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Exact model of conformal quintessence
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A nonminimally coupled quintessence model is investigated and the conditions for a stationary solution to
the coincidence problem are obtained. For a conformally coupled scalar field and dissipative matter, a general
solution possessing late acceleration is found. It fits rather well the high redshift supernovae data and gives a
good prediction of the age of the Universe. Likewise, the cold dark matter component dominates the cosmo-
logical perturbations at late times albeit they decrease with expansion.
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I. INTRODUCTION

After some years of research, the accelerated expansio
the Universe appears to have gained further ground@1# but
the nature of dark energy—the substratum behind
acceleration—remains as elusive as ever@2,3#. While one
may expect that one or another of the dark energy candid
~a very small cosmological constant@4#, quintessence@5#,
Chaplygin gas@6#, tachyon field@7#, interacting quintessenc
@8,9#, nonminimally coupled quintessence@10,11#, etc.! will
finally emerge as the successful model, at the time be
none of them is in position to claim such status.

In introducing dark energy as a novel component mos
these candidates encounter the so-called ‘‘coincidence p
lem,’’ namely, ‘‘why are the energy densities of both comp
nents~dark energy and dark matter! of the precisely same
order today?’’ As shown by the authors, this problem ha
dynamical solution provided that the dark matter compon
is assumed to be dissipative@12# or interacts with the dark
energy@8#. In such a case, it can be demonstrated that
equations governing the cosmic evolution imply the stati
ary condition @Eq. ~10! below# and that the system is a
tracted to a stationary and stable solution characterized
the constancy of both density parameters, i.e.,Vm and Vf
tend to constant values at late times.

The aim of this paper is to provide an exact quintesse
model, nonminimally coupled to the Ricci curvature. No
minimal coupling naturally arises in generalizing the Klei
Gordon equation from Minkowski space to a curved spac
for a recent review on this subject and further motivatio
see Ref.@13#. We believe it is rather reasonable to explo
whether a nonminimal coupling of the scalar field acting
dark energy to the Ricci curvature may be of help to und
stand the present stage of accelerated expansion and
some light into the nature of the dark component. As a fi
step toward weighing the contribution of the coupling to t
evolution of the Universe we shall consider the simplest c
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of a nonminimally coupled quintessence with a constant
tential. As it turns out, there is a stationary solution th
ensures that for late times the ratio between both ene
densities remains a constant while the Universe asymp
cally approaches a de Sitter expansion. In this late regi
the density perturbations of large wavelength decrease
are dark matter dominated. Further, our results are consis
with the high redshift supernovae data and provide a v
reasonable estimate of the age of the Universe.

Section II presents our model which, aside from the no
minimally coupled scalar field, introduces a dissipative pr
sure in the dark matter fluid; this pressure turns out to be
for the solution of the coincidence problem. Section III d
rives the statefinder parameters as well as the age of
Universe. Section IV studies the observational constraints
our model imposed by the high redshift supernova data. S
tion V investigates the long wavelength density perturb
tions. Finally, Sec. VI summarizes our findings. As usual
subindex zero indicates that the corresponding quantity m
be evaluated at the present time. We have chosen unit
that c58pG51.

II. CONFORMALLY COUPLED SCALAR FIELD

Let us consider a Friedmann-Lemaıˆtre-Robertson-Walker
~FLRW! spacetime filled with two components, namely, d
sipative matter and a nonminimally coupled quintesse
field. The equation of state of the first component is of bar
tropic typepm5(gm21)rm , where the baryotropic index o
matter is restricted to the range 1<gm<2. In addition to this
equilibrium pressure the matter component is assumed
have a nonequilibrium~dissipative pressure! p connected to
entropy production. It should be noted that barring super
ids ~as helium superfluid!, this quantity is ever-present in
every matter fluid found in Nature and is negative for e
panding fluids@14#. In the case at hand, it may either com
from interactions within the dark matter, or the decay of da
matter particles into dark particles@15#, or from the nonlin-
ear growth of cosmic structures@16#, and it proves crucial to
solve the coincidence problem. Likewise, the equation
state of the quintessence component can be written aspf
5(gf21)rf with gf,1.
©2004 The American Physical Society11-1
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The Friedmann equation and the conservation equat
for the matter fluid and quintessence read

3H213
K

a2
5rm1rf ~K51,0,21!, ~1!

