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Abstract

It is well known that five-point function in Liouville field theory provides a representation of solutions dblt{z R);
Knizhnik—Zamolodchikov equation at the level of four-point function. Here, we make use of such representation to study some
aspects of the spectral flow symmetry§i¢2)k affine algebra and its action on the observables of the WZNW theory. To
illustrate the usefulness of this method we rederive the three-point function that violates the winding nugiggriit) in a
very succinct way. In addition, we prove several identities holding between exact solutions of the Knizhnik—Zamolodchikov
equation.

0 2005 Elsevier B.V. All rights reserved.

1. Introduction

Spectral flow symmetry oﬁ(Z)k affine algebra induces the identification between some states belonging to
discrete representations 8£(2, R);; namely, the identification between states of the of representanﬁnand

D,f/z_ ; (see Ref[1]; see also Refl2] for previous studies on spectral flow symmetry). At the level of four-point
correlation functions, such identification is realized by identities between different solutions of the Knizhnik—
Zamolodchikov equation (KZ) (see R¢8]). In Ref.[4] it was pointed out that the description of the four-point
functions of theSL(2, R), CFT in terms of the Liouville five-point function leads one to interpret the action of the
spectral flow as yielding a simple Liouville reflection transformation. Hence, this “Liouville description” of the
SL(2, R); correlators turns out to be a useful tool to work out the details of certain symmetries of KZ equation
which, otherwise, would remain hidden within the original picture.
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Actually, the aim of this Letter is that of studying the manifestation of the spectral flow symmetry as encoded
in the symmetries of the four-point correlators by means of this method. Moreover, we extend the discussion to the
case of otheZ, transformations.

1.1. The method

1.1.1. The five-point function in Liouville field theory

Let us begin by considering the quantum Liouville field theory of central chasgé+ 60?2, with Q = b+b~1.
The Liouville fieldg(z) transforms under holomorphic coordinate transformations ' as follows:
dz
= 1)
and satisfies the asymptotic behaviar) + 20 log|z| ~ O(1) for large |z|. This specifies the boundary condi-
tions for the theory on the sphere (§6gfor an excellent review). Here, we want to consider correlation functions
involving local primary operator¥, (z) with conformal dimensiom, = «(Q — «). These operators can be re-

alized by the exponential forn, (z) ~ e¥2@, where the Liouville field that satisfy the free field correlator
(p(2)9(0)) = —2log|z|. These obey

Voa(@) =Rp(@)Va @),  (Vul(z1)Va(z2)) =21 — 22| 2 ¢ Ry (), @)
whereR;, («) is the Liouville reflection coefficient, given by

@(z) > ¢(z) = ¢(2) + Qlog

T'(1+b2) > L+b~2-20b™! 2T @b — BT (L4572~ 2l

r@d->5? r@2v—1a —b=2T(1+ b2 —2ba)’ 3)

Ry(a) = —(nub%z
and where the Liouville cosmological constantan be chosen gs = 7 —2 for convenience. A consequence of
(2) is the following operator-valued relation

(Ve (21) Vo (22) -+ Vay (28)) = R (@01) (Vo -ty (21) Viry (22) -+ Vi (2)), (4)

and the same for any of thé vertex operators.
For our purpose, we are interested in the five-point functiér<(5). This will be denoted as
AL s (82 2) = (Vg (0) Viay (2) Vi () Vg (1) Vi (00)). (5)
The conformal blocks of this correlators and the connection with the analogous quantities in WZNW theory was
discussed in detail ifiL0].
Now, let us move to the WZNW theory which is the second ingredient for the method to be used.

