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ABSTRACT

Discrete Nonlinear Planar Systems and Applications to Biological Population
Models

by
Nika Lazaryan
A dissertation submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy at Virginia Commonwealth University

Chair: Dr. Hassan Sedaghat

We study planar systems of difference equations and their applications to biolog-
ical models of species populations. Central to the analysis of this study is the idea of
folding - the method of transforming systems of difference equations into higher order
scalar difference equations. For example, a planar system is transformed into a core
second order difference equation and a passive non-dynamic equation. Two classes of

second order equations are studied in detail: quadratic fractional and exponential.

In the study of the quadratic fractional equation, we investigate the boundedness
and persistence of solutions, the global stability of the positive fixed point and the oc-
currence of periodic solutions with non-negative parameters and initial values. These
results are then applied to a class of linear/rational systems of difference equations

that can be transformed into a quadratic fractional second order difference equation
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via folding. These results apply to systems with negative parameters, instances not
commonly considered in previous studies. Using the idea of folding, we also identify
ranges of parameter values that provide sufficient conditions on existence of chaotic,

as well as multiple stable orbits of different periods for the planar system.

We also study a second order exponential difference equation with time varying
parameters. We obtain sufficient conditions for boundedness of solutions and global
convergence to zero. For the special, autonomous case (with constant parameters), we
show occurrence of multistable periodic and nonperiodic orbits. For the case where
parameters are periodic, we show that the nature of the solutions differs significantly

depending on whether the period of the parameters is even or odd.

The above results are applied to biological models of populations. We investigate
a broad class of planar systems that arise in the study of so-called stage-structured
(adult-juvenile) single species populations, with and without time-varying parame-
ters. In some cases, these systems are of the rational sort (e.g. the Beverton-Holt
type), while in other cases the systems involve the exponential (or Ricker) function. In
biological contexts, these results include conditions that imply extinction or survival
of the species in some balanced form, as well as possible occurrence of complex and
chaotic behavior. Special rational and exponential cases of the model are considered
where we explore the role of inter-stage competition, restocking strategies, as well as

seasonal fluctuations in the vital rates.
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CHAPTER I

Introduction and Preliminaries

Difference equations, in the form of recursions and finite differences have appeared
in variety of contexts from early days of mathematics, one such instance being the
Fibonacci numbers. The development of differential and integral calculus was made
possible with the concept of limits of finite differences and sums. In numerical anal-
ysis, finite differences have been used for obtaining numerical solutions to differential
equations. Difference equations often appear as discrete analogs of differential equa-

tions and have many applications in natural and social sciences.

In the last few decades, difference equations have gained increasing interest on
their own and have been studied as an independent field. Current studies of differ-
ence equations concern not only topological properties and asymptotic behavior of
the solutions, but also rigorous treatment of these equations as objects or constructs
of their own merit (for example, see [83]). Advances in difference equations have led
to the development of a variety methods and techniques concerning the analysis of

scalar as well as higher dimensional systems of difference equations (see [33], [81]).

In this thesis, we study certain broad classes of planar systems with applications

to biological models of species populations. Central to the analysis of these systems



is the idea of folding - a procedure that relates the study of planar systems to cor-
responding second order equations. A standard technique for analyzing kth order
difference (and differential) equations is to “unfold” the equation into k first order
equations and study the resulting system. For certain systems, one may also apply
the reverse process, by “folding” them into higher order scalar equations. While this
method has not been widely applied to the study of difference equations, it has been
used before, under different names, in applications. For example, folding linear sys-
tems in both continuous and discrete time is seen in control theory (see for example
8], [33], [55]). In this framework, the controllability canonical form is the folding:
using standard algebraic methods, a completely controllable system is found to be
equivalent to a linear equation whose order equals the rank of the controllability
matrix. In addition, this method is used in [31] and [66] in a study of a variety of
nonlinear differential systems displaying chaotic behavior. Here these systems are
studied and classified by converting them to ordinary differential equations of order

3 that are defined by jerk functions. Among those are the well-known systems of

Lorenz ([70]) and Rossler ([78]).

More recently, the ideas found in control theory and chaotic differential systems
have been generalized in a systematic study of the folding of systems in [80], [87].
The work in [80] and [87] extends the method in a more general sense by developing
an explicit algorithm that folds systems into equations. This is done by starting with
a system and deriving a higher order equation through a sequence of inversions and
substitutions together with index shifts for difference equations or higher derivatives
for differential ones. The algorithmic approach allows one to apply the method to
both difference and differential systems, whether they are autonomous or not. One
possible advantage of the folding lies in the fact that in many instances, the folding

can reduce the underlying system into a higher order equation that is more tractable



or has been previously well explored. Hence the potential applicability of the method
is manifold and can be employed in variety of mathematical, biological, physical sys-

tems, and other areas, such as probability, finance and economics.

We apply the method of folding to rational and exponential planar systems and
study these systems through resulting scalar second order rational and exponential
difference equations. The choice of these systems is twofold. First, rational and ex-
ponential systems and equations have gained great interest in the field of difference
equations and have generated numerous studies (see [4], [5], [6], [9], [15], [17], [51],
[79], [84] and references thereof). Second, these systems appear in applications to
biological models of species populations (for example, see [3], [40], [45], [46], [75],
[92]). Difference equations have been used in increasing frequency in biological mod-
els, since discrete systems may be more convenient in modeling biological phenomena,
as they are computationally efficient (see, for example, [67], [89] and [91]). Systems
of difference equations are used to model interactions of species, as seen in predator-
prey, cooperative or competitive models, which are captured by systems of higher
dimensions ([44], [88], [90]). Among many known discrete population models are
Beverton-Holt ([12]), Pielou ([75]) and Ricker ([77]) equations. More recent examples

of population models can be found in [20], [36] and [49].

The current work is organized as follows. In the rest of this chapter, we introduce
the method of folding, together with preliminary concepts, definitions and results rel-
evant to the study of difference equations. Since our study of planar systems relies, to
a great extent, on an underlying second order difference equation, Chapters 2 and 3
investigate certain classes of rational and exponential second order equations. Besides
their applicability to planar systems, the results of these chapters are self-contained

and in the context of higher order scalar equations are of mathematical interest in



their own right.

In Chapter 2, we study a second order quadratic fractional difference equation.
We establish existence and boundedness of solutions, local and global stability of fixed
points as well as occurrence of periodic orbits under relatively standard assumptions
on parameter values. The results obtained in Chapter 2 are then applied to the study
of a class of linear/rational planar systems considered in Chapter 4, many special
cases of which can be found in a number of population models in biology. Folding
also helps extend the results obtained in Chapter 2 to cases of the linear rational
system where some of the parameters are allowed to be negative. Using the fold-
ing, we then identify a different set of parameter ranges and cases where the system
exhibits chaotic behavior. The significance of these findings is twofold: Studies of
planar systems are typically limited to assuming nonnegative parameter values, since
in the presence of negative values for (some) parameters, issues such as existence of
iterates become a nontrivial matter. Furthermore, prior studies of linear-fractional
equations and systems have not been focused on demonstrating the occurrence of

chaos or coexisting cycles.

In Chapter 3, a second order exponential equation in studied. Several sufficient
conditions are obtained for boundedness and convergence of solutions to zero for the
general nonautonomous equation. Occurrence of multistable periodic and chaotic so-
lutions of the equations is explored for special cases with constant, as well as periodic

parameters.

The results obtained in Chapters 2 and 3 are then applied to the study of bio-
logical models considered in Chapter 5. We begin with a general matrix model of

stage-structured populations, where the members of a population are differentiated



by age, between adult (reproducing) and juvenile (non-reproducing) members. Sev-
eral results are derived that relate to the extinction of species both for autonomous
and nonautonomous, as well as density dependent matrix models. Special cases of the
model are then considered, to explore the role of intra-species competition, restocking

strategies, as well as periodic or seasonal variations in vital rates.

1.1 Difference equations and maps

In the following sections, we introduce some preliminary concepts, definitions and
results related to the study of difference equations. Unless otherwise indicated, these

results are drawn from texts of [32], [33] and [81].

A k-th order difference equation on a metric space (X, d) is defined by

Tnt+1 = F(n, TpyTp—1,""" 7'rn*k+1) (11)

where F' : N x D — X is a given function, N is the set of non-negative integers, X is
aset and D C X x X x --- x X = X¥_ The solution of (1.1) obtained from initial
point (zg,x_1,- -+ ,T_k4+1) is a sequence {z,} € X such that z,, satisfies (1.1) for all
n > 0. An initial point (xo,z_1, - ,2_g41) generates a (forward) solution {z,} by

iteration of the function

(nawnvxn—la te 'In—k—‘rl) - F(naxnaxn—h o 'In—k+1) NxD— X.

so long as each iterate x,, stays in D. When the function F' does not depend on the

index n, the difference equation in (1.1) is autonomous, i.e.

Ty = F(xna Tp—1,-"" In—k+1) (12)



Otherwise, it is nonautonomous. Solutions of (1.1) or (1.2) are also called orbits

or trajectories.

1.2 First order autonomous difference equations

The equation

Tpy1 = F(zy,) (1.3)

is an example of a first order difference equation, where F': D — X is a map from a
subset D C X of a metric space X. The solutions of (1.3) from initial point z¢ € D

are generated by

x, = F"(zg) for n >0
where F" = F o Flo---0 F is the composition of F' with itself n times.

Definition 1.1. The set S C D is called an invariant set if F'(S) C S, i.e. for all

initial values xy € S, z,, = F™(xo) € S for all n > 0.
Definition 1.2. A point Z € D is an equilibrium point of (1.3) if it is a fixed point
of F, ie.

T = F(z) (1.4)
In other words, x,, = & for all n > 0, or Z is a constant solution of (1.3) .

Definition 1.3. A fixed point Z of (1.3) is stable, if given € > 0, there exists a § > 0

such that for initial point x¢ € D

d(F"(xz9),z) < € for all n >0 whenever d(xy,z) < 4§



The fixed point Z is unstable if it is not stable.

Intuitively, if a fixed point is stable, then the iterates obtained from initial points

that are close enough to the fixed point will stay sufficiently close to it.

Definition 1.4. The fixed point Z of (1.3) is attracting if there is a set S C D such

that for all initial points zy € S

lim z, =%
n—oo

If S = D, then 7 is globally attracting.

Definition 1.5. The difference equation in (1.3) has a periodic solution of period p,

if there is a positive integer p such that

Tntp = Ty, forall n >0

A solution {z,} € X of (1.3) is periodic with prime period p, if it is periodic with
period p and p is the least integer for which z,, = x, for all n > 0. A point s € D
is a p-periodic point of the map F' if there is a positive integer p such that F?(s) = s.
The orbit of a p-periodic point s of F' is the set {s, F(s), -+, FP71(s)}, also referred
to as a p-cycle of F. A point y € D is eventually p-periodic, if there exists a positive
integer k such that F*(y) = s and F**"?(y) = s for all n > 0.

The stability of a p-periodic solution, or a p-cycle, can then be determined via the
composite map FP. We say that the solutions of (1.3) converge to a p-cycle, if F? has

a fixed point that is attracting.

We next define several concepts, in order to characterize maps that are referred
to as "chaotic.” These are maps whose iterates behave in an unpredictable manner.
Several definitions of chaos exist in literature. We discuss two of these definitions
(see [28] and [65]). A more familiar definition of chaos in literature, in the sense of

Li-Yorke ([65]), can be given as follows:



Definition 1.6. (Li-Yorke chaos) Let F), : (X,d) — (X, d) be functions on a metric
space and define F} = F,,0F,,_j0---0Fp, i.e. the composition of maps Fy through F),.
The nonautonomous system (X, F},) is chaotic if there is an uncountable set S C X

(the scrambled set) such that for every pair of points x,y € S

limsup d(Fy'(z), Fi'(y)) > 0 and liminf d(F(x), Fy'(y)) =0

n—o00 n—oQ

Theorem 1.7. (Li-Yorke) Let I be an interval and let the map F' : I — I be
continuous. Assume that there is a point a € I for which the points b = F(a),

c= F?(a) and d = F3(a) satisfy

d<a<b<c or d>a>b>c

Then

1. for every integer k > 0, there is a periodic point in I having period k.

2. there is an uncountable set S C I, containing no periodic points, which satisfies

the following conditions:

(i) For every z,y € S with x # y

lim sup d(Fg'(x), F5'(y)) > 0 and liminf d(Fg'(z), F5'(y)) = 0

n—00 n—oo

(ii) For every z € S and periodic point p € [

lim sup d(F3 (x), F (p)) > 0

n—oo

The above definition implies that if the interval map F' has a periodic point with

period 3, then the hypothesis of the theorem are satisfied and the map F is chaotic.!

!This has warranted the title of the paper “Period Three Implies Chaos” in [65].



Theorem 1.7, however, pertains to interval maps (or first order scalar equations)
only, and generally does not apply to systems of two or higher dimensions or to scalar
equations of higher order. Sufficient conditions for existence of chaotic orbits in more
general sense are discussed in the next section. Alternative definition of chaos in the

sense of Devaney, can be given as follows:

Definition 1.8. (Devaney chaos) The map F' on a metric space (X, d) is said to be

chaotic if
(i) F' is transitive, i.e for any pair of nonempty sets U and V of X, there exists a

positive integer k£ such that

FFUYNV #£0

(i) the set of periodic points P of F' is dense in X.

(iii) F has sensitive dependence on initial conditions, i.e. there exists an € > 0 such
that for any xg € X and any open set U with xy € U, there exists a yp € U and

a positive integer k£ such that

d(F*(x0), F*(yo)) > €

1.3 Systems of difference equations

In many instances and applications, the set X is assumed to be a subset of R™, in
which case the equations in (1.1) and (1.2) represent systems of m nonautonomous
or autonomous difference equations of k-th order. In this case, the mapping F' in
component form can be given as F' = [f, fo, - fis]. A commonly used metric is

defined in the usual way by the Euclidean norm



lell = li] N

i=1
where © = [ry,79,- -+ , 7] in component form and the metric can be defined in the
usual way as d(z,y) = ||z —y||. If m = 2, the systems defined by (1.1) and (1.2) with

the usual topology are called planar systems.

In subsequent chapters we will study first order planar systems of type

Tpi1 = F(n,x,) or x4 = F(x,)

where in component form
T = [T17T2]7 F = [fl,fQ], F:NxR™ 5 R™

If the map F(x) = Az is linear where x € D and A is an m x m matrix with real
entries, then (1.1) and (1.2) are called linear systems, otherwise they are nonlinear

systems.

Theorem 1.9. (Linear Maps) Let A be an m X m matrix with real entries. For
the linear map L(z) = Az, the origin is an asymptotically stable fixed point if the
modulus of the largest eigenvalue of A, or its spectral radius p(A), is less than one.

The origin is unstable if p(A) > 1.

Now let F': D — R™, where D C R™ and assume F' € C*(D,R™). The derivative

DF(x) of F, commonly referred to as the Jacobian, is an m x m matrix with entries

defined by
af; .
[qu,]] — a—r‘](:ﬁ) Z,j e 1’2, e m
where x = [ry,r9, -+ 1] and F = [f1, fo, -+, fm]-

10



Definition 1.10. A fixed point T of a map F € C'(D,R™) is hyperbolic, if no

eigenvalue of DF(z) has modulus equal to one. Otherwise Z is nonhyperbolic.

Theorem 1.11. (Linearlized Stability) Let Z be a fixed point of a map F' € C*(B.(z), R™)
for some € > 0. Assume that Z is hyperbolic and DF(Z) is invertible. If p(DF(Z)) < 1
(or respectively, p(DF(z)) > 1), then Z is asympotically stable (or respectively, un-

stable).

Definition 1.12. F € C*(D,R)™ where D C R™ and B.(z) C D be the closed ball,
where 7 is a fixed point of F' and € > 0. If for every z € B.(), all the eigenvalues
of the Jacobian DF'(s) have magnitude greater than 1, then T is an expanding fixed

point. If in addition there is an zy € B(Z) such that
(i) zo £ T
(ii) there is a positive integer k such that F*(zy) = 7
(iii) det[DF*(xq)] # 0
then the expanding fixed point x is a snap-back repeller.

The next result establishes the connection between snap-back repellers and occur-

rence of chaotic behavior (see [72], [71]).

Theorem 1.13. (Marotto) Let F € C'(D,R™) where D C R™. If F possesses a

snap-back repeller, then the equation defined by

Tn41 = F(xn)

is chaotic, i.e. there exists

1. a positive integer N such that F' has a point of period p for every positive integer

p=>N.

11



2. a“scrambled set” of F'| i.e. an uncountable set S containing no periodic points

of F' such that

(i) F(S) C S and there are no periodic points of F'in S.

(ii) for every z,y € S, with x #y

limsupd(F"(z) — F"(y)) >0

n—oo

(iii) for every z € S and each periodic point y of F

limsupd(F"(z) — F"(y)) >0

n—oo

3. an uncountable subset Sy of S such that for every x,y € 5

liminf d(F"(z) — F"(y)) =0

n—oo

Notice that unlike Theorem 1.7, Marotto’s result is more general, as it applies to

both scalar equations of any order, as well as to systems of higher dimensions.

1.4 Higher order scalar difference equations

A scalar difference equation of order k is defined as

Tnt1 = .f(xna Tn—1,""" >~Tn—k+l) (15)

where f : I¥ — I is a continuous function and I C R is an interval of the real line.
Given the set of k initial values xg,x_1, -+ ,x_ky1 € I, one may recursively generate

the solution {z,,}, n > 1 of (1.5).

A standard technique for analyzing kth order scalar difference equations is to
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“unfold” the equation into k first order equations and study the resulting system.
The equation in (1.5) may be converted to a system as follows:

Let Y10 = Tn—kt1- Yon = Tn—k+2, " » Yen = Tn. Then (1.5) can be written as

Ynt1 = F(yn) (1.6)

where

Yn = [yl,na Yoam, 7yk,n}T

and

F(yn> - [yZ,m Ysny s Ykn, f(yk,m Yk—1,n," " 7y1,n>]T

We may also write

F: [F17F27”’Fk]T Where Fl(yl) :?J27F2(y2> = Y3, JFk(yk) :f(yk7 7y1)'

Then the properties, definitions and concepts pertaining to the solutions of (1.5) can
be stated in terms of (1.6), as defined in Sections 1.2 and 1.3. Hence, the results
for the higher order scalar equations can always be extended to an associated higher
dimensional system. However, since systems of difference equations may not always
be convertible to scalar difference equations, results obtained for systems may not
always apply to scalar equations. In the next section we outline a general procedure
for certain types of systems that may be converted into higher order scalar equations.
This procedure also allows to extend the results obtained for higher order equations to
much broader classes of systems besides the ones obtained by the standard unfolding

discussed above.
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1.5 Folding of planar systems into equations

Consider a second order difference equation

Sn42 = Cb(n, Sn41, Sn) (17)

where ¢ : Ny x D' — S is a function and D’ C S x S. As outlined in the previous
section, a standard way of "unfolding” the second order equation in (1.7) to a system
in (1.13) can be done as

Sn+1 = tn

(1.8)

tni1 = @(n, sp,ty)
Here the second order term (the temporal delay) in (1.7) is converted to a new
variable in the state space. All solutions of (1.7) are reproduced from the solutions in
(1.8) by (Sn,Sn+1) = (Sn,tn). However, (1.7) may be unfolded in different ways into

systems of two equations, so (1.8) is not unique.

One may also apply the reverse process to systems, by “folding” them into higher
order scalar equations. The method, in general form, is described in [80], [87] as an
algorithm that folds systems into equations. This is done by starting with a system
and deriving a higher order equation through a sequence of inversions, substitutions

and index shifts

We demonstrate the idea of the folding on an example of a planar system as

follows.

Example 1.14. Consider the following planar system:

Tni1 = aZyn + by (1.9a)
Ty

= 1.9b

Yn+1 1+ cy, + dz, ( )

14



Assuming that b # 0, from (1.9a) we can obtain an explicit expression for y,, given

by

1
Yp = E(./L‘n_t'_l —az,) (1.10)

Next, we substitute (1.10) into (1.9b) to obtain

Tn

= 1.11
Ynt1 =7 + dwy + §(Tny1 — axy) ( )
Finally, shifting the index of (1.9a) we get
bx,,
Ttz = OTnir + Wiy = anin + 3 + (i1 — axy)
n p\tnt+l n
which can be further simplified to
bz,

Tpio = ATpy1 + (1.12)

CTpy1 + (db—ac)x, + b

The equation in (1.12) is a special case of a quadratic fractional second order difference

equation which will be studied in the next chapter.

The idea shown in the above example can be formalized as follows. Consider a

general, nonautonomous planar system given by

Tptl1 = f(n7 L, y") (1 13)

Yn+1 = g(n7 Ty yn)

where n = 0,1,2,..., f,g : Ny x D — S are given functions, Ny is the set of non-

negative integers, S is a non-empty set and D C S x S.

Definition 1.15. Let S be a nonempty set and consider a function f : Ny x D — S

where D C S x S. Then f is semi-invertible (or partially invertible) if there are sets
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M cC D,M" C S xS and a function h : Ny x M" — S such that for all (u,v) € M if

w = f(n,u,v), then (u,v) € M’ and v = h(n, u,w) for all n € Ny.

Semi-inversion refers to the solvability of the equation w — f(n,u,v) = 0 for v
via the implicit function theorem. (see [80]). On the other hand, the function f is

semi-invertible, if it is separable, which we define as follows:

Definition 1.16. Let (G,*) be a nontrivial group and let f : Ng x G x G — G. If

there are functions fi, fo : Ny x G — G such that

f<n7u>v) = fl(nﬂu) * f2(n7v)

for all u,v € G and n > 1, then f is said to be separable on GG and is given by

f=f*fo

For example, an affine function f(n,u,v) = a,u+b,v+ ¢, where a,, b,, ¢, are real
parameters, is separable on R with addition for all n with fi(n,v) = a,u, fo(n,v) =
bnv + ¢, Similarly, f(n,u,v) = a,% is separable on R\ {0} relative to multiplication.

Now, suppose that fy(n,.) is a bijection for every n and f;'(n,.) is its inverse, i.e.
fo(n, fy H(nv)) = v and f; '(n, fo(n,v)) = v for all v. Then a separable function f is

semi-invertible if fy(n,.) is a bijection for each fixed n, since for every u,v,w € G

w = f1<n7u> * fQ(H,U) = V= f2_1(n7 [f1<n,U)]_1 * w)

where the map inversion and group inversion (denoted by —1) are distinguished from
the context. In this case, one may obtain an explicit expression for the semi-inversion
h by

hn,u,w) = f5 (0, [fi(n,w)] 7 * w) (1.14)

with M = M’ = G x G. This observation is summarized as follows:
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Theorem 1.17. Let (G,*) be a nontrivial group and f = f; % fy be separable. If
fa(n,.) is a bijection for each n, then f is semi-invertible on G x G with a semi-

inversion uniquely defined by (1.14).

Now, suppose that {(x,,y,} is an orbit of (1.13) in D. If one of the functions
in (1.13), say f, is semi-invertible, then by Definition 1.15 there is a set M C D, a
set M C S x S and a function h : Ny x M" — S such that if (z,,y,) € M, then

(Tn, Tna1) = (fu, f(n, 0, yn)) € M" and y,, = h(n, z,, x,51). Therefore

Tpt2 = f(n + 1axn+17yn+1) = f(n + an-‘rl?g(n?xmyn))

= f(n+ 1, 2541, 9(n, Tp, h(n, 20y Tpi1))) (1.15)

and the function

o(n,u,w) = f(n+1,w, g(n,u, h(n,u,w))) (1.16)

is defined on Ny x M’. If {s,} is a solution to (1.7) with initial conditions sy =

xo, 81 = o1 = f(0,20,y0), and ¢ is defined by (1.16) then

S9 = f(LSlag(O:SOv h'<0a S0, 51)))

= f(1,21,9(0, 20, h(0, 20, 71))) = f(17951,9(0a930»y0)) = X2

Continuing this way inductively, we obtain s,, = x,, and thus

h(”a Sn, 8n+l) = h(nvxnyxn+l) = Yn

and therefore

(Tny Yn) = (Sn, h(1, Sy Sna1)) (1.17)
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which implies that the solution {(x,,y,)} may be obtained from a solution {s,} via

(1.17). The above can be summarized in the following theorem.

Theorem 1.18. Suppose that f in (1.13) is semi-invertible with M, M’ and h given
by Definition 1.15. Then each orbit of (1.13) in M may be derived from a solution of

(1.7) via (1.17) with ¢ given by (1.16).
Thus, we define the folding as follows:

Definition 1.19. (Folding) The pair of equations

Snio = @(n, Sp, Spi1) (core) (1.18)

Yn = h(n,z,, r,y1) (passive) (1.19)

where ¢ is defined by (1.16) is a folding of the system in (1.13). The initial values

of the core equation are determined from the initial point (zo,y0) as so = g, 51 =

.f(oa o, yO)

The equation in (1.19) is called passive since it simply evaluates the function h
on a solution of the core equation (1.18) without any iterations involved, i.e. it is
nondynamic. On the other hand, (1.13) can be thought of as a nonstandard the
unfolding of the second order equation (1.18) that is generally not equivalent to the
standard unfolding (1.8).

In many instances, the folding can reduce the underlying system into a higher
order equation that is more tractable or has been previously well explored. However,
the folding method does not always guarantee that the resulting equation will have
the aforementioned properties. Therefore, for practical reasons, it is important to
identify systems that do fold into known and tractable equations, which is done by
what [80] and [87] describe as the inverse problem. The idea behind this for planar

systems is as follows: We start with one of the two equations of the system, say
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the one given by f and a known function ¢ that defines a second-order equation
with desired properties. Then a function g is determined so that the system with
components f and ¢ folds into a second order equation defined by ¢. More formally,
the inverse problem can be described as follows:

Suppose that a function f satisfies Definition 1.15. Then by (1.16)

fn+ 1w, g(n,u, h(n, u,w))) = ¢(n, u, w)

is a function of n,u,w. Since f is semi-invertible, then by Definition 1.15 we obtain

g(n,u, h(n,u,w)) = h(n+ 1,w, ¢(n, u, w)) (1.20)

Now, suppose that ¢(n,u,w) is prescribed on a set Ng x M’ where M’ C S x S
and we need to find g that satisfies (1.20). Assume that a subset M C D exists with

the property that f(Ng x M) x ¢(Ng x M’) € M'. For (n,u,v) € Ny x M define

g(n,u,v) = h(n+1, f(n,u,v), ¢(n,u, f(n,u,v))) (1.21)

In particular, if v € h(Ny x M’), then g above satisfies (1.21). Then

Theorem 1.20. Let f be a semi-invertible function with A given by Definition 1.15.
Further, let ¢ be a given function on Ny x M'. If ¢ is given by (1.21) then (1.13) folds

to the difference equation

Sn+2 = gb(n, Sn, Sn—I—l)
together with a passive equation.
We demonstrate the usefulness of the method on the following example:

Example 1.21. Consider the second-order rational difference equation
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ATn+1

Tppy = ————
+2 Bx, +C

Under the change of variable x,, = %zn, the above equation can be written as

PZn+1
1+ 2,

Znyo = (1.22)

where p = &. The equation in (1.22) is known as Pielou’s difference equation (see [75],
[76]), which is a discrete analogue of the delay logistic equation used as a prototype of
modelling single-species dynamics. The study of dynamical properties of (1.22) can
be found in [51] and [54].

The system

Tpi1 = 2yp + 1 (1.23a)
Yoot — _0'2557‘%;; 3;8(3)4.1—1— 0.2 (1.23)

has the folding
Tnia = % (1.24)

which by the change of variables described above can be converted to (1.22).

On the other hand, the system

Tpy1 = 2Un + 1 (1.25a)
—0.26x,, + 0.8y, + 0.2

ntl = 1.25b

Yt 0.5z, + 0.4 (1.25b)

has the folding
0.8z,4+1 — 0.022,,
0.5z, +0.4

Tpao = (1.26)

is of different functional form than that of (1.24), even though the systems in (1.23)

and (1.25) are nearly identical. Moreover, the solutions of (1.24) from positive initial
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values will always be defined, whereas it may not be the case for those of (1.26).

These distinctions would not be obvious by simply looking at the systems alone.

1.6 Second order difference equations

In previous sections, we showed the connection between systems of difference
equations and higher order scalar equations, both via folding and unfolding. The
method of folding allows one to study planar systems by means of the core second
order difference equation obtained from the folding, which, in some instances, may
be more tractable to rigorous analysis, especially in light of the fact that a number
of results on local and global behavior of the solutions of second order difference
equations are known in the literature. In the final section of this chapter, we state

several of these results (see [51] and references thereof).

Consider a second order autonomous difference equation

Tpr1 = f(xn,Tp_1) n=0,1,--- (1.27)

where [ is an interval of the real line and f : I x [ — I is a map. Define

af

I T
- %(I,I) and ¢ = au(xwr)

p

as partial derivatives of f(u,v) evaluated at the fixed point z. Then the equation

Tpt1 = PTy + qTp_q (1.28)

is called the linearization equation associated with (1.27) around the fixed point z
and the quadratic equation

N —p\—q= (1.29)
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is the characteristic equation associated with the linearization of (1.27) around the

fixed point.

Theorem 1.22. (Linearized Stability) Let (1.28) be the linearization of (1.27) around

a fixed point 7.

(i) If both roots of the characteristic equation (1.29) lie in an open disk |A| < 1,

then the fixed point of (1.27) is locally asymptotically stable.

