additive expression given in (1.1.1) has been used in several other alternative
ways. For example, at a fixed value of the response, Tallarida (1992) applied (1.1.1) to
estimate additive dose combinations. Modeling a probit transformation of the response as a
function of log(dose), dose-response curves were estimated for each agent alone. An
expected dose combination under additivity was then determined and compared to the
observation combination. A statistical test was applied to determine if these values
significantly differed.

Under the assumption that each individual agent's dose-response curve is known,

Berenbaum (1985) also demonstrated that (1.1.1) can be used to determine a response
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under the assumption of additivity at a given dose combination (x,,x,) . Kelly and Rice

(1990) applied this method by using a nonparameteric spline-based procedure of curve-
fitting to estimate each curve. Then based on (1.1.1), the expected response under
additivity was estimated and compared to the observed response. A chi-square test was
used to determine if the additive response and the observed response differed. Gennings
and Carter (1995) placed a prediction interval about the derived response under additivity.
If the observed response is not contained in the resulting interval then a deviation from
additivity is suggested. It should be noted that the example cited in Gennings' work
involves ten agents demonstrating this method can, in fact, be applied to studies that
involve a large number of agents.

Another group of authors has considered functional forms that can be used to model
an isobol. Based on (1.1.1), properties of the model can then be determined that satisfy

additivity. For example, Lam, Pym and Campling, 1991, suggest a model given by

X, X, X, X,

ED, () * ED, () i (ED, (r)ED, (m))"

=1.

where the values for ED, (), i=1,2 can be estimated by separately modeling each agent's
individual dose-response curve. It then follows, for a fixed dose combination (x,x,)
that, if x=0 additivity is indicated, and if K is greater (less) than 0 synergism (antagonism)
is suggested.

Machado and Robinson (1994) have also considered modeling the isobol and then
generalizing it to describe the dose-response surface. While several possible forms of this

model are described, one example is given by



X, i X, ’ _
(EDi(n)J +[EDz(n)] -

where M = 1 implies additivity. Assuming each individual dose-response curve is given by
H;(X;;8), i=1,2 where © are the unknown parameters, the effective doses for each agent
are given by H;"(n). Then by letting & vary, an expression that describes the entire dose-
response relationship is obtained.

Another group of authors has considered models that directly describe the dose-
response surface. Once it can be determined that the model adequately describes the data,
isobols can be examined by plotting contours from the fitted model at fixed value of p.

Carter, et al., in 1988, described a dose-response model for a quantal response that is given

by

1

P(X.,X,iB) = 1+ exp[—(Bo +B,X, +B,X, +B,, X, X, )] .

(1.1.3)

This expression was used to model the dose-response surface for the combination of
chloral hydrate and ethanol. By applying the interaction index given in (1.1.2), Carter, et
al. derived properties of this model that can be used to describe the types of interactions
between the agents, i.e. f3;, =0 indicates additivity and B,, greater (less) than 0 suggests
synergism (antagonism). A statistical test was applied to determine if ,, was, in fact,
significantly different from 0. It was determined, in agreement with the result of Gessner
and Cabanna, that the agents interact synergistically. Gennings, et al. (1990) also
illustrated the usefulness of this approach with examples of isobolograms, estimated from a
fitted model based on (1.1.3), for combinations that were additive, synergistic and

antagonistic. In addition, Gennings, et al. (1990) demonstrated that by plotting the line



of additivity in conjunction with a confidence region about an isobol a statistically
significant nonadditive interaction could be detected graphically.

An alternative model for the dose-response surface has been suggested by Greco,
Park and Rustum, (1990). Here each individual agent's dose-response curve is modeled
according to the Hill model or, equivalently, the median-effect equation of Chou and
Talalay (1984), given by

o 5 i)
- ED,(median) +B

X )
ED, (median)

where X; is the dose of the ith agent, ED,(median) is the dose of the ith agent to yield the

median response, E is the effect or response, E_,, is the maximum possible response, B is
the background response and m; is referred to as the concentration-effect slope for the ith

agent . Greco, et al. (1990) then modeled the dose-response surface according to

1= s

ED, (median)|:

+
E-B ™
E~E+B

oX, X,

E-B )gm;"'%ﬂh
E_ —-E+B

ED,(median)ED, (median)[
where « is referred to as the synergism-antagonism parameter. Here o = 0 indicates
additivity and o greater (less) than 0 suggests synergism (antagonism).

Hence, without making assumptions about the mechanism of action for each agent,

many approaches have been considered for examining the effects of two agents in
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combination. Little work has been done, however, in extending these methods to

combinations of three or more agents. For some of the methods just discussed, it is not
clear how the methodology described can be extended to more than 2 agents. For example,
neither Lam et al. nor Greco et al. describe forms of their model for a higher dimensional
study. Theoretically, some of the two agent methods just described could be extended to
studies of any number of agents. Berenbaum (1978) noted that the interaction index given
in (1.1.2) can be applied to studies of any number of agents. Carter et al. (1988) describe
how the response-surface approach can be generalized to more than two agents by
including the appropriate number of single agent and cross product terms in a dose-
response model. Note, however, that as the number of agents increases the number of
cross-product terms and, hence, the number of unknown parameters will increase.
Therefore, the size of the experiment needed to estimate these terms will become so large
that it may be economically infeasible. For example, consider a possible two agent factorial
design with 5 levels of each of the two agents with 6 replications at each dose combination.
Hence a total of 6* 5% =150 observations would be collected. Extending this factorial
design to a study of 4 agents leads to 6 * 5 = 3750 observations and in a study of 8 agents
over two million observations would be needed. Even if a fractional factorial design is
considered the size of the experiment will become unreasonable when a large number of
agents are studied. In this dissertation two methods have been developed that can be
applied to studies of any number of agents. It will be demonstrated that these methods can
be applied to much smaller experiments than required in the typical factorial or fraction of a
factorial design.

As previously noted, another purpose of this research is to derive graphical
methods of examining data in higher dimensions. Graphical techniques play an important
role in many statistical analyses. In particular, the 2-dimensional graphical isobologram

was the basis for virtually all of the two agent methods previously discussed. Greshwin
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and Smith (1973) showed that for three agents the line of additivity generalizes to a 3-

dimensional plane of additivity and that dose combinations below and above the plane were
indicative of synergism and antagonism, respectively. Berenbaum (1978, p.123) noted,
however, that it is "physically impossible to plot isobols for combinations of more than 3
agents".

In this dissertation several graphical displays will be described that will be shown to
be useful in statistical analyses based on higher dimensional data. While in Chapters 5 and
7 these methods will be applied to the study of combinations of any number of agents, in
Chapter 2 the usefulness of certain higher dimensional plotting techniques in an alternative
type of statistical analysis will also be demonstrated, i.e., one not necessarily related to the
study of combinations of drug or chemicals. A plotting method that will be applied in all of
these chapters involves the use of a parallel axis system. This technique described by
Inselberg (1985) will be defined in Chapter 2. Gennings, et al. (1990) demonstrated that
properties of higher-dimensional isobols could be visualized in a parallel axis system. It
can also be shown that the parallel axis system is useful in visually detecting properties,
some of which may be counterintuitive, of other N-dimensional relationships. For
example, consider the following scenario. Suppose, in 2-dimensions, four circles of
radius one are drawn, centered each at (-1,1), (1,1), (-1,-1) and (1,-1) as shown in Figure
1.3(a). An additional circle is then drawn, centered at the origin, that touches each of the
four circles. Clearly the center circle is enclosed in the square that contains the four circles.
This construction can now be extended to 3 dimensions so that 8 spheres are drawn which
are enclosed in a cube. A center sphere is also drawn that touches each of the 8 circles.
Again by Figure 1.3(b) it is clear that the center sphere lies within the 3-dimensional cube.
It would seem obvious that in N-dimensions the N-dimensional center sphere would lie
within the N-dimensional cube. It can be shown, however that when N = 10 the result is

not true. This is because the radius of the central sphere is given by 4N —1. Hence,
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Figure 1.3(b): Construction in 2-Dimensions
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Figure 1.3(b): Construction in 3-Dimensions

Figure 1.3: "Conjectures based solely on low-dimensional
Examples are false in high dimensions”, What's Happening in

Mathematics, p.

25, (1993).



13
when N = 10 this radius is 2.162. Note however that the distance from the origin to the

side of the cube is 2. Therefore, when N = 10 the center sphere is not enclosed in the 10-
dimensional cube. While it is not possible to graphically visualize this in the usual
Euclidean plane, it can be shown that a plotting algorithm in the parallel axis system
demonstrates the result. This algorithm, developed by Inselberg and Dimsdale (1987),
graphically determines if a point is inside or outside of a N-dimensional convex set. The
point of interest in this case is a point along the edge of the N-dimensional cube, i.e., in 3
dimensions this point would be (0,0,2). The convex set is the N-dimensional center
sphere. In Figure 1.4 this algorithm is demonstrated for dimensions, 2, 3, 5, 10 and 20.
The dark connected line segment in each plot is the parallel axis plot of a point along the
edge of the cube. The tangent lines to the pair of curves between each pair of axes
represents a boundary on the range of possible values that a coordinate can assume so that
the point lies within the sphere. Note that for dimensions 2, 3 and 5 the edge of the cube is
outside of the sphere. For dimensions 10 and 20, however, the edge of the cube is inside

the sphere.

1.2 Prospectus

In Chapter 2 certain higher dimensional plotting techniques are derived and their
usefulness illustrated in a repeated measures analysis. Specifically, a mixed modelling
approach to this type of analysis is considered, where, in addition to specifying the form of
the model, a form for the variance-covariance matrix may be chosen. In this chapter it is
demonstrated that in a parallel axis plot of the transformed data certain properties of the
variance-covariance matrix can be visualized. An alternative plotting technique, based on
the matrix of pairwise plots, or a draftman's display, is also shown to be useful in visually

detecting correlation patterns in the data. The analyst can use these plots when initially
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specifying a form for the variance-covariance matrix. The parallel axis plotting technique

as well as the draftman's display will be used again in Chapters 5 and 7.

In Chapters 3 through 7 methods of detecting and characterizing interactions
between any number of agents are considered. The focus of this dissertation will be on
experiments where the response is quantal. Since the dose-response relationship is often
sigmodal in shape the logistic model was chosen. In Chapter 3, properties of this logistic
model are considered. This includes a description of properties of the maximum likelihood
estimates of the model parameters and certain useful statistical tests that can be applied in
this context. Several definitions and derivations are given in Chapter 4 which formally
describe how the agents interact. This chapter concisely summarizes the results and
assumptions made in an ad hoc manner and inconsistently throughout the literature. In
Chapter 5, the dose-response modeling technique for detecting and characterizing
interactions is described. Certain properties of the logistic model are generalized to other
types of combinations. It is also shown that a matrix of plots of pairwise isobols is
equivalent to the parallel axis display described by Gennings, et al. (1990). It is then
shown in Chapter 6 that certain properties of the logistic dose-response surface that were
derived in Chapter 5 are not applicable when a model is fit in terms of certain
transformations for the doses. A point-wise test to detect deviations from additivity is then
derived. In Chapter 7, a method of detecting and characterizing interactions based on dose
combinations that satisfy fixed ratios is derived. This method will be shown to be
particularly useful in studies of a large number of agents since it can be applied to far fewer
observations than needed to fit the parameters in a dose-response model. Lastly, areas of

future research will be considered in Chapter 8.



Chapter 2
Two Graphical Techniques Useful in Detecting Correlation Structure in

Repeated Measures Data with Fixed Effects

2.1 Introduction

In this chapter the usefulness of certain plotting techniques when examining higher
dimensional data will be demonstrated in an application not related to dose-response
studies. Specifically, fixed effects repeated measures data in which a response is measured
on each observational unit on more than one occasion will be considered. The response is
assumed to be continuous. This is in contrast to the remainder of this dissertation where
quantal responses will be discussed.

Multivariate modeling techniques have been used successfully in the analysis of
repeated measures data. Here the p-vector of observations for the ith subject, y;, is
commonly assumed to be normally distributed with px1 mean vector and pxp dispersion
matrix. If the number of time points is large however, the number of parameters in this
arbitrary dispersion matrix increases and may be poorly estimated (Laird and Ware, 1982).

The mixed model approach to analyzing repeated measures data has been described
by several authors including Harville (1977) and Laird and Ware (1982). One advantage of
this approach is the ability to model the covariance or correlation structure for the repeated
measurements on a subject where positive correlation is expected. This can resultin a
reduction in the number of parameters in the dispersion matrix to be estimated and can
therefore improve the efficiency of inferences and estimates made. This is especially true

16
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when the data are unbalanced and the number of time points is large relative to the number

of observations (Ware, 1985).

Assuming no knowledge about the covariance matrix, the analyst could attempt to
fit a mixed model with an unspecified structure and use the resulting estimated covariance
matrix to suggest a better defined structure. The appropriateness of the more specified
model can be evaluated. If, however, the number of subjects and/or time points is large,
algorithms used to attain the initial unspecified estimated structure may not converge. In
this chapter it will be demonstrated how, without first fitting a model, two different
graphical techniques can aid the user in determining an initial form of the covariance matrix.

The two methods considered in the following are the draftman’s display and parallel
axis plots. The well known draftman's display is a two dimensional array of scatter plots
X x X;,i=1,2,...,p, j=1.2,....p, i # j. A p-dimensional data point (x1,Xy,...,Xp) can be
displayed as a series of points (x;,x;) i # j each plotted in the appropriate X; x X coordinate
system. This technique has been shown to be helpful in detecting clustering and outliers
(Chambers, et al 1983).

Plotting in a paralle] axis system, as discussed by Inselberg (1985), involves using
a set of connected line segments to plot a p-dimensional point. P parallel axes are drawn
one unit apart corresponding to the variables Xy, Xy, ...,.Xp,. The point (X1:X2,....Xp) 18
plotted by drawing lines from the values x; on the X; axis to the value x;,; on the adjacent
X;+1, 1=1,2,..,p-1 axis. The point (3,7,5,8,2) is shown in Figure 2.1. A complete set of
data can be plotted by drawing all of the connected line segments on a common set of axes
in a single graph (see Figure 2.4). Gennings, et al (1990) developed analytical results
useful in interpreting higher dimensional parallel axis plots of a polynomial model.
Wegman (1990) demonstrated the usefulness of this plotting technique in observing
structure and clustering in higher dimensional data. With respect to repeated measures

data, Weiss and Lazaro (1992) showed by noting trends and patterns in a parallel axis plot
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Y1 Y2 Y3 Y3 Y4

Figure 2.1: Five Dimensional Point (3,7,5,8,2) Plotted in a
Parallel Coordinate System.

18



19
of the observed residuals that the quality of the fitted model can be assessed. In addition

unusual observations can be detected. Plots in this system also can be useful in noting
distributional properties of the multivariate data (Wilkinson, 1992).

In Section 2.2 a repeated measures model with fixed effects is defined. A centering
and scaling technique is described in Section 2.3 that retains certain distributional properties
assumed in the statement of the model. By plotting these transformed data a visulization of
the dispersion structure can be made without first fitting the model. This information can

then be used to specify an actual form for the covariance matrix.

2.2 A Linear Repeated Measures Model with Fixed Effects Based on
the Mixed Model

Assume there are t treatment groups with n; subjects in each. While it is also
assumed that the experiment was designed to take measurements at p well defined and fixed
time points, the actual observed number of observations for the jth individual in the ith
treatment group is p;;, 0 < py <p, j=1,2,..n5i = 1,2,....,t. A mixed linear model is

given as follows.

Y, =X,B+Z,v+(,

where

Y; = p;j X 1 vector of responses over time for the jth subject in the ith
treatment group,

X;  =p;jx q design matrix of fixed effects for the jth subject in the ith
treatment group,

B =q x 1 vector of unknown fixed effect parameters,



20

Z; = p;xrdesign matrix of random effects for the jth subject in the ith
treatment group,

G = r x r unknown covariance matrix,

v =r x 1 vector of unknown random effect parameters assumed to be
iid N{(0,G),

H = p x p unknown covariance matrix,

Hj; = p;jx p; Submatrix of H corresponding to the nonmissing times for
the jth subject in the ith treatment group,

G = p;j x 1 vector of unobserved random errors assumed to be iid

N,, (0.H,).
It follows that Y; is N, (X;B Z,GZ] + H,).

2.2.1 A Repeated Measures Model with Fixed Effects

For a repeated measures model which includes just fixed effects, the only random
component is associated with the subject. Thus, v is an n; x 1 vector of random effects
due to the n; subjects in treatment group i and is distributed as N, (0,G). Z;can be

defined as a pj; x n; matrix of zeroes with a jth column of ones. It follows that Z;v will

’

be the p;; x 1 vector (‘Uij,‘uij,- ’ -,‘Dij) =k; where v; is the scalar random effect due to the

jth subject in the ith treatment group. If it is assumed, as is commonly the case in repeated
measures studies, that the subject effects are independent and identically distributed, then it

follows that G =7’I, where I, is the n; x n; identity matrix and Z,GZ{ =y"J, where

J,, 1S @ pjj X pjj matrix of 1's. Letting &; =k, +T; arepeated measures model with fixed

Pi

effects can be written as
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Y, = Xuﬂ+ E; § = 120 =124
where
z = p x p unknown covariance matrix,
X,  =p;jx pjj submatrix of Z corresponding to the nonmissing times for

the ith subject in the jth treatment group,

€, = pjj x 1 vector of unobserved random errors assumed to be iid
N, (0.Z)).
Furthermore Y; is distributed as N,, (X8, Z;) where Z; =H; +7°J, .

An implementation of this modeling technique is included in the MIXED procedure
of the SAS® statistical package. Maximum likelihood or restricted maximum likelihood
estimators for B and X are found based on algorithms developed by several authors
including Harville (1977), Laird, Lange and Stram (1987) and Jennrich and Schluchter
(1986). In order to fit the model however, the user must first choose a structure for
from a wide range of choices provided in the procedure (examples are provided in Table
2.1). Plots of centered and scaled observations can aid the user in determining an
appropriate form for this dispersion structure. Draftman's plots and parallel axis plots are
discussed in sections 2.4 and 2.5. Those plots are constructed without first fitting the
model thereby avoiding the numerical problems associated with fitting a possibly
misspecified or overparameterized model. The next section describes properties of the

centered and scaled observations which are useful in a graphical examination of the data.
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Table 2.1
Covariance Structures
Unequal Diagonal Elements
Unstructured Banded Main Diagnonal
c’121 G, O; O4 ro‘f 0 0 01
0, 0';2 G, O, 0 02 0O 0
G, Oy 0-33 O 0 0 0"‘3’ 0
|G, O, Oy Ol 0 0 0 &
Equal Diagonal Elements
Simple Compound Symmetry
(6> 0 0 O] c’+6! o o’ o’ ]
0 ¢ 0 0 o, o’+o0o! o; o’
0 0 o 0 o; o, o'+0’ o’
0 0 0 o] o’ o; 6, O +0;
First Order Autoregressive Toeplitz
[1 p p* p] (1 o, o, o,]
p 1 p p’ . 6, I o o,
PP p 1 p 6, 6, 1 o
P’ P p 1 0, 6, O 1]
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2.3. Properties of the Centered and Scaled Observations

For the ith treatment group let X; denote the p x p covariance matrix with kth
diagonal element o7,. The associated p x p correlation matrix is given p = Dy Z,D; where
D;, denotes the p x p diagonal matrix with the kth diagonal element (ok )‘i. This
correlation matrix is estimated by the p x p sample correlation matrix, r;. The (st) element

of rjis given by

> (- T} - )

j=1

(Y= %) (Y- ?n)zr

18t

where n; is the number of subjects in the ith treatment group and summation is over the
nonmissing pairs of observations. Patterns observed in r; can suggest the structure of the
corresponding correlation matrix.

In order to graphically visualize correlation properties of the observed data it will be
useful to first remove the variability in the data associated with differences in the means and
variances over time. Let ny be the number of nonmissing observations for the ith treatment

group at time k. Fori=1,2,...,t, j = 1,2,...,n5; and k = 1,2,...,p, let

Aijk = Yijt =Y

and
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Since A;, = 0, the sample correlation matrix based on the centered and scaled

values is given by

I CECI G b
] [3n]()]

j=1
Therefore the sample correlation structure is retained by the centered and scaled

e

Il
-

ist*

b3 | =

observations.

Other distributional properties associated with the univariate marginal distributions
at each time point will be shown to be useful in the interpetation of the parallel axis plots of
these centered and scaled observations. For ease of notation, consider the case of no
missing values so that p; = p for all i,j. Let p; denote the p x 1 vector of mean responses
for the ith treatment group. When it has been assumed for j = 1,2,...,ny that the p x 1
vectors Yij are iid N (n,,X,), it follows that at each time point, k = 1,2,...,p, Yijk is 1id

N(p,,0%). Thisimplies E(A;,)=0 and E(A},)=0. Furthermore,
n;—1

Var(A;,) = c2. Since s>, —2—¢6?2 and Y,, —2—,, it follows by Slutsky's
Ny
_ .Y, ¥ Y, -
Theorem that Ay, =Yy, — Y, —— Y, | and A}, =—~—-—%_% "‘G Pu
ik Sik ik

Hence, when the number of observations in the ith treatment group at the kth time is large,

Ay, converges to N(0, o.) and A, converges to N(0,1). While, in general, the number

of these observations at each time point within each treatment group may be limited, these
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properties still may be useful in the examination of the plots of these centered and scaled

data.
The following describes two graphical techniques that can be used to display

distributional patterns in the centered and scaled data.

2.4. Draftman's Display

pairwise plots of the (A'jjr,A’ijs), 8=

-1
Assuming there are p time points, ipz-—-l

1,2,..,p, r#s values at all nonmissing distinct combinations of time points can be used to
view the sample correlation structure. This array of plots given in Figure 2.2 can be
arranged in a manner similar to the correlation matrix. The diagonal plots correspond to
the scaled data a fixed time unit apart. The upper left hand plot corresponds to the first and
second time points and the upper right hand comer plot corresponds to the first and last
time points. Varying degrees of linearity in each of the plots will be associated with the
degree of correlation between the corresponding pairs of variables.

Figure 2.3 shows simulated 4-dimensional normally distributed data sets with
differing correlation structures. In Figure 2.3(a) the within-subject observations are
independent which is indicated by the absence of a linear trend in any of the pairwise plots.
Autoregression is indicated in Figure 2.3(b) by the decrease in correlation as the time
interval between measurements increases as well as consistency in the correlation for plots
associated with fixed differences in time. The similarity of the pairwise plots of Figure

2.3(c) suggests compound symmetry.

2.5. Parallel Axis Display
In a parallel axis display properties of the p univariate distributions can be

visualized in addition to the correlation structure. In plots of A;, and A'ijk , the patterns
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Figure 2.2: Ordering of Scatter Plots in a Draftman's Display to View

Correlation Structure.



Figure 2.3(a): Independence
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Figure 2.3(b): Autoregression
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Figure 2.3: Simulated Four Dimensional Normal Data with Various Correlation

Structures Plotted in a Draftman's Display.
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formed by the intersections of the line segments with each axis allows graphical
assessment of the observed univariate sample distributions at each time point. In the plot of
the centered and scaled A, values the patterns of the line segments between the axis allow

visualization of the observed correlation between the corresponding pairs of variables.

If the normality assumption is correct, then E(A;,) =0 and Var(A;,) = . o
Dy

This implies when n,, is constant, k=1,2,...,p, a visual comparison of the 67 values can
be made in a parallel axis plot of the A;, values by examining the distribution of the
intersection points of the line segments with the associated parallel axis. In Figure 2.4(a)
data simulated from a normal distribution with a nonconstant 67, k=1,2,3,4 are plotted.
The larger variability associated with the second and fourth measurements is indicated by
the wider spread in the distribution of the intersection points with these axes. In contrast
in Figure 2.4(b) where data were simulated from a normal distribution with 0'-2*= 1,
k=1,2,3,4, constant variability is suggested. Of course, in cases when n, is not constant
for all k, the variability in the plots associated with the nonconstant sample sizes must be
taken into account.

Similarly when n,, is large, the distribution of the centered and scaled A,
approximates N(0,1). Hence in a plot of these values the intersection points along each of
the axes should be consistently centered at 0 and virtually all between -3 and 3 (Figure
2.4(b)). Deviations in this pattern when n, is not large may not necessarily indicate
nonnormality but may warrant further examination.

In plots of A’ijk the patterns of the line segments between the axes are associated
with the correlation structure. Positive correlation in a parallel axis plot is indicated by a
pattern of parallel line segments between the axes. In addition if the positively correlated
data are jointly centered about 0, the slopes of the line segments will be close to zero. As

the degree of positive correlation diminishes the lines will tend to intersect more often and
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Covariance Matrix
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Figure 2.4 (a): Nonconstant Diagonal Elements 0. 0.
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Figure 2.4 (b): Nonconstant Diagonal Elements | 0.0 1.0 0

Figure 2.4: Comparing the Diagonal Elements of the Covariance Matrix in a
Parallel Axis System using Simulated Four Dimensional Normal Data with Different
Correlation Structures.
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the variability in slopes will increase. In contrast, as negative correlation approaches -1.0

the line segments intersect in a smaller and smaller region. In fact, if there is perfect
negative correlation the lines all intersect at a single point (Inselberg, 1985). As the degree
of negative correlation diminishes the common intersection region widens. Figure 2.5
shows simulated data for various values of both positive and negative p respectively.
In order to observe correlation patterns between all possible pairs of variables a set
p(p-1
2

of parallel axis plots will be needed. Rather than considering pairwise parallel

plots, plotting several dimensions on a single set of axes is convenient. Wegman (1990)

has shown that for p variables a minimal number of parallel plots to show all possible

pairwise combinations is E—;—I The permutation of the axes using this method results in

an ordering of the axes that does not reflect the natural order of the measurements by time.
A more convenient ordering of the axes for this type of data using (p-1) plots is suggested.
This is illustrated for 4-dimensional simulated normally distributed data with the 3 plots in
Figure 2.6. Here, the first parallel plot orders the variables naturally so that correlation
between measurements one time unit apart can be observed. In addition, the user can
simultaneously observe the centered and scaled observations through time. The second
parallel plot orders the axes so that correlations between measurement taken two time units
apart can be observed. Note in this plot the line segments between the axes representing
times 3 and 2 are not connected since this comparison is not considered in this plot. The
third graph considers values taken 3 time units apart.