1.1.2. The four-point functions in the & R);, WZNW model

We consider thesL(2, R); WZNW model. In particular, we concern about the four-point function. This ob-
servable is constructed by a sum over the conformal blocks of the theory. Conformal blocks are solutions of the
Knizhnik—Zamolodchikov equation labeled by the internal quantum numbieat is interpreted as the momentum
of the interchanged states in the factorization procedure. Here, we are interested in correlators of the form

AWM (x,2) = (@,(0,00®;, (x, 2) @ j5 (1, D, (00, 00)) (6)

that involves the local primary field®; (x, z). These operators are associated to the analytic continuation of dif-
ferentiable functions on thﬁl:jr = SL(2, C)/SU(2). The complex variable permits to order the representations
of SL(2, R) as follows:

JU )P ( ’)—;Dafp'( )+ (@)
DRI E oy YT
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wherea € {4, 3} correspond to th8L(2, R) generatorg“, realized by

DT =x%0, — 2jx, D =4,, D3=xd, —j. (8)

X

This representation is often employed in the applications to string thedkgd$ space since it provides a clear
interpretation of theAdS/CFT, correspondence (s¢6] for a detailed description of functions; (x, z) within
this context).

1.1.3. The Fateev—Zamolodchikov correspondence
Once correlation functions in both Liouville and WZNW theories were introduced, we undertake the task of

connecting them. Certainly, it is feasible to express the four-point func s 2,"1.\;’1.4 in terms of the five-point
functionsvél;iloz""'_e 1 (including a particular fifth states = —2-); namely,
s 25 03,4
WZNW . . . . aLiouvill
AR iz s @ D) = Xkt 2. Ja. Jalx D Fe(as Jo. Ja DAL 1 (302), )

wherec;, represents g, -independent numerical factor whose explicit form can be found in the literatur¢4(see
7-10); besides, the quantum numbers of both correlators are related by

200 =b(ji+ jo+ jatja—1, 20 =b(jr— jo— ja— ja+2ji +b 2 +1), (10)
beingi € {2, 3, 4}, and
205 =—b"1, b2=k—2. (11)

The normalization factors are given by

201 /b |Z|*4(b2j1j270t10!2) 11— Z|*4(b2j3j1*0!3a1)’

anbz r— b2) I+ j1—jo—ja—ja 4 Tb(zjub —b)
r(1+0b2) 7 (2ay,)

X (j1, J2» Ja» jalx, 2) = |x|722/P |1 — x| 7223/b | 7|~

Fx(j1, jo. j3, ja) = Cb< , (12)

n=1
where theT;, function is defined as follows:

1 d
Iogrb(x)zzf{@—z)c)ze—f—/
R.

>

dr Sinf?(3(Q — 2x))
T sinh(%)sinh(%)

This function presents the zeroswat —bZ>o — b~Z>o andx € bZ-o + b~1Z- .

1.1.4. Remarks
Normalization factor(12) is the appropriate to connect the correlators of both models, leading to the correct
structure constants when one of the momenta tends to zero. Besides, the scaling

2 T(1— bZ) It+j—j2—Jj3—Jja
b - 7
(” ra+ b2>>

corresponds to having set the Liouville cosmological constant to a specific value, namely, 2. Such factor
is not symmetric under permutations of the symbal j», js3, ja}, as the maggl0)is not; this is to make the KPZ
scaling of both correlators to match.

We can also understand the presence of the fifth vertexdth momentunws = —2—1b. This is certainly related
to the existence of degenerate representatioi®.@f, R); (i.e., those representations containing null states in the
modulo). Some of these representations are those having momegrguech that - 2j = m € Z..o. According to
the conformal Ward identities, the correlators involving an operatoTrn (x, z) are annihilated by the differential
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operatord;” (and similarly ford'). This corresponds to the fact that, if-12; is a positive integer, the®;, (x, z)

turns out to be a polynomial of degree— 1. Besides(10) implies that, when realizing the Liouville correlator

(5) in terms of the Coulomb gas-like prescription, the amount of screening charges to be employed is exactly
n=—-2j=m — 1. Hence, a simple computation leads to obtain

X, Z)ALlouvnIe . (x,2)
1,002, — 5,003,004

(DH)" Xk (A= m)/2, ja. ja. ja

m—1
—4p2jy j —4p2j j 2 —4azb —4azb —4a1b 2
= 2| "L — g 11133)1:11_[/03 wp [wp| "2 |1 — w74z —w, |4y —w, =0, (13)
r=1

which is immediately obeyed due to the fact that the integrand is a polynomial of degrekin x (and the same

for ¥); and this is a direct consequence of the QFBs¢®) V20 (wr) ~ |x — .12+ ... which holds forus = — 4