(ii) If at least one of the roots of (1.29) has modulus greater than one, then the

fixed point = of (1.27) is unstable.

(iii) If one of the roots of (1.29) has modulus greater than one and the other root

has modulus smaller than one, then the fixed point Z is a saddle.

(iv) If both roots of (1.29) have moduli greater than one, then the fixed point 7 is a

repeller.

The next results pertain to global attractivity of the fixed point.

Theorem 1.23. (Stability Trichotomy) Assume

is such that
of

of
Y ou

+v‘%‘ < f(u,v) for all u,v € (0, 00)

Then the difference equation in (1.27) has stability trichotomy, that is exactly one

of the following three cases holds for all solutions of (1.27):

(i) limy, o0 , = 00 for all (z_q,x0) # (0,0).
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(i) lim,— 00z, = 0 for all initial points and 0 is the only equilibrium of (1.27).

(ili) limy, oo 2, = & for all (x_1,20) # (0,0) and Z is the only positive equilibrium
of (1.27).

The final set of results are known in literature as M & m theorems (see [51] and
[52]), and rely on the assumption that the function f(u,v) defining the second order

difference equation is monotone in its arguments.

Theorem 1.24. Let [a,b] be an interval of real numbers and assume that
f:la,b] x [a,b] — |a,b]

is a continuous function with the following properties:

(i) f(z,y) is non-decreasing in x € [a,b] for each y € [a,b], and f(z,y) is non-

increasing in y € [a, b] for each z € [a, b];

(i) If (m, M) € [a,b] X [a,b] is a solution of the system

fm,M)=m f(M,m)=M

then m = M.

Then (1.27) has a unique fixed point Z € [a,b] and every solution of (1.27) con-
verges to .

Theorem 1.25. Let [a, b] be an interval of real numbers and assume that
[+ la;b] x [a, b — [a, b]

is a continuous function with the following properties:
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(i) f(z,y) is non-increasing in = € [a,b] for each y € [a,b], and f(z,y) is non-

decreasing in y € [a, b] for each x € [a, b];

(ii) If (m, M) € [a,b] X [a,b] is a solution of the system

f(M,m)=m f(m,M)=M

then m = M, i.e. the difference equation (1.27) has no solution of prime period

two in [a, b].

Then (1.27) has a unique fixed point Z € [a,b] and every solution of (1.27) con-

verges to .

Theorem 1.26. Let [a,b] be an interval of real numbers and assume that

f i la,b] X [a,b] — |a,b]

is a continuous function with the following properties:

(i) f(x,y) is non-increasing in each of its arguments.

(i) If (m, M) € [a,b] X [a,b] is a solution of the system

flm,m) =M f(M, M) =m

them m = M

Then (1.27) has a unique fixed point Z € [a, b] and every solution of (1.27) converges

to 7.
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CHAPTER II

Dynamics of a Second Order Rational Difference

Equation

In this chapter, we study the dynamics of the second-order equation

az, + 5$n71 + i
Al’n -+ B.Q?nfl -+ C

Tpi1l = aT, + (2.1)

where

0<a<l, a,p,v,A B>0, a++v,A+B,C>0 (2.2)

We investigate the boundedness and persistence of solutions, the global stability
of the positive fixed point and the occurrence of periodic solutions.?

Equation (2.1) is a quadratic-fractional equation since it can be written as

aAx? + aBx,x, 1 + (aC + @)z, + Bz, 1 + 7

= 2.3
Tt Az, + Bz, +C (2:3)
and (2.3) is a special case of the equation
P2 4 qTpTn_1 + 022 + 1Ty + Cop1 + C3
Lpt1 = (24)

Axn + BiL’n,1 + C

!The content of this chapter, unless otherwise indicated, is from [58].
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which includes rational equations that are the sum of linear equation and a lin-

ear/linear rational equation mentioned in [25]:

(8% _I' Bwn—l + '7
Az, + Bz, +C

Tp1 = aTp + b1 +

When a = 0, the equation in (2.1) reduces to linear/linear case that has been
studied extensively together with its sub-cases in [51], [4], [5], [10], as well as [16],
[38], [53] and references thereof. More recently, second order linear/linear rational
equations have appeared in [7]- [10].

The study of rational equations with quadratic terms has been less systematic,
although the equation in (2.4) has been studied in [25], [26] and in more general cases
in [47] and [48].

In particular, in [25] it has been shown that depending on the values of parameters
and initial conditions, the equation in (2.4) can exhibit a wide variety of dynamic be-
haviors, including coexisting periodic solutions and chaotic trajectories. In contrast,
we show that when (2.2) holds, the trajectories of (2.1) are relatively well behaved:

when the function
au+ fu+ 7y
Au+ Bv+C

f(u,v) = au+
is monotone in its arguments, (2.1) cannot have periodic solution of period greater
than two. Moreover, we show that if (2.1) has no prime or minimal period two
solutions then the trajectories of (2.1) converge to the unique positive fixed point. We

further demonstrate how these results can be applied to the study of linear-rational

planar systems.

2.1 Existence and boundedness of solutions

When (2.2) holds we may assume that C' = 1 in (2.1) without loss of generality by

dividing the numerator and denominator of the fractional part by C and relabeling
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the parameters. Thus we consider

ax, + Br,1+

il = Ty, 2.5
Tnt1 = GF +A$n+an_1+1 (2:5)
Note that the underlying function
B au+ v+
f(u,v) _au+Au—|—Bv—|—1
is continuous on R* = [0,00). The next result gives sufficient conditions for the

positive solutions of (2.5) to be uniformly bounded from above and below by positive

bounds.

Theorem 2.1. Let (2.2) hold and assume further that

a=0ifA=0 and B=0if B=0. (2.6)

Then the following are true:

(a) Every solution {x,} of (2.5) with non-negative intial values is uniformly
bounded from above, i.e. there is a number M > 0 such that x, < M for all n
sufficiently large.

(b) If v > 0 then there is L € (0, M) such that L < z, < M for all large n.

Moreover, [L, M] is an invariant interval for (2.5).

Proof. (a) Let

a/Aif A>0 /B if B> 0
P1

Il
RS
[\v}

Il

0 itA=0 0 it B=0
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By (2.2), § = p1 +p2+~v>0and for all n > 0

ax, + Pr,_1+ 7y
Ax, +Bz,_1+1

Tpt1 = ATy + <ar,+p1+p2+y=ar,+9

Let N be an integer. Then

Tyt L ary + 0

o < axnyr +0 < alry +0(1+a)

Proceeding this way inductively, we obtain for all n > N

) )
T, <a" N loyg 14 at . damN ) < e +q" N [l’o -5 —a}

As n — 00, the second term on the right hand side of the above equation approaches

zero. In particular, for all n sufficiently large

Therefore, for all n sufficiently large

1)
< :
x"_l—a+1—a 1—a

(b) Suppose that v > 0. Then for all n > 1

Ty > 2l =
“(AfB)M~+1

To verify that L < M we observe that

M>(1—-aM=a+dé>a+y>a+L>L.
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Finally, we establish that f(u,v) € [L, M] for all u,v € [L, M]. If u,v € [L, M] then

2 2
f(u,v)SaM—l—cS:a(H_a +6:(5—|—a S(S—l—a:M
1—a 1—a 1—a
Further,
fu,v) > (A—l—BV)M—i—l =L forall 0 <u,v <M
and the proof is complete. O]

We emphasize that conditions (2.6) allow A > 0 with & = 0 and B > 0 with
B = 0. More instances of invariant intervals for the special case a = 0 can be found

in [51].

Remark 2.2. If a > 1 then the solutions of (2.5) may not be uniformly bounded.
In fact, all non-trivial solutions of (2.5) are unbounded since z,1 > az, for all n
if @ > 1. When a = 1 solutions may still be unbounded as is readily seen in the

following, first-order special case:

axy,
Ax, +1

Tptl = Tp +
2.2 Existence and local stability of a unique positive fixed
point
The fixed point of (2.5) must satisfy the following equation:

ar + x4+

x:ax+A$~|—B:U+l

Combining and rearranging terms yields

(1-a)(A+B)a®—[a+B—(1—-a)z—y=0
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i.e. the fixed points must be the roots of the quadratic equation
S(t) = dit* — dyt — ds (2.7)

where

di=(1—-a)(A+B), do=a+p—(1—a), dg=1r

If (2.2) holds then d; > 0 and ds > 0. There are two more cases to consider.

Case 1: 1If dy = 0 then (2.7) has two roots given by

d3
te =44/
+ a4,

Thus if v > 0 then the unique positive fixed point of (2.5) is

:z—\/ 7
“Vai—o@Ar B

Case 2: When dy # 0 then the roots of (2.7) are given by

Cat+f-(1-a)x/la+8-(1—-a)+41—a)(A+ B)y
B 2(1 —a)(A+ B)

t4

In particular, if v > 0 then the unique positive fixed point of (2.5) is

a+B—(1—a)++[a+B—(1-a)2+4(1—a)(A+ B)y
2(1 —a)(A+ B)

(2.8)

Tr =

The above discussions imply the following.

Lemma 2.3. If (2.2) holds and v > 0 then (2.5) has a positive fized point T that is

uniquely given by (2.8).

We now consider the local stability of £ under the hypotheses of the above lemma.

The characteristic equation associated with the linearization of (2.5) at the point z
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is given by

where
B au + v+
flu,v) = au+ Au+ Bv+1
Now,
fo—a+ a(Au+ Bv+1) — Alau + v +7) . (Ba— AB)v+a — Ay
v (Au+ Bv +1)? B (Au+ Bv+1)?
Similarly

B(Au+ Bv+1) — Blau+ pv+7v) (A — Ba)u+ S — By

Jo= (Au+ Bv + 1)? - (Au+ Bv 4 1)?

Alternatively we can express f, in terms of f as

a— A(f(u,v) — au)

Ju = Au+ Bv+1

(2.10)

and likewise,
_ B B(J(u,0) - au)
Au+ Bv+1

Jo (2.11)

Define

o a—(1—-a)Az
Jul@ @) =at T T
f—(1—a)Bz

fol@,7) = A+rBiz+1 !

and note that the fixed point Z is locally asymptotically stable if both roots of (2.9),

namely,

p—/DP*+4q P+ \/p* +4q
)\1:# and )\sz
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are inside the unit disk of the complex plain. Both roots are complex if and only if
p?+4q < 0or ¢ < —(p/2)?. In this case, |\;| = |X\a| = —¢ so both roots have modulus

less than 1 if and only if ¢ > —1 or equivalently, ¢ +1 > 0, i.e.,

B—(1-a)BT+(A+B)Z+1>0

(A+aB)z++1>0

This is clearly true if (2.2) holds. So if (2.2) holds and v > 0 and if —1 < ¢ < —p?/4
then 7 is locally asymptotically stable with complex roots or eigenvalues.
Now suppose that ¢ > —p?/4 and the eigenvalues are real. A routine calculation

shows that Ay < 1 if and only if ¢ < 1 — p or equivalently,

[(2a —1)A+aBlz+a—(A+B)z—(1—a)+f—-(1—a)Bx <0

20 —a)(A+B)z>a+8—(1—a) (2.12)
which is true if (2.2) holds and v > 0; see (2.8). Note that (2.12) is equivalent to
p+q<1.
Next, Ay > —1 if and only if
P+ VPt 4g > =2 (2.13)
If p > —2 then (2.13) holds trivially. On the other hand, if p < —2 or p+2 < 0 then

2+4+a)[(A+B)z+1]+a—(1—a)Az <0

(142a)Az+ (2+a)(Bx+1)+a <0
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which is not possible if (2.2) holds. It follows that |\y| < 1 if (2.2) holds and v > 0.
Next, consider A\; and note that A\; < 1 if and only if p — \/]m < 2. This is
clearly true if p < 2 which is in fact the case. To see why, note that p — 2 < 0 if and

only if
a—(1—a)Az —(2—a)[(A+B)z+1] <0 (2.14)

Since by (2.12)

2—a)(A+B)x=2(1—-a)(A+ B)T+a(A+ B)x

>a+pf—(1—-a)+a(A+ B)x

it follows that

a—(1-a)Az— 2 —-a)[(A+B)z+1]=—-(1-a)AZ2—(2—a)+a—(2—a)(A+ B)zx
<—-(1-a)Az—-(2—-a)—PB+(1—a)—a(A+ D)z
=—(1—-a)Az —1-p—a(A+ B)x

<0

This proves that (2.14) is true and we conclude that A; < 1 if (2.2) holds and v > 0.

Next, Ay > —1 if and only if

p— /P> +4q > 2.

This requires that p > —2 which is true if (2.2) holds and v > 0. Now the above

inequality reduces to p+ 1 > q or

f—(1—a)Bx —a[(A+B)z+1]—a+(1—a)AZ < (A+B)z+1

f—a—(14+a)<2(aA+ B)x (2.15)
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We also note that if the reverse of the above inequality holds, i.e.,
204a+B)z < f—a—(1+a). (2.16)

then the above calculation show that A\; < —1 while |Ay| < 1. Therefore in this case
z is a saddle point. If 8 —a — (1 +a) <0 then (2.16) does not hold and  is locally
asymptotically stable.

The preceding calculations in particular prove the following.

Lemma 2.4. Let (2.2) hold and v > 0. Then the positive fized point T of (2.5) is
locally asymptotically stable if and only if (2.15) holds and a saddle point if and only
if (2.16) holds.

Since Z is non-hyperbolic if neither (2.15) nor (2.16) holds, Lemma 2.4 gives a

complete picture of the local stability of  under its stated hypotheses.

Remark 2.5. For Z to be a saddle point it is necessary that § —a — (1 +a) > 0, i.e.
B>14+a+a>1. (2.17)

To get a more detailed picture, we insert the value of Z in (2.16) and obtain, after

some routine calculations, the following equivalent version of (2.16)
(12 =1)(B—=1)2=2(1+0p)(a+a)(B—1)+(0*—-1)(a+a) > 4(1—a)(A+B)y (2.18)

where, assuming that a > 0 or B > 0,

1—0p 1+p aA+ B

“wA+B T aA+B T O-oA+B)

1
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In light of (2.17) the inequality in (2.18) is more likely to hold if x> 1, i.e. if

aA+ B
1— >aA+ B
(-—a@at+n 7
or equivalently,
A+ B
A+ B < *

A+B+1/(1—a)
It is clear that this is not possible if a is sufficiently close to 1, indicating that
increasing the value of a (other parameters being fixed) is likely to stabilize the fixed

point .

2.3 Global stability and convergence of solutions

We next discuss global convergence results, one of which needs the following fa-

miliar result from [41].

Lemma 2.6. Let I be an open interval of real numbers and suppose that f € C(I™,R)
1s nondecreasing in each coordinate. Let T € I be a fixed point of the difference

equation

Tpt1 = f(l'na Tp—1,--- 7xnfm+1) (219>

and assume that the function h(t) = f(t,...,t) satisfies the conditions

h(t) >tift<z and h(t)<tift>z, tel. (2.20)

Then I is an invariant interval of (2.19) and T attracts all solutions with initial values

m I.

We now use the preceding result to obtain sufficient conditions for the global

attractivity of the positive fixed point.
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Theorem 2.7. Assume that (2.2) holds with v > 0 and suppose that f(u,v) is non-
decreasing in both arguments. Then (2.5) has a unique fized point & > 0 that is

asymptotically stable and attracts all positive solutions of (2.5).

Proof. The existence and uniqueness of * > 0 follows from Lemma 2.3. Next, the

function A in (2.20) takes the form

(a+ Bt +~

i) = at + (A+B)t+1

Note that the fixed point z of (2.5) is a solution of the equation h(t) = ¢ so we

verify that conditions (2.20) hold. For ¢ > 0 the function h may be written as

_ _ L at B+t
h(t) = ¢(t>t, where ¢(t> =a-+ m

Note that ¢(z) = h(z)/z = 1. Further,

[(A+ B)t+1]v/t> — (A+ B)[a+ B+ /1]

#(t) = — (AF B+ 1P

so ¢ is decreasing (strictly) for all ¢ > 0. Therefore,

t < z implies h(t) = ¢(t)t > ¢(z)t =1,

t > z implies h(t) = ¢(t)t < ¢p(Z)t =t.

Now by Lemma 2.6 & attracts all positive solutions of (2.5). In particular, Z is not a

saddle point so by Lemma 2.4 it is asymptotically stable. O]

The following is a corollary of the above result.

Corollary 2.8. Assume that (2.2) holds with v > 0 and the following inequalities are
satisfied:
Ba < Ap < Ba+2aB, Ay<a+a, By<p. (2.21)
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Then (2.5) has a unique fized point T > 0 that is asymptotically stable and attracts

all positive solutions of (2.5).

Proof. We show that if the inequalities (2.21) hold then the function

au + Pv 4

f(u’v):au+—Au+Bv—l—1

is nondecreasing in each of its two coordinates wu, v. This is demonstrated by computing
the partial derivatives f, and f, to show that f,, > 0 and f, > 0. By direct calculation

fu > 0 iff

a(Au + Bv)* + 2aAu + (2aB + Ba — AB)v +a +a — Ay > 0.

The above inequality holds for all u,v > 0 if

2aB+ Ba— A >0, Ay<a+a. (2.22)

Similarly, f, > 0 iff

(A — Ba)u+ 5 — By >0

which is true for all u,v > 0 if

A —Ba>0, By<p (2.23)

By the inequalities (2.22) and (2.23), conditions (2.21) are sufficient for f to be
nondecreasing in each of its coordinates. The rest of the result follows from Theorem

2.7. [l

The next result pertains to the case when the function f(u,v) is nonincreasing in

both of its arguments. We use the Stability Trichotomy Theorem 1.23:
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Theorem 2.9. Assume that (2.2) holds with v > 0 and f(u,v) is nonincreasing in
both arguments. Then (2.5) has a unique fixed point & > 0 that is asymptotically

stable and attracts all positive solutions of (2.5).

Proof. Since f(u,v) is nonincreasing in both arguments, then f,, f, < 0 for all u,v >

0. By (2.10) and (2.11) we have

u|fu| + vlfv| =u|—a—

a-AUmeﬂmq+vrﬂﬂww—aw—ﬂ

Au+ Bv +1 Au+ Bv + 1
gy S man)(Aut Bo) | aut pu
a Au+ Bv + 1 Au+ Bo + 1
< flu,v) —au < f(u,v) for all u,v € (0, 00). (2.24)

The rest follows from Theorem 1.23, in light of the fact that the solutions to (2.5) are

bounded by Theorem 2.1 and that Z is the unique positive fixed point in [0,00). O

Remark 2.10. When (2.2) holds, finding parameter values that ensure f, < 0 is a
nontrivial task. It is possible for the special case a = 0 and we refer the readers to
[51] for more details. For the case when a > 0, in lieu of a corollary we pose the

following open problems.

Problem 2.11. Assume that parameters of (2.5) satisfy (2.2). Find parameter values
so that f, <0 for allu,v > 0. In addition, find parameter values that ensure that (i)

fu<0,f, <0, and (1) f, <0, f, >0 for all u,v > 0.

Problem 2.12. Assume that parameters of (2.5) satisfy (2.2). Find invariant inter-
vals where (i) f(u,v) is nonincreasing in both arguments; (ii) f(u,v) is nonincreasing

in u and nondecreasing in v, for all u,v > 0.

Next, we consider the case where f(u,v) is nondecreasing in u and nonincreasing

in v which involves application of Theorem (1.24.
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Theorem 2.13. Let (2.2) hold with v > 0 and further assume that

a=0 if A=0.

If f(u,v) is nondecreasing in u and nonincreasing in v, then (2.5) has a positive fized

point T that attracts every solutions with non-negative initial values.

Proof. Note that by hypothesis f, < 0 and this implies that § = 0 if B = 0. Now
Theorem 2.1 implies that for arbitrary positive initial values there are real numbers
Lo, My > 0 and a positive integer N such that x,, € [Lg, My| for n > N. Therefore, to
prove the global attractivity of & we need only show that the hypotheses of Lemma
1.24 are satisfied with [a, b] = [Lo, My].

Next, consider the system

fm,M)=m and f(M,m)= M.

Clearly, m = M = z is a solution to the above system. If we assume that m # M,
then the above system will have a positive solution if m, M > 0 and satisfy the

following equations:

am + M + v

= 2.2
m am+Am+BM+1 (2.25a)
B aM + fm + vy
M_aM+AM+Bm+1' (2.25Db)
From (2.25a) we get
(1 —a)(Am® + BMm + m) = am + M + 1. (2.26)
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Similarly, from (2.25b) we get

(1 —a)(AM? + BMm + M) = oM + Bm + 7. (2.27)

Taking the difference of both sides of the above two equations in (2.26) and (2.27)

yields

(1 —a)[A(M? —m?*) + (M —m)] = a(M —m) + B(m — M)

(I—a)(M —m)(A(m+ M)+ 1) = (M —m)(a — p).

When A = a = 0, then the last expression implies that the system f(m, M) =
m f(M,m) = M has no positive solution besides M = m = = and we are done. We

next assume that A > 0. Since M # m we get

(1—a)Aim+M)=a—-p—(1—a). (2.28)

From (2.28) we infer that « — § — (1 — a)C' > 0, or stated differently, when o — § —
(1 —a) < 0, then the above system has no positive solution besides m = M = z.

Next, we sum the equations in (2.26) and (2.27) to get

(1 —a)A(m* + M?) +2(1 —a)BMm = (a+ 8 — (1 — a))(M +m) + 2.

Adding and subtracting 2A(1 — a)Mm from the right hand side of the above yields

(1—a)A(m+M)*+2(1 —a)(B—AMm = (a+—(1—a))(M+m) + 2.
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Thus

20l —a)(B—A)Mm=(M+m)[(a+5—-(1—a)— (1 —a)A(M +m)] + 2y

=(M+m)(a+f-(1-a)—at+f+(1-a)+2y
_28(a+pB—(1—a))

(1—-a)A 2y
(1= a)(B — A)Mm = 212 +(1B—_a<)1A_ J

from which we infer that B — A > 0, since the right hand side of (2.29) is positive.
Stated differently, this implies that when B < A, the above system has no positive

solution besides m = M = 7.

Now, let
a—f—-(1-a)
m+ M = 1=a)A =P
and
]\4m:ﬁ(oz+ﬁ—(1—@))+ gl —0.

(1—a)?PA(B—A) (1—a)(B-A)
Then m = P— M and M (P — M) = Q. Similarly, M = P — M and m(P —m) = Q.

Thus M and m must be the roots of the quadratic equation
S(t)=t*—Pt+Q

therefore, for the roots of S(t) to be real, we require that P? —4Q > 0, i.e.

0-B-(-af 4plo-8-(-a] &
(1— a)2A? (1-aPAB-4) (1—-a)(B—A4)
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which is equivalent to

Hl-a) _a-p-(-afa=F-(1-a 48 ] (2.29)

Now

and

(B—A)a—B—(1—a)] =448 = (B — A)a— B — (1 — a)] — 448
+Ala—B—(1—a)] - Ala— B~ (1—a)]

=(A+B)la—F—(1—a)] —2Aa+ 5 — (1 —a).

Thus the inequality in (2.29) becomes

47(1—a)<04—ﬁ—(1—a) a—pf-(1-a) 48
B-A A A B-A
a—F—-(1-a)

-5 (A4 B)la—8~-(1—a)] —2A[a+ 8 — (1 —a)]].

Multiplying both sides by (B — A)(A + B) yields

n1-aa+B) < U0 s qap- 24P 1 a)a-p-(1-a))
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Adding [+ 8 — (1 — a)]? to both sides we get

[+ B —(1—a)]*+4y(1 —a)(A+ B)

clots-0-ap - 220 g 1500
g ap
“lot -0~ P g )P

<la+f—(1—a)—(a—B—(1-a) =45

which implies that

[a+B—(1-a)*+4v(1 —a)(A+ B) —43* < 0. (2.30)

But since for the above system to have a solution, «—f—(1—a) > 0, then a—(1—a) >
S. This implies that the inequality in (2.30) is false (i.e. the roots of S(t) cannot be

real), as

[+ B8—(1—a)?+4v(1 —a)(A+ B) — 452 > (26)* + 4v(1 — a)(A+ B) — 452

=4v(1 —a)(A+ B) > 0.

Thus the system f(m, M) = m, f(M, m) = M has no positive solution where m # M.
Theorem 2.1 implies that for arbitrary positive initial values, there is an integer N
such that z, € [L, M] for n > N, so with [a,b] = [L, M] and xy and xy; as initial

values, x,, must converge to z by Lemma 1.24. O]

Corollary 2.14. Assume that (2.2) holds with v, A, B > 0 and the following condi-

tions hold:

vV

2

(V3
Se]ISe

(2.31)

SN
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Then (2.5) has a unique positive fized point T that is asymptotically stable and attracts
all solutions of (2.5).

Proof. The condition in (2.31) are sufficient to ensure that f, > 0 and f, <0 for all

u,v > 0, and the result follows from Theorem 2.13. O

The case when f(u,v) is nonincreasing in the first argument and nondecreasing in
the second argument is considered in one of the following sections, where we discuss

periodic solutions.

2.4 Periodic solutions

We consider some conditions that lead to the occurrence of periodic solutions of
(2.5). In this section, we explicitly assume that Aa+ B > 0. By assumption in (2.2),
Aa+ B = 0 implies that a = B = 0, which reduces (2.5) to the second-order rational

equation

Ty + an—l + Y
Az, +1

(2.32)

Tpt1 =

which has been studied in [51], p. 167. In particular, it was shown that when
B=a+1

then every solution of (2.32) converges to a period-two solution. For Aa + B > 0,
we show that when the function f is monotone in its arguments, then (2.5) does not

have periodic solutions of prime period greater than two.
2.4.1 Prime period two solutions
The equation

n axr, + Brp_1+ 7
Az, + Bx,_1 +1

Tpy1 = ATp
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has a positive prime period two solution if there exist real numbers m, M > 0, with

m # M, such that

m = aM + Zﬁ 1 BBTT”ni”l and M = am + Z: i g]]\é*ﬁl (2.33)

From (2.33) we obtain
(m—aM)(AM + Bm+1) = aM + fm+~ (2.34)
(M —am)(Am + BM + 1) = am + M + 7. (2.35)

Taking the difference of right and left hand sides of (2.34) and (2.35) and rearranging

the terms yields

(Aa+ B)(m — M)(m+ M) =(m—M)(6 —a— (1+a))

or

B—oz—(l—l—a).

M:
me Aa+ B

(2.36)

Since Aa + B > 0, we infer from (2.36) that 5 — a — C(1 + a) > 0 is a necessary
condition for existence of positive period two solutions. Similarly, adding the right

and left hand sides of (2.34) and (2.35) and rearranging the terms yields
2(A—aB)Mm = (a+ - (1 —a))(M +m) + (Aa — B)(m?* + M?) + 2.
Adding an subtracting 2(Aa — B) yields

204+ a)(A=B)Mm=(m+M)[(a+8—(1—-a))+ (Aa— B)(m+ M)] + 2v.
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Inserting from (2.36) the expression for m + M inside the square bracket yields

Aa— B
Aa+ B

20+a)(A=B)Mm=(M+m) |[(a+—-(1—a))+ (B—a—-C(l+a))|+2y

_ 2(M +m)
= LT B [Aa(B — 1) + B(a + a)] + 27.

Thus

—a—(1+a)
(Aa+ B)?

(14 a)(A—B)Mm = [ﬂ } [Aa(8 — 1) + B(a+a)] + 7. (2.37)

Since from (2.36) we have § — a — (1 +a) > 0, then § — 1 > 0. Thus the right
hand side of (2.37) is positive and therefore, A— B > 0 is another necessary condition

for existence of positive period two solution and

M= s || e g | Mo -0 Bl 259
Let
f—a—(1+a)
P= Aa+ B
and
My a)(lA —B) {6 _(fal(;; Cﬂ [Aa(8 1) + Bla +a)] + 1

with P, K > 0. From (2.36) we obtain

_B-a—-(1+aq) _
= M=P—M.

Inserting the above into (2.38) yields

M(P—-M)=K or M*—~PM + K =0. (2.39)
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Similarly, an identical expression can be obtained for m, i.e.

m? — Pm + K = 0. (2.40)

Thus M and m must be the real and positive roots of the quadratic equation

Qt)=t"—Pt+ K

with
L P++vP?—4K
B 2
which will be the case if and only if
P? — 4K >0

or equivalently,

4y ) [ﬁ—a—(l—l—a)][ﬂ—a—(l—l—a) 4[Aa(B — 1) + B(a + a)]

(1+a)(A—B Aa+ B Aa+ B " (1+a)(A—B)(Aa+ B)

(2.41)

We summarize the above results as follows:

Theorem 2.15. Assume that (2.2) holds with v, Aa + B > 0. Then (2.5) has a

positive prime period two solution if and only if the following conditions are satisfied:

1. B—a—(1+a)>0

2. A—B>0
3 4y < |:57a7(1+a)} [57%(1%) _ 4[Aa(B—1)+B(a+a)]
* (14a)(A—-B) Aa+B Aa+B (14+a)(A—B)(Aa+B)

The next results pertain to the case when f(u,v) is monotone in its arguments

and this holds for any difference equation of second-order.
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Theorem 2.16. Let D be a subset of real numbers and assume that

f:DxD—D

1s non-decreasing in x € D for each y € D and non-increasing in y € D for each

x € D. Then the difference equation

Tp4+1 = f(xn7xn—1)

has no prime period two solution.

Proof. Assume that the above difference equation has prime period two solution.