ṙm13H~gmrm1p!50, ~2!

f̈13Hḟ1jRf1
dV~f!

df
50, ~3!

wherej denotes the nonminimal coupling constant and
Ricci curvature scalarR is related to the quintessence sca
field by @10,11#

@12j~126j!f2#R52~126j!ḟ214V26jf
dV~f!

df

1~423gm!rm23p. ~4!

Likewise, the energy density and pressure of the quin
sence field are

rf5
1

2
ḟ21V~f!13jHf~Hf12ḟ !, ~5!

pf5
1

2
ḟ22V~f!2j@4Hfḟ12ḟ2

12ff̈1~2Ḣ13H2!f2#. ~6!

Obviously, these two reduce to their minimally coupled e
pressions for vanishingj. In terms of the density paramete
Vm[rm /(3H2), Vf[rf /(3H2) andVK52K/(aH)2, the
set of equations~1!–~3! become

Vm1Vf1VK51, ~7!

V̇m13HS 2Ḣ

3H2
1gm1

p

rm
D Vm50, ~8!

V̇f13HS 2Ḣ

3H2
1gfD Vf50, ~9!

respectively.
The simplest solution to the system of equations~8!, ~9!

that solves the coincidence problem is thatVm5Vm0 and
Vf5Vf0 at late times, withVm0 and Vf0 constants. This
automatically implies the stationary condition@12#

gm1
p

rm
5gf52

2Ḣ

3H2
. ~10!

It is readily seen that on the stationary solution, Eq.~10!, one
has K50 thereby we shall focus on spatially flat FLRW
spacetimes hence forward.

We are interested in obtaining a simplified, analytica
integrable model that still retains the essentials of nonm
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mally coupled approaches and leads to an accelerated p
of expansion at late times. This may be accomplished
choosing for the coupling constant the conformal valuej
51/6 and a constant value for the potential,V(f)5V0. As a
consequence, Eqs.~1!, ~4! and~3! take a very simple form on
the stationary solution

3H25~11r !F1

2
~ḟ1Hf!21V0G , ~11!

R54~11r !V0 , ~12!

f̈13Hḟ1
v2

2
f50, ~13!

where r[Vm /Vf stands for the density ratio, andv2

[(4/3)(11r )V0. In deriving Eq.~12! we have made use o
the fact that the Ricci scalar isR56(Ḣ12H2). It is inter-
esting to note that, notwithstanding the potential being a c
stant, the gravitational interaction induces an effective m
given by meff

2 5v2/2 in the effective potential Veff

5(v2f2/4)1V0 of the generalized Klein-Gordon equatio
Thereby, in a loose sense, one might associate a particle—
‘‘conformalon’’—with the field f.

In order to integrate this system of equations it is expe
ent to introduce the conformal timeh and define a new field
c as

h5E dt

a
, c5fa. ~14!

Then Eqs.~11!–~13! become

3~a8!25~11r !F1

2
~c8!21a4V0G , a95

v2

2
a3, c950,

~15!

where a prime indicates derivation with respect toh.
The general solution of this system of equations is giv

by

a5Ac sinhvt, ~16!

f5
c

a
5

A2c2V0h1b

Ac sinhvt
, ~17!

where c and b are arbitrary integration constants, and t
initial singularity has been fixed att50. Combining Eq.~16!
with the Friedmann equation on the stationary solutio
3H25(11r )rf , we get the following expression for th
conformal quintessence energy density

rf~ t !5V0coth2vt. ~18!

In the late time accelerated regime, its equation of state

pf~ t !5S 4

3 cosh2vt
21D rf ~19!
1-2
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EXACT MODEL OF CONFORMAL QUINTESSENCE PHYSICAL REVIEW D69, 083511 ~2004!
becomes that of a cosmological constant, and both den
parametersVf(t) and Vm(t)5rVf(t) asymptotically ap-
proach constant values.