The Liouville description of WZNW correlators was successfully employed in working out several details of the
non-compacsL(2, C),/SU(2) CFT. For instance, the crossing symmetry of the theory was proi@h &md some
aspects of the singularities in the WZNW observables were understood by means of this method (for instance, see
[10] and[4]). Conversely, the act of thinking the four-point correlat@@pas a five-point function of other CFT
(i.e., the Liouville CFT) permitted to understand the arising of certain poles at the middle of the moduli space;
namely, atz = x. In terms of the functior{5) these poles are understood as coming from the factorization limit
when the operators,, (z) andV,(x) coincide.

1.2. Outline

We will study solutions of the Knizhnik—Zamolodchikov equation by means of their connection with correlators
in Liouville theory. The Letter is organized as follows. In the next section we analyze the action of the spectral flow
symmetry on the four-point correlation function in the WZNW model. We explicitly show how the identification
between states of discrete representatibﬁsand D;F o of SL(2,R), turns out to correspond to the Liouville
reflection of one particular vertex operator. This was pointed of4finT his simple observation leads us to rederive
the formula for the three-point violating winding amplitudedidSs. The key point in doing this is the normalization
(12), which encodes the information of the WZNW structure constants.

In Section3 we apply the method of describing WZNW correlators in terms of their Liouville analogues to
study other symmetries of KZ equation. Then, we are able to prove some identities between exact solutions in a
rather simple way. This permits to visualize hidden symmetries of the KZ equation turning them “expectable”.

2. Spectral flow symmetry and the Knizhnik—Zamolodchikov equation
2.1. The three-point function violating the winding number

First, let us consider the following 4-point correlation function in 81€2, R);, WZNW model:

AN (. 2) = (D0, 0By j2(x., 2) @ 5 (1, P j, (00, 00)). (14)

This particular quantity represents the three-string scattering amplitédiSyspace for the case of non-conserved
total winding number. This was computed [itl], and the calculation employs the inclusion of the additional
(auxiliary) vertex®y2(x, z) which is often called “spectral flow operator” or “conjugate representation of the
identity operator”.
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By using the corresponden¢®) and (10) we find the following expression:
(®(0,00@)2(x, 2)Pj5 (1, )P j, (00, 0))
=Xy (k/2, j, j3. jalx,2) Fr(k/2, j, j3, ja)

4
* [T Ro(@){Vo-u (0 Vo-0y @ V_ 1 (1) Vo-a3())Vo—as(00)), (15)
v=1
where 2 =b"'(j + ja+ ja+b7?/2), 20 =b"1(j — js— ja+ 30?2+ 2), 23 =b"N(—j + js — ja+
3b2/2+2) and 2v4 = b 1(—j — ja+ ja+ 3b~?/2+ 2). A crucial observation is that, according (b0), the
condition j; = k/2 implies the c:onstrainzl‘i=1 oy = glfl + 3b. Hence, the corresponding Liouville five-point
function can be realized by using a Coulomb-gas-like prescription with no insertion of screening charges; this is

due to the fact that the identithzl(Q —ay) +nb— 2—117 = Q is obeyed precisely fot = 0. Then, we have the
realization

(eﬁ(Qfal)rp(z) N2A0-02)9(0) V20 -a3)p(D) ,~ 77 ¢ eﬁ(Qfom)w(OO))

= |g|HQ-a(@2=0)|] _ ;| AQ-an)(@3=0) | _ ;27 H(Q=a1)| 27 H(Q—a2) | _ 427 H(Q-a3)

and, from(10), we eventually find

Xe(k/2. J. ja. jalx, o)V 2@ o0 V2AQ—aDp(0) N 2Q-a9p(D ™ 75 X) (2L —ewp(0))

— |x|2(—j1—j2+.i3+./4) 11— x|2(—.i1+./2—j3+/'4) |Z|2‘i2|1 _ Z|2j3|x _ Z|2(k—./1—j2—j3—j4)’ (16)

where j1 = k/2 and j, = j. Plugging(16) into (15) and rewriting the normalization factdt, (k/2, j, j3, ja) by
using

L) (b 1x) L2601 -b)