Then there exist real numbers m and M, such that

f(m,M)=M and f(M,m)=m.

When m = M, we’re done. So assume that m # M.

If m < M, then by the hypothesis

f(m, M) < f(M, M) < f(M,m)

which implies that M < m, which is a contradiction. Similarly, if m > M, then by

the hypothesis

f(M,m) < f(M,M) < f(m, M)

which implies that m > M, which is also a contradiction. O

Remark 2.17. If (2.2) holds and v, Aa + B > 0, we observe the following:
(a) When f(u,v) is nondecreasing in both arguments, then by Theorem 2.7, the

fixed point 7 is globally asymptotically stable, so no periodic solutions exist.
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(b) When f(u,v) is nonincreasing in both arguments, then by Theorem 2.9, the
fixed point 7 is globally asymptotically stable, so no periodic solutions exist.

(¢) When f(u,v) is nondecreasing in u and nonincreasing in v, then by Theo-
rem 2.16 no period two solution exists. Moreover, by Theorem 2.13 z is globally
asymptotically stable, so no periodic solutions of other periods exist.

(d) From (a)-(c) we conclude that the only case that periodic solutions may exist
is when f(u,v) is nonincreasing in u and nondecreasing in v (or f is non-monotone).

In addition, all the conditions in Theorem 2.15 must also be satisfied.

Theorem 2.18. Let (2.2) hold with v, Aa + B > 0 and assume that f(u,v) is non-
increasing in u and nondecreasing in v. Then (2.5) has a positive fixed point T that

attracts every solution of (2.5) if either of the conditions below fails:

1. 6—a—(1+a)>0

2. A—-B>0
9 4~ < |:B—a—(l+a)} [B—a—(l+a) _ 4[Aa(B—1)+B(a+a)]
* (14a)(A-B) Aa+B Aa+B (14a)(A—B)(Aa+B

Proof. The failure of either of the above conditions implies that (2.5) has no positive
prime period two solution. Theorem 1 implies that for arbitrary positive initial values,
there is an integer N such that x, € [L, M| for n > N so with [a,b] = [L, M] and =y

and zy as initial values, x,, must converge to & by Lemma 1.25. O]

Our final result of this section establishes the connection between existence of

prime period two solution and the stability of the fixed point.

Theorem 2.19. Let(2.2) holds with vy, Aa+ B > 0. Then (2.5) has a positive prime

period two solution if and only it T 1s a saddle.
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Proof. First, when o + 5 — (1 — a) = 0, then the fixed point Z is given by Z =

WTB). This implies that

f—a—(14+a)<0

and on the one hand,  must be stable and more importantly, (2.5) has no prime
period two solution and there is nothing further to consider for this case.

Now assume that oo+ § — (1 — a) # 0. Then the fixed point is given by

a+B—(1-a)++/(a+B8—(1-a))2+4(1—a)(A+ B)y
2(1 —a)(A+ B) '

Tr =

By Lemma 2.4, = is a saddle if and only if

p-a—(1+a)
2(Aa + B)

which implies that § —a — (1 4+ a) > 0.

Now
f—a—(1+a)
2(Aa + B)

iff

a—l—ﬂ—(l—a)—l—\/(oz+ﬁ—(1—a))2—|-4(1—a)(A+B)’y<B—a—(1+a)
2(1—a)(A+ B) 2(Aa + B)

iff

Vie+B—(1-a))2+4(1—a)(A+ B)y _ B—a—(1+a) a+pB—(1-aqa)
(1—a)(A+ B) (Aa+ B) (1—a)(A+ B)
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ift

(1-a)(A+B)(B—a—(1—a)
Aa+ B

—la+p—(1—-a)

\/(a+ﬂ—(1—a))2+4(1—a)(A+B)7<

ifft

(1-a)*(A+B)*(B -~ (1+a)?
(Aa+ B)?
20 —a)(A+B)(a+B8—-(1—-a)(f—a—-(1+a)
Aa+ B

(a+B—(1-a))?+4(1 —a)(A+ B)y <

+(a+p-(1-a))

iff
(1—-a)’(A+ BP*(B—p—(1+a)
41 —a)(A+B)y < (A0t B)?
2(1-a)A+B)la+f-(1-a)(f-a—-(1+a))
Aa+ B
iff
gy 1=aJA+B)(B-a-(1+a) 20a+f-(1-a)f-a-({1+a))
7 (Aa+ B)? Aa+ B
(b-a—(1+a) [A-a)A+B)(f-a—(1+a))
- Aa+ B [ Aa + B _Z(C“Lﬁ_(l_a))}

_ (B—a—(14a)) [(1—@)(A+B)(ﬁ—oz—(1+a))—2(Aa+B)(a+B—(1—a))]
Aa+ B Aa+ B '

Adding and subtracting (1+a)(A— B)[f —a—(1+a)] to the numerator of the second
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fraction in previous equation yields

(1—a)(A+B)(f—a—(1+a)) —2(Aa+ B)(a+ 3 —(1—a))

=(1+a)(A-B)[f—a—(1+a)]—4Aa(f —1) —4B(a+a).

Thus we have

f—a—(1+a)[1+a)A-B)(B—a—-(1+a))—4[Aa(B—1)+ B(a+ a)]

4~ <
" Ao+ B Ao+ B

Note that since v > 0, it must be the case that the right hand side of the last
expression is positive, which implies that A— B > 0. Dividing both sides of the above

expression by (1 + a)(A — B) then yields:

4y <ﬁ—a—(1+a) (B—a—(1+a)) 4[Aa(B-1)+ B(a+a)
(14 a)(Aa+ B) Aa+ B Aa+ B (Aa+ B)(1+a)(A— B)
and the proof is complete, since the conditions Theorem 2.15 are satisfied. O]

We end our discussion with the following corollaries that immediately follow from

the results discussed in previous sections.

Corollary 2.20. Let (2.2) hold with v, Aa + B > 0. If f(u,v) is monotone in its

arguments, then (2.5) has no periodic solution of period greater than two.

Corollary 2.21. Let (2.2) hold with v, Aa + B > 0. If f(u,v) is monotone in its
arguments and if (2.5) has no period two solution, then all solutions of (2.5) converge

tox > 0.

The above results give partial answers to two conjectures posed by [51] in their

monograph for the special case a = 0.
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2.5 Concluding remarks and further considerations

We studied the dynamics of a second order quadratic fractional difference equa-
tion with non-negative parameters and initial values. We showed that under the
above assumptions, the equation typically does not have periodic solutions of period
greater than two. Further, we showed that if period two cycles do not occur then
the solutions converge to the unique positive fixed point. When aA + B,y > 0 we
obtained necessary and sufficient conditions for the occurrence of periodic solutions
and in particular proved that such solutions may appear if and only if the positive
fixed point is a saddle.

The results establishing convergence to the positive fixed point essentially require
the function defining the second order equation to be monotone. Instances when this
hypothesis fails were not addressed and could be investigated next.

A natural extension for future research involves addition of a linear delay term to

the above equation, i.e. the study of

axy, + BTy +

Tpt1 = ATy + bTp— 2.42
1 * L Ax, + Bx, 1+ C (242)
as well as the more general case given by
T2 4+ qQTnTp_1 + 022 _| + 1Ty + CoTn_1 + C
Lo = P n qTnTn—1 n—1 14n 24n—1 3 (243)

AZBn + Bl‘n_l + C

Possible generalizations could include instances where quadratic terms also appear

in the denominator.
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CHAPTER III

Dynamics of a Second Order Exponential

Difference Equation

In this chapter, we study the nonautonomous second order difference equation

given by

Trnal = fpTp_1€ "1™ (3.1)

where coefficients {u,,} are assumed to be a sequence of positive real numbers.! The

equation in (3.1) can be written as

Tyl = Fp_1e® 17 (3.2)

where a,, = In y,, may not always be positive. We prove general results on bounded-
ness and convergence of solutions of (3.2) to zero for arbitrary sequence of coefficients
{an}. We then examine the equation in (3.2) where the sequence {a,} is assumed
to be periodic with period p > 1. When p = 1, a,, are constant, in which case (3.2)
reduces to an autonomous second order difference equation. For this case, we estab-
lish that the solutions of (3.2) can exhibit complex and multistable behavior. We

then examine cases where p > 1 and show that the nature of the solutions of (3.2) is

!The content of this chapter, unless otherwise noted, is from [57] and [59].
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qualitatively different depending on whether p is even or odd. In both cases, we show

that the solutions of (3.2) can exhibit periodic and non-periodic multistable behavior.

3.1 General results

We first establish several general results that apply to (3.2) where {a,} is assumed
to be an arbitrary sequence. We look at boundedness of solutions, as well as conditions
under which solutions converge to zero. We then consider the reduction of order of
(3.2) by semiconjugate factorization that significantly facilitates further analysis (see

[83] for further details).

3.1.1 Boundedness and global convergence to zero

Theorem 3.1. Let {a,} be a sequence of real numbers satisfying

sup a, = a < 00 (3.3)
n>0

Then the solutions of (3.2) from initial values ro,r_1 > 0 are uniformly bounded by

ea—l

Proof. Clearly, for ro,7_1 > 0, r,, > 0 for all n > 0. Next

An—Tn—-1—"Tn

Tnt1 = T'p—1€
< erpqen

< eanfl S eafl < 00

as the function xe™ attains a maximum at e~'. Thus 0 < r, < L for all n > 0 and

the proof is complete. O

Theorem 3.2. Assume {a,} is a sequence of real numbers satisfying
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limsupa, <0 (3.4)

n—oo

Then the solutions of (3.2) from initial values ro,7—1 > 0 converge to 0.

Proof. Given initial values rq,r_; > 0, we have

0<ry=r_je 170 ey

0<ry=rgem 0"

IA
o

o

g
s
o

0<rg=re? 7" er <e"e®r_y

0 <ry=ree® 277 JeBry < e

Continuing this way inductively, one may show that for all n > 0

n
0<r7ropy1 <7 H€a2j
=0

n
0 < roppa < 1o l_Ieaz’j+1
i=0

Since by hypothesis e** < 1 for infinitely many n, then r, — 0 as n — oo, which

completes the proof. O

3.1.2 Reduction of order

The study of (3.2) is facilitated by the fact that it admits a semiconjugate factor-

ization that splits it into two equations of order one. Following [83], we define
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for each n > 1 and note that

Tn41 T'n T'n41
lnt1tn = = = e’
rpe T rp_e” -1, _qem 1T

or equivalently,

et
tn+1 - t_ (35)

Now
T an
n — — _

=ein—e " = —rpe " =ty rpe (3.6)
tTL n

Tn

Tny1 = € p_ge” " eT

The pair of equations (3.5) and (3.6) constitute the semiconjugate factorization

of (3.2):

To

(3.7)

/ A
n+1 — ) 0= —
tn r_je""-t

Tptl = tpo1Tpe '™ (3.8)

Every solution {r,} of (3.2) is generated by a solution of the system (3.7)-(3.8).
Using the initial values r_y,79 we obtain a solution {t,} of the first-order equation
(3.7), called the factor equation. This solution is then used to obtain a solution of
the cofactor equation (3.8) and thus also of (3.2).

For an arbitrary sequence {a,} and a given ¢, # 0 by iterating (3.7) we obtain

eo eM e*? e

th=—, lo=—=tee TN, {3=—=—c¢ : = — =tpe

to tl t2 to t3 ’
This pattern of development implies the following result.

Lemma 3.3. Let {a,} be an arbitrary sequence of real numbers and ty # 0. The

57
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general solution of (3.7) is given by

t, = t(()_l)ne(_1>n5", n=12,.. (3.9)

where

Sn= 3 (=1)a;, (3.10)

Proof. For n =1, (3.9) yields
st _ L —(cae) _ €7

tlzto_e

which is true. Suppose that (3.9) is true for n < k. Then by (3.9) and (3.10)

DM ()R 1 (~1)2k+2q, _ €

topr =1 e L . — =

k+1 0 té_l)ke(_l)ksk th

which is again true and the proof is now complete by induction. O

Note that the solution {¢,} of (3.7) in the preceding lemma need not be bounded
even if {a,} is a bounded sequence.

From the cofactor equation (3.8) we obtain

—r —r
Tont2 = topyoroni1€ 2" = topiotoni1Tay €Xp(—T2n — tont1Tone ")

—T b —
Tont1 = toni1T2n€ ™" = tonslonTon—1€Xp (—T2p_1 — tapTon_1e """ 1)

For every solution {t,} of (3.7), t,41t, = e for all n, so the even terms of the

sequence {r,} are

Ton+2 = T2, €XP (a2n+1 — Ton — 752n+17“2n€_r2") (3.11)
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and the odd terms are

Tont1 = Ton—1 €XP (a2n —Top—1 — t2n7”2n—16_r2"’1) (3.12)

In the next sections, we explore the behavior of {r,} when the sequence {a,} is
periodic with minimal period p > 1. We start with the case when p = 1, which
reduces the equation in (3.2) into an autonomous equation. We then consider the

case when the period p is odd, followed by the case when the period p is even.

3.2 Autonomous equation: the case when p =1

When the sequence {a,} is constant, i.e. a, = a for n > 0, the equation in (3.2)

reduces to the autonomous case given by

Togl = p_1e® 17 (3.13)

The boundedness of the solutions of (3.13) follows as a consequence of Theorem

3.1, which we state as a corollary below:

Corollary 3.4. Let a be a real number. Then the solutions of (3.13) from initial

values of ro,r_1 > 0 are uniformly bounded.

All solutions of the factor equation in (3.7) with constant a, = a and t, # /2

are periodic with period 2:

e® o r_qe* "t
t07 " - 0 .
to r_je- "1 70

3.2.1 Fixed points, global stability

It is useful to begin the study of (3.13) by examining the fixed points, which must

satisfy the equation
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Theorem 3.5. Assume that a < 0. Then

(a) The equation in (3.13) has a unique fized point at 0 that is locally asymptotically

stable.

(b) All solutions from nonnegative initial values ro,r_1 converge to 0.

Proof. Clearly, 0 is the fixed point of (3.13) and when a < 0, 0 is the only fixed point.
It is straightforward to check that the eigenvalues of the linearization of (3.13) at 0

a/2

are given by +e%* which proves part (a). Part(b) follows from Theorem 3.2. ]

If a > 0, then (3.13) has two fixed points: 0 and a positive fixed point 7 = a/2. In
this case, the eigenvalues of the linearization at 0 are greater than 1 in modulus, hence
0 is an unstable fixed point. On the other hand, the eigenvalues of the linearization
of (3.13) are —1 and a/2, showing that 7 is nonhyperbolic.

The next result is proved in [37].

Theorem 3.6. If a € (0,1] then every non-constant, positive solution of (3.13) con-
verges to a 2-cycle whose consecutive points satisfy r, + 1,41 = a, i.e. the mean value

of the limit cycle is the fized point 7 = a/2.

The two-cycle in Theorem 3.6 is not unique-it is determined by the initial values.
In the next section, we derive the precise mechanism that explains this, and much
more complex behavior below. In particular, we extend Theorem 3.6 by showing that

it holds for a € (0, 2].

3.2.2 Complex multistable behavior

The behavior of solutions of (3.13) is sufficiently unusual that we use the numerical

simulation depicted in Figure 3.1 to motivate the subsequent discussion.
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Figure 3.1: Bifurcation of multiple stable solutions in the state-space

In Figure 3.1, a = 4.5, r_; = a/2 = 2.25 is fixed and 9 € (0,00) acts as a
bifurcation parameter. The changing values of ry are shown on the horizontal axis in
the range 2.5 to 6.5. For every grid value of r in the indicated range, 300 points of the
corresponding solution {r,} are plotted vertically. In this figure, coexisting solutions
with periods 2, 4, 8 and 16 are easily identified. The solutions shown in Figure 3.1
are stable since they are generated by numerical simulation, so that qualitatively
different, stable solutions exist for (3.13) for different initial values. In the remainder
of this section we explain this abundance of multistable solutions for (3.13) using the
reduction (3.7)-(3.8).

Since the solutions of (3.7) with constant a, = a and t, # ¢*/? are periodic with
period 2, the orbit of each nontrivial solution {r,} of (3.13) in its state-space, namely,

the (r,,r,+1)-plane, is restricted to the class of curve-pairs

go(r,to) =tore™™ and  gi(r,to) =tyre™", t; = — (3.14)

These one-dimensional mappings form the building blocks of the two-dimensional,
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standard state-space map F' of (3.13), i.e.

F(u,r) = (ryue® 7).

There are, of course, an infinite number of initial value-dependent curve-pairs for the
map F.
The next result indicates the specific mechanism for generating the solutions of

(3.13) from its semiconjugate factorization.

Lemma 3.7. Leta > 0 and let {r,} be a solution of (3.13) with initial values r_y,1o >
0.
(a) For k=0,1,2,... and ty as defined in (3.7)

Tok+1 = 91 © go(T2k—1,%0),  T2k+2 = Go © g1(T2k, to)

Thus, the odd terms of every solution of (3.13) are generated by the class of one-
dimensional maps g1 o gy and the even terms by go o g1;

(b) If the initial values r_1,7¢ Satisfy

ro = r_,e¥* T (3.15)
then go(r,to) = gi(r,to) = re¥>™"; i.e. the two curves gy and g, coincide with the
curve

o) = ret/>r

The trace of g contains the fized point (7¥,T) in the state-space and is invariant

under F.
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Proof. (a) For k=0,1,2,... (3.8) implies that

Tokt1 = top1Tok€ 2% = tirope” 2 = g1(rag, to)

— oL —Tok—
Top = togTap—1€ 1 = lorog—1€” > = go(rak-1, o)

Therefore,

Tokt1 = 91(go(Tar—1,t0), to) = g1 © go(T26-1,%0)

A similar calculation shows that

Tok+2 = Go(91(r2k, o), to) = go © g1(T2k, to)

and the proof of (a) is complete.
(b) Note that g(7) = 7e%/?~" = 7 so the trace of g contains (7, 7). The curves go, g1

a/2

coincide if ty = e*/ty, i.e. to = e**. This happens if the initial values r_y, 7 satisfy

(3.15). In this case, (r_1,70) is clearly on the trace of g and by (3.8)

ea
—T —T —T
ry = tirope” "0 = - roe 0 = toroe”° = g(ro)
0

Therefore, the point (rg,71) is also on the trace of g. Since ¢, = ty for all n if
to = e¥? the same argument applies to (7,,7,41) for all n and completes the proof

by induction. O

Note that the invariant curve g does not depend on initial values. There is also

the following useful fact about g.
Lemma 3.8. The mapping g has a period-three point for a > 6.26.

Proof. Let d = a/2. The third iterate of g is

93(T) = ’l“eXp(3d —r — 2,r€d—'r' + ed_,’,,edfr)
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In particular,

g*(1) < exp(3d — 1 — ) = h(d)

Solving h(d) = 1 numerically yields the estimate d ~ 3.12. Since h(d) is decreasing
if d > 2.1 it follows that h(d) < 1 if d > 3.13. Therefore, g3(1) < 1 for a > 6.26.
Further, for € € (0, d)

GPld—e) > (d—e)exp [2d + & — 2(d — e)e” + 17¢7]

> (d — ) exple D — 2d(ef — 1)]
For sufficiently small £ the exponent is positive so we may assert that
Fl)<l<d—e<g*(d—e)

Hence, there is a root of g*(r), or a period-three point of g in the interval (1,a) if

d>3.13,ie a>6.26. O
The function compositions in Lemma 3.7 are specifically the following mappings:

a—r—tore~ "

g10go(r,tg) =re ;

—r e
a—r—tire
goo gi(r,tg) =re 1 , ot = —.

To simplify our notation, for each ¢t € (0,00) define the class of functions f; :

(0,00) = (0,00) as

r

ft(r) — rea—r—tre’ )

We also abbreviate f;, as fo, fi, as fi, go(-,t0) as go and g1 (-, %) as g;. Then we see

from the preceding discussion that

g1090=fo, goog1=fr (3.16)
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According to Lemma 3.7, iterations of f; generate the odd-indexed terms of a
solution of (3.13) and iterations of f; generate the even-indexed terms.

The next result furnishes a relationship between f; and g; for ¢+ = 0, 1.

Lemma 3.9. Let ty € (0,00) be fized and t; = e*/ty. Then

fiocgo=goo fo and foogi=giofi. (3.17)

Proof. This may be established by straightforward calculation using the definitions

of the various functions, or alternatively, using (3.16) to obtain

fiogo=1(90°91)°90=goo (910 90) = goo fo

This proves the first equality in (3.17) and the second equality is proved similarly. [

The equalities in (3.17) are not conjugacies since gg and g; are not one-to-one.

However, the following is implied.

Lemma 3.10. (a) If {s1,52,...,8,} is a q-cycle of fo, i.e. a solution (listed in the
order of iteration) of

Sna1 = fo(Sn) = spe snlosne ™" (3.18)

with minimal (or prime) period ¢ > 1 then {go(s1), go(S2),---,90(sq)} is a g-cycle of
f1, i.e. a solution of

Uny1 = f1(Uy) = upe? tnirume " (3.19)

with period q (listed in the order of iteration). Similarly, if {uy, us, ..., u,} is a g-cycle
of f1, i.e. a solution of (3.19) with minimal period ¢ > 1 then {g1(u1), g1(uz2), ..., g1(uq)}
is a g-cycle of fo, i.e. solution of (3.18) with period q.

(b) If {sn} is a non-periodic solution of (3.18) then {go(sn)} is a non-periodic

solution of (3.19). Similarly, if {u,} is a non-periodic solution of (3.19) then {g1(u,)}
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is a non-periodic solution of (3.18).

Proof. (a) By the hypothesis, fy(sn+q) = S, for all n and in the order of iteration

fo(sg) =sk+1 fork=1,...,g—1 and fo(s,) = 1.

By Lemma 3.9,

J1 (90(5n+q)) = 90(f0(8n+q)) = go(Sn)

and also

fi(g0(sk)) = go(fo(sk)) = go(sk1) fork=1,...,¢—1,

f1(90(s4)) = go(fo(84)) = go(s1)

It follows that {go(s1),go(s2),---,g0(s¢)} is a periodic solution of (3.19) with period
q, listed in the order of iteration. The rest of (a) is proved similarly.

(b) Let {s,} be a solution of (3.18) such that {go(s,)} is a periodic solution of
(3.19). Then {g1(go(sn))} is a periodic solution of (3.18) by (a). Since g1(go(sn)) =
fo(sn) by (3.16) we may conclude that there is a positive integer ¢ such that f{(s,) =
fo(sn) = spy1 for all n. Thus s, = fg_l(an) for all n and it follows that {s,} is a
periodic solution of (3.18). This proves the first assertion in (b); the second assertion

is proved similarly. [

The next result concerns the local stability of the periodic solutions of (3.18) and

(3.19).

Lemma 3.11. If {sy, S2,..., .} s a periodic solution of (3.18) with minimal period

q such that sy £ 1 fork=1,2,...,q and
q
I foGse) <1 (3.20)
k=1
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q

then {go(s1),...,90(s¢q)} is a solution of (3.19) of period q with ] f{(go(sk)) < 1.
k=1

Similarly, if {ui,us,...,u,} is a periodic solution of (3.19) with w, # 1 for k =

1,2,...,q and

Hf1/<uk) <1
k=1

q

then {g1(u1), g1(uz), ..., g1(uq)} is a solution of (3.18) of period q with ] fy(g1(wx)) <
k=1

1.

Proof. By Lemma 3.9 and the chain rule

f1(90(r))g0(r) = go(fo(r)) fo(r)

Now g(r) = (1 —r)tpe " #0if r #1. Thusif s # 1 for k =1,2,...,q then

f[ Fgo(si)) = 90(Jo(s1)) fo(s1) 90(fo(s2)) fols2) . go(fo(s4))So(Sq)

Pt go(s1) go(s2) 90(sq)
_ 90(s2)f5(s1) go(s3) fo(s2)  gb(s1)o(sq)
9o(s1) 9o(s2) 90(sq)
=[[fitse) <1
k=1
The second assertion is proved similarly. O

We are now ready to explain some of what appears in Figure 3.1.

Theorem 3.12. Let a > 0.

(a) Ezcept among solutions whose initial values satisfy (3.15) there are no positive
solutions of (3.13) that are periodic with an odd period.
(b) If a > 6.26 and (3.15) holds, then (3.13) has periodic solutions of all possible

periods, including odd periods, as well as chaotic solutions in the sense of Li and

Yorke.
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(c) Let r_y,r9 > 0 be given initial values and define ty by (3.7). Assume that
to # e¥? and the sequence of iterates {f2(r_1)} of the map fy converges to a minimal
q-cycle {s1,...,s,}. Then the corresponding solution {r,} of (3.13) converges to the

cycle {s1,90(s1), -, 54, 90(sq)} of minimal period 2q in the sense that
Jim To(hgj)—1 — S5 = Jim Takrs) — Go(s5)| =0 for j=1,....q (3.21)

(d) If {s1,..., 84} in (c) satisfies (3.20) and s; # 1 for j =1,...,q then for intial
values 'y > 0 and r{, = go(r"_,) where |r'"_; —r_1| is sufficiently small, the sequence
{fo(r" 1)} converges to {s1,...,s,} and (3.21) holds.

(e) Let r_y,r9 > 0 be given initial values and define ty by (3.7). If the sequence
of iterates {f{(r_1)} of the map fo is non-periodic then (3.13) has a non-periodic

solution.

Proof. (a) This statement is an immediate consequence of Lemma 3.7 since the num-
ber of points in a cycle must divide two, i.e. the number of curves gg, ;. An exception
occurs when (3.15) holds and the curves gg, g1 coincide.

(b) Suppose that the initial values r_1,7¢ satisfy (3.15). Then gy = g1 = ¢
and the trace of g contains the orbits of (3.13) since the trace of ¢ is invariant by
Lemma 3.7. By Lemma 3.8 g has a period-three point if a > 6.26 and in this case,
(3.13) has solutions with all possible periods in the state-space, including odd periods.
In addition, iterates of g also exhibit chaos in the sense of [65]. For (3.13) this is
manifested in the state-space on the trace of g if the initial point (r_1,7¢) is on the
trace of g. For arbitrary initial values, odd periods do not occur by (a) and chaotic
behavior generally occurs on the pair of curves g, g1; see the Remark following this
proof.

(c) This is an immediate consequence of Lemmas 3.7 and 3.10.

(d) If |7 ; — r_q]| is sufficiently small then Lemma 3.11 implies that the sequence
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T converges to 1S81,...,8,¢. Now, 1f 7y = go(r_,) then ry/r_,e'-1 =ty an
0 (r’y gf- N if g "y) th 0/T1 " d
thus, (3.21) holds by Part (c).

(e) This is clear from Lemmas 3.7 and 3.10. O

Remark 3.13. 1. Theorem 3.12 explains how qualitatively different solutions in Figure
3.1 are generated by different initial values. Changes in the initial value rq of (3.13)
while r_; is fixed result, by (3.7) in changes in the parameter value t, in the mapping
fo- The one-dimensional map f, generates different types of orbits with different
values of t; in the conventional way that is explained by the basic theory. All of these
orbits, combined with the iterates of the shadow map f; appear in the state-space of
(3.13) as points on the aforementioned pair of curves.

2. Part (d) of Theorem 3.12 explains the sense in which the solutions of (3.13)
are stable and therefore appear as shown in Figure 3.1. This is not local or linearized

stability since if 7, # go(r") then

/

"
th=—"" Ft
" e 7o

and with the different parameter value t;, { fi'(7"_;)} may not converge to {s1, ..., s,}

even if |1’ ; — r_q| is small enough to imply local convergence for the iterates of f
defined with the original value .

3. In Parts (a) and (b) of Theorem 3.12 if the initial point is not on the trace of
g then the occurrence of all possible even periods and chaotic behavior is observed
for smaller values of a. In fact, since g involves a/2 but fy involves a it follows that
fo actually has period 3 points for a > 3.13 if the initial values yield a sufficiently
small value of #y. In Figure 3.2 a stable three-cycle is identified for a = 3.6 and initial
values satisfying ro = r_je~"=' (so that ¢y = 1). Odd periods do not occur for (3.13)
in this case but all possible even periods, as well as chaotic behavior (on curve-pairs)

do occur.
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Figure 3.2: Occurrence of period three for the associated interval map

3.2.3 Convergence to two-cycles

The preceding results indicate that the solutions of (3.18) and (3.19) determine
the solutions of (3.13). From Theorem 3.12 it is evident that complex behavior tends
to occur when a is sufficiently large. Otherwise, the solutions of (3.13) tend to behave
more simply as noted in Theorem 3.6. We now consider the occurrence of two-cycles
for a range of values of a that are not too large but extend the range in Theorem 3.6,
by examining the following first-order difference equation that is derived from (3.18)

and (3.19)

o1 = Tpe® 77Ty >0 (3.22)
Lemma 3.14. If 0 < a < 2 then (3.22) has a unique positive fixved point T.

Proof. Existence: Let n(z) = a —x —yre™™. The nonzero fixed points of (3.22) must
satisfy e"® =1, i.e. n(x) = 0. Since n(0) = a > 0 and n(a) = —yae™® < 0 there is a
real number z € (0,a) such that n(z) = 0. This proves existence.

xT

Uniqueness: Note that n/(z) = —1 — ve ™ + yze~
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Case 1: v < e; The function ze™* is maximized on (0,00) at h(1) = e~ ! so

nNE)=-1—-ve " +yre ™ < —14+1—79e " =—e"<0

It follows that n(x) is decreasing on (0, 00) for this case and has a unique zero that
occurs at .

