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Abstract. The aim of this article is to present a detailed algebraic computation of
the Hochschild and cyclic homology groups of the Yang–Mills algebras YMðnÞ (n A Nf2)
defined by A. Connes and M. Dubois-Violette in [8], continuing thus the study of these
algebras that we have initiated in [17]. The computation involves the use of a spectral
sequence associated to the natural filtration on the universal enveloping algebra YMðnÞ
provided by a Lie ideal tymðnÞ in ymðnÞ which is free as Lie algebra. As a corollary, we
describe the Lie structure of the first Hochschild cohomology group.
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1. Introduction

The homological invariants of an algebra are closely related to the category of its
representations. Some properties of the category of representations of Yang–Mills algebras
have been already analyzed in [17], exploiting the Kirillov orbit method. It is well known
that Hochschild cohomology measures the existence of deformations (see [13]). The main
purpose of this article is to describe in detail Hochschild homology and cohomology of
Yang–Mills algebras, as well as their cyclic homology.

Let us recall the definition of Yang–Mills algebras given by A. Connes and M.
Dubois-Violette in [8]. For a positive integer nf 2, the Lie Yang–Mills algebra over an
algebraically closed field k of characteristic zero is

ymðnÞ ¼ fðnÞ=
��Pn

i¼1

½xi; ½xi; xj�� : j ¼ 1; . . . ; n

��
;

where fðnÞ is the free Lie algebra on n generators x1; . . . ; xn. We also define VðnÞ as the
k-vector space spanned by them. The associative enveloping algebra U

�
ymðnÞ

�
will be

denoted YMðnÞ. It is a cubic Koszul algebra of global dimension 3 with Poincaré duality
and satisfying the Calabi–Yau property (see [5], Example 5.1).

The first instance of Yang–Mills theory in physics is through Maxwell’s equations for
the charge free situation which gives a representation of the Yang–Mills algebra.

In general, the Yang–Mills equations we consider are equations for covariant deriva-
tives on bundles over the a‰ne space Rn endowed with a pseudo-Riemannian metric g.
Any complex vector bundle of rank m over Rn is trivial and every connection on such

a bundle is given by an MmðCÞ-valued 1-form
Pn
i¼1

Ai dxi with the corresponding covariant

derivative given by ‘i ¼ qi þ Ai. The Yang–Mills equations for the covariant derivative are

Pn
i; j¼1

gi; j½‘i; ½‘j;‘k�� ¼ 0;

where g�1 ¼ ðgi; jÞ. Yang–Mills equations have also been recently studied due to their
applications to the gauge theory of D-branes and open string theory (see [30], [26] and [11]).

Despite the fact that several properties of these algebras can be expressed in a geo-
metrical language, the arguments we use in the proofs appearing in this article are homo-
logical. In fact, the main proofs only require a detailed knowledge of the complexes
involved.

It is important to notice that the behaviour of the Yang–Mills algebra with two gen-
erators YMð2Þ is completely di¤erent from the other cases (i.e. nf 3). The algebra YMð2Þ
is isomorphic to the enveloping algebra of the Heisenberg Lie algebra. The computation
of its Hochschild homology and cohomology can be easily done using the Koszul complex
and we recover in this way the results obtained by P. Nuss in [31].
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On the other hand, if the Yang–Mills algebra has a number of generators greater
than or equal to three, we provide detailed computations in order to describe the zeroth
and first Hochschild cohomology groups, together with the Lie structure of the latter.
Then, using this description, we compute the other Hochschild cohomology groups and
all the Hochschild and cyclic homology groups. We also recover the results announced by
M. Movshev in the preprint [26] and in his article [27]. The proofs sketched there use geo-
metrical properties of Yang–Mills algebras and they are in general not self-contained and
sometimes not complete. We hope that our approach will contribute to the understanding
of the subject. In fact, we think that the algebraic point of view is clearer. An example of
this is the study of the relations between the homology of Yang–Mills algebra and the
homology over the abelian Lie algebra of generators (e.g. the considerations before Prop-
osition 2.7, which allow us to provide simpler proofs of that proposition, Propositions 3.17
and 3.20 and Corollaries 3.21 and 3.29, among others).

In spite of these good homological properties, the computation of the Hochschild
cohomology is rather di‰cult and technical. Concerning the zeroth and first Hochschild
cohomology groups, we prove the following result.

Theorem 1. If nf 3, the center of the Yang–Mills algebra YMðnÞ is k and there is an

isomorphism

HH 1
�
YMðnÞ

�
F k lVðnÞ½2�lL2

�
VðnÞ½1�

�
:

In particular, using the theorem, we may interpret the non-trivial infinitesimal sym-
metries of the Yang–Mills algebra as dilations, translations and rotations. Our interest in
the first cohomology group comes from the fact that, in the noncommutative geometrical
setting, there is a one-to-one correspondence between the classes of noncommutative vector
fields and derivations of an algebra, as it appears in [22] or [23]. We also describe explicitely
the Lie bracket on the first cohomology group.

Making use of the Koszul property of these algebras, of a corollary of Goodwillie’s
Theorem obtained by M. Vigué-Poirrier, and of the fact that the graded Euler–Poincaré
characteristic of the cyclic homology of a multigraded algebra is known (see [20]), we
describe not only the Hilbert series of the other cohomology groups, but also the ones for
the cyclic homology groups.

Our main result may be formulated as follows:

Theorem 1.1. If nf 3, then the Hilbert series for the Hochschild homology are given

by

HH�
�
YMðnÞ

�
ðtÞ ¼ 0; if �f 4;

HH3

�
YMðnÞ

�
ðtÞ ¼ t4;

HH2

�
YMðnÞ

�
ðtÞ ¼ nðn � 1Þ

2
þ 1

� �
t4 þ nt3;
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HH1

�
YMðnÞ

�
ðtÞ ¼ �

P
lf1

jðlÞ
l

logð1 � ntl þ nt3l � t4lÞ þ
�
nðn � 1Þ � 1

�
t4 þ 2nt3;

HH0

�
YMðnÞ

�
ðtÞ ¼ �

P
lf1

jðlÞ
l

logð1 � ntl þ nt3l � t4lÞ þ nðn � 1Þ
2

� 1

� �
t4 þ nt3 þ 1;

where j denotes the Euler function.

Also, HH ��YMðnÞ
�
ðtÞ ¼ 0, if �f 4 and HH ��YMðnÞ

�
ðtÞ ¼ t�4HH3��

�
YMðnÞ

�
ðtÞ.

On the other hand, the Hilbert series for the cyclic homology are

HC4þ2�
�
YMðnÞ

�
ðtÞ ¼ 1; if �f 0;

HC3þ2�
�
YMðnÞ

�
ðtÞ ¼ 0; if �f 0;

HC2

�
YMðnÞ

�
ðtÞ ¼ 1 þ t4;

HC1

�
YMðnÞ

�
ðtÞ ¼ nðn � 1Þ

2
t4 þ nt3;

HC0

�
YMðnÞ

�
ðtÞ ¼ �

P
lf1

jðlÞ
l

logð1 � ntl þ nt3l � t4lÞ þ nðn � 1Þ
2

� 1

� �
t4 þ nt3 þ 1:

The key ingredient of the proof of this theorem is the analysis of the spectral sequence
associated to the natural filtration on YMðnÞ provided by a Lie ideal tymðnÞ in ymðnÞ
which is free as Lie algebra [17]. Notice that since HH 2

�
YMðnÞ

�
and HH 3

�
YMðnÞ

�
are

not zero, deformations of YMðnÞ may exist, but up to the present we do not know whether
they are obstructed or not.

The contents of the article are as follows. In Section 2 we recall the definition of
Yang–Mills algebras YMðnÞ and some of their homological properties and we compute,
using the Koszul complex for this algebra, the complete Hochschild homology of YMð2Þ,
recovering results by P. Nuss [31] and giving explicit bases.

Section 3 is devoted to the study of the space of generators WðnÞ of the free Lie
algebra tymðnÞ, which will play an important role in the computation of the Hochschild
cohomology of the Yang–Mills algebras. We provide a complete description of the
homological properties of this space considered as both a left S

�
VðnÞ

�
-module and a left

YMðnÞ-module (see Theorem 3.16), which will be useful in the sequel to describe the
corresponding homological properties of the enveloping algebra U

�
tymðnÞ

�ad
considered

as a left YMðnÞ-module with the adjoint action. Using the fact that tymðnÞ is free and non-
abelian, we compute the zeroth Hochschild cohomology group of U

�
ymðnÞ

�
.

In Section 4, we study the cohomology of the Yang–Mills algebra ymðnÞ with coef-
ficients in the augmentation ideal of U

�
tymðnÞ

�ad
. The results obtained throughout this

section lead to Theorem 4.1. Its proof involves the analysis of a spectral sequence associ-
ated to the filtration on U

�
tymðnÞ

�
by powers of the augmentation ideal.
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The aim of Section 5 is the description of the outer derivations of the Yang–Mills
algebra YMðnÞ (see Theorem 5.11). This is done by using a spectral sequence associated
to the filtration given by powers of the ideal generated by tymðnÞ in YMðnÞ and homolog-
ical information obtained in Section 3.

Finally, in Section 6 we collect all previous results to prove our main result, Theorem
1.1.

Throughout this article k will denote an algebraically closed field of characteristic
zero and all unadorned tensor products n will be over the field k, i.e. n¼nk. All mor-
phisms will be k-linear homogeneous of degree zero, unless the contrary is stated.

We would like to thank Jacques Alev, Michel Dubois-Violette and Jorge Vargas for
useful comments and remarks. We also thank the referee for his careful reading of the
manuscript. We are indebted to Mariano Suárez-Álvarez for many suggestions and
improvements.

2. Definition and homological properties

In this section we fix notations and recall some elementary properties of the Yang–
Mills algebras. As reference we suggest [8] and [17].

2.1. Generalities. Let n be a positive integer such that nf 2 and let fðnÞ be the free
Lie algebra on n generators fx1; . . . ; xng. This Lie algebra is provided with a locally finite
dimensional N-grading.

Following [8], the quotient Lie algebra

ymðnÞ ¼ fðnÞ=
��Pn

i¼1

½xi; ½xi; xj�� : 1e j e n

��

is called the Yang–Mills algebra on n generators.

The N-grading of fðnÞ induces an N-grading of ymðnÞ, which is also locally finite
dimensional. We denote by ymðnÞj the j-th homogeneous component and

ymðnÞ l ¼
Ll

j¼1

ymðnÞj:ð2:1Þ

The Lie ideal

tymðnÞ ¼
L
jf2

ymðnÞjð2:2Þ

will be of considerable importance in the sequel.
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The enveloping algebra U
�
ymðnÞ

�
will be denoted YMðnÞ. It is the (associative)

Yang–Mills algebra on n generators. If VðnÞ ¼ spankhfx1; . . . ; xngi, we see that

YMðnÞFT
�
VðnÞ

�
=hRðnÞi;

where T
�
VðnÞ

�
denotes the tensor k-algebra on VðnÞ and

RðnÞ ¼ spank

��Pn
i¼1

½xi; ½xi; xj�� : 1e j e n

��
LVðnÞn3:ð2:3Þ

We shall also consider the enveloping algebra of the Lie ideal tymðnÞ, which will be
denoted TYMðnÞ. Occasionally, we will omit the index n from the notation if it is clear
from the context.

We shall make use of the previous grading on ymðnÞ, it will be called the usual

grading of the Yang–Mills algebra ymðnÞ. However, we would like to mention the special

grading of the Yang–Mills algebra ymðnÞ, for which it is a graded Lie algebra concentrated
in even degrees with each homogeneous space ymðnÞj in degree 2j. These gradings induce
respectively the usual grading and the special grading on the associative algebra YMðnÞ.
The last one corresponds to taking the graded enveloping algebra of the graded Lie algebra
ymðnÞ. We will be mainly concerned with the usual grading and shall only briefly mention
the special one.

As noted in [17], the algebra ymðnÞ is nilpotent if n ¼ 2, in which case it is also finite
dimensional (see [17], Example 2.1). When nf 3, ymðnÞ is neither finite dimensional nor
nilpotent (see [17], Remark 3.13). Also, the algebra YMðnÞ is a domain for any nf 2, since
it is the enveloping algebra of a Lie algebra.

There is an important collection of symmetries acting on the Yang–Mills algebra,
which we now describe. The reader who does not want to work in full generality may sim-
plify its attention to the case k ¼ C, even though the arguments we use here are also valid
for any algebraically closed field k of characteristic zero (cf. [18]). The representation of
the algebraic group SOðnÞ on VðnÞ given by the standard action of matrices induces a rep-
resentation of the Lie algebra soðnÞ. Furthermore, given j A N, VðnÞnj is a representation
of SOðnÞ, and then of soðnÞ, with the diagonal action. There is then an action by algebra
automorphisms of SOðnÞ on T

�
VðnÞ

�
, which induces in turn an action by derivations of

soðnÞ on T
�
VðnÞ

�
. Both actions are homogeneous of degree 0.

It is readily verified that these actions on T
�
VðnÞ

�
preserve the ideal hRðnÞi. So,

SOðnÞ acts by algebra automorphisms on YMðnÞ and soðnÞ acts by derivations. The latter
induces in turn an action by derivations of soðnÞ on ymðnÞ. As before, all these actions are
homogeneous of degree 0.

We summarize these facts in the following proposition.

Proposition 2.1. The standard action of SOðnÞ on VðnÞ induces an action by automor-

phisms of graded algebras on YMðnÞ and an action by derivations of the Lie algebra soðnÞ on

YMðnÞ.
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Let Y be a graded left YMðnÞ-module provided with an action of soðnÞ which is ho-
mogeneous of degree 0. We shall say that the action of the Lie algebra soðnÞ is compatible

with the action of the Yang–Mills algebra if the structure morphism YMðnÞ ! EndkðYÞ is
soðnÞ-linear, where EndkðYÞ is an soðnÞ-module with the action induced by that of Y , or
equivalently,

x � ðzyÞ ¼ ðx � zÞy þ zðx � yÞ;

for all x A soðnÞ, z A YMðnÞ and y A Y . The dot � indicates both the action of soðnÞ on
YMðnÞ and on Y . Examples of such modules are ymðnÞ with the adjoint action and also
the symmetric algebra S

�
ymðnÞ

�
with the induced action.

Since it will be useful to combine the complete collection of symmetries that are avail-
able, from now on we shall consider the category of graded left modules over the graded
Yang–Mills algebra YMðnÞ with the usual grading provided with a compatible action of
soðnÞ and call them equivariant left YMðnÞ-modules, without making explicit reference
to the grading or the action of soðnÞ, unless we write the contrary. Furthermore, a homo-
geneous left YMðnÞ-linear morphism of degree 0 which is soðnÞ-equivariant between two
equivariant left YMðnÞ-modules will also be called equivariant. The previous definitions
apply as well for the category of YMðnÞ-bimodules and right YMðnÞ-modules.

Remark 2.2. Since VðnÞ, considered as an abelian Lie algebra, is a quotient of
ymðnÞ by the Lie ideal tymðnÞ, any graded left module Y over S

�
VðnÞ

�
becomes a graded

left module over YMðnÞ. If Y is provided with a homogeneous action of soðnÞ of degree 0,
such that

x � ðzyÞ ¼ ðx � zÞy þ zðx � yÞ;

for all x A soðnÞ, z A VðnÞ and y A Y , then it is an equivariant left YMðnÞ-module. In this
case, we shall also say that Y is an equivariant left S

�
VðnÞ

�
-module. The same applies to

right modules. r

Since YMðnÞ and S
�
VðnÞ

�
are universal enveloping algebras of Lie algebras, any

left module Y over YMðnÞ (resp. S
�
VðnÞ

�
) is also a right module over YMðnÞ (resp.

S
�
VðnÞ

�
) in the usual manner.

An example of an equivariant YMðnÞ-module is S
�
VðnÞ

�
, where the generators

fx1; . . . ; xng of ymðnÞ act by multiplication on S
�
VðnÞ

�
, the action of tymðnÞ is trivial and

the action of soðnÞ is induced by the standard action of soðnÞ on VðnÞ.

2.2. Homology and cohomology. We recall (see [1]) that if A is an N-homogeneous
k-algebra (N f 2) given by A ¼ TV=hRi, where RLVnN , the N-homogeneous dual
algebra A! is defined as the quotient TðV �Þ=hR?i, where R? L ðV �ÞnN F ðVnNÞ� is the
annihilator of R. In this case, the left Koszul N-complex of A is

� � � 	!bnþ1
An ðA!

nÞ
� 	!bn � � � 	!b3

An ðA!
2Þ

� 	!b2
An ðA!

1Þ
� 	!b1

A 	! 0;ð2:4Þ
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where ðA!
iÞ

� LVni and the di¤erential bi is the restriction of multiplication

an ðe1 n � � �n eiÞ 7! ae1 n � � �n ei:

Notice that the di¤erentials of the previous N-complex are homogeneous of degree 0.

From the N-complex (2.4) one can obtain complexes Cp; rðAÞ, for 0e reN � 2 and
r þ 1e peN � 1, given by

� � � 		!bN�p

An ðA!
NþrÞ

� 		!bp

An ðA!
N�pþrÞ

� 		!bN�p

An ðA!
rÞ

� 		!bp

0:ð2:5Þ

Following [1] and [3], the complex CN�1;0ðAÞ is called the left Koszul complex of A

and the algebra A is called left Koszul if this complex is acyclic in positive degrees. There
are analogous definitions of right Koszul complex and bimodule Koszul complex of A, and
hence of right Koszul and Koszul algebra. Since the three definitions are equivalent (cf. [3],
Proposition 3, and [4], Theorem 4.4), we shall call them Koszul complex or Koszul algebra,
respectively.