Inserting Eq.~16! into Eq. ~14! it follows that

h~ t !5
2

vAc
FF ~12exp~2vt !!1/2,

1

A2
G , ~20!

whereF is the elliptic integral of the first kind. The confor
mal time is a growing monotonic function oft that behaves
like At close to the singularity and has a finite upper bou

h~`!5
2K~1/A2!

vAc
, ~21!

where K is the complete elliptic integral and 2K(1/A2)
.3.7.

From Eq.~17! it is apparent that depending on the choi
of the constants several cases arise. IfbÞ0, thenf}1/At for
t→0 while if b50, the field has an extremum at the initi
singularity. On the other hand, at late times the quintesse
field evolves toward the minimum of its effective potentia

The dissipative pressure

p5rmF2gm1
4

3 cosh2vt
G ~22!

follows from Eqs.~10! and ~16!; and the evolution of the
ratio p/rm , depicted in Fig. 1, shows that the relative re
evance of the dissipative pressure grows with expans
From the last equation, whengm,4/3, it is seen that there i
a critical timetc given by

cosh2vtc5
4

3gm
~23!

that separates the epoch withp.0 from the one withp
,0. From Eqs.~23! and ~16! we see that it corresponds t
the redshift

FIG. 1. Selected curves of the ratio dissipative pressure vs
ergy density of matterp/rm vs the redshiftz between the presen
z50 andz51. From top to bottom, the curves correspond to p
rameters50.3, 0.224, and 0.18 defined bys5(sinhvt0)

22.
08351
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zc5FsS 4

3gm
21D G21/4

21, ~24!

where s[(sinhvt0)
22 is a characteristic parameter of th

model witht0 denoting the ‘‘age’’ of the Universe. As is wel
known, the second law of thermodynamics requiresp to be
nonpositive for expanding fluids@14#. This means that our
model is valid fort.tc only; whent,tc it describes a fic-
titious positive pressure contribution implying that any re
istic evolution of the Universe would yield a corrected val
for the critical time t̃ c.tc . Hence we would obtain a cor
rected age of the Universet̃ 05t02tc1 t̃ c.t0. This model
may describe the growth of dissipative effects within da
matter as a consequence of the development of density i
mogeneities@16#. Its characteristic growth time is given b
the inverse of the conformalon mass, i.e., byV0 andr. In the
late time accelerated regime, the transport equation for
dissipative pressure becomesp.23zbH. So, we obtain for
the dissipative coefficientzb.gmr @V0 /„3(11r )…#1/2 which
satisfieszb>0 as demanded by the second law.

III. COSMOLOGICAL PARAMETERS

The acceleration of the Universe is usually evaluated
the dimensionless deceleration parameterq52ä/(aH2),
whereq,0, q50, q.0 describes an accelerating, a linear
expanding~or contracting!, and a decelerating universe, r
spectively. The present valueq0 does not uniquely character
ize the current accelerating phase thereby different dark
ergy models can lead to the same value. Useful additio
information is encoded in the statefinder parametersr̄ ands̄,
defined as@17,18#

r̄ 5
â

aH3
, s̄5

r̄ 21

3S q2
1

2D . ~25!

It is to be hoped that the pairs (r̄ ,q) and (s̄,q) will provide
an accurate description of the present dynamics of the U
verse and give us some insight into the nature of dark ene
This is only natural becauser̄ ands̄ are directly connected to
the third order term in Taylor’s expansion of the scale fac
around its present value@19#. In the case of an expansio
given by Eq.~16! these parameters are found to be

q512
a2

2
, r̄ 532

a2

2
, s̄5

42a2

3~12a2!
, ~26!

in terms of the adimensional ratio

a[
v

H
5

2

@11s~11z!4#1/2
. ~27!