Figure 2.7 illustrates this technique for the four data sets previously plotted in the
Draftman's Display (Figure 2.3). In Figure 2.7(a), there is no indication of positive
correlation due to the absence of parallel lines between any of the axes. In addition, since
the regions formed by the intersection of lines between the axes are wide, negative

correlation is not indicated. Independence is therefore suggested in Figure 2.7(a). A
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Figure 2.5: Simulated Bivariate Normal Data with Various Correlation
Coefficients plotted in both a Parallel Axis System and a Scatter Plot
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Figure 2.6: Ordering of the Parallel Axis Plots to View Correlation Structure.
The i,jth position of the correlation matrix is represented in each plot.
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Figure 2.7 (a): Independence

Figure 2.7 (b): Autoregression -
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Figure 2.7: Simulated 4-Dimensional Normal Data with Various Correlation
Structure Plotted in a Parallel Axis System
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decrease in positive correlation associated with autoregression is indicated in Figure 2.7(b)

by the weakening in the pattern of parallel lines as the differences in time between
measurements increases. Compound symmetry is suggested in Figure 2.7(c) since the line
patterns between all pairs of variables seems constant.

The following example illustrates the usefulness of both the parallel axis plots and
the draftman's display at certain stages of a repeated measures analysis. In particular these
plots will be used, without first fitting a model, to suggest the structure of the dispersion

matrix.

2.6. Example

Koziol and Maxwell (Biometrics, 1981) report a study that was conducted to test
the efficacy of 3 therapies against colon carcinomas in mice. Thirty mice injected with
mouse colon carcinoma cells were randomly divided into the 3 treatment groups. The size
of the resulting tumor was recorded on 11 different occasions, days
7,11,12,13,14,15,17,18,19,20 and 21. Nine mice died before the end of the experiment
so that measurements at later time points for these mice are missing. The data appear in
Table 2.2. A plot of the observed data (Figure 2.8) indicates an increase in tumor size
over time. The sixth mouse in group 3 is clearly unusual and was eliminated from the
remainder of this analysis.

At this point the analyst could examine the estimated dispersion matrix after fitting a
linear repeated measures model with an unstructured covariance matrix. An attempt to
perform such an analysis using Proc Mixed in SAS® failed to converge. The graphical
techniques previously discussed can now be used to provide valuable information which
will permit the analyst to proceed.

In order to compare the diagonal elements of the covariance matrix graphically, the centered

data using the observed means for each of the 3 treatment groups at each of the 11



Table 2.2

Tumor Size (mm3) over course of the Experiment (Koziol)

Day
7 11 12 13 14 15 17 18 19 20 21

1 353 157.1 1225 217.6 3403 3790 5566 6613 634.8

2 196 1522 1296 1766 2139 3179 3564 580.0 4152 460.0 520.1
3 270 1224 1961 1961 3322 3889 4693 1397.1 5054 5415

4 550 950 2059 2059 2700 3073 4051 7260 9504 661.5 798.6
5 246 688 1353 1960 3402 3404 5073 7672 8200 937.5

6 126 850 70.1 2251 2251 289.0 3179 529.1 6534 687.7 7502
7 352 1298 1800 2747 420.1 3403 5072 6348 7143 7776 9126
8 208 157.0 1268 2025 2250 307.2 320.1

9 700 1297 1960 2058 3757 419.1 4212 5734 701.8

10 295 1569 1767 2250 289.0 3726 3792 5292 5733 560.1 520.0
11 486 1153 908 1765 3179 4212 5292 3888 629.0

12 667 289.0 2156 268.8 3888 4874 5513 767.1 677.6 8464 634.9
13 245 1437 1150 907 1943 5596 6293 5733 540.0

14 144 847 1352 1912 1764 3564 397.1 5514 6050 4800 634.8
15 108 700 80.0 1183 1568 2156 2688 3468 551.3 9464 440.0
16 113 150 2058 289.0 3468 5292 6292 5513 7142 7726 806.4
17 180 567 1153 968 1775 2688 3200 3726 4874 5733 683.6
18 60.0 1666 166.7 3240 4200 440.0 6348 5000 289.0 560.0 7488
19 294 1521 1224 1863 1863 2747 4851 397.0
20 41.1 1862 1766 2746 361.0 379.1 4400 4152
21 125 1080 968 1862 2025 213.8 379.1 379.0 4332 379.0 500.0
22 234 1296 1765 1966 3200 397.1 5000 6877 767.1 8064 937.5
23 222 650 1764 1913 2138 2746 4050 5200 7966 978.7 864.0
24 112 529 700 1296 1521 3035 4150 4400 5567 8125 1014
25 66.6 147.0 260.1 4200 4600 6534 806.4
26 114 1152 651 320 108 32 14 00 00 00 00
27 221 550 1152 550 936 1188 1183 2304 217.6 2432 217.6
28 40.5 1568 650 847 1912 291.5 400.0
29 320 446 1089 2588 2475 4050 3726 388.0 4513 5800 573.3
30 100 1183 1666 1764 1862 3402 3610 5566 556.6 268.8 3468

39



11 12 13 14 15 17 18 19 20 21

Day

Figure 2.8: Observed Koziol Data Plotted Over Time
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time points are plotted in Figure 2.9(a). An increase in variability is indicated by the

widening distribution of the intersections of the line segments with each axis. Since
covariance structures associated with constant diagonal elements have fewer parameters to
estimate, a transformation to stabilize this variability is suggested and was considered. A
plot of the centered In transformed data (Figure 2.9(b)) suggest constant diagonal elements
of the covariance matrix associated with these transformed data. Consequently, the In
transformation was employed for the remainder of this analysis.

To assess the consistency of the form of the covariance structure by treatment
group, the centered In data by treatment group (Figure 2.10) are plotted. Group 3 appears
to exhibit a slightly larger degree of variability at each time point and groups 1 and 2 show
a possible decrease in variability over time. Bartlett's test for the homogeneity of the
covariance matrix (Morrison, p.252) can be applied once it has been determined that there
is no indication of nonnormality. Mardia's tests for multivariate normality (Mardia, p. 310)
fail to detect a deviation from normality (skewness: p=0.5836, kurtosis: p=0.9122) and
significant heterogeneity is not indicated (p=1.000). Homogeneity of the covariance matrix
by group was therefore concluded.

Since it has been concluded that the diagonal elements of the covariance matrix are
likely not different, further refinement of the dispersion structure can be made by
considering plots of the centered and scaled data. Using the parallel axis system (Figure
2.11) some positive correlation is indicated especially in the top left plot associated with the
(i,i+1),i=1,2,...,10 positions of the sample correlation matrix. This indication of positive
correlation is not as apparent in the remaining plots. In the draftman's display (Figure
2.12) the similarity of the scatter plots in the top rows support compound symmetry.
Along the remaining rows a first order autoregressive pattern with a weakening degree of
positive correlation is suggested. By examining the scatter plots along the diagonals,

correlation between measurements at constant differences in time appear equal. Both



Figure 2.9(a): Centered Observed Data
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Figure 2.9(b): Centered Ln Data
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Figure 2.9: Centered Observed and Transformed Koziol Data Plotted in a Parallel

Axis System.
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Figure 2.10(a): Group 1
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Figure 2.10: Centered Ln Transformed Koziol Data by Group.
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Figure 2.11: Centered and Scaled Ln Transformed Koziol Data in a Parallel Axis
System. The (i,j)th position of the correlation matrix is represented in each plot. The
sample correlation is shown between each parallel axis.
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Figure 2.12: Centered and Scaled Ln Transformed Koziol Data in a Draftman's Display
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graphical presentations and the sample correlation matrix shown in Figure 2.12 indicate

compound symmetry or first order autoregression can be considered as possible forms for
the covariance structure in the model fitting procedure.

A plot of the observed In transformed data indicates a possible curvilinear increase
over time (Figure 2.13). This implies a linear repeated measures model with a quadratic

term may be appropriate. The following defines the initial model considered for the In data.

Y; =By +Byt+B,t* +e; i=1,23 j=1,2,..n; t=0,1,...,10

Table 2.3 summarizes the results of fitting this model using SAS® Proc Mixed and
assuming compound symmetry and autoregression. A simple model assuming
independence of the observations within a subject was also run for comparison. In all three
cases the iterative procedure successfully converged to parameter estimates. A test
comparing the treatment groups however, results in differing p-values with the simple case
actually suggesting a difference between the groups. In order to compare the models, the
Akaike Information Criterion and Schwartz's Bayesian Critera can be examined. These
statistics can be used as guidelines when comparing models with the same fixed effects but
with varying covariance structure (SAS®, p-326). Larger values of these statistics suggest
more appropriate covariance structure. Thus, at this stage of the analysis the first order
autoregressive structure appears to be the most appropriate for this data set.

It has therefore been demonstrated that the parallel axis and a draftman's display of
pair-wise plots can be useful in suggesting an appropriate form for the dispersion matrix
for a repeated measure experiment with fixed effects. In particular, a centering and scaling
technique was described so that properties of the covariance structure were retained in the

scaled data. By plotting these scaled data, properties of the covariance matrix could be



Table 2.3

Preliminary Analysis Results Using Proc Mixed in SAS®

Covariance Structure

Compound Auto-
Simple Symmetry regressive

Akaike Statistic* -179.94 -141.48 -127.64
Schwartz Statistic* -181.76 -145.12 -131.28
p-value group
differences .0652 .1333 9680
parameter estimates

Boy 3.42 3.42 3.40

Pu 3.23 3.24 3.31

Bos 3.07 3.08 3.13

B, 0.40 0.40 0.41

B 0.42 0.41 0.40

Bis 0.42 0.42 0.41

B., -0.013 -0.012 -0.014

B -0.013 -0.013 -0.012

By -0.014 -0.012 -0.013

* Higher values are associated with models deemed best.
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Figure 2.13: Ln Transformed Koziol Data Plotted Over Time
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visualized. In Chapters 5 and 7 both plotting techniques described in this chapter will be

applied to studies of combinations of a large number of chemicals.



Chapter 3
The Logistic Model

3.1 Introduction

As described in Chapter 1 the experiments we are considering are those where the
response can be classified into one of two possible values; success (Z=1) or failure (Z=0).
Logistic modeling has been shown to be useful in analyzing these data. A general
overview of this methodology will now be given. Emphasis will be placed on those results
that will be useful in the statistical analyses considered in this dissertation. An example will
be given to illustrate the technique. In the next section the notation to be used will be

described. Certain distributional and modeling assumptions will also be made.

3.2 Notation and Model Assumptions
The experimental design used for the experiment defines G distinct design points.

At each of these points nj 2 0, i=1,2,..,G, replications of the experiment will be conducted

and the response observed. Let

Xj = 1 x (p+1) vector of explanatory variables at the ith observational point =

[1 X1 Xig X
X =G x (p+1) full rank matrix of explanatory variables with rows x;

Z;,  =ijth response at the ith point of observation; Z; €{0,1}; j=1,2,..n;

46
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Y; = Zzi:'

j=1

¥ =N%..%].

It is assumed for all i=1,2,..,G and j=1,2,...n, that Zij are independently distributed

as Bernoulli random variables with unknown parameter 7;. It therefore follows that the Y;,

i=1,2,...,G are independent and distributed as Binomial random variables with known

parameter n; and unknown parameter 7t;. This distribution is denoted by Bin(ny,x;) and its

probability distribution function given by

n.
fy (yismi,n;) = (yl Jni" A-=m)"";, 0<mx <1, (3.2.1)

Recall that the exponential family of distributions is given by
f(y;sm;) =d(y; )exp[a(Yi)b(nl) + c(m, )]

where b(r,) is the natural parameter. By rewriting (3.2.1) as

fy (yism,n;)= [;i]exp{yl log[l f‘n J+ n, log(1-m, )} (3.2.2)

it can be shown that the binomial distribution is a member of this family with natural

parameter

L

b(m;) = Iog(1 ) = logit(m,).
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It is assumed that these natural parameters can be modeled as linear functions of the

explanatory variables in the following way. Let

fﬂ )= xB; i=1,2,..G, (3.2.3)

logit(m;) = log(1

where B is a (p+1) x 1 vector of unknown parameters. It follows from (3.2.3) that

1 exp(x.B)
n. = = ! " 3.24
" 1+exp(-x,B) 1+exp(x,B) ( )
An overall model can also be written as
1 (3.2.5)

== 1+exp(-XB)’

where &t = (T T, ... i)' and X is the G x (p+1) matrix with rows x;. Hence, in this
modeling procedure the response, or dependent variable, is the logit(r;), where =, is the
unknown parameter from the assumed binomial distribution. Based on the distributional

assumptions made,

n;

E(Y,) =n;m, = lvexpial)’

(3.2.6)

n, exp(—x,;B)
Var(Y) =nm,(1-m)= . . . (3.2.7)
= e (1+exp(-x,B))’
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One advantage of modeling the natural parameter, or logit(r;), is that the associated

transformed parameter space is unrestricted, i.e., while m; €[0,1], logit(r;) € R. Since
there are no restrictions on logit(r;,), it can be assumed, in general, that no restrictions
need be placed on the vector B. Hence Be R

However, if ; = 0 or 1, the resulting distribution is degenerate. This means all
possible values of Y; will be concentrated at the single point n; when m; = 1, or at 0 when
m; = 0. By examining (3.2.3), it is also apparent that when 7t; =0 or 1, B will contain one
or more infinite values. Therefore while the distribution itself is well defined when w; = 1
or 0, it can not be written in the form (3.2.2). In the context of an actual analysis it can be
assumed that the dose ranges studied are such that 7r; # 0 and m; # 1. If m; is near one of
these values, however, the associated B vector will contain values tending towards oo,
This property should be noted since it may cause convergence problems in the estimation
procedure discussed in the next section.

It is also useful at this point to examine the (p+1) x 1 vector B more closely. Since
X, = (1 Xy Xig ++- K ) x;B can be written as B, +B,x;, +B,x;, +...p,x,,. Therefore, p of

the parameters are associated with the explanatory variables. A model containing only the

intercept parameter is given by «; = ;, i=1,2,...,G, and is referred to as an
1+exp(-B,)

"intercept only" model.
In the next section the estimation of the elements of B is described. These estimated

values can then be used to help evaluate the relationship between the explanatory variables,

Xj, and the unknown =;, i=1,2,...,G.
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3.3 Estimation

Maximum likelihood methods will be used to estimate . Lety denote a G x 1

vector of observed values for Y. For this fixed sample, y, the likelihood which is a

function of =, is given by

G .
L(m;y) =l_'[(:f)n,"* (1-m)"7 (3.3.1)

={i{(::)}cxp{gyiln[lfini)+nlln(l—ni)}. (3.3.2)

Based on (3.2.3) the likelihood (3.3.2) can be written in terms of B as

G ni G

L(B;y)= {H(y )} exp{z yx,B-n, ln{l + exp(xiﬂ)}}. (3.3.3)
i=1 i i=1

The goal is to find ﬁ , the value of P that maximizes the likelihood given in (3.3.3). Since

the function y=In(x) is a monotonically increasing function, maximizing L(B;y) is

equivalent to maximizing the In of L(B;y) given by

n;

1(B;y) =In(L(B;y)) = lni[y ]+ [i yxB—n;In{l+ exp(xiﬂ)}]- (3.3.4)

i

The usual method of maximization involves setting the first derivatives of (3.3.4)
equal to 0, solving for the parameters of interest and then insuring that the values

determined are, in fact, associated with the maximum values of 1(B;y). Here, the first

derivatives, which are defined as the Scores, are given by
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_ABY) oy V. Y o 003.p. (3.3.5)
R e T T i

Recall that the underlying distributional assumptions made were that the response
variable, Y,, is distributed Binomial(n,,,) and that the unknown parameter 7, could be

modeled by &, = —1—— Wedderburn (1976, p.31) showed that under these
1+exp(-x;B)

assumptions and assuming =, € (0,1) the maximum likelihood estimate of B , ﬁ , EXists,
is finite and unique.

In order to actually solve for ﬁ iterative procedures must be used. For purposes of

this dissertation an iteratively reweighted least square algorithm (IRLS) will be used to
dl(B;y)
Gl

described in McCullagh and Nelder (1989, p.40). In general this method may fail to

solve the systems of equations given by =0; j=0,12,...,p. This procedure is

converge if one or more components of ﬁ is infinite. One way this could occur is when
there is little or no variability in the responses observed over particular values of the
explanatory variables. For example, consider a drug combination study where all observed
responses are constant over the full range of doses for one of the agents alone. The
parameter estimate associated with that agent will tend toward positive or negative infinity if
the responses are identically 1 or 0, respectively. An adjustment to the X matrix and the
experiment may be necessary in these cases. This could include increasing the size of the
experiment by extending dose combinations in a predetermined fashion. Necessary
adjustments to the analysis may then be needed to account for this change in the
experimental design. For the remainder of this dissertation, however, it will be assumed
that no adjustments will be made to the set of observations considered.

The following section presents a discussion of the statistical properties of these

estimators.
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3.4 Distributional Properties

G
When the total sample size, Zni , 1s large certain properties of the maximum

i=1
likelihood estimators B and the scores U(B)=[U,(B) U,(B) ... U, (B)] have been
derived. A complete discussion of these properties is given in several sources including

Serfling (1980) and Rao (1973).

Many of these results involve the (p+1) x (p+1) Fisher Information Matrix, I(f).

The jkt element of this matrix is given by

LB =E[U,BU.B)] jk=0,12,....p. (3.4.1)

It can be shown that under the distributional assumptions made

9’1(B:y) S XXk exp(—x,B) .
I.(B)=-E| —— |= X=0,1.2....0 3.4.2
x® ( 9PB,0B, J S (1+exp(-xB))’ ! P ( )

where x,, = 1, i=1,2,...,G. I(B) can be consistently estimated by evaluating (3.4.2) with
B=B . This estimate is denoted by I(B).
Let Np,1 denote the p+1 dimensional multivariate normal distribution. Two well

known approximate distributions are given by
UB) ~ N,.,(0, I(B)) (3.4.3)

B~ N,.(B.IB)7). (3.4.4)
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Note that (3.4.4) implies the maximum likelihood estimate, ﬁ js an approximate unbiased
estimate of the true parameter, B. The covariance matrix for the parameter estimates, f’o is
I(B)™* which can be consistently estimated by taking the inverse of I(B) and is denoted by
1B).
Using properties of the multivariate normal distribution it follows from (3.4.3) and
(3.4.4) that

UBIB)"UB) ~ Xp+1 (3.4.5)

B-BYIBXB—B) ~ Xp+1- (3.4.6)

In addition, based on (3.4.4), the approximate distribution of the individual maximum
likelihood estimators can be derived. Let 6°( ;) denote the ji diagonal element of ()t

Then for j=0,1,2,...,p it follows that

B, ~ N(B,.5*8)) (3.4.7)
or equivalently
A \2
(I5 i Bi) 2
- 4.
0.2 (BJ) x1 (3 8)

An estimate for ¢*(B ;) is given by the jth diagonal element of I(ﬁ)" and is denoted by
o*(B,)

Lastly, an approximate distribution involving the In likelihood is given by
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21B:y) - 1B:v) - X (3.4.9)

p+l

These approximate distributions can be used to develop various useful tests of hypotheses
involving the parameters B. One important group of tests that is often applied is goodness
of fit tests. These will be discussed in the next section. Tests for more general hypotheses

then follow.

3.5 Goodness-of-Fit Tests

In any model fitting procedure an overall measure of the goodness-of-fit is very
useful. Here the null hypothesis is that the defined model of interest adequately describes
the data. A small p-value associated with this test implies that the investigator should
reexamine the model assumptions.

Pearson's C? statistic (Hosmer and Lemeshow, 1989, p. 138) is often used to test

this type of hypothesis. This statistic is defined as
G A )3
= Z L ' (3.5.1)

, 1=1,2,...,G.

= 1+exp(—x,p)
Another goodness-of-fit test that has been cited in this context is based on the
difference of the In likelihoods evaluated at two particular estimates of the parameters.
Before defining this statistic it is useful to reexamine the maximum of the In likelihood.
Recall that one goal of these studies is to examine the relationship between the explanatory
variables and the response values. Therefore, when using the principles of maximum

likelihood, the value of B that maximized the In likelihood was found. Based on this
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1

maximum likelihood estimate, ﬁ the predicted response is given as ft, = ———;
1+exp(—x;B)

i=1,2,..,G. In general, however, it can be shown that the In likelihood is maximized in

terms of 7; by T, = -E—‘—; i=1,2,....G. Hence it will follow that 1(#%y)<1(7;y). The fitted
i

model based on T is referred to as the maximal model with the number of parameters equal
to the number of observational points. In general, these estimators are not useful to the
investigator since they do not relate the values of the explanatory variables to the response.
The In likelihood evaluated at & can be used as a standard, however, for comparing
alternative fitted models. If the estimated model in terms of B fits well, the difference of In

likelihoods evaluated at ﬁ and 7 should be small. This difference, defined as the deviance

(Hosmer and Lemeshow, 1989, p. 14), is given by

D =-2{iI:y) - 1(Gy))}. (3.5.2)

Depending on the way the sample size becomes large, C2 and D have been shown
to converge in distribution to the xé_‘,_; distribution. For the studies considered in this
dissertation, the sample size can become large in two ways. One way assumes the number
of unique observational points, G, is fixed and n;, the number of replications at each point
is large. The other assumes n; will be small but G will be large. The asymptotic results in
Section 3.4 hold in both cases. When G is large but the data are sparse, i.e., n; is small,
the use of the X%_,_, distribution as an approximation of the distribution of C2 and D has
been shown to be problematic (McCullagh and Nelder, 1989, p.121). Therefore, before
applying these statistics as global measures of goodness of fit, the investigator should

insure that the experiment conforms to the asymptotic assumptions made.
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Based on the possible problems associated with the use of D and C2, some
alternative approaches have been considered. Pregibon (1981) has advocated the use of
the individual components of D and C? as indicators of observations poorly accounted for

by the fitted model. These individual components, for i=1,2,...,G are given by

c - _(i-nf) (3.5.3)

1 ;Znifti(l—fti)

and

_ M 1/2 . 5 e R
di= -Ji{l(x;yi ) I(B;yl)} . ify;#0andy;#n;and &, 2%, (3.5.4)
~ 172
~2{iGEy)-1Biy)} : ifyi#0and y;#nand 7 <7,
1/2

(~2n, log(1- 7)) s ify;=0
(<2n, 10g(#,))"*; if yi = n;,

A large C; is indicative of an observation with a large difference between the observed and
fitted values or a predicted value close to 0 or 1. A large d; implies there is a relatively large
disagreement in the maximum of the In likelihoods evaluated at ﬁ and ®. Hence at the

observation in question there is less evidence in support of the maximum likelihood

estimate, B Therefore, large values of the individual statistics C; that are not associated
with predicted 7, near 0 or 1, or large d; may be associated with observations where the fit
of the model may be poor. The analyst can investigate those observations in the usual way
for problems in data collection or with the study protocol. In some cases the overall model
assumptions may also have to be reconsidered.

McCullagh and Nelder (1989, p.122) have also derived an asymptotically normal

distribution for C2 given in (3.5.1) conditional on the value of ﬁ . This conditional
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asymptotic distribution is not dependent on the manner the sample size becomes large.

Hence

~A d
C’|B— N(xepp. O%zp) (3.5.5)

where

2 1 = ~ ~ ~
heip =E(C?B)~ G- (p+1)- Z 2 {-6Ra-R)R, +
G G
> Zniﬁi(l—fci)(1—2i‘:i)eﬁeij(1—2fcj),

M| =

[

OLup = var(C’B) ~ (1 - %’”)z{i nini“ 1 +§':Zl(l —2#,)(1- 2ftj)0ij}
and ¥, is the ijth element of V =XIB)"'X’. A goodness-of-fit test based on this
approximate distribution can be applied when G is large and n, is small but greater than 1.
For the studies considered in this dissertation it is assumed that in general, n;, the
number of replications of the experiment at each observation point, will be small but G, the
number of observation points, will be large. Therefore, a goodness of fit test based on X?
and the approximate normal distribution defined in (3.5.5) will be used. An examination of

the individual components of X? and D will also be made. This will be particularly helpful
if the overall goodness-of-fit null hypothesis is rejected. When large values of the of X; or

d; are identified the data will be examined to determine if there are problems with data
coding or the study protocol at these points. If no problems are found then an adjustment
to the model may also be examined. In general, the elimination of these problem points

will not be considered.
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Once the investigator is satisfied that the fit of the model is adequate, and depending

on the questions of interest, one or more of the hypothesis test procedures described in the

next section can be applied.

3.6 Inference
Based on the asymptotic results given in Section 3.4 several statistical testing

procedures can be developed. One important group of hypotheses are of the form

Hy:B=7,

3.6.1
Ha :ﬂ”‘"fo ( )

where v, is a (p+1) x 1 vector of constants. Let I(7y,) denote the Information matrix

(3.4.1) evaluated at y,. The following three test statistics can be used to test (3.6.1).

Wald test statistic Yo —BY1BXY, -B) (3.6.2)
Score test statistic UMY, 1Y, U(Y,) (3.6.3)
Likelihood ratio test statistic 2(1(B;y) - 1(10;y)). (3.6.4)

In all three cases, assuming the null hypothesis is true, and based on the results (3.4.5),
(3.4.6) and (3.4.9), the asymptotic distribution of these statistics is Xﬁu . Extreme values
of the test statistic lead to rejection of the null hypothesis at the appropriate level of

significance. Alternatively, the associated observed p-value can be determined using the

xfw distribution. If the null hypothesis is rejected the investigator can conclude at least

one Bj #F '}'uj, j=0,1,2,,,,,p+1_
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Asymptotically the tests are equivalent since under the null hypothesis, all three test

statistics converge to the x§+l distribution. Studies comparing the use of these three tests
under various finite sample sizes have shown that none of the three tests is uniformly
superior to the others (Madansky, 1989). Hauck and Donner (1977) have demonstrated
however, that the Wald test has some undesirable characteristics, particularly when at least
one parameter estimate, ﬁ ; is large. In addition, it has been shown that the Wald test is not
invariant under transformations of the parameters (Cox and Oates, 1984). The score
statistic has a computational advantage since it does not require calculation of the maximum
likelihood estimates. If the maximum likelihood estimates are readily available the
likelihood ratio statistic is often recommended (Mantel, 1987, Cox and Oates, 1984).
McCullagh and Nelder (1989, p.473) have stated that the asymptotic distribution
associated with the likelihood ratio statistic is "quite accurate for small values of n even
when Normal approximations for parameter estimates are unsatisfactory”.