From its very definition the Yang–Mills algebra is a cubic homogeneous algebra.

The following proposition describes its dual algebra.

Proposition 2.3. Let YMðnÞ ¼ T
�
VðnÞ

�
=hRðnÞi be the Yang–Mills algebra with set

of generators given by fx1; . . . ; xng. If we denote by B� ¼ fx�
1 ; . . . ; x

�
ng the dual basis of

VðnÞ�, then the homogeneous components of YMðnÞ! are

YMðnÞ!0 ¼ C1; YMðnÞ!2 ¼
Ln

i; j¼1

Cx�
i x�

j ; YMðnÞ!4 ¼ Cz2;

YMðnÞ!1 ¼ V �; YMðnÞ!3 ¼
Ln
i¼1

Cx�
l z; YMðnÞ!i ¼ 0;

for all i > 4 and z ¼
Pn
i¼1

ðx�
i Þ

2
. The element z is central in YMðnÞ!.

Proof. See [8], Proposition 1. r

From the proposition we easily obtain the following isomorphisms, which are neces-
sary for the explicit description of the di¤erentials of the Koszul complex of the Yang–
Mills algebra:�

YMðnÞ!1
��

FVðnÞ;
�
YMðnÞ!2

��
FVðnÞn2;�

YMðnÞ!3
��

FRðnÞ;
�
YMðnÞ!4

��
F
�
VðnÞnRðnÞ

�
X
�
RðnÞnVðnÞ

�
:

Furthermore, the following is true.

Proposition 2.4. The Yang–Mills algebra is Koszul of global dimension 3.

Proof. See [8], Theorem 1. r
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This proposition tells us that the Koszul complex of YMðnÞ is a projective resolution
of k. We shall now present its proper form in the category of graded left YMðnÞ-modules,
i.e. we shall give the explicit description of the minimal projective resolution of graded left-
YMðnÞ-modules. The modules of the resolution are also provided with a compatible action
of soðnÞ and the morphisms are equivariant. We consider the complex

0 ! YMðnÞ½�4� !
b 0

3
YMðnÞnVðnÞ½�2�ð2:6Þ

!
b 0

2
YMðnÞnVðnÞ !

b 0
1

YMðnÞ !
b 0

0
k ! 0;

with di¤erential

b 0
3ðzÞ ¼

Pn
i¼1

zxi n xi; b 0
2ðzn xiÞ ¼

Pn
j¼1

ðzx2
j n xi � 2zxjxi n xj þ zxixj n xjÞ;

b 0
1ðzn xiÞ ¼ zxi; b 0

0ðzÞ ¼ eymðnÞðzÞ;

where eymðnÞ is the augmentation of the algebra YMðnÞ.

Let Y be an equivariant left YMðnÞ-module. When we apply the functor
HomYMðnÞð�;Y Þ to the resolution (2.6), we obtain the complex, which we will denote by�
C ��YMðnÞ;Y

�
; d
�
,

0 ! Y !d
1

Y nVðnÞ½2� !d
2

Y nVðnÞ½4� !d
3

Y ½4� ! 0;ð2:7Þ

after having used the equivariant isomorphisms HomYMðnÞ
�
YMðnÞ½ j�;Y

�
FY ½�j� and

HomYMðnÞ
�
YMðnÞnVðnÞ½ j�;Y

�
!F Y nVðnÞ½2 � j�;

f 7!
Pn
i¼1

f ð1n xiÞn xi;

where j A Z. The di¤erentials are given by

d 3ðyn xiÞ ¼ xi y; d 1ðyÞ ¼
Pn
i¼1

xi yn xi;

d 2ðyn xiÞ ¼
Pn
j¼1

ðx2
j yn xi þ xjxi yn xj � 2xixjyn xjÞ:

Analogously, let Y be an equivariant right YMðnÞ-module. If we apply the functor
Y nYMðnÞ ð�Þ to the resolution (2.6) and we use the equivariant right YMðnÞ-linear isomor-
phisms Y nYMðnÞ YMðnÞ½d�FY ½d� and

Y nYMðnÞ YMðnÞnVðnÞ½d� !F Y nVðnÞ½d�;

ynYMðnÞ 1n xi 7! yn xi;
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where d A Z, we obtain the complex, which we shall denote by
�
C�
�
YMðnÞ;Y

�
; d
�
,

0 ! Y ½�4� !d3
Y nVðnÞ½�2� !d2

Y nVðnÞ !d1
Y ! 0;ð2:8Þ

with di¤erentials

d1ðyn xiÞ ¼ yxi; d3ðyÞ ¼
Pn
i¼1

yxi n xi;

d2ðyn xiÞ ¼
Pn
j¼1

ðyx2
j n xi þ yxixj n xj � 2yxjxi n xjÞ:

Taking into account that VðnÞ is concentrated in degree 1,

Y nVðnÞ½ j�F
�
Y nVðnÞ

�
½ j�; for all j A Z:

Comparing (2.7) and (2.8), we see that
�
C ��YMðnÞ;Y

�
; d
�

and
�
C�
�
YMðnÞ;Y

�
; d 0�½4�

coincide, where ðd 0Þ� ¼ ð�1Þ�d�. These complexes compute

Ext�YMðnÞðk;YÞ and TorYMðnÞ
� ðY ; kÞ;

respectively. The natural isomorphisms

Ext�YMðnÞðk;Y ÞFH ��ymðnÞ;Y
�

and TorYMðnÞ
� ðY ; kÞFH�

�
ymðnÞ;Y

�
(see [34], Corollary 7.3.6) tell us that

H i
�
ymðnÞ;Y

�
FH3�i

�
ymðnÞ;Y

�
½4�;

for 0e ie 3.

Just to state notation, if Z is a graded k-vector space, we denote by
ZðtÞ ¼

P
n AZ

dimðZnÞtn A ZJt�1; tK its Hilbert series.

Of course, since the global dimension of the Yang–Mills algebra is 3, H i
�
ymðnÞ;Y

�
and Hi

�
ymðnÞ;Y

�
vanish for i > 3. Both Hilbert series coincide up to a shift

H i
�
ymðnÞ;Y

�
ðtÞ ¼ t�4H3�i

�
ymðnÞ;Y

�
ðtÞ:

This relation between homology and cohomology is usually referred to as Poincaré duality,
because of its resemblance to the case of closed oriented manifolds.

We can state the previous results as follows.

Proposition 2.5 (see [8], Equation (1.15)). Let Y be a left YMðnÞ-module, which will

be considered also as a right YMðnÞ-module in the usual manner. The cohomology of

ymðnÞ with coe‰cients in Y equals the cohomology of the complex (2.7), and the homology

of the ymðnÞ with coe‰cients on Y equals the homology of the complex (2.8). We have
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that
�
C�
�
YMðnÞ;Y

�
; d 0�½4� ¼ �C ��YMðnÞ;Y

�
; d
�
, where ðd 0Þ� ¼ ð�1Þ�d�, so in particular

H i
�
ymðnÞ;Y

�
FH3�i

�
ymðnÞ;Y

�
½4�, for 0e ie 3.

We want to stress that the Chevalley–Eilenberg resolution
�
C�
�
ymðnÞ

�
; d�
�

of the
equivariant left YMðnÞ-module k is also a projective resolution of graded left-YMðnÞ-
modules. The modules of the resolution are also provided with a compatible action of soðnÞ
and the morphisms are equivariant. If Y is an equivariant left (resp. right) YMðnÞ-module,
we see that the morphisms of the Chevalley–Eilenberg complex

�
C ��ymðnÞ;Y

�
; d �

CE

�
(resp.�

C�
�
ymðnÞ;Y

�
; d CE

�
�
) for the cohomology (resp. homology) of ymðnÞ with coe‰cients in Y

are soðnÞ-linear homogeneous of degree 0.

We can easily check that the following diagram gives a morphism from the Koszul
resolution to the Chevalley–Eilenberg resolution of k:

� � � 		! YMnL4ym 		!d4
YMnL3ym 		!d3

YMnL2ym 		!d2
YMn ym 		!d1

YM 		!d0
k 		! 0x??? y

x??? h

x??? idYMninc

x???











� � � 		! 0 		! YM½�4� 		!b 0

3
YMnV ½�2� 		!b 0

2
YMnV 		!b 0

1
YM 		!b 0

0
k 		! 0

with vertical maps given by

hðzn xiÞ ¼
Pn
j¼1

ðzxj n xj5xi þ zn xj5½xj; xi�Þ;ð2:9Þ

yðzÞ ¼ 1

2

Pn
i; j¼1

zn xi5xj5½xj; xi�:ð2:10Þ

It is clear that these morphisms are equivariant.

Given a left ymðnÞ-module Y , it can be considered as a YMðnÞ-bimodule, which we
denote by YeymðnÞ , where the action on the right is given by the augmentation eymðnÞ of
YMðnÞ. It is known that there are natural isomorphisms of the form

H ��ymðnÞ;Y
�
FH ��YMðnÞ;YeymðnÞ

�
and H�

�
ymðnÞ;Y

�
FH�

�
YMðnÞ;YeymðnÞ

�
(see [6], Theorem X.2.1).

Conversely, if Y is a YMðnÞ-bimodule, it can be considered as a (left or right)
ymðnÞ-module via the adjoint action, denoted by Y ad. There are natural isomorphisms
H ��YMðnÞ;Y

�
FH ��ymðnÞ;Y ad

�
and H�

�
YMðnÞ;Y

�
FH�

�
ymðnÞ;Y ad

�
(see [6], The-

orem XIII.7.1).

By the Poincaré–Birkho¤–Witt Theorem, there is a left YMðnÞ-linear isomorphism
given by symmetrization S

�
ymðnÞ

�
FYMðnÞad (see [10], 2.4.5, Proposition 2.4.10) and

one can check that it is equivariant. This implies that

HH ��YMðnÞ
�
FH ��ymðnÞ;S

�
ymðnÞ

��
and HH�

�
YMðnÞ

�
FH�

�
ymðnÞ;S

�
ymðnÞ

��
:

We point out that these isomorphisms are soðnÞ-linear.
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We recall that if A is an N0-graded associative algebra, X is a Z-graded right
A-module and Y is a Z-graded left (resp. right) A-module, then the homology groups
TorA

p ðX ;YÞ (resp. Extp
AðX ;YÞ, for X with a projective resolution of finitely generated

modules) are in fact graded vector spaces with respect to the internal grading and we denote
by TorA

p;qðX ;YÞ (resp. Extp;q
A ðX ;YÞ) its homogeneous component of internal degree q A Z.

We apply the same notation for other homology groups, e.g. Lie algebra (co)homology and
Hochschild (co)homology groups.

Remark 2.6. We remark that if A is an N0-graded associative algebra, X and Y are
Z-graded right A-modules such that X is finitely generated, then

HomAðX ;YÞ ¼ HomAðX ;YÞ;

where, as always in this article, the first member denotes the space of morphisms of
A-modules and the second one is the graded vector space expanded by homogeneous
morphisms, i.e. HomAðX ;Y Þ ¼

L
n AZ

homAðX ;Y ½n�Þ, for homAðX ;YÞ the space of A-linear

homogeneous morphisms of degree zero (see [29], Corollary 2.4.4). This explains the inter-
nal grading of the Ext groups considered before.

On the other hand, if the algebra A is N-homogeneous Koszul, the minimality of the
bimodule Koszul complex K�ðAÞ of A tells us that there exists an isomorphism of com-
plexes of graded A-bimodules C�ðAÞFK�ðAÞlH�ðAÞ, where H�ðAÞ is an homotopically
trivial complex. Therefore,

HomAe

�
C�ðAÞ;M

�
FHomAe

�
K�ðAÞ;M

�
lHomAe

�
H�ðAÞ;M

�
(resp.

HomAe

�
C�ðAÞ;M

�
FHomAe

�
K�ðAÞ;M

�
lHomAe

�
H�ðAÞ;M

�
Þ:

Since H�ðAÞ is an acyclic complex of projective graded A-bimodules, both

HomAe

�
H�ðAÞ;M

�
and HomAe

�
H�ðAÞ;M

�
have zero cohomology. Moreover, taking into account that the bimodule Koszul complex
K�ðAÞ is made of finitely generated A-bimodules (for the k-vector spaces ðA!

�Þ
� are finite

dimensional k-vector spaces), we obtain that HomAe

�
K�ðAÞ;M

�
¼ HomAe

�
K�ðAÞ;M

�
. In

consequence, we see that the plain Hochschild cohomology coincides with the graded
Hochschild cohomology for a Koszul algebra (in fact it is su‰cient to have a graded pro-
jective resolution of A given by finitely generated A-bimodules). Since we shall be dealing
with this kind of algebras, we are not going to make any distinction between both cohomol-
ogy theories. r

By Proposition 2.5, HH ��YMðnÞ
�
¼ HH3��

�
YMðnÞ

�
½4�, for 0e �e 3, and

HH ��YMðnÞ
�
¼ HH�

�
YMðnÞ

�
¼ 0, for � > 3, so one need to compute either coho-

mology or homology groups.
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Let us now focus on the case that Y is a right S
�
VðnÞ

�
-module, and by Remark 2.2

also a right YMðnÞ-module. The Chevalley–Eilenberg complex
�
C�
�
VðnÞ;Y

�
; d CE

�
�

is pro-
vided with a homogeneous k-linear morphism of degree 2 of the form

hp : Cp

�
VðnÞ;Y

�
! Cpþ1

�
VðnÞ;Y

�
;

yn xi15� � �5xip 7!
Pn
j¼1

yxj n xj5xi15� � �5xip ;

such that d CE
pþ1 � hp þ hp�1 � d CE

p ¼ q:idCpðVðnÞ;Y Þ, for all p, where q ¼
Pn
i¼1

x2
i A S

�
VðnÞ

�
.

Hence, h is a homotopy between the zero morphism and the one given by multiplication by
q and in particular d CE

p � hp�1 � d CE
p ¼ q:dp.

Moreover, if we define for each p such that 0e pe n the homogeneous k-linear
isomorphism of degree n � 2p given by

ip : Cp

�
VðnÞ;Y

�
! Cn�p

�
VðnÞ;Y

�
;

yn xi15� � �5xip 7! ð�1Þ i1þ���þipþp
yn xj15� � �5xjn�p

;

where i1 < � � � < ip, j1 < � � � < jn�p and fi1; . . . ; ipgW f j1; . . . ; jn�pg ¼ f1; . . . ; ng, we obtain
that ip�1 � d CE

p ¼ hn�p � ip. So h� essentially coincides with the di¤erential d CE
n��, when view-

ing the i� as an identification. Notice that i�1
p ¼ ð�1Þnðn�1Þ=2

in�p, for all 0e pe n.

We may thus provide an alternative description of the complex C�
�
YMðnÞ;Y

�
as

follows. First, it is direct to check that

C0

�
YMðnÞ;Y

�
¼ C0

�
VðnÞ;Y

�
and C1

�
YMðnÞ;Y

�
¼ C1

�
VðnÞ;Y

�
:

On the other hand, the maps i0 and i1 give the isomorphisms

C3

�
YMðnÞ;Y

�
!F Cn

�
VðnÞ;Y

�
and C2

�
YMðnÞ;Y

�
!F Cn�1

�
VðnÞ;Y

�
;

respectively. Furthermore, it is easily verified that d1 ¼ d CE
1 , d3 ¼ i�1

1 � d CE
n � i0 and

d2 ¼ d CE
2 � h1 ¼ i�1

1 � hn�2 � d CE
n�1 � i1. As a consequence, H3

�
ymðnÞ;Y

�
FHn

�
VðnÞ;Y

�
.

The following proposition is a generalization of Propositions 14 and 15 in [26].

Proposition 2.7. Let Y be a right S
�
VðnÞ

�
-module (and by Remark 2.2 also a

right YMðnÞ-module). There is an isomorphism H3

�
ymðnÞ;Y

�
FHn

�
VðnÞ;Y

�
. Moreover,

if the element q ¼
Pn
i¼1

x2
i A S

�
VðnÞ

�
is a nonzerodivisor on Y there is also an isomorphism

Hn�1

�
VðnÞ;Y

�
FH2

�
ymðnÞ;Y

�
.

Proof. The first part of the proposition has been already proved.

Suppose that q is a nonzerodivisor on Y . Since d3 ¼ i�1
1 � d CE

n � i0, it is direct to check
that Imðd3Þ ¼ i�1

1

�
Imðd CE

n Þ
�
.
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We shall prove that Kerðd2Þ ¼ i�1
1

�
Kerðd CE

n�1Þ
�
. The equality

d2 ¼ i�1
1 � hn�2 � d CE

n�1 � i1

yields that Kerðd2ÞM i�1
1

�
Kerðd CE

n�1Þ
�
. Let us prove the other inclusion. The previous iden-

tity implies that z A Kerðd2Þ if and only if i1ðzÞ A Kerðhn�2 � d CE
n�1Þ. Hence, for an element

z A Kerðd2Þ we have that hn�2 � d CE
n�1 � i1ðzÞ ¼ 0, so

0 ¼ d CE
n�1 � hn�2 � d CE

n�1 � i1ðzÞ ¼ q:d CE
n�1 � i1ðzÞ;

and this implies that d CE
n�1 � i1ðzÞ ¼ 0, for q is a nonzerodivisor on Y . This proves that

z A i�1
1

�
Kerðd CE

n�1Þ
�

and thus the other inclusion.