[(£bx)T (b 1x) ’

' (b*ix) L1oply
'(1—b*lx) ’

we get the following expression:

7p(Q Fx) ==£75(x)

17)

7, (b +x) = 15,(x) (18)

(®(0,0)P2(x, 2)Pj5(1, DD j, (00, 00))

Cu ( r(L- ﬁ))l"‘-’*"‘r(lf%)
M1+ ) r(iz)
x |x |25 miHiatia | — 25— iatia) 52021 — 7|23)7 — x| 253
o GA—-k/2+)—j3—jadG( —k/2+ j3a—ja)G(J —k/2— j3a+ja)Gk/2—j— ja—Jja)
G(-DGA—-k+2))G(A—2j3)G(1—2ja) ’
where thek-dependent functio is defined as usual, namely,

(19)

G(x) = bel(_bx)bszxzf(b2+l)x’ (20)

and ¢ is certain j-independent factor which is completely determined(by) and (20) Expression(19) is in

exact agreement with the result obtained by Maldacena and Ooguri for the three-point violating winding correlator
(cf. Egs. (5.25), (5.33) and (E.14) of R¢f1]). In fact, after Fourier transforming the expression above (with an
appropriate regularization realized by a factor lim, |x|%) one gets the scattering amplitude of the three-string
process that violates the winding number conservatickd® space (see al4d?]).
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It is remarkable that our deduction (#f9) does not make use of the decoupling equation satisfied by the corre-
lators that include a degenerate state with= k/2. However, this information is implicit in the derivation above
since it is codified in the factaFy (k/2, j, j3, j4). Furthermore, the fact that the structure constants develop a delta
singularity when one of the vertex involved in the OPE carries momeniuak /2 is manifested in the condition
n =0 above.

Recently, another relation between Liouville and WZNW theories was used to describe the string scattering
amplitudes inAdS [13-15] In [14], the three-point functiorf19) was shown to be directly connected to the
Liouville structure constant. It is worth mentioning that the connection of both theories employed here is a different
one which, unlike the one if13], is local in the five Liouville insertions on the sphere.

2.2. Spectral flow and identities between exact solutions

First of all, let us notice that we can always consider a rescaling of the Liouville cosmological congéamt
the WZNW coupling constant as well; se¢16]) in such a way that the KPZ factor (8) can be made to disappear.
This corresponds to shifting the zero mode of the fieid an appropriate way. We adopt such convention here.

2.2.1. Identification between states of discrete representations

Now, let us deflnelu = 2 — ju- As it was pointed out iff4], the transformatiory, — J corresponds to
reflecting the (four) quantum numbers in the Liouville correlation function, namgly> QO —o,,. Then according
to (4), we find

Xi(j1, j2, j3, jalx, 2) Fx(j1, j2. j3, ja)
Al fia 9 = HR ) AR 50
Xy (J1, J2, J3, Jalx, 2) Fi(J1, J2, J3, J4)

with Xk(]~l, J~2, J~3,Jf1|x,z) — g 2Urtiak/2)|] _ g 2irts—k/D) |y st sl i)
Xi(J1, J2, J3, Jalx, 2)
x |1— x|2(j4*j3+j2*j1)|x _ Z|2(k*j1*j2*j3*j4)_ (21)

Notice that a factofx — z|?k—/1=j2—/3=ja) arises. This implies the existence of a singularity at the poiatz.
The arising of this singularity in the solutions of the KZ equation was pointed out irf Bf.Similar singularities
appear in the solutions studied [ih7], where an expansion in powers @f — z) was considered. This was also
discussed if10] and[3], where the factors developing polescat z were studied in a similar context (cf. Eq. (42)
of Ref.[10]). Moreover, in[4] logarithmic singularities at = z for the configuratiork = j1 + j2 + j3 + js were
analyzed by using the same techniques.

As it was remarked ifil1], “[t]he presence of the singularity at= x is very surprising from the point of view
of the worldsheet theory since this is a point in the middle of the moduli spacebThe interpretation of this
singularity is again associated with instantonic effects”. In [RE5], this “instantonic effects” in the worldsheet
theory were studied in relation with Liouville theory as well, tough in a different framework.