An example of a useful hypothesis that can be expressed in the form (3.6.1)

involves testing the dependence of the response variable on at least one of the explanatory
variables. This test will be referred to as the intercept-only test. Here ¥, = (¥4, 00... O)’
where ¥,, denotes the maximum likelihood estimate of the single parameter in an intercept-
only model. This value, shown below, can be determined in a straight forward way by

maximizing the In likelihood for the intercept-only model with respect to y,,,.
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This result implies that under the assumption of an intercept only model, the maximum
G
1 Z i

=dzl— The null

likelihood estimate of the constant response is given by — ==
1+exp(=Yy) zn_
i=1 ]

’ r

hypotheses can therefore be written as Hy : B=(§,, 00...0) . Once ¥, =(74, 00...0)

is determined, all three test statistics given in (3.6.2), (3.6.3) and (3.6.4) can be calculated.
Note that in the hypothesis given in (3.6.1) the entire vector of parameters is

specified. Another useful group of hypotheses involves specifying that only a subset of the
B(l)

J where B, isrx land B,, issxlandr+s=
2)

parameters is equal to zero. Let = (

p+1. The hypotheses are given by

H,:B, =0

3.6.5
H, : B, #0. (3:6.9)

Under the null hypothesis, a reduced or restricted model with r parameters is defined. Let

V¥ denote the r x 1 vector of maximum likelihood estimates under Hy. In contrast, under
H,, the full or unrestricted model is considered with maximum likelihood estimates ﬁ A
test statistic that can be used to test these hypotheses is based on the deviance (3.5.1).

Expressions for the deviances under the respective hypotheses are given by
D, =-2{1(¥:y) - I(F;y)}

D, = -2{I(B:y) - 1GEy)}-

The difference in these deviances is the basis for this Full Model versus Restricted Model

Likelihood Ratio test and is given by
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D, =D, - D, =2{I(B:y) - 16¥:y). (3.6.6)

In section 3.5 it was noted that the asymptotic distributions associated with the deviances
were dependent on the manner the sample size increased. Dobson (1990, p.62) states
however, that the asymptotic distribution of Dy in (3.6.6) is adequately approximated by
X. Note that the degrees of freedom for this test are equal to the dimension of the vector

B.,- This is equivalent to the difference in the number of parameters in the full model

(p+1) and the reduced model, i.e., (p+1)-r =s. Note, for this testing procedure, in order

to determine f} and ¥ two executions of the IRLS estimating procedure are needed.

Another application of the test defined by (3.6.5) involves testing the significance

of only one parameter. If the parameter of interest is B; then the hypothesis can be written

as

[

(3.6.7)

T

w

> ™
* 0
S o

In terms of (3.6.5) B, = (133) and B, is the p x 1 vector of the remaining parameters.

Now, under the null hypothesis, the maximum likelihood estimates are the p x 1 vector V.

As usual, D, is calculated. A p-value based on the X; distribution then can be determined.

This same hypothesis (3.6.7) is also commonly tested using a Wald Statistic and is
based on the asymptotic result given in (3.4.8). Since under Hy, i = 0, the test statistic is

given by

Wald test statistic —_ (3.6.8)
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where Gz(ﬁ ;) is the jth diagonal element of the estimated covariance matrix, I(ﬁ)“. Using
the observed value of (3.6.8) a p-value based on the %’ can be determined.

If a large number of these individual tests defined by (3.6.7) are applied the
investigator must consider the problems associated with multiple testing. When a large
number of individual tests are conducted the overall probability of falsely rejecting at least
one null hypothesis becomes quite large. This will be addressed in more detail in Chapter
6.

Another useful statistical tool is the confidence region. In the next section
confidence regions about the response and about the individual parameters will be

discussed.

3.7 Confidence Regions
The result given in (3.4.7) can be applied in a straightforward manner to estimate the
endpoints of a confidence region about a given parameter. A 100(1- &)% confidence

region about P; is given by
[E’:L B:J] =B; £t _op-,-10B) 3.7.1)

where t,_,,._,, is the upper (1-0v2) percentage point from student t distribution with G-
p-1 degrees of freedom and 6(B ,) is the jth diagonal element of the estimated covariance
matrix, I(f})".

A confidence region about the response at a single fixed value of the explanatory

variables, x,, can be determined using (3.7.1) as follows,
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[#5,79]= : 1 ]

| 1+ exp(—xiﬁi") 1ip exp(—xiﬁ}])

In general, however, an examination of the confidence regions about the response at
several levels of the explanatory variables will be considered. Recall the coverage
probability, 1 - o, associated with a confidence interval is the probability the interval covers
the true parameter. If the methodology just described is applied repeatedly the overall
confidence probability will become small. For example, if ten confidence intervals with
individual coverage probability .95 are constructed based on ten independent samples, the
overall coverage probability will be 9510 = 5087. The construction of a simultaneous
confidence region can be used, however, to insure an overall coverage probability of at
least .95.

Hauck (1983) developed a conservative simultaneous 100(1 - a)% confidence
region about the response. Using (3.4.6), a 100(1 - a)% confidence ellipsoid about the

parameters, B, is based on
P[(ﬁ—ﬂ)'l(ﬁ)(ﬁ—ﬂ)sxf,“,l-a}l-a (3.7.2)

where (2,,,_, is the upper 1-a percentage point of the X2, distribution and I(B) is a
consistent estimator of I(B). Let w be an arbitrary 1 x (p+1) vector of independent

variables. Applying a form of the Cauchy-Schwartz inequality given by

———r(w(f:“ ) S(ﬁ—ﬂ)fl(ﬁ)(ﬁ-ﬂ) for any w, (3.7.3)
wi(B)'w
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(3.7.2) can be rewritten as

[6-1)]

P|~——— <%, 0 VW [21-0. 3.7.4
W@y G749

Simplifying (3.7.4) gives

Pl wB—(ami® W) " <wBSwh (o IBrw) " vw|21-0. (7.9

Note that (3.7.5) applies to all values of w. For a specific value of w, say x;, the

corresponding probability statement is given by
~ ~ \172 -~ - 172
P[xiﬁ— (KoaxdB'x ) S xBSxB+ (X axIBx,) ]2 I-a. (376
A conservative simultaneous confidence interval about x, is therefore given by the interval
~ " 172
[)'L (x; )-lu(xi)] =xpx (Xf,u.uxil(ﬂ)_'xi ) . (3.7.7)

Using (3.2.4), upper and lower bounds on the response at x; can be determined and are

given by

AL AU]_ 1 1
75, _|:1+exp(—lL(xi))’l+exp(——lu(xi)):l' (3:7:8)
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This interval is considered conservative since the probability statement upon which it is

based given in (3.7.6) is greater than or equal to 1- o rather than equal to it. Note also that
if this procedure is repeated for several values of x;, there is no reduction in the overall
coverage probability, which will consistently be at least 1- o This follows since (3.7.3) is
true for any w.

The following section provides an example of an analysis that uses many of the results

described in this chapter.

3.8 Example

Carter, et al. (1988) described in detail a two agent experiment involving thirty-eight
dose combinations of the chemicals chloral hydrate and ethanol. Six mice were tested at
each of these 38 combinations. A drug combination was administered and after 30 minutes
the mouse was evaluated for loss of righting reflex (yes or no). The dose levels and the
results are summarized in Table 3.1.

For reasons that will be described in Chapter 5, the model of interest at the ith dose

combination is given by

1

=— i=1,2,..38
1+ exp(—x,B)

where

X; =[1 Xii X2 xilxi2]
ﬂ = [Bo ﬁl Bz Bu]
x;, = dose of chloral hydrate

X,, = dose of ethanol.
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An overall model can be written as

1
= 1+exp(—XP)

where

’
n=(mm,.. Ty
1 ox,;  xp, XXz

X X Xy X
X = 38 x 4 matrix of explanatory variables = - o - h

I X5, Xyg, Xg5,X3g,

The fitted parameters and the various test statistics are listed in Table 3.2. The
Goodness-of-Fit (3.5.5) p-value of 0.3737 suggests that the model adquately represents
the data. In Table 3.1 the individual goodness of fit statistics X; and d; are listed. Three
observations have large X; values: (900,250), (900,300) and (1600,250). Only the first
two of these observations also have relatively large values of d;. Since no problems were
identified with the coding or collecting of the data in this study and since the fit of the
model is adequate, it is reasonable to proceed with the analysis of the complete dataset.

Both the score and likelihood versions of the intercept-only tests show that at least one
of the nonintercept terms is significantly different from zero. This implies that at least one
of the two chemicals has a significant effect on the response.

In Chapter 5 it will be shown that a test of the hypotheses given by

H,;:B,,=0
H,:B,#0



Table 3.1
Chloral Hydrate and Ethanol Study: Loss of Righting Reflex in Mice

Data and Goodness of Fit Statistics

Dose Levels Responses Goodness of Fit
Chloral v; Observed Predicted
Ethanol Hydrate A i, x, X dj

0 300 0/6 .000 120 -.903 -1.236
0 325 2/6 .333 350 -.086 -.086
0 350 4/6 .666 .681 -076 -.076
0 375 5/6 .833 .895 -.487 -.454
0 400 6/6 .667 971 423 .593
0 425 6/6 .667 .994 212 .299
200 100 0/6 .000 .000 -.006 -.008
200 150 0/6 .000 .000 -.024 -.034
200 200 0/6 .000 .002 -.096 -.136
200 250 0/6 .000 .023 -.388 -.546
200 300 3/6 .500 .290 1.133 1.078
900 100 0/6 .000 .000 -.032 -.045
900 150 0/6 .000 .003 -.137 -.194
900 200 0/6 .000 .054 -.588 -.820
900 250 6/6 1.00 513 2.385 2.829
900 300 4/6 .667 951 -3.218 -2.194
1600 100 0/6 .000 .005 -.174 -.246
1600 150 0/6 .000 .094 =791 -1.090
1600 200 5/6 .833 .682 794 .842
1600 250 5/6 .833 978 -2.411 -1.563
1600 300 6/6 1.00 999 .081 115
2300 100 0/6 .000 130 -.095 -1.290
2300 150 4/6 667 775 -.638 -.609
2300 200 6/6 1.00 988 274 .386
2300 250 6/6 1.00 999 .057 .080
2300 300 6/6 1.00 .999 .012 017
3000 100 6/6 1.00 814 1.171 1.571
3000 150 6/6 1.00 991 .229 .323
3000 200 6/6 1.00 .999 .045 .063
3000 250 6/6 1.00 .999 .009 012
3000 300 6/6 1.00 1.000 .002 .002
4000 0 2/6 333 365 -,159 -.160
4050 0 2/6 333 418 -.421 -.426
4100 0 2/6 333 474 -.688 -.696
4150 0 3/6 .500 530 -.145 -.145
4200 0 4/6 .667 .585 .406 411
4250 0 5/6 .833 .638 994 1.057
4300 0 4/6 .667 .528 -,115 -.114




Table 3.2
Chloral Hydrate and Ethanol Study: Loss of Righting Reflex in Mice

Analysis Results
Parameter Estimates
Parameter Estimate Wald Statistic p-value
Intercept Bo -18.5314 33.9322 .0001
Chloral Hydrate B;  .00449 33.9340 .0001
Ethanol B,  .0551 33.0552 .0001
Interaction B2  3.382x106 4.1261 0422

Estimated Variance-Covariance Matrix: I(ﬁ)‘l

Bo B B2 B12
Bo 10.1206 -.00244 -.03022 -8.410 x 107
By 5.951 x 10-7 7.296 x 106 1.651 x 10-10
B> 9.190 x 10-5 1.427 x 109
B12 2.773 x 10-12
ver n f Fi
X = 30.9093 E(x[) =22.87485 V(x’[B)=622.1356 p-value = 3737
Intercept Only Tests (3 degrees of freedom)
Score Test statistic =108.702  p-value =.0001

Likelihood Test statistic =178.151  p-value =.0001
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is particularly interesting. Since the p-value associated with the Wald test applied to this

single parameter is .0422 it can be concluded that ,, # 0. This analysis will be referred to
and elaborated on throughout the remaining chapters of this dissertation.

Throughout the next several chapters the logistic modeling technique and the results
described in this chapter will also be applied to studies involving an arbitary number of
agents. The interpretation of the parameters in the fitted model in the context of this type of
study will be considered in detail.



Chapter 4
Additivity, Deviations from Additivity, and Isobolograms

4.1 Introduction

In the last chapter the logistic modeling technique was described. This model will
later be used to study the dose response relationship between two or more agents.
Specifically in the next chapter, it will be shown that properties of the model may be used
to describe how the agents interact. Before these properties can be derived, however, it is
necessary to first formally define the types of interactions that can be observed. In general
the approach that has been adopted for this dissertation has been described by Berenbaum
(e.g. 1981 and 1989). Assuming the dose-response relationship for each agent is known,
a set of basic definitions is given that can be used to characterize the single agent dose-
response relationships. Definitions and properties associated with the combination of two
agents are then considered. The use of an isobologram is also described. These results are
then generalized to combinations of any number of agents.

The definitions and derivations presented in this chapter are a synthesis of materials
found in the following sources: Loewe (1953), Berenbaum (1977, 1978, 1981, 1985,
1989), Hewlett and Placket (1979), Tallarida (1979), Wessinger (1986), Brunden (1988),
and Calabrese (1991). However, as described in Chapter 1, the literature has not been
consistent in its use of terminology. When inconsistencies were found, the approach taken
here was to choose the most commonly used version, or, alternatively, the approach used
by Berenbaum.

70
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4.2 Types of Dose-Response Relationships

Initially, assume that all single agent dose-response curves are monotone. Non-
monotone dose-response curves will be considered in Section 4.4 . Furthermore, assume
that the background response, at zero doses of all of the agents, is a constant. Let 7 denote
a fixed response, X the dose of an agent, and P(X) the dose-response curve.

Examples of single agent dose-response curves defined in this section are illustrated
in Figure 4.1. Combinations of two agents are shown in Figure 4.2. In each of the plots
the dose levels are plotted on the X-axis and the response is plotted in the Y-axis. For two
agent combinations the dose-response curves for both agents are simultaneously plotted in
the same set of axes. Note that while sigmodal curves are illustrated, the definitions are
generalizable to any continuous dose-response curve.

The following definitions describe the dose-response curve of each agent alone

relative to the background rate.

Definition 4.2.1: i) If the dose-response curve is constant for all dose levels, the
agent is inert.
ii) An agent is active if the dose-response curve is nonconstant over

the dose levels considered.

It follows that the dose-response curve for an inert agent is simply a horizontal line through
the background response.
The dose-response curve associated with a single agent can also be described

relative to 7, a fixed response of interest.
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Active Inert
Response Response
Dose Dose
Predictive Nonpredictive
Response Response
b
S, I ———

Figure 4.1: Single Agent Dose-Respone Curves
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Definition 4.2.2: Let ©t be a fixed level of response.

i) If a finite, nonzero dose of the agent exists which yields =, the agent
is predictive.
ii) If no dose of the agent yields the response & the agent is

In general an inert agent is nonpredictive.

Certain useful definitions can also be made about the combination of two agents.

Definition 4.2.3: i) Two active, predictive agents form a homergic combination.
ii) A heterergic combination involves a predictive agent and
nonpredictive agent.

iif) Two nonpredictive agents form a coalitive combination.

Certain properties of these combinations can be noted by examining Figure 4.2. Heterergic
combinations can include the combination of a predictive and nonpredictive agent or the
combination of a predictive and an inert agent. Coalitive combinations include the
combinations of two nonpredictive agents, a nonpredictive agent and an inert agent, and
two inert agents. Consider now a homergic combination such that the dose-response
curves associated with both agents are monotone. Since the background response is
constant it follows that the dose-response curves for both agents must be monotonically
increasing or both must be monotonically decreasing.

Definitions will now be given that describe the type of interactions that can be

observed when agents are given in combination.



Homergic Two Agent Combinations

n

Predictive & Nonpredictive Predictive & Inert

Coalitive Two Agent Combinations

Nonpredictive & Inert

Inert & Inert

Figure 4.2: Types of Two Agent Combinations
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4.3 Types of Interactions

First, a general definition which characterizes the types of interactions between two
agents is given. This definition forms the basis for the derivation of more specific
definitions and results. Let X; and X, denote the continuous doses of the two agents

considered. Further, let (xq,x7) denote an observed dose combination of the two agents,

and = the associated observed response.

Definition 4.3.1: Assume a dose combination is administered and the response
observed. Additivity implies the observed response is identical to

the expected response .

Definition 4.3.2: Assume a dose combination is administered and the response, 7,
observed. Assume all dose-response curves are monotonically
increasing or all are monotonically decreasing. Let n® denote the
response expected under additivity. The type of interaction

between the agents is given by

Single Agent

Dose-Response

Curves n > n < ot
Increasing Synergism Antagonism

Decreasing Antagonism | Synergism
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Note that Definition 4.3.2 is dependent on the determination of 7, an expected or additive

response. In order to derive this expected response under additivity it will be useful to first
consider homergic combinations. These results are then generalized to the other

combinations.

4.3.1 Homergic Combinations

Assuming the dose-response curves for each single agent is known, two strategies
are derived for characterizing the types of interactions in a homergic combination of agents.
To begin, an expression is derived which holds when the agents interact in an additive
manner. Note that while these derivations are dependent on knowing each single agent's
dose-response curve, they are not dependent on a specific form for any of these curves.

A general formulation for describing additivity at a fixed response can be derived by
considering a "sham" combination of two agents that clearly will not interact, i.e. a
combination of an agent with a dilution of itself. The goal is to determine dose
combinations of these two agents that yield a fixed response, say © = 0.50. Suppose 10
mg of agent A yields a 50% response. Let agent B be a 40% dilution of agent A so that a
dose of 25 mg of B will also yield the 50% response. Because these agents do not interact,

a dose combination of 5 mg of A and 12.5 mg of B will also yield the response of interest.

Note that the sum of the ratios of these doses equals 1, i.e. %+ 13—55 =1. If (xq1,x9)
denotes any dose combination of A and B that yields a response of 50% then ;‘—6 + % =1.

This idea can now be generalized as follows.

Result 4.3.1: Let © denote the response observed at the dose combination (x1,x). Let

ED, (=), i=1,2 denote the effective dose of each agent alone that yields 7.
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At the dose combination considered the interaction between the two agents

X X
is additive if — 8 —+—31__=1,
Saddtive ED,(n) " ED, (x)

Implicit in this derivation is the ability to determine the effective dose of each agent
alone, i.e., the dose of each agent that yields the fixed response of interest. Since the
single agent dose-response curves are monotone, unique values for these effective doses
can be determined. For example, assume for illustrative purposes that each single agent's

dose response curve is given by

1 .
1+ cxpl—(BD + fiiXi)] e

P(X;:B.B;) = =1,2. (4.3.1)

Then, for a fixed value of the response, &, the effective doses are

logit(m)~B,

ED,(X,)=—==1

=1,2.

If x; and x, were allowed to vary in the additive equation given in Result 4.3.1, an

equation of a straight line is defined.

Definition 4.3.3: Let & denote a fixed response and ED,(7), i=1,2 the effective dose of

the ith agent alone that yields . The line of additivity is given by

X, X, é
X, X,): + =1 x,x,20;.
{(‘ 2) ED,(n) ED,(r) i 4 }

The additive equation given in Result 4.3.1 can also be used at a fixed dose

combination (x,X5) to determine the response expected under additivity.
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Definition 4.3.4: Let (x1,x7) be a homergic dose combination. The expected response
under additivity, n*, is given by

For example, assuming the dose-response curves for each agent are given by (4.3.1), the

expected response under additivity is given by

B,x, + Ble =1
logit(n*)-B, logit(r*)-p,
or

A_ 1
1+ exp[—(ﬁa +Byx; +B,x, )J .

Assume now that ©t* is specified. Based on Definition 4.3.2, by comparing ©* to
the observed response 7, the type of interaction between the agents at (x,x,) can be
characterized. This approach will be referred to as the Comparison Method of
characterizing interaction and is summarized in Table 4.1. For example, assuming the
single agent dose-response curves are increasing, if ©> n* then the agents are interacting
synergistically at (x,X5).

Another technique for characterizing the interactions between two agents can also be

derived after first noting the following property.



Table 4.1
Comparison Method Applied to Homergic Combinations

Types of Interactions Detected by Comparing the
Expected Response Under Additivity (n*) to the Observed Response ()

Single Agent Dose-Response Curves

Increasing Decreasing
n =nh Additvity Additivity
n >nh Synergism Antagonism
n <t Antagonism Synergism
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Result 4.3.2: Assume both single agent dose-response curves are monotone. Let ©*
denote the response expected under additivity and & the observed response.

Furthermore, let ED,(r) and EDi(TEA) denote the effective doses of the ith

agent associated with each response, i = 1,2. Then

Type of Interaction
Synergism ED,(r)> ED,(n*), i=1,2
Antagonism ED,(n) < ED,(n*), i=1,2

Proof:
Assume monotonically increasing dose-response curves. If the agents interact
synergistically, by Definition 4.3.2, © > n*. Since each dose-response curve

is monotonically increasing it follows ED,(7) > EDi(n:"), i=1,2. If the agents

interact antagonistically, by Definition 4.3.2, © < . Since each dose-

response curve is monotonically increasing it follows ED, () < ED,(n*), i = 1,2.

The proof for monotonically decreasing dose-response curves is similar.

Assume now, at a given dose combination (xj,x3), with observed response 7, a

synergism is observed. Therefore, by Result 4.3.2, ED,(r) > ED,(n*)>0, i=1,2. Now
X, + X,
ED,(rn*)  ED,(rn*
X X2 <. Similarly when an antagonism is observed,
ED,(n) ED,(m)

ED,(n*)>ED,(n)>0,i=1,2 and

since, by Definition 4.3.4, ) =1, it follows that

X, X,

ED,(r)  ED,(m)

These results can be summarized as follows.
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Definition 4.3.5: Let (x1,x7) denote a dose combination and 7 the observed response.

The Interaction Index is given by I1(x,,x,,7) = EI:I( ) *= sz( 3
I\ 2\

Result 4.3.3: Let (x1,x,) denote the dose combination of two homergic agents and 7 the

observed response. The type of interaction between the agents at this dose

combination is characterized by
<1 = synergism

II(x;,x,,®) =1 = additivity .
>1 =>antagonsim

For homergic combinations it has been shown that, given the dose-response curves
for each single agent, two approaches can be taken to describe the interaction between the
agents at a given dose combination. The first approach, the Comparison Method, is based
on determining the expected response under additivity and then comparing it to the
observed response. This method, summarized in Table 4.1, requires calculation of the
expected response under additivity. The second approach is based on the Interaction
Index. This technique, based on Result 4.3.3, does not require the expected response

under additivity. Rather, the effective doses of each agent alone are used.

4.3.2 Heterergic Combinations: Predictive & Inert

Both the Comparison Method and the Interaction Index can be applied to these
combinations. In order to apply the Comparison Method the expected response under
additivity, ©*, must be derived. Let x; denote a dose of the predictive agent and x, a dose
of the inert agent. Assume that at the combination (xy,xp) the response 7t was observed.
Since the inert agent alone has no effect on the response, the expected response under

additivity is determined from the dose response curve of the active agent only. Hence *
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is equal to the response predicted at a dose of x; alone. By then comparing &t to ©n* the

type of interaction can be determined based on Definition 4.3.1.

In order to apply the Interaction Index technique it can be noted that since nt* is

equal to the response at the dose of x; alone, ED,(n*)=x, or ——J—~=1. Now if the

ED, (n*)

two agents interact in an additive manner, the response will equal the additive response, i.e.
X

n* =, so that
ED,(m)

=1. If a synergism is observed, by Result 4.3.2,

ED,(n) > ED,(n*). Therefore EI:i(n:) <1. In a similar way it can be shown that if an
1

X

>1
ED, (%)

antagonism is observed

Note now that if it is assumed that the effective dose for the inert agent is infinite

then ——=—21_4+X -5 4 % _ I1(x,,x,,7). Therefore Result 4.3.3 can be

E(m) Em = E(r) Em)

generalized as follows.

Result 4.3.4: Let (x1,xp) denote a homergic combination or a heterergic combination of
a predictive and inert agent where the effective dose of the inert agent is
infinite. Let & be the observed response and 11(x,,x,,7) denote the
interaction at this combination and response. The type of interaction between

the agents is given by
<1 = synergism

II(x,,x,,®) =1 = additivity .
>1 = antagonsim

While it has been shown that the two methods described for homergic combinations
for characterizing interactions can be applied to heterergic combinations of predictive and

inert agents neither method can be applied for the following combination.
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4.3.3 Heterergic Combinations: Predictive & Nonpredictive

To apply the Interaction Index method of characterizing interactions the effective
doses of each agent must be determined. Note that for a nonpredictive agent no dose exists
that yields the fixed response of interest. Furthermore, since the agent is active the
response as the dose of this agent approaches infinity is known. Therefore, it can not be
assumed, as for an inert agent, that the effective dose is infinite. The effective dose for the
active, nonpredictive agent is, therefore, undefined and the Interaction Index can not be
applied to these combinations.

In addition, the Comparison Method of characterizing interactions can not be
applied for this combination. Recall that the expected response under additivity can

sometimes be determined at a fixed dose combination (x;,x;) by solving for  in
X%
ED,(n*) ED,(n*

) =1 . In this type of combination, however, there is no common

value of the response that simultaneously satisfies both dose-response curves (see Figure
4.2). Since n* can not be determined the Comparison Method is not applicable.

Note also that, since the nonpredictive agent is active, it may not be reasonable to
assume that the nonpredictive agent does not have an effect on the response, even under the
assumption of additivity. This implies that the argument used to derive 7™ for the
heterergic combination of a predictive agent and an inert agent can not be applied in this
case.

Therefore, since neither of the approaches previously developed to characterize
interactions can be applied without further assumptions, this combination will not be

considered further in this dissertation.
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4.3.4 Coalitive Combinations

For coalitive combinations the effective doses for a fixed value of & are undefined
or infinite for both agents. It therefore follows that the Interaction Index is undefined for
these combinations. The Comparison Method, however, can be applied to all types of
coalitive combinations.

Consider first the combination of two inert agents. Since both agents alone are
inert, T is simply the constant background response at 0 levels of both agents. When
differs from the background response an interaction has been detected. Since neither agent
is active, however, the interaction can not be classified as synergistic or antagonistic based
on Definition 4.3.2.