Since Kerðd2Þ ¼ i�1
1

�
Kerðd CE

n�1Þ
�
, Imðd3Þ ¼ i�1

1

�
Imðd CE

n Þ
�

and i1 is an isomorphism,
the proposition follows. r

3. The module W(n)

In this section we shall study the graded vector space WðnÞ of generators of the free
Lie algebra tymðnÞ.

3.1. Generalities. In [17], we proved that the Lie ideal tymðnÞ given in (2.2), when
considered with the special grading inherited by that of ymðnÞ, is concentrated in even
degrees strictly greater than 2 and that it is itself a graded free Lie algebra: it is isomorphic
as graded Lie algebra to the graded free Lie algebra on a graded vector space W ðnÞ (see
[17], Theorem 3.12). The previous grading for WðnÞ is called special, but we will not
make use of it in this article.

Of course, when considering tymðnÞ with the usual grading it is also a free Lie algebra
and its space of generators WðnÞ is provided with the induced grading, called usual.

Since the Lie algebra tymðnÞ is free on WðnÞ, the morphism

W ðnÞ ! tymðnÞ=½tymðnÞ; tymðnÞ�

given by composing the inclusion and the canonical projection is an isomorphism. Fur-
thermore, since tymðnÞ is a Lie ideal of ymðnÞ, tymðnÞ=½tymðnÞ; tymðnÞ� has an action of
ymðnÞ induced by the adjoint action of ymðnÞ, such that tymðnÞ acts trivially. Hence the
quotient tymðnÞ=½tymðnÞ; tymðnÞ� becomes a ymðnÞ=tymðnÞ-module, i.e. a VðnÞ-module,
if we identify VðnÞ with the abelian Lie algebra of dimension n. The S

�
VðnÞ

�
-module

tymðnÞ=½tymðnÞ; tymðnÞ� is graded.

On the other hand, since the action of soðnÞ on ymðnÞ is homogeneous of degree 0, it
preserves the Lie ideals tymðnÞ and ½tymðnÞ; tymðnÞ�, so it induces a compatible action on
tymðnÞ=½tymðnÞ; tymðnÞ�. Using the isomorphism WðnÞ !@ tymðnÞ=½tymðnÞ; tymðnÞ�, WðnÞ
becomes a graded S

�
VðnÞ

�
-module with a compatible action of soðnÞ and hence an equi-

variant left S
�
VðnÞ

�
-module and hence a YMðnÞ-module, such that tymðnÞ acts trivially.
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From the previous discussion, we obtain an action of VðnÞ on WðnÞ, which we shall
denote by xi:w, such that

xi � w ¼ �½xi;w� þ
P
l AL

½vi; l ; v
0
i; l �;ð3:1Þ

for L a set of indices and some vi; l ; v
0
i; l A tymðnÞ.

The Hilbert series of the Yang–Mills algebra YMðnÞ was computed in [8], Corollary
3, to be

YMðnÞðtÞ ¼ 1

ð1 � t2Þð1 � nt þ t2Þ :

In [17], Proposition 3.14, we found the Hilbert series of W ðnÞ for the usual grading

WðnÞðtÞ ¼ ð1 � tÞn � 1 þ nt � nt3 þ t4

ð1 � tÞn :

If n ¼ 2, it is easily checked from the previous formula that Wð2Þ is one dimensional
and concentrated in degree 2. Moreover, it may be considered as the graded k-vector space
spanned by z ¼ ½x1; x2�, and it is provided with the trivial action of S

�
Vð2Þ

�
and soð2Þ.

Also, we see that tymð2ÞF k½z�.

The previous considerations may be summarized as follows.

Proposition 3.1. If k denotes the trivial equivariant S
�
Vð2Þ

�
-module, then

W ð2ÞF k½�2� as equivariant S
�
Vð2Þ

�
-modules ( for the usual grading), and it is spanned by

½x1; x2�.

On the contrary, if nf 3, the Hilbert series of WðnÞ tells us that it is infinite dimen-
sional, which implies that tymðnÞ is a free Lie algebra with an infinite number of genera-
tors. We shall present a set of generators of WðnÞ as S

�
VðnÞ

�
-module in Corollary 3.7.

Taking into account that tymðnÞ ¼ f
�
W ðnÞ

�
, tymðnÞ is the Lie subalgebra generated

by WðnÞ inside Lie
�
T
�
W ðnÞ

��
, so we may consider another grading on tymðnÞ, which we

call the internal weight, given by forgetting the grading of WðnÞ but regarding the grading
given by the tensor algebra. In other words, using that T

�
W ðnÞ

�
¼
L

p AN0

WðnÞnp, we may
write

tymðnÞ ¼
L

p AN
tymðnÞp;

for tymðnÞp ¼ tymðnÞXWðnÞnp. When z A tymðnÞp we shall say that z has internal weight
p (not to be confused with the weight of the soðnÞ-modules). If we denote by r

p
i ðwÞ the pro-

jection of ½xi;w� A tymðnÞ in the p-th component tymðnÞp, we can write

½xi;w� ¼ xi:w þ
P

pf2

r
p
i ðwÞ:ð3:2Þ

Notice that the sum is finite.
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Proposition 3.2. The graded vector space WðnÞ is a graded S
�
VðnÞ

�
-module, when

both are considered with the usual grading. Moreover, since the homogeneous element

q ¼
Pn
i¼1

x2
i A S

�
VðnÞ

�
acts by 0, WðnÞ is a graded S

�
VðnÞ

�
=hqi-module.

Proof. The first part has been already proved. We proceed with the second one.
From (3.1), it su‰ces to prove that

Pn
i¼1

½xi; ½xi;w�� A ½tymðnÞ; tymðnÞ�;ð3:3Þ

for any homogeneous element w A WðnÞ. In order to do this we shall do induction on the
usual degree d of w. If d ¼ 2, we can suppose that w ¼ ½xj; xl �, with 1e j; l e n. In this
case,

Pn
i¼1

½xi; ½xi;w�� ¼
Pn
i¼1

½xi; ½xi; ½xj; xl ���

¼
Pn
i¼1

½½xi; ½xi; xj��; xl � þ 2
Pn
i¼1

½½xi; xj�; ½xi; xl �� þ
Pn
i¼1

½xj; ½xi; ½xi; xl ���

¼ 2
Pn
i¼1

½½xi; xj�; ½xi; xl �� A ½tymðnÞ; tymðnÞ�;

where we have used the Jacobi identity and the Yang–Mills relations in the last step.

Let us suppose that property (3.3) holds for any w of degree d e d0 and let w be of

degree d0 þ 1. We may write w ¼
Pn
j¼1

½xj;wj�, with wj of degree less than or equal to d0, and
by the inductive hypothesis

Pn
i¼1

½xi; ½xi;wj�� ¼
P

a AAj

½c j
a; d

j
a �; E1e j e n;

where Aj is a set of indices and c j
a; d j

a A tymðnÞ. As a consequence,

Pn
i¼1

½xi; ½xi;w�� ¼
Pn
i¼1

Pn
j¼1

½½xi; ½xi; xj��;wj� þ 2
Pn
i¼1

Pn
j¼1

½½xi; xj�; ½xi;wj�� þ
Pn
i¼1

Pn
j¼1

½xj; ½xi; ½xi;wj���

¼ 2
Pn
i¼1

Pn
j¼1

½½xi; xj�; ½xi;wj�� þ
Pn
j¼1

P
a AAj

½xj; ½c j
a; d

j
a ��

¼ 2
Pn
i¼1

Pn
j¼1

½½xi; xj�; ½xi;wj�� þ
Pn
j¼1

P
a AAj

ð½½xj; c j
a�; d j

a � þ ½c j
a; ½xj; d

j
a ��Þ

belongs to ½tymðnÞ; tymðnÞ�. r

As a consequence of Theorem 3.12 and Proposition 3.14 in [17], we can describe the
center of the Yang–Mills algebra YMðnÞ for nf 3.

Proposition 3.3. If nf 3, the center of YMðnÞ is k.
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Proof. On the one hand, it is clear that k LZ
�
YMðnÞ

�
.

On the other hand, HH 0
�
YMðnÞ

�
FH 0

�
ymðnÞ;YMðnÞad�. As stated before,

since symmetrization gives a graded isomorphism of ymðnÞ-modules from S
�
ymðnÞ

�
to

YMðnÞad, H 0
�
ymðnÞ;YMðnÞad�FH 0

�
ymðnÞ;S

�
ymðnÞ

��
¼ S

�
ymðnÞ

�ymðnÞ
.

Let us consider z A S
�
ymðnÞ

�
of the form

z ¼
P

ði1;...; inÞ ANn
0 ; l AL

cði1;...; inÞ; lx
i1
1 � � � xin

n tl ;ð3:4Þ

for cði1;...; inÞ; l A k and ftlgl AL a PBW basis of TYMðnÞ. Then, z A S
�
ymðnÞ

�ymðnÞ
if and only

if

0 ¼ ½w; z�ð3:5Þ

¼
P

ði1;...; inÞ ANn
0 ; l AL

cði1;...; inÞ; l

�
xi1

1 � � � xin
n ½w; tl � þ

Pn
j¼1

xi1
1 � � � ijxij�1

j ½w; xj� � � � xin
n tl

�
;

for all w A YMðnÞ. We claim that this implies that z A TYMðnÞ. Indeed, let us suppose that
this is not the case. Then there would exist ði0

1 ; . . . ; i
0
nÞ A Nn

0 di¤erent from zero and l0 A L

such that cði1;...; inÞ; l 3 0. Let

J ¼ fði1; . . . ; inÞ A Nn
0 : pl A L such that cði1;...; inÞ; l 3 0g;

and let ði 01; . . . ; i 0nÞ A J be an element of maximal degree i 01 þ � � � þ i 0n. Then ½w; z� possesses a
term of the form

cði 0
1
;...; i 0nÞ; l 0x

i 0
1

1 � � � xi 0n
n ½w; tl 0 �;

with cði 0
1
;...; i 0nÞ; l 0 3 0, which cannot be cancelled with any other term in the sum (3.5) for de-

gree reasons. Therefore, ½w; tl 0 � ¼ 0, for all w A tymðnÞ, or equivalently, tl 0 A Z
�
TYMðnÞ

�
.

Since nf 3, TYMðnÞ is a free algebra with an infinite set of generators, so its center is
the base field k. In other words, tl 0 ¼ 1.

We thus see that any term of the form cði 0
1
;...; i 0nÞ; l 0x

i 0
1

1 � � � xi 0n
n tl 0 in (3.4), with cði 0

1
;...; i 0nÞ; l 0 3 0

and maximal i 01 þ � � � þ i 0n ¼ imax has tl 0 ¼ 1.

Since ½xh; z� ¼ 0 for all h ¼ 1; . . . ; n, it turns out that

0 ¼ ½xh; z�ð3:6Þ

¼
P

ði1;...; inÞ ANn
0 ; l AL

i1þ���þin<imax

cði1;...; inÞ; l

�
xi1

1 � � � xin
n ½xh; tl �

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{?1

þ
Pn
j¼1

xi1
1 � � � ijxij�1

j ½xh; xj� � � � xin
n tl

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{?2 �

þ
P

ði1;...; inÞ ANn
0 ; l AL

i1þ���þin¼imax

Pn
j¼1

cði1;...; inÞ; lx
i1
1 � � � ijxij�1

j ½xh; xj� � � � xin
n

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{?3

:
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Notice that in ?1 we only need to consider the summands with tl 3 1, since ½xi; tl � ¼ 0 if
tl ¼ 1.

For degree reasons, we see that no term of the form ?3 can be cancelled with any
other term appearing in ?2. On the other hand, the former can neither be cancelled with
terms from ?1, since ½xh; xj� is in a homogeneous component of usual degree 2 of tymðnÞ,
while ½xh; tl � is in the homogeneous component of usual degree strictly greater than 2 of
tymðnÞ. This tells us that the coe‰cients cði1;...; inÞ; l with maximal i1 þ � � � þ in must vanish,
which is absurd. As a consequence, z A TYMðnÞ.

Again, since z A Z
�
YMðnÞ

�
XTYMðnÞ we see that z A Z

�
TYMðnÞ

�
. Therefore z A k

and the proposition is proved. r

3.2. Another characterization of W(n). In [17], Section 3, it was proved that
W ðnÞFH1

�
ymðnÞ;S

�
VðnÞ

��
as graded vector spaces. By Proposition 3.2, WðnÞ is an

equivariant S
�
VðnÞ

�
-module and, by definition, the complex C�

�
YMðnÞ;S

�
VðnÞ

��
is com-

posed of equivariant S
�
VðnÞ

�
-modules and equivariant S

�
VðnÞ

�
-linear di¤erentials, so its

homology is an equivariant S
�
VðnÞ

�
-module. We recall that S

�
VðnÞ

�
nVðnÞ is provided

with the regular left S
�
VðnÞ

�
-module structure. In this section, Proposition 3.6, we shall

exhibit an equivariant S
�
VðnÞ

�
-linear isomorphism from W ðnÞ to the first homology group

of the complex C�
�
YMðnÞ;S

�
VðnÞ

��
. From this result, we shall derive three important

consequences: a set of generators of the S
�
VðnÞ

�
-module WðnÞ given in Corollary 3.7 and

a description of the isotypic decomposition of WðnÞ and WðnÞnSðVðnÞÞ W ðnÞ in Corollaries
3.8 and 3.9, respectively.

Let TþVðnÞ be the graded vector subspace of T
�
VðnÞ

�
spanned by all homogeneous

elements of degree greater than or equal to 1 and p : T
�
VðnÞ

�
! S

�
VðnÞ

�
be the canonical

projection. We start considering the following homogeneous linear map of degree 0:

f : TþVðnÞ ! S
�
VðnÞ

�
nVðnÞ;

Pn
i¼1

qixi 7!
Pn
i¼1

pðqiÞn xi:

The previous mapping is well-defined since every element x A TþVðnÞ may be written in a

unique way as x ¼
Pn
i¼1

qixi with qi A T
�
VðnÞ

�
. The linearity and homogeneity are direct.

Furthermore, since p is surjective, f is also surjective.

Given homogeneous elements z; z 0 A TþVðnÞ, we have that

fðz 0zxiÞ ¼ pðz 0zÞn xi ¼ pðz 0ÞpðzÞn xi;

since p is a k-algebra morphism. In other words, fðz 0zÞ ¼ pðz 0Þ � fðzÞ for z; z 0 A TþVðnÞ
homogeneous. In particular, taking z 0 ¼ xj, we see that fðxjzÞ ¼ xj:fðzÞ. Notice that this
does not imply that f is VðnÞ-linear, since T

�
VðnÞ

�
is not an S

�
VðnÞ

�
-module for the left

multiplication.

We shall denote f 0 the restriction of f to f
�
VðnÞ

�
LTþVðnÞ. Then

f 0ðxiÞ ¼ 1n xi;ð3:7Þ
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and we shall prove by induction on l that

f 0ð½xi1 ; ½. . . ; ½xil�1
; xil � . . .��Þ ¼ xi1 � � � xil�2

xil�1
n xil � xi1 � � � xil�2

xil n xil�1
;ð3:8Þ

where l f 2. The case l ¼ 2 is direct.

Let us suppose that l > 2 and that the previous identity holds for l � 1. In this case

f 0ð½xi1 ; ½. . . ; ½xil�1
; xil � . . .��Þ ¼ fðxi1 ½xi2 ; ½. . . ; ½xil�1

; xil � . . .��Þ � fð½xi2 ; ½. . . ; ½xil�1
; xil � . . .��xi1Þ

¼ xi1fð½xi2 ; ½. . . ; ½xil�1
; xil � . . .��Þ � pð½xi2 ; ½. . . ; ½xil�1

; xil � . . .��Þn xi1

¼ xiif
0ð½xi2 ; ½. . . ; ½xil�1

; xil � . . .��Þ

¼ xi1xi2 � � � xil�2
xil�1

n xil � xi1xi2 � � � xil�2
xil n xil�1

;

where we have used that fðxjz
0Þ ¼ xj:fðz 0Þ, the inductive hypothesis and the fact that, since

p is a k-algebra morphism, pð½x; z�Þ ¼ 0, for all x; z A T
�
VðnÞ

�
.

Lemma 3.4. If d1 : S
�
VðnÞ

�
nVðnÞ ! S

�
VðnÞ

�
denotes the di¤erential of the com-

plex (2.8) for Y ¼ S
�
VðnÞ

�
, then Kerðd1Þ ¼ f 0��f�VðnÞ

�
; f
�
VðnÞ

�
�
.

Proof. The inclusion f 0��f�VðnÞ
�
; f
�
VðnÞ

�
�
LKerðd1Þ is immediate from identity

(3.8) and the fact that every element of
�
f
�
VðnÞ

�
; f
�
VðnÞ

�

may be written as a linear com-

bination of elements of the form ½xi1 ; ½. . . ; ½xil�1
; xil ��� for l f 2.

Let us prove the other inclusion. Consider

y ¼
Pn
j¼1

P
i ANn

0

a
j

i
xi1

1 � � � xin
n n xj ¼

Pn
j¼1

P
i ANn

0

a
j

i
xi n xj A Kerðd1Þ;

where i ¼ ði1; . . . ; inÞ and the previous sum is finite. We will denote by ei A Nn
0 , for

1e ie n, the vector such that ðeiÞj ¼ di; j, 1e j e n, and we write jij ¼ i1 þ � � � þ in.

We shall prove that there exists z A
�
f
�
VðnÞ

�
; f
�
VðnÞ

�

such that y ¼ f 0ðzÞ.