On the other hand, the normalization which connects both solutions takes the form

4 1 2]4
Fi(j1. j2. ja. F+ %=
Pl 2.z, ja) H Ro(en) = & ]‘[ ) c7) (@2)
Fy(J1, J2, Ja, J4) I (%)

wherecy is ak-dependent factor, determlned @y7). This presents poles located g},2= 1+ (m + 1)(k — 2) for
any non-negative integet. Besides, the zeros of this normalization factor arisejat21 — m(k — 2).

2.2.2. Formulae: Acting on two states
Let us notice that making the change— Q — a1, a2 - Q — a2, leavingaz andas unchanged, is equivalent
to transformingjs — k/2 — jp and j» — k/2 — ji1. In doing this, the factoX (j1, j2, j3, jalx, z)/Xk(Jz, J1, J3»
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jalx, z) stands, and this develops a factor- z|?k—/1=/2=73=J4) Indeed, such factor appears every time the trans-
formations of indiceg,, correspond to reflecting the second Liouville vergx(z). Then, we get

AWZNW (o Rp(a1) Rp(a2) Fi (j1, j2, j3, ja) Xk (j1, j2, ja, jalx, 2) WZNW
J1,J2.J3:J4 Fi(J2, J1, ja, ja) Xi(J2, J1, ja, jalx, 2) J2,J1, 3, ja

Actually, this identity motivates the way of computing the violating winding correlét8), since it precisely
involves a transformatiofjy = k/2— J1 =0, jo=j — J2 =k/2— j of its quantum numbers.

(x,2). (23)

3. Hidden Z; symmetry transformationsin the four-point function
3.1. Liouville reflection and KZ equation

Now, we can study a different (tough closely related) class of symmetry transformation. Let usf;jcef:me
%Zﬁzljv — Jut2, With u = {1, 2, 3,4} and j,, = j, if © = mod4. The non-diagonal involutiof), — JAM is,
according ta(10), equivalent to doingeg — Q — a3. This disentangles the symmetry transformation enabling us
to understand it as a simple reflecti@). Consequently, we find the simple relation

Xk (j1, j2, j3, jalx,2) Fr(j1, j2, j3, ja)
= = Ry (o) AZEW ; (x.2)

AWZNW (-x9 Z) - A A A A A A A J1.Jo. T
Xk (J1, J2, J3, Jalx, 2) Fi(J1, J2, J3, J4) L2 73

J1:J25J3,J4

with kUL J20 /3, Jalx2) iy (o= amin? g _ g ea e o= g (mia)?
Xk(J1, J2, J3, Jalx, 2)

x |1 — x|2Ua—Jztiz=j1) (24)

In Ref.[3], Nichols and Sanjay proposed that both sides in(E4) “can, presumably by uniqueness of the solution,
be identified [...]; at least up to some overall scale”. Téheniity above proves such affirmation presenting the
precise overall scale, which is found to be

L, 4 A
Fr(j1, j2, J3, ja) n 1—[ G1-2Jy)

> Rp(az) = ¢ —
Fr(J1, J2, J3, Ja) i G(1-2j,)

(25)

wherecy, is certaink-dependent factor. The factor above develops pol@fa_tl Jv—2jur2=0A—-—m) —n(k —2)
as well as agﬁzlju — 2juy2=m+2)+ (m+1)(k — 2), for any (n, n) pair of non-negative integers.
Besides, analogous identities are obtained by considefirg Q — «; with i € {2, 3, 4}, corresponding to

. ., . R R .
j1—~> 5(11+J2+]3+]4—2]i), Ji —~> 5(}1+Jz+]3+]4—211),

jj—>%(j1+j2+j3+j4—2jk), jk—>%(j1+j2+j3+j4—2jj), (26)
for any even permutation of the symia) ;, k}.