Consider now the combination of two active but nonpredictive agents. Now based
X X,

" ED, (x") * ED,(n*)

0 =1, t®, the response expected under additivity can be

determined. The type of interaction between the agents can then be described, based on
Definition 4.3.2, by comparing 7 to .

Lastly the combination of a nonpredictive agent and an inert agent can be
considered. Here n is determined solely from the dose-response curve for the
nonpredictive but active agent. Again, the type of interaction between the agents can then

be determined by comparing & to A,

4.3.5 Summary
Two approaches were described in this section for characterizing interactions at a
given dose combination. Both methods assume each single agent dose-response curve is

known. For the Comparison Method, an expected response based on additivity, A, is
X X%
ED,(n*) " ED,(n*)

determined using =1. Based on Definition 4.3.1 by comparing ©*

to 7 the type of interaction can then be described . This approach was shown to be
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applicable to all types combinations with the exception of the predictive and nonpredictive

heterergic combination. The second approach is based on the use of the Interaction Index.

By determining the effective doses of each agent alone and then comparing the value of

- X X,
(xx2m) =55 o5 BD,(m)

to 1 the type of interaction between the agents can be

determined. This approach was shown to be applicable only to homergic and heterergic
combinations of predictive and inert agents.
In the next section non-monotone single agent dose-response curves will be

considered.

4.4 Non-monotonic Single Agent Dose-Response Curves

Throughout the last section it was assumed that the dose-response curve for each
agent alone was monotone. In general, this assumption is necessary to insure that ED,(7),
i=1,2, can be uniquely determined for a given value of m. Virtually all of the definitions
and results of Section 4.3 were dependent on these values. For example, based on Result
4.3.3, an interaction is characterized by examining the value of the Interaction Index. If
one or both of the effective doses, ED,(x), i=1,2, are not uniquely determined, the
resulting value of the Interaction Index, and hence the type of interaction at a given dose
combination, may vary. Alternatively, the Comparison Method of describing interactions

is dependent on the determination of the response expected under additivity based on
X, ) A

ED, () + ED, (") =1. Again if one or more of ED,(n*), i=1,2, are not unique the

value of this additive response, and hence the type of interaction at a given dose
combination may vary.
Since it is not possible, without further assumptions, to apply the definitions and

results given in Section 4.3 to studies that include agents with non-monotone dose-
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response curves, only monotone single agent dose-response curves will be considered for

the remainder of this dissertation.

4.5 Isobolograms

For a two agent study the dose-response relationship is 3-dimensional. A 2-
dimensional tool that has been shown to be useful in characterizing interactions graphically
is the isobologram. An isobologram is a plot of the isobol or set of dose combinations that
yield a fixed response of interest. When applicable these plots also include the line of
additivity.

Consider first a homergic combination of agents. The line of additivity for a

homergic combination was given in Definition 4.3.3 as
Xy

{(x“x’): ED,(x) " ED,(m)

=1 XX 2 0}. This line intersects each axis at the

corresponding effective dose for each agent alone. Each point on the line represents a dose
combination that satisfies the assumption of additivity at the fixed response of interest.

In general the line of additivity divides the X, xX, plane into two regions. A point

X X
X,,X, ) that lies below the line satisfies L—+ 2__ <1 and a point that lies above
(x1:%,) ED,(n) ' ED, () e

> 1. Therefore based on Result 4.3.4 if the point

X X,

ED,(m) ED,(m)

the line satisfies

associated with a dose combination lies below the line of additivity a synergism is
indicated. A point that lies above the line of additivity indicates an antagonism. This is
illustrated in Figure 4.3. By plotting the dose combinations that yield a fixed response of
interest in conjunction with the line of additivity the types of interactions between the agents
at those dose combinations can be graphically assessed.

Consider now a heterergic combination of a predictive agent and inert agent.

Assume X, denotes the dose associated with the inert agent and = is the fixed response of
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(0,ED ,(m)) ¢

Line of Additivity

Dose
of X,

Synergism

Dose of X, (ED, (m),0)

Figure 4.3: Isobologram for a Two Agent Study
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interest. Recall that for the inert agent ED,(7) = eo. The line of additivity in this case is

therefore the vertical straight line through (ED,(r),0). Based on Result 4.3.4, a

X,
ED, (m)

synergism at this dose combination implies <1 or equivalently x, < ED, (7).

Similarly, an antagonism implies x, > ED, (7). Hence, if the point associated with the
dose combination lies to the left of the line of additivity, a synergism is found. If the point
is to the right of the line of additivity, an antagonism is found. A similar derivation can be

made for this type of combination when X denotes the inert agent. Here the synergistic
and antagonistic points will lie above or below respectively the line of additivity. (See
Figure 4.4).

Recall now for coalitive combinations the effective doses for both agents are
undefined. This implies the line of additivity does not exist. Therefore, while plots of the
observed dose combinations that yield a fixed response may be useful, an isobologram can
not be used to graphically characterize interactions for these combinations.

For isobolograms that include the line of additivity the magnitude of the deviations
from additivity can be described using the potentiation coefficient (Gessner and Cabana,

1970).

Definition 4.5.1: Consider a vector that intersects the origin and the point associated
with the dose combination (x1,xp). Let R be the point of intersection of
the vector with (x4,x2) and S be the point of intersection of the vector
with the line of additivity. In addition, let RS denote the distance from R
to S and OS the distance from the origilg ;0 S. The potentiation

coefficient is given by PC(m,x,,x,)= 55"
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A.ntagonism
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Figure 4.4: Isobolograms for the Heterergic Combination of a Predictive
Agent and an Inert Agent
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By examining Figure 4.5 it is clear that synergism implies RS > 0 and OS > 0 so that

PC(m,x1,xp) >0. In contrast, for antagonism, RS < 0 so that PC(m,x,x7) < 0. Assume

now two dose combinations (x71,%X21) and (x17,X5,) are found that yield =, the fixed

response of interest. The values of PC(m,x;1,x1) and PC(m,x5,X7) can be used to

describe the relative magnitudes of the interactions, i.e. if 0 <PC(m,x11,X21) <

PC(m,x12,Xp7) a larger degree of synergism is evident at (x2,X55) than at (xq1,X27).
The joint action ratio described by Hewlett (1969) is closely related to the

potentiation coefficient. Referring to Figure 4.5, the joint action ratio is defined to be

JA(T,x,,X,) = 8—}8{ and will be less than 1, equal to 1 or greater than 1 if antagonism,

additivity or synergism respectively is indicated.

Using the vector that intersects the dose combination, (x1,Xp), and the line of
additivity another property of synergism and antagonism can be derived. Note, first, that
dose-combinations along this vector satisfy x, = ax, where o > 0. In addition, the total of
the doses at this combination is given by x, +x, =(a+1)x, =t. Let (z,,z,) denote the
point of intersection of the vector and the line of additivity. Clearly z, = 0.z, and the total
of these doses is z, +z, = (o +1)z, =t*. By now inspecting Figure 4.6, it follows that
under synergism x, <z, which implies t <t* This implies the total dose at the
combination considered is less than the total dose under additivity. Hence less of the
agents in combination are needed to yield the fixed response of interest under synergism
than expected under additivity. In a similar way it can be argued that when an antagonism
is observed more of the agents in combination are needed to yield the fixed response than
expected under additivity.

Before generalizing the definitions and results discussed in the last two sections to
studies of more than two agents it will be useful to first examine alternative definitions of

additivity.
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Figure 4.5: The Use of the Potentiation Coefficient
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X, (2,2,)

(xix,)

Figure 4.6: Comparison of Total of Doses at (x,,x,) and (z,,z,)
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4.6 Alternative Definitions of Additivity

In this section alternative definitions for additivity will be briefly described. It will
be shown that under certain constraints these definitions are equivalent to the definitions of
additivity previously assumed. In general, however, these definitions will be shown to be
problematic.

In this chapter the overall approach to characterizing interactions has been to, first,
define the response expected under additivity, and then compare the observed response to
this additive response. No assumptions were made about the mechanism of action of the
agents considered. In addition, while the results were dependent on knowing the dose-
response curves for each agent, the particular form for these curves was not specified.

Virtually all of the results developed in this chapter were dependent on the notation

that an additive interaction at the dose combination (x,,x,) with response = satisfies

X X,

ED, () + ED, () =1 (4.6.1)

Recall that this expression was derived by determining dose levels of two additive agents
that in combination yield =, a fixed response of interest. Because the process involves
combining doses to yield a specified effect, this technique for describing additivity has been
referred to as dose-addition. Since it was shown that this definition holds for the sham
combination of an agent with a dilution of itself, it has an intuitive basis.

Let P,(x,),i=1,2 denote the response at dose x; of each agent alone and P(x;,x,)
the response at the combination. The first alternative definition of additivity is referred to

as effect-addition. Here the response expected under additivity is given by

P(x,,X,) = P(x,)+Py(x,). (4.6.2)
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When the response is bounded, as is the case with proportions or probabilities, this
definition can result in nonsensical results. For example, if the response is a probability
and P,(x,)=0.6 and P,(x,)= 0.7 the response expected under additivity would be 1.3.
Berenbaum (1989) showed however, that for studies with linear dose-response
curves in the region of interest, i.e. P, (X,) = X, that (4.6.2) and (4.6.1) are in
agreement. In fact, it can be shown that effect-addition holds for a broader set of single
agent dose-response curves. Suppose that a transformation of the response can be found

so that 1;(X;) = g[pi(xi)] =a,X;, i=1,2 where g™ exists. Anexample of the type of

transformation is given by g[pi(Xi ]- log[——p—l%g—)J B, =logit(p;(X ) —Bo. Let

n(X,,X,) denote the transformed response observed when the agents are given in

combination. In terms of this transformed effect, effect-addition may be written as
nX;, X,) =N (X)) + Ny (X,). (4.6.3)

Under these constraints effect-addition and (4.6.1) are in agreement. For example, by

(4.6. 3) nX,;,X,)= aiX +0,X, . Alternatively, based on (4.6.1)

=1, which simplifies to n(X,,X,) =X, +0,X,. F
(Xl'x/ XI,X/ which simplifies to (X, X,) =0, X, +,X,. Froma

statistical perspective this result is appealing since, under the assumption of no interaction
between the agents, the transformed response can be written as the sum of the effects of
each agent, a form commonly assumed in statistical modeling.

Another definition for additivity based on the probability notation of independence

is referred to as multiplication of effects. Here
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P(X,,X,) = P,(X,)+P,(X,) - P,(X,)P,(X,)- (4.6.4)

where 0 < P(X)<1,i=1,2. An alternative form for this expression can also be derived

by letting Q,(X;) =1-PF,(X;), i=1,2 and Q(X,,X,)=1-P(X,,X,). This implies (4.6.4)

can be rewritten as

Q(vaz) =1-P(X;,X,)=1- H(Xl)— P, (X2)+P1(X1)P2(Xz)
= 1-(1 'Ql(xl)) _(I _Qz(xz))"' (1" Ql(xl))(l "Qz(xz))
=Q, (XI)QZ(XZ)‘ (4.6.5)

It can be shown that, in general, this definition of additivity fails for the sham combination.
For example, consider, the combination of an agent with itself such that P(d) = 0.4 and
P(2d) = 0.9. Based on (4.6.4) the predicted dose of combination consisting of d + d is
given by .4+ .4—(.4)* =.64. Since this does not equal P(2d) =9 this multiplication of
effects approach to defining additivity does not hold for this sham combination.

Berenbaum (1989) showed, however, that when both single agent dose response

curves are in the form Q(X;)=e™**, i=1,2 multiplication of effects and dose-addition are

equivalent. For example, by (4.6.5) it follows that Q(X,,X,) =€
X X

4.6.1 1 2
PPRe ~In[1- Q(Xl,xzy/ ¥ ~In[1 —Q(Xl.xzy/
al

«,

aXi-X: - Alternatively

=1 which can be simplified to

QX X,) =,

Other methods that have been introduced to define additivity include the modeling
technique described by Chou and Talalay (1991). Here the model for each agent is given
by
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RX) _(_X )" (4.6.6)
1-P(X,) |ED,(0.5) O

where 0 < P,(X)<1,i=1,2. Equation (4.6.6) is referred to as the median-effect equation.
Since (4.6.6) can be rewritten as logit(P,(X;)) = m log,(X;) - m, log, (ED,(0.5)) a
transformation of the response can be written as a linear function of the log of the dose.

This is in contrast to the logistic dose-response curve given in (4.3.1) where the

transformed response, given by logit(P,(X,)) =B, + B, X, is a linear function of dose.

The expression for additivity that Chou and Talalay derived is given by

X, X, XX,
+ +0O —
ED, ()  ED,(n)  ED,(m)ED,(r)

(4.6.7)

where o =0 or 1 depending on the mechanisms of action of each agent. If the agents are
mutually exclusive, i.e. "they share the same binding sites and the occupation of one site by
one agent excludes its occupation by another" (Berenbaum, 1989, p.109), oo =0. For
mutually non-exclusive agents which have different binding sites o =1. In contrast to
(4.6.1) which is based solely on knowledge of each agent's dose-response curve this
definition of additivity is dependent on knowledge of each agent's mechanism of action.
Since this information may not be available for all of the agents studied this approach may
be difficult to apply without further assumptions.

One last approach to examining additivity that will be described here involves the
construction of an additivity envelope (Steel and Peckham, 1979). Here, based on the
dose-response curves for both agents alone, the authors derive dose combinations that yield
a fixed value of . Two methods, Mode I and Mode 11, are used to achieve this so that two

sets of dose combinations were determined. Both methods assume first that a dose, say



97

x,, of the first agent is given and that based on the dose-response curve for this agent the
response associated with that dose is m,. For Mode I, the dose of the second agent is
determined by ED,(n —x,). For Mode II the dose of the second agent is given by

ED,(n) — ED,(m,). In addition, based on dose-addition given in (4.6.1), the dose of the
ED,(n)

second agent that satisfies additivity is given by x, = ED, (%) — ED, () x,. Since in
(7
ED, ()
general ED,(m—m,)# ED,(rn)—ED,(x,)# ED,(x) ”‘ED—(R)XI the calculated dose of
1

the second agent can vary for all of these methods Even for the sham combination of an
agent with itself, i.e. where ED,(n) = ED, (=) , the dose of the second agent by Mode I,
ED, (% —=,), will still differ from the other methods. In addition, while it is also assumed
the agents are given simultaneously and only examined sequentially in this context , the
combinations determined by Mode I and Mode II methods may vary by the order that the
agents were considered. It can be shown, however, that under the constraint that a

transformation of the response can be found so that
ni(x)= g[pi(xi)] =0oX;, i=1,2

where g™ exists, then the dose combinations determined by Modes I and II as well as by
dose-addition agree and that the order that the agents are considered does not effect the
result.

Under certain conditions it has been shown that these alternative approaches to
describing additivity are in agreement with the approach adopted for this dissertation given
in (4.6.1). It has also been shown that problems are associated with each of these
alternatives including the inability in some cases to describe the sham combination of an
agent with itself. The approach adapted in this dissertation is free from assumptions

concerning the form of the individual dose-response curves, does not depend on knowing
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the mechanism of action of the agents, and adequately describes the additive sham

combination. In the next section the definitions and results will be generalized to

experiments that involve any number of agents.

4.7 Additivity and Deviations from Additivity for Combinations of Any
Number of Agents

Certain definitions, given in Section 4.2, which classified two agent combinations
can be generalized to studies of N agents as follows. As before each single agent dose-

response curve is assumed to be monotone.

Definition 4.7.1: i) N active, predictive agents form an N-dimensional homergic
combination.
ii) An N-dimensional heterergic combination involves N, > 0 predictive
agents and N, > 0 nonpredictive agents where N, + N, = N.

iii) N nonpredictive agents form a N-dimensional coalitive combination.

In Section 4.3 general definitions of additivity, synergism and antagonsim were given
which did not depend on the number of agents studied. These can therefore be applied to
combinations of N agents. All of the remaining definitions and results given in Section 4.3

are easily generalizable and are summarized as follows.

Result 4.7.1: Consider an N-dimensional homergic combination or an N-dimensional
heterergic combination of predictive and inert agent. Let 7t denote the
response observed at the dose combination (x,,X,,---,xy). Let ED;(x),
i=1,2,...,N denote the dose of the ith agent alone that yields the response 7.

Assume that the effective dose for each of the inert agents is infinite. The
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interaction between the N agents at the dose combination considered is

N
X

additive if i

; ED,(m)

Based on this result an N-dimensional hyperplane of additivity can be defined.

Definition 4.7.2: Consider an N-dimensional homergic combination or an N-

dimensional heterergic combination of predictive and inert agents. Let «t

denote the response observed at the dose combination (x,,x,,*-,xy). Let
ED,(m), i=1,2,...,N denote the dose of the ith active agent alone that
yields a response m. Assume that the effective dose for each of the inert
agents is infinite. The hyperplane of additivity is given by

X; )
{(xl,xz,...,xn): 25D (@) =1 Rgs Xy Ky 2 0}.

The additive response can also be derived in this setting.

Definition 4.7.3: Let (x;,X,,":-,Xy) be an N-dimensional homergic combination, or an
N-dimensional heterergic combination of predictive and inert agents, or an
N-dimensional coalitive combination. The additive response, ©*, is

given by

n*:i—x‘—“:l;n“z() :
i=1 EDl(’t )

Hence m* can be determined and then compared to 7. By Definitions 4.3.1 and 4.3.2, the
type of interaction between the agents at the dose combination considered can be

determined. This implies the Comparison Method of characterizing interactions can be
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generalized to N agent studies. In addition, the Interaction Index approach can be extended

as follows.

Consider n-dimensional homergic combinations and N-dimensional heterergic
combinations of predictive and inert agents. As in the two agent case, it can be assumed
that all of the active agent dose-response curves are monotonically increasing or all are
monotonically decreasing. Note that Result 4.3.2 still holds for each of the active agents

considered. An N-dimensional Interaction Index can therefore be defined as follows.

Definition 4.7.4: Let (x,,X,, :*,Xy) denote an N-dimensional dose combination and 7
the observed response. The Interaction Index is given by
N

X.
II(X;, X500 X, T0) = E EDil(n) A

i=1

The Interaction Index can now be used to classify the types of interactions according to the

following.

Result 4.7.3: Let (x,,X,,:-,Xy) be an N-dimensional homergic combination, or an N-

dimensional heterergic combination of predictive and inert agents where the
effective doses of the inert agents are infinite. The type of interaction between

the agents at this dose combination is characterized by
<1 = synergism

II(x,x) =1 = additivity .
>1 = antagonsim

Therefore, as before, for certain N-agent combinations two methods are available for
describing the types of interactions. By generalizing the methods described in Section 4.3

to the combination of N agents it can be seen that the Comparison Method can be applied to
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all types of combinations with the exception of the N-dimensional heterergic combination

of predictive agents with active nonpredictive agents. The Interaction Index Method can be
applied to N-dimensional homergic combinations and N-dimensional heterergic
combinations of predictive and inert agents.

In Section 4.4 the Isobologram was defined and shown to be useful in graphically
describing the interactions between two agents at a fixed level of the response. For three
agents a 3-dimensional hyperplane of additivity can be plotted in conjunction with points
associated with dose combinations that yield the fixed response of interest. As argued for
the two-agent study, if a point is below or above the plane of additivity it is indicative of
synergism or antagonism, respectively. As demonstrated in Figure 4.7, however, this plot
may be difficult to interpret since the position of a point relative to the hyperplane of
additivity may be unclear. In addition, since this method is graphical, it is not possible to
extend the technique, as defined in the Euclidean plane, to studies that involve more than 3
agents. In later chapters alternative plots will be shown to be useful in graphically
assessing the interactions in these higher dimensional studies.

In the next chapter the definitions and results derived will be applied in a statistical
modeling setting. There the variability in the responses will also be considered.
Hypothesis testing procedures will be developed to determine if the interactions are

statistically different from random fluctuations in the data.
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Figure 4.7: Three Agent Isobologram
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Chapter 5
The Dose-Response Surface Approach to Characterizing and Detecting

Interactions

5.1 Introduction

In the previous chapter two methods for characterizing, in a point-wise fashion, the
interactions between two or more agents in a combination study were described. There the
dose-response curve for each agent was assumed to be known. In this chapter, based on
experimental data, a model that describes a dose-response surface will be estimated. This
response-surface approach, using a logistic dose-response model, was described by Carter,
et al. in 1988. Based on the properties of the Interaction Index, given in Result 4.3.3,
Carter et al. derived properties of the logistic model that can be used to characterize the
types of interactions estimated from the experimental data. In contrast to the point-wise
results described in the last chapter, these results apply to a range of dose combinations.
While this approach can be applied to studies that involve any number of agents, it will be
shown that the applicability of this technique is limited when a large number of agents is
being considered.

In this chapter the usefulness of isobolograms in this context will also be discussed.
Because this graphical tool can not be used for studies that include more than two agents,
new graphical techniques will be shown to be useful in studies that include an arbitrarily
large number of agents. Before examining the properties of the dose-response models the
single agent logistic dose-response curve will be briefly discussed.
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5.2 A Single Agent Dose-Response Curve

Let x; denote a fixed value of X;, the dose level for the ith agent, and 7 a fixed
level of the response. For purposes of this dissertation the logistic function will be used to

model the dose-response curve as

1
P(X;:B0.B)) = 4o o) (5.2.1)

where B, and B, are the unknown parameters. Equivalently (5.2.1) can be written as

P(Xi ;ﬁo’Bi)
1-P(X;;B,.B8,)

logit[P(Xi;ﬂu,Bi)]=]n( ]=B0 +B.X;. (5.2.2)

The baseline response rate associated with a dose of X; =0 is given by

1
1+e

P(0;B,) = (5.2.3)

which implies f, is the logit of P(0; B,). [, is referred to as the slope parameter associated
with the dose-response curve for the ith agent. For an inert agent 8, = 0. Certain

properties of these parameters are listed in the following result.

Result 5.2.1 Let the single agent dose response curve be given by (5.2.1) where B, is

the logit of the baseline response and f, is the slope parameter.
i) If P(0;B,)<.5 then B, <0
If P(0;B,)=.5 then B, =0
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If P(0;B,)>.5 then B, > 0.

ii) If the dose-response curve is monotonically increasing then B, >0.
If the dose-response curve is constant then f; =0.

If the dose-response curve is monotonically decreasing then B, <0.

Three examples are plotted in Figure 5.1.

It will now be shown that the logistic model is symmetric about 7t = (.5.

Result 5.2.2: Let B, and B, be any real constants. The function

1

P(X;B,.B)) = W;-ﬂ X<

is symmetric about 7t = 0.5.

Proof:
Let £ be such that P(§;B,,B,) = 0.5. Therefore e *P%) =1,

Let £ >0. Then
1 1 1
P(§+ S!BU’BI)_ 1+e'@o"‘51§"31‘5) — 1+ e—(ﬂoq-ﬂ,g)e—ﬂls - 1+ e—B.a
1 1 !

P(E -&:By.By) = 1+ e CotBEBe) — 14 o (BotBE)ehe — 14 b

Let A, =|P(£:B,.8,) - P(& - &B,.B, )| and A, =[P(E +¢; Bo' )

i a1 et ]
A:_h—P(g"EsBo’Blﬂ*l— 1+e | |21+e‘51§| |2

1- eﬁ.&
‘€+8B0’ﬁ1 _{‘ +ePt ‘ 1+c“‘§

Since A, = A, it follows that P(X;B,,B,) is symmetric about 7 = 0.5.

P(&:B,.B,)]- Then
1- eB‘ l
(1+e%)]
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Bo=-1,B,=5 B,=5 B,=-2
1 1
P(X;B) P(X;B)
0 1 2 3 4 1 3 3 45 6
X X
Bo=-1B,=0
1
P(X;B)
0

Figure 5.1: Examples of Single Agent Logistic Dose-Response Curves

1
1+exp[—@B, +B,X)]

P(X;P)=
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For studies that involve a single agent, where the model is assumed to be (5.2.1),

the unknown parameters, B, and B,, can be estimated using the maximum likelihood
methods described in Chapter 3. Likelihood ratio, Score, Wald and goodness-of-fit tests
can be applied to the fitted model to access the adequacy of the fit. In the next section

properties of the model associated with a two agent study will be considered.

5.3 Two Agent Model with Single Interaction Term
Assume the active agents dose-response curves are monotonic. For combinations
that contain two active agents, the dose-response curves for both agents will either be

increasing or decreasing. Assume the dose-response curve for each agent is given by

logit| P(X;;B,.B;)] =B, +B.X,, i=1,2 (5.3.1)

where B, € (—eo,e0). A common background response is assumed and is given by (5.2.3).

A logistic two agent model with a single first order cross product term is given by

1 1
P(Xl’xz’ﬂ) = 1+ e_(xa) = 1+ e-(BD+lel+ﬂzx2+Bllex3} (5'3'2)
with X=(1 X, X, X,X,)andunknown parameters B=(B, B, B, B,)-
Equivalently (5.3.2) can be written as
log i[[P(XI’XZ;II‘,')] =B, +B, X, +B,X,; + B, X, X,. (5.3.3)

This model describes a 3-dimensional dose-response surface. Two examples are plotted in

Figures 5.2.
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It can be shown that this two agent model agrees with each of the single agent dose-

response curves. For example, when say X = 0, the dose-response curve for X, alone is
given. This implies the 3-dimensional dose-response surface intersects the 2-dimensional
X7 x P plane along the dose-response curve for X,. Similarly, when X, = 0, the surface
intersects the 2-dimensional X x P plane along the dose-response curve for X;. In
addition, when X; =0 and X, = 0 the response predicted is the common background
response given by (5.2.3).

Linking the interaction index with the logistic dose-response model, Carter, et al.
(1988) showed that for homergic combinations the type of interaction between the two
agents can be characterized by examining the sign of the cross-product parameter, 3, .

This result is generalized to all combinations in the following result.

Result 5.3.1: Assume a two agent dose-response relationship is given by (5.3.3).
Furthermore, assume that the dose-response curves associated with each active
agent alone are monotonic. Then for any dose combination the type of interaction

between the two agents is determined by the sign of f,, as shown.