On one hand, y A Kerðd1Þ if and only if

d1ðyÞ ¼
Pn
j¼1

P
i ANn

0

a
j

i
xiþej ¼ 0:

This condition is equivalent to the following: for every ði1; . . . ; inÞ A Nn
0

Pn
j¼1

a
j

i�ej
¼ 0;ð3:9Þ

where we agree to write a
j

i
¼ 0, in case there exists l with 1e l e n such that il < 0.
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As a consequence, if we define

yi ¼
Pn
j¼1

a
j

i�ej
xi1

1 � � � xij�1
j � � � xin

n n xj;

for every i A Nn
0 ,

y ¼
Pn
j¼1

P
i ANn

0

a
j

i
xi n xj ¼

P
i ANn

0

�Pn
j¼1

a
j

i�ej
xi�ej n xj

�
¼
P

i ANn
0

yi:

On the other hand, from (3.9), we see that d1ðyÞ ¼ 0 if and only if d1ðyiÞ ¼ 0, for all
i A Nn

0 . Therefore it su‰ces to prove that, given i A Nn
0 and y A Kerðd1Þ of the formPn

j¼1

a
j

i�ej
xi�ej n xj there exists z A

�
f
�
VðnÞ

�
; f
�
VðnÞ

�

such that y ¼ f 0ðzÞ.

Suppose given i A Nn
0 and y ¼

Pn
j¼1

a
j

i�ej
xi�ej n xj satisfying

Pn
j¼1

a
j

i�ej
¼ 0. Let ij1 ; . . . ; ijl ,

with 0e l e n, be the nonzero elements of the n-tuple i, i.e. ij 3 0 if and only if
j A f j1; . . . ; jlg.

If l ¼ 0 then necessarily y ¼ 0 ¼ f 0ð0Þ A f 0��f�VðnÞ
�
; f
�
VðnÞ

�
�
, since in this case

a j
�ej

¼ 0, for all j such that 1e j e n.

If l ¼ 1, then there is j0, with 1e j0 e n, such that i ¼ m:ej0 , m A N. Hence condition

(3.9) implies that a
j0
ðm�1Þ:ej

¼ 0, and therefore y ¼ 0 ¼ f 0ð0Þ A f 0��f�VðnÞ
�
; f
�
VðnÞ

�
�
.

Let l f 2. We shall proceed by induction on l, assuming that it is true for l � 1. We
may write

y ¼
Pn
j¼1

a
j

i�ej
xi�ej n xj ¼

Pl

p¼1

a
jp

i�ejp

xi�ejp n xjp

¼ a
j1

i�ej1

ðxi�ej1 n xj1 � xi�ej2 n xj2Þ þ a
j1

i�ej1

xi�ej2 n xj2 þ
Pl

p¼2

a
jp

i�ejp

xi�ejp n xjp

¼ a
j1

i�ej1

ðxi�ej1 n xj1 � xi�ej2 n xj2Þ þ
Pl

p¼2

b
jp

i�ejp

xi�ejp n xjp

¼ a
j1

i�ej1

f 0�ad ij1�1ðxj1Þ � ad ij2�1ðxj2Þ � � � � � ad ijl ðxjl Þð½xj2 ; xj1 �Þ
�
þ
Pl

p¼2

b
jp

i�ejp

xi�eip n xip ;

for b
j2

i�ej2

¼ a
j1

i�ej1

þ a
j2

i�ej2

and b
jp

i�ejp

¼ a
jp

i�ejp

, if 3e pe l.

Since
Pl

p¼2

b
jp

i�ejp

¼ 0, the element y 0 ¼
Pl

p¼2

b
jp

i�ejp

xi�eip n xip belongs to the kernel of d1.

By the inductive hypothesis, there is z 0 A
�
f
�
VðnÞ

�
; f
�
VðnÞ

�

such that y 0 ¼ f 0ðz 0Þ. Then
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y ¼ a
j1

i�ej1

f 0�ad ij1�1ðxj1Þ � ad ij2�1ðxj2Þ � ad ij3 ðxj3Þ � � � � � ad ijl ðxjl Þð½xj2 ; xj1 �Þ
�
þ f 0ðz 0Þ

¼ f 0�a j1

i�ej1

ad ij1�1ðxj1Þ � ad ij2�1ðxj2Þ � ad ij3 ðxj3Þ � � � � � ad ijl ðxjl Þð½xj2 ; xj1 �Þ þ z 0�:
This proves the lemma. r

Let d2 : S
�
VðnÞ

�
nVðnÞ ! S

�
VðnÞ

�
nVðnÞ be the di¤erential of the complex (2.8)

in degree 2 with Y ¼ S
�
VðnÞ

�
. In this case,

d2

�Pn
i¼1

zi n xi

�
¼
Pn

i; j¼1

ðzix
2
j n xi � zixixj n xjÞ:

We may consider the homogeneous linear map of degree 0, denoted by ~ff,�
f
�
VðnÞ

�
; f
�
VðnÞ

�

! Kerðd1Þ=Imðd2Þ

given by composition of f 0 and the canonical projection. Being the composition of surjec-
tive morphisms, ~ff is surjective.

Lemma 3.5. Let d2 be the di¤erential of the complex (2.8) in degree 2 with

Y ¼ S
�
VðnÞ

�
and let ~ff be as above. If hRðnÞi denotes the Lie ideal in f

�
VðnÞ

�
gen-

erated by the vector space of Yang–Mills relations (2.3), then f 0�hRðnÞi
�
L Imðd2Þ,

and therefore ~ff induces a surjective homogeneous linear morphism of degree 0 from�
f
�
VðnÞ

�
; f
�
VðnÞ

�

=hRðnÞi ¼ tymðnÞ to Kerðd1Þ=Imðd2Þ ¼ H1

�
ymðnÞ;S

�
VðnÞ

��
FWðnÞ.

Proof. First, note that hRðnÞiL
�
f
�
VðnÞ

�
; f
�
VðnÞ

�

.

Given j, with 1e j e n, we shall denote rj ¼
Pn
i¼1

½xi; ½xi; xj��. Using the Jacobi relation

it is easy to see that every element of hRðnÞi may be written as a linear combination of
elements of the form ½xi1 ; ½xi2 ; ½. . . ; ½xip�1

; rip � . . .���, for p A N, i1; . . . ; ip A f1; . . . ; ng.

Using the identity (3.8), we get

f 0ð½xi1 ; ½xi2 ; ½. . . ; ½xip�1
; rip � . . .���Þ ¼

Pn
j¼1

ðxi1 xi2 � � � xip�1
x2

j n xip � xi1xi2 � � � xip�1
xjxip n xjÞ

¼ d2ðxi1 xi2 � � � xip�1
n xipÞ;

and so f 0�hRðnÞi
�
L Imðd2Þ. r

We have therefore defined a surjective homogeneous k-linear map of degree 0

~ff : tymðnÞ ! H1

�
ymðnÞ;S

�
VðnÞ

��
:

We will see that ~ff
�
½tymðnÞ; tymðnÞ�

�
¼ 0 as follows. Let us consider

a; b A
�
f
�
VðnÞ

�
; f
�
VðnÞ

�

such that a; b A tymðnÞ:
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Taking into account that ~ffð½a; b�Þ is the class of f 0ð½a; b�Þ in Kerðd1Þ=Imðd2Þ, it su‰ces to
show that f 0ð½a; b�Þ A Imðd2Þ. We shall see that in fact f 0ð½a; b�Þ ¼ 0.

Since a; b A
�
f
�
VðnÞ

�
; f
�
VðnÞ

�

, we can write a ¼

Pn
j¼1

½xj; a
0
j � and b ¼

Pn
j¼1

½xj; b 0
j �, for

some a 0
j ; b

0
j A f

�
VðnÞ

�
. Hence

f 0ð½a; b�Þ ¼ fðab � baÞ ¼ fðabÞ � fðbaÞ ¼ pðaÞfðbÞ � pðbÞfðaÞ ¼ 0;

where we have used that pðaÞ ¼ pðbÞ ¼ 0, for p is a k-algebra morphism.

Finally, the fact that ~ff
�
½tymðnÞ; tymðnÞ�

�
¼ 0 implies that ~ff induces a surjective

morphism, which will be denoted by F,

tymðnÞ=½tymðnÞ; tymðnÞ� !F H1

�
ymðnÞ;S

�
VðnÞ

��
:

Also, taking into account that tymðnÞ=½tymðnÞ; tymðnÞ� is isomorphic to WðnÞ and
the latter is locally finite dimensional and isomorphic to the first homology group
Kerðd1Þ=Imðd2ÞFH1

�
ymðnÞ;S

�
VðnÞ

��
, F turns out to be an isomorphism.

We have then proved the following proposition.

Proposition 3.6. The map

F : tymðnÞ=½tymðnÞ; tymðnÞ� ! Kerðd1Þ=Imðd2ÞFH1

�
ymðnÞ;S

�
VðnÞ

��
is an equivariant isomorphism of S

�
VðnÞ

�
-modules.

Proof. We have already proved that F is a homogeneous linear isomorphism of
degree 0. Also, the equation (3.8) tells us that F is VðnÞ-linear and soðnÞ-equivariant. r

The previous proposition has the following important consequences.

Corollary 3.7. The graded vector space WðnÞ is generated by the finite set

f½xi; xj�g1ei< jen both as a graded S
�
VðnÞ

�
-module and as a graded S

�
VðnÞ

�
=hqi-module.

Proof. As stated at the beginning of this section, we consider S
�
VðnÞ

�
nVðnÞ pro-

vided with the regular left action of S
�
VðnÞ

�
. It is finitely generated, and S

�
VðnÞ

�
being

noetherian, S
�
VðnÞ

�
nVðnÞ is also noetherian. Since the di¤erential d1 of the Koszul

complex with coe‰cients in S
�
VðnÞ

�
is an S

�
VðnÞ

�
-linear map, its kernel is also a finitely

generated S
�
VðnÞ

�
-submodule. By Lemma 3.4, the set fxi n xj � xj n xig1ei< jen is a set

of generators of Kerðd1Þ as S
�
VðnÞ

�
-module.

On the other hand, since d2 is also a VðnÞ-linear map, Imðd2Þ is a VðnÞ-submodule
of Kerðd1Þ. The S

�
VðnÞ

�
-module WðnÞFH1

�
ymðnÞ;S

�
VðnÞ

��
is then a quotient of the

finitely generated S
�
VðnÞ

�
-module Kerðd1Þ by the submodule Imðd2Þ, and hence it is

finitely generated with set of generators f½xi; xj�g1ei< jen. All these considerations hold as
well over the algebra S

�
VðnÞ

�
=hqi. r
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In the following corollaries and the rest of this article we shall use the standard
notation for the irreducible finite dimensional representations of the Lie algebras soðnÞ
(see [12]).

Corollary 3.8. Let nf 3. The homogeneous component of degree p of W ðnÞ vanishes

for pe 1.

For pf 2, the homogeneous component of degree p of the soðnÞ-module WðnÞ is also

an soðnÞ-module. If n ¼ 3, it is isomorphic to Gðp�1ÞL1
; in case n ¼ 4, it is isomorphic to

Gðp�1ÞL1þL2
lGðp�1ÞL1�L2

; and finally, if nf 5, it is isomorphic to Gðp�1ÞL1þL2
.

Proof. The complex of graded soðnÞ-modules C�
�
YMðnÞ;S

�
VðnÞ

��
is the direct

sum of the complexes of finite dimensional soðnÞ-modules

0 	! S p�4
�
VðnÞ

�
½�4� 	!d

p�4
3
�
S p�3

�
VðnÞ

�
nVðnÞ

�
½�2�ð3:10Þ

	!d
p�3
2

S p�1
�
VðnÞ

�
nVðnÞ 	!d

p�1
1

S p
�
VðnÞ

� 	! 0;

where p A Z and we consider S p
�
VðnÞ

�
¼ 0 if p < 0. By Proposition 3.6, its homology is

isomorphic to W ðnÞ in degree one, to k in degree zero and all other homology modules
vanish.

Let SðnÞ denote the set of isomorphism classes of irreducible finite dimensional
soðnÞ-modules. If M is a finite dimensional soðnÞ-module and s A SðnÞ, we shall denote
by nsðMÞ the number of copies of the isotypic component of type s appearing in M. Hence,
the isotypic decomposition of M may be encoded in the formal sum of finite supportP
s ASðnÞ

nsðMÞs. It is directly checked that M 7!
P

s ASðnÞ
nsðMÞs is an Euler–Poincaré map (see

[24], Chapter III, §8).

In consequence, the Euler–Poincaré characteristic of a complex of finite dimensional
soðnÞ-modules coincides with the Euler–Poincaré characteristic of its homology (see [24],
Chapter XX, §3, Theorem 3.1). This result applied to the complex (3.10) allows us to
compute the isotypic decomposition of the p-th homogeneous component of WðnÞ once
we have obtained the Euler–Poincaré characteristic of (3.10). In order to do so, we shall
proceed as follows.

First, we recall that VðnÞFGL1
and, by [12], Exercise 19.21,

S p
�
VðnÞ

�
F
L½ p=2�

d¼0

Gðp�2dÞL1
;ð3:11Þ

where ½p=2� denotes the integral part of p=2. The isomorphism G0L1
F k tells us that

G0L1
nGL1

FGL1
. Also, we have the following fusion rule for the tensor product:

GqL1
nGL1

F
Gðqþ1ÞL1

lGqL1
lGðq�1ÞL1

; if n ¼ 3;

Gðqþ1ÞL1
lGqL1þL2

lGqL1�L2
lGðq�1ÞL1

; if n ¼ 4;

Gðqþ1ÞL1
lGqL1þL2

lGðq�1ÞL1
; if nf 5;

8><
>:ð3:12Þ
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for qf 1. The previous computation is straightforward from the Želobenko fusion rules
(see [35], §131, Theorem 5).

Using the isomorphisms (3.11) and (3.12) we find that the Euler–Poincaré character-
istic of the complex (3.10) is k if p ¼ 0, it vanishes if p ¼ 1, and, for pf 2, it is Gðp�1ÞL1

if n ¼ 3, Gðp�1ÞL1þL2
þ Gðp�1ÞL1�L2

if n ¼ 4 and Gðp�1ÞL1þL2
if nf 5. The corollary thus

follows. r

As a direct consequence of the previous corollary we obtain the following result
which we shall use in Subsection 4.2.

Corollary 3.9. Let nf 3. The equivariant S
�
VðnÞ

�
-module WðnÞnSðVðnÞÞ WðnÞ has

no isotypic component of type k in degree greater than 4. Also, the homogeneous component

of degree 4 of WðnÞnSðVðnÞÞ WðnÞ is isomorphic to L2VðnÞnL2VðnÞ as soðnÞ-modules; it

may be decomposed as

L2VðnÞnL2VðnÞ

¼

G2L1
lL4VðnÞlL2VðnÞl k; if n ¼ 3;

G2L1
lG2L1þ2L2

lG2L1�2L2
lG2L1

lL4VðnÞlL2VðnÞl k; if n ¼ 4;

G2L1þL2
lG2L1þ2L2

lG2L1
lL4VðnÞlL2VðnÞl k; if n ¼ 5;

G2L1þL2þL3
lG2L1þL2�L3

lG2L1þ2L2
lG2L1

lL4VðnÞlL2VðnÞl k; if n ¼ 6;

G2L1þL2þL3
lG2L1þ2L2

lG2L1
lL4VðnÞlL2VðnÞl k; if nf 7:

8>>>>><
>>>>>:

Proof. The existence of an equivariant epimorphism S
�
VðnÞ

�
nL2VðnÞ !! WðnÞ

says that the S
�
VðnÞ

�
-module WðnÞnSðVðnÞÞ WðnÞ is an epimorphic image of

W ðnÞnL2VðnÞ, which has homogeneous components of degree greater than or equal to
4. By the previous corollary, the component of degree p þ 2 of WðnÞnL2VðnÞ, for p > 2,
is given by

WðnÞp nL2VðnÞF
Gðp�1ÞL1

nGL1
; if n ¼ 3;

ðGðp�1ÞL1þL2
lGðp�1ÞL1�L2

ÞnGL1
; if n ¼ 4;

Gðp�1ÞL1þL2
nGL1

; if nf 5:

8><
>:

Using the Želobenko fusion rules we find that k FG0L1
is not an isotypic component of

W ðnÞp nL2VðnÞ for p > 2, which proves the first statement.

For the second statement we proceed as follows. Using again the Želobenko fusion
rules for the tensor product L2VðnÞnL2VðnÞF soðnÞn soðnÞ, we find that

L2VðnÞnL2VðnÞ

F

G2L1
lVðnÞl k; if n ¼ 3;

G2L1þ2L2
lG2L1�2L2

lGl2
2L1

lGL1þL2
lGL1�L2

l kl2; if n ¼ 4;

G2L1þ2L2
lG2L1þL2

lG2L1
lGL1þL2

lGL1
l k; if n ¼ 5;

G2L1þL2þL3
lG2L1þL2�L3

lG2L1þ2L2
lG2L1

lGL1þL2
lGL1þL2

l k; if n ¼ 6;

G2L1þL2þL3
lG2L1þ2L2

lG2L1
lGL1þL2þL3

lGL1þL2
l k; if n ¼ 7;

G2L1þL2þL3
lG2L1þ2L2

lG2L1
lGL1þL2þL3þL4

lGL1þL2þL3�L4
lGL1þL2

l k; if n ¼ 8;

G2L1þL2þL3
lG2L1þ2L2

lG2L1
lGL1þL2þL3þL4

lGL1þL2
l k; if n > 8:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
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Taking into account that

L2VðnÞFVðnÞ; if n ¼ 3;

L2VðnÞFGL1þL2
lGL1�L2

; if n ¼ 4;

L2VðnÞFGL1þL2
; if nf 5;

and

L4VðnÞF 0; if n ¼ 3;

L4VðnÞF k; if n ¼ 4;

L4VðnÞFVðnÞFGL1
; if n ¼ 5;

L4VðnÞFL2VðnÞFGL1þL2
; if n ¼ 6;

L4VðnÞFL3VðnÞFGL1þL2þL3
; if n ¼ 7;

L4VðnÞFGL1þL2þL3þL4
lGL1þL2þL3�L4

; if n ¼ 8;

L4VðnÞFGL1þL2þL3þL4
; if n > 8;

we obtain the desired decomposition for L2VðnÞnL2VðnÞ. r

3.3. Some algebraic properties of W(n). In this subsection we shall prove some
algebraic properties of WðnÞ which will be very useful in the sequel. At the end of this sub-
section we briefly discuss a geometric interpretation of these properties.