Case 2: e < v < €% Consider the function p(x) = = + yre . Now

pl(z) =147e™" —qoe ™™ = e (" + 7 —yz)
The function ¢(z) = e* 4+ v — v attains a minimum value at = In(y) since ¢'(z) =

e” — ~. Furthermore,

q(In(y)) =2y —yIn(y) = (2 —In(y)) > 0

for v < 2. This implies that p’(z) > 0 on (0,00) and therefore p(x) is increasing
on (0,00). Since n(x) = a — p(x), this implies that n(x) is decreasing on (0, 00) and
therefore it has a unique zero that occurs at .

Case 3: v > e*; In this case, we know that 7(z) is decreasing on [0, 1] and 7(z) < 0

for x € [d,00). Thus it remains to establish that n(z) < 0 on (1, a).

nr)=a—z—yre*<a—1—e""<a—-2<0

Thus n(z) has a unique zero that occurs at z and this completes the proof for all the

above cases. O

The above observations also indicate that n(x) > 0 for € (0,z) and n(z) < 0 for
x € (Z,00), which we will use in our further analysis. Before examining the stability

profile of Z, we need to explore the properties of the function f(x).
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Since f(z) = ze® %" = 2@ then f'(z) = e"® + an/(x)e"™®. By direct

calculations, f’(x) can be written as

f@) = " (1 —a)(1 —yze™)

T

It follows that f has critical points when z = 1 and 1 — yxe™ = 0. Now we

¥ which has a critical point at x = 1, since

consider the function ¢(z) = 1 — yze™
¢ (x) = ve=*(1 — x). Hence it is decreasing on (0,1) and increasing on (1,00) and

#(1) = 1 — 1 is the minimum of the function.

(i) When v < e, then ¢(1) > 0, so ¢(z) > 0 on (0,00), hence f(x) has only one
critical point at x = 1. When v = e,¢(1) = 0, and again, the only critical point of
f(z) occurs at x = 1. We further break down the case of v < e into the following

subcases:

a. Whena < 1+2,7(1) = a—1-2 <0, thus < 1. Moreover, f(1) =a—1-2 < 1,
which lets us conclude that f(x) < 1 for all z € (0, c0).

b. When a > 142, (1) =a—1—2 > 0. This implies that > 1 ifa > 1+ 2
andz=1ifa=1+1

(ii) When v > e, ¢(1) < 0, so f(z) has three critical points at 2’ < 1,2" = 1,2" > 1.

On (0,2'), 1 —2 > 0 and ¢(x) > 0, so f is increasing. On (2/,1), 1 — 2z > 0 and
o(z) <0, so f is decreasing. On (1,2”), 1 —x < 0 and ¢(z) < 0, so f is increasing.
On (2”,00), 1 —2 < 0 and ¢(z) > 0, so f is decreasing. By the above observations,

it follows that 2/, 2" are local maxima and 1 is a minimum point. Next observe that

fy=e"""% <1
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’ I
x " x — 1,

Given that y2'e™ = ~va'e

’
T

/ ! _a—x'—yx'e” ! a—x'— / 2—x'— / 1—
f(:v):xe“x yx'e — /et 1<I62x lzxelz

1—x

Similarly, f(z”) < 2”e’~*". Now, the function s(z) = ze!~* attains its maximum at

r =1, since §'(x) = (1 — x)e!™®. Since s(1) =1, s(x) < 1 for all z # 1,2 > 0. This

implies that f(z'), f(2”) < 1 as well, thus for this case f(z) < 1 for all z € (0, 00).

Now we establish the global stability of Z.

Lemma 3.15. If 0 < a < 2 then every solution to (3.22) from positive initial values

converges to T.

Proof. We establish convergence to & by showing that |f(z) — z| < |z — z| for x # .

This is equivalent to

r< f(r) <2z —x for x <Z (3.23a)

x> f(r)>2x—x for x > (3.23b)

The first inequalities in (3.23a-3.23b) are straightforward to establish: since n(x) > 0
for z < 7 and n(x) < 0 for x > Z, then f(z) = 2e"® > z if z < 7 and f(z) =
e < zif ¥ > 7.

To establish the second inequalities in (3.23a)-(3.23b), let

t(z) = f(z)+x—22

Notice that ¢(0) = —2z < 0 and ¢(z) = 0. We now show that the inequalities
f(z) <2z —x for x < T and f(x) > 2z — x for x > T are equivalent to t(z) < 0 for

x <z and t(z) > 0 for x > &, respectively. We establish this by showing that ¢(z) is
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strictly increasing on (0, 00), i.e.

t'(z)=f(x)+1>0 for >0

We consider two cases: Case 1: 7 < e; recall that f(x) is maximized at the unique

critical point x = 1. Thus f'(z) > 0 for z < 1 and f'(x) < 0 for x > 1. We also

showed that 1 — yxe™ > 0 for x > 0. Thus for all z > 1, since d < 2

T

(@) < e (2 = 1)(1 = yze™)
= (z— 1) " (1 — ywe™)
<e e (1 — yae ™)

=e ™ (1 —yaze ™) < 1

i.e. t'(x) > 0 for x > 0 and inequalities in (3.23a)-(3.23b) follow.

Case 2: v > e; in this case, f(x) has three critical points occurring at =’ < 1, 1

and z” > 1, where ' and 2" are maxima and 1 is a minimum. Thus

f(z) >0 and 1 —~xe ™ >0 for z € (0,2")
f'(z) <0 and 1 —~ze ™ <0 for x € (2/,1)
f(z) >0 and 1 —~ze ™ <0 for x € (1,2")

f'(z) <0 and 1 —~ze ™ >0 for x € (2", 00)

Thus f/'(z) < 0 if either x <1 and 1 —yre ™ <0orz >1and 1 —yre™™® > 0. If
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r<1land1l—~yxe ™ <0, then

/(@) < e (1 — ) (yze™™ — 1)

_ (,yl,e—a: _ 1)61—'ya:e””61—x(1
<ete! (1 —2)

=e(l—2)<1

Ifz>1and 1—~vyxe ™ >0, then

T

— )

[f'(@)] < e (2 = 1) (1 = qze ™)

= (2 —1)e' (1 — yze *)e! 1

<e e (1 — yae ™)

=e " (1 —yaze ™) < 1

In either case, if f(z) is decreasing then —1 < f'(z) < 0, thus ¢'(z) = f'(z)+1 > 0,

thus #(x) is increasing for # > 0, from which the second inequalities in (3.23a)-(3.23b)

follow.

By Lemmas 3.7 and 3.15, the even and odd terms of (3.13) converge to M = z;, >

0 and m = x;, > 0, proving the existence and stability of

described in Theorem 3.12(c). Since M and m must satisfy

x

a two-cycle in the sense

m= Me* M= and M = met""M

and

Mm = mMeQan(M+m) ie. €2a72(M+m) -1

we conclude that M+m = a. Thus the following extension of Theorem 3.6 is obtained.

Theorem 3.16. Let 0 < a < 2. Then every non-constant, positive solution of (3.13)
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converges, in the sense of Theorem 3.12(c), to a two-cycle {p1, p2} that satisfy p1 +

p2 = a, i.e. the mean value of the limit cycle is the fized point ¥ = a/2.
3.2.4 A concluding remark on multistability
We finally mention a feature of (3.13) that may make its multistable nature less

surprising. Consider the following class of nonautonomous first-order equations

Tyt = Tpe?n Onon
where 7,, 0, are given sequences of period 2 with 6, > 0 for all n. The change of

variable u,, = 0,,x,, reduces this equation to

Cn—Un

Ups1 = Upe ., Ch=7+n ZH (3.24)

This equation can be written as

un+1 — un_lecn—1+cn_un—l_un
Since ¢, has period 2, the sum ¢,_1 + ¢, = a is a constant and (3.13) is obtained.

If .1 = ug and ro = u; = upe®© " then the corresponding solution of (3.13) is
the solution of (3.24) with the arbitrary initial value ug. Therefore, all solutions of
(3.24) appear among the solutions of (3.13) but not conversely. In fact, if ¢, is any

other sequence of period 2 such that ¢/, + ¢/, ; = d then while

/ f—
Uny1 = Upen ™"

is a different equation than (3.24), it yields exactly the same second-order equation

(3.13). Hence, the following assertion is justified:
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Proposition 3.17. The solutions of (3.13) include the solutions of all first-order

equations of type (3.24) with ¢, + ¢,—1 = a.

The coexistence of solutions of so many different first-order equations among the
solutions of (3.13) is a further indication of the diversity of solutions that the latter

may exhibit.

3.3 Periodic coefficients: the case where p > 1

In this section, we assume that the coefficients {a,} in

Tpil = Tppetn m=17"n (3.25)

are periodic with minimal period p > 1.

As might be expected, (3.25) has periodic solutions, which we establish below.
But the range of variation, or amplitude of a,,, as well as whether the period of a,
is even or odd also play decisive roles. If the values of a,, are sufficiently large then
(3.25) has both periodic and non-periodic solutions that are stable in a sense to be
described below. Equation (3.25) thus has an abundance of qualitatively different,
multistable solutions if a, has a sufficiently large amplitude. We also show that the
two cases where sequence {a,} has even period or odd lead to fundamentally different
types of behaviors for the solutions of (3.25).

Recall from the previous section that (3.25) admits a semiconjugate factorization

given by

€ To
thi1 = —, tog=—— 3.26
1 tn 0 r_1e -t ( )
Tptl = tpo1rpe ™ (3.27)
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and that for arbitrary sequence of real numbers {a, } and tq # 0, the general solution
of (3.26) is given by
by =tS ey =12, (3.28)

where
n

Sn= Y (=1)a;, (3.29)

j=1
For every solution {t,} of (3.26), t,41t, = e® for all n, so the even terms of the

sequence {r,} are
Tont2 = T2, €XP (Q2p41 — T2n — bapg1r2pe ") (3.30)
and the odd terms are

Tont1 = Tan—1 €XP (G2 — Ton—1 — topTop—1€ ">"1) (3.31)
Following the definition in (3.29) we let

o =5,= Z(—l)jaj_l (3.32)

Our next result lists a special case for o in the equation (3.32) that makes the

sequence {t,} in (3.9) periodic.

Lemma 3.18. Let o be defined by (3.32) and assume that {a,} is periodic with

minimal period p. If o =0 and to = 1, then {t,} is periodic with period p.

Proof. If 0 = 0, then by (3.9) and (3.10) in Lemma 3.3 we have:

ty = t5 Ve = VP — 1 — ¢,
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and

(= 1)n+p6(_1)n+p8n+p )

tn+p to
Now
n—+p p n-+p n-+p
Snip =Y _(~Waj =) (~Waja+ Y (~Wai=0+ Y (-1)a;
j=1 j=1 j=p+1 j=p+1

If p is even, then

n—+p
Z (=1 aj1 = —ap+api1+- 4 (=1)"Pap iy = —ag+ar+- -+ (—1)"ap-1 = sy
j=p+1

SO
tn+p _ t[()_l)n+pe(—1)n+p37l+p _ t{(]—l)ne(_l)nsn _ '[;n

If p is odd, then

n+p

Y (—Waja=ay—apa+- 4 (1) Panyy 1 =ag— a1+ — (=1)"a, 1 = —s,
J=p+1

SO

tn+p _ t(()—l)n+p6(_1)n+psn+p _ t(()_l)ne_(_l)n(_sn) _ t(()—l)ne(_l)nsn _ tn
and the proof is complete. O]

The next result is based on an assumption that the sequence {t,} is periodic. We

use the cofactor equation (3.27) to establish the following.
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Lemma 3.19. Let {r,} be a solution of (3.25) with initial values r_1,79 > 0 and

assume that {t,} given by (3.9)-(3.10) is periodic with period q > 1.Define

ge(r) =tgre™, k=0,1,...,q—1

Also define

hk:gkogk—lo"'0907 k:07177q_1

f=hg1=04-10G4-20"-0g1°go

Then {r,} is determined by the q sequences

Temtk = hgo fM(r-1), k=0,1,...,¢—1 (3.33)

that are obtained by iterations of one-dimensional maps of the interval (0,00), with
1O being the identity map.
Proof. Given the initial values r_y, 79 > 0 the definition of ¢y and (3.27) imply that

ro = tor_le_“l = g()(’l“_l) = ho(’f’_l)

r=tirge " = g1(10) = g1 0 go(r—1) = h1(r-1)

and so on:

rr=hg(r_1), k=0,1,...,q—2

Thus (3.33) holds for m = 0. Further, v,y = h,_1(r_1) = f(r_1). Inductively, we

suppose that (3.33) holds for some m > 0 and note that for k =0,1,...,q — 2

Pks1 = Gry1 0 Gr © -+ 0 Go = Grt1 © I,
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Now since {t,} is periodic and by (3.27), we have

J— -r —2
T(m+1)-1 = tgmyq—1Tgm+q—26 """

=ty 1hg o0 [T (r_y)e 20"
= 0q-1° hq—2 o fm<r—1)
= hg-10 fm(r-y)

— fm-i—l (r—l)

So (3.33) holds for k£ = ¢ — 1 by induction. Further, again by (3.27), the preceding

equality and periodicity of {¢,} imply that

_ —Tgm-+q—1
Tq(m+1) = tgm+qTqm+q—1€ "7
— tOfm+1 (T_l)e_fm+1(r71)

=9o© fm+1(7”—1)

_ hO o fm—‘rl(,r,_l)
Similarly,

Ta(m+1)+1 = tg(m+1)+17g(m+1)€ 7™+
= tyhg o [ (Tfl)efhoofmﬂ(’“—l)

=giohgo f"(r_y)

— hfl o ferl(Tfl)
Repeating this calculation ¢ — 2 times establishes (3.33) and completes the induc-
tion step and the proof. ]

Lemma 3.20. Suppose that {t,} is periodic with period ¢ > 1.

(a) If the map f in Lemma 3.19 has a periodic point of minimal period r then
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there is a solution of (8.25) with period rq.
(b) If the map f in Lemma 3.19 has a non-periodic point then (3.25) has a non-

periodic solution.

Proof. (a) By hypothesis, there is a number s € (0,00) such that f**"(s) = f(s)
for all n > 0. We may assume that the number ¢, is fired since f is defined on the
basis of the numbers ¢, for k = 0,1,...,¢ — 1. Let r_; = s and define 1y = ho(s).
By Lemma 3.19 the solution r,, corresponding to these initial values follows the track

shown below:

T =5— ro = ho(s) = -+ — rq—2 = hg_o(s) —
Tgo1=hg1(s) = f(s) = rg=ho(f(s) — -+ = rag—2 = hg—2(f(s)) —
rag—1 = hg 1 (f(5)) = [2(s) = 12 = ho(f(s)) = -+ = 130 = hea(f?(s)) —

Trg—1 = hg1(f77(s)) = f7(s) = s — Trg =ho(s) = = Typin—2 = hg2(s) = -

The pattern in above list evidently repeats after rq entries. So 44, = 7, for
n > 0 and it follows that the solution {r,} of (3.25) has period rq.

(b) Suppose that {f"(r_1)} is a non-periodic sequence for some r_; > 0. Then by
Lemma 3.19 the solution {r,} of (3.25) with initial values r_; and o = go(r_1) has

the non-periodic subsequence

rgn—1 = f"(r-1)
It follows that {r,} is non-periodic. O

3.3.1 The odd period case

When {a,} is periodic with minimal odd period, the sequence {t,} itself is peri-

odic, as we show in the next lemma.

Lemma 3.21. Suppose that {a,} is sequence of real numbers with minimal odd period
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p > 1 and let {t,} be a solution of (3.5). Then {t,} has period 2p with a complete

cycle {to,t1, ..., tap—1} where ty is given by (3.9) with

k ; .
(=D a;—q, 1if1<k<p
5p = 2371( ) j—1 f (3‘34)

S (= 1a;y, ifpt+1<k<2p—1

Proof. Let {ag,a1,...,a,_1} be a full cycle of a,, and define o as in (3.32) to be

p
o= Z(—l)ja]’71 =—Gy+a —ax+t...—0ap

7j=1
Since a full cycle of a,, has an odd number of terms, expanding s,, in (3.10) yields

a sequence with alternating signs in terms of o

Sn=0—0+-+(=1)" o+ (=1)" ) (=1)a;4
j=1

for integers ¢, m such that n = pm +i, m > 0and 1 < ¢ < p. If m is even then for

i=1,2,....p

—ay n=pm+1 (odd)

, —ap + a; n=pm+2 (even)
Sp — Z(—l)]aj_l = )

| —ao—l—al...—ap_l n=pm-+p (Odd)

Similarly, if m is odd then for i =1,2,... p

(

o+ ag n=pm+1 (even)
: , oc+ay—a n=pm+2 (odd
Sp =0 — —1)a; = o (odd)
2 (e,
=0
| ota—ar+...—ap1 n=pm+p (even)
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The above list repeats for every consecutive pair of values of m and indicates a

complete cycle for {s,}. In particular, for m = 0 we obtain for i = 1,2,...,p
(
—ay n=1
: —ag+ aq n=2
Sn = Z<_1)]arl =
j=1
\ —ap+aiy...—Gy,_1 N=7
and for m =1 we obtain forv=1,2,...,p—1
(
ay—az+...—ap—1 n=p+1
: —ag+ ... —a, n=p+2
Sn :0—2(—1)]% = 8
=0
| 0 n=2p—1
2p—1
= Z (=1 a;—p
Jj=p+1

This proves the validity of (3.34) and shows that the sequence {s,,} has period 2p.

Now (3.9) implies that {¢,} also has period 2p and the proof is complete. O]

For p = 1, Lemma 3.21 implies that {¢,} is the two-cycle that we encountered

-
05 tO

where a is the constant value of the sequence {a,}. For p =3, {t,,} is the six-cycle

ag az—a1+aog az
to, —— toe™ 0 T e C
05 » L0 ) » O ) .
to to to

before:

The next result establishes a special case where {t,} is periodic with odd period
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Lemma 3.22. Let {a,} be periodic with minimal odd period p and let o be defined

as in (3.32). If 0 # 0 and ty = /2, then {t,} is periodic with period p.

Proof. If ¢ # 0 and p is odd, then

tp — t(()_l)pe(—l)psp — 60/2—0 _ 6—0/2 =t

and since in Lemma 3.18 it was shown that s, 4, = 0 — s, then

by = 1

— e(_l)na/ze_(_l)n(U_Sn)

— (Dme/24(=1)"sn _ t[()fl)"e(—msn =t,

Theorem 3.23. Suppose that {a,} is periodic with minimal odd period p > 1 and let
f be the interval map in Lemma 3.19 where ty > 0 is a fixed real number and ty is
given by (3.9)-(3.10) for k > 1.

(a) If s is a periodic point of f with period q then all solutions of (3.25) with
initial values r_y = s and ro = tose™* (i.e. (r_1,79) is on the curve gy) have period
2pq.

(b) If 0 =0, to =1 and s is a periodic point of f with period q, then all solutions
of (3.25) with initial values r_y = s and ro = tose * have period pq.

(c) If o # 0, to = €¢”/? and s is a periodic point of f with period q, then all
solutions of (3.25) with initial values r_y = s and ro = tose™* have period pq.

(d) If the map f has a non-periodic point, then (3.25) has a non-periodic solution.

(e) If f has a period-three point then (3.25) has periodic solutions of period 2pn

for all positive integers n as well as chaotic solutions in the sense of Li-Yorke [65].
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Proof. Parts (a)-(d) follow directly by Lemma 3.20 combined with Lemmas 3.18, 3.22
and 3.21.

(e) By [65], if f has a period three point, then f has periodic points of every period
n > 0, as well as aperiodic, chaotic solutions in the sense of Li-Yorke. Therefore, by
parts (a) and (b), (3.25) has periodic solutions of period 2pn, as well as chaotic

solutions. O

3.3.2 The even period case

When {a,} periodic with minimal even period p the next result shows that the
sequence {t,} is not periodic with the exception of a boundary case. Once again, for

convenience we define the quantity o by (3.32).

Lemma 3.24. Suppose that {a,} is a sequence of real numbers with minimal even

period p > 2 and let {t,} be a solution of (3.5). Then

by = (tgemtm) V" (3.35)

where the integer divisor d,, = [n — n(mod p)|/p is uniquely defined by each n and

- Z?gl(’dp)(—l)jaj,l if n(mod p) # 0 (3.36)

0 if n(mod p) =0
In particular, {t,} is periodic with period p iff o =0, i.e.

ap+as+---ap,=a;+az+---+a,1. (3.37)

Proof. Let {ao, a1, ...,a,-1} be a full cycle of a,, with an even number of terms. Since
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n = pd, + n(mod p) for n > 1, expand s,, in (3.10) to obtain

n(mod p)

Sy = dpo + Z (—1)‘7&]‘—1

J=1

if n(mod p) # 0. If p divides n so that n(mod p) = 0 then we assume that the sum is
0 and s, = d,o0. Thus s, = d,0 + 7, where 7, is as defined in (3.36).
The o terms have uniform signs in this case since there are an even number of

terms in each full cycle of a,,. Now (3.9) yields

£y = 15" D s = (D" (1) o)

which is the same as (3.35).
Next, if o # 0 then d,,0 is unbounded as n increases without bound so {t,} is not

periodic. But if o = 0 then (3.35) reduces to
tn = (toer) V" (3.38)

Since the sequence 7, has period p, the expression on the right hand side of (3.38)

has period p with a full cycle

e% 6a0—¢11+a2 1P
t, = t—,tQ = tge 0T ¢, = — (b, = toe Mottt A — g
0 0

By the preceding result,

Loy, = toe2med2m? if n = 2m is even

1
tomi1 = t—e_”m“e_dm“” if n=2m+ 1 1is odd
0

87



Suppose that ¢ # 0. If ¢ > 0 then since lim,, ,, d, = oo it follows that to,, is

unbounded but ts,,,1 converges to 0, and the reverse is true if ¢ < 0. Therefore,

lim t9,, = o0, lim tomt+1 = 0, if o > O, (339)
lim 9, =0, lim ¢y, =oc0, if o <O. (3.40)

Lemma 3.25. Suppose that {a,} is a sequence of real numbers with minimal even
period p > 2 and let {r,} be a solution of (3.25) with initial values r_y,r9 > 0. Then

lim,, oo Topt1 = 0 if 0 > 0 and lim,, oo 19, = 0 1f 0 < 0.

Proof. Assume first that ¢ > 0 but lim,, . 72,41 # 0 for some choice of initial values
r_1,70 > 0. Then by (3.31) there is a number ¢ > 0 and a subsequence 7, such that

forall k=1,2,3,...
Ton;,—1 €XP (Clznk — Ton,—1 — t2nk7’2nk,1€77"2nk71) = Top,+1 = C> 0 (341)

We show that this inequality leads to a contradiction. By Theorem 3.1 and the
boundedness of ag,, there is M > 0 such that 0 < ro,, 1 exp(ag,, ) < M for all k.

Thus, by (3.41)

—Tr2n,—1
Ton,—1 €XP (a2nk) eXp(_TQTLk—l - t2nkr2”k_16 " ) Z ¢

v

exp(—Tan,—1) €XP(—ton, Tan,—16~ ")

v
SRR

—T —
exp(—ton, Ton,—1€ 2" 1)

Further, ue™ < 1/e for all u > 0 so that

_thk _ &
exp | —= | > exp(—ton, Ton, 16~ 26 1) > — >0
P( o )_ P( 2ny, 720 —1 ) Vi

However, by (3.39) lim,, ;. to,, = 00 so the left hand side of the above chain converges
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to zero and we arrive at a contradiction. Hence, lim,, , 72,11 = 0if 0 > 0 as claimed.
If 0 < 0 then a similar argument using (3.30) and (3.40) yields lim,, ,, 79, = 0 to

complete the proof. O

Lemma 3.25 clearly indicates a marked difference between the case where a,, has
an even period and the case where it has an odd period. Unlike the odd period case,
half of the terms of every solution {r,} of (3.25) converge to 0 in the even period case
if o # 0. We now examine the other half of the terms of each solution {r,} of (3.25).

If o > 0 then lim, . t2,+1 = 0 by (3.39) and (3.30) reduces to the equation

Uzpt2 = Ugp€™?Fi ™42 (3.42)

If o < 0 then lim,,_, t2, = 0 by (3.40) and (3.31) reduces to

Uop+1 = Ugn_1€a2n_u2n71 (343)

Remark 3.26. Lemma 3.25 and equations (3.42), (3.43) indicate another significant
difference between the odd and even period cases in the behaviors of solutions of
(3.25). Specifically, if ¢ # 0 then the asymptotic behavior in the even period
case does not depend on the initial values. Because t, tends to either 0 or oo,

the number t; and thus the initial values, do not affect the limit set of the solution.

If 0 = 0, the sequence {t,} is periodic, so the behavior of the iterates of (3.25)
is similar to the case when p is odd. Similar to the odd case, we state the following

result:

Theorem 3.27. Suppose that {a,} is periodic with minimal even period p > 1 and
let f be the interval map in Lemma 3.19 where ty > 0 is a fived real number and ty

is given by (3.9)-(3.10) for k > 1. Further assume that o = 0.
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(a) If s is a periodic point of f with period q, then all solutions of (3.25) with
matial values r_1 = s, rog = tgse™® have period pq.
(b) If the map f has a non-periodic point, then (3.25) has a non-periodic solution.
(¢) If  has a period-three point, the (3.25) has periodic solutions of period pn for all

n > 0, as well as chaotic solutions in the sense of Li and Yorke.

Proof. The proof is similar to that of Theorem 3.23. O

3.4 Concluding remarks, open problems and conjectures

The results obtained for the nonautonomous equation (3.25) with periodic coef-
ficients {a,} show substantial differences of the behavior of the solutions depending
on whether the period p is even or odd. In particular, the solutions of (3.25) exhibit
dependence on initial conditions when p is odd, whereas it is not seen for the case
when p is even, unless ¢ = 0. In previous sections we derived the mechanism that
demonstrates why this is the case. Nonetheless, a number of questions remain to
fully explain the behavior of the solutions of (3.25) with periodic coefficients. We
conclude this chapter with the following open problems and conjectures that we leave

for future research.

Conjecture 3.28. Let {a,} be periodic with minimal period p and assume that {t,}
is periodic with period q. If 0 < a,, < 2, then the solution of (3.25) from initial values
r_1,79 > 0 converges to some s-cycle I', where s is the least common multiple of p
and q. Further, if rj, v, > 0 and

0 To

/
r e " roge’l

then the solution of (3.25) corresponding to rjy,r"_, converges to the same s-cycle I'.
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If the above conjecture is true, then the following can be shown for the case when

p is odd.

Conjecture 3.29. Let {a,} be periodic with minimal odd period p and further assume
that 0 < a; < 2 for 0 <i=0<p—1. Then for each pair of initial values r_1,r¢ > 0,

(a) the solution of (3.25) converge to a cycle I' with length 2p that is determined
by the values of r_1,r9 > 0 as stated in Conjecture 3.28.

(b) Furthermore, if either

o0=0,tg=1 or 040, tg=e"2

then I' is also a periodic cycle with period p.
A similar result can be shown for the case when p is even, and o = 0.

Conjecture 3.30. Suppose {a,} is periodic with minimal even period p > 2 and o =
0. If0 < a, < 2, then each solution of (3.25) from initial values r_y,rq > 0 converges

to a cycle of length p that is determined by r_1,r9 > 0 as stated in Conjecture 3.28.

Conjecture 3.31. Let {a,} be periodic with minimal even period p > 2. If o # 0,
then (3.25) has a globally attracting periodic solution {r,} with period p (i.e. the

p-cycle is not dependent on initial values).

Problem 3.32. Ezxplore the behavior of the solutions of (3.25) when a,, are outside

the range (0,2).
In particular,

Conjecture 3.33. Let {a,} be periodic with minimal period p > 1. Show that for cer-
tain values of {a,} outside the range (0,2), the equation (3.25) has chaotic solutions

in the sense of Li and Yorke.

Problem 3.34. What specific results are possible in answering Problem 3.32 and

Conjecture 3.33 if p =2 so that (3.30) and (3.31) is autonomous in each case?
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A generalization of (3.2) given by

Tpt1 = gjn_lean_bnxn_@nxn—l where bn ?é Cn (344)

is a natural choice for future studies. In addition, exponential equation of the type

Tnt1 = xnean—bnmn—cnmn,1 (345)

has not been well-explored and may be of interest for future investigation. Since
equations in (3.44) and (3.45) do not admit semiconjugate factorization and monotone
function techniques generally do not apply, their study will involve alternative and

possibly new methods of analysis.
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CHAPTER IV

Folding of a Rational Planar System

In this chapter, we use the folding method to study the linear-rational planar

system given by

Tpil = UnTp + bpyn + Cp (4.1a)

/ / /
a, Ty + by, + c,
arx, + 0y, +cl

Yn+1 = (41b)

where all parameters are sequences of real numbers.! The system in (4.1) is a natural
choice for application of the folding method, since one of the equations in the system
is linear and the non-linearity is confined solely in the second equation that is in

linear-fractional form. The autonomous case of the system in (4.1) given by

Tpi1 = ax, + by, + ¢ (4.2a)

ax, +by,+c

4.2
a//xn + bl/yn + cll ( b)

Yn+1 =

and is a special case of the system initiated by [17] where both equations in (4.2) are

of the form given in (4.2Db).