Single Agent Dose
Combination | Response Curves B =0 B, >0 B, <0
Homergic B,>0,i=12 Additivity Synergism Antagonism
B <0,i=12 Additivity Antagonism | Synergism
Heterergic | Bi>0,B,=0 Additivity Synergism Antagonism
B, <0, Bj =0 Additivity Antagonism Synergism
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Increasing Single Agent Dose-Response Curves
B,=-10,B,=5PB,=2,B,=0.5

P(X,X,;B)

Decreasing Single Agent Dose-Response Curves
B,=10,B, =—4,B, =-2.5,B,,=~1

P(X,.X,;B)

Figure 5.2: Examples of Two Agent Logistic Dose-Response Surfaces
1

1+exp[—(B, +B, X, +B,X, +B,,X,X,)]

P(X,, Xz;ﬂ) .
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Coalitive B,>0,B,=0 Additivity Synergism | Antagonism
B, <0, Bj =0 Additivity Antagonism Synergism
B;=0,B,=0 Additivity Nonadditivity | Nonadditivity
Proof:

Assume each active single agent dose-response curve is monotonically increasing.

The proof for monotonically decreasing single-dose response curves is similar.

Case i: Homerergic or heterergic combination of a predictive agent and an inert

agent.

Let (x,,x,) denote a fixed dose combination with response

1
= P(x“ XZ,B) i 14 e'(ﬁa"ﬂl‘l"‘ﬂ:xz*ﬂu‘l‘z} )

For the combinations considered in this case at least one agent is predictive. Since
each single agent dose-response curve is monotonically increasing it follows that
n > P(0;B,) where P(0;B,) is given in (5.2.3). Hence logit(w) > B, or

logit(w) - B, > 0.

Based on definition (4.3.4) the interaction index is given by

X X
II(m,x,,X,) = ——+—2—.
(%)= 25, * B,
Using (5.3.1) EDi(n)=-’%)_B°, i=1,2.
Fhiseaons T, s i (5.3.4)

" logit(m)—PB, logit(m)— P,

The model in (5.3.3) can also be written as
- lel + .lei - 1 — pl2x‘1x2 . (5.3.5)
logit(n)—B, logit(m)—P, logit(m) - B,
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The left side of (5.3.4) is identical to 1I(m,x,,x,) given in (5.3.4). Therefore,

since x; >0, i= 1,2, and logit(r) - B, > 0, if B,, >0 then II(m,x,,x,) < 1 which
by Result 4.7.3 indicates synergism. Similarly, if B,, <0 then II(%,x,,x,) > 1,

indicating antagonism and if B,, = 0 additivity is indicated.

Case ii: Coalitive Combination of an inert and active, nonpredictive agent.
In this case the Comparison Method, described in Section 4.3, can be used to
compare the response by the full model and the response expected under additivity.
Let x; denote the fixed dose level associated with the active, nonpredictive agent.
The expected response under additivity, ©*, is determined solely by the dose-
response curve associated with the active agent, i.e.,

logit(n*) =B, +B,x,. (5.3.6)
The response under the full model is given by

logit(m) =B, + B,x, + B, x,X,. (5:3.7)
By comparing (5.3.6) to (5.3.7), when B, >0, logit(r) > logit(n*), which by
Definition 4.3.2 indicates a synergism. Similarly when B,, < 0, an antagonism is

suggested. When B,, = 0 additivity is indicated.

Case iii: Coalitive Combination of two inert agents.
The approach in this case will be similar to Case ii. The response expected under
additivity is simply the background response, i.e.

logit(n*) = B,. (5.3.8)
The response determined by the full model is given by

logit(m) =B, + B,x,X,. (5.3.9)
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By comparing (5.3.8) to (5.3.9), when B,, # 0 then logit(r) # logit(©* ) which

indicates a nonadditive interaction. In this case, however, since both single agent
dose-response curves are inert, the character of the interaction will be study

dependent.

Therefore, when the two agent dose-response relationship is given by (5.3.3) the
type of interaction between the agents can be determined by simply examining the sign of
B,,- Because the result was dependent on the doses only through the constraint that
x; 20, 1= 1,2, the result holds for all dose combinations in the dose-space studied.

Using this result, when B,, =0, a response expected under additivity, P*(X,X,;P),

can be written as

logit[P*(X,, X,:B)] = By +B,X, +B,X,. (5.3.10)

Note now, that for these types of studies, monotonically decreasing curves can be
transformed into monotonically increasing curves by redefining the response as Q =1 - P.
Hence, for the remainder of this chapter, only monotonically increasing single agent dose
response curves will be considered. It will be shown, however, that this does not imply
that the associated dose-response surface will be uniformly increasing.

Using the experimental data and the maximum likelihood methods described in
Chapter 3, the unknown parameters for this model (5.3.3) can be estimated. The
goodness-of-fit procedures described in Section 3.5 can be used to assess the adequacy of

the fit. A Wald Test, defined in Section 3.6, can also be used to test H, : B,, = 0. This

Hypothesis of Additivity is equivalent to testing if the data supports a significant
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nonadditive interaction. When the null hypothesis is rejected the sign of fiu can be used to
characterize the type of interaction the data supports.

An example of this type of analysis is the chloral hydrate (X, ) and ethanol (X,)

study previously discussed in Section 3.8. The fitted model, given by

logit(B(X,,X,;B)) = —18.53 +.0049X, +.0551X, +.00000338X,X,,

was shown to adequately describe the data. A Wald Test was applied to the hypothesis
H, : B,, =0 with a p-value of .0422. Thus, the data suggest that ,, # 0 or equivalently
that nonadditivity is indicated. Furthermore, since ﬁn > 0, a synergistic interaction
between the two agents has been detected for dose combinations in the range
{(x,,X,):0< X, £3000,0< X, <300}

A plot of the fitted dose-response surface for the chloral hydrate and ethanol study
is given in Figure 5.3. Also shown, for comparison purposes, is the dose-response curve
under the assumption of additivity, i.e., when B,, = 0. Note that it is difficult to visualize
any differences in these 3-dimensional plots. In the next section, the isobologram will be

shown to be useful in visually interpreting the interactions in these two agent studies.

5.4 Isobolograms Based on the Two Agent Model with Single Interaction
Term
Recall that for a fixed value of the response, 7, an isobol is a plot of the set of dose
combinations that yields ©. For a 3-dimensional fitted dose-response surface it follows
that, in this context, the isobol is a 2-dimensional contour from the fitted surface. Assume

the fitted model is given by
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Full Fitted Model
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Figure 5.3: Chloral Hydrate and Ethanol Dose-Response Surface,
Carter (1988): Full Model versus Model Expected Under Additivity
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log it[f’(Xl,Xz;ﬁ)] = ﬁo + lel + ﬁzxz * E12Xlx2' (5.4.1)

At the fixed response, 7, the isobol is given by

Iu(xuxz;ﬁ) =
{(xl,xz) : logit(m) = B, +B,X, +B,X, +B,X,X,; X,. X, > 0}. (5.4.2)

The isobologram is a plot of this contour and the line of additivity given by

12(X, X,:B) = {(xl,xz) Togit(r) = B, +B,X, +B,X,; X, X, > 0}. (5.4.3)

In order to derive properties of the isobologram it will be useful to consider

homergic two agent combinations first.

5.4.1 Isobolograms for Homergic Two Agent Combinations
By equating the expression for the line of additivity given in (5.4.3) to that for the

isobol given in (5.4.2) it can be shown that the line of additivity and the isobol intersect
logn(‘?t) -B, : OJ and [0, log It(A:'t) -B,

2

along each axis at the points ( ] . Other properties

1

of the isobologram can be noted by rewriting the isobol equation given in (5.4.2) as

L(xx) -

{(x, K)ixk, wlBHE) -Bu-BX, L0<X, < L‘M} (5.4.4)
B, + B X, B,

Similarly the line of additivity given in (5.4.3) can be rewritten as
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I:(Xl,xz;ﬁ)=

{(X,,Xz) ; Xz . logit(ﬂ!) j Bl} = lel :0< Xl < loiit(:i)__m_}' (54.5)

B, s

By comparing (5.4.4) and (5.4.5), under synergism, when ﬁu > 0, the set of points that
satisfy the isobol will lie below the line of additivity. Similarly under antagonism, when
ﬁm < 0, the isobol is above the line of additivity. This is in agreement with the Figure 4.4
which demonstrated, for a single dose-combination, that points below or above the line of
additivity were indicative of synergy or antagonism. Examples of isobols for homergic
two agent combinations are shown in Figures 5.4(a)-(c). For illustrative purposes, the
dose-response surface associated with each isobol is also shown.

By examining (5.4.4) it can be determined that the isobol is discontinuous when
X, =722 and 0 < F2 1081 P,

12 BH 12

. Since [32 20 , it follows that this can only occur

when Bn < 0, or equivalently when there is an antagonistic interaction. An example is
illustrated in Figure 5.4(c). There it can be noted that for large values of both agents the
dose-response surface begins to decrease so that at a particular fixed level of the response,
the surface may fall below that level in the experimental dose-space considered.

By examining the first and second derivatives of the equation of the isobol given in

(5.4.4), an additional property of the continuous isobol can be noted. Here

0X, _ —B\B, —(logit(m) — B, )B,,

dX, (B, +B.X,)’

(5.4.6)

and
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Figure 5.4 (a): Synergism
B,=-10, B,=2, B, =3, B,,=0.8

Figure 5.4 (b): Antagonism
B,=-10, B,=2 B, =3, B,,=-04

Figure 5.4: Homergic Combinations
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Figure 5.4 (¢): Discontinuous Antagonism

5o=_10a [31=2' Bz =3, B,,=-07
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Figure 5.4 (continued): Homergic Combinations



119

2’X, _2{[51[32 103“(7‘) Bn)Blz}Blz
oX} (B, +BX,)

(5.4.7)

Since for 0<X, < M, the continuous isobol decreases as X increases it

B,
follows by (5.4.6) that —B,B, — (logit(r) — B, )B,, <0. Applying this inequality now in

2
(5.4.7), it follows that, if B,, > 0 then %;;

> 0 and the continuous isobol will be concave

2

up. Similarly, if B,, <0 then .

8)(2 < 0 and the continuous isobol will be concave down.
1

This property is illustrated in Figures 5.4(a) and 5.4(b).

5.4.2 Isobolograms for Heterergic Combination of an Active, Predictive
Agent and an Inert Agent

For this combination since the active agent is predictive, © > P(0; ﬁu). This implies
logit(r) - BG > 0. Assume initially that X, denotes the doses of the inert agent so that B =

0. The isobol and the line of additivity can be written as

Iﬂ(xpxpﬁ)={(xpxz):xz %ﬁ‘lx 0} (5.4.8)

and

Ig(xl,::{z,i?.)={(x,,xz):x2 L P >0}. (5.4.9)

B,
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By equating (5.4.8) to (5.4.9) it can be shown that the isobol and line of additivity
logit(m) — B,

intersect only on the X, axis at [0,
2

J. The line of additivity given in (5.4.9) is

a horizontal line. By comparing (5.4.8) and (5.4.9), when f}u > ( the synergistic isobol is
below the horizontal line of additivity. When ﬁu < 0 the antagonistic isobol above the line

of additivity. As in the homergic case the isobol is discontinuous when X, = :ﬁz— and
12

0< _ﬁz < logi®) -B, .
ﬁli Blz

It can be shown in a similar way that when X, is the inert agent, the line of

additivity will be a vertical line. Now the isobol will lie to the left (right) of the line of
additivity when a synergism (antagonism) is indicated. Examples of these isobols are

shown in Figures 5.5(a) - (d).

5.4.3 Isobolograms for Coalitive Combinations
In this case, since neither agent alone yields the fixed response of interest, the line
of additivity given in Definition 4.3.2 does not exist. The isobols, however, can be
plotted. Several cases are shown in Figures 5.6(a)-(h). These examples indicate that care
must be taken in interpreting the type of interaction from these plots. For example, the
isobols in Figure 5.6(a) and Figure 5.6(b) look similar, but one is associated with an
antagonism and one is associated with a synergism. Hence, it is not recommended that
isobolograms be used to visually interpret the interactions between the agents for coalitive
combinations of agents.
By Result 5.3.1 it was shown that when the model is given by (5.3.3) the type of
interaction is determined by examining the sign of B,,. This interaction is consistent over
all levels of the doses and over all levels of the response. Suppose now a combination of

agents is studied which the investigator feels, at a fixed level of the response, can exhibit
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Figure 5.5 (a): Predictive & Inert - Synergism
B,=-10, B, =0, B, =3, B,,=0.5

Figure 5.5 (b): Predictive & Inert - Antagonism
Bo =-10, B, =2 B, =0, B,,=0.5

Figure 5.5: Heterergic Combinations
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Figure 5.5 (c): Predictive & Inert - Antagonism
B,=-10, B, =2 B, =0, B,,=-0.1

Figure 5.5 (Continued): Heterergic Combinations
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Figure 5.6 (a): Inert & Inert - Synergism

B,=-10, B, =0, B, =0, B, =1

Figure 5.6 (b): Inert & Inert - Antagonism
Bo=1 B =0, B,=0, B,,=-05
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Figure 5.6: Coalitive Combinations



Figure 5.6 (c): Inert & Inert - Synergism
B,=1 B,=0, B,=0, B,,=0.5

Figure 5.6 (d): Inert & Inert - Antagonism
Bo=-1B,=0,B,=0 B,,=-05

Figure 5.6 (Continued): Coalitive Combinations
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Figure 5.6 (e): Nonpredictive & Nonpredictive - Synergism
Bo=1 B=2 B, =3, B,,=0.5

Figure 5.6 (f): Nonpredictive & Nonpredictive - Antagonism
BO - 0'8’ ﬁO =2 BO =~ 31 ﬁlZ = —1-5

Figure 5.6 (Continued): Coalitive Combinations
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Figure 5.6 (g): Inert & Nonpredictive - Antagonism
Bo=-8 B =0,B,=3 B,,=-15

Figure 5.6 (h): Inert & Nonpredictive - Antagonism
Bo=L B,=2,B,=0 B,,=05
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Figure 5.6 (Continued):

Coalitive Combinations
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synergism, antagonism, and additivity in the dose-space studied. In the next section an

example of a model that can exhibit this pattern of interactions will be given.

5.5 Two Agent Model with More Than One Interaction Term

Suppose, for some fixed value of the response, a model is needed for a homergic
combination that can yield the isobologram given by Figure 5.7. Note that the isobol and
line of additivity now intersect at three points. As before, assume each single agent dose-
response curve is monotonically increasing. For the fitted model given in (5.4.1), ata
fixed value of m, it was shown the isobol and the line of additivity intersect at two points,
one on each axis. Hence the form of the model assumed in (5.4.1) can not describe the
isobol shown in Figure 5.7. While several alternative models have isobols that allow

regions of synergism and antagonism one example is given by

log it[P(XI 'Xﬁﬂ)] =B, +B, X, +B,X, + B, X, X, +B,,X]X,;

05X, ST0SX,S35, 2.0

Note that this model is consistent with each single agent dose response curve given in
(5.3.1) and with the common background response given in (5.2.3). The response surface

associated with this fitted model is shown in Figure 5.7(b). By rewriting this model as

lel B,X, —1— B,.X,X, Bmxf)(2 )
logit(m)—B, " logit(m)— Py logit(m)—B,  logit(m)— B, P

the types of interactions can be described using the interaction index and Result 4.7.3. If
B,, =B,;» =0, additivity is indicated. Alternatively, synergism is found if B,,, B,;,, > 0 and

antagonism is indicated if B,,,B,,, <0. However, if the signs of B,, and B,,, differ, the



128

Figure 5.7(a): Isobologram - x=0.5

Lol b w & i

1.00 1

0.67 1

0.337

Figure 5.7: Isobologram and Associated Dose-Response Surface with
Regions of Synergism and Antagonism
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type of interaction will depend on the levels of the doses considered and can vary as the

dose levels and the response vary.
To show that this model can yield the isobologram given in Figure 5.7(a) note that
the isobol and the line of additivity for this model are given by

Ix(xl,xz.ﬂ) - {(xl’xl) :logit(m) = B, +B,x, +B,x, +B,x,x, +
BioXiX,s X,,X, > 0) (5.5.3)

and
I2(x,.x,,B) = {(xl,xz) :logit(m) = B, +B,x, +B,x,; X;, X, > 0}. (5.5.4)

By equating (5.5.3) and (5.5.4) it can be shown the line of additivity and the isobol
logit(m) — B, J [log i(m -

intersect along the axes at (0, J and also at the nonaxis

B, B,
, BB
logit(m) - B, + =2+ .
point Bz J E‘” . Therefore, if 0< By < logit(m) - B, , the isobol
By B, + [an’u ] Buiz B,
2 Bll?.

will exhibit the pattern shown in Figure 5.7(a).
In the next section the results discussed thus far in this chapter will be extended to

studies that include any number of agents.

5.6 Logistic Dose-Response Models for N Agent Studies

An N agent logistic model which contains first order interactions can be written as
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N-2 N-1

logit[P(X,B)] = BO+Z[3X +Z ZBHX X4y ¥ Zﬂukx XX, +
i=l j=i+l i=l j=i+l k=j+1
“‘+B123,..NX1X2"'XN' (5.6.1)

At a fixed value of the response, =, this model also can be written as

St

= logn(n) BU
N-2 N- N
(5300 55 Soacax s -x,)
1- (5.6.2)

i=1 j=i+l i=1 j=i+l k=j+1

logit(m) -,

The left side of (5.6.2) is the Interaction Index as given in Definition 4.7.4. For an N-
dimensional homergic combinations or an N-dimensional heterergic combination of
predictive and inert agents, Result 4.7.3 can be applied to determine the types of
interactions that the model describes. For example, if all of the cross product parameters
v BX,

are zero, R0
é logit(m) - B,

=1. Hence, additivity is indicated for all dose levels and all
levels of the response. If all of the nonzero cross product parameters have the same sign,
the type of interaction can also be determined; positive parameters will indicate synergism
and negative parameters antagonism. If, however, the signs of the cross product terms
vary, the type of interaction will depend on the values of the dose combinations and the
value of the fixed level of response considered.

As in the two agent case, the parameters for this model can be estimated using the
maximum likelihood methods described in Chapter 3. The goodness-of-fit procedures
given in Section 3.5 can be applied to access the adequacy of the fit. In addition, a

likelihood ratio test can be used to test the Additivity Hypothesis given by
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H,: B, =B =B =B ="=Bp.n=0.

If this hypothesis is rejected nonadditivity is indicated. It has been shown, however, that
the type of interaction may depend on the dose levels of the agents considered as well as on
the response. It will now be demonstrated that several approaches can be taken to examine
more closely the interactions between the N-agents. For each approach, graphical
techniques will be shown to be useful in visually characterizing the interactions between the
agents.

Assume for the following that the fitted model, based on (5.6.1), is given by

o R N . N-1 N N-2N-1 N
logif BB =B+ X BX,+ Y, D BXX + Y > P BuXXX, +
i=1 i=1 j=i+l i=l j=i+l k=j+l
“‘“"ﬁlza...nxlxz“'xn- (5.6.3)

A fitted model under additivity is also given by

~ ~ N ~
logitfP*(X,B)] =B, + Y BX, (5.6.4)
=1

5.6.1 Point-Wise Interpretation of the Interactions in an N Agent Model
Based on the Comparison Method described in Section 4.3, the interactions in this
N agent model can be described in a point wise fashion. Let x =(x,,X,,"-*xy) denote a
fixed dose combination. At this fixed dose combination, the response predicted by the full
model f’(x,ﬁ) can be compared to the response expected under the assumption of
additivity, PA(x, ﬁ). Since it has been assumed each single agent dose-response curve is

monotonically increasing, based on Definition 4.3.2, if f’(x.ﬁ) > PA(x, ﬁ), synergism is
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suggested, and if P(x,B) < P*(x,P), there is evidence of an antagonism. Of course the
differences between f’(x, ﬁ) and PA (x, ﬁ) may be due to random fluctuations. In the next
chapter a testing procedure will be introduced that can be applied in a point-wise fashion to
detect significant differences from additivity. Here a graphical procedure will be introduced
that can be used to determine regions of the N-dimensional dose space where synergism,
antagonism and additivity are suggested. This graphical technique uses the parallel axis
system defined in Section 2.5.

For illustrative purposes assume the 4-dimensional fitted model is given by

1ogit[P(x;ﬁ)] = —20+2X, +5X, +7X, +4X, +.75X,X, +.8X,X,

HESK X = 3Ry + O X = SEK + S
E55K KK~ AKX X, + 5K XX 4 XXX XK, (5.6.5)

where 0 < X, £3.0,i=1,2,3,4. The fitted model under additivity is given by

logil[P“(X;f})] = -20+2X, +5X, + 7X, + 4X, (5.6.6)

Two parallel axis plots can be used to determine regions in this dose-space that are
suggestive of departures from additivity. f’(x,f}) and PA(x, B) are calculated at points that
satisfy a grid-like pattern in the dose-range. In Figure 5.8(a) the set of points suggesting
synergism, i.e., where f’(x, ﬁ) > f"‘(x,ﬁ). are plotted. No distinct regions in the dose
space are identified in this case. Alternatively in Figure 5.8(b) the antagonistic points are
plotted. From this figure a region of antagonism can be identified for low doses of X; and

X in combination with high doses of X3 and X4. This is verified in Figure 5.9 where

only doses in that region were considered. This type of plotting technique can also be used
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Figure 5.8(a): Synergism

Figure 5.8(b): Antagonism

X X, X, X,

Figure 5.8: Regions of Synergism and Antagonism for Model
Given in (5.6.5) and X, =0.5,1.0,1.5,2.0,2.5; i=1,2,3 4
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Figure 5.9(a): Synergism

Figure 5.9(b): Antagonism

X, X, X, X,

Figure 5.9: Regions of Synergism and Antagonism for Model
Given in (5.6.5) and X, =0.25, X, =0.25, X,,X, =1,1.5,2, 2.5
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to examine combinations associated with a range of predicted responses, i.€.,

04< f)(x,ﬁ) <0.6. In either application the investigator may be able to isolate regions of
the higher dimensional dose-space where synergism and antagonism are suggested. These

regions in the dose-space may then be studied in more detail in future experiments.

5.6.2 Interactions in an N Agent Model at Varying Doses of a Single Agent
This approach to describing the interactions can be considered an extension to the

point-wise approach just described. In an N agent study, the dose-response relationship

for a single agent can be examined at fixed levels of the remaining (N - 1) agents. For

example, in a 4-agent fitted model based on (5.6.3), suppose X, was allowed to vary

when the remaining agents are fixed at X, = a,,1=2,3,4, where a; is in the experiment

dose space for the ith agent. Hence, the fitted model and the model under additivity can be

written as

log it[P(XpB] =B, +B,a, +Ba, + B.a,+ Bzaazaa + B24a2a4 + Bmazasaa

+(ﬁl +Ba, +Baa; +Braa, +Binasas + P23, +Byiasa53, )X,. (5.6.7)

and

IOSil[PA(Xpﬁ)] = (ﬁo + ﬁzaz + ﬁaaa + ﬁ4a4) ey ﬁlxl . (5.6.8)

The type of interaction between the agents when X; =a;,i=2,3,4, as X, increases, can be
assessed by comparing P* (Xl,ﬁ) to P(Xl,ﬁ). By examining (5.6.7) and (5.6.8) it is

apparent that the type of interaction may change as X, varies.
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In order to graphically summarize this, PA(X,,B) and P(X,,B) can be jointly

plotted over levels of X,. For example, in Figure 5.10(a), X, =X, = X, =1 in the fitted
model given in (5.6.5). There synergism is suggested over all levels of X,. Alternatively
in Figure 5.10(b), where X, = 0.1, X3= 2, and X4=1, the type of interaction changes from
antagonism to synergism. Hence, using these plots, the effects of increasing levels of a
single agent, at fixed levels of the other agents, can be visually summarized. This may be
particularly useful in applications where the goal is to examine the effect of various levels

of a new agent in combination with another compound.

5.6.3 Pair-Wise Interactions in an N Agent Model

Another approach to describing the interactions between the agents in the N agent
model given in (5.6.3) is in a pair-wise manner. Assume the investigator is interested in
determining how X; and X; interact at various fixed levels of the N - 2 remaining agents.
Let X, =a,, k=12,..,N; k #1i,j where a is at fixed dose level in the experimental dose-
range for the kth agent. The fitted model in (5.6.3) can then be simplified into an

expression that involves only X; and X; and is given by

~

logit[f’(Xi,Xj.C)]=éo +EX 40X +O XX, (5.6.9)

where

-~ N ~
Co =B, + ZBkak
kel

C =B+ Bia, + Z Zﬁijkajak +...
1=k+1 k=1
i Iwi,j ki

M=

i
Ly



Figure 5.10(a): 0<X,<3,X,=X,=X, =1

w——  Full Model
—— Under Additivity

T X,
0 1 2 3

Figure 5.10(b): 0<X,<3,X,=0.1,X,=2,X, =1

= Full Model
—— Under Additivity

T T T T X
0 1 2 3

Figure 5.10: Full Model Versus Model Under Additivity Over Levels of X, at
Fixed Levels X,, X4, and X4 - Model Given in (5.6.5)
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A oA N . N N-1,
Ci=B+ LByt 3, D Busa +..
k=1

I=k+1 k=1
k=i I#i,j kei,j
- ~ N . N N-1_
Cij = ﬁij + Zﬁijkak * Z ;Bijk]akal +....
= 1=k+1 k=
k=i,j I#i,j kei,j

Note that (5.6.9) describes a two agent fitted model. Therefore the interactions between X
and X; at the fixed levels of the other agents can be made based on an examination of the
sign of (AIH. An isobologram can also -be used to visually characterize the deviation from
additivity between X; and X; when X, =a,, k=12,.,N; k#1i,j

By allowing the levels of the other agents to vary and simultaneously plotting the
resulting X;, X; isobols on the same set of axes the pair-wise interaction can be
summarized graphically over various levels of these other agents. In general, the fixed
levels of the other agents are chosen to adequately cover the dose space of interest. To
summarize the interactions described by the entire model, the technique described for the
X, X; pair of agents can be repeated for all unique pairs of agents. The isobolograms can
be displayed in the array of pair-wise plots.

To simplify these plots the lines of additivity are eliminated. Note, however, that
for homergic combinations the types of interactions between X; and X; at the fixed levels of
the remaining agents can still be described by examining only the isobol. As demonstrated
in Section 5.4.1 a linear isobol indicates additivity, an isobol that intersects each axis and is
concave up (down) indicates synergism (antagonism). A discontinuous isobol indicates an
antagonism.

In Figure 5.11 this technique is illustrated for the 4-agent fitted model given in

(5.6.5). Since this fitted model includes both positive and negative interaction terms, the
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N N

X3

7

Figure 5.11: Draftman's Display of Pairwise Isobols (n = 0.5)
Model Given in (5.6.5)
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character of the interaction between pairs of agents may change over fixed levels of the

remaining two agents. By examining the array of plots, it appears that synergism exists
between X and X at all levels of X3 and X4 considered. This is in contrast to the
interactions between X3 and Xy, which at certain levels of X and X, may be synergistic or
antagonistic.