Hence there is a single functionally independent cosmolo
cal parameter, and the relationships

n-

-

1-3
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r̄ 521q, s̄5
2

3

r̄ 21

2r̄ 25
, ~28!

between them hold@the dependencer̄ ( s̄) is depicted in Fig.
2#, so that the history of the deceleration parameter co
pletely describes the evolution of this universe. Sinceq→1
when t→0 andq→21 whent→`, this model describes a
transition from a non-accelerated era to an accelerated e
the present Universe~see Fig. 3!. As the accelerated
phase begins at a timetac , where sinh(vtac)51, we have that
aac5Ac,

tac5
1

v
cosh21A254.31

A11s

h
Gyr, ~29!

FIG. 2. Statefinder parameterr̄ in terms ofs̄, the other member

of the pair. The evolution goes from the point (s̄c , r̄ c)
5(2`,5/2), corresponding to the critical time to the poi

( s̄` , r̄ `)5(0,1), corresponding to the asymptotically exponen
expansion at large times. The present state of the universe c

sponds to (s̄0 , r̄ 0)5(20.10960.030,1.19160.043).

FIG. 3. Selected curves of the deceleration parameterq vs the
redshiftz between the presentz50 andz51. From top to bottom,
the curves correspond tos50.3, 0.224, and 0.18.
08351
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whereh indicates the current value of Hubble’s constant
units of 100 km/s/Mpc and the corresponding redshift
zac5s21/421. For cold dark matter (gm51), the ratio
cosh(vtac)/cosh(vtc)5A3/2 shows that at the commenceme
of this phase the dissipative pressure was already nega
On the other hand, in virtue of Eq.~27!, the age of the Uni-
verse can be expressed by

t05
1

v
sinh21

1

As
54.31

A11s

h
sinh21

1

As
Gyr, ~30!

implying thats must be lower than unity if the Universe i
to be accelerated at present. The time span since the cr
time to the present is given by

t02tc5
1

v S sinh21
1

As
2sinh21

1

A3
D . ~31!

The stationary condition~10! shows thatgf5gm at the
critical time. Provided that by then the matter is cold, i.
gm51 ~in the next section we will verify the consistency o
this premise! we can assume a smooth extension of o
model towards earlier times, as a cold dark matter domina
era for the purpose of obtaining a corrected age of the U
verse. Indeed, using Eqs.~24!, ~26! and ~27! we find q(zc)
51/2 so that the deceleration parameter of this two-st
Universe is continuous. Hence, imposing the continuity
the matter energy density at the critical time, we haveHc

5v and t̃ c52/(3v). This yields the corrected age

t̃ 05
1

v S sinh21
1

As
2sinh21

1

A3
1

2

3D . ~32!

As shown in the next section, this simple estimate produc
rather satisfactory result.

IV. OBSERVATIONAL CONSTRAINTS

It appears that supernovae of type Ia~SNeIa! may be used
as standard candles. Properly corrected, the differenc
their apparent magnitudes is related to the cosmological
rameters. Confrontation of cosmological models to rec
observations of high redshift supernovae (z&1) have shown
a good fit in regions of the parameter space compatible w
an accelerated expansion@20–25#. We note, however, tha
models likeLCDM and QCDM usually require fine tuning
to account for the observed ratio between dark energy
clustered matter, while our conformalon model, as well
QDDM-QIM models @12,8#, simultaneously provides a lat
accelerated expansion and solves the coincidence proble

Ignoring gravitational lensing effects, the predicted ma
nitude for an object at redshiftz in a spatially flat homoge-
neous and isotropic universe is given by@26#

m~z!5M15 logDL~z!, ~33!

whereM is its Hubble radius free absolute magnitude a
DL is the luminosity distance in units of the Hubble radiu

l
re-
1-4
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EXACT MODEL OF CONFORMAL QUINTESSENCE PHYSICAL REVIEW D69, 083511 ~2004!
DL5~11z!E
0

z

dz8
H0

H~z8!
. ~34!

In virtue of Eq. ~27! we obtain a representation in terms
the elliptic integral of the first kind

DL5
A2~11z!~11s!1/2

~11 i !s1/4 FFS ~11 i !

A2
s1/4~11z!,i D

2FS ~11 i !

A2
s1/4,i D G . ~35!