!The content of this chapter, unless otherwise noted, is from [61] and [56].
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We derive general conditions for uniform boundedness and convergence of solu-
tions of (4.1) to the origin. We next study the autonomous case of (4.2) where the
parameters are assumed to be constant. We investigate conditions on parameter
values that guarantee the existence and uniqueness of a fixed point in the positive
quadrant and show that under several broad assumptions on parameter values, this
fixed point is a non-repeller. Using the folding equation, we then derive sufficient
conditions for global convergence of the solutions of (4.2) to the fixed point, as well
as occurrence of periodic solutions.

We then find special cases of (4.2) via its folding with some negative parameter
values that exhibit chaos in the sense of Li-Yorke within the positive quadrant of the
plane.The occurrence of chaotic orbits for (4.2) is far from obvious. It is well-known
that a system of linear difference equations with constant coefficients does not have
chaotic orbits. On the other hand, if one of the equations of the system is a polynomial
of degree greater than 1 then the system may possess chaotic orbits within a bounded
invariant set, as in the case of the familiar logistic map on the real line or the Henon
map in the plane; see, e.g., [30], [33].

Prior studies of linear-fractional equations and systems (see [51] and references
therein) have not been focused on demonstrating the occurrence of chaos or coexisting
cycles and recent works [43], [73] that investigate homogeneous rational systems did
not consider chaotic behavior. Studies of chaos in rational or planar systems generally
do exist in the literature as indicated in the references below; see, e.g. [13]-[14] and
[87]. In particular, in [87] the occurrence of chaos in homogeneous rational systems
in the plane is established.

Since (4.2b) is discontinuous on the plane (unlike polynomial equations) the ex-
istence of solutions is guaranteed for (4.2) only if division by zero is avoided at every
step of the iteration. In typical studies of rational systems it is generally assumed

that all nine parameters and the initial values are non-negative (we refer to this as
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the positive case) to avoid possible occurrence of singularities in the positive quadrant
(0,00)? = (0,00) x (0, 00) of the plane. This quadrant is also the part of the plane that
is naturally of greatest interest in modeling applications such as the aforementioned
adult-juvenile model. But the type of nonlinearity exhibited by linear-fractional equa-
tions is of a particular kind that tends to be mild in nature away from singularities.
This may be one reason for the relatively well-behaved orbits in the positive case
rather than complex orbits that tend to be associated with rapid rates of change.

To be more precise, we show that in the positive case any fixed point (z,7) of
(4.2) in the positive quadrant (Z,7 > 0) must be non-repelling, i.e., it is not true that
both of the eigenvalues of the system’s linearization at (Z,y) have modulus greater
than 1. This implies that (Z, %) is not a snap-back repeller for this case.

We then consider cases where some of the 9 system parameters are negative and
allow singularities to occur in the positive quadrant (0, 00)?. For instance, if a”b” < 0
then the straight line a”z+4b"y+c¢” = 0 which is part of the singularity or forbidden set
of the system in this case, crosses the positive quadrant so if any point (z,,y,) of an
orbit of (4.2) falls on this line then division by zero occurs. With negative parameters
it is necessary to either determine the forbidden sets or find a way of avoiding them.
Determination of forbidden sets has been done for some higher order equations; see,
e.g., [27], [74], [82]. But this is a difficult task for systems like (4.2). To identify
special cases of (4.2) where orbits avoid such singularities we fold the system, i.e.,
transform it into a second-order quadratic-fractional equation and then find special
cases in which the occurrence of Li-Yorke type chaos can be established in the positive
quadrant. As a bonus, we find special cases of (4.2) that have periodic solutions of
all possible periods in the positive quadrant. Obtaining these results would be quite

difficult without folding.
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4.1 Folding the system

Assuming that b,, # 0 for all n > 0 we solve (4.2a) for y,, to obtain

1

Yn = b_($n+1 — AnTy — Cn) (43)

To avoid reductions to linear systems or to triangular systems, we may assume

that for all n > 0

bn # 0, |an| + lag |, lag| + (0], lag] + [b,] + || > 0. (4.4)
We fold the above system as follows:

bn+1<a;1xn + b;q,yn + Cln)
a’z, + by, +

Tpni2 = Api1Tpy1 + bn+1yn+1 +Cht1 = Cnp1 + Gpp1Tpy1 +

Using (4.1b) and (4.3) to eliminate y,, yields

bniila,n + (8, /00)(Tni1 — antn — ¢,) + ]
antn + (05 /bn)(Tni1 — @nTp — cn) +

Tp+2 = Cp41 + Ap4+1Tn+1 +

Combining terms and simplifying we obtain the rational, second-order equation

O1,nTn+1 + O2.nTn + O3n
" "
b i1 + Dab’nxn + D

cb,n

(4.5)

Tpt2 = AQp41Tny1 +

/ /! / 1
O1,n = bn+lbn + Cn+1bn7 O2n = bn+1Dab,n + CnJrlDab,n

/ "
03n = bn—}—chbm + cn+1ch,n

where

"
ab,n

I
cb,n

o / o 1 o / / "o 1" 1/
b = Apbn—anbi, = a,b,—ayb,, = b,c,—b,,cp, b = OnCp— by

(4.6)
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The pair of equations (4.3) and (4.5) constitute a folding of (4.1). If (x¢, yo) is an
initial point for an orbit of (4.1) then the corresponding solution of the core equation
(4.5) with initial values

Zo and 1 = agxg + boyo + ¢o (47)

yields the x-component of the orbit {(x,,y,)} and the y-component is given (pas-

sively) by (4.3). Orbits of (4.1) are related to the solutions of (4.5), as seen next.

Theorem 4.1. (a) Let {x,} be a solution of (4.5) with initial values (4.7). If {y.}
is given by (4.3) then the sequence {(x,,y,)} is an orbit of (4.1).

(b) Let {(zn,yn)} be an orbit of (4.1) from an initial point (xo,vo). Then {x,} is
a solution of (4.5).

Proof. (a) Assume {x,} is a solution of (4.5) with initial values (4.7). Then by (4.3)

1

n+1

Yn+1 = b (‘rn—&—Z — An41Tn4+1 — cn+1) (48)

Substituting the expression from (4.5) into (4.8) yields

1
Yn+1 = b (mn—l—Q — Op4+1Tp+1 — Cn+1)
n+1
. O1,nTn+1 + 02.nTn + 03n o Cn+1
// " "
bn+1 (bn'rnJrl + Dab,nxn + ch,n) anrl

11 " "
. 01,nTn+1 + 02 nTn + 03 n — cn-l—l(bnxn—&—l + Dab,nxn + chm)
" "
bn+1<bxl'n+1 + Dab,nxn + ch,n)

/! " "
. (Ul7n - Cn+1bn)$n+1 + (JQ,n - Cn+1Dab,n)$n + U3,n - Cn—i—chbm
bn+1 (bzxn—i-l + Dl Tp + DY )

ab,n cb,n

Expanding the terms for o ,, 02, 03, and simplifying reduces the above to

b;.bxn+1 =+ D/ Tn + D/

y o ab,n cb,n
ntl = 7 " "
bnxn'i‘l + Dab,nxn + ch,n
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On the other hand, since

Ty + 0y + ¢ an Ty 0 (Tng1 — Gnn — ) /bn + €
ATy A Vi + ¢ 'z, + V(Tpp1 — ATy — ) /by + !
b xpi1 + al by, — apbl x, — U c, + b,c,
n 'z, 1 + al’byx, — anblx, — blc, + bycl!

b, nTnt1 +DaanN+chn
bmn+1+Dabn +ngn
= Yn+1

the proof of (a) is complete.

(b) Assume {(z,,yn)} is an orbit of (4.1) with initial point (zo, y). Then by (4.1a)

Tpt+2 = Qpg1Tpt1 + Dpp1Ynt1 + ot (4.9)

and it is necessary to show that the right hand side of the above equality matches

that in (4.5). By (4.1b) and above calculations

anxy, + by, + ¢,
bn""lyn'H o1 = b”"‘l // b/’yn +c // + Cng1
b nTntl t Dabnxn + chn
il b'en,1+ DY x, + chn
bn+1(bnxn+1 + Dab ndn + ch n) + Cn+1(b//9§'n+1 + D:z/b,nxn + ng n)

b”l‘n_;,_l + Dabn + D"

cb,n

+ Cn+1
abn

(anrlb;z + C”+1bg)xn+1 + (bn+1Dabn + CnJrlDab n)xn + anrchbn + C"+1chn

V' ane1 + D’

o 01 nxn+1 + 02 nln + 03 n
/!
b :Un+1—|—D :L"n—l—chn

$”+chn

abmn

= Tpt2 — Op41Tn41
ab,n

Therefore, (4.9) implies (4.5) and the proof is complete. O

Even when all the parameter sequences in (4.1) are non-negative the coefficients in
(4.5) may be negative. Similarly, the coefficients in (4.5) may be positive even when

some of the system parameters are negative. So the next result is worth highlighting.
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Theorem 4.2. (a) Assume that all the parameter sequences in (4.1) are non-negative
with al, b ' not simultaneously zero for every n. Then every orbit of (4.2) with
xo, Yo > 0 is well-defined and in the positive quadrant so every solution of (4.5) with
wmnitial values xg > 0 and 1 = apxg + boyo + co 15 well-defined and positive.

(b) Assume that all the coefficients in (4.5) are non-negative with by, Dy, ., D7,
not simultaneously zero for every n. Then every solution of (4.5) with initial values

xg,x1 > 0 is well-defined and positive so every orbit of (4.1) with zo > 0 and yo =

(x1 — apxg — ) /bo is well-defined and lies in the right half-plane.

4.2 Uniform boundedness and convergence to zero

In this section we obtain sufficient conditions for the uniform boundedness and
permanence of the system (4.1) and for its folding (4.5). We also derive sufficient
conditions for the global convergence of all non-negative solutions of (4.5) to its zero

solution and the implication of this for the system.

4.2.1 Uniform boundedness of the system’s orbits

In this section we assume that all parameters in (4.1) are non-negative. It is clear
that in this case orbits {(z,,y,)} of (4.2) whose initial points (o, o) in the positive
quadrant [0,00)? remain there, i.e., [0,00)? is an invariant set of the system. We
are interested in conditions that imply the uniform boundedness of all orbits in the

positive quadrant.

Theorem 4.3. Assume that all parameters in (4.2) are non-negative, let {b,} and
{cn} be bounded sequences and ¢l > 0 for all n > 0.

(a) Suppose that limsup,,_,. a, < 1 and there is M > 0 such that for all n >0

a, < Mall, U, <M, , <M. (4.10)
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Then each orbit {(x,,yn)} of (4.1) with initial point (zo,y0) € [0,00)* is uniformly
bounded from above.

(b) If in addition to the hypotheses in (a), liminf, ,. b, > 0 and there is L €
(0, M) such that

a, > La, b, > Lb: ¢ > L (4.11)

then there are L', M’ > 0 such that for all sufficiently large n, (z,,y,) € [L', M'] x

[L, M] for each orbit of (4.1) with initial point (xo, o) € [0, 00)%.
Proof. Since ¢! > 0 it follows that y,, is defined for all n > 0. By (4.10) for all n > 0,

a,x, + by, + ¢, < Ma!'x, + Mb!y, + Mc!

" /" /"o " /! /!
a’n‘rn + bnyn + Cn anajn + bnyn + Cn

=M

Yn+1 =

Hence the y-component is bounded. If limsup,,_,. a, < 1 then there is a € (0,1)
such that a,, < a for all sufficiently large values of n. Also {b,} and {c,} are bounded

so there is p > 0 such that b, ¢, < u for all n. Therefore, for n large enough,
Tp1 < axy, + b, M+ ¢, < ax, + p(M +1) (4.12)

If N is a positive integer such that (4.12) holds for n > N then in particular, xy;1 <

axy + (M + 1) and
wny2 < @y + p(M 4+ 1) < d*oy + p(M +1)(1+a)

Proceeding this way inductively we obtain

- _ 14+ M
Topn <@ oy +p(M+1D)(1+a+--+a" 1):_“<1_a )—l—a” {xN_

u(1+M)}

1—a

As n — oo the last term of the above expression approaches zero; in particular, for
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all n sufficiently large

~1l—a

N 1—a

Therefore, for all n sufficiently large

1+ M 14+ M
gy MIEM) @ p+M)ta (4.13)
l1—a 1—a 1—a

(b) By (4.11) for all n > 0,

La'x, + Lbly, + Lc!

n
Yn+1 = =
a’z, + by, + ¢

Hence, L <y, < M for all n > 0. Since lim inf,_, b, > 0 there is b > 0 such that

b, > b for all large n so

Tpy1 > ay, + b, L+ ¢, > ax, + bL (4.14)

If N is a positive integer such that (4.14) holds for n > N then in particular, xyyq >
ary + bL and

Tnyo > aryig + 0L > a’xy +bL(1 4+ a)

Proceeding this way inductively we obtain

bL bL
Topn > a" oy +bL(1+a+--+a" ) = 1_a+a” [a:N—l_al

It follows that for all large n

o> bL +a

> (4.15)

Define M’ to be the right hand side of (4.13) and L’ to be the right hand side of
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(4.15). Then

bM+a<,uM—i-a

< M’
l—a = 1-—a

0< L <
and the proof is complete. O

The next consequence of Theorem 4.3 also applies to the autonomous version of

(4.1) where all sequences are constants.

Corollary 4.4. Assume that {b,}, {c,}, {a,,}, {b),}, {c,} be bounded sequences of
non-negative real numbers. If a” 6", " > 0 and limsup,,_, a, < 1 then there are
M, M' >0, such that for all sufficiently large n, (x,,y,) € [0, M’'] x [0, M] for each

orbit of the following system

Tpil = UnTp + bpYn + Cp (4.16a)

/

alx, + by, +c,
a//xn + b//yn + C//

with initial point (g, o) € [0, 00)>.

Proof. 1f we define

1 1 1
o / / /
M = max<{ — supa,, o Sup b,y —; SUD Cpps
a’ n>0 n>0 C" n>0

then (4.10) holds and the proof is concluded by applying Part (a) of Theorem 4.3. [J

Corollary 4.5. Let 0 < a <1, ¢ >0 and b,a’, 0, c,a",b", " > 0. Then there are
M;,L;, i = 1,2 such that 0 < L; < M; and for all sufficiently large n, (x,,y,) €

(L1, My] X [La, Ms] for each orbit of the autonomous system

Tpy1 = axy, + by, + ¢ (4.17a)

ax, +by,+c
a//xn _|’_ b//yn + C//
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with initial point (g, o) € [0, 00)2.

Proof. The existence of M7, M, is established in Corollary 4.4 with all sequences being

/ / /

. [d UV ¢
L=minq—,—,— /.

a// b/l C/l

then (4.11) holds and the proof is conlcuded by applying Theorem 4.3 and defining

constants. Further, if

Li=L,M =M, Ly=L, My= M. O

The condition ¢ > 0 ensures the existence of solutions (liminf, ,. ¢! = 0 is ad-
missible). It can be replaced by a number of other conditions that we will not discuss.
The next result applies to certain systems that do not satisfy some the hypotheses of

Theorem 4.3 or its corollaries. In particular, the parameter 0! is arbitrary.

Theorem 4.6. Assume that all parameters in (4.1) are non-negative, let {b,} and
{cn} be bounded sequences and ¢ > 0 for alln > 0. Also suppose that there is M > 0

such that a), < Ma!, ., < Mcl! for alln > 0.1f

n’

/
limsupa, <1, limsup— <1
n—00 n—oo Cp

then each orbit {(x,,yn)} of (4.1) with initial point (xy,yo) € [0,00)? is uniformly

bounded from above.

Proof. By the hypotheses, there is p € (0,1) such that o/, /¢! < p for all sufficiently

large n. Thus,
Yo+ Mallx, + Mc! b

A Tn + by + ¢, U, n
ap Ty, + b//yn +c = a’xr, +c < Eyn +M < PYn + M

Yn+1 =

Using an argument similar to that in the proof of Part (a) of Theorem 4.3 we conclude

that for all large n
M+ p
1—p°

Yn <
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Since this proves that the y-component is bounded, again following the line of rea-

soning in the proof of Theorem 4.3 the proof is concluded. O

Corollary 4.7. Let 0 < a < 1, ¢,d,V,c,d” > 0 and b,",d + bV + > 0. If
b' /" < 1Then there are M, M’ > 0 such that for all sufficiently large n, (z,,y,) €

[0, M'] x [0, M] for each orbit of the autonomous system

Tpt1 = ATy + byn +c

/ / /
ax, + by, +c
a//In_’_C//

Yn+1 =

with initial point (xg,y0) € [0, 00)2.

4.2.2 Uniform boundedness of the folding’s solutions

The results in the preceding section establish the boundedness of solutions when
the system parameters are non-negative even when certain folding parameters are
negative. In this section, we study the boundedness of solutions when the folding
parameters are non-negative even when certain system parameters are negative.

The following is a general result on the uniform boundedness of all solutions of

(4.5).

Theorem 4.8. Assume that b, DY, > 0 and D/,

ab,n cb,n

> 0 for alln >0, let L, M be
real numbers such that 0 < L < M and for all n >0
Lo <oy, <MY, LD), < o9, <MD . L van < o3, <MD/ (4.18)

ab,n ab,n>’ cb,n-

If limsup,,_, ., an, < 1 then for all n sufficiently large, L < x, < (M + a)/(1 — a)

for every solution {x,} of (4.5) with non-negative initial values.
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Proof. 1f (4.18) holds then o;, > 0 for all n. In particular,

01,01 + 020%g + 03
To = a1x1 + : : — > 0.
2 N Wy + DYy gao + Dl g T
01 ab,0*0 cb,0

By induction it follows that z,, > 0 for all n. Further, by (4.18)

V' M,y + D, Mz, + D/,

ab,n cb,n

bituis + Dl + D)

cb,n

M

Tp+2 S An+1Tn+1 + S Ap4+1Tp+1 + M (419)

If lim sup,,_, ., @, < 1 then there is a € (0,1) such that a, < a for all sufficiently large

values of n. If N is an integer large enough that (4.19) holds for n > N then

TNyo L arny1 + M

It follows that

Tyi3 < arnyo + M < d’ryg + M(1+a)

Proceeding this way inductively we obtain for n > N

Tn S an_N_lxN+1 + M(]_ + a + e + an—N—Q) —

M
e T

1—a
As n — oo the last term of the above expression approaches zero; in particular, for

all n sufficiently large

M a
n—N-—1 _ < .
¢ [351 11— a] “1l-a
Therefore, for all n sufficiently large
M a  M+a

<
xn_l—a+1—a 1—a
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Finally, the proof is completed by observing that for all n

" " "
O1,nTn+1 + O02.nTn —+ O3 n > Lbnﬂfn_t,_l + LDab,n$n + Lch,n

Tn42
— p " " - 1 " " =
U ni1 + Dy xn + Dy Vixni1 + Dy xn + DYy

O

The preceding result implies that (4.5) is permanent if L > 0; i.e., every solution
is bounded and has no subsequence that converges to zero. The next result applies

Theorem 4.8 to the original system.

Theorem 4.9. Assume that (4.18) holds and |c,| < 6|b,| for some 6 > 0 and all
n > 0. Then each orbit of (4.2) with xq > 0 and agzo + boyo + co > 0 is bounded and
contained in the right half-plane. Further, if L > 0 then no such solution approaches

a point on the y-axis.

Proof. By Theorem 4.8 and (4.3),

(14+a)(M +a)
- b(l —a)

Tn41 — Qpp — Cp < Tn41 + ApTnp

b, - b

Cn

Cn 5.
b, +

|Yn| <

The first conclusion now follows. If L > 0 then by Theorem 4.8 z,, > L so the second

conclusion also follows. O

The next result, in which the parameters are constants (independent of n) also

follows from Theorem 4.8.

Corollary 4.10. Assume 0 < a < 1, V', D", DY > 0, 01 + 03 + 05 > 0. Then all

ab’

solutions of the autonomous equation

O1%p41 + 022y + 03

Tpio = ATpi1 +

with xg,x1 > 0 are uniformly bounded. If in addition, oq,09,03 > 0 then all such

solutions are bounded from below by a positive number.
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Proof. Define

01 09 03
M:max{—,— —} > 0.

"oy

b Dl DY

Then the upper bound inequalities in (4.18) hold and Theorem 4.8 may be applied
to conclude the proof. If additionally, all three parameters o, 09, 03 are positive then

define

. 01 02 O3
L—mm{—,— —}>O

1/ 1

b"" DY DY

to satisfy the lower bound inequalities in (4.18) and apply Theorem 4.8 again to

complete the proof. O

4.2.3 Global exponential stability of the zero solution

In this section we discuss conditions that lead to the exponential convergence of
all non-negative solutions of (4.5) to the zero solution and what this means for the

system. We assume that o3, = 0 for all n in this section so that (4.5) reduces to

O1,nTn+1 + 02 nTn
V21 + D, xn+ D"

ab,n cb,n

(4.20)

Tn+2 = AQp41Tn+1 +

All parameters in the above equation are assumed to be non-negative. If Dg, , > 0
for all n then the above equation has a zero solution x,, = 0. Under certain conditions,
this trivial solution is exponentially stable and attracts all non-negative solutions. To

prove the main result of this section we need a general result from [85] that we state

as a lemma.

Lemma 4.11. Let a € (0,1) and assume that the functions f, : R¥! — R satisfy
the inequality

| fa(uo, - . we)| < amax{|ugl, ... [ux|} (4.21)
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for allm > 0. Then for every solution {z,} of

Tt = fo(@Tn, Tno1, - s Tn_k) (4.22)
the following is true

| < @™ max{|zol, [oa] .., o]} (4.23)

We note that (4.21) implies that z,, = 0 is a constant solution of (4.22) and further,

(4.23) implies that this solution is stable.

Theorem 4.12. Assume that all parameters in (4.20) are non-negative and Dy, , > 0
for all n > 0. If limsup,_,. a, < 1 and there is p € (0,1) such that for all large
values of n

O1.n + 02.n S (/L — an+1)D::/b,n (424)

then every solution of (4.20) with initial values xo, x1 > 0 converges to zero exponen-

tially.

Proof. Define
O1,nUp + O2.0U71

biug + DYy ur + D

abn cbn

Jn(uo, u1) = anyrug +

Then

O1,nUo + O2nU1
D//

cb,n

O1,n + 09,
< (anﬂ + %) max{ug, u1 }

Jn(uo, u1) < anyruo +

cb,n

By hypothesis limsup,, . a, < 1 so there is 6 € (0,1) such that a, < ¢ for all large
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n. If (4.24) holds and we define o = max{u,d} then for all large n

Oln + O2.n S (O[ - an+1)D/,

cb,n
which may be written as
O1n T 02
py1 + ———— S @
ng,n
Thus (4.21) holds and the proof concludes by applying Lemma 4.11. O]

The following is the special case of Theorem 4.12 for the autonomous equation

01Tn 41 1+ 02Ty
V'¢ps1 + Dz, + DY

(4.25)

Tpt2 = ATpy1 +

Corollary 4.13. Assume that all parameters in (4.25) are non-negative and D%y > 0.
Ifa <1 and
o1+ 09 < (1 — a)DZb (426)

then (4.25) has no positive fized points and 0 is globally exponentially stable with

respect to [0, 00).
Proof. First, note that if (4.26) holds and we define

01+ 02 . o1+ 02 +CLDZb
" - "
ch ch

L=a-+ <1

then 1 € (a,1) and o1 + 02 < (p — a)DY,. Thus, in light of Theorem 4.12 it only
remains to show that (4.25) has no positive fixed points. A fixed point Z of (4.25)

satisfies the equation

_ T+ 01% + 09

r = ax
1 " "
b'z + DIl x + D7,
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So if  # 0 then the above equality yields

(1 —=a)(V" + Dy,)T = 01409 — (1 — a)Dy,

Since (1 —a)(b” + D) > 0 if (4.26) holds then oy + 03 — (1 —a)D’, < 0 so Z cannot

be positive. O

The next result applies Theorem 4.12 to the system (4.2).

Corollary 4.14. Assume that the hypotheses of Theorem 4.12 are true with o3, =0
for all n.

(a) Every orbit of (4.2) with xo > 0 and axo+boyo+co > 0 is in the right half-plane
x > 0 and converges to the sequence {(0, —c,/b,)}.

(b) If b, = b # 0 and ¢, = ¢ are constants then the orbit {(zn,yn)} of (4.2) in (a)
lies in the right half-plane above the line ax + by + ¢ = 0 as it converges to the fived
point (0, —c/b) of (4.2) on the y-axis.

Inequality (4.24) may hold when all folding parameters are non-negative but does
it hold also when all system parameters in (4.2) are non-negative? To answer this

question note that

o1+ 09— (1 —a)Dy = bb' + cb” + bD,, + c¢Dyy, — (1 — a)(b” —b"c)
=0 + " +b(a'b—ab') + c(a"b—ab”) — (1 —a)b" + (1 — a)b"c

= (1 —a)bt +a'b* +a"bc+2(1 — a)b’c — (1 — a)bc”
We assume that 0 < a < 1 and b > 0. Then the last inequality above may be negative
only if ¢’ > 0. Now, o5 = bD!, + ¢D% = 0 implies

b2

Cc

c>0=b"=b"c+ b —

110



which yields

2./
o1+ 0y — (1 —a)Dl, = (1 —a)bt +a'b* + a"bc+2(1 — a)b’c — (1 — a) (b”c + 0 — be )
c

el
=a'b* +a’bc+ (1 —a) <b"c+ . ) >0

Hence, (4.24) does not hold if ¢ > 0. Assume that ¢ = 0. Then o3 = 0 implies that
b>’d =0soc =0 and
o1+ 0y — (1 —a)D = (1 —a)b +a'b*> — (1 —a)bc’

To satisfy (4.24) we set the above quantity to be negative and obtain

(1—a)p +adb—(1—a)" <0

(1—a)¥ =")+db<0

This leads to the following consequence of Corollary 4.13 for the system.

Corollary 4.15. In (4.2) assume that ¢ = ¢ =0, 0 < a < 1, a",b" > 0 and
a b, >0.If
ab< (1—a)d"=V)

then every orbit of (4.2) with initial point in [0,00)? converges to the origin; i.e., the

origin is a global attractor of all orbits in [0,00)?.
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4.3 Folding to an autonomous equation

Suppose that there are constants a, A, B, C, 01, 03, 03 such that for all n > 0

an=a, by=A Dy,=B, Dy, =C (4.27a)
bn—l—lb;—b + Cn+1b;; =01, (427b)

bnt1Dgyp + Car1Dgy = 02, (4.27¢)
bn-i-lDéb,n + a1 Dy, = 03, (4.27d)

The above conditions trivially hold if (4.2) is autonomous; however, they also hold
for many types of nonautonomous systems. If (4.27) holds then (4.5) reduces to the

autonomous equation

O1Zp+1 + 022y + O3
Az, + Br, + C

(4.28)

Tp42 = AGTn41

The 7 equations in (4.27) determine as many of the 9 system parameters. The
following leaves two of the system parameters arbitrary and gives the values of the

remaining parameters in terms of these two.

Theorem 4.16. Suppose that (4.62) and (4.27) hold. Then:
(a) |A| +|B| > 0; i.e., A and B are not both zeros.

(b) If {b,} and {c,} are arbitrary sequences such that b, # 0 for all n > 0 then

S B+ Aa o C+ Ac, oy 2 + o010 — (B + Aa)cyiq
" bn ’ " bn ’ " bnbn+1

o1 — Acpqq o3 + o016, — (A, + C)epi

/ R
bn_ ) n

anr 1 bn bn+1

Proof. (a) If A # 0 then we are done. Suppose that A = 0, i.e., b = 0 for all n. Then
by (4.27a) and (4.6), a'b, = B. If B = 0 then a = 0 for all n since by (4.62), b, # 0

for all n. But now |a”| + |b!| = 0 which contradicts a hypothesis in (4.62). Hence,
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B # 0 and (a) follows.
(b) From (4.27a) and (4.6) we obtain

B =alb, — ayb! = al'b, —aA, C=db,—c,bl =cb,—c,A

Solving these equations for a!, and ¢, respectively, yields the stated results. Next,

from (4.27b) we have
o1 = bn+1b;1 + Cn+1bz = bn+1b;1 + Cn+1A
which may be solved for ¥/, to yield the stated result. Similarly, (4.27c) yields

/ 7 / /
02 = bn+1Dab,n + Cn+1Dab,n = anrl(a’nbn - abn) + CTL+1B

= bnbn+1a; — CL<0'1 — Acn+1) -+ CnJrlB
which we can solve for a},. Finally, (4.27d) implies

03 — bn+1D:;b + Cn+1ng = bn—l-l(an;l — b;cn) + Cn_HC
= bpy1bnc, — (01 — Acpi1)Cn + cni1C
which can be solved for ¢, to yield the stated result. ]

Although in dealing with (4.28) we usually assume that its parameters are all
non-negative, the next result shows that solutions may be non-negative even when a

parameter is negative.

Theorem 4.17. Let A, B,C, 05,03 > 0 in (4.28). If

o> — (Oa + 2%) (4.29)
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then z, > 0 for all n if ¢, 21 > 0.

Proof. 1f (4.29) holds then since A+ B > 0 by Theorem 4.16,

To > azy + 011 + 02%g + 03 > ACMC%‘F(CG—FO’l)iIfl—i—O’g > (\/ACL:L‘l — \/0'3)2 >0
2= ! A$1+B$0+C - A$1—|—B$0+C A$1+B$0+C -

It follows that by induction that z, > 0 for all n. O

4.3.1 Fixed points in the positive quadrant

The fixed points of (4.2) satisfy the following equations:

T=aT+by+c (4.30a)
adz+by+c
j = 4.30b
y a///.fl? + b//g + C” ( )
From (4.30a),
1—a)i —
5= <a_b>fvc (4.31)

Before calculating the values of the x- and y-components we note the following facts

about the solutions of the system (4.2).