Note that if the original model contained cross product terms that included powers
of X; and/or Xj the resulting simplified expression, analogous to (5.6.9), will include
terms in the form X{. In Chapter 4 it was shown that the type of interactions between the
agents could not be described when non-monotonic single agent dose-response curves
were considered. The inclusion of the term X[ in the resulting model implies the resulting
single agent dose-response under the constraints described may not be monotonic. Hence
this pair-wise approach to describing interactions will be most useful in cases when the
model contains strictly first-order cross product terms.

This array of pair-wise plots can also be shown to be equivalent to a parallel axis
plotting technique described by Gennings et al. (1990). Here it was shown that the isobol
from an N-agent logistic model with first-order cross product terms can be represented in a
parallel axis system by a set of curves. Assume a parallel axis system is embedded in a
X-Y Cartesian coordinate system. Hence, a point in the parallel axis system can be
referenced by the appropriate coordinates (x,y). This set of curves is defined as follows.

For a fixed value of the response, 7, the relationship between X; and X; for fixed levels of

the other agents given in (5.6.9) can be written as

logit(m) — éo = élXi
(f',‘j. +é,.X,

ijeri

X, =£,(X,)= (5.6.10)
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logit(r) - C,

where X, e (0 ] For X; in this interval, f;(Xj) is discontinuous at one

logit(m) — ég

el t(10) — C C,
pointif — €| 0, 103“(? )=Co . Assume, for now, that —¢| 0,
Cy ¢ c

)so that
ij

fj is continuous in this interval. Assuming the X; and X; parallel axes are adjacent and

plotted in the X-Y plane as vertical lines at X =k and X =k+1 a parallel axis representation

of fj is given by the curve defined by

1-£(X,) 1-£1(X;)

S(X,Y;C) = {(X,Y) Komim ek, P SO HEE) o o [0,——————1°git%‘)_c° J}

Since

£X.) of, (X,) —éifij -—(logit(rr.)—(ASU)(‘:.‘ij -C, _éijxj
i i’/= = A A 2 === ~
= 0% (€, +Ex,) C,+CX,
it follows that
X, Y): X == AC" +AC“X‘ +k, —_-l(igit(zt)'?ﬂ"'cijxixj;
C +C;+Cy(X, +X,) C,+C+Cy(x, +X))
S(X,Y;C) =1 _ R . . 3
0<X, < IOglt(F)-C°,XJ " logn(‘a‘ﬂ:)—f.f0 -CX,
C C,+CX,

logit(r) - C,
’ é

In the case that _e—cj € [0 J the parallel axis representation, S(X,Y;é) , will

ij

consist of S(X,Y;é) = Sl(X,Y;é) U SZ(X,Y;é) where SI(X,Y;(A:) is the curve derived as
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-~

-C, R -C; logit(m)—¢
above for X, € [O.—é—’J and SQ(X,Y;C) for X, e[ i 1oglt(g) Co

ij ij i

J. This resulting

pair of curves is similar to a plot of a discontinuous isobol in the usual Cartesian plane (see
Figure 5.4(c)). Note, however, that S(X, Y;é) does not exist when f(X;)=1.

Therefore, for a fixed value of the response and when X, =a,,
k=12,..,N; k#1,j, the resulting pair-wise isobol between X; and X; can be graphically
represented in both the X; x X; Cartesian plane and in a parallel axis system relative to the

X Xj adjacent pairs of axes.
It was also shown by Gennings, et al. (1990) that properties of S(X,Y;é) are

associated with the sign of the éij term and hence from deviations from additivity. These

results are summarized in Table 5.1. For example, if a concave up curve appears between
the X; and X; parallel axes, an antagonism exists between X; and X; when X, =a,,
k=12,.,N; k#1i,j

In a manner similar to the pair-wise array of plots all pairs of agents can now be
considered at various fixed levels of the other agents. A set of curves will be constructed
for each pair-wise relationship X; = f,(X;)- Anexample of this method is shown in Figure
5.12 for the fitted 4 agent model given in (5.6.5). So that all pair-wise combinations of
agents can be viewed using a minimal set of axes, the axes are ordered in two parallel plots
according to an algorithm by Wegman (1990) . Since all of the curves between the X; and
X3 axes are concave down, a synergism is indicated between these agents at all fixed level
of X, and X4 considered. In contrast, the concavity of the curves between the X, and X3
axis changes, so that synergism and antagonism is indicated at various fixed levels of X

and X4.



Table 5.1

Paralle] Axis Representation of X; X; Isobol
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Horizontal Position in Concavity in Type

f:(x. ) Parallel System ﬁij parallel system Interaction

f1(X,)=0 Between the two Bu >0 | Concave down | Synergism
parallel axes
(f/(X,)<0) or Bij <0 | Concave up Antagonism
coincident with the X;
axis (f(X, )=0)

0<f’(X,)<1 |To the right of ﬁij <0 |Concave down | Synergism
(f/(X,)=#0) or
coincident with Bij >0 Concave up Antagonism
(f/(X,)=0) the X; axis

(X )=1 S does not exist

f/(X,)>1 To the left of X; parallel Bij <0 | Concave up Antagonism
axis Bij >0 Concave down Synergism




’\ Py |
N2 | T
o= | = -

X1 X2 X4 X3

Ko gk ’\\

_ s 7N\

A < N
f—-:._\ — =
X2 X3 X1 X4

Figure 5.12: Parallel Axis Display of Pairwise Isobols (7 = 0.5)

Model Given in (5.6.5)
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It can now be shown that with the exception of the points of discontinuity, a 1-1

correspondence exists between the points on the parallel axis representation, S, and points

in the usual Cartesian pair-wise plot of the isobol.

Result 5.3.1: Assume the fitted model for an N agent study is given by (5.6.9) where
X, =a,, k=12,..,N; k #1,j. Forn a fixed response, let I,(X;, X ;C) denote the

set of points that satisfy the X, X; isobol,

L (X, X;;€)=

i

{(prj) X, = logit(w)-C, - C,X, L0<X, < loglt((‘;:t) - Co}'

C,+CX;

Let S(X,Y;é) be the set of points in the parallel axis system corresponding the X,

Xj isobol,
¢, +C X, ]
XKY): X =l +k,
C +C;+Cy(X, +X;)
logit(m) - C, + €, X X,
S(X, Y;C) =Y = o8I~ o + G2 g (5.6.11)

T C+CHG (X +X,)
< logit(m) - C, x = logit(m) -¢,-¢x,
e, C,+CX,

0<X

A 1-1 correspondence exists between a continuous point (X,Y) € S(X,Y;é) and a

continuous point (X,,X;) € L (X, X ;C).
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Proof:
Let (X;,X)) € It(Xi,X}-;é). Then by defintion (5.6.11) a unique point

(X, Y) € (X, Y;C) is determined.
Let (X,Y)e S(X,Y;é). By definition, (5.6.11) X and Y are uniquely determined
from values (X,,X,) such that (X;,X,) € L(X,,X;;C).

One advantage of using the array of Cartesian coordinate plots is the interpretability of the
points in this plotting system; a point in these plots represents the dose combination of X
and X; which together with the fixed levels of the other agents yields the response of
interest. In the parallel axis system these dose levels are not apparent from the plot, even in
cases when all of the agents are measured on the same scale. It can be argued, however,
that the type of deviation from additivity is more apparent in the parallel axis plots. For
example, in the array of pair-wise plots a small degree of curvature in an isobol could be
misinterpreted as linear. In the parallel plot the antagonism is clearly indicated.

In this chapter it has been shown that response-surface techniques are useful in
detecting and characterizing the interactions between the agents considered. For the two
agent study it was shown that when the model contained only a single interaction term the
type of interaction between the agents could be characterized by examining the sign of the
estimated cross-product parameter, ﬁu. In addition, the isobologram was shown to be
useful for graphically interpreting these models. When N agents are considered the
interpretation of the model becomes more difficult, i.e., when the signs of the parameters
associated with the cross-product terms vary, the type of interaction that the model suggests
depends on the level of response and the dose combinations considered. Several graphical
techniques were shown to be useful in characterizing the interactions that the fitted model
describes. When applying these techniques to studies that involve a large number of

agents, however, the number of possible cross product terms increases. It follows that in
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order to estimate these parameters adequately the number of dose combinations considered

must increase. In fact, in Chapter 1 it was noted that the size of the experiments in these
type of studes can become economically unfeasible when a large number of agents is
considered. In Chapter 7 a technique will be introduced that allows the detection and
characterization of interactions between a large number of agents but with far fewer

observations.



Chapter 6
A Point-Wise Test to Detect Interactions

6.1 Introduction
In the last chapter response-surface techniques were used to examine the

interactions that might exist among the agents in a combination. There the model,

1
1+exp(-XB)’

P(X;B) =
was fit to the data where X is a vector of doses and cross-product terms involving the
doses, and P was the vector of unknown parameters. For the two agent logistic model,
with a single cross product term, it was shown that the type of interaction could be
determined by simply examining the sign of the estimated parameter associated with the
cross-product term, i.e., ﬁn. Nonadditivity was also indicated for the N-agent experiment
when one or more cross-product terms were included in the fitted model.

It will now be shown that this interpretation of the logistic response-surface model
does not generalize to the case when the model is fit in terms of an arbitrary transformation
of the doses. A point-wise testing procedure is therefore developed in this chapter which

can be used to detect significant nonadditivity.
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6.2 Characterizing the Interactions When the Response-Surface Model is

Based on a Transformation of the Doses
It will be useful to briefly review the arguments applied in the last chapter for a two
agent homergic combination. Assume the following response-surface model which is a

function of the doses of both agents:

logit[P(X,,X,;B)] =B, + B, X, +B,X, +B,,X,X,. (6.2.1)

For a fixed level of the response, 7, the interaction index is given by

N s lel B2x2
LI, X 7:0) = logit(m) —B, * logit(m) - B, - (6.2.2)

At the same fixed level of the response, , the model given in (6.2.1) can also be rewritten

as

B,X, B, X, gl B XX, 6.2.3
logit(m) - B, * logit(rm) - B, logit(r)—B, (©23)

By comparing (6.2.2) and (6.2.3) and then applying Result 4.3.4 the type of interaction
can be determined by examining the sign of f,,.
Suppose, now, that, based on a goodness-of-fit procedure, it is determined that the

model given in (6.2.1) does not adequately fit the data. An alternative approach could be to
write the model in terms of a transformation of the doses, e.g., Z;, =In(X; +1). In

general, assume Z; = g(X;) where g™ exists. Now, analogously to (6.2.3), the model

can be written as
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BeX) , BeX;) _,_BueX)sX,)

= 6.2.4
logit(n)—-B, logit(w)—B, logit(m) -3, ( )
The interaction index, which is defined in terms of doses, can also be written as
91y, o PR . RS E— 6.2.5)
_I[log ll(‘.lt)—BnJ -,[loglt(n) —Bu)
g F——ar——— BT/ ——
B, B,

If g™ is a linear function, the expressions given in (6.2.4) and (6.2.5) can be simplified,
so as before, the type of interaction can be characterized by examining the the sign of f,,.
In general, however, the expressions given in (6.2.4) and (6.2.5) can not be simplified in
this manner. Hence, the sign of the cross product parameter can not be used in this case to
detect and characterize a nonadditive interaction between the agents.

As a specific example assume that Z; = g(X;) = In(X; +1) so that

X, =g™(Z,)=e* - 1. The model and the interaction index can be written by

Bin(x,+1) , Byln(x,+1) _, By In(x, +Din(x, +1)

- B,
logit(m)—B, ~ logit(m) - B, logit(m) - B, e
X X
1I(X,m:B) = — + = . (6.2.7)
exp(logzt(n) -B, ]_ i em( logit(m) — B, ] 4
B, B,

Here, it is not possible to simplify these expressions so that the the model in (6.2.6) can be
written in terms of the interaction index in (6.2.7).
An alternative approach is to examine, in a point-wise fashion, the value of the

interaction index. Let x denote a fixed dose combination. Let 7 denote the associated
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observed response at x. Then, by Result 4.3.4, if the interaction index does not equal 1, a

nonadditve interaction is suggested, with values greater (less) than 1 indicating synergism
(antagonism). To determine if the difference from 1 is not due to random fluctuations in

the data, a testing procedure will be developed in the next section.

6.3 The Interaction Index Test
Consider now an N-dimensional homergic combination or a N-dimensional
heterergic combination of predictive and inert agents. Since the interaction index is

undefined for coalitive combinations, this approach can not be applied to those

combinations. Letx = (x,,X,,"--,Xy) denote a dose combination and T, the observed
response at that combination. Let Z; = g(X;,) so that X; = g™'(Z;). In general, the
interaction index can be written by
N X,
(X, )= ) ——F— 6.3.1
( bS) ; EDi(nnI:s) ( )

where ED,(x,,) is the effective dose of the ith agent associated with 7. To estimate the

effective doses for the agents, the following model, which relies on data for each agent

alone, can be used. Assuming a common baseline parameter, 3, this model

simultaneously estimates each single agent's dose response curve. Let
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logit[P(Z;B)] = Zp (6.3.2)
where
[1 2z, O 0 ]

r

1 0 0 v zy|s B=(BBiB;By)

1 0 0 - 2y

and m;, i=1,2,...,N, is the number of nonzero observations for the ith agent alone.

Alternatively, this model can be written as

logit[P(Z;;B)] =By +BiZis Z, 20, i=1,2,.N; Z; =0, j=1,2,--,N, j#i.

Using this model, the effective doses and the interaction index can now be derived and are

given by

EDi (nom) = g—l[logit(nﬁ?s) = BQ] (6,3,3)
1
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N X,
II(x-nowﬂ)—gl _l[logit(nm)- Bo]' (6.3.4)

B,

Note assuming the ith agent is inert, B; =0 and EDi(rtob‘) =oo. As described in Chapter 3
the unknown parameters, B, can be estimated using maximum likelihood methods and the
adequacy of the fit of the model can be assessed using a goodness-of-fit test. The
estimated values of the effective doses and the interaction index can then be determined
based on f}

To determine if there is a significant nonadditive interaction at x, conditional on

7., the following hypothesis can be tested

H, : 11(x,m,,;B) =1
H, :11(x,7m,;B) #1

By use of the properties of the maximum likelihood estimates described in Chapter 3, it can

be shown that ﬁ is approximately distributed as
ﬁ . NN+1(& I_I(B))

where I (B) is the inverse of the (N + 1) x (N + 1) Fisher Information Matrix. Using the
Delta Method (Agresti, 1990, p. 419), an approximate distribution of Il(x,nubs;ﬁ) is given

by

T1(x, Ty fi) ~ N(TI(x, T, B), @17 (B)®)
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where

®=(@,0)0,0) - 0.0) . o@ -T2z B, g1 N

The value of ®;(B) is estimated by !Di(ﬁ) and the value of I”'(B) is estimated by I"(ﬁ).

Based on the Wald Test described in Section 3.6, the following test statistic, can be used to
test Hy:II(x, 7 ;B)=1.

W“—(l II(th B))

 off) r(B)ofp)

o (6.3.5)

When W, >%},_, » Hy should be rejected. When Hy is rejected, the values of
1 I(x,ﬂ:obs;fi) can be used to characterize the interaction; I I(x,nm;ﬁ) < 1 indicates

synergism and II(x,nm;ﬁ) > 1 indicates antagonism.

This method can now be applied to a set of dose combinations. Let K be the total
number of dose combinations considered. Because the Interaction Index Test is repeated at
each of the K dose combinations, the overall probability of incorrectly rejecting the null
hypothesis will become large. A multiple testing procedure can therefore be applied to
insure the overall probability of falsely rejecting a null hypothesis for the group of K tests
is at most .. The Bonferroni Correction is used frequently in such situations. Here, the p-
value associated with the ith test is determined by p — value; = P(W“ > xi_l_u);
i=1,2,...,K. If p-value; < o/K then rejection of the associated ith hypothesis is
appropriate. While it has been shown that the overall probability of falsely rejecting any of
the K hypotheses is at most o it has also been shown that this procedure may be



155
conservative, i.e., it may fail to reject a particular hypothesis when it is false (Weller,

1992).

For our applications, a procedure described by Hochberg (1988) will be employed.
This technique has been shown to be less conservative than the Bonferroni procedure while
still insuring the overall probability of type I error be at most o.. Here the p-values

associated with each of the K tests are ordered from largest to smallest. These ordered p-

values are denoted by p — value;), i=1,2,...,K so that p — value,, denotes the largest value
and p — value g, the smallest. The associated hypotheses are denoted by H;), i=1,2,....K.
Starting with the largest p-value, if p —value;, < o/K then all K hypotheses are rejected.
If p—value,, > o/K then H, is not rejected and p — value,, is examined. Now if

p . value(g) < % then H(2)| H(g)u' " .'H(k) are I'CjCCI‘.Bd. If p — Value(?) > ki_,l thiS

: 2 5 o
procedure continues so that, in general, if p - value;, < ] then H;,H ).+, Hyy,

it |

are rejected. This procedure will be illustrated in the next section.

6.4 Example

Data from a simulated two agent experiment are shown in Table 6.1. The model
given in (6.2.1) was initially fit to all 20 observations of this data. The results of this
analysis are shown in Table 6.2. Since Bu > 0 there is evidence of a synergism. The p-
value associated with the goodness of fit test, p =1.4x107 , indicates, however, that the
model does not adequately fit the data.

Alternatively the transformation, Z; = log,,(X; +1), where X;, i = 1,2, is the dose
of the ith agent was considered. For illustrative purposes, the model, given in (6.2.1) was
fit in terms of the transformed doses. In that case ﬁu < (0. Hence, if the estimated value

of this cross product parameter was inappropriately examined to characterize an interaction,

an antagonism would have been indicated.
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Table 6.1

Simulated Two Agent Dose-Response Study Data

X; = Dose of ith agent, i=1,2

y/n = number responding/number replications
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Table 6.2

Simulated Two Agent Dose-Response Study
Analysis Results for Model
logit P(X,B)] = B, +B,X, +B,X, +B,X,X,

Parameter Estimates
Parameter Estimate Wald Statistic ~ p-value
Bo -1.7227 44.0508 .0001
By .00862 17.1761 .0001
By .00204 14.4638 .0001
B12 .000096 8.3448 .0039

Overall Goodness of Fit test (3.5.5)
x: =32.1332 E(x2|ﬁ) = 7.5854 v(x2|ﬁ)=34.5157 p-value = 1.4x10°
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To apply the Interaction Index Test the model defined in (6.3.2) was fit to the 13
observations taken only along each axis. The transformation Z, =log,,(X; +1) was used.
The results of this analysis are shown in Table 6.3. Since the fit appears adequate
(goodness-of-fit p-value = .2331) the Interaction Index Test can now be derived and then

applied to each of the 7 dose combinations where nonzero doses of both agents were given.

The Interaction Index Test Statistic, Wy, is given by (6.3.5) where

. X X
IIx,nbs;B)= = ST = 1
o O it (M, )-B, logit(7, )-P,
| 0Tt 10 ]

and

0 (B) = OLI(X, Ton3B) _ 10[52?&&1 In(10) ol
850 BI(IO[H“'MBI b J _1) BI(IO[L’IL‘;?ﬂ] _ 1)

Togi(x

BII(x,nm;B)_ln(lO)l[)[ ﬁ }xilogw(xi+1)_

o,(B)= 3. : (10 e 1)2 s i=1,2.

do(B) and ¢,(B), i=1,2, are estimated by ¢, (ﬁ) and ¢, (ﬁ), i=1,2 respectively. For each of

the 7 dose combinations considered, the values of this test statistic and each associated p-

value are shown in Table 6.4. There, two dose combinations were found to have values of

the interaction index that were different from 1. In each case a synergism was detected.
For illustrative purposes, p* , the estimated response under additivity for each of

the combinations, are also shown in Table 6.4 . Based on Definition 4.3.3, these values

were determined for each (x,,x,) by solving for logit (%*) in the following expression.
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Table 6.3

Simulated Two Agent Dose-Response Study
Analysis Results for Model
Iogit[P(X, ﬂ)] =B, +B, log, (xl o 1) +p, log,, (Xz + 1)

Parameter Estimates
Parameter Estimate Wald Statistic ~ p-value
Bo -4.1640 36.3844 .0001
B1 2.0802 33.4339 .0001
By 1.5298 26.6632 .0001

Estimated Variance-Covariance Matrix: I(ﬁ)‘l

Bo B B
Bo 0.47654 -.22213 -.18496
B, .12943 08622
B 08777
Overall Goodness of Fit test (3.5.5)

x* =8.2897 E(x’B)=47255  V(x’B)=23.9305  p-value = 2331
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Table 6.4

Simulated Two Agent Dose-Response Study

Interaction Test Results
Wald Test Type of

X, X, Tops R Il(x'”m'ﬁ) Statistic  p-value Critical p* Interaction

35 260 0.5 4679  .8463 0.32 .5691 .0071

110 85 0.6 .5493  .7917 0.62 4310 .0083

50 215 0.4 4808 1.5460 1.40 .2362 .0100

10 285 0.5 .4235 0.6422 1.85 1734 0125

70 175 0.3 .5058 3.0243 5.29 0215 .0167

125 40 0.7 .5613  .5106 7.03 .0080 .0250  Synergism
90 130 0.9 .5280  .0879 1015.90  .0000 Synergism
* Based on Multple Testing Procedure of Hochberg (1988) Critical p = — _"; —

i=1,2,...,K

where o = 0.5 and K =7.
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X, X,
+ e =1 (6.3.6)
it(xA)- ogit (7*)-P,
10Mal}—a“—1 10"”&“—1

Since the equation given in (6.3.6) can not be solved explicitly, a root finding procedure
(Mathematica, 1991) was used to find each value. As expected by Definition 4.3.1, when
a significant synergism was indicated, & > 7t*.

It has been shown that the Interaction Index Test can be used, in a point-wise
fashion, to detect deviations from additivity. This was particularly useful when a dose-
response model, in terms of the doses, could not be adequately fit to the data. Another
advantage of the Interaction Index Test is that it can be applied in a N-agent study to a
smaller set of observations than needed to fit the entire (N+1)-dimensional dose-response
surface. While data are needed along each axis to estimate adequately each single agent's
dose-response curve, as few as one nonaxis combination can be examined for
nonadditivity. However, since the method is based on a point-wise test, a disadvantage of
this technique is that the conclusions drawn apply only to the specific dose combinations
considered. In contrast, the results determined using a dose-response approach apply to a
range of dose combinations. Another disadvantage of this approach is that the conclusion
drawn is conditional on the assumption that the response is fixed at the value of = .. In
the next chapter another approach to detecting and characterizing deviations from additivity
will be described. It will be demonstrated that this approach requires less data than needed
for fitting the dose-response surface but provides more global results than the point-wise

approach described in this chapter.



Chapter 7
Detecting and Characterizing Interactions Based on a Ray Designed

Experiment

7.1 Introduction

In Chapter 5 the response surface modelling approach to the study of drug
interactions was discussed. Several problems associated with this technique were found.
For example, the size of the experiment needed to adequately model a response can be
unrealistically large. Even if a fraction of a factorial design is used, the cost of the
experiment may become prohibitive. It was also shown that as the number of agents
increased, the number of significant interaction terms in the model can also become large.
When the goal is to characterize interactions among the agents, the interpretation of the
model may therefore become difficult.

In this chapter it will be demonstrated that an analysis based on data collected along
rays, or at several levels of a fixed ratio, offers several advantages compared with the
response surface technique. When examining dose combinations along rays, the
dimensionality of the study is reduced. In an N agent study the fitted model based on a
response surface approach is an (N+1)-dimensional surface. In contrast, the fitted model
based on a ray design, defines a set of 2-dimensional dose response curves.

In the following sections, the model based on a ray design will be defined and an
example will be presented. A simultaneous test for assessing deviations from additivity
will be developed. In cases where a nonadditive interaction is detected, techniques will be
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developed which characterize the types of interactions, i.e., synergism or antagonism. An

examination of the isobols estimated from this type of experiment will also be made.
Graphical techniques will be introduced that will be shown to be useful in the interpretation
of the fitted model.

7.2 The Model

In order to insure that the definitions of additivity derived in Chapter 4 hold it will
be assumed that all active single agent dose-response curves will monotonically increasing
or all monotonically decreasing. Under this constraint, all the combinations defined in
Chapter 4, with the exception of the heterergic combination of a predictive agent and a
nonpredictive agent, can be studied using the methods derived in this chapter.

For this analysis data are collected along rays. A ray can be thought of as a straight
line originating at the origin. It can be shown that dose combinations that lie along a ray
satisfy a fixed ratio. For example, consider the ray in 2-dimensional Euclidean space
through the point (2,4). Dose combinations taken along that 2-dimensional line, or ray,
satisfy the fixed ratio 1:2.

Let N denote the number of agents considered in the study. Let M > N denote the
total number of rays along which dose combinations will be taken. Assume a ray is
included along each of the N axes. These N rays will be referred to as axis rays. There
are M - N non-axis rays. The following definitions describe the drug combinations and the
observed responses for a ray design experiment. In addition to the observations taken
along each ray, assume observations are also taken at the origin. As in previous chapters,
s 2 1 replications of the experiment are conducted at each dose combination and the

dichotomous response is given by success (Z = 1) or failure (Z =0). Let
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m, = number of nonzero dose combinations on the rth ray; r=1,2,....M
G = total number of distinct dose combinations including the origin;
M
G=1+ z m,
r=1
n, = number of replications at the origin
Z,, = response for the sth replication at the origin; s=1,2,...,n,
Y =25
s=1
n, = number of replications at the kth combination on the rth ray
Z.,, =response for the sth replication at the kth combination on the rth ray;
§=1.2,..00,
X, = 2 Z .. = number of responses observed at the kth combination of the
s=1
rth ray
Y, =1lxm,vectorgivenby (Y, Y, ... Yy ), r=1,2,..M; k= 1,2,..m,.