The following lemma is analogous to the Künneth formula.

Lemma 3.10. Let C� ¼ C�
�
YMðnÞ;S

�
VðnÞ

��
be the complex (2.8) for the equivariant

left YMðnÞ-module S
�
VðnÞ

�
and let z A S

�
VðnÞ

�
be a nonzero homogeneous element of

degree d. After applying the functor S
�
VðnÞ

�
=hzinSðVðnÞÞ ð�Þ to the complex C�, we obtain

the following short exact sequence composed of graded S
�
VðnÞ

�
-modules and homogeneous

morphisms of degree 0:

0 ! S
�
VðnÞ

�
=hzinSðVðnÞÞ HqðCÞ ! Hq

�
S
�
VðnÞ

�
=hzinSðVðnÞÞ C�

�
! Tor

SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hzi;Hq�1ðC�Þ

�
! 0:

Proof. First, we see that C� is a complex of free graded left S
�
VðnÞ

�
-modules. Its

homology was computed in [17], Proposition 3.5.

We consider a free graded resolution of the S
�
VðnÞ

�
-module S

�
VðnÞ

�
=hzi, which

will be denoted by P�, provided with morphisms of degree 0. Since the S
�
VðnÞ

�
-module

S
�
VðnÞ

�
=hzi has projective dimension 1, we may choose P� such that Pi ¼ 0 for if 2.

We can apply the Künneth spectral sequence (see [34], Theorem 5.6.4), which yields

E2
p;q ¼ TorSðVðnÞÞ

p

�
S
�
VðnÞ

�
=hzi;HqðC�Þ

�
) Hpþq

�
S
�
VðnÞ

�
=hzinSðVðnÞÞ C�

�
:
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If we consider the double complex Dp;q ¼ Pp nSðVðnÞÞ Cq, the previous spectral sequence is
just the spectral sequence of the filtration by columns of D�;�. Hence, the first term of this
spectral sequence is of the form E1

p;q ¼ HqðDp;�Þ ¼ Pp nSðVðnÞÞ HqðC�Þ, since Pp is a free
graded S

�
VðnÞ

�
-modules, for all p. As a consequence, E1

p;q consists of only two columns
p ¼ 0; 1, so a fortiori, E2

p;q vanishes outside the columns p ¼ 0; 1. Hence we obtain a short
exact sequence of graded S

�
VðnÞ

�
-modules provided with homogeneous morphisms of

degree 0 (see [32], Corollary 10.29)

0 ! Tor
SðVðnÞÞ
0

�
S
�
VðnÞ

�
=hzi;HqðC�Þ

�
! Hq

�
S
�
VðnÞ

�
=hzinSðVðnÞÞ C�

�
! Tor

SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hzi;Hq�1ðCÞ

�
! 0;

which proves the lemma. r

Since H2ðC�Þ ¼ 0, the previous lemma implies that

H2

�
ymðnÞ;S

�
VðnÞ

�
=hzi

�
¼ H2

�
S
�
VðnÞ

�
=hzinSðVðnÞÞ C�

�
FTor

SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hzi;H1ðC�Þ

�
FTor

SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hzi;WðnÞ

�
:

On the other hand, there is a free graded resolution of the S
�
VðnÞ

�
-module

S
�
VðnÞ

�
=hzi of the form

0 ! S
�
VðnÞ

�
½�d� !�z S

�
VðnÞ

�
! S

�
VðnÞ

�
=hzi ! 0;ð3:13Þ

so the S
�
VðnÞ

�
-module S

�
VðnÞ

�
=hzi has projective dimension less than or equal to 1.

From the previous resolution, we conclude that

Tor
SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hzi;WðnÞ

�
F annWðnÞ½�d�ðzÞ;

where annW ðzÞ ¼ fw A W : z � w ¼ 0g.

We recall that q ¼
Pn
i¼1

x2
i A S

�
VðnÞ

�
. If we set z ¼ q, then d ¼ 2 and we obtain a

homogeneous left S
�
VðnÞ

�
=hqi-linear isomorphism of degree 0 of the form

H2

�
S
�
VðnÞ

�
=hqinSðVðnÞÞ C�

�
FWðnÞ½�2�:

We also have the following result.

Proposition 3.11. Let nf 3. The generators x1; . . . ; xn A S
�
VðnÞ

�
are nonzerodivisors

on WðnÞ.

Proof. Let us now assume that z ¼ xi. By the previous isomorphisms, we have that

H2

�
ymðnÞ;S

�
VðnÞ

�
=hxii

�
FTor

SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hxii;WðnÞ

�
F annWðnÞ½�1�ðxiÞ:

Since we have chosen nf 3, then Hn�1

�
VðnÞ;S

�
VðnÞ

�
=hxii

�
¼ 0.
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Taking into account that q and xi are coprime in S
�
VðnÞ

�
, the map on S

�
VðnÞ

�
=hxii

given by multiplication by q is injective. Proposition 2.7 tells us that

H2

�
ymðnÞ;S

�
VðnÞ

�
=hxii

�
¼ 0:

This in turn implies that annWðnÞðxiÞ ¼ 0, for all i ¼ 1; . . . ; n, so every xi is a nonzerodivisor
on WðnÞ and hence the natural morphism of localization W ðnÞ ! W ðnÞðxiÞ is injective for
all i ¼ 1; . . . ; n. r

We recall that, if A is an N0-graded algebra, the homogeneous morphism of degree 0
given by

deu : A ! A;

a 7! jaja;

where a A A is homogeneous of degree jaj, is a derivation of A, called the Eulerian deriva-

tion.

The following fact is implicit in [26].

Proposition 3.12. Consider q ¼
Pn
i¼1

x2
i A S

�
VðnÞ

�
and A ¼ S

�
VðnÞ

�
=hqi. There is a

short exact sequence of graded A-modules

0 ! WðnÞ ! WA=k !
d 0

eu
Aþ ! 0;ð3:14Þ

where Aþ ¼
L

mf1

Am is the irrelevant ideal of the N0-graded algebra A, WA=k is the module

of Kähler di¤erentials of A over k and d 0
eu is the map induced by the Eulerian derivation

deu : A ! A.

Proof. We know that there is a homogeneous isomorphism

WðnÞ½�2�FH2ðAnSðVðnÞÞ C�Þ

of graded A-modules of degree 0. Inspecting the complex AnSðVðnÞÞ C�, we conclude that

KerðidA n d2Þ ¼
�Pn

i¼1

ai n xi :
Pn

i

aixi ¼ 0

�
;

because

ðidA n d2Þ
�Pn

i¼1

ai n xi

�
¼
Pn

i; j¼1

ðaix
2
j n xi � aixjxi n xjÞ

¼
Pn
i¼1

aiqn xi �
Pn
j¼1

�Pn
i¼1

aixi

�
xj n xj

¼ �
Pn
j¼1

�Pn
i¼1

aixi

�
xj n xj;
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and thus ðidA n d2Þ
�Pn

i¼1

ai n xi

�
¼ 0 if and only if

Pn
i¼1

aixi ¼ 0, for A is a domain. Also,

ImðidA n d3Þ ¼
�Pn

i¼1

axi n xi : a A A

�
:

The second fundamental sequence for the quotient A ¼ S
�
VðnÞ

�
=hqi is

hqi=hqi2 !d AnSðVðnÞÞWSðVðnÞÞ=k !a WA=k ! 0;

where dðqÞ ¼ dq and aðpnSðVðnÞÞ dzÞ ¼ p dz, for z; p A S
�
VðnÞ

�
.

Since WSðVðnÞÞ=k FS
�
VðnÞ

�
nVðnÞ, by the isomorphism zn xi 7! z dxi (see [15],

Example 8.2.1), we derive that, using this identification, ImðdÞ ¼ ImðidA n d3Þ and, more-
over, the map �

AnVðnÞ
�
=ImðidA n d3Þ ! WA=k;

pn xi 7! p dxi;

is a homogeneous A-linear isomorphism of degree 0. In other words, there is a short exact
sequence of graded A-modules

0 ! A½�2� ! AnVðnÞ ! WA=k ! 0;ð3:15Þ

where the first mapping is a 7!
Pn
i¼1

axi n xi. Notice that AnVðnÞF ðA½�1�Þn.

Finally, the morphism given by the inclusion Kerðd2Þ ,! AnVðnÞ induces a map of
graded A-modules W ðnÞFH2ðAnSðVðnÞÞ C�Þ½2� ,!

�
AnVðnÞ

�
=ImðidA n d3ÞFWA=k. It

is readily verified that it provides the first morphism of the short exact sequence of the
proposition. Also, it is clear that the map d 0

eu is an epimorphism and its kernel coincides
with the image of the previous morphism. r

Remark 3.13. Let nf 3. The projective spectrum of the graded k-algebra
A ¼ S

�
VðnÞ

�
=hqi gives an irreducible projective variety X with structure sheaf OX

and the finitely generated graded S
�
VðnÞ

�
=hqi-module WðnÞ provides a coherent sheaf

W ðnÞ@. Proposition 3.11 may be interpreted as stating that the natural morphism
a : WðnÞ ! G�

�
WðnÞ@

�
is in fact injective (see [25], p. 115), a result implicitly used in

[26]. We define MðnÞ ¼ WðnÞ½2�. For reasons that will be clear later, we will prefer to
work with MðnÞ.

Also, from the previous considerations we may derive the following fact mentioned in
[28], Example 4, and in [26]: the sheaf of OX -modules MðnÞ@ is isomorphic to the tangent
sheaf of X . This is proved as follows. We first note that the functor ð�Þ@ is exact. Let
i : X ! P

�
VðnÞ

�
be the inclusion of X in P

�
VðnÞ

�
. Since the functor i� is right exact,

applying i� to the Euler exact sequence for the projective space (see [15], Example 8.20.1,
[19], Proposition 2.4.4), we derive the exact sequence of sheaves of OX -modules

OX ! ðOX ½1�Þn ! i�ðTPðVðnÞÞÞ ! 0;
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where the first map is induced by

A ! ðA½1�Þn;

z 7! ðzx1; . . . ; zxnÞ:

We may compare this exact sequence with the one obtained by applying the functor ð�Þ@
to the short exact sequence (3.15). This implies that W@

A=k F i�ðTPðVðnÞÞÞ½�2�.

On the other hand, we can consider the short exact sequence of the normal fiber
bundle of a subvariety (see [25], p. 150)

0 ! TX ! i�ðTPðVðnÞÞÞ ! NX jPðVðnÞÞ ! 0;

where NX jPðVðnÞÞ ¼ HomOX
ðI=I2;OX Þ denotes the normal fiber bundle associated to the

inclusion i : X ! P
�
VðnÞ

�
and I ¼ hqi@ is the sheaf of ideals of OPðVðnÞÞ which defines X .

In this case, we have the following chain of isomorphisms

NX jPðVðnÞÞ ¼ HomOX
ðI=I2;OX ÞF

�
HomAðhqi=hqi2;AÞ

�@
F ðA½2�Þ@¼ OX ½2�;

where the penultimate isomorphism is induced by the A-linear isomorphism

HomAðhqi=hqi2;AÞ !F A½2�

given by f 7! f ðqÞ. Also, the last map in the previous short exact sequence is induced
by d 0

eu. Hence, TX FWðnÞ½2�@FMðnÞ@.

The previous results allow us to give a geometrical interpretation of MðnÞ as the
tangent bundle over X . Moreover, since X has a transitive action of SOðnÞ, it becomes
a homogeneous space SOðnÞ=P, for some parabolic subgroup P with Lie algebra
pF

�
soðn � 2Þ � k

�
zVðn � 2Þ, where Vðn � 2Þ is an abelian Lie algebra within soðn � 2Þ

acts by the standard representation and k acts diagonally. Both the tangent bundle MðnÞ@
and the tautological line bundle OX ½�1� are homogeneous vector bundles associated
to some irreducible representations of lowest weight �l over p, so we may apply the
Borel–Weil–Bott Theorem in order to compute H �ðX ;EÞ, for E equal to MðnÞ½i�@ or�
MðnÞ@nOX

MðnÞ@
�
½i�. Amazingly, this gives plenty of information about the module

MðnÞ: it allows us to prove that the natural morphism a : MðnÞ ! G�
�
MðnÞ@

�
is an

isomorphism for nf 4 and also gives a complete description in case n ¼ 3, to compute
the groups TorSðVðnÞÞ

�
�
MðnÞ;MðnÞ

�
, etc. We shall not pursue these ideas in this article, since

we shall replace them by shorter algebraic considerations. We refer to [16] and references
therein for a complete description of the previous geometrical insight. r

3.4. Homological properties of W(n).

3.4.1. Generalities. Let R and S be two k-algebras, X a right R-module, Y an
R-S-bimodule and Z a left S-module. If Q� !! X and P� !! Z are corresponding projec-
tive resolutions, we can consider the second term of the base-change spectral sequence
E2

p;q ¼ TorR
p

�
X ;TorS

q ðY ;ZÞ
�
, given by the filtration by rows of the double complex
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Cp;q ¼ Qq nR Y nS Pp. If Y is a flat R-module, it converges to TorS
� ðX nR Y ;ZÞ (see [32],

Theorem 10.59).

We shall consider the previous spectral sequence for the case R ¼ S
�
VðnÞ

�
,

S ¼ YMðnÞ, Y ¼ S
�
VðnÞ

�
, Z ¼ k and any graded S

�
VðnÞ

�
-module X , given by

E2
p;q ¼ TorSðVðnÞÞ

p

�
X ;TorYMðnÞ

q

�
S
�
VðnÞ

�
; k
��

) Tor
YMðnÞ
pþq ðX ; kÞ:

Notice that Tor
YMðnÞ
pþq ðX ; kÞFHpþq

�
ymðnÞ;X

�
.

Remark 3.14. We choose

Q� ¼ L�VðnÞnX nS
�
VðnÞ

�
¼ C�

�
VðnÞ;X nS

�
VðnÞ

��
:

It is easily verified that it is indeed a projective resolution of the right S
�
VðnÞ

�
-module X .

On the other side, we choose P� as the Koszul resolution (2.6) of the left YMðnÞ-module k.

In this case, the base-change spectral sequence is given by the filtration by rows of the
double complex

Cp;q ¼ Qq nSðVðnÞÞ S
�
VðnÞ

�
nYMðnÞ Ppð3:16Þ

FLqVðnÞnX nCp

�
YMðnÞ;S

�
VðnÞ

��
;

with vertical di¤erential d CE
� n idYMðnÞ !�

, where we consider the action of VðnÞ on

X nS
�
VðnÞ

�
, and with horizontal di¤erential idL�VðnÞnX n d�, with d� the di¤erential of

C�
�
YMðnÞ;S

�
VðnÞ

��
. r

On the other hand, since TorYMðnÞ
q

�
S
�
VðnÞ

�
; k
�
FHq

�
ymðnÞ;S

�
VðnÞ

��
and using

[17], Propositions 3.5 and 3.6, we have the equivariant S
�
VðnÞ

�
-linear isomorphisms

TorYMðnÞ
�

�
S
�
VðnÞ

�
; k
�
F

k; if � ¼ 0;
W ðnÞ; if � ¼ 1;

0; else.

8<
:

Thus, our spectral sequence has only two nonzero rows

E2
p;0 FTorSðVðnÞÞ

p ðX ; kÞFHp

�
VðnÞ;X

�
ð3:17Þ

and

E2
p;1 FTorSðVðnÞÞ

p

�
X ;W ðnÞ

�
FHp

�
VðnÞ;X nWðnÞ

�
:ð3:18Þ

The last isomorphism follows from the usual fact that TorUðgÞ
� ðM;NÞFH�ðg;M nNÞ

(see [6], Chapter XI, Proposition 9.2).

Furthermore, since the spectral sequence has only two rows, it gives a long exact
sequence of the form (see [32], Proposition 10.28)
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! Hp

�
ymðnÞ;X

�
! Hp

�
VðnÞ;X

�
! Hp�2

�
VðnÞ;X nWðnÞ

�
ð3:19Þ

! Hp�1

�
ymðnÞ;X

�
! Hp�1

�
VðnÞ;X

�
! Hp�3

�
VðnÞ;X nWðnÞ

�
! � � �

! H2

�
ymðnÞ;X

�
! H2

�
VðnÞ;X

�
! H0

�
VðnÞ;X nWðnÞ

�
! H1

�
ymðnÞ;X

�
! H1

�
VðnÞ;X

�
! 0;

and the isomorphism H0

�
ymðnÞ;X

�
FH0

�
VðnÞ;X

�
.

However, since YMðnÞ has global dimension equal to 3, Hp

�
ymðnÞ;X

�
¼ 0, if pf 4.