Lemma 4.18. Assume that all system parameters are non-negative and satisfy (4.62),
1.e.,

b>0, d+add"+b",ad+0+ >0. (4.32)

(a) If there is a fized point (Z,y) of the system in the positive quadrant (i.e., T,5 > 0)
then 0 <a <1 andz > c/(1—a).

(b) If a > 1 then every orbit of (4.2) in the positive quadrant is unbounded.

Proof. (a) Let (Z,y) be a fixed point of the system in the positive quadrant. Then
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by (4.30a)

(l—a)z=by+c>c>0 (4.33)

since b, g > 0 by hypothesis and (4.32). Since Z > 0 it follows that 1 —a > 0 or a < 1.
(b) From (4.2a) it follows that for all n

Tpi1 = ATy, + by, +c¢ > ax,

By induction, x,, > a™zy for all n and it follows that the orbit is unbounded if

zo > 0. ]

Now, to calculate the fixed points, from (4.31) and (4.30b) we obtain

(1—a)Z—c _ dz4+V[(1—a)T—c]/b+
b a"t +V'[(1—a)z—c|]/b+ "

_adbz 4+ V(1 —a)Z —bc+bd
~a'bz + 0" (1 —a)z — Ve be!
(DY ¥)r+ D,

(D, +b")T + Dy,

Multiplying and rearranging the terms yields a quadratic equation in z given by

d172 —doZ —d3 =0 (4.34)
where
di = (1 —a)(t" + D)

dy = b(Dyy, + V') +c(Dyy, +0") — (1 —a)Dy, = o1 + 02 — (1 — a) Dy

dg = bD(/:b + CD(/:Ib = 03

Depending on whether some of the last 3 parameters are zeros or not, a number

of possibilities for fixed points occur. Since we are only interested in the fixed points

115



in the positive quadrant, it is relevant to point out that

W 4+ D= +a’b—ab =a'b+(1—a)d! >0 by (4.32)

so by Lemma 4.18 d; > 0. Assuming that

ds + 4dyd3 > 0 (4.35)

to ensure the existence of real solutions for (4.34), we calculate the roots:

dy + /2 + 4d,dy
2d;
_ W(Dgy + V) +c(Dgy + ") — (1 —a)Dg,
2(1 —a)(Dl,+ V")
b(D", +¥V)+c(D", +b") — (1 —a)D"]?+4(1 — a)(D", +V")(cD”, + bD’
ab ab cb ab cb cb
2(1 —a)(DV, + ")

T =

These roots can be expressed more succinctly using the parameters of the folding.

We use the notation z for the root with the positive sign

or+0y— (1 —a)Dl + \/[01 +02— (1 —a)Dy)> +4(1 —a)(V" + Dy )os

e 2(1—a)(" + DZ,)

(4.37)

with ¢ given by (4.31) and use Z to denote the root with the negative sign

o1 +0oy—(1—a)Dly — \/[01 +o02— (1 —a)Dyl* +4(1 — a)(V" + Dy)os
2(1 —a)(0"+ DY)

T =

(4.38)
with ¢ again given by (4.31). It is an interesting fact that of the two fixed points

above only one of them can be in the positive quadrant.

Lemma 4.19. Let all system parameters in (4.2) be non-negative and satisfy (4.32).

If (4.2) has a fived point in (0,00)? then that fized point is (Z,Y) and it is unique with
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T given by (4.37) and § given by (4.31).

Proof. Lemma 4.18 and the above discussion indicate that a necessary condition for

the existence of fixed points in the positive quadrant is that 0 < a < 1 holds. We

found two possible fixed points given by (4.37) and (4.38) plus (4.31). Both of these

are well defined if and only if (4.35) holds. Now, again by Lemma 4.18 the fixed point

(Z,y) is in the positive quadrant if £ > ¢/(1 — a), i.e.,

2cd
dy + /&2 + ddydy > 1C !
— Qa

VB +4(1— )1 + Dly)os > 2e(¥" + Dly) — dy

(1—a)os > A"+ DY) — cdy

Similarly for z it is required that

2¢d
dy — /&2 + ddydy > —22L
1—a

V& +4(1— )V + Dly)os < dy — 2¢(0" + D)

(1—a)os < A"+ D) — cds.

(4.39)

(4.40)

The preceding covers all possible fixed points in the first quadrant under the

hypotheses of the lemma. We now show that (4.40) cannot hold, thus leaving (z,7)

as the only possible fixed point in the first quadrant. Note that

cdy — A"+ DY) = cloy + 0y — (1 —a)D] — V" — 2DV,

=c[bt +b'c+b(a'b—ab') +cD!y — (1 —a)D}] — b’

= (1 —a)bb'c+ a'b*c — c(1 —a)D},
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Therefore,

(1 —a)os +cdy — A" + DY) = (1 —a)bD.y + (1 — a)bb'c + a'b*c
= (1 —a)b(cb—"bc)+ (1 —a)btc+abc

= (1 —a)b?c + a'b’c

Since the last quantity is non-negative under the hypotheses, it follows that (4.40)

does not hold and the proof is complete. O

4.4 Non-existence of repellers

We see in the proof of Lemma 4.19 that (Z,y) exists in the positive quadrant
if (4.35) and (4.39) both hold. Of particular interest to us is whether (z,y) can be
repelling under the hypotheses of Lemma 4.19. We recall that a fixed point is repelling
if all eigenvalues of the linearization of the system at that point have modulus greater

than 1.

Theorem 4.20. Let all system parameters in (4.2) be non-negative and satisfy (4.32).
If (4.2) has a fized point in (0,00)? then it is uniquely (T, %) and this is not a repelling

fixed point.

Proof. The first assertion follows from Lemma 4.19. To show that (Z,y) is not re-
pelling we examine the eigenvalues of the linearization of (4.2) at (z, y). The Jacobian

matrix of (4.2) evaluated at the fixed point (z,7) is
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where

d@z+by+c")—d"(dz+Vy+ )

(a"z + 'y + ")? ’
V(a'z+b'yg+c")=b"(dz+Vy+ )
= (a"Z + by + )2

p:

Since by (4.30b)

a':i—l—b'@—I—c' _ y(a”qub”@—I—c")
the above expressions for p and ¢ reduce to

a — a”ﬂ y— b”g
p= a”f%—b"g—l—e”’ q= a/’§:+b"y+c”'

The characteristic equation of the above Jacobian is

N —(a+q)A— (bp —aq) =0

where
b —0"y ad"t — (1 —a)b"y + ac” + V'
a+q:a+ N 5 ry /I: 1+ iy !/
a't + 'y + c a"t + 0"y + ¢
and
. a'b—a"by — ab' + ab’y D, — D!y
—aQa f— =
p q a//j + bl/:g + C// a”f + b//g + C//
Let

a=a+gq, [f=bp—aq

and write (4.43) as

M —al—p=0.
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The roots of (4.46) are the eigenvalues, i.e.,

\ a—/a?+4p \ a+ /a2 +4p
1= 2 = :

2 ’ N 2

When o? + 48 < 0 (or B < —a?/4) the eigenvalues \i, Ay are complex and their
common modulus is —f3. So both eigenvalues have modulus greater than 1 if and
only if

B < —1. (4.47)

If a® +4 > 0 then both eigenvalues are real with A; < a/2 < \y. By considering the

3 possible cases
)\1,)\2 < —1, /\1,/\2 >1 or M < —1,)\2 >1

routine calculations show that both eigenvalues have modulus greater than 1 if and
only if
2<]al<1=8 or B>1+|al (4.48)

With regard to (4.47) note that by (4.31) £ — by = aZ + ¢ so

B D;b o ngg_’_a//j + b//g_'_ Cl/

+1
B a7 + b”gj 4o
_d'b—ab +ad" (7 —by) +ab"y + "y + "
- a7 + b//g 4
B a'b—all + a'c + a(a”f + b//g) + b"@—i— !
o a'T 4 b”g T+
By (4.41)
"% + b”gj _ M _ = a’j_—l— o4 N Yoo
Y
SO

db+ad"c+aldz+)/y+ (1 —a)d +0"y

a'T + b//g + c’ > 0.

B+1=
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It follows that (4.47) does not hold and further, 1 — 8 < 2 so that the first of the

inequalities in (4.48) also does not hold. To check the remaining inequality 5 > 14|«

it is more convenient if we rewrite the expressions for a, 3 in terms of the folding

parameters, using (4.31) to eliminate g

[(2a — V)Y + aD")7 + oy + aD",

o (0" + D)z + Dy
5= oy — (1 —a)Dlix

(0" + Dyp)z + Dy,
Note that

cla’b+ (1 — a)bt”]
l1—-a

' + D)z + D!, > b — Ve

a’bc+ (1 —a)t/'c+ (1 —a)(bd” —b"c)

1—a
" . 7
:abc—i—(l a)be >0
l1—a -

so f > 1— « if and only if

(4.49)

(4.50)

[(2a — V)V + aD}]z + o1 + aDy > Dy + (" + D))z — 09 + (1 — a) Dl &

a

which reduces to

However, (4.37) implies that

2(1—a)(d"+ DI)T > 014+ 09 — (1 — a)Dl,.

(4.51)

So (4.51) is false and thus, a < 1 — f3, or equivalently, # <1 —a < 1+ |a|. Hence,

(Z,7) is not repelling in the positive quadrant.
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The above theorem shows that any fixed point of the system in the positive quad-
rant is non-repelling if all system parameters are non-negative; in particular, there
are no snap-back repellers in the positive case (though unstable saddle fixed points

exist for some parameter values).

4.5 Global stability and periodic solutions

In this section, we obtain several sufficient conditions for convergence of the solu-
tions of (4.2) to the positive fixed point Z. Notice that the results obtained in Chapter

2 are directly applicable for this case, so the results below follow as corollaries.

Corollary 4.21. Let the parameters of (4.2) satisfy

0<a<1b>0, ¢t/ >0, b > —cb” (4.52a)

a'b>ab a"b>ab"”, b>cb b > cb” (4.52b)

Then the system in (4.2) has a unique fized point (Z,y) € (0,00)* where T is given by

(4.37) and
(1—a)x

=" (4.53)

Proof. The conditions in (4.52) are sufficient to ensure that the parameters in the
folding (4.5) as defined by (4.27) satisfy the conditions (2.2) in Chapter 2which implies

that z given by (4.37) and g given by (4.53) are strictly positive. ]

Corollary 4.22. Let (4.52) hold. If the parameters of (4.2) satisfy either of the

conditions below:
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D!, (bY + " < V' (bD., + cD) + 2aD",
V' (bD!, + cD!) < a+ b + b’

D"(bD., + ¢Dk) < bD., + c¢DY,

(it)
E

1
b/,(bb’ +cb") > bD!y +¢D! > —

ach = Ty (004 + D)
b= b b
then all solutions of (4.2) from initial values (zq,yo) € [0,00)? converge to (Z,7) €

(0, 00)2.

Proof. The conditions in (4.52) are sufficient to ensure that the parameters in the
folding (4.5) as defined by (4.27) satisfy the conditions (2.2) in Chapter 2 and that
if z9,yo > 0, then xy,z1 = axg + byo + ¢ > 0. Conditions in (i) and (ii) satisfy the

hypotheses of Corollaries 2.8 and 2.17 in Chapter 2 from which the result follows. [

Example 4.23. Consider the following system

Tpy1 = 022, +y, + 1 (4.54a)
1.22, + y, + 2

= 4.541

Int 0.8y, + 1 (4.54b)

The system in (4.54) folds into

Yn = Tpy1 — 0.2, — 1 (4.55a)
22,11 + 1.82, + 2

4.55b
Tpy1 + 0.8z, + 1 ( )

Ln+2 = 0.2$n+1

Routine calculations show that the parameters of (4.54) satisfy the conditions (ii)

123



in Corollary 4.52, which implies that all solutions of (4.54) from nonnegative initial

values converge to the fixed point in the positive quadrant.

Corollary 4.24. Let (4.52) hold. Then (4.2) has a prime period two solution in
0,00)2 if and only if

2"t <d'b+d'c—ad — (1+a)d" + ") (4.56)

Proof. The conditions in (4.52) are sufficient to ensure that the parameters in the
folding (4.5) as defined by (4.27) satisfy (2.2) in Chapter 2 and that if xg,yo > 0,
then xg, 1 = axg+ by + ¢ > 0. Straightforward algebraic calculations show that the
condition in (2.16) can be expressed with respect to parameters of (4.2) as (4.56).
By Lemma 2.4 the fixed point (z,y) is a saddle and the proof follows from Theorem
2.22. [l

Example 4.25. Consider the system

ZTpe1 = 0.012, +y, +0.1 (4.57a)
5Ty + 2y, + 1

1l = 4.57b

Ynt1 0.1z, +y,+1 ( )

The system in (4.57) folds into

Yn = Tn+1 — 001l‘n - 0.1 (458&)

2.1xp41 +4.9892,, + 0.89
Tp+1 + 0.092, + 0.9

Tt = O-len-i-l + (458b)

Routine calculations show that the system in (4.57) satisfies the conditions in Corol-

lary (4.24), which lets us conclude that (4.57) has a prime period two solution.

Example 4.26. Consider the following system
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Tpy1 = 0.6z, + 0.1y, + 0.2 (4.59a)
—0.1z,, — 0.1y, + 0.1

It T T 0.05y, + 2 (4.59)
The system in (4.59) folds into
Yp = 10z, — 62, — 2 (4.60a)
0.019z,, 4+ 0.041
s = 0.6201 + il (4.60b)

0.05zp41 +0.072,, +0.19

By routine calculations, one may further show that the parameters in (4.59) satisfy
the conditions (ii) in Corollary (4.22) which lets us conclude that all solutions from
nonnegative initial values (xg, 7o) converge to the positive fixed point in the first

quadrant.

4.6 Cycles and chaos in the positive quadrant
If a = 0 then (4.5) reduces to the linear-fractional equation

01Tp+1 + 09Tn + 03
V'xps1 + Dz, + DY

(4.61)

Tnyo =

This type of linear-fractional equation has been studied extensively under the assump-
tion of non-negative parameters; see, e.g., [51]. Although many questions remain to
be answered about (4.61), chaotic solutions for it have not been found. To assure the
occurrence of limit cycles and chaos and to avoid reductions to linear systems or to

triangular systems where one of the equations is single-variable, we assume that

a,b,a’ b’ #0. (4.62)
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If some of the parameters in (4.5) are negative then even the existence and bound-
edness of solutions are nontrivial issues. Our aim here is to show that special cases of
(4.5) with some negative coefficients exhibit Li-Yorke chaos in the positive quadrant.

We note that (4.5) reduces to a first-order difference equation if

In this case, we define r,, = z,41 and rg = 1 = azy + by + ¢ to obtain

o117y + 03

NN LA (4.64)
Vry + Dy

T'ny1 = ary

The theory of one-dimensional maps may be applied to (4.64). To simplify calcu-

lations we assume in addition to (4.63) that

DY =0, D,#0 (4.65)
which reduce (4.64) to
Tpi1l = ary, +q + ri, (4.66)
where ¢ = c+ l;—[/)//, § = b?/éb

Note that if D/, = 0 also then (4.66) is affine and as such, it does not have chaotic
solutions.

A comprehensive study of Equation (4.66) appears in [25]. The following is a
consequence of the results in [25]. We point out that if p is the minimal period of a
solution {r,} of (4.66) with o > 0 then the sequence {z,} also has minimal period
p and by (4.3) {y,} has period p. It follows that the orbit {(x,,y,)} has minimal

period p.
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Theorem 4.27. Assume that conditions (4.62), (4.63) and (4.65) hold with the (nor-
malized) values a =1, V" = bD!, and define ¢ = ¢+ bb'/V".

(a) If =2 < q < 0 then all orbits of (4.2) with xo + byy + ¢ > 0 are well-defined
and bounded. If also V' /" > 0 then these orbits are contained in (0,00)2.

(b) If —\/2 < q < 0 then all orbits of (4.2) with xo + byy + ¢ > 0 converge to the
unique fized point (z,y) = (—1/q, —c/b) of (4.2).

(¢) If —\/5/2 < q < —/2 then (4.2) has an asymptotically stable 2-cycle {(x1,y1), (22, y2)}
where y; is given by (4.3) and

—q—¢ -2 A
2

T = 92 ) o)

(d) If ¢ = —/3 and xo + byo + ¢ = 2 (1 +cos7/9) /\/3 then the points (x;, 1),
i =1,2,3 constitute a stable orbit of period 3 for (4.2) where y; is given by (4.3) and

2 ™ 1 1
x1=ﬁ<1+cos§>, $2=$1—\/§+$—, x3=x2—\/§+x—
1 2

(e) If =2 < q < —/3 then orbits of (4.2) with xo + by + ¢ > 0 include cycles of
all possible periods.
(f) For =2 < q < —/3 orbits of (4.2) with x¢ + byo + ¢ > 0 are bounded and

exhibit chaotic behavior.

Proof. Statements (a)-(f) follow largely from Theorems 4-6 in [25]. It only remains to
show that orbits whose initial points satisfy zg + by + ¢ > 0 are contained in (0, 00)?

and to determine the unique fixed point. Since z, =r,_1 > 0 for all n > 1, (4.3) and
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(4.66) imply under the assumptions in (a) that

Ifo'/b” > 0 then it follows that y,, > 0 for all n > 1 and the proof of (a) is complete.
Finally, in (b) we see that the fixed point of (4.2) when a = 1 is determined from
(4.30), (4.63) and (4.65) as

0 ey (1«
b +b'¢’ b)) qg b

which is in the positive quadrant if ¢,c/b < 0. ]

Example 4.28. To illustrate Theorem 4.27, consider the following special case of

(4.2)

Tpal = Tp + 2y, — 2
0.75x, + 1.5y,

Yn+1 =

which satisfies Part (c) of Theorem 4.27 (¢ = —1.5) and there exists an asymptotically
stable 2-cycle {(1,0.75), (0.5,1.25)} (a limit cycle) for this system. Different parame-

ter values yield the following system which satisfies Parts (e) and (f) of Theorem 4.27
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with ¢ ~ —1.83

Tptl = T + 2y, — 2
0.25z, + 0.5y, + 1
3z, + 6y, — 6

Yn+1 =

This special case of (4.2) has periodic orbits of all periods (depending on initial
points) and exhibits Li-Yorke type chaos. This fact is far from obvious and even the
existence of cycles in the first quadrant for these equations is quite difficult to prove
without folding.

We also mention that &' /b” > 0 in both of the above systems so every orbit whose
initial point (xo,yo) satisfies xo + byo + ¢ > 0 is contained in the positive quadrant

(0, 00)2.

The hypotheses of Theorem 4.27 are sufficient but not necessary for the occurrence
of complex behavior in the positive quadrant. In fact, due to the continuity of rational
expressions in terms of their parameters, the conclusions of Theorem 4.27 hold if
the quantities D!,, D", D are sufficiently small but not necessarily zero. Numerical
simulations indicate Li-Yorke chaos persists in the positive quadrant if the parameters
in the last system above are slightly perturbed. Caution is needed though because if
we deviate too much from the conditions of Theorem 4.27 then the nontrivial nature

of the singularity set must be taken into account before a claim of the occurrence of

chaos can be verified.

4.7 Concluding remarks

In this chapter, we studied the dynamics of a linear-rational planar system and
derived general conditions for uniform boundedness and convergence of solutions to

the origin for the general, nonautonomous case. By folding the system into a second
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order quadratic rational equation, we derived several sufficient conditions for global
convergence of the solutions to the positive fixed point, as well as occurrence of period
two solutions. We showed that these conditions can hold for broader nonautonomous
cases that fold into an equation with constant coefficients. In addition, we showed
that these results can hold even if some of the parameters in the system are negative.
We then used the folding to find special cases with some negative parameter values
where the system has chaotic solutions within the positive quadrant of the plane.
Our use of the folding method is not standard in the published literature and leads
to results that would have otherwise been difficult to establish. Since this method has
not been systematically used in the study of systems (both in continuous and discrete
time), further exploration of the method and its applicability is of great interest.
In particular, the question of whether there are certain patterns or regularities in

foldability of systems and their subsequent foldings are worth investigating.
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CHAPTER V

Applications to Biological Models of Species

Populations

Difference equations have been increasingly used in the study of species popula-
tions in biology, as seen in [89]. Systems of difference equations are used to capture
interactions of two or more species, or of a single species where the members of popu-
lation are differentiated by age or gender. Models with differentiation between adult
(reproducing) and juvenile (nonreproducing) members are also known as stage- or
age-structured models. In this chapter, we study the dynamics of a planar system
that generalizes many common stage-structured population models in discrete time.!

Discrete time stage-structured models of single-species populations with lowest
dimension are expressed as planar systems of difference equations. For a general

expression of these models consider the system

At +1) = s1(t)or(cnn(t) J (1), cr2(t) A1) J () + sa(t)oa(car(t) I (1), caz(t) A(t)) A(t)
(5.1a)

J(t+1)=0b(t)p(cr(t)J(t), ca(t)A(t))A(t) (5.1b)

from [21] in which J(¢) and A(t) are numbers (or densities) of juveniles and adults,

!The content of this chapter, unless otherwise indicated, is from [57] and [60].
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respectively, remaining after ¢ (juvenile) periods. The vital rates s; and b (survival
and inherent fertility rates) as well as the competition coefficients ¢; and ¢;; in (5.1)
may be density dependent, i.e. they may depend on J and A and also explicitly on
time, i.e. the system may be non-autonomous.

The models such as (5.1) are known as matrix models, in the sense that they can

be expressed as

A(t+1) = P(t, 2(t))=(t)

where z(t) = [A(t), J(t)] and P(t, z(t)) is the projection matrix of vital rates that
may or may not be time or density dependent. Early examples of matrix models used
to model species population dynamics can be found in [11],[62], [63], [64] and their
comprehensive treatment is provided in [18].

Under certain constraints on the various functions, including periodic vital rates
and competition coefficients having the same common period p, sufficient conditions
for global convergence to zero (extinction) as well as the existence of periodic orbits
for (5.1) are established in [21]. If u is the mean fertility rate (the mean value of b(t)
above) then it is also shown that orbits of period p appear when p exceeds a critical
value p. while global convergence to the origin, or extinction occurs when p < .. On
the other hand, conditions under which the species survives (i.e. permanence) were
studied in [19] and [50].

In this chapter we study the following abstraction of the matrix model (5.1):

Tnt1 = O-l,n(xn; yn)yn + UQ,n(xn7 yn)'rn (52&)

Yn+1 = an(QTn, yn)xn (52b)

where for each time period n > 0 the functions oy ,,, 02, ¢n : [0,00)* — [0, 00) are

bounded on the compact sets in [0,00)?. This feature allows for (0,0) to be a fixed
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point of the system and it is true if, e.g. 014,02,, ¢, are continuous functions for
every n. Under biological constraints on the parameters, we may think of =, = A(n)
and y, = J(n) as in (5.1).

System (5.2) includes typical stage-structured models in the literature. For in-
stance, the tadpole-adult model for the green tree frog Hyla cinerea population that

is proposed in [2] may be expressed as

Yn Tn
"= 5.3
. a+k1yn+c—|—k2xn (5-32)

This is a system of type (5.2) with Beverton-Holt type functions ¢y and o5. Com-
petition in (5.3) occurs separately among juveniles and adults but not between the
two classes, as they feed on separate resources; thus o; and o5 do not depend on
both juvenile and adult numbers and ¢ is independent of both numbers. Two cases
are analyzed in [2]: (i) continuous breeding with constant b, = b so that (5.3) is au-
tonomous, and (ii) seasonal breeding where b, is periodic. In addition to considering
extinction and survival in the autonomous case, it is shown that seasonal breeding
may be deleterious (relative to continuous breeding) for populations with high birth
rates, but it can be beneficial with low birth rates.

Another system of type (5.2) is the autonomous stage-structured model with har-

vesting that is discussed in [68] and [92], which may be written as

Tpi1 = (1= hj)sjyn + (1 — hg)San (5.4a)

Yn+1 = T f((1 = ha)zn) (5.4b)

The numbers hj, h, € [0,1] denote the harvest rates of juveniles and adults, re-

spectively. The stock-recruitment function f : [0,00) — [0, 00) may be compensatory
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(e.g. Beverton-Holt [12]) or overcompensatory (e.g. Ricker [77]). Compensatory
recruitment is used in populations where recruitment increases with increase in den-
sities before reaching an asymptote, while in overcompensatory models recruitment
declines as density increases as shown in Figure 5.1 (see [92] and [35]). A thorough
analysis of the dynamics of (5.4) with the Ricker function appears in [68]. The results
in [68] and [92] clarify many issues with regard to the effects of harvesting in stage-
structured models. These results include global convergence to zero and the existence
of a stable survival equilibrium, as well as the so-called hydra effect for different har-
vesting scenarios and with different recruitment functions. The latter refers to the
counter-intuitive situation where an increase in the harvest or mortality rate results

in a corresponding increase in the total population (for example, see [1], [42], [69]).

Compensatory

Number of juveniles

Overcompensatory

Number of adults

Figure 5.1: Compensatory and overcompensatory recruitment functions

Also studied in [68] is the occurrence of periodic and non-periodic attractors and

chaotic behavior for certain parameter ranges.
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Next, the model in [39] studies the harvesting and predation of sex and age
structured populations. Although the added stage for two sexes results in a three-
dimensional model, the existence of an attracting, invariant planar manifold reduces

the study of the asymptotic behavior of the system to that of the planar system

Tpy1 = PSYYn + ST (5.5a)

where the density-dependent per capita reproductive rate f may be compensatory or
overcompensatory (e.g. Beverton-Holt or Ricker), similarly to f in (5.4b). Here x,
is the number of females and y,, is the number of juveniles (the male population is a
fixed proportion of the females).

We also mention the adult-juvenile model

Tpil = S1Yn (5.6a)

in which all adults are removed through harvesting, predation, migration or just dying
after one period, as in the case of semelparous species, i.e. organisms that reproduce
only once before death. In [37] conditions for the global attractivity of the positive
fixed point and the occurrence of two-cycles for (5.6) are obtained. A significant
difference between (5.5) and (5.6) and the systems (5.3) and (5.4) is that y,+1 in
(5.5b) or in (5.6b) may depend on both z,, and y,,.

We study the qualitative properties of the orbits of (5.2) such as uniform bound-
edness and global convergence to the origin under minimal restrictions on time-
dependent parameters. Biological constraints may be readily imposed to obtain spe-
cial cases relevant to population models.

We also investigate convergence to zero with periodic parameters (extinction in a
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periodic environment). In particular, we show that convergence to zero occurs even
if the mean value of 0y, exceeds 1, a situation that cannot occur if o9, is constant
in n; see Remark 5.16 below.

In the final sections we study the dynamics of two special cases of (5.2) given
by rational (Beverton-Holt) and exponential (Ricker) functions. Sufficient conditions
for the global asymptotic stability of a fixed point in the positive quadrant [0, co)?
are obtained, as well as conditions for the occurrence of orbits of prime period two.
For the Beverton-Holt case, we establish that a sufficiently high level of interspecies
competition tends to destabilize the survival fixed point and result in periodic oscil-
lations. The dynamics of the Ricker case include examples of chaotic behavior that
occurs in a variety of scenarios. In particular, chaotic behavior can occur both when
the vital rates are constant, as well as periodic. In biological contexts, the periodicity

can be thought of as seasonal fluctuations in vital rates.

5.1 Uniform boundedness of orbits

Conditions under which the orbits of (5.2) are bounded are not transparent. In
this section we obtain general results about the uniform boundedness of orbits of (5.2)

in the positive quadrant [0, 00)?. We begin with a simple, yet useful lemma.

Lemma 5.1. Let a > 0,0< <1 and zy > 0. If for alln >0

Tpi1 < a+ B, (5.7)

then for every € > 0 and all sufficiently large values of n

«

1-p

Ty < + €.

Proof. Let ug = ¢ and note that every solution of the linear, first-order equation
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Upr1 = @ + Bu, converges to its fixed point a/(1 — (). Further,

1 < a+ frg=a+ Puy = uy

Ty <o+ Bry <o+ Pup = uy

and by induction, x,, < u,. Since u,, — a/(1 — ) for every £ > 0 and all sufficiently

large n
a

1—-p

Ty < Uy < +e.
]

Theorem 5.2. Let 01,09, ¢ be bounded on the compact sets in [0,00)? for each

n=20,1,2,... and suppose that for some r, M > 0

sup  ogn(u,v) <M foralln >0 (5.8)

(u,v)€[0,r]2

i.e. the sequence of functions {02} is uniformly bounded on the square [0,7]*. If

there are numbers My, My > 0 and & € (0,1) such that uniformly for all n

ugn(u,v) < My if (u,v) € [0,00)?, (5.9)
o1n(u,v) < My if (u,v) € [0,00) x [0, Mo], (5.10)
gan(u,v) <o if (u,v) € (r,00) x [0, Mo], (5.11)

then all orbits of (5.2) are uniformly bounded and for all sufficiently large values of n

< M0M1+7’M+5'

n =

0<z

- . Yo < M. (5.12)
1—-06

Proof. By (5.2b) and (5.9) y, < M, for n > 1 so by (5.2a) and (5.10)

0 < Tpy1 < MoMy + 0 (0, v) 2.
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By (5.8) and (5.11)
0 <zpy < MgMy + max{cz,, Mr} <z, + MqM; +rM

Next, applying Lemma 5.1 with e = /(1 — &) we obtain for all (large) n

M()Ml—'—rM MOM1+TM+5'
< 0T L

0<ux,

l—0 l1-0

as stated. O

Corollary 5.3. For functions o1, 02, ¢n defined on [0,00)% forn =0,1,2,... as-
sume that there are numbers My, My > 0 and ¢ € (0,1) such that for all (u,v) €
[0, 00)?

u¢n<u7v) S M07 Ul,n(ua U) S M17 0-2,n<uav) S o

uniformly all n. Then all orbits of (5.2) are uniformly bounded and for all sufficiently

large values of n
< MoM, + &

0<zx, s Yn < M.