We have used the sample of 38 high redshift (0.18<z
<0.83) supernovae of Ref.@21#, supplemented with 16 low
redshift (z,0.1) supernovae from the Cala´n/Tololo Super-
nova Survey@27#. This is described as the ‘‘primary fit’’ or fit
C in Ref.@21#, where, for each supernova, its redshiftzi , the
corrected magnitudemi and its dispersions i were computed.
We have determined the optimum fit of the conformal
model by minimizing ax2 function

x25(
i 51

N
@mi2m~zi ;s,M!#2

s i
2

, ~36!

where N554 for this data set. The most likely values
these parameters are found to be (s,M)5(0.2041,23.93),
yielding xmin

2 /NDF51.104 (NDF552), and a goodness-of-fi
P(x2>xmin

2 )50.282. These figures show that the fit of co
formalon cosmology to this data set is even better than th
of the LCDM or QDDM-QIM models in spite of the fac
that we have at our disposal just one free parameter, nam
s.

We estimate the probability density distribution of the p
rameters by evaluating the normalized likelihood

p~s,M!5
exp~2x2/2!

E dsE dM exp~2x2/2!

. ~37!

Then we obtain the probability density distribution fors
marginalizing p(s,M) over M. This probability density
distribution p(s) is shown in Fig. 4 and it yieldss50.224
60.054. We next use Eq.~30! to obtain H0t050.833
60.045. Likewise, takingh50.760.07 ~cf. @28#! we get
from Eq. ~31! a period since the critical timet02tc57.46
61.03 Gyr, hence a corrected age of the Universe from
~32! of t̃ 0512.761.4 Gyr. This one standard deviatio
range for the corrected age of the Universe falls within
95% confidence age range 11.2–20 Gyr derived from the
of the oldest globular clusters and it is fully consistent w
the recent estimation of 13.460.3 Gyr reported by the
WMAP team@29# though the latter was reached on the ba
of the standardLCDM model.

By resorting to Eq.~26! we obtainq0520.80960.043,
r̄ 051.19160.043 and s̄0520.10960.030. Assuminggm
51 we get from Eq.~24! the critical redshiftzc50.931
60.123. This figure is consistent with the assumption t
08351
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matter is already cold at critical time and with the range
redshifts of the supernovae used in the fit. On the other ha
the accelerated expansion era begins atzac50.46760.093.
This value matches the estimation fromLCDM and the two
epoch model of Ref.@30#, where the deceleration paramet
is constant within each stage.

From Eq. ~27! we obtain the frequency parameterv
50.12960.013 Gyr21, corresponding to a conformalon e
fective massmeff51.9160.20310233 eV; and combined
with the current density ratior 0.0.5660.07 @31–33# yields
V058.1661.6931023 Gyr22. Finally, from Eq.~22! we get
for the current ratio

p

rm
U

0

5
s23

3~11s!
520.75860.051, ~38!

implying that nowadays the dissipative pressure plays
rather prominent role.

V. COSMOLOGICAL PERTURBATIONS

This section considers the evolution of long-waveleng
scalar perturbations of this model. We shall follow th
method employed by Perrotta and Baccigalupi in@34,35#
based on the formalism developed by Hwang@36# to de-
scribe the evolution of perturbations in the synchrono
gauge. In this gauge the perturbed metric takes the form

ds25a2@2dh21~d i j 1hi j !dxidxj #, ~39!

where the tensorhi j represents the metric perturbations a
its Fourier transform can be written as

hi j ~x,h!5E d3keik•xF k̂ i k̂ jh~k,h!

1S k̂ i k̂ j2
1

3
d i j D6z~k,h!G . ~40!

FIG. 4. The estimated probability density distribution~normal-
ized likelihood! for the parameters.
1-5
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Hereh denotes the trace of the tensorhi j andz represents its
traceless component -for the sake of brevity we will omit t
arguments (k,h) henceforth.