In order to uniquely identify each of the M rays we can use the property noted
earlier that the rays are line segments originating at the origin in N-dimensional space. The
set of N-dimensional points that lie along a given ray satisfy a fixed set of ratios. While

these ratios can be defined in several ways, for this dissertation, a unique set of ratios for

i=1

the ratios (0.25, 0.0, 0.75) identify the ray through the point (1, 0, 3).
In general, let the 1 x N vector a, =(a,, a,, ... a,) denote the ratios for the rth ray,

r=1,2,...M. Let A be the M x N matrix with rows a,. Assume rays 1,2,...,N correspond
to the N axes. For these axis rays the elements of a, r=1,2,..,N are identically O with the

exception of a 1 in the ith position, i.e., for the X, axis a; = (1,0,...,0).
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For a given dose combination along a fixed ray, a well defined relationship exists

between the doses of the N agents and the total of the doses. Consider the rth ray with

ratio vector a.. Let Xy = (X, X, -..X,y ) denote the 1 x N vector of dose levels for the

N agents at the kth combination on the rth ray, r=1,2,...,.M; k = 1,2,..m_. The total of

the N individual doses is given by
N
b = X =Xs 1y (7.2.1)
j=1

where 1y is the N x 1 vector of 1's. Conversely, given the total dose, ty, the individual

doses of the N agents at the kth observation on the rth ray is given by

X, =t.n. (7.2.2)
Therefore, for observations along the rth ray uniquely identified by a,, no information
about the doses of the individual agents, xp, k=1,2,...,m,, is lost by examining only the
total doses, ty.

It is assumed that the responses Z,,, s=1,2,...,n,,, are independent and identically
distributed as Bernoulli random variables with unknown parameter n for allr = 1,2,....M
and k=1,2,...m,. A similar assumption is made for the observations taken at the origin,
ie., Z,, s=1,2,...,n, are independent and identically distributed Bernoulli random
variables with unknown parameter 7,. It follows that Y,, and Y are independently
distributed as Bin(n,, 7,) and Bin(n, 7)) random variables, respectively.

Since no information is lost by considering the total of the doses at each

combination, the unknown parameters can be modeled as functions of the total doses. Let
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logit(m,) = m[—-’ﬂl—] =B, (7.2.3)
1-7,

and

logit(m,, )= ln[l—n“—)= Bo+Bts: k=12,..m;r=12..M (7.24)

rk

These expressions can be rewritten as

1

" ey -

and

) 1
e G, exp{_(ﬂo + Brtrk)}

k=1,2,..m;r=12,... M. (7.2.6)

A common intercept parameter for all M rays is given by B,. The slope parameter for the
rth ray is B,, r=1,2,..M.

An overall model is written as

1

n= m (7.27)

where 7 is the G x1 vector, T is the G x (M+1) design matrix in terms of tg and P is the

(M+1) x 1 vector given below.



167

Tom, *** Tom1 Tom2 "'an,,(]

1 3 q 1 1 1 1 1 1 1
0 & Is tm, 0 O 0 0 O 0
=0 0 0 0 t; ty Lo, 0 O 0
0 0 0 0 0 O 0 i twe Ui,

B'=[Bo ﬁl Bz BM]

The maximum likelihood methods described in Chapter 3 can be applied to this

model to simultaneously estimate B, the (M+1) x 1 vector of unknown parameters. The

likelihood and log-likelihood are given by

L(my) = (::]exp{yo ln[1 f‘;o ] +1n,In(1- no)} *
{qﬁ( ]}exp{Ziym [ J+nrkln(1 r, )} (7.2.8)

r=1 k=1
I(my) = h( ]*‘yo In[
Yo

M m T,
ZZ +yrk ln J+nrkln(1—n:k) - (7.2.9)
r=l k=1 1 T

rk

]+n01n(1 m,)+

Based on (7.2.3) and (7.2.4) the log-likelihood can also be written as
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1B;y) = lﬂ( }'*' YoBo — 1o ln(l "'cxp(ﬁn))

Yo

ii{ ( J+ Yo (Bo +Bito) =0y 1n(1+ exp(B, +B,t., ))} (7.2.10)

r=1 k=1

The elements of the (M+1) x 1 vector of scores, U(B), are given by

A(B:y) _ 3 =
U,(B)= 3B, =Y = T exp( B,) T ;g{y“‘ 1+ exp(—(ﬁo +P.r; ))}
—_— 4 i i{y,k =] nrknrk}

=N~
? 1+exP( Bo) et e

al(ﬁ m L
U,(B)= : Z’{ Yieie = 1+exp( (Bo"’ﬂjtjt))}

=2{y1ktjk - njktjknjk}; j=1,2,...,M. (7.2.11)

m
k=1

The M x M elements of Fisher's Information Matrix, I(B), are defined by

__ 321(&'3!)] exp(-B,)
Lo(P)= E[ 3B ) (1+expl Ba) R

o Mty exP ﬁo * ﬁjljk )
[ §(1+exp Ba +|3j - ))2
_ a?l(p y)) < n]ktjk exP ﬂo +Bty ))
4(®)= E( B, "Z;(H exp (B, +B,t;u)))2 | .

I, (B)= —E[ 1(B:y) J: 0; jw=1,2,..M; j # w.

1,(8) =g 2L ﬁy))

0B,9B,
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-~

As usual, B, the maximum likelihood estimate for B, found by solving the system

of equations that results when (7.2.11) is set equal to zero. An iterative approach can be

used to solve this system. As described in Chapter 3, it follows that
B~ Ny.,(B16)") (7.2.13)

where I(B)” is estimated by I(B) .

It is interesting to note that expression (7.2.12) implies that the off-diagonal
elements of I(B) are zero with the exception of the first row and first column. This does
not imply, however, that the corresponding elements of I(ﬁ)_' will be zero. Hence, while
the M slope parameters are associated with distinct rays, the maximum likelihood estimates
of these slope parameters are correlated. This is due to the presence of the common

intercept parameter.
Once a model is fit, various tests described in Chapter 3 assessing the fit of the
model can be applied. In the next section a two agent example will be given to illustrate the

application of these tests.

7.3 Two Agent Example

A two agent data set was generated based on the 2-dimensional dose-response

surface given by
logit(m) = 10+ 3X, +2X, +2.2X X, —.667X]X,

where X and X, are the dose levels for the agents considered.
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Data were simulated along M = 4 rays at a total of G = 19 distinct dose

combinations (Figure 7.1). The 4 rays are defined by

1 0
0 1

A=l 661 333
333 667

It can be assumed a range-finding procedure was used to determine the observed dose
levels along each ray. The simulated data are shown in Table 7.1

The model considered for this analysis is given by

logit(m,) = By; t, =0, r=1,2,3,4; k=1,2,....m,
logit(m, ) =B, +B,t,s =1.23.4; k=12,..m,

or equivalently as

logit(x) = TR

where
M I LT 1111 I ELTLIT1L
02345000000000000O0 0
T=(0 00003 456780000000 0
000000O0O0O0DO0OO23450000
00000000000000O00O02 3 4 5]

and
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a,=(0 1)

89
79
6-¢

>1 a,=(33 .67)

a,= (.67 .33)

> a,=(1 0)

-9

Figure 7.1: Experimental Design for Two-Agent Simulated Data



Table 7.1

Two Agent Simulated Data

Number of responses from 5 replications

Total Dose
Ray a 0 1 2 3 4 5
origin 0
1 (10 O 3 5 35
2 0 1) 0 0 3
3 (.67 .33) 0 2 4 5
4 (.33 .67) 0 4 5 5
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B=[B, B, B, B, Bd.

The results from model fitting are shown in Table 7.2. The intercept only
likelihood ratio and score test results (p=.0001) both indicate at least one of the slope
parameters is nonzero. The result of the overall goodness-of-fit test (p=.5651) indicates
that this model adequately describes the data. Examination of the individual goodness-of-
fit statistics (Table 7.3) shows that none of the observations appear problematic.

In the next section three different simultaneous tests to detect deviations from
additivity will be presented. The tests will be applied to this two agent example and to a

higher dimensional experiment.

7.4 Statistical Tests for Detecting Deviations from Additivity
Let ©* denote an expected response under additivity. Based on the definition of
additivity given in Result 4.3.1 it follows that the additive dose-response relationship at the

kth observation on the rth ray is given by

kal + erl + S + kaN

—r (7.4.1)
ED,(n}) ED,(ny) EDy(m})

where ED,(n},) is the effective dose associated with the ith agent, i = 1,2,...N. Recall
along the ith axis, i=1,2,...,N the total dose is equal to the dose of the ith agent.

Therefore, using (7.2.4) the effective doses for each agent alone are given by

logit(m4 ) —
ED,(nﬁ)=£l(-#;r=l,2,...,M.
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Table 7.2

Two Agent Simulated Data Analysis Results

Parameter
Ray Parameter  Estimate Wald Statistic ~ p-value
origin Bo -9.5663 21.1563 .0001
1 B1 3.3223 19.9926 .0001
2 B2 1.7262 20.7768 .0001
3 B3 2.8937 19.6213 .0001
4 Ba 3.5733 20.2762 .0001

Estimated Variance-Covariance Matrix: I(B)™

Po B B2 B3 B4
Bo 4.3256 -.14398 -.7568 0.12722 -1.5200
Bq 5521 2519 4235 .5059
By .1434 2226 .2659
Bs 4268 4470
B4 6297

Overall Goodness of Fit test (3.5.5)
x =59819 E(x’B)=7.5908  V(x[B)=963564 p-value = .5651

Intercept Only Tests (4 degrees of freedom)
Score Test statistic =54.253 p-value =.0001

Likelihood Test statistic =81.778 p-value = .0001
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Table 7.3

Two Agent Simulated Data

Observed and Predicted Responses and Goodness-of-Fit Statistics

-~ -~

T Yo Goodness- Goodness-
Total observed  predicted of-Fit of-Fit
Ray a Dose response  response C D,

origin 0 0.00 .0001 -.01871 02647
1 (10 2 0.00 0511 -.5189 7242
3 0.60 .5989 .0053 .0053

4 1.00 9764 .3476 .4886

5 1.00 9991 .0660 .0933

2 (VS 3 0.00 .0123 -.2493 3515
4 0.00 0653 -.5910 .8217

5 0.60 2819 1.5810 1.4805

6 0.60 6881 -.4251 -.4159

7 0.80 9254 -1.0664 -.8980

8 1.00 9859 2679 3776

3 (.67 .33) 2 0.00 0222 -.3370 4740
3 0.40 .2903 .5402 .5240

4 0.80 .8805 -.5549 -.5128

5 1.00 9925 .1941 .2740

4 (.33 .67) 2 0.00 0811 -.6645 9199
3 0.80 7582 .2183 .2230

4 1.00 9911 2119 .2990

5 1.00 9998 .0356 .0503
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Therefore, under additivity

log it(ni) = ﬁu + ﬂlxrk] + Bzxm s BerkN' (7.4.2)

By applying the relationship between total dose and the doses of the N agents given in

(7.2.2) this expression can also be written as

. Ay _
logit(my, ) =B, +Bit,a, +B,t,a, +...+ Byt ay

N
=B, +1tq4 ZBiari '

i=1

=By + Pty (7.4.3)

N
where BA =2Biaﬁ; r=12,.M.
i=1

Recall that the elements of a, associated with the rth axis ray, are identically zero
with the exception of the rth element which is 1. It follows then from (7.4.3) that for the

axis rays

Bl = iﬂiaﬁ

=B,; r=1,2,..N.

Therefore under the assumption of additivity the (M+1) x 1 parameter vector is

given by

r

B‘A=|:Bo B, -~ By iaNﬂ.iﬁi iau,il}i]
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with only (N+1) unknown parameters, f,, B,,...By. Thus, the hypothesis of interest can

be expressed as

H,:p=p"
H, :p=p"

(7.4.4)
Rejection of H,, implies at least one f; # B;‘; j=N+1,....M, or, equivalently, there is a
nonadditive interaction along at least one of the non-axis rays. Likelihood ratio, Wald and
Score tests for this hypothesis will now be developed. Asymptotically, all three test
statistics converge to the same Chi-square distribution. In general, it has been shown that
none of the three testing approaches is consistently superior to the others (Kotz, et. al.,
Encyclopedia of Statistics, 1988, Vol 8, p. 307). The likelihood ratio test can be
considered the most practical since the required likelihood statistics are often incorporated
in the commonly used computer software packages that fit these models. For illustrative

purposes all three statistics will be reported for the following two examples.

7.4.1 Likelihood Ratio Test for Nonadditivity

In Section 3.6, likelihood ratio tests which compared a restricted and unrestricted
model were discussed. There it was assumed the unrestricted model contained p
parameters. The restricted model, defined in the null hypothesis, was constructed by
setting r < p of these parameters equal to 0. Hence r restrictions were specified. The two
models were fit and the log-likelihood evaluated at each set of maximum likelihood
estimates. The difference of these log-likelihoods was then determined. A large difference
in these log-likelihoods was evidence that the null hypothesis could be rejected.

In order to test H, : p=p* a similar approach can be taken. Here, however, rather

than restricting a subset of the parameters to equal 0, the restrictions are given by
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N
ﬁj = Zajiﬂl; j=N+1LN+2,.,M.
i=1

There are M - N restrictions corresponding the M - N non-axis rays. Let ﬁ denote the
(M+1) x 1 vector of maximum likelihood estimates for B in the unrestricted model
specified in H,. Let ﬁ“ denote the maximum likelihood estimates for the restricted model
under the assumption of additivity. In addition let l(ﬁ;y) and l(ﬁ“;y) denote the log-
likelihood evaluated at each of these parameter estimates. Serfling (1980, p.158) has

shown that the approximate distribution of

M =2{iBy) - 16%y)} (7.4.5)

is X%_n Where the degrees of freedom are associated with the number of restrictions
defined in H,. Large values of A* indicate the null hypothesis, i.e., additivity, can be
rejected.

The unrestricted model can be fit as illustrated in Section 7.3. In order to fit the

model under additivity recall that the additive model is given by

N N
logit(n}) =B, + B, = By +(Zariﬂi Jtrk =B, + Zﬂiaﬁtrk
i=1 i=1

Hence the restricted model can be fit in a straightforward manner in terms of the doses of

the individual agents as opposed to the total doses.
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Once the two models are fit the difference in the log-likelihoods can be determined

and the hypothesis tested.

7.4.2 Wald Test for Nonadditivity
The Wald statistic, W*, for testing for deviations from additivity is based on the
approximate distribution of the (M+1) x 1 vector of maximum likelihood estimates. Recall

that under the unrestricted model this approximate distribution is given by
B~ Ny, (BI®)™) (7.4.6)

where I(B)™ is the inverse of the information matrix defined in (7.2.12).

In this case it is useful to rewrite the null hypothesis as H, : B—B* = 0. This

hypothesis can be simplified further by noting

’

[Ba_ﬂo Bl"B]"‘BN_BN BNH—B;H BN+2—BI':+2 "'BM-B:I]

Il

(B-B%)

r

|:0 o 0 BN+1_ZaN+l.iﬁi BN+2_ZaN+2.iBi BM_ZanBi]'

Hence the null hypothesis can be written in terms of only the M-N nontrivial restrictions as

N
H,:B,—Y 2B =0; j=N+LN+2,.,M. If we now define a (M-N) x (M+1) matrix C

i=1

0 -ay,; = —8yuxy 1 0 - 0

OF By = “Hggy & L o U (1.4.7)
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the null hypothesis can also be written as H, : CB=0.

Based on the approximate distribution of B— B given in (7.4.6) it follows that
CB ~ Ny,_x(CB.CI(B)"C).

The Wald Statistic, W* and its approximate distribution are therefore given by

’

w* =(c) (cidric) cB~Kir. (7.4.8)

If the observed value of this statistic is large, nonadditivity is indicated on at least one of the

non-axis rays.

7.4.3 Score Test for Nonadditivity

Recall that the scores are the partial derivatives of the log-likelihood with respect to
B, the unknown parameters. The goal of maximum likelihood estimation is to find ﬁ the
estimated values of the parameters that maximize this likelihood. This is equivalent to
simultaneously setting all of the scores equal to 0 and solving for f}

In Chapter 3 the scores were used to test the hypothesis Hy: B=Yy, where ¥, is a
vector of constants. In general, if the scores evaluated at 7, are close to 0, it can be
concluded that the log-likelihood evaluated at 7, is close to the maximum. This can be
especially useful if a subset of the elements of %, are equal to 0. If the hypothesis

Hy: B =1, is not rejected it implies that a subset of the parameters B} can be used to model

the data.
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In a similar way the scores can be used to test for deviations from additivity. Let

B* denote the maximum likelihood estimates of the parameters under the assumption of
additivity. If U(ﬁ“), the scores evaluated at i:’o“ are close to zero, it can be concluded that

the assumption of additivity should not be rejected. Conversely, if U(ﬁ“) is large, it

implies the unrestricted model defined in the alternative hypothesis is the more appropriate
model. Rao (1973, p. 419) has shown the following statistic and its approximate

distribution can be used to formally test H, : = p*:

’

s* = U(p*) 1(3*) U(B*) - Zon- (7.4.9)

Large values of S* indicate the null hypothesis of additivity should be rejected.

Once the null hypothesis of additivity has been rejected the investigator can
conclude nonadditivity is indicated along at least one non-axis ray. In the following section
techniques are presented to determine the non-axis rays associated with nonadditivity. The

nature of the departure from additivity will also be described.

7.5 Characterizing and Testing for Deviations from Additivity Along Each
Non-axis Ray

Recall that in Definition 4.3.2, defintions of synergism and antagonism were given.
For example, assuming each active single agent dose-response curve is increasing, there is
evidence of a synergism at the rth observation along the kth ray if the predicted response is
greater than the response expected under additivity, i.e., &, > #/;. Conversely an
antagonism is indicated if f, < #}. A similar argument can be made for decreasing

dose-response curves. Since logit(®t, ) = f’;[, + ﬁ,t,k and logit(®t}) = ﬁo + ﬁ‘,‘t,x a
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comparison of {3, and B2 is equivalent to comparing #,, and %t%. Thus, forr = 1,2,..M

the type of interaction suggested by the fitted model is given by the following:

Active Single Agent

Dose-Response

Curves Br = B;‘ Er > ﬁ:\ Br < ﬁ:

Increasing Additivity | Synergism | Antagonism (7.5.1)
Decreasing Additivity Antagonism | Synergism

However, for each non-axis ray, it still must be determined if there is a statistically
significant difference between f, and f*. In Section 7.4.2 a Wald statistic, W* was
used to simultaneously test for nonadditivity along all of the M-N non-axis rays. A similar

statistic, W* can now be applied to each of these non-axis rays individually.

For rth non-axis ray, r=N+1,....M the hypothesis of interest is H, : B, =B* or

equivalently

N
H,:B, - D a,p; =0. (7.5.2)
i=l

The expression given in the null hypothesis is the (r-N)th, r = N+1,...,M, element of the
(M-N)x1 vector, CB where C is given by (7.4.7). Since CB ~ Ny,_(B,CI(B)™C’) the rth

row of the vector Cfl is also approximately normal, i.e.,

N

Br - Zaﬁﬁi & N(ﬁr _iaﬁﬂi‘(CI(ﬁ & C')rvN.r-N]

i=1
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where (CI(B)"'C’) is the (r-N)th diagonal element of (CI(B)™'C’). The Wald Test

r=N,r-N

Statistic associated with the rth ray and its approximate distribution are therefore given by

H(E’r = iaﬁﬁi)

= ~2; r=N+1,...M. 7.5.3
N C ORI e

For studies which include more than one non-axis ray this procedure will be applied
(M-N) times. This implies the probability of incorrectly rejecting additivity along at least
one of the rays, or the probability of a type I error, will be greater than o.. In order to
insure the overall probability of a Type I error is less than or equal to & the multiple
comparison described in Section 6.3 will be applied. Once an overall additivity test has
indicated the existence of nonadditivy along at least one of the non-axis rays, these
individual Wald Tests based on W;* can be applied to determine where the deviations
occur. For the rays where nonadditivity was found the types of interaction can be
distinguished by applying (7.5.1).

To illustrate an application of these tests for deviations from additivity the two
agent simulated data discussed in Section 7.3 will be examined. To also demonstrate the

technique in higher dimensions, a 4 agent, 19 ray, simulated data set will then be analyzed.

7.5.1 Two Agent Example

Consider the two agent simulated data set described in Section 7.3. The results of
applying the three overall tests for deviations from additivity are listed in the top of Table
7.4. Clearly there is a significant interaction along at least one of the two non-axis rays.

Listed in the bottom of Table 7.4 are the estimated slope parameters under the full and



Table 7.4
Two Agent Simulated Data

Simul Tests for Deviations from Additivi
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Test j & df p-value

Likelihood Ratio Test 18.3300 2 .0001

Wald Test 10.0079 2 .0067

Score Test 12.5542 2 .0019

Test for Deviations from Additivity Along Each Nonaxi
Wald

Ray a B BA Statistic  p-value  Critical p*  Interaction
3 .67 .33 2.8937 27875 .1359 .7120 .0250
4 33 67 3.5733 22560 10376 .0013  .0500 Synergism

* Based on Multiple Testing Procedure of Hochberg (1988), Critical p = — = —
-1

i=1,2,...K where a =0.05and K =2
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additive model as well as the individual Wald additivity test results. A synergism is

indicated along ray 4. No deviation from additivity was found for ray 3.

In order to graphically summarize the results of this study the predicted dose
response relationships under the full and restricted models can be plotted for each ray
(Figure 7.2). The actual observed values can also be included to allow a graphical
assessment of the fit of the model. In agreement with the results of the goodness-of-fit test
shown in Table 7.2 (p=.5651), the fitted model appears to adequately describe the data.
The response curves predicted under additivity are plotted for the non-axis rays using a
dotted line. Synergism is indicated when the additive dose response curve is below the
curve predicted under the unrestricted model . Conversely, when the additive curve is
above the curve predicted under the unrestricted model there is evidence of an antagonistic
interaction. In Figure 7.2, both plots associated with the non-axis rays indicate a
synergism. However, when examining the closeness of the two curves in the plot
associated with ray 3, it is not surprising that no deviation from additivity was found for
this ray.

It can therefore be concluded from this two agent study that for certain regions of
the 2-dimensional dose space, specifically when the doses are in the .33 : .67 or 1:2 ratio, a
synergistic interaction occurs between the agents. When the agents are in the .67 : .33 or

2:1 ratio, there is no evidence of deviations from additivity.

7.5.2 Four Agent Example
In order to extend the illustration of these techniques to higher dimensions, a four
agent, 15 ray, data set was simulated based on the 4-dimensional dose-response

relationship
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Ray1l (1:0) Ray2 (0:1)
1 1
o
° /e
P P
0 ® 0
Total Dose Total Dose
Ray 3 (.667 :.333) Ray 4 (333 .667)
1 1
P B
9
0 0
Total Dose Total Dose
e Observed Full Expected Under
Response Model Additivity

Figure 7.2: Two Agent Simulated Data - Full Model versus Expected Under Additivity
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logit(n) = -20+2X, +5X, + 7X; +4X, +
I5X, X, +.8X X, +.65X X, -.3X, X, +.6X,X, -.5X, X, +
SX XX, +.55X X, X, —.4X X X, +.45X, X, X, +.85X X, X.X,.

The simulated data are listed in Table 7.5. The rays run through the center of each of the
dose subspaces. For example, the ray given by (.5.5 0 0) runs through the center of the
X1 X, dose space while (.25 .25 .25 .25) runs through the center of the 4 agent space.
Assume that a range finding procedure was used to determine the total doses along each of
the rays. The estimated parameters and the statistics associated with the fit of the model
are shown in Table 7.6. The results of the intercept only tests indicate at least one
nonintercept parameter is nonzero. The overall goodness-of-fit test (p-value of .7679)
implies the model adequately describes the data.
In the top of Table 7.7 the results of the overall tests for nonadditivity are given.
All three of the tests indicate there is a nonadditive interaction along at least one of the non-
axis rays. The individual Wald tests are shown in the bottom of Table 7.7. According to
the multiple comparison procedure described in Section 6.3, the results are ordered by the
size of the observed p-values. Once an observed p-value is less than the adjusted p-value,
the comparisons stop and rejection of the null hypothesis is concluded for the remaining
rays. There are clearly regions in the dose space where significant nonadditive interactions
are found. The type of interaction, however, varies.
A graphical representation of these results is given in Figure 7.3. In each plot the
observed responses and predicted response curve are shown. For each non-axis ray the
additive dose response relationship is also plotted. By examining these plots the following

conclusions about the interactions between the agents can be drawn. Synergistic
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Table 7.5

Two Agent Simulated Data

Number of Responses from 5 replications

Total Dose
Ray 0O 20 25 30 35 40 45 50 55 60 65 70 75 80 85 9 10 11 12

origin 0

1 0 0 1 3 4 5
2 0 1 5 5

3 0 0 5

4 0 1 4 5 5

5 1 0 4 5 5

6 0o 0 4 3 5 5 5

7 0O 0 2 2 4

8 o 0 0 2 5 5 5

9 0o 0 3 5 5

10 0o 0 0 3 5

11 0o 0 1 5 5

12 0o 0 0 1 5

13 o 0o 0 0 0 0 3 3 3 4 5 5 5
14 0 2 4 5 5

15 0 0 4 4 5
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Table 7.6
Four Agent Simulated Data
Analysis Results
Ray ar Parameter  Estimate Wald Statistic p-value
origin Bo -21.9163 90.6856 .0001

1 (1000) By 2.2102 84.6759 .0001
2 0100) B2 5.2972 83.0073 .0001
3 0010 B3 7.6814 82.1227 .0001
4 0001) B4 4.6226 84.6285 .0001
5 (.5.500) Bs 4.6123 84.6515 .0001
6 (50.50) Be 4.3350 84.9695 .0001
7 (.500.5) B7 4.0041 83.7230 .0001
8 0.5.50) Bg 6.1888 82.0405 .0001
9 (0.50.5) By 5.5589 83.5148 .0001
10 (00.5.5) Bio 4.9324 83.3943 .0001
11 (.33.33.330) B11 5.3025 83.0073 .0001
12 (.33.330.33) B12 4.7207 82.0842 .0001
13 (.330.33.33) B13 3.3830 86.3757 .0001
14 (0.33.33.33) B14 6.0091 81.8450 .0001
15 (.25.25.25 .25) Bis 5.5416 83.4791 .0001

Overall Goodness of Fit test (3.5.5)

x? = 45.7393 E(x2 ii) = 65.0893 v(f |B) =699.2338  p-value = .7679

Intercept Only Tests (14 degrees of freedom)

Score Test statistic =249.715  p-value = .0001

Likelihood Test statistic =418.540 p-value =.0001
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Table 7.7

Four Agent Simulated Data

Simul Tests for Deviations from Additivi

Test X df p-value

Likelihood Ratio Test 140.474 11 <.0001

Wald Test 65.9924 11 <.0001

Score Test 111.9763 11 <.0001

Test fi viati itivi n h Non-axi
Wald Type of

Ray a B B Statistic  p-value Critical p* Interaction
14 (0.3333.33) 6009 581 .4360 .5091  .0045
8 0.5.50 6.189 6.489 1.595 .2066 .0050
11 (.33.330.33) 5.303 5.058 1.671 .1961 .0056
9 0.50.5 5.559 4960 8.552 .0035 .0063 Synergism
15 (.25 .25 .25 .25) 5.542 4.953 8.999 .0027 Synergism
6 (.50.50) 4.335 4.9456 15.356 <.0001 Antagonism
T (.500.5) 4004 3.416 16.847 <.0001 Synergism
12 (.33.330.33) 4.721 4.039 17.206 <.0001 Synergism
5 (.5.500) 4612 3.754 27.606 <.0001 Synergism
10 00.5.5) 4932 6.152 45.766 <.0001 Antagonism
13 (.330.33.33) 3.383 4933 111.815 <.0001 Antagonism
* Based on Multiple Testing Procedure of Hochberg (1988), Critical p = — _O; —:

i=1,2,..,.K where  =0.05and K =11
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Ray =1 Ray =2 Ray =3 . Ray = 4
/
Ray=5 Ray=6 Ray=7 Ray=8 .
Ray=9 Ray = 10
Ray=11 Ray =12 Ray =13 ) Ray = 14
Hay=15. .
— fduuodel _ MUM&

Figure 7.3: Four Agent Simulated Data - Full Model versus Expected

Under Additvity
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interactions are indicated between the pairs X; and X5, X, and X4 and between X, and

X4. In contrast antagonisms are indicated between X; and X3, and X3 and X4. The
synergistic interaction between X and X»is no longer present when an equal dose of X3 is
added (ray 11). When X4 is added to X; and X5, however, a synergism is still found.
The synergistic interaction between X1 and Xy is changed to an antagonism when X3 is
added. The antagonisms between X and X3, and between X3 and X4 are maintained
when all three agents are combined. When all four agents are combined, however, the
antagonistic interactions disappear and a synergistic interaction is found.