This implies that

Hpþ1

�
VðnÞ;X

�
FHp�1

�
VðnÞ;X nWðnÞ

�
;ð3:20Þ

for pf 4.

Remark 3.15. As for the long exact sequence, we may write the previous spectral
sequence using the identification TorUðgÞ

� ðM;NÞFH�ðg;M nNÞ. In this case, it is easy
to see that the spectral sequence coincides with the Hochschild–Serre spectral sequence
Hp

�
VðnÞ;Hq

�
tymðnÞ;X

��
) Hpþq

�
ymðnÞ;X

�
, for X a VðnÞ-module. However, we point

out some di¤erences. First, the Hochschild–Serre spectral sequence may also be used
when X is a ymðnÞ-module. Second, the base-change spectral sequence has further structure
since it lives in the category of (graded) S

�
VðnÞ

�
-modules, whereas

TorSðVðnÞÞ
�

�
X ;W ðnÞ

�
FH�

�
VðnÞ;X nWðnÞ

�
only holds as k-modules (and also as homogeneous soðnÞ-modules when X is an equi-
variant S

�
VðnÞ

�
-module). That the base-change spectral sequence can be considered in

the category of (graded) S
�
VðnÞ

�
-modules comes from the fact that the considered modules

are provided with an action of S
�
VðnÞ

�
which commutes with all other actions. r

We shall be mostly interested in the case that X is given by the equivariant S
�
VðnÞ

�
-

module WðnÞni, for i A N0, which is an equivariant S
�
VðnÞ

�
-module provided with the

diagonal action. It is readily verified that, if X ¼ WðnÞni, all previously considered mor-
phisms are in fact homogeneous of degree 0 and soðnÞ-linear. For the rest of this subsec-
tion, all morphisms will also be soðnÞ-linear, unless we say the opposite.

The long exact sequence (3.19) for X ¼ WðnÞni becomes

! Hp

�
ymðnÞ;WðnÞni

�
! Hp

�
VðnÞ;WðnÞni

�
! Hp�2

�
VðnÞ;WðnÞnðiþ1Þ�ð3:21Þ

! Hp�1

�
ymðnÞ;WðnÞni

�
! Hp�1

�
VðnÞ;W ðnÞni

�
! Hp�3

�
VðnÞ;WðnÞnðiþ1Þ�! � � �

! H2

�
ymðnÞ;WðnÞni

�
! H2

�
VðnÞ;WðnÞni

�
! H0

�
VðnÞ;WðnÞnðiþ1Þ�

! H1

�
ymðnÞ;WðnÞni

�
! H1

�
VðnÞ;WðnÞni

�
! 0;

and we obtain the isomorphism H0

�
ymðnÞ;WðnÞni�FH0

�
VðnÞ;WðnÞni�.
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Also, the isomorphisms (3.20) tell us that

Hpþ1

�
VðnÞ;WðnÞni

�
FHp�1

�
VðnÞ;WðnÞnðiþ1Þ�;ð3:22Þ

for pf 4 and i A N0.

In fact, a stronger statement relating these homology groups holds.

Theorem 3.16. Let nf 3 and if 1. There is a long exact sequence of soðnÞ-modules

and homogeneous soðnÞ-equivariant morphisms

0 ! H3

�
VðnÞ;WðnÞni

�
!
S 0

i
H1

�
VðnÞ;WðnÞnðiþ1Þ�!B 0

i
H2

�
ymðnÞ;W ðnÞni

�
!
I 0

i
H2

�
VðnÞ;WðnÞni�!Si

H0

�
VðnÞ;WðnÞnðiþ1Þ�!Bi

H1

�
ymðnÞ;W ðnÞni�

!Ii
H1

�
VðnÞ;WðnÞni�! 0;

and a collection of homogeneous soðnÞ-equivariant isomorphisms

H0

�
ymðnÞ;WðnÞni

�
FH0

�
VðnÞ;W ðnÞni

�
and

H0

�
VðnÞ;WðnÞ

�
FL2VðnÞ; H1

�
VðnÞ;WðnÞ

�
FL3VðnÞlVðnÞ½�2�;

H2

�
VðnÞ;W ðnÞ

�
FL4VðnÞl k½�4�; Hp

�
VðnÞ;W ðnÞni�FLpþ2iVðnÞ; for pf 2;

where in the last isomorphism we exclude the case p ¼ 2 and i ¼ 1.

Proof. Let us first suppose that i ¼ 0, so WðnÞni F k. From the fact that
H4

�
ymðnÞ;W ðnÞni

�
vanishes, we have the following exact sequence:

0 ! H4

�
VðnÞ; k

�
! H2

�
VðnÞ;W ðnÞ

�
! H3

�
ymðnÞ; k

�
! H3

�
VðnÞ; k

�
! H1

�
VðnÞ;WðnÞ

�
! H2

�
ymðnÞ; k

�
! H2

�
VðnÞ; k

�
! H0

�
VðnÞ;W ðnÞ

�
! H1

�
ymðnÞ; k

�
! H1

�
VðnÞ; k

�
! 0:

On the other hand, the isomorphisms Hp

�
VðnÞ; k

�
FLpVðnÞ, obtained from the

Chevalley–Eilenberg complex, and

H0

�
ymðnÞ; k

�
F k; H1

�
ymðnÞ; k

�
FVðnÞ;

H2

�
ymðnÞ; k

�
FVðnÞ½�2�; H3

�
ymðnÞ; k

�
F k½�4�;

which follow from the Koszul complex (2.8), imply that H0

�
VðnÞ;WðnÞ

�
FL2VðnÞ and

the following short exact sequences:

0 ! L4VðnÞ ! H2

�
VðnÞ;WðnÞ

�
! k½�4� ! 0
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and

0 ! L3VðnÞ ! H1

�
VðnÞ;WðnÞ

�
! VðnÞ½�2� ! 0:

Note that we have used that the maps

H2

�
ymðnÞ; k

�
! H2

�
VðnÞ; k

�
and H3

�
ymðnÞ; k

�
! H3

�
VðnÞ; k

�
vanish, since they are soðnÞ-linear maps between di¤erent irreducible representations.

Since Hp

�
ymðnÞ; k

�
¼ 0, for all pf 4 and Hp

�
VðnÞ; k

�
FLpVðnÞ, there are isomor-

phisms

Hp

�
VðnÞ;W ðnÞ

�
FLpþ2VðnÞ; for all pf 3:ð3:23Þ

Let us now assume that if 1.

We shall first prove the following proposition.

Proposition 3.17. If nf 3 and j A N, then Hp

�
VðnÞ;W ðnÞnj� ¼ 0, for pf n, and, in

consequence, H3

�
ymðnÞ;WðnÞnj

�
¼ 0, for j A N.

Proof. The second statement follows directly from the first one, since by Proposition
2.7, there is an isomorphism Hn

�
VðnÞ;W ðnÞnj

�
FH3

�
ymðnÞ;WðnÞnj

�
.

Let us prove the first one, proceeding by induction on j.

Assume that j ¼ 1. In this case, using (3.20) for i ¼ 0 we obtain that there is an isomor-
phism Hpþ1

�
VðnÞ; k

�
FHp�1

�
VðnÞ;WðnÞ

�
, for pf 4, so Hp

�
VðnÞ;WðnÞ

�
FLpþ2VðnÞ,

for pf 3. Then Hp

�
VðnÞ;WðnÞ

�
¼ 0, for pf n.

Supposing that the proposition holds for j � 1, we will prove it for j. In this case, the
isomorphism (3.20) for i ¼ j � 1 implies that

Hpþ1

�
VðnÞ;WðnÞnð j�1Þ�FHp�1

�
VðnÞ;W ðnÞnj�; for pf 4:

Hence Hp

�
VðnÞ;WðnÞnj

�
FHpþ2

�
VðnÞ;WðnÞnð j�1Þ� ¼ 0, for pf n. The proposition is

then proved. r

As a consequence of the previous proposition, H3

�
ymðnÞ;WðnÞni

�
¼ 0 if if 1, and

we obtain an exact sequence

0 ! H3

�
VðnÞ;WðnÞni

�
! H1

�
VðnÞ;WðnÞnðiþ1Þ�! H2

�
ymðnÞ;W ðnÞni

�
! H2

�
VðnÞ;WðnÞni

�
! H0

�
VðnÞ;WðnÞnðiþ1Þ�

! H1

�
ymðnÞ;WðnÞni�! H1

�
VðnÞ;WðnÞni�! 0:
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The vanishing of H�
�
ymðnÞ;W ðnÞni

�
, for �f 3, yields the isomorphisms

Hp

�
VðnÞ;WðnÞnðiþ1Þ�FHpþ2

�
VðnÞ;WðnÞni

�
; for pf 2:

By induction, it turns out that Hp

�
VðnÞ;WðnÞnj� is isomorphic to Hpþ2ð j�1Þ

�
VðnÞ;WðnÞ

�
,

for all pf 2, j f 2. Using (3.23), we see that Hp

�
VðnÞ;WðnÞnj

�
FLpþ2jVðnÞ, in case

pf 2 and j f 2. We may summarize the previous information as follows:

Hp

�
VðnÞ;WðnÞni

�
FLpþ2iVðnÞ

if pf 2 and i f 1, except in case p ¼ 2 and i ¼ 1. This completes the proof of the theorem.
r

The following remark describes some of the morphisms appearing in the exact
sequence of Theorem 3.16.

Remark 3.18. If if 1, the maps S 0
i and Si in the theorem coincide with the di¤er-

entials d 2
3;0 and d 2

2;0 of the second term of the base-change spectral sequence, resp. and the

isomorphisms Hp

�
VðnÞ;W ðnÞni�! Hp�2

�
VðnÞ;W ðnÞnðiþ1Þ� for pf 4 coincide with the

di¤erentials d 2
p;0.

If i ¼ 0, the injections L4VðnÞ ,! H2

�
VðnÞ;WðnÞ

�
and L3VðnÞ ,! H1

�
VðnÞ;WðnÞ

�
coincide with d 2

4;0 and d 2
3;0, respectively. Also, the family of isomorphisms

Hp

�
VðnÞ;WðnÞni�! Hp�2

�
VðnÞ;WðnÞnðiþ1Þ� for pf 5

coincides with di¤erentials d 2
p;0.

On the other hand, the total complex of the double complex (3.16) for X ¼ WðnÞni,
which may be rewritten as

iCp;q ¼ LqVðnÞnW ðnÞni nCp

�
YMðnÞ;S

�
VðnÞ

��
;

is quasi-isomorphic to C�
�
YMðnÞ;WðnÞni�, and the quasi-isomoprhism is given by the

map

Totð iC�;�Þ ! C�
�
YMðnÞ;WðnÞni

�
ð3:24Þ

induced by the projection

iC�;0 ¼ W ðnÞni nC�
�
YMðnÞ;S

�
VðnÞ

��
! C�

�
YMðnÞ;WðnÞni

�
ð3:25Þ

given by the action of S
�
VðnÞ

�
on WðnÞni, i.e. wn zn v 7! wzn v, if zn v belongs

to C1

�
YMðnÞ;S

�
VðnÞ

��
or C2

�
YMðnÞ;S

�
VðnÞ

��
(w A WðnÞni, z A S

�
VðnÞ

�
and v A VðnÞ);

and wn z 7! wz, if z belongs to C0

�
YMðnÞ;S

�
VðnÞ

��
or C3

�
YMðnÞ;S

�
VðnÞ

��
(w A W ðnÞni

and z A S
�
VðnÞ

�
). From this quasi-isomorphism, the maps Bi and B 0

i appearing in Theorem
3.16 can be described as follows. As it is usual, identifying E2

p;q with subquotients of
Totð iC�;�Þ, the mappings Bi and B 0

i are induced by the composition of the inclusion and
the quasi-isomorphism (3.24) (see [32], Theorem 10.31).
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Finally, let us describe the morphism Ii : H1

�
ymðnÞ;W ðnÞni

�
! H1

�
VðnÞ;W ðnÞni

�
.

In order to do so, we recall that, if E is a VðnÞ-module, the Lie algebra morphism
p : ymðnÞ ! VðnÞ given by the canonical projection induces a morphism of complexes
C�
�
ymðnÞ;E

�
! C�

�
VðnÞ;E

�
. This in turn induces a morphism in the homology groups

H�
�
ymðnÞ;E

�
! H�

�
VðnÞ;E

�
. In particular, there is a map H1

�
ymðnÞ;E

�
! H1

�
VðnÞ;E

�
,

induced by idE n p.

On the other hand, from the comparison of resolutions achieved at the end of Sub-
section 2.2, we see that the map idE n inc : E nVðnÞ ! E n ymðnÞ induces an isomor-
phism H1

�
ymðnÞ;E

�
! H1

�
ymðnÞ;E

�
. Therefore, if we choose as representatives of the

homology H1

�
ymðnÞ;E

�
the cycles of C1

�
YMðnÞ;E

�
, and as representatives of the homo-

logy H1

�
VðnÞ;E

�
the cycles of C1

�
VðnÞ;E

�
, the mapping H1

�
ymðnÞ;E

�
! H1

�
VðnÞ;E

�
induced by the identity idEnVðnÞ coincides with the one induced by idE n p. By [32],

Theorem 10.31, if we choose as representatives of the homology H1

�
ymðnÞ;WðnÞni

�
the

cycles of C1

�
YMðnÞ;W ðnÞni

�
, and as representatives of the homology H1

�
VðnÞ;W ðnÞni

�
the cycles of C1

�
VðnÞ;W ðnÞni

�
, the map Ii is induced by the identity idWðnÞninVðnÞ. This

shows that Ii also coincides with the morphism induced by idWðnÞni n p. r

Proposition 3.19. Let nf 3. The morphism

S1 : H2

�
VðnÞ;W ðnÞ

�
! H0

�
VðnÞ;WðnÞn2�

is an injection. By exactness of the sequence of Theorem 3.16, B 0
1 is surjective and I 0

1 ¼ 0.

Proof. We proceed by inspection on the morphisms at the level of the double com-
plex which defines the base-change spectral sequence.

In the first place, from the double complex (3.16), Remark 3.18 and standard compu-
tations on a second term spectral sequence, the morphism

L4VðnÞ ¼ H4

�
VðnÞ; k

�
,! H2

�
VðnÞ;WðnÞ

�
is induced by

xi15xi25xi35xi4 7!
P

s AS4

eðsÞxisð1Þ5xisð2Þ n ½xisð3Þ ; xisð4Þ �;

where the image element is a cycle in L2VðnÞnWðnÞ.

Also, the element

P
1ei< jen

xi5xj n ½xi; xj� A L2VðnÞnWðnÞ

is a non-trivial cycle, since it is the image of the cycle

�
0;

P
1ei< jen

xi5xj n ðxi n xj � xj n xiÞ;
Pn
i¼1

xi n 1n xi;�1n 1n 1

�
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in the degree 3 component of the total complex of the double complex (3.16) for i ¼ 0. This
element does not vanish in the homology of the total complex, since �1n 1n 1 cannot be
in the image of the vertical di¤erential by degree reasons. Moreover, the image of this
element in H3

�
ymðnÞ; k

�
F k is �1.

We conclude that a basis for H2

�
VðnÞ;WðnÞ

�
is given by the set of classes of the

following collection of cycles� P
s AS4

eðsÞxisð1Þ5xisð2Þ n ½xisð3Þ ; xisð4Þ � : 1e i1 < i2 < i3 < i4 e n

�
ð3:26Þ

W

� P
1ei< jen

xi5xj n ½xi; xj�
�
:

By standard computations on a second term spectral sequence, the morphism from
H2

�
VðnÞ;WðnÞ

�
to H0

�
VðnÞ;WðnÞn2� satisfies thatP

s AS4

eðsÞxisð1Þ5xisð2Þ n ½xisð3Þ ; xisð4Þ � 7!
P

s AS4

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �;

P
1ei< jen

xi5xj n ½xi; xj� 7!
P

1ei< jen

½xi; xj�n ½xi; xj�;

for all 1e i1 < i2 < i3 < i4 e n and it is not hard to check that these image elements are
linearly independent in L2VðnÞnL2VðnÞ.

Since WðnÞ is a graded S
�
VðnÞ

�
-module and WðnÞ2 ¼ L2VðnÞ, it turns out that�

W ðnÞnWðnÞ
�

4
¼ L2VðnÞnL2VðnÞ is the non-trivial homogeneous component of

lowest degree. Notice that the image of the basis (3.26) of H2

�
VðnÞ;W ðnÞ

�
is in fact

included in
�
W ðnÞnWðnÞ

�
4

and this implies that S1 is an injection. r

Let us suppose that nf 3 and if 2. The action of q ¼
Pn
i¼1

xi n xi on WðnÞni is given

by the coproduct of YMðnÞ, so in order to make it explicit we will compute DðiÞðqÞ, which is
of the form

DðiÞðqÞ ¼
Pi�1

p¼0

1np

YMðnÞn qn 1
nði�p�1Þ
YMðnÞ þ 2

P
p;q AN0

pþqei�2

1np

YMðnÞn xl n 1nq

YMðnÞ n xl n 1
nði�p�q�2Þ
YMðnÞ :

Proposition 3.20. If nf 3 and if 2, then q is nonzerodivisor on the S
�
VðnÞ

�
-module

W ðnÞni
.

Proof. We recall that TorSðVðnÞÞ
p ðY ;Y 0ÞFTorSðVðnÞÞ

p ðk;Y nY 0Þ, where Y nY 0 has
the diagonal action.