The perturbed Einstein equations read

k2z2
1

2
Hh852

a2dr

2
, ~41!

k2z85
a2~p1r!u

2
,

~42!

h912Hh822k2z523a2dp, ~43!

h916z912H~h816z8!22k2z523a2~p1r!S,
~44!

whereH5a8/a, and the perturbed densitydr, pressuredp,
velocity divergenceu and shearS take the form~for a de-
tailed definition of these terms see@34,37#!

dr5
1

F F drm1
f8df8

a2
2

1

2
F ,fRdf23

HdF8

a2

2S r13p

2
1

k2

a2D dF1
F8h8

6a2 G , ~45!

dp5
1

F F dpm1
f8df8

a2
1

1

2
F ,fRdf1

dF9

a2
1

HdF8

a2

1S p2r

2
1

2k2

3a2D dF2
F8h8

9a2 G , ~46!

1r!u5
~pm1rm!um

F
2

k2

a2F
~2f8df2dF81HdF !,

~47!

1r!S5
~pm1rm!Sm

F
1

2k2

3a2FF dF13
F8

k2
S z81

h8

6
D G ,

~48!

where F512(f2/6). There remains the perturbed Klein
Gordon equation:

df912Hdf81S k21
1

6
a2RD df5

f8h8

6
1

a2

2
F ,fdR,

~49!

where the perturbed Ricci scalar reads

dR5
1

3a2
~h923Hh812k2z!. ~50!

It has been shown in Ref.@38# that the density contras
d[dr/r at large scales grows ash2;a during the matter
dominated era previous to the critical timet̃ c . Here we in-
08351
vestigate the behavior of the large scale density perturbat
in the asymptotically de Sitter era. In this regime we ha
a.(c/2)1/2exp(vt/2) and

h2h~`![Dh.2
2

va
, ~51!

hence H.21/Dh and f.2(bv/2)Dh for Dh→02,
where we have made use of Eq.~17! to obtainf. The solu-
tion of the system of equations~41!–~50! at the lowest order
in Dh andk2 is readily found to be

h.DDh, z.2
D

6
Dh,

dr.drm.2dR.2
v2D

4
Dh,

dp.dpm.
v2D

6
Dh ~52!

df.A1Dh ~53!

where the integration constantsD andA1 are functions of the
wave numberk. Thus we find that matter perturbations a
dominant at large times and it holds for the perturbation
the energy density ratiodr .dm[drm /rm . The density con-
trast decreases in the late time regime asd}1/a, so that it
has a peak during the period when viscous pressure gro

VI. CONCLUDING REMARKS

We have presented a model of late acceleration that
extraordinarily well the high redshift supernovae data, yie
a good prediction for the age of the Universe and solves
coincidence problem. The only free parameter in the sup
novae fit takes a natural value,s50.22460.054.

The dissipative pressurep in dark matter is a key ingre
dient of our model, and it can attain comparatively lar
values. Such pressure may arise from the interaction of c
dark matter with itself or the annihilation and/or decay
this component. Different models of cold dark matter th
may show these features have been proposed recently—
e.g., the pedagogical short review of Ref.@39#. No doubt the
dissipative pressure inherent to these models may hav
profound cosmological impact@40#.

The quintessence scalar field has a constant potential
it is nonminimally conformally coupled to the Ricci curva
ture. In our view, the model possesses two appealing
tures, namely:~i! an exact and simple solution@Eqs. ~16!–
~20!#, and~ii ! notwithstanding the potential is a constant~and
consequently plays the role of a cosmological constant!, the
nonstandard kinetic energy term and the dissipation in
matter allows a stationary regime where the ratio of the
ergy densities remains constant. Likewise we have calcula
the statefinder parameters and have shown that on this
gime they are functionally dependent so that in this case
deceleration parameter is enough to describe these solut

The present model may describe the growth of dissipa
effects within dark matter with some kind of selfinteractio
as a consequence of the development of density inhom
neities after a critical time when these inhomogeneities
come large enough. The large scale cosmological den
1-6
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perturbations are seen to decrease in the asymptotic de S
phase, with the matter perturbations dominating over
quintessence perturbations.

We believe that because of its simplicity, our conform
quintessence model may serve as a starting point for m
complete models that include a nontrivial selfinteract
quintessence potential, consider the approach of the en
density ratio towards this stationary regime, and extend
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wards earlier times, when dissipative effects within da
matter become negligible.
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