The conciseness of our deduction(@%) turns out to be surprising. In Ref8] Andreev stated the validity
of such an identity and considered that the problem of “understand[ing] what underlies this mysterious relation”
remained open. Regarding this, it was suggested that “[m]ay be there is a hidden symmetry in the the(2¥). Eq.
manifestly shows that such hidden symmetry actually corresponds to the Liouville reflection real{2dd by
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3.1.1. A working example
The relation(24) also enables us to write down the explicit form of certain particular correlators. For instance,
a simple computation leads to

< 720,00, (x, )P ji4 jo+ja (1 DD j, (00, oo))

= Fr(j1. j2. j1+ jo + ja. ja)Rp(bj1+ Q/2)z TR — | Ao ] L,

which is worked out in easy way since, as before, it is associated to a Liouville correlator with no insertion of
screening charges. Besides, this correlator can be interpreted in terms of the operator product expansion of exponen:
tial operators in th&L(2, C),/SU(2) WZNW model. Certainly, the asymptotic form of the differential functions

on H:j is governed by exponential functions which, for the configuration above, correspond to the expectation
value

< o Z2i00 [ 6@ [ Er1-ine® [ jab (09, 27)

In a stringy theoretical context, this represents a four-string scattering procAs&iin which the third vertex
(having a mass: ~ j3 in the largek description) has a particular behavior with respect to the boundary variables
(x3, x3) of the space on which the dual CFT is formulated (cf. Section R bf for a detailed discussion on the
largek interpretation of this exponential functions).

3.2. Ak-dependenZ; symmetry transformation
Now, let us analyze a combination of the spectral flow andtheymmetry transformations considered above.

More precisely, let us perform the charge — Q — a1. In terms of theSL(2, R) quantum numbers, this corre-
sponds to doing,, — J, =5 Z -1 Jy — J Hence, the following equality between correlators is found to hold:

Xk(j1. j2, j3, jalx, 2) Fi(j1, ja, j3. ja) WZNW
AWINW - (¢ 7) = Rp(ay) A X,z 28
1020555 D) =X (T T Tl 2) Bl T dada) D ATt (600 @9
where
XkU1. 2. J3. JAN D) |y (ie=juio)| g g ra (nla=iaia) |y — y [2k=ii—e=is=io), (29)

Xi(J1, J2, J3, Jalx, 2)
Here, the factofz — x|2k—/1=j2=j3=J» stands again. In terms of the original indiggsthis transformation reads

. 1 L ) 1 L,
]1—>§(k+J1—J2—]3—J4), JZ—>§(]<—J1+J2—J3—J4),

) 1 L . 1 L
j3— E(k_“_]HB_“)’ Jja— E(k—]l—]z—]3+J4)- (30)
On the other hand, the relative normalization has the form
Fr(j1, jo2, J3, '4) GA-2J,)
J1,J2,J3, ] =ci 1_[ Sl 2 (31)
Fi(J1, J2, J3, J4) L G- 2j,)°

Involution (30) is a new symmetry of KZ equation, which results uncovered when is interpreted as a simple trans-
formation(4). This enables us to write down the explicit expression of another special case; namely,

(©1,(0,009, (x, )P jy 44— jo—ja (1, D P j, (00, 00))

4 . .
= F(j1. jo. j1+k — jo — ja ja) Ry(bjs + Q/2)|z|"F2/12|1 — g~ F2itii—htiotio) |, _ y =411 (32)

which, again, can be thought of as the operator product expa(Bigwof the operators in th8L(2, C), WZNW
model. This solution confirms the appearance of the faptor z|2k—/1—/2=j3=J4) in the expression of several
four-point functionq11].
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4. Discussion

Most of what we know about non-compact WZNW model is based on analogies with the Liouville field theory.
Moreover, the Fateev—Zamolodchikov diction&®y turned out to be one the principal tools in working out the
formal aspects of this class of conformal models.

Here, we have made use of the relation between correlators in both Liouville and WZNW theories to prove
several identities between exact solutions of the Knizhnik—Zamolodchikov equation. Of course, such identities can,
in principle, be proven by explicit manipulation of the KZ equation, at least upjtal@pendent overall fact$s].
However, the method of proving them by means of the connection with Liouville CFT turns out to be surprisingly
concise and exploits the fact that the structure of the OPE of the models is encoded in the normalizati¢tfactor
The derivation of the three-point function violating the winding number conservation we presented here turns out
to be a good example of this conciseness.
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