We first notice that
�
S
�
VðnÞ

�
=hqi

�ni
is an algebra with the usual structure and that

the hypothesis on n implies that q A S
�
VðnÞ

�
is irreducible and hence S

�
VðnÞ

�
=hqi is a

domain. Since k is algebraically closed and S
�
VðnÞ

�
=hqi is a finitely generated integral

domain,
�
S
�
VðnÞ

�
=hqi

�ni
is in fact a finitely generated integral domain (see [7], Theorem

14.1.5).

108 Herscovich and Solotar, Hochschild and cyclic homology of Yang–Mills algebras

Bereitgestellt von | Universitaetsbibliothek Bielefeld (Universitaetsbibliothek Bielefeld)
Angemeldet | 172.16.1.226

Heruntergeladen am | 28.04.12 15:32



The action of q A S
�
VðnÞ

�
on
�
S
�
VðnÞ

�
=hqi

�ni
is given by multiplication by the non-

zero element

2
P

p;q AN0

pþqei�2

1
np

SðVðnÞÞ=hqi n xl n 1
nq

SðVðnÞÞ=hqi n xl n 1
nði�p�q�2Þ
SðVðnÞÞ=hqi A

�
S
�
VðnÞ

�
=hqi

�ni
;

and this shows that q is a nonzerodivisor on
�
S
�
VðnÞ

�
=hqi

�ni
.

We claim that TorSðVðnÞÞ
p

��
S
�
VðnÞ

�
=hqi

�na
; k
�

vanishes for pf 2 and a A N. In
order to prove this result, we proceed as follows. The case a ¼ 1 has already been analyzed,
since the projective resolution (3.13) implies that S

�
VðnÞ

�
=hqi has projective dimension 1.

If a > 1, then

TorSðVðnÞÞ
p

��
S
�
VðnÞ

�
=hqi

�na
; k
�
FTorSðVðnÞÞ

p

��
S
�
VðnÞ

�
=hqi

�nða�1Þ
;S
�
VðnÞ

�
=hqi

�
;

and the latter homology group vanishes, since S
�
VðnÞ

�
=hqi has projective dimension 1.

Our claim implies that the bounded below graded S
�
VðnÞ

�
-module

�
S
�
VðnÞ

�
=hqi

�na
has

projective dimension 1 for all a A N (see [2], Proposition 2.3 and Corollary 2.4).

We will next prove that

Hn�1

�
VðnÞ;

�
S
�
VðnÞ

�
=hqi

�na
nWðnÞnb� ¼ 0ð3:27Þ

and

Hn

�
VðnÞ;

�
S
�
VðnÞ

�
=hqi

�na
nWðnÞnb

�
¼ 0;ð3:28Þ

for all a; b A N0 such that a þ b ¼ i. The case a ¼ 0 follows directly from Theorem 3.16. Let
us now assume that a A N. Since

Hp

�
VðnÞ;

�
S
�
VðnÞ

�
=hqi

�na
nWðnÞnb�FTorSðVðnÞÞ

p

�
k;
�
S
�
VðnÞ

�
=hqi

�na
nW ðnÞnb�

FTorSðVðnÞÞ
p

��
S
�
VðnÞ

�
=hqi

�na
;W ðnÞnb�;

it su‰ces to show that this last homology group vanishes for p ¼ n � 1 and p ¼ n. This is
indeed the case, since, as explained before, the projective dimension of the graded S

�
VðnÞ

�
-

module
�
S
�
VðnÞ

�
=hqi

�na
is 1.

In view of the form of the projective resolution (3.13), annWðnÞni½�2�ðqÞ is isomorphic

to the homology group Tor
SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hqi;WðnÞni

�
, so it su‰ces to show that this

last group vanishes in order to prove the proposition. In fact we will prove a stronger state-
ment asserting that, for every a; b A N0 such that i ¼ a þ bf 2, the homology group

Tor
SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hqi;

�
S
�
VðnÞ

�
=hqi

�na
nW ðnÞnb

�
F annðSðVðnÞÞ=hqinanWðnÞnbÞ½�2�ðqÞ

vanishes, holds. The case a ¼ i and b ¼ 0 follows directly since q is a nonzerodivisor on�
S
�
VðnÞ

�
=hqi

�ni
, as previously stated.
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Let us now assume that if 2. We shall proceed by induction on b. The case b ¼ 0
(so a ¼ i) has already been proved.

Let us assume that Tor
SðVðnÞÞ
1

�
S
�
VðnÞ

�
=hqi;

�
S
�
VðnÞ

�
=hqi

�nði� jÞ
nW ðnÞnj

�
van-

ishes for j ¼ 0; . . . ; b � 1 < i, where bf 1. We shall prove that it also vanishes for
j ¼ be i.

Since

Tor
SðVÞ
1

SðVÞ
hqi

;
SðVÞ
hqi

� �nði�bÞ
nWnb

 !
FTor

SðVÞ
1

SðVÞ
hqi

� �nðiþ1�bÞ
nWnðb�1Þ;W

 !
;

where we have omitted the index n, it su‰ces to prove that the last homology group
vanishes.

By the inductive hypothesis, q is a nonzerodivisor on�
S
�
VðnÞ

�
=hqi

�nðiþ1�bÞ
nW ðnÞnðb�1Þ;

so Proposition 2.7 implies that

H2 ymðnÞ; SðVÞ
hqi

� �nðiþ1�bÞ
nWðnÞnðb�1Þ

 !

FHn�1 VðnÞ; SðVÞ
hqi

� �nðiþ1�bÞ
nWðnÞnðb�1Þ

 !
:

Also, the same proposition tells us that

H3 ymðnÞ; SðVÞ
hqi

� �nðiþ1�bÞ
nWðnÞnðb�1Þ

 !
FHn VðnÞ; SðVÞ

hqi

� �nðiþ1�bÞ
nWðnÞnðb�1Þ

 !
:

Isomorphisms (3.27) and (3.28) imply that the previous homology groups vanish. Using the
previous computations and the exact sequence (3.19) for

X ¼
�
S
�
VðnÞ

�
=hqi

�nðiþ1�bÞ
nWðnÞnðb�1Þ;

we conclude that

H1

�
VðnÞ;X nWðnÞ

�
FH3

�
VðnÞ;X

�
:

Isomorphisms (3.20) tell us that H3

�
VðnÞ;X

�
is isomorphic to

H3þ2ðb�1Þ
�
VðnÞ;

�
S
�
VðnÞ

�
=hqi

�ni�
;

which vanishes, since
�
S
�
VðnÞ

�
=hqi

�ni
has projective dimension 1. The proposition is thus

proved. r
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From the proposition we obtain the following corollary.

Corollary 3.21. If nf 3 and if 2, then H2

�
ymðnÞ;WðnÞni

�
¼ 0.

Proof. Since q is a nonzerodivisor on W ðnÞni by Proposition 3.20 and

Hn�1

�
VðnÞ;W ðnÞni

�
¼ 0

by Theorem 3.16, Proposition 2.7 yields that H2

�
ymðnÞ;WðnÞni� ¼ 0. r

3.4.2. The minimal projective resolution of W(n) and other results. We define
MðnÞ ¼ WðnÞ½2�. We shall focus ourselves on MðnÞ instead of WðnÞ because of the follow-
ing homological properties (see also Remark 3.13).

Proposition 3.22. The N0-graded S
�
VðnÞ

�
-module MðnÞ is Koszul, i.e.

TorSðVðnÞÞ
p

�
MðnÞ; k

�
is concentrated in degree p, for all p A N0.

Proof. Let us first consider n ¼ 2. Since Wð2ÞF k½�2� (see Proposition 3.1) and
S
�
Vð2Þ

�
is a Koszul algebra (where the Chevalley–Eilenberg resolution of the Lie VðnÞ-

module k coincides with the Koszul resolution), Mð2Þ is a Koszul S
�
Vð2Þ

�
-module.

Let now nf 3. Taking into account that TorSðVðnÞÞ
p

�
MðnÞ; k

�
FHp

�
VðnÞ;MðnÞ

�
, the

proposition follows from Theorem 3.16 since it implies that

H0

�
VðnÞ;MðnÞ

�
FH0

�
VðnÞ;WðnÞ

�
½2�F

�
L2VðnÞ

�
½2�;

H1

�
VðnÞ;MðnÞ

�
FH1

�
VðnÞ;WðnÞ

�
½2�F

�
L3VðnÞ

�
½2�lVðnÞ;

H2

�
VðnÞ;MðnÞ

�
FH2

�
VðnÞ;WðnÞ

�
½2�F

�
L4VðnÞ

�
½2�l k½�2�;

Hp

�
VðnÞ;MðnÞ

�
FHp

�
VðnÞ;WðnÞ

�
½2�F

�
Lpþ2VðnÞ

�
½2�;

for pf 3. r

As explained in [2], Proposition 2.3, the minimal projective resolution P
�
MðnÞ

�
� of

the graded S
�
VðnÞ

�
-module MðnÞ for nf 3 has the form:

0 ! S
�
VðnÞ

�
nTorSðVðnÞÞ

n

�
MðnÞ; k

�
ð3:29Þ

! S
�
VðnÞ

�
nTor

SðVðnÞÞ
n�1

�
MðnÞ; k

�
! � � �

! S
�
VðnÞ

�
nTor

SðVðnÞÞ
1

�
MðnÞ; k

�
! S

�
VðnÞ

�
nTor

SðVðnÞÞ
0

�
MðnÞ; k

�
! MðnÞ ! 0:

This in turn implies that, if N is another N0-graded S
�
VðnÞ

�
-module, then

Tor
SðVðnÞÞ
i

�
MðnÞ;N

�
has homogeneous components of internal degree greater than or equal

to i.
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We shall find a di¤erential d P
� for the previous resolution (3.29). In order to do so,

let us consider the Chevalley–Eilenberg complex R
�
MðnÞ

�
� ¼

�
C�
�
VðnÞ;S

�
VðnÞ

��
; d CE

�
�

for the regular module S
�
VðnÞ

�
. It is acyclic in positive degrees since its homology is

H�
�
VðnÞ;S

�
VðnÞ

��
¼ 0 for �f 1. Notice that R

�
MðnÞ

�
�þ2

is a graded vector subspace of

S
�
VðnÞ

�
nTorSðVðnÞÞ

�
�
MðnÞ; k

�
for � A N0.

We define d P
� of the minimal projective resolution of MðnÞ as follows. If

v A R
�
MðnÞ

�
pþ2

, for pf 1, we take d P
p ðvÞ ¼ d CE

pþ2ðvÞ. Let us denote fe1; . . . ; eng a basis of

VðnÞLH1

�
VðnÞ;MðnÞ

�
and fcg a basis of k½�2�LH2

�
VðnÞ;MðnÞ

�
; given z A S

�
VðnÞ

�
.

We set

d P
2 ðzn cÞ ¼

Pn
j¼1

zxj n ej;ð3:30Þ

d P
1 ðzn eiÞ ¼

Pn
j¼1

zxj n xj5xi:ð3:31Þ

The di¤erential d P
� , for � A N, is given extending k-linearly.

Finally, the augmentation morphism d P
0 : P

�
MðnÞ

�
0
! MðnÞ is given by

d P
0 ðzn xi5xjÞ ¼ z:½xi; xj�:ð3:32Þ

By Corollary 3.7, MðnÞ is a finitely generated S
�
VðnÞ

�
-module with set of generators

f½xi; xj� : 1e i < j e ng, so d P
0 is surjective.

It is readily verified that d P
� is a homogeneous S

�
VðnÞ

�
-linear and soðnÞ-equivariant

map of degree 0 and d P
p � d P

pþ1 ¼ 0, for all p A N0.

Furthermore, we will now prove that the complex P
�
MðnÞ

�
� is acyclic in positive

degrees and hence a resolution of MðnÞ. On the one hand, since

H�
�
P
�
MðnÞ

��
¼ H�þ2

�
R
�
MðnÞ

��
; for �f 3;

the exactness of P
�
MðnÞ

�
�, for �f 3 is direct. The case � ¼ 2 is also direct, for the di¤er-

ential given in (3.30) is injective. The other cases, i.e. � ¼ 0; 1, can be checked as follows.

For � ¼ 1, let us consider z ¼ z 0 þ z 00 A Kerðd P
1 Þ with

z 0 ¼
P

1ei1<i2<i3en

zði1; i2; i3Þn xi15xi25xi3 A S
�
VðnÞ

�
n
�
L3VðnÞ

�
½2�;

z 00 ¼
Pn
i¼1

zi n ei A S
�
VðnÞ

�
nVðnÞ;

and thus d P
1 ðz 00Þ A Imðd CE

3 Þ. Since Imðd CE
3 Þ ¼ Kerðd CE

2 Þ, we see that

0 ¼ d CE
2

�
d P

1 ðz 00Þ
�
¼

P
1ei; jen

ðzix
2
j n xi � zixixj n xjÞ:
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Therefore, it turns out that d CE
2 � d P

1 jSðVðnÞÞnVðnÞ ¼ d2, where d2 is the di¤erential of the

complex C�
�
YMðnÞ;S

�
VðnÞ

��
given by (2.8) and z 00 A S

�
VðnÞ

�
nVðnÞ belongs to the

kernel of d2. By [17], Proposition 3.5, H2

�
ymðnÞ;S

�
VðnÞ

��
¼ 0 and, as a consequence,

there is a w A S
�
VðnÞ

�
such that z 00 ¼ d1ðwÞ ¼ d P

2 ðwn cÞ, so the complex P
�
MðnÞ

�
� is

exact in degree 1.

The only condition left to prove for P
�
MðnÞ

�
� to be a resolution of MðnÞ is that

Kerðd P
0 Þ ¼ Imðd P

1 Þ. We start observing that the diagram

S
�
VðnÞ

�
nL2VðnÞ 			!d P

0
MðnÞ???yd CE

2

???yF

Kerðd1Þ 			!p Kerðd1Þ=Imðd2Þ

is commutative, where p is the canonical projection and F is the isomorphism of Prop-

osition 3.6. Then, given w A S
�
VðnÞ

�
nL2VðnÞ, w A Kerðd P

0 Þ if and only if there exists
w 0 A S

�
VðnÞ

�
nVðnÞ such that d CE

2 ðwÞ ¼ d2ðw 0Þ. Taking into account that

d2 ¼ d CE
2 � d P

1 jSðVðnÞÞnVðnÞ;

it turns out that d CE
2 ðwÞ ¼ d CE

2

�
d P

1 ðw 0Þ
�
, or, equivalently,

w � d P
1 ðw 0Þ A Kerðd CE

2 Þ ¼ Imðd CE
3 Þ:

The fact that d CE
3 ¼ d P

1 jRðMðnÞÞ3
yields that Kerðd P

0 Þ ¼ Imðd P
1 Þ.

We have thus proved the following result.

Proposition 3.23. Let nf 3. The complex (3.29) provided with the soðnÞ-equivariant

di¤erential d P
� satisfying d P

� jRðMðnÞÞ ¼ d CE
�þ2, (3.30) and (3.31) is a minimal projective resolu-

tion of the graded S
�
VðnÞ

�
-module MðnÞ.

Let R be a graded commutative k-algebra, and let N, N 0, M and M 0 be graded
R-modules. By [6], p. 204, the external product

TorR
i ðM;M 0ÞnR TorR

j ðN;N 0Þ ! TorR
iþjðM nR N;M 0 nR N 0Þ

is an R-linear map homogeneous of degree 0. It can be constructed as follows. If P� !! M,
P 0
� !! N and P 00

� !! M nR N are respectively graded projective resolutions of the graded
R-modules M, N and M nR N, there exists a morphism TotðP� nR P 0

�Þ ! P 00
� , unique up

to chain homotopy equivalence. The external product is then induced by the morphism
TotðP� nR M 0 nR P 0

� nR N 0Þ ! P 00
� nR ðM 0 nR N 0Þ.

We are interested in the case R ¼ S
�
VðnÞ

�
, N ¼ N 0 ¼ S

�
VðnÞ

�
=hqi (which will still

be denoted by A, as in Proposition 3.12), M ¼ MðnÞ, i ¼ 0 and j ¼ 1. We shall also
assume that M 0 is a graded A-module. By taking into account the graded S

�
VðnÞ

�
-linear
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isomorphisms MðnÞnSðVðnÞÞ AFMðnÞ and M 0 nSðVðnÞÞ AFM 0, we shall consider the
S
�
VðnÞ

�
-linear map homogeneous of degree 0

�M 0

p;1 : TorSðVðnÞÞ
p

�
MðnÞ;M 0�nSðVðnÞÞ Tor

SðVðnÞÞ
1 ðA;AÞ ! Tor

SðVðnÞÞ
pþ1

�
MðnÞ;M 0�:

But Tor
SðVðnÞÞ
1 ðA;AÞFA, so the previous map is in fact

�M 0

p;1 : TorSðVðnÞÞ
p

�
MðnÞ;M 0�! Tor

SðVðnÞÞ
pþ1

�
MðnÞ;M 0�:

We take P� ¼ P 00
� ¼ P

�
MðnÞ

�
� and P 0

� given by (3.13) with z ¼ q of degree d ¼ 2. In this
case we must find a chain map t� : Tot

�
P
�
MðnÞ

�
� nSðVðnÞÞ P 0

�
�
! P

�
MðnÞ

�
�.

Since P 0
� consists of only two non-zero terms, the double complex

Cp;q ¼ P
�
MðnÞ

�
p
nSðVðnÞÞ P 0

q

has only two non-trivial rows q ¼ 0; 1. We define the morphism t� as follows. In the first
place, if v A Cp;0 ¼ P

�
MðnÞ

�
p
nSðVðnÞÞ S

�
VðnÞ

�
FP

�
MðnÞ

�
p
, let tpðvn 1AÞ ¼ v. Suppose

now that pf 1 and v 0 A Cp�1;1 ¼ P
�
MðnÞ

�
p�1

nSðVðnÞÞ S
�
VðnÞ

�
½�2�FP

�
MðnÞ

�
p�1

½�2�.