1—0
Theorem 5.2 is more general than the preceding corollary. For instance, Corollary

5.3 does not apply to the system

by?
Tpt1 = ATy + 1+ cz,
B T,
I T B +

However, if a € (0,1), b,a, 8 > 0 and ¢,y > 0 then all orbits of this system with

initial values in [0, 00)? are uniformly bounded by Theorem 5.2.
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5.2 Global attractivity of the origin

In this section we obtain general sufficient conditions for the convergence of all
orbits of the system to (0,0). For population models these yield conditions that imply
the extinction of species.

5.2.1 General results

Throughout this section we assume that o;,, ¢, are all bounded functions for

1 =1,2and every n = 0,1, 2, ... Then the following are well-defined sequences of real
numbers
5-i,n = Ssup Uz’,n(ua U), an = Ssup ¢n(uvv)' (513)
u,v>0 u,v>0

Theorem 5.4. If the following inequality holds

lim sup(Gy nPn_1 + F2.,) < 1 (5.14)

n—oo

then lim,,_,o x, = 0 for every orbit {(x,,y,)} of the planar system (5.2) in the pos-
itive quadrant [0,00)%. If also either the sequence {¢,} is bounded, or the following
inequality holds

liminfay, >0, (5.15)

n—o0

then every orbit of (5.2) converges to (0,0).

Proof. By (5.14) there is § € (0,1) such that 71,6, 1 + G2, < & for all (large) n.
From (5.2a)

Yn S én—lxn—l

so for all (large) n (5.2b) yields

Tn+41 S &n—la—l,nxn—l + 6—2,713371 S (5—1,n&n—1 + 5—2,71) maX{Irm mn—l} S 5max{$n> xn—l}
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Lemma 4.11 now implies that lim,,_,., x, = 0. Further, by hypothesis either there
is a positive number u such that ¢, < p or by (5.15) there is a positive number p

such that 1, > p for all (large) n so that

&n—l S 6j02’n S é
P

O1,n

for all sufficiently large values of n. Now, if M = p or M = §/p as the case may be,

then from (5.2b) in the planar system we see that
lim y, < lim q_ﬁn_lxn_l <Mlmzx,_.1=0
n—o00 n—o00 n—oo
and the proof is complete. O

Remark 5.5. 1. Theorem 5.4 is valid even if the separate sequences {71, } or {¢,}
are not bounded by 1 as long as for all n large enough, 617nq3n,1 <0 — 09
2. If (5.14) is satisfied but {¢,} is unbounded and {&;,,} does not satisfy (5.15)

then y,, may not converge to 0; see the example following Corollary 5.18 below.

We consider an application of Theorem 5.4 to “noisy” autonomous system next.

Let €,,€in, © = 1,2 be bounded sequences of real numbers and let

€ =SUpéEy, &; =SUpPEiy, ¢t=1,2
n>1 n>1

Also let 01,09, ¢ : [0,00)% — [0, 00) be bounded functions and denote their supremums

over [0,00)% by 1,59, ¢, respectively. If in (5.2) we have

¢n<xn7 yn) = (b(xnayn) + En, Ui,n(xna yn) = Ui(xnayn) + Ein, 1= 17 2

then we refer to (5.2) as an autonomous system with low-amplitude disturbances

or fluctuations in the rates oy, 09, ¢, assuming that all three of these are positive
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functions and for all u,v >0

lg] < o(u,v), & <oi(u,v), i=1,2.

These inequalities ensure that the functions ¢,, and o;, are positive, as required for
(5.2).
Corollary 5.6. Suppose that (5.2) is an autonomous system with low-amplitude dis-

turbances or fluctuations in the above sense. If

(G1+E&1)(p+E)+ a2 +E2< 1 (5.16)

then the origin is the unique, globally asymptotically stable fized point of (5.2) relative
to the positive quadrant [0, c0).
Note that (5.16) holds for nontrivial sequences &, €; ,, of real numbers if F1p+Gy < 1.

Remark 5.7. Since in the above discussion the sequences €,, € ,,7 = 1,2 are arbitrary
bounded sequences, they can also be sequences of random variables that are drawn
from distributions with finite support. For example, €,,¢€;, can be drawn from a

uniform distribution on some interval [0, 6]. So long as

G14+0)(G+0)+52+0 <1

Corollary 5.6 will hold, implying that the origin is globally attracting even in the

presence of noise.

In the autonomous case where the three parameter functions oy ,, 02, ¢, do not

depend on n at all, we have the following planar system

Tp+1 = 01 (xna yn)yn + UQ(xna yn)$n (517&)

Ynt1 = O(Tn, Yn)Tn (5.17b)
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If in Corollary 5.6 we set &;,& = 0 in (5.16) then we obtain the following result for

the above autonomous system.

Corollary 5.8. Assume that 0y,09,¢ : [0,00)*> — [0,00) are bounded functions and
the following inequality holds

G0+ 0y < 1 (5.18)

then the origin is the unique, globally asymptotically stable fixed point of (5.17) relative

to the positive quadrant [0, 00)>2.

Remark 5.9. For the autonomous system given by

Tl = O1Yn + 022y,

Yn+1 = §b<xn7 yn)xn

the equation (5.14) reduces to

01

<1

H(Zn, Yn)

1—0 2
The left hand side of the above equation corresponds to the density-dependent net

reproductive rate Ry described in [24] and [22]. General autonomous stage-structured

matrix models can be written as

Zn+1 = Pzn

where z,, is a vector of m stages of the species. If the projection matrix P = F + T
is additively decomposed to the matrix F' = [f; ;] of birth processes and the matrix
T = [t; ;] of transition probabilities from one stage to another, the net reproductive

rate can be defined, as in [22], as
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i—1

R tjj—1
Ro=> hill
=1

2o 1-— tj7j

In [22] it was shown that the species population growth rate r and the net reproductive
rate Ry are on the same side of 1. While for nonautonomous matrix systems, the
definition of Ry is not straightforward (see, for example, [23] for the case where the
matrix P is periodically forced), the quantity

n a—1,71

¢

can be thought of as the net reproductive rate at each period n. Since this implies that

the population growth rate at each period is less than one, the biological interpretation

of the result in Theorem 5.4 is not surprising.

Inequality (5.18) may be explicitly related to the local asymptotic stability of the
origin for (5.17) when the functions oy, 09, ¢ are smooth. Consider the associated
mapping

F(u,v) = (uo(u,v) +voy(u, v), up(u, v))

whose linearization at (0,0) has eigenvalues

o 02(0,0) & V/02(0,0)2 4 401(0,0)¢(0,0)
2

These are real and a routine calculation shows that |A\| < 1 if

1(0,0)¢(0, 0) + 02(0,0) < 1.

Under suitable differentiability hypotheses, this inequality is implied by (5.18),

and is equivalent to it if the suprema of oy and o1¢ occur at (0,0).
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5.2.2 Folding the system

In the next, and later sections it will be convenient to fold the system (5.2) to a
second order equation. System (5.2) in general folds as follows: Substitute for ¥4

from (5.2b) into (5.2a) to obtain

Tnt2 = O1nt1(Tns1, On(Tn, P (T, Tit1))20) On (T, P (Zy Trpgr ) ) 2+ (5.19)

0-27n+1 ($n+17 ¢n($n, hn(xna xn—&—l))xn)xn—kl

where

hn(xnaxn—s—l) = UYn (520)

is derived by solving (5.2a) for y,,. Although an explicit formula for A, is not feasible in
general, it is readily obtained in typical cases; for instance, suppose that oy, (u,v) =
oan(u) and oy ,(u,v) = 01, (u) are both independent of (or constant in) v for all n;
note that the systems (5.3), (5.4), (5.5) and (5.6) are all of this type. In this case it

is clear that
Tp+1 — UQ,n(xn)xn

Ul,n(xn)

Yn = hn(xnyxn—&—l) = (521)

and further, (5.19) reduces to

Tp41 — 0-2,n(xn)xn

O-l,n(xn)

Tpto = U1,n+1($n+1)¢n (fﬁm ) Tn + 02,n+1(95n+1)37n+1 (5-22)

The pair of first-order equations (5.21) and (5.22) represent a folding of (5.2).
Note that with positive parameter functions, each pair xg,yo > 0 generates an orbit
{(z,,yn)} of (5.2) that is in [0,00)? for all n. So we have x,,1,7, > 0 and also by
(5.20) hp(@p, Tpg1) = 0 80 Op(xpn, hy(Tp, Tny1)) is well defined for every such orbit of

(5.2).

Remark 5.10. An even simpler reduction than the above is possible if ¢, (u,v) = ¢, (u)
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is independent of (or constant in) v. In this case,

Tpt2 = O-l,n-l—l(xn-i-la gbn(xn)xn)qbn(l‘n)xn + 0-2,n+1($n+17 ¢n(xn)mn)xn+1 (523)

and it is not necessary to solve (5.2a) for y, implicitly (i.e. the system folds without

inversions). Special cases of this type include systems (5.3) and (5.4).

5.2.3 Global convergence to zero with periodic parameters

The results in this section show that global convergence to zero may occur even if
(5.14) does not hold; see Remark 5.16 below. Recall from the proof of Theorem 5.4
that

Tp+1 S Ul,n(ﬁnflxnfl + 5-2,nxn~ (524>

The right hand side of the above inequality is a linear expression. Consider the

linear difference equation

Upt1 = QAplUy + bnun,l, Ap4p; = O, anrpz =b, (525>

where the coefficients a,,b, are non-negative and their periods pi,ps are positive
integers with least common multiple p = lem(py, p2); we say that the linear difference

equation (5.25) is periodic with period p. In this study we assume that

an by >0, n=0,1,2,... (5.26)

By Lemma 4.11 every solution of (5.25) converges to zero if a,, + b, < 1 for all n.
However, it is known that convergence to zero may occur even when a,, + b, exceeds
1 (for infinitely many n in the periodic case). We use the approach in [86] to examine
the consequences of this issue when the planar system has periodic parameters. The

following result is an immediate consequence of Theorem 13 in [86].
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Lemma 5.11. Assume that «;, 3; for j = 1,2,...,p are obtained by iteration from

(5.25) from the real initial values

Oy = O, o = 1, ﬁo = 1, ﬁl =0 (527)

Suppose that the quadratic polynomial

ar® + (By = )7 = Bpy1 = 0 (5.28)

is proper, i.e. not 0 =0 and has a real root r1 # 0. If the recurrence

b
Tppl = Qp + — (5.29)
TTL
generates nonzero real numbers 1, ..., 1, then {r,}, is periodic with preiod p and

yields a triangular system of first order equations that is equivalent to (5.25) as fol-

lows:

bn

tn+1 == ——tn, tl = U1 — TUp (530)
Tn

Un+1 = Tp+1Un + tn+1. (531)

The system (5.30)-(5.31) is also known as a semiconjugate factorization of (5.25);
see [83] for an introduction to this concept. The sequence {r,} that is generated by
(5.29) is said to be a (unitary) eigensequence of (5.25). Eigenvalues are essentially

constant eigensequences for if p = 1 in Lemma 5.11 then Equation (5.28) reduces to

arr® 4+ (B1 — ag)r — By =0

2 —ayr—b; =0
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and the latter equation is the standard characteristic equation of (5.25) with constant
coefficients; see [86] for more details on the semiconjugate factorization of linear
difference equations.

Each of the equations (5.30) and (5.31) readily yields a solution by iteration as

follows
1 b1y by
ty =t (-1 ———"— ], 5.32
(=) (7”17”2"'7“n—1> ( )

Up = TpTpn—1-"T2U + TnTn—1""" Tgtg + - Tntn—l + tn
n—1

= PpFpo1 e TaiUo Y Palnot s Tisali + b (5.33)
i=1

Lemma 5.12. Suppose that the numbers «,, and [, are defined as in Lemma 5.11
though we do not assume that (5.25) is periodic here. Then

(a) B =0 for all n > 2 if and only if by = 0.

(b) If (5.26) holds then for all n > 2

Qp > a1y Ap1, fp > brag--ayy (5.34)

Qgp—1 > baby - - - bap_2, 5271 > bibg - - bap—1 (5-35)

Proof. (a) Let by = 0. Then 5 = by = 0 and since #; = 0 by definition it follows that
B3 = 0. Induction completes the proof that 5, = 0 if n > 2. The converse is obvious
since by = [s.

(b) Since ay = a; and By = by the stated inequalities hold for n = 2. If (5.34) is

true for some k£ > 2 then

Qpy1 = poy + bpag_1 > apag > ajag -+ - ag_iay

Br+1 = arBr + bpfr—1 > arfr > biag - - - ar_1ax
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Now, the proof is completed by induction. The proof of (5.35) is similar since
Qg = azaz +byay > by and By = azf3 + b3fa > bsby

and if (5.35) holds for some k > 2 then

Qopt1 > bogiop—1 > baby - - - bop_oboy

Bok+2 = bagr1Bor > b1bs - - - bag—1bogt1

which establishes the induction step. O]

Lemma 5.13. Assume that (5.26) holds with a; > 0 fori = 1,...,p and (5.25) is
periodic with period p > 2. Then
(a) Equation (5.25) has a positive (hence unitary) eigensequence {r,} of period p.
(b) If b; >0 fori=1,...,p then

1
rire - Tp = B (%ﬂrl + Bp + \/(apﬂ - ﬁp)2 + 4O‘p5p+1) (5.36)

Hence, rirg---1, <1 if

apBpr1 < (1- O‘p+1)(1 - Bp) (5.37)

(c) Ifb; <1 fori=1,...,p then rirg---1, > biby- - -b,.

Proof. (a) Lemma 5.12 shows that «; > 0 for i =2,...,p+ 1. Now, either (i) b; > 0
or (ii) by = 0. In case (i), the root r* of the quadratic polynomial (5.28) is positive

since by Lemma 5.12 5,1 > 0 and thus

= Qpi1 — Bp + \/(O‘p+1 — Bp)? + 4oy, By > Opi1 — By + |y — Byl
20y, 20y,

> 0.
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If r1 = r* then from (5.29) r; = a;_1 + b;_1/ri1 > a;1 >0fori=2,... . p+ 1.
Thus by Lemma 5.11, (5.25) has a unitary (in fact, positive) eigensequence of period

p. If by = 0 then by Lemma 5.12 8, = 8,11 = 0 and (5.28) reduces to
2 —
apr” — appr =0

which has a root r* = a,41/a;, > 0. As in the previous case it follows that (5.25) has
a positive eigensequence of period p.

(b) To estalish (5.36), let r; = r* and note that (5.28) can be written as

_appary + Bpyr

5.38
OépT1 + 6;) ( )

Since {r,} has period p, r,+1 = 1 so from (5.29) and the definition of the numbers

a, and (3, it follows that

p _ QppaTy Bpt1 _ (apap + byap 1)1 + apBy + b3y 1
ap + — =Tpp1 = =

T apr1 + By a,r1 + By
_ ap(apry + Bp) + by(ap 171 + Bp1)
Oép/r'l _|_ /Bp
b
=a,+ L

(O‘prl + 51))/(0‘1)—17”1 + Bp-1)

Since b, # 0 it follows that

apr + By

r, = —-
P
Qp_17T1 + Bp—1

We claim that if b; # 0 for 7 =1,...,p then

71 + Bp—j
Qp— 171+ Bp—j1

. j=0,1,...,p—2 (5.39)

Tp—j =

This claim is easily seen to be true by induction; we showed that it is true for
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J =0 and if (5.39) holds for some j then by (5.29)

G i1+ by _ - (@p—j10pj1+bpj 10 j2)r1 + (apj-1Bp—j1+ bpj18pj2)
Tp—j-1 ap—j171 + Bp—j1
_ 111+ Bpj1) + bpj 1o + Bpj2)
- ap—j171 + Bp—j1
bp—j—1(p—j—2r1 + Bpj2)
apj1T1+ Fpj

= Qp—j-1 T

from which it follows that

Qpj1T1 + Bp_j1

Qp—j—oT1 + Pp_j—2

Tp—j—1 =

and the induction argument is complete. Now, using (5.39) we obtain

apri + B apoir + Bpo1 ary + ﬂQr
. )
Q171+ Bp_1 ap_ar1 + By ary + B

TpTp—1+-:Tol' =

=, + 5, (5.40)

Given that r = r (5.40) implies that

Apy1 — 5p + \/(ap+1 - 5p>2 + 404pﬁp+1
20y,

Ty Ty = + B

p

1
- 2 (aP-H + By + \/(aerl - 617)2 + 4apﬁp+1)

and (5.36) is obtained. Hence, riry-- -1, < 1if

Qp+1 + ﬁp + \/(ap-i-l - Bp)Q + 405p/3p+1 <2

Upon rearranging terms and squaring:

(ap+1 - 51))2 +4apBp1 <4 — 4(ap+1 + ﬁp) + (ap-i-l + Bp)2

which reduces to (5.37) after straightforward algebraic manipulations.
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(c) First, assume that p is odd. Then by (5.35)

apﬁp—i—l = (b2b4 T bp—l)(ble <. bp) = byby--- bp

so from (5.36)

7’1T2"'7’p> \/Oépﬂp_;_l:\/blbg"'bp

Ifb; <1lfori=1,...,pthen biby---b, < 1so /biby---b, > biby---b, as required.
Now let p be even. Then from (5.36) and (5.35)

Qpi1+ By o baba---by+ bubg by

T1T2"'Tp> 9 9

Ifbl <1f0ri:1,...,pthen b2b4"'bp2b1b2"'bp and blbg"'bp_l Zblbg"'bp

and the proof is complete. O]

Some of the numbers a; may exceed 1 in Lemma 5.13 without affecting the con-
clusions of the lemma. Also not all the conditions in Lemma 5.13 are necessary. For
instance, if b; = 0 then Lemma 5.13(c) holds trivially. Also, by Lemma 5.12(a) 3, =0

for n > 2 so the following equality must hold instead of (5.36):

TlTQ""f‘p:Olp+1

This is in fact true because 1 = 1" = a1/, so, repeating the argument in the

proof of Lemma 5.13(b) yields r,_; = a,_j/cp_j—1 for j =0,1,...,p — 2. Hence

rprp_l.../r’erz PR e — _ap+1

as claimed. These observations establish the following version of Lemma 5.13.

Lemma 5.14. Let a; > 0 and b; > 0 fori =1,...,p with by = 0. Then the linear
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equation (5.25) has a positive (hence unitary) eigensequence {r,} of period p given

by
Apt1 T o ) =2,..

= ) Jj — )
(679 (67581

and 0 = biby---b, <rirg---1r, <1ifay; <1

In Lemma 5.14 some of the numbers a; or b; may exceed 1 without affecting the

conclusions of the lemma.

Theorem 5.15. Assume that (5.15) holds and the sequences and {&1,¢n_1} and
{520} have period p with G9; > 0 and 61,1 > 0 fori = 1,...,p. Also let the
numbers o, 5, be as previously defined with a,, = 02, and b, = 617n¢_>n_1. All non-
negative orbits of the planar system converge to (0,0) if either one of the following
hold:

(a) 0 < &1,¢;1 <1 and (5.37) holds;

(b) 5’1’1&0 =0 and apy1 < 1.

Proof. Let {u,} be a solution of the linear equation (5.25) with a,, = G2, b, =

517nq_5n_1, ug = x¢ and u; = x;. Then by (5.24)

Ty < 01100%0 + 02171 = 01,100U + 021U = Us

T3 < 01202%2 + 0222 < 01201U1 + 022Uz = U3

By induction it follows that z,, < w,. If (5.37) holds then by Lemma 5.13, lim,, o u,, =
0 so {z,} converges to 0. Further, lim,_,., ¥, = 0 as in the proof of Theorem 5.4 and

the proof is complete. n

Remark 5.16. In Theorem 5.15 the individual sequences & ,,, ¢, need not be periodic
or even bounded. Therefore, the theorem applies to (5.2a)-(5.2b) even if the system
itself is not periodic as long as the combination &, ,¢, ; of parameters is periodic

along with a5 ,.
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5.2.3.1 Stocking strategies that do not prevent extinction

Condition (5.37) involves the numbers «, 3; rather than the coefficients of (5.25)
directly. In the case of period p = 2 the role of a; and b; is more apparent. Inequality

(5.37) in this case is

agfs < (1 —az)(1 — B)

a1a2b1 < (1 — bg — alag)(l — bl)

and simple manipulations reduce the last inequality to

a0y < (1 — bl)(l — bz) (541)

Inequality (5.41) holds even if a; > 1 or ay > 1 thus showing how global conver-
gence to (0,0) my occur when (5.14) does not hold. Further, it is possible that (5.41)

holds together with
a; + as
2

> 1 (5.42)

Note that (5.41) holds even with arbitrarily large mean value in (5.42) if, say
a; — 0 as as — oo. In population models this implies that if (5.41) holds with
a, = 02, and b, = 517n<5n,1 then extinction may still occur after restocking the adult
population to raise the mean value of the composite parameter o3, above 1 by a wide

margin.

5.3 Dynamics of a Beverton-Holt type rational system

In this section we apply some of the preceding results and obtain some new ones
to study boundedness, extinction and modes of survival in some rational special cases

of (5.2). In population models these types of systems include the Beverton-Holt type
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interactions. Specifically, we consider the following non-autonomous system and some

of its special cases

a1 nYn Q2 nTnp

Tpi1l = + 5.43a
i 1 + Bl,nQJn + Y1inYn 1 + B2,nxn + Y2,nYn ( )
b,z
= nen 5.43b
Ynit 1 + CinTn + ConYn ( )
where we assume that for alln > 0 and 7 = 1,2
al,n > O, bna 04277,,, 6i,n> ’7i7n7 Ci,n Z 0 (544)

b, > 0 for infinitely many n

For example, if we think of «; as the natural survival rates then the population
model (5.3) is a special case of (5.43). If we allow «; to include additional factors such
as harvesting rates then (5.43) is an extension of the model in [92] (with a Beverton-
Holt recruitment function) in the sense that the competition coefficients 3; ., Vi, Cin

may be nonzero as well as time-dependent.

5.3.1 Uniform boundedness and extinction

We now examine boundedness and global convergence to 0 (extinction) in (5.43).

The next result is in part a consequence of Corollary 5.3.

Corollary 5.17. Assume that (5.44) holds.
(a) Let the sequence {ay ,} be bounded and limsup,,_, . a2, < 1. If there is My > 0

such that b, < Mycy,, for all n larger than a given positive integer then all orbits of
(5.43) are uniformly bounded.

(b) Let the sequence {b,} be bounded and suppose that there is M > 0 such that

1y S M1y, oo, < MBos, (5.45)
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for all n larger than a given positive integer. Then all orbits of (5.43) are uniformly

bounded.
Proof. (a) By hypothesis, for all (large) n

by, < Mycy nz,
1 + C1nTn + C2nYn -1 + C1nTn + CZnyn

< M,

Next, let

(u, v) O (u, v) T2
O1n(U,v) = , Oonlu,v) = .
b 1+ Bipt 4y 2 1+ Boptt 4 Y200

By hypothesis, there is M; > 0 and § € (0,1) such that for all u,o > 0 and all

sufficiently large values of n

o1n(u,v) <oqy, < My, oop(u,v) < g, <0

Now an application of Corollary 5.3 completes the proof of (a).

(b) By (5.45) for all large n it follows that

al,nyn < Mﬁyl,nyn

< <M
1 + Bl,nxn + 71,nyn 1 + Bl,nxn + ’Vl,nyn

and likewise,
a2,nxn < MﬁZ,n:En
1 + ﬁQ,nxn + Y2,nYn 1 + B2,nxn + Y2,nYn

<M

for all large n. Therefore, z,, < 2M. Next, if {b,} is bounded then y, < 2Mb, is also

bounded and the proof is complete. O

The next result follows readily from Theorem 5.4.
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Corollary 5.18. The origin (0,0) attracts every orbit of (5.43) in [0, 00)? if

lim sup(oy ,by—1 + a,) < 1 (5.46)

n—oo
and either by, is bounded or liminf, . a1, > 0.

The above corollary is false when (5.46) holds if b, is unbounded and thus, «; ,

has a subsequence that converges to 0.

Example 5.19. Consider the system

-n
Tpt1 = O Yp + ST
paz,
1+ cxy,

Yn+1 =

where « > 1, 8 >0,0<s<1 ¢>0, 01, =a"andb, = fa” Then (5.46) is
satisfied, so lim,,_,o, z, = 0. But y,, does not approach 0 for large enough «; this may

be inferred from Lemma 4.11 which shows that z, converges to 0 at an exponential

rate 6™/2 where § = s + 3/a € (0,1). Thus

1
Yp = ﬁ(xn+1 — sx,) = & (Tpe1 — ST,)

will not converge to 0 if « is sufficiently large.

Corollary 5.17 takes a simpler form for the autonomous special case of (5.43),

namely,

A1Yn + )
1+ Biwn +7Yn 1+ Boxy + Y2Un
bx,,

14 crxy, + coyn

(5.47a)

Tp41 =

Yns1 = (5.47D)
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with constant parameters

O-/lab > 07 a?vﬁiv’Y’i)Ci Z 0. (548)

The following result is applicable to (5.3) as well as special cases of (5.4) and (5.5)

with rational f.

Corollary 5.20. Assume that (5.48) holds. All orbits of (5.47) in [0,00)? are uni-
formly bounded if either one of the following conditions hold:
(a) g < 1, ¢; > 0;

(b) 11, B2 > 0.

It is noteworthy that if in Part (a) above ¢; = 0 then (5.47) may have unbounded

solutions, as in, e.g. the system

Tn+1 = O1Yn
bx,

Ynt+1 = —1 ¥ et

where as = ¢; = 0 and the remaining parameters are positive. This system folds to

the second-order rational equation

. albr,
n+2 —
Q1+ CoTnq

which is known to have unbounded solutions if a;b > 1; see [51].

Corollary (5.18) likewise simplifies in the autonomous case.

Corollary 5.21. Assume that (5.48) holds with a;b+ as < 1. Then the origin (0,0)

is the globally asymptotically stable fized point of (5.47) relative to [0, 00)2.
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5.3.2 Persistence and the role of competiton

We now explore the effects of competition in the autonomous system (5.47). There
are 6 different competition coefficients and to reduce the number of different cases,

we focus on the special case below where 3;,v; = 0

Tl = Yy + Qo (5.49)
bx,,
1+ iy + cyn

Yni1 = (5.50)

If «; define the natural survival rates s;, then this system is complementary to
(5.3) and (5.4) in the sense that in both of those systems ¢y = 0.

By the last two corollaries, all orbits of the rational system (5.49)-(5.50) in [0, 00)?
are uniformly bounded if ¢; > 0 and as < 1 and they converge to the origin if
a1b + ay < 1. We now examine this rational system in more detail using its folding,

namely, the second-order rational equation

oxy,
Tnt2 = 4T +1+1—|—Ayvn+1—|—B:Cn ( )
where
Co 1
a=qy, o0=aoa1b, A=—, = — (101 — agcy) (5.52)
(03] (03]

See (5.22); the y-component is given by (5.21), or calculated directly using (5.49)

as

1
Yn = _(anrl - a2xn)- (553)
g

With initial values ¢ and x; = a0 + aozg derived from (g, y0) € [0,00)?, the
x-component of the orbits {(z,,y,)} of the system is obtained by iterating (5.51).
The equation in (5.53) is passive in the sense that after the z-component of the orbit

is generated by the core equation (5.51), the y-component is derived from (5.53)
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without any further iterations. This observation also establishes the nontrivial fact
that solutions of (5.51) that correspond to the orbits of the system in [0,00)? are
non-negative and well-defined, even for B < 0.

If b+ s < 1, i.e. 0 < 1 — a, then zero is the only fixed point of (5.51).
Corollary 5.21 establishes that in this case, zero is globally asymptotically stable
relative to [0, 00). On the other hand, when ayb+ s > 1, i.e. 0 > 1 —a, then 0 is no
longer a stable fixed point of (5.51). By routine calculations, one can show that zero
is a saddle point when 1 —a < 0 <1+ a and if ¢ > 1+ a then zero is a repeller.

In addition, when o0 > 1 — a and a = ay < 1, the system (5.49)-(5.50) also has a

fixed point in (0, 00)? given by

 o—(1-a) ai(arh+ ag — 1)  (1-ay)
Tl D) (-aaat(-aa ' a o 05

We note that Z is also a positive fixed point of the folding (5.51). Under certain
conditions, T attracts all solutions of (5.51) with positive initial values, and it is thus

a survival equilibrium.

Theorem 5.22. Leta <1 <a+o, i.e., ag <1 < ayb+ as. If the function

ov

fluo) =aut o

1s nondecreasing in both arguments, then the fized point T attracts all solutions of
(5.51) with initial values in (0, 00).
Proof. 1f we let

ot
h(t) =at + ———
() =at+ T AT By
then the fixed point  is the solution of h(t) = t. For t > 0, we may write h(t) = ¢(t)t
where

o(t) = a+ tWMlW@—j%Q—l

9
14+ (A+ B)
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Now,

i o(A+ B)
YO =—arareue -

for all t > 0, so ¢(t) is strictly decreasing for all ¢ > 0. Therefore,

t <z implies that h(t) = ¢(t)t > ¢(z)t = t,

t >z implies that h(t) = ¢(t)t < ¢(T)t =t

The rest of the proof follows from Lemma 2.6. O]

Note that

Aow o(Au+1)

u — & d v =
fe= o s Bor: ™ T Gur Bor iy

>0

If ayb+as > 1 and ¢ = 0 then A = 0, so both f,, f, > 0. Therefore, by Theorem 5.22
Z is globally asymptotically stable. However, if co > 0 then f, may not be positive,
so the results of Theorem 5.22 may not apply to this case. The next result shows

that orbits of the system may converge to z if co > 0 but not too large.

Theorem 5.23. Letc; >0 anda <1 <a-+o0, i.e., ag <1< aib+ ay. Then there
exists ¢ > 0 such that for co € [0, c| the fized point T of (5.51) is globally asymptotically

stable relative to (0, 00).

Proof. Since

Aowv _a(Au+ Bv)? +2Aau+ a+ (2aB — Ao)v

f“:“_(Au+Bv+1)2_ (Au+ Bu +1)2

to ensure that f, > 0 it suffices for 2aB — Ao > 0, i.e.

20[2(0&161 — OCQCQ) — CQOélb Z 0
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which is equivalent to
20410[201

< —— =c
2 a1b + 203

and the proof is complete. O

If ¢y is sufficiently large then f, is not positive on (0,00). Furthermore, Z also
becomes unstable for large enough ¢y, which we establish next by examining the
linearization of (5.51) around Z.

The characteristic equation associated with the linearization of (5.51) at Z is given

by

M —_p\—¢=0 (5.55)
where
(o) — (1—a)Az ., o0—(l1-a)Bzx

The roots of (5.55) are given by

U p? +4q \ P+ \/P* +4q
1= 5 2 = 4
2 2

Since f,(u,v) > 0 for all u,v € (0,00) it follows that ¢ > 0 and both roots are real

with Ay < 0 and Ay > 0. Further, Ay < 1 if

p+/p*+4q

<1 ie g<l1-—
2 1. q p

which is equivalent to
20 —a)(A+B)z>0—(1—a)
This inequality holds, since > 0 under our assumptions on the parameters. There-
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fore, Ay < 1. On the other hand, \; > —1 if and only if

p— VP +4q

5 >—11ie p+1>gq

which is equivalent to

2(Aa+ B)z >0 —(1+a) (5.56)

Note that when (1—a) < 0 < (1+a) this is trivially the case since > 0 under our
assumptions on the parameters. Thus, 7 is locally asymptotically stable if ¢ < 1+ a.

Next, Ay < —1if 0 > 1+ a and
2(Aa+ B)T <o —(1+a) (5.57)

We summarize the above results in the following lemma.

Lemma 5.24. Leta <1 <a+o0, i.e., as < 1 < ayb+ as. Then the fixed point T of
(5.51) is:

(a) locally asymptotically stable if and only if (5.56) holds. In particular, this is
true if

l—a<o<l+4+a, ie 1—ay<ab<l+as.
(b) a saddle point if and only if (5.57) holds with o > 1+ a, i.e. ayb > 1+ ao.
The inequality (5.57) implies a range for ¢, that we now determine. Let

oc—(1+a)

A -

< 1.

Then k € (0,1)ifoc >1+4a

2(Aa + B) - c—(1+a
A+ B c—(1—a

~—

204a+B)x<o—(1+a)=

(1—a)=(1—a)k (5.58)

~—
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Since

2
2(Aa+ B) = a—(@ozg + iy — o) = 2¢;  and:
1

1
A + B = a—[clozl + (1 — 0[2)02]
1

(5.58) is equivalent to

201&1
cron + (1 — ag)ey

<(l—a)k=(1-ak

From the above inequality we obtain

2—(1— k
CQ>04101[ ( az)]ié

(1 —ay)?k

Thus if ¢ > ¢ then Z is a saddle point and in particular, the fixed point (z,9)
is unstable. These observations lead to the following that may be compared with

Theorem 5.23.

Corollary 5.25. Assume that (5.48) holds for the system (5.49)-(5.50) and o <

1 < aib+ as. Then the fized point (z,y) is unstable if co > C.

Our final result establishes that when ¢, > 0 is sufficiently large the system (5.49)-
(5.50) can have a prime period two orbit which occurs as & becomes unstable. Exis-
tence of periodic orbits is established via the folding in (5.51).

The difference equation in (5.51) has a positive prime period two solution if there

exist real numbers m, M > 0,m # M, such that

m= f(M,m) and M = f(m, M)

i.e.

om oM
—aM d M=
M=t e T Bl ™ o BM 11
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from which we get

(m—aM)(AM + Bm+1) =om and (M —am)(Am+ BM + 1) =cM

i.e.

AmM + Bm? +m — AaM? — aBMm — aM = om (5.59)

and

AmM + BM? + M — Aam?® — aBMm — am = oM (5.60)

Taking the difference of the right and left sides of (5.59) and (5.60) yields

B(m?* — M?) + (m — M) — Aa(M?* — m?) — (M —m) = o(m — M)

(B+ Aa)(m —M)m+M)=(c—(1+a))(m—M)

When m # M, we get

(B+Aa)m+M)=0—-(1+a)

and since the left side of the last equation is positive, this implies that o —(1+a) > 0.
Or stated differently, if o — (1 + a) < 0, then (5.51) cannot have a positive prime
period two solution.

Similarly, taking the sum of the right and left sides of (5.59) and (5.60) yields

2AMM + B(m?*+ M?) 4+ (m+ M) — Aa(m? + M?) —2aBMm —a(m+ M) = o(m+ M)

Adding and subtracting 2(B — Aa) to the LHS of the last expression yields

2(A —aB — B+ Aa)Mm + (B — Aa)(m + M)? = (6 — (1 —a))(m + M)
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1.e.

2(14+a)(A—B)Mm = (¢ — (1 —a))(m+ M) — (B — Aa)(m + M)?

=(m+M)(c—(1—a)—(B—Aa)(m+ M))
B (B—Aa)(o — (1+a))
=(m+M)(c—(1-a)-— Bt A

m+ M

=T+ B (B4 Aa)(c — (1 —a)) — (B — Aa)(oc — (1 +a))]

Simplifying the right hand side, it follows that

o—(1+a)

(1+a)(A = B)Mm = "y

[Aa(c — 1) + aB] (5.61)

Now, since we are assuming that ¢ — (1 4+a) > 0, then 0 — 1 > 0, so the right side
of (5.61) is positive, which implies that A — B > 0. Stated differently, if A < B, then
(5.51) has no positive prime period two solution.

From (5.61) we get

[0 —(1+a)][Aa(c — 1) 4+ aBc|

Mm = 4 (A = B)(Aa + B)?

=Q

and let m + M = P, from which we obtain that M = P — m and m = P — M. This
means that

m(P—m)=@¢ and M(P—-M)=0Q

i.e. m and M are the roots of the quadratic

S(t)=t"—Pt+Q

where P, () > 0 and
P+ .\/P?—-4Q
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To ensure that m and M are real, the roots of S(¢) must be real, which is the case if

and only if P? —4Q > 0, i.e.

4(Aa(oc — 1) + aB)
(14 a)(A—-B)

[c—(1+a)|[(c—(14a)-—

We summarize the above results as follows.

Theorem 5.26. The second order difference equation in (5.51) has a positive prime
period two solution if and only if all of the following conditions are satisfied:

(a) o —(1+a)>0

(b)) A—B >0

Aa(oc— a
(c) (0 — (1+0a)) [(0— (1+a) — el ] 5 g

The next result shows that a solution of period two appears when Z loses its

stability.

Corollary 5.27. The second order difference equation in (5.51) has a positive prime

period two solution if and only if & is a saddle point.

Proof. Suppose T is a saddle point. Then by Theorem 5.24(b), 2(Aa+B)z < 0—(1+a)
from which we infer that o — (1 +a) > 0.
Now 2(Aa + B)Z < 0 — (1 + a) implies that

2(Aa + B)
(1-a)(A+ B)

(0—(1—a) <o—(1+a)

which is true if and only if

2(Aa+ B)(o — (1—a)) < (1 —a)(A+ B)(o — (1+a))

Adding and subtracting (1 + a)(A — B)(c — (1 + a)) from the right side of the last
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expression yields:

(I1+a)(A=B)lc—(1+a))+(c—(14+a))((1—a)(A+B)—(14+a)(A— B)

=(1+4a)(A-B)(c—(1+4a))+ (6 —(1+a))(2B —2Aa)

Therefore,

2(Aa+ B)(o — (1 — a)) + 2(Aa — B)(o — (1+a)) < (1 +a)(A — B)(o — (1 + a))

4(Aa(o — 1)+ aB) < (1+a)(A— B)(o — (1+a))

1.e.

(14+a)(A—B)(c—(1+4+a)) —4(Aa(c —1)+aB) >0

from which we infer that A — B > 0 and the roots of S(t) are guaranteed to be real
and positive. This satisfies all the conditions of Theorem 5.26 which completes the

proof. O]

Corollary 5.28. Assume that (5.48) holds and further, ag < 1 < a1b+aq and co > ¢.

Then the system (5.49)-(5.50) has a cycle of period two in (0, 00)?.

Figure 5.2 shows two orbits of the system (5.49)-(5.50) from initial points (xo, yo) =
(2.3,1) and (zg,y0) = (0.0001,0.0001). Although both orbits converge to the period
two cycle, a shadow of the stable manifold of the fixed point is also seen in the initial
segments of the two orbits. If the initial points start exactly on the stable manifold

of z then the solutions converge to .

5.4 Dynamics of a Ricker-type exponential system

The question of whether complex behavior occurs in stage-structured models is a

pertinent one which has been discussed in the literature. We supplement the results
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Figure 5.2: Orbits illustrating period two oscillations and the saddle point.

in [68] for (5.2) by examining cases not considered in [68] or elsewhere, that exhibits
complex multistable behavior. Our results in this section complement the existing
literature, e.g. [2], [39], [68] and [92].

To start, we consider the following non-autonomous system with a Ricker-type

function for the juvenile fertility rate:

Tn+1l = O1,nUn + O02.nTn (5623)

Yni1 = Ppapetn ndn=c2nln (5.62b)

where ay,, By, 0in, Cin are non-negative numbers for ¢ = 1,2 and n > 0. This system
has been used to model single-species, two-stage populations (e.g. juvenile and adult);
see [21], [22], [24], [23], [29], [34], [35], [39], [68] and [92]. The exponential function that
defines the time and density dependent fertility rate classifies the above system as a
Ricker model. The coefficients o, ,, are typically composed of the natural survival rates

s; and possibly other factors. For example, they may include harvesting parameters,
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as in [68] and [92]:

oi=1=hi)s;, B=1-h)b, c1=(1-h)y, =0 (5.63)

All parameters in (5.63) are assumed to be independent of n. In this case, h;, s; €
[0,1], i = 1,2 denote harvest rates and natural survival rates, respectively. The study
in [68] shows that the system (5.62a)-(5.62b) under (5.63) generates a wide range of
different behaviors: the occurrence of periodic and chaotic behavior and phenomena
such as bubbles and the counter-intuitive “hydra effect” (an increase in harvesing
yields an increase in the over-all population) are established for the autonomous

system

Tne1 = (1 = hy)s1yn + (1 — ha)sexy,

Yni1 = (1 — hy)bx, et (1mren,

5.4.1 TUniform boundedness and extinction

We start with the following consequence of Corollary 5.3 and Theorem 5.14:

Corollary 5.29. Assumed that 01, > 0, 025,00, B, Cin, 2 > 0 and B, > 0 for
inifinitely many n, and further let o, be bounded and limsup,,_,., 02, < 1, Then
(a) If 01, is bounded and there is M > 0 such that 5, < Mecy,, for all n > 0, then

every orbit of (5.62) in [0,00)? is uniformly bounded.

(b) If By is bounded and

lim sup(oy ,0ne™) < 1

n—o0

then all orbits of (5.62) in [0,00)% converge to (0,0).

Proof. (a) For u,v > 0, and all n > 0, define
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¢n<u U) — /Bneanfcl,nufcznv
7

If ¢1,, # 0, for some n, then routine calculations yield

1 n
wbn(1,0) < upn(——,0) = D7 gan—
Cin Cln

If ¢1,, = 0 for some n, then 3, < Mey,, and ¢, (u,v) = 0 for such n.
Next, by hypotheses, there are also numbers My, My > 0 and ¢ € (0, 1) such that

for all sufficiently large n
o1 < My, o <My, 09, <0

Since B, < Mey, it follows that for all n

ey (u,v) < MMt

and the hypotheses of Corollary 5.3 are satisfied. Uniform boundedness follows.

(b) Let ¢, be as defined in (a) above. By hypotheses, the sequence

¢n = sup ¢n(u7v) = [Bpe™”

u,v>0

is bounded so by Theorem 5.14, all orbits of (5.62) in [0, c0) converge to (0,0). O

Remark 5.30. In Part (a) of the above corollary, it is less essential that 3, be bounded
than to have ¢; ,, # 0. Indeed, unbounded solutions occur in the following autonomous

linear system
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Tp+1 = 01Yn + 022y,

Yn+1 = ﬁeaxn

When folded to

Tpyo = 010€ Ty, + 0oniy
it is easy to see that unbounded solutions exist unless oyf8e%x,, < 1 — 0y,. This is a
severe restriction resembling that in Part (b) of the above corollary.
5.4.2 Complex multistable behavior

To rigorously establish the occurrence of multiple stable orbits within the same

state-space, we consider the reduced system

Tpt1 = O1n¥n (5.64)
Yn+1 = annean_cl’nmn_c2’nyn (565)

where we assume that
Ul,n; Cl,n) CQ,n;ﬁn > 07 (079 Z O (566)

In the context of stage-structured models the assumption o5, = 0 applies in
particular, to the case of a semelparous species, i.e. an organism that reproduces
only once before death. Additional interpretations in terms of harvesting, migrations
or other factors may be possible if 03 ,, includes additional factors beyond the natural
adult survival rate.

The system (5.64)-(5.65) with ¢y, = 0 has been studied in the literature; for
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instance, an autonomous version is discussed in [68] and [92]. The assumption ¢y, >
0, which adds greater inter-species competition into the stage-structured model, leads
to theoretical issues that are not well-understood. We proceed by folding the system
(5.64)-(5.65) to a second-order difference equation.

From (5.64) we obtain y,, = x,41/01,. Now using (5.64) and (5.65) we obtain:

Tpy2 = 01,n+1anneanicl’nmniczmyn = Ul,nﬁnxneanicl’nmni(cln/Ul’n)xn-H

This can be written more succinctly as

$n+1 — xnileanfcl,nznfl*(CZ,n/Ul,n)-Tn (567)

where

an = oy + (501 111)-

5.4.2.1 Fixed points, global stability

It is useful to start by examining the fixed points of (5.67) when all parameters
are constants, i.e. if (5.64)-(5.65) is an autonomous system. Then (5.67) takes the

form of the autonomous difference equation:

a—c1xn—1—(c2/01)Tn (568)

Tp41 = Tp-1€

This equation clearly has a fixed point at 0. The following is consequence of

Corollary 5.29(b).

Corollary 5.31. Assume that the system (5.64)-(5.65) is autonomous, i.e. o, = «,
Bn =B, 01, =01, C1n, = 1 and ¢, = o are constants for all n.
(a) If a = a+1n(Boy) < 0 then 0 is the unique fized point of (5.68) in [0, 00) and

all positive solutions of (5.68) converge to zero.
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(b) The eigenvalues of the linearization of (5.68) at 0 are £e?; thus, 0 is locally

asymptotically stable if a < 0.

If @ > 0 then (5.68) has exactly two fixed points: 0 and a positive fixed point

_ a0y
T=—-":
€101 + C2
Substituting r,, = c1x,, in (5.68) yields
c
Prsl = Tpog€® 0T = 2 (5.69)
01C1

The positive fixed point of this equation is

a
1+

S

The next result is proved in [37] and can be stated in terms of the parameters in

the reduced system in (5.64)-(5.65) and the equation in (5.69) as follows:

Theorem 5.32. Let a € (0,1] (i.e. 0 < o+ In(fo1) < 1). Ifb € (0,1) (i.e.
¢y < o1¢1) then the positive fized point T of (5.69) is a global attractor of all of its

positive solutions.

Our last set of results pertain to the special case of the nonautonomous equation

Tny1 = Tn—lean_rnil_bnrn (570)

C2.n

=1,1ie.
01,nC1,2

and its autonomous counterpart in (5.69) where the coefficient b,, =

Con = O01nCln M= 07 17 2a S (571)

The semiconjugate factorization method that we used in Chapter 3 also applies

to (5.70) if (5.71) holds. In this case, we substitute r, = ¢; 2, in (5.67) to obtain
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Cin+1 _ _
rnilean Tn—1—Tn

Tn+1 =
Cln—1

which can be written as

Tpgl = Tp_1ein Tn=17Tn (5.72)

dn = an + Infcy pi1/c1 1]

Note that if ¢, has period 2 or is constant then ¢ ,41 = ¢1,—1 s0 d,, = a,. In any
case, a solution z,, = r, /¢y, of (5.67) is derived in terms of a solution of (5.72) when
(5.71) holds.

Equation (5.72) admits a semiconjugate factorization that splits it into two equa-

tions of order one.

d

e To
thy1=—, to=
2%

(5.73)

r_1e -1

T'nt1 = tn+17’neirn (574)

The results in Chapter 3 apply directly to the study of the system in (5.64)-(5.65),

where some of the parameters are assumed to be constant, i.e.

O1,n = 01, BTL = 57 ap, =« (575)

Recall, that in Chapter 3, we showed that when d,, = d is constant and 0 <
d < 2, then every non-constant solution of (5.72) corresponding to a given pair
of initial values r_q,7ry > 0 converges to some two-cycle {p1, p2}, where p; + ps = d.
Furthermore, we also showed that this cycle is dependent of initial values: if a different

set of initial values r’ |, r( satisfies
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0 B To

e e
then the solution corresponding to 1’ ,r{ converges to the same two-cycle. We can

now state the same result with respect to the system (5.64)-(5.65):

Theorem 5.33. Assume that the parameters of (5.64)-(5.65) satisfy (5.66) and
(5.75) and co,n = oycy,n for all n > 0, where ¢1,, has period two with c¢iop—1 = &
and ¢y o, = &2, with &1,& > 0. If a+In(o1B) € (0,2], then

(a) Every orbit {(x,,yn)} is determined as

o Tn o Tn+1
Ty = y Yn =

Cin 01C1,n+1
where {r,} is the solution of (5.72).

(b) The solution corresponding to the pair of initial values (xo,yo) converges to a

{(878) (850
&1 7 0162 ’ 52’ 11

where p; = limy_,o ok fori =1,2 and p; + ps = o + In(o15).

(c¢) If (xg,y,) are such that

two-cycle T’

Yo _y{]

_ ! !
ZToe %o Toe vo

then the solution corresponding to (xy,y,) converges to the same two-cycle I' as in
().

Theorem 5.34. Assume that the parameters of (5.64)-(5.65) satisfy (5.66) and
(5.75) and cy,n = oycy,n for all n > 0, where ¢1,, > 0 has period two. If a =
a+ In(fo) > 6.26 and the initial values xq,yo > 0 satisfy

Yo o0
xoe—clmo
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then (5.64)-(5.65) has periodic solutions of all possible periods, including odd periods,

as well as chaotic solutions in the sense of Li and Yorke.

Notice that the results of the above theorem depends on initial values xg, 3o, i.e.
these initial values must be ordered pairs on the curve yy = zoe* “*°. While this
assumption may be too restrictive from a biological standpoint, it does demonstrate
possible periodic and chaotic behavior in species dynamics for infinitely many initial

values xg, Yo.

5.4.2.2 Oscillatory and complex behavior with periodic parameters

In the final section of this chapter, we turn our attention to the case where the
vital rates of the system in (5.64)-(5.65) exhibit periodic fluctuations. In particular,

we are interested in scenarios where the composite parameter

dy = ap + (8o n) + Infcini1/c1n-1]

is periodic. This assumption is broad enough that not all of the above parameters
need to be periodic or be periodic of the same period. For example, one may allow
for seasonal fluctuations in the fertility parameter «a,, to account for high and low
fertilities during warm and cold seasons of the year, while the rest of the parameters
remain constant, in which case d,, will be of the same period of a,,. Alternatively, the
period d,, may be determined by the common period of fluctuations of parameters
that are periodic. Finally, time variant coefficients may not be periodic at all, but

yield periodic fluctuations in d,,.

In Chapter 3, we showed a number of preliminary results for the equation in (5.72)
with periodic d,, for the case when ¢y, = oyci,n for all n > 0. We ended Chapter

3 with a number of conjectures and open problems for future research. Given these
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conjectures, we turn to numerical simulations of the equation (5.72) to further show
possible behavior of the dynamics in the species population in periodic environments.

Figure 5.3 shows convergence of solutions to cycles of periods six, three and four
for cases where d,, € (0,2) is periodic with period p = 3 and p = 4. Figure 54
demonstrates the phenomenon of multistability, i.e. the dependence of cycles on

initial values established for cases when p is odd, and when p > 2 is even with

p

o = Z(_l)jdj—l =0.

i=1

In each of these cases, the periodic nature of solutions of (5.72) is expected. In
contrast, Figure 5.5 shows the behavior for cases p = 3 and p = 4 when values of d,
are outside of the range (0,2). The top left panel of Figure 5.5 shows a twelve-cycle,
suggesting a possibility of period-doubling bifurcations that occur when values of d,,
are sufficiently large. The behavior of the iterates in the top right panel is more
unpredictable. In the latter case, values of all d,, are outside of the aforementioned
range, whereas in the former case, only some of the d,,’s are allowed to exceed 2.
Similarly, the bottom two panels in Figure 5.5 show the behavior of the iterates for
the case then p = 4. Unpredictable behavior is shown in the bottom left panel, where
all of the d,s exceed 2. In the case where some of the d,,’s are less than two, we
observe a stable four-cycle.

Finally, for the special case where p = 2, Figure 5.6 shows the behavior of the
iterates, together with the orbits of even and odd indexed terms. In particular, the
odd terms of the sequence {r,} are periodic with period 3, suggesting that (5.72) can
have periodic solutions of all even periods.

In all of the above examples, numerical results demonstrate the complexity and
the diversity of behavior that can occur in population dynamics. This behavior can

depend on values and fluctuations of the vital rates, as well as on initial densities of
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adults and juveniles.
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Figure 5.3: Periodic solutions for sufficiently small parameter values d,,.

5.5 Concluding remarks

We studied the dynamics of a general planar system that includes many common
stage-structured population models that evolve in discrete time. We derived sev-
eral results pertaining to extinction of the species for both autonomous and nonau-
tonomous, as well as density dependent matrix models. These hypotheses are more
general than what is typically assumed in population models and give us broader
understanding of the mathematical properties of the system. Special cases of the

model of Beverton-Holt and Ricker type were then considered to explore the role of
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Dependence of solutions on initial values.
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Figure 5.5: Complex behavior with sufficiently large values of d,,.
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Figure 5.6: Period three solution of the odd terms for the case p = 2 for sufficiently
large values of d,,.
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intra-species competition, restocking strategies, as well as seasonal variations in the
vital rates. For the system with Beverton-Holt type recruitment, we showed that
sufficiently high level of competition can have destabilizing effect on the persistence
equilibrium and lead to period-two oscillations. For the system with Ricker type re-
cruitment, we showed occurrence of multistable periodic, as well as chaotic behavior.

Instance of chaotic behavior were obtained for the autonomous system

Tn+1 = O1nYn (576)

Ynil = annean_cl,nmn_cznyn (577)

under the assumption that ¢y, = 01,¢1,. The case where ¢y, # 01,c1, can be
studied next. In particular, the case where (5.76)-(5.77) can be folded into the the
autonomous equation

Tny1 = Tn—ledibquilicrn (578)

where b, c > 0,b # cis of particular interest. In particular, we expect that mulitstable
orbits will not occur although complex behavior is possible. There is currently no
comprehensive study of the dynamics of (5.78) that we are aware of so obtaining

significant details on the dynamics of this equation would be desirable.
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CHAPTER VI

Conclusion

In this thesis, we studied planar systems of difference equations and their appli-
cations to biological models of species populations. These systems were studied via
folding - the method of transforming systems of difference equations into a higher
order scalar difference equations. When applicable, this method reduces systems of
difference equations to scalar equations of higher order. For example, the planar
system is transformed into a core second order difference equation and a passive non-

dynamic equation.

We studied two classes of second order equations: quadratic fractional and ex-
ponential. These systems fold into second order quadratic fractional and exponen-
tial difference equations respectively. Besides being of great interest in the field of
difference equations, rational and exponential equations have been widely used in
applications to biological systems in general and in modeling species populations in

particular.

In the study of the quadratic fractional equation

ATy, + /an—l + Y
Az, + Bzr,_1 +C

(6.1)

Tpy1 = ATy +
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we investigated the boundedness and persistence of solutions, uniqueness and the
global stability of the positive fixed point and the occurrence of periodic solutions
with non-negative parameters and initial values. We showed that when the function
defining the difference equation is monotone in its arguments, the equation does not
have any periodic solutions of period greater than two. In addition, we also estab-
lished that under the above assumptions, in the absence of two-cycles, the solutions

converge to the unique positive fixed point.

The above results were applied to the study of linear/rational systems of differ-
ence equations. Under common assumptions on initial values values and parameters,
we derived several results on boundedness, global convergence to an equilibrium and
the existence, or absence, of orbits with period two. These results allow some of the
system parameters to be negative, instances not commonly considered in previous
studies. Using the idea of folding, we also identified ranges of parameter values that
provide sufficient conditions on existence of chaotic, as well as multiple stable orbits

of different periods for the planar system.

We then studied the exponential difference equations with time varying parameters

given by

Tyl = Tp_petn Inmonmt (6.2)

We obtained sufficient conditions for boundedness of solutions and global convergence
to zero for a general nonautonomous case. We studied the special, autonomous case
and showed occurrence of multistable periodic and nonperiodic orbits. For the nonau-
tonomous case of periodic parameters, we showed that the nature of the solutions is
qualitatively different depending on whether the period of the parameters is even or

odd. In particular, cycles that occur when parameters are periodic with odd period
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are not unique, i.e. they are determined by the values of the initial conditions. This
phenomenon, except for a limited special case, is absent when the period of the pa-

rameters 1s even.

The above results were then applied to the study of biological models of popula-
tions. Using various methods of analysis including folding, we investigated a broad
class of planar systems that arise in the study of so-called stage-structured (adult-
juvenile) single species populations, with and without time-varying parameters. In
some cases, these systems are of the rational sort (e.g. the Beverton-Holt type), while
in other cases the systems involve the exponential or Ricker function. In biological
contexts, these results include conditions that imply extinction or survival of the
species in some balanced form, as well as possible occurrence of complex and chaotic
behavior, when a certain type of adult harvesting is implemented. We derived suffi-
cient conditions for convergence of solutions to zero (species extinction) that are more
general than what was considered in prior research, but can have an intuitive biolog-
ical interpretation. We then considered special cases of the model to explore the role
of inter-stage competition, restocking strategies, as well as seasonal fluctuations in the
vital rates. We showed that in certain scenarios extinction may still occur even when
restocking is present. In the rational special case of the system with Beverton-Holt
type interactions, we showed that the persistence equilibrium in the positive quadrant
may be globally attracting even in the presence of inter-stage competition. However,
we also showed that with a sufficiently high level of competition, the persistence equi-
librium becomes unstable and the system exhibits period-two oscillations. We then
studied special cases of autonomous and nonautonomouse systems with Ricker type
interactions to show the occurrence of chaotic and periodic solutions that vary greatly

based on the amplitude and periodicity of the vital rates.
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At the end of each chapter, we outlined open problems and conjectures for possi-
ble future research. In the study of the quadratic-rational second order equation in
(6.1) we showed several sufficient conditions for convergence of solutions to a positive
fixed point. These conditions require the function defining the second order equation
to be monotone. Instances when this hypothesis fails were not addressed and could

be investigated next.

Several open problems and conjectures were posed for the second order exponential

equation (6.2) where parameters {a,} are periodic. A generalization of (6.2) given by

L1 = ajn_lean_bnxn_@nl'n—l where bn 7& Cn (63)

is a natural choice for future studies. In addition, exponential equation of the type

x‘n+1 — xneanfbnl‘nfcnznfl (64)

has not been well-explored and may be of interest for future investigation. Since
equations in (6.3) and (6.4) do not admit semiconjugate factorization and monotone
function techniques generally do not apply, their study will involve alternative and

possibly new methods of analysis.

Finally, further exploration of the method of folding is also of interest. In this
work we demonstrated how the folding method can greatly facilitate the analysis
of planar systems. Since this method has not been used in a systematic study of
higher dimensional systems, further identification of systems that could be analysed
via folding may be of practical value. In addition, the question of whether there are
certain patterns or regularities in foldability of systems and their subsequent foldings

are worth investigating.
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