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A Variational Approach to the First Boundary

Value Problem for Navier Equation

The approximate solution of the elastostatic problem of a rectangular region are
derived in the case that tensile forces at the ends are distributed according to a
biquadratic form. The solutions are determined by minimum energy principle under

12 adjustable parameters. They are applied to the retentivity of a dental crown
restoration.

Sec. 1. Introduction

The two-dimensional elastostatic problem is to be finding two functions which
satisfy the appropriate boundary conditons. One of these functions is the bi-harmo-
nic funtion ¢ (z, y) called Airy stress function, and another is a harmonic function
V¥ (z, y) which should be called displacement function. The stress components

o2, oy and oy, and the displace components u. and u, are expressed in terms of

¢ and «r as

o= =0'¢/0y, ay=09/07, gzy=—0¢/020y, (1)
us=(0y/0y— (1+v)+0¢/67) / E, (2a)
uy=[0yr/0x—(1+v)+04/0y) / E, (2b)

in case of plane stress condition® Where v and E denote the Poisson’s ratio and
the Young’s modulus of the elastic material, respectively. The forms of stresses and
displaccments given in Eqgs. (1), (2a) and (2b) automatically satisfy the equations
of equilibrium and Hooke’s law. The determinantal conditions on the real stress-
strain state are boundary conditions and the equations:

r'¢=0, (3a)

Plpr=0, 0r/028y =0, (3b)
where p? denotes two-dimensional Laplacian, 0°/0x2+ &% /3y2,

Let us denote by ¢(z, ¥), the actual Airy stress function for a deformed elastic

*) For the plain strain condition, these expressions are also true if, instead of E
and », a modified Young’s modulus E'=E /(1—»?) and modified Poisson’s ratio
v'=v /(1—v) are substituted, respectively. At the moment, however, we write
down the formulae for the state of plane stress condition.

