There is an isomorphism P
�
MðnÞ

�
p
FR

�
MðnÞ

�
pþ2

lCp as graded S
�
VðnÞ

�
-modules,

where C1 ¼ S
�
VðnÞ

�
nVðnÞ, C2 ¼ S

�
VðnÞ

�
n k½�2� and the other ones are trivial. Con-

sider an S
�
VðnÞ

�
-linear map s� : P

�
MðnÞ

�
��1

½�2� ! P
�
MðnÞ

�
� homogeneous of degree 0

for � A N and represented in matrix form as follows:

s� ¼
s1;1
� s1;2

�
s2;1
� s2;2

�

� �

where si; j
� are maps of graded S

�
VðnÞ

�
-modules defined as follows:

s1;1
p : R

�
MðnÞ

�
pþ1

½�2� ! R
�
MðnÞ

�
pþ2

;

zn xi15� � �5xipþ1
7!
Pn
l¼1

zxl n xl5xi15� � �5xipþ1
;

s
2;1
1 : S

�
VðnÞ

�
n
�
L2VðnÞ

�
! S

�
VðnÞ

�
nVðnÞ;

zn xg5xh 7! ðzxg n xh � zxh n xgÞ;

and s2;1
p ¼ 0, for pf 1. Also,

s
2;2
2 : S

�
VðnÞ

�
nVðnÞ½�2� ! S

�
VðnÞ

�
n ðk½�2�Þ;

zn ei 7! zxi n c;

and s2;2
p ¼ 0, if p3 2. Finally, s1;2

p ¼ 0, for all p A N.
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It is trivially verified that s� satisfies s�þ1 � s� ¼ 0, d � s þ s � d ¼ q:ð�Þ and the exter-
nal product �M 0

p;1 coincides with the morphism induced in homology by idM 0 nSðVðnÞÞ spþ1,
for p A N0.

We have the following simple result.

Proposition 3.24. Let

x ¼
Pn
i¼1

ðxi n 1 � 1n xiÞn xi A AnAnVðnÞ

be a cycle of the Chevalley–Eilenberg complex for the homology of VðnÞ with coe‰cients in

AnA. It is a generator of Tor
SðVðnÞÞ
1 ðA;AÞ as an S

�
VðnÞ

�
-module.

Proof. It is clear that x is a cycle. Also, since there are no boundaries for
Tor

SðVðnÞÞ
1;2 ðA;AÞ, by degree reasons, it cannot be a boundary. Since x has internal

degree 2 and Tor
SðVðnÞÞ
1 ðA;AÞFA½�2�, x must be a generator of the S

�
VðnÞ

�
-module

Tor
SðVðnÞÞ
1 ðA;AÞ. r

The previous proposition yields a useful description of the image of �MðnÞ
0;1 .

Corollary 3.25. The image of �MðnÞ
0;1 is the set of elements of degree j f 2 in

H1

�
VðnÞ;MðnÞnMðnÞ

�
of the form

Pn
i¼1

P
l AL

ðmlxi nm 0
l � ml nm 0

l xiÞn xi;

for L a finite set of indices and ml ;m 0
l A MðnÞ homogeneous of degrees dl and d 0

l such that

dl þ d 0
l ¼ j � 2, for all l A L. These elements will be called generic.

Proof. By the previous proposition,

Pn
i¼1

ðxi n 1 � 1n xiÞn xi

is a homogeneous generator of the graded S
�
VðnÞ

�
-module Tor

SðVðnÞÞ
1 ðA;AÞ. Since the

morphism �MðnÞ
0;1 is S

�
VðnÞ

�
-linear homogeneous of degree 2, the elements of its image

are of the prescribed form. r

We want to describe the kernel and cokernel of the map �MðnÞ
0;1 . As

Tor
SðVðnÞÞ
1 ðA;AÞFA½�2�;

it has homogeneous components of degree greater than or equal to 2. By degree reasons,
the cokernel of the external product for M 0 ¼ MðnÞ contains the homogeneous component

of internal degree 1 of Tor
SðVðnÞÞ
1

�
MðnÞ;MðnÞ

�
, which is an N-graded S

�
VðnÞ

�
-module by

the Koszul property of MðnÞ.
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In this case, we can consider the following mixed complex of (non-graded) A-modules
BðM 0Þ� ¼ M 0 nSðVðnÞÞ P

�
MðnÞ

�
� with vertical di¤erential idM 0 n d P

� and horizontal di¤er-
ential idM 0 nSðVðnÞÞ s�þ1. Since q acts by zero on any A-module, the previous conditions

imply that
�
BðM 0Þ�; d�; s��1

�
satisfies the definition of a mixed complex (see [21]). We

recall that the first quadrant Connes’ double complex associated to the previous mixed
complex is defined as BðM 0Þp;q ¼ BðM 0Þq�p if 0e pe q and zero otherwise, H�

�
BðM 0Þ

�
denotes the usual vertical homology of BðM 0Þ�, and the homology of its total complex
is called the cyclic homology HC�

�
BðM 0Þ

�
of the mixed complex BðM 0Þ�. We note that

HC0

�
BðM 0Þ

�
FH0

�
BðM 0Þ

�
.

The filtration by columns of Connes’ double complex yields the so-called Connes’
spectral sequence, which also gives that the first cyclic homology group HC1

�
BðM 0Þ

�
fits

in the low degree exact sequence of A-modules (see [34], 9.8.6)

H1

�
BðM 0Þ

�
! H2

�
BðM 0Þ

�
! HC2

�
BðM 0Þ

�
! H0

�
BðM 0Þ

�
ð3:33Þ

! H1

�
BðM 0Þ

�
! HC1

�
BðM 0Þ

�
! 0;

where the first and the fourth map are induced by idM 0 n s2 and idM 0 n s1, respectively.
So, HC1

�
BðM 0Þ

�
is isomorphic to the cokernel of the map �M 0

0;1 (without considering the
grading). When dealing with these mixed complexes we will not take into account any
grading.

If 0 ! M 0
1 ! M 0

2 ! M 0
3 ! 0 is a short exact sequence of A-modules, it induces in

turn a short exact sequence of mixed complexes 0 ! BðM 0
1Þ ! BðM 0

2Þ ! BðM 0
3Þ ! 0, so

a short exact sequence of the corresponding total complexes and hence a long exact
sequence of cyclic homologies

� � � ! HCp

�
BðM 0

1Þ
�
! HCp

�
BðM 0

2Þ
�
! HCp

�
BðM 0

3Þ
�
! HCp�1

�
BðM 0

1Þ
�
! � � � :

If M 0 ¼ A, the total complex Tot
�
P
�
MðnÞ

�
� nSðVðnÞÞ P 0

�
�

computes

TorSðVðnÞÞ
�

�
MðnÞ;A

�
;

which can also be computed from any of the complexes

MðnÞnSðVðnÞÞ P 0
� or P

�
MðnÞ

�
�nSðVðnÞÞ A:

Moreover, the canonical projections from the total complex to either MðnÞnSðVðnÞÞ P 0
�

or P
�
MðnÞ

�
� nSðVðnÞÞ A are quasi-isomorphisms. By diagram chasing arguments, the com-

ponent of the quasi-isomorphism from MðnÞnSðVðnÞÞ P 0
� to P

�
MðnÞ

�
� nSðVðnÞÞ A passing

through Tot
�
P
�
MðnÞ

�
� nSðVðnÞÞ P 0

�
�

in degree � ¼ 1 is induced by ðpA n idPðMðnÞÞÞ � s1, for
pA : S

�
VðnÞ

�
! A the canonical projection. This implies that �A

0;1 is an isomorphism.

On the other hand, the mixed complex BðAÞ� has only vertical homology H0

�
BðAÞ

�
and H1

�
BðAÞ

�
and the first term of the Connes’ spectral sequence E1

p;q ¼ Hq�p

�
BðAÞ

�
for

BðAÞ� satisfies that d 1
p;p : E1

p;p ! E1
p;pþ1 coincides with �A

0;1, hence it is an isomorphism. As

a consequence, HC�
�
BðAÞ

�
¼ 0, for �f 1.
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The short exact sequence of graded A-modules 0 ! Aþ ! A ! k ! 0 (where Aþ is
the irrelevant ideal of A) implies that HC�

�
BðAþÞ

�
FHC�þ1

�
BðkÞ

�
, for �f 1. It is direct

to check that

HC3

�
BðkÞ

�
FL5VðnÞlL3VðnÞlVðnÞ

and

HC4

�
BðkÞ

�
FL6VðnÞlL4VðnÞlL2VðnÞl k;

since all morphisms of BðkÞ are zero. It follows that

HC2

�
BðAþÞ

�
FL5VðnÞlL3VðnÞlVðnÞ

and

HC3

�
BðAþÞ

�
FL6VðnÞlL4VðnÞlL2VðnÞl k:

The long exact sequence of cyclic homology obtained from the short exact sequence
of graded A-modules defined by (3.15), is given by

0 ! HC1

�
BðWA=kÞ

�
! HC0

�
BðA½�2�Þ

�
! HC0

�
BðA½�1�nÞ

�
! HC0

�
BðWA=kÞ

�
! 0:

It is directly verified that HC0

�
BðA½�2�Þ

�
FMðnÞ½�2�, HC0

�
BðA½�1�nÞ

�
FMðnÞ½�1�n

and, under these identifications, the map HC0

�
BðA½�2�Þ

�
! HC0

�
BðA½�1�nÞ

�
coincides

with w 7!
Pn
i¼1

wxi n xi and it is injective, since annWðnÞðxiÞ ¼ 0 for all i ¼ 1; . . . ; n (see

Proposition 3.11), implying that HC1

�
BðWA=kÞ

�
¼ 0. Since HC�

�
BðAÞ

�
¼ 0, for �f 1, we

find that HC�
�
BðWA=kÞ

�
¼ 0, for �f 2. Hence, the long exact sequence of cyclic homology

obtained from the short exact sequence of graded A-modules given by (3.14) assures that
HC2

�
BðAþÞ

�
FHC1

�
B
�
MðnÞ

��
, so HC1

�
B
�
MðnÞ

��
FL5VðnÞlL3VðnÞlVðnÞ. Hence,

the cokernel of the map �MðnÞ
0;1 is isomorphic to L5VðnÞlL3VðnÞlVðnÞ as k-vector

spaces.

The previous considerations also imply that HC3

�
BðAþÞ

�
FHC2

�
B
�
MðnÞ

��
, and,

in consequence, HC2

�
B
�
MðnÞ

��
FL6VðnÞlL4VðnÞlL2VðnÞl k. Moreover, Theorem

3.16 tells us that H2

�
B
�
MðnÞ

��
FH2

�
VðnÞ;MðnÞn2�FL2VðnÞ, so, from the proof of

Proposition 4.8 in the next section, we obtain that the homology classes of the cycles� P
s AS6

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �n xisð5Þ5xisð6Þ : 1e i1 < i2 < i3 < i4 < i5 < i6 e n

�

provide a basis composed of elements of degree 2 of H2

�
VðnÞ;MðnÞn2�. Since the

second map of the low degree exact sequence (3.33) is induced by the inclusion of the
complex

�
B
�
MðnÞ

�
�; d�

�
in Tot

�
B
�
MðnÞ

�
�;�
�

and the components of the boundaries
of Tot

�
B
�
MðnÞ

�
�;�
�

in B
�
MðnÞ

�
0;2

have degree strictly greater than 2, we deduce that

the previous list of homology classes is also linearly independent when considered in
Tot
�
B
�
MðnÞ

�
�;�
�
, and therefore, the second map of long exact sequence (3.33) is injective

and the kernel of the map �MðnÞ
0;1 is isomorphic to L4VðnÞlL2VðnÞl k as k-vector

spaces.

We shall first give an explicit description of the cokernel of the external product.
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Proposition 3.26. Let nf 3. There is a sequence of k-vector space isomorphisms

Cokerð�MðnÞ
0;1 ÞFTor

SðVðnÞÞ
1;1

�
MðnÞ;MðnÞ

�
FL5VðnÞlL3VðnÞlVðnÞ;

where we consider for each direct summand of Tor
SðVðnÞÞ
1;1

�
MðnÞ;MðnÞ

�
the following

bases given by the homology classes of the cycles of the Chevalley–Eilenberg complex

C1

�
VðnÞ;MðnÞnSðVðnÞÞ MðnÞ

�
:

(i) for VðnÞ:� P
1ei< jen

½xi; xj�n ½xi; xj�n xl

þ
P

1ei; jen

ð½xl ; xi�n ½xi; xj�n xj þ ½xi; xj�n ½xl ; xi�n xjÞ
�

1elen

;

(ii) for L3VðnÞ:
�Pn

l¼1

P
s AS3

eðsÞð½xisð1Þ ; xisð2Þ �5½xisð3Þ ; xl �n xl þ ½xisð1Þ ; xl �5½xisð2Þ ; xl �n xisð3Þ Þ
�

1ei1<i2<i3en

;

(iii) for L5VðnÞ:� P
s AS5

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �n xisð5Þ

�
1ei1<i2<i3<i4<i5en

:

Proof. The fact that these classes are cycles of the Chevalley–Eilenberg complex is
direct but rather tedious to check. Also, it is easy to see that they all belong to�

C1

�
VðnÞ;MðnÞnSðVðnÞÞ MðnÞ

��
1
¼ MðnÞ0 nMðnÞ0 nVðnÞ

¼ L2VðnÞnL2VðnÞnVðnÞ;

where there are no boundaries by degree reasons. We leave the simple but rather long proof
that they all form a linearly independent set, which mostly depends on degree reasons.

On the other hand, since

L5VðnÞlL3VðnÞlVðnÞ ¼ Cokerð�MðnÞ
0;1 ÞMTor

SðVðnÞÞ
1;1

�
MðnÞ;MðnÞ

�
ML5VðnÞlL3VðnÞlVðnÞ;

all previous inclusions must be equalities and the proposition follows. r

Finally, we will provide an explicit description of the kernel of the external product.

Proposition 3.27. Let nf 3. There is an isomorphism of graded k-vector spaces,
homogeneous of degree 0,

Kerð�MðnÞ
0;1 ÞFL4

�
VðnÞ½1�

�
lL2

�
VðnÞ½1�

�
l k;
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where we consider for each direct summand the bases given by the homology classes of the

following cycles of the Chevalley–Eilenberg complex C0

�
VðnÞ;MðnÞnSðVðnÞÞ MðnÞ

�
:

(i) for k:

� P
1ei< jen

½xi; xj�n ½xi; xj�
�
;

(ii) for L2VðnÞ:

�Pn
l¼1

½xi; xl �5½xj; xl �
�

1ei< jen

;

(iii) for L4VðnÞ:
� P

s AS4

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �
�

1ei1<i2<i3<i4en

:

Proof. As in the proof of the previous proposition, it is direct but tedious to verify
the fact that these classes are cycles of the Chevalley–Eilenberg complex. Also, it is easy to
see that they all belong to

�
C0

�
VðnÞ;MðnÞnSðVðnÞÞ MðnÞ

��
0
¼ MðnÞ0 nMðnÞ0 ¼ L2VðnÞnL2VðnÞ;

that they belong to Kerð�MðnÞ
0;1 Þ and that they all form a linearly independent set, always

using degree considerations. Finally, since

L4
�
VðnÞ½1�

�
lL2

�
VðnÞ½1�

�
l k ¼ Kerð�MðnÞ

0;1 ÞMTor
SðVðnÞÞ
0;0

�
MðnÞ;MðnÞ

�
;

and

Tor
SðVðnÞÞ
0;0

�
MðnÞ;MðnÞ

�
ML4

�
VðnÞ½1�

�
lL2

�
VðnÞ½1�

�
l k;

all the inclusions must be equalities and the proposition follows. r

Remark 3.28. It is clear that the following inclusions hold:

k lL4
�
VðnÞ½1�

�
LH0

�
VðnÞ;S2MðnÞ

�
and L2

�
VðnÞ½1�

�
LH0

�
VðnÞ;L2MðnÞ

�
:

It is not di‰cult to find exactly which irreducible representations of soðnÞ among the ones
given for the decomposition of H0;0

�
VðnÞ;MðnÞn2� in Corollary 3.9 belong to the compo-

nent H0;0

�
VðnÞ;S2MðnÞ

�
or to H0;0

�
VðnÞ;L2MðnÞ

�
. On the one hand, we recall that if l is

a dominant weight and a a positive root of soðnÞ such that lðHaÞ3 0, then G2l LS2Gl and
G2l�a LL2Gl (see [12], Exercise 25.32). First, applying the previous fact to l ¼ L1 for
n ¼ 3, we see that

G2L1
LH0;0

�
VðnÞ;S2MðnÞ

�
;
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and secondly, to l ¼ L1 þ L2 for nf 4, we find that

G2L1þ2L2
LH0;0

�
VðnÞ;S2MðnÞ

�
:

Also, for a suitable a in each case, we conclude that

G2L1þL2
LH0;0

�
VðnÞ;L2MðnÞ

�
; if n ¼ 5;

G2L1þL2þL3
lG2L1þL2�L3

LH0;0

�
VðnÞ;L2MðnÞ

�
; if n ¼ 6;

G2L1þL2þL3
LH0;0

�
VðnÞ;L2MðnÞ

�
; if nf 7:

By a dimension argument, it is not di‰cult to check that