In this 4-dimensional example the rays were chosen to span the entire four agent
dose space. In this way, information about the interactions between the agents taken two at
time, three at a time, and then all together could be obtained. A different set of non-axis
rays may be more appropriate, however, if the investigator was primarily interested in
examining a particular region of the dose space. This example however, clearly illustrates
the flexibility of the use of a ray design in determining a variety of nonadditive interactions
throughout a dose space.

In earlier chapters it was noted that the focus of many studies of this kind was on a
particular fixed level of the response, i.e., isobols at say p=0.5. In the next section,
higher dimensional graphical displays of isobolograms, based on a ray designed

experiment will be discussed.

7.6 Isobolograms for an N Agent Ray Designed Experiment

Recall the two agent isobologram for a fixed response, T, is a plot of the line of
additivity in conjunction with a set of dose combinations that yield the response n. If a
dose combination lies below the line of additivity a synergism is indicated. Conversely, if

the dose combination lies above the line of additivity there is evidence of an antagonism.
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In order to apply this type of plotting technique in a ray designed experiment the

effective total doses along the rth ray, denoted by EDT (n),r = 1,2,...M, can be

determined. Based on the model given in (7.2.4) these values are given by

EDT.(n) =m“([§LB°; r=1,2,...M. (7.6.1)

r

In a similar way, by applying (7.4.3), the effective total doses under the assumption of
additivity, EDT* (=), can be detennich. Using (7.2.2) the dose levels for each agent
corresponding to this total dose can be determined.

For the two-agent simulated experiment discussed, in Section 7.3, an isobologram
is plotted in the Euclidean plane for © =0.5. The predicted dose combinations that yield
0.5 are plotted along each ray with dots. As usual, connecting the two effective doses
associated with each agent alone gives the line of additivity. The stars represent the dose
combinations predicted under additivity. These points are simply the intersections of the
rays with the line of additivity. Along both rays synergism is indicated since along each
ray the predicted dose combinations are below the line of additivity. Along ray 3,
however, the estimated dose combination is relatively close to the line of additivity. This is
in agreement with the failure to detect an interaction along this ray.

An alternative representation of this plot, the parallel isobologram, is shown in
Figure 7.5. Here each ray is plotted in a parallel fashion. The ratios associated with each
ray are listed above the ray to indicate where in the dose-space the ray is located. The
estimated total doses that yield the fixed response are plotted using dots. The total dose
predicted under the assumption of additivity are plotted using a star. If the unrestricted
predicted total dose is below the total dose predicted under additivity, a synergism is

indicated. Conversely, if the unrestricted predicted point is above the additive predicted



194
Ray 2
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Ray 4

Ray 3

. D Ray 1
=D, (5,

® Total Dose Under Full Model
% Total Dose Under Additivity

Figure 7.4: Isobologram (n=0.5) for Two Agent Simulated Data
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Dose 3 ¢ Total Dose Under Full Model
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1
3 4
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Ray

Figure 7.5: Parallel Isobologram (n=0.5) for Two Agent Simulated Data



196
point, there is evidence of an antagonism. The non-significance of the synergistic

interaction for Ray 3 is again noted by the closeness of the two points along this ray.

This second plotting technique can be extended to studies with any number of
agents. In Figure 7.6 for m = 0.5 the values of EDT, (n) and EDT”(n), r=5.,6....,15, are
plotted for the 4 agent simulated data presented in Section 7.5. In this plot the rays are
ordered by the observed p-values associated with the test for nonadditivity based on WA,
Alternative orderings of the rays, i.e., by types of interactions, may be more appropriate
depending on the particular study. For this example, the plot clearly indicates at the 50%
response level there are areas of the dose space where the agents are interacting

synergistically and other areas where there is antagonism.

7.7 Summary
In this chapter methods for analyzing dose-response experimental data based on a
ray design were presented. There are several advantages of this approach over an analysis
based on response surface techniques where data are collected according to a factorial
design. Here, if the investigator is interested only in a sub region of the N-dimensional
dose space, data can be collected over as few as one non-axis ray. Alternatively, rays can
be placed in several disjoint regions of the dose space. In both cases the actual number of
observations may be much smaller than needed for a factorial design. For example, 426
observations were used in the simulated 8-dimensional data discussed in Section 7.7. In
contrast, if a factorial design were used with 3 levels taken for each agent, 3* = 6561
observations would be taken. Even if a fraction of a factorial design was considered it is
apparent that the ray design in a higher dimensional experiment may be cost effective.
It was also demonstrated in Chapter 5 that an isobologram, useful in a two agent
dose-response surface analysis, is not adaptable to higher dimensional studies. Since the

independent variable for these experiments is the 1-dimensional total dose rather than an
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N-dimensional vector of doses, several easy to interpret graphical techniques can be

applied. Plotting the total dose against the fitted and observed data in an array of pairwise
plots allows a visual assessment of the fit of the model. When the plot of the predicted
dose-response curve under additivity is also plotted, the types of interactions that the model
suggests can be visualized. The analyst does not need to study the set of parameter
estimates in order to determine the character of the interactions. In addition, a parallel
isobologram for a fixed response can be plotted. Here, along each ray, the predicted
effective total doses under the fitted model and under additivity can be plotted. Again the

types of interactions along each ray, at a fixed response of interest, can be easily observed.



Chapter 8

Extensions and Summary Comments

8.1 Extensions

Several extensions can be made to the methods described in this dissertation for
detecting and characterizing interactions. The dose-response relationships assumed in
Chapters 7 were based on the logistic model. Here the dose-response curve along the rth
ray is expressed as a linear function of the logit of the response, i.e.,
logit[P(t;B)] =B, +B,t. Recall in Result 5.2.2 it was shown that this function is
symmetric about t = 0.5. This constraint may, in fact, make it difficult to fit certain dose-
response curves. For example, the rate of increase of a particular dose-response curve may
be smaller for value of t > EDT,(0.5) than for t <EDT, (0.5). The methods described in
Chapter 7 can, however, be generalized to other transformations of the response besides
the logit. Based on the generalized linear model (McCullagh and Nelder, 1989), a
transformation of the response, or link, is written as a linear function of the doses. Various
forms for this link function, including the logit, can be examined to determine which most
adequately describes the data. Other forms for the dose-response model, such as the
median effect equation given in (4.6.6), can be studied as well.

In order to generalize the methods of Chapter 7, models that account for extra
variability in the data can also be considered. These models would be applicable when
certain additional effects, such as litter, need be considered. As noted in Chapter 3, it was
assumed that the variability in the data at each dose combination could be described by a

199
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binomial distribution. This can be generalized to a beta-binomial distribution. In addition,

the Quasi-likelihood approach, which further relaxes the distributional assumptions, can be
considered.

Lastly, properties of the ray design can be examined to determine, along each ray,
optimal levels of the total dose to consider in the experiment. For the examples described
in this dissertation, it was assumed that the experimenter possessed prior knowledge of the
dose-response surface sufficient to determine a range of total doses to examine along a ray.
The development of two stage experimental designs could be useful in situations where

there is insufficient prior knowledge.

8.2 Summary Comments

The principal goal of this research was to derive methods for detecting and
characterizing interactions in a study of a large number of agents. Analytic and graphical
methods were considered. A summary of the new research presented in this dissertation is
given below.

In Chapter 2, new plotting techniques useful in higher dimensional spaces were
described and their usefulness illustrated in a repeated measures analysis. Specifically, it
was shown that through the use of a parallel axis plotting system as well as a draftman's
display of pair-wise plots, properties of higher dimensional data could be determined.

In Chapters 3 through 7, methods of detecting and characterizing interactions
between any number of agents were considered. Well known properties of the logistic
model, which was used to describe the dose-response relationships in this dissertation,
were described in Chapter 3. In order to describe how the agents interact, several
definitions and derivations were given in Chapter 4. This chapter summarized the results
and assumptions previously made in an ad hoc, inconsistent manner throughout the

literature on the subject. In Chapter 5, a technique for detecting and characterizing
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interactions based on dose-response modeling was described. New graphical methods

were developed in this chapter which were shown to be useful in interpreting the fitted
model when a large number of agents are considered. In Chapter 6, it was also shown that
certain properties of the logistic dose-response surface used in Chapter 5 are not applicable
when a model is fit in terms of certain transformations for the doses. A new point-wise test
to detect deviations from additivity was then derived which can be applied to studies of any
number of agents. Lastly, in this research a method of detecting and characterizing
interactions based on dose combinations that satisfy fixed ratios was derived and is
described in Chapter 7. This technique was shown to be applicable to studies of a large
number of agents. Several new graphical tools were introduced in this Chapter to assist in

interpreting the fitted model.
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Parallel Axis Plotting Program
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/* */
/* This SAS program plots points in two parallel axis plots. vy
/* The first plot are points that satisify synergism and thesecond plot are points o 4
/* that indicate antagonism. */
/* User defines model and ranges of values they wish to examine in first data step. */
/* Uses Proc Greplay to display both parallel axis plots on same page.. */
i *f

[k kR sk ok ok ko o o sk ok ook koo o sk ok ook koo ok o o ko ok sk o e o e ok sk sk sk e ko
Johscsps (figure58,,portrait);

/* format the labels for the parallel axes */

proc format;

value xfmt 0="X1' 1="X2' 2="X3' 3="X4';

/* generate two data sets: syn and ant, which contain points that satisfy synergism */
/* and antagonism respectively. */

data syn ant;
b0=-20; bl=2; b2=>5; b3=7; b4=4;
b12=.73; b13=.8; b14=.65; b23=-.3; b24=.6; b34=-.5;
b123=.5; b124=.55;  bl34=-4; b234=45;
b1234=.85;

do x1=.5t0 2.5 by .5;
do x2=.5to 2.5 by .5;
do x3=.5t0 2.5 by .5;
do x4=.5 to 2.5 by .5;
Ipa=b0+b1*x1+b2*x2+b3*x3+b4*x4;
Ip=lpa+b12*x1*x2+b13*x1*x3+b14*x1*x4+b23*x2*x3+
b24*x2*x4+b34*x3*x4+b123*x1*x2*x3+
b124*x1*x2*x4+b134*x1*x3*x4+b234*x2*x3*x4+
b1234*x1*x2*x3*x4;
if Ip>lpa then output syn;
else if Ip<lpa then output ant;
end;
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end;
end;
end;

/* draw the line segments in the parallel axis system that represent the higher
/* dimensional synergistic points.

data picsyn;
set syn;
length function $ 8.; xsys="2"; ysys="2";
function="move';y=x1;x=0;output;
function='draw';y=x2;x=1;output;
function='draw';y=x3;x=2;output;
function='draw';y=x4;x=3;output;

/* draw the line segments in the parallel axis system that represent the higher
/* dimensional antagonistic points.

data picant;
set ant;
length function § 8.; xsys="2"; ysys="2";
function="move";y=x1;x=0;0utput;
function='draw';y=x2;x=1;output;
function='draw';y=x3;x=2;output;
function="draw';y=x4;x=3;output;

/* Sets up a frame in which to draw the parallel axes. x=0 to 3 for the four
/* dimensional parallel axes. y=0 to 2.5 are possible values that each x1,x2,x3,x4
/* can assume.

data frame;
do x=0 to 3;
do y=01t0 2.5;
output;
end;
end;
format x xfmt.;

axis1 label=none value=(height=.5 in) order=0 to 3 by 1 minor=none major=none;
axis2 order=0 to 2.5 by .5 minor=none major=none label=none value=none;
titlel ' ";

proc gplot data=frame annotate=picsyn gout=fig;
plot y*x/haxis=axis1 href=0 1 2 3 4 vaxis=axis2;
proc gplot data=frame annotate=picant gout=fig;
plot y*x/haxis=axis1 href=0 1 2 3 4 vaxis=axis2;

proc greplay nofs;
igout fig;
tc template;
tdef 2x1 1/ lx=20 wulx=20 Irx=80 urx=80
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lly=55 uly=80 Iry=55 ury=_80;
tdef 2x1 2/ lx=20 ulx=20 Irx=80 urx=80
lly=20 uly=45 Iry=20 ury=45;
tempate t2x1;
tplay 1:1 2:2;
quit;
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[*

/* This SAS program calculates the statistics used in the Interaction Index Test.
/* User inputs the data and programs any transformations of the doses needed.
/* User must also determine and program the functions defined by the Delta

Appendix B

Interaction Index Test

/* Method. Analysis is described in Chapter 6.

[*

*
*
*
o |
*
*

[k ks ks ok sk sk ook koo koot sk sk o sk ok ok ok ok koo koo okl ok ok

title 'log10 (dose+1)';

data rawdat;
input x1 x2 rn;

pobs=r/n;
Ix1=logl0(x1+1);
Ix2=log10(x2+1);

cards;

NMoooOoOOoOOoO

25

280
565
1420
285
260
215
175
130
85

030
110
210
310
410
710
910
010
010
410
410
410
710
510
510
410
310
910
610
710
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proc print data=rawdat;
title2 'Observed Data';

/* data set which contains the combination points (combo) and another data set which */
/* contains the axes data */

data combo axes;
set rawdat;
if x1=0 or x2=0 then output axes;
else output combo;

/* determine the common intercept parameter and the slope parameters for each single */
/* agent dose-response curve. use the covout option to create a data set that contains ~ */
/* the parameter estimates and the var-cov matrix for these estimates. ¥/

proc logistic data=axes covout out=varcov;
model r/n=Ix1 1x2/covb;
output out=pred p=phat;

proc print data=pred;

title2 'Predicted Values';

/* create data sets that contain the parameter estimates and the var-cov matrix for */
/* the parameter estimates from output from proc logistic. ¥/
data betas varcov,

set varcov;

if _n_=1 then output betas;
else output varcov;
drop _link_ _type_ _name_ _Inlike_;

proc iml;
start main;
use betas;
read all into beta;
bO=beta[1,1]; bl=beta[l1,2]; b2=beta[1,3];

use varcov;
read all into varcov;

use combo;
read all var {Ix1 1x2} into Ix;

ten=j(nrow(lx),ncol(lx),10);
one=j(nrow(Ix),1,1);
log10=j(nrow(Ix),1,log(10));
x=(ten##lx)-1;

read all var {pobs} into pobs;
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Ipobs=log(pobs/(1-pobs));
edl=ten[,1]##((Ipobs-b0)/b1)-1;
ed2=ten[,1]##((Ipobs-b0)/b2)-1;

ii=x[,1]/ed1 + x[,2]/ed2;

phiO=log10#(((ed1+one)#x[,1])/(b1#ed1##2)+((ed2+one)#x[,2])/(b2#ed2##2));
phil=log10#(((ed1+one)#x[,1]#1x[,1])/(bl#ed1##2));
phi2=log10#(((ed2+one)#x[,2]#1x[,2])/(b2#ed2##2));

phi=phiOllphi1liphi2;

vars=diag(phi*varcov*T(phi))[,+];
wald=(1-1i)#(1-1i)/(vars);
pval=1-probchi(wald,1);

n=j(nrow(x),1,nrow(x));

ans=xlIpobslled1lled2lhillwaldlipvallln;
c={"x1",'x2","pobs’,'ed1','ed2','ii','wald','pval’,'n'};
create ans from ans[colname=c];

append from ans;

finish main;

run main;

proc sort data=ans;
by descending pval;

/* print results using Hochberg (1988) method for adjusting for multiple testing "

data ans;
set ans;
retain j done 1;
length intact $10.;
cut=.05/(n-j+1)*done;
if ii<1 then intact="Synergism',;
else if ii>1 then intact="Antagonism';
else intact="Additivity";
=it
proc print;
var x1 x2 pobs ed1 ed2 ii intact wald pval cut;
title2 'Analysis Results';
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Ray Design Analysis
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[*

/* This program performs the analysis of the ray designed data. The example is

/* described in Section 7.5.

/* User must input the ratios for each ray included in the study as well as the observed
/* data along each ray. This program then deteremines the maximum likelihood

/* estimates for the parameters, as well as a goodness-of-fit test.

/* Likelihood ratio, Wald and Score tests are used to determine if nonadditivity is

/* indicated along at least one nonaxis ray. Individual tests for nonadditivity are also
/* conducted along each nonaxis ray. A multiple testing adjustment is made using

/* Hochberg's procedure.

;*

/* Assume there are M rays, N agents, G observations in form r and n where n is
/* is the number of replications and r is the number of successes.

/*

*/
*/
*/
*
o 4
*
o |
*/
b |
*
*/
" 4
¥
¥
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libname save 'UD$VPH:[DAWSON.CHAPTERT7]';
titlel '15 Ray - 4 Agent Analysis';

/* input the ratios, which sum to 1 which define each ray including the axis rays

data design;

cards;

— = = D 00 =] NN BB
-0 o me
LDWounPouee
Ww, =r CD‘U,'OQ'—‘O
W Yoo
LWL O =

) LI

Sy

)
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W
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put ray al a2 a3 a4;



13.333 0.333.333
14 0 .333 .333 .333
15.25..25 25 .25

»

/* data set contains x1 x2 x3 x4 rayrn

proc print data=save.data4;
title2 'Observed Data';

/* generate input for proc logistic
/* N+1 columns of total doses and last two columns r and n
/* G rows - one for each unique dose combination including origin

data raydat;
set save.data4;
total=x1+x2+x3+x4;
r0=1; r1=0; r2=0; r3=0; r4=0; r5=0; r6=0; r7=0; r8=0; r9=0;
r10=0; r11=0; r12=0; r13=0; r14=0; r15=0;
if ray=1 then rl=total;
else if ray=2 then r2=total;
else if ray=3 then r3=total;
else if ray=4 then r4=total;
else if ray=5 then rS=total;
else if ray=6 then rb6=total;
else if ray=7 then r7=total;
else if ray=8 then r8=total;
else if ray=9 then r9=total;
else if ray=10 then r10=total;
else if ray=11 then rl1=total;
else if ray=12 then r12=total;
else if ray=13 then r13=total;
else if ray=14 then r14=total,
else if ray=15 then r15=total;
keeprOrl r2r3r4 r5r617 r8 9110111 r12 r13 r14 rlS rn total ray;

proc logistic out=varcov data=raydat covout maxiter=100;
model t/n=r1 r2r3r4r5r6r7r8 9r10rll r12r13rl14rl5;
output out=pred p=phat,

/* total dose matrix

data x;
set pred;
drop r n phat total ray;

data beta varcov;
set varcov,
if _n_ =1 then output beta;
else output varcov;
drop _link_ _type_ _name_ _Inlike_;

*

*/
*
*

*/
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/* calculate overall Wald test for nonadditivity */
/* calculate Wald Statistics to test for nonadditivity along each nonaxis ray. *

title3 'Wald Statistics";

proc iml;
start main;

use beta;

read all into temp;
beta=T(temp);
m=nrow(beta)-1;

use design;

read all into temp2;
design=temp2[,2:ncol(temp2)];
n=ncol(design);

use varcov;
read all into varcov;

c=j(m-n,m+1,0);
c[,2:n+1]=(-1)#design[n+1:m,];
c[,n+2:m+1]=I(m-n);

restrict=c*beta;

wald=t(restrict)*(inv(c*varcov*t(c)))*(restrict);

df=m-n;

pval=1-probchi(wald,df);

print 'Overall Wald Test for Nonadditivity: ' wald ' df:'df'  p-value: ' pval;

start loop;

do i=1 to m-n;
ray=n+i;
waldi=(restrict[i,1]**2)*(inv(c*varcov*t(c)))[i,i];
pval=1-probchi(waldi,1);
betai=beta[n+1+i,1];
betaai=betai-restrict[i,1];
outtemp=raylim-nlibetaillbetaaillwaldillpval;
outx=outx//outtemp;

end;

finish loop;

run loop;

c={'ray','num’,'beta’,'betaa’,'wald’,'pval'};

create waldrays from outx[colname=c];

append from outx;

finish main;

run;



/* Use Hochberg multiple testing correction.

proc sort data=waldrays;
by descending pval;
title4 "Wald Test on Each Ray';
data waldrays;
set waldrays;
retain j 1;
len gth intact $10.;
cut=. 05!(num—1+1)*donc;
if beta>betaa then intact='Synergism';
else intact="Antagonism’,
=it
proc print;
var ray beta betaa intact wald pval cut;

/* Goodness-of-fit test described in Chapter 3

title3 'Goodness-of-Fit';
proc iml;
start main;

use x;
read all into x;

G=nrow(x);
/* ppl = number of parameters
ppl=ncol(x);

use pred;
read all var {phat r n} into phat;

use varcov;
read all into iinv;

V=x*iinv*T(x);

t1=0; 12=0; t3=0; t4=0;
chisq=0;
start loop;

doi=1to g;

phati=phat[i,1]; yi=phat[i,2]; ni=phat[i,3];

chisq=chisq+(yi-ni*phati)**2/
(ni*phati*(1-phati));
t1=t1+(1-6*phati*(1-phati))*V[i,i];
t3=t3+(ni-1)/ni;
start loop2;
doj=ito g;
phatj=phat[j,1];
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t2=t2+ ni*phati*(1-phati)*(1-2*phati)*
v[L,i]*v[i,j]*(1-2*phatj);
t¢‘11=t4+(1-Z*phati)*(1—2*phatj)*v[i,j];
end;
finish loop2;
run loop2;

end;

ex=g-ppl-.5*tl +.5*12;

vx=(1-ppl/g)*(2*t3+t4);

z=(chisg-ex)/sqrt(vx);

pval=1-probnorm(z);

df=g-ppl; o

pvalold=1-probchi(chisq,df);
finish loop;
run loop;
finish main;
run main;
print '‘Goodness-of-fit: McCullagh and Nelder, p.122";
print chisq df ex vx z pval;
print 'Usual Pearson goodness-of-fit ' pvalold;

/* individual goodness-of-fit statistics by observation */

data goodfit;
set pred;
chisqi=(r-n*phat)/sqrt(n*phat*(1-phat));
if r=0 then
di=sqrt(-2*n*log(1-phat));
else if r=n then
di=sqrt(-2*n*log(phat));
else do;
pi=1/n;
Ipi=log(pi/(1-pi));
Iphat=log(phat/(1-phat));
di= sqrt(-r*Iphat-n*log(1-phat) + r*Ipi+n*log(1-pi));
if pi<phat then di=-sqrt(2)*di;
else di=sqrt(2)*di;
end;
keep r n phat chisqi di;
proc print;
title3 'By Observation Goodness of Fit';
run;

/* Overall Score test for nonadditivity */
title2 'Scores';
data rawadd;

set save.data4;
x0=1;



keep x0 x1 x2 x3 x4 rn;

proc logistic out=varcov2 data=rawadd covout maxiter=100;
model r/n=x0 x1 x2 x3 x4/noint;
output out=pred2 p=phata;

data x2;
set pred2;
drop r n phata;

data beta2;
set varcov2;
if _n_=1;
drop _link_

data varcov2;
set varcov2;
if _n_>1;
drop _link_ _type_ _name_ _Inlike_;

run;

name_ _Inlike_;

proc iml;

start;

use beta2;

read all into betas;
bO=betas[1,1];

use pred2;

read all var {r} intor;

read all var {n} into ni;

read all var {phata} into phat;

use X;
read all into x;

/* t is the g x m matrix of total doses
t=x[1:nrow(x),2:ncol(x)];

g=nrow(t);
m=ncol(t);
n=ncol(betas)-1;

temp=r-ni#phat;

temp2=j(nrow(t),ncol(t),0);

start loop;

do i=1 to ncol(t);
temp2[,i]=temp;

end;

finish loop;

run loop;

scores=j(m+1,1,0);
scores[2:m+1,1]=T((t#temp2)[+,]);

*/
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scores[1,1]=scores[+,1];

temp=ni#phat#(1-phat);

temp2=j(nrow(t),ncol(t),0);

start loop2;

do i=1 to ncol(t);
temp2[,i]=temp;

end;

finish loop2;

run loop2;

ioj=(t#temp2)[+,];
ijj=(t#t#temp2)[+,];

i=j(m+1,m+1,0);
i[1,1]=exp(-b0)/((1+exp(-b0))**2);
i[1,2:m+1]=io0j;

i[2:m+1,1]=T(0j);
i[2:m+1,2:m+1]=diag(ijj);

iinv=inv(i);

s=T(scores)*Inv(i)*scores;

df=m-n;

pval=1-probchi(s,df);

print 'Score Statistic 's ' df: 'df ' pval: ' pval;
finish;

run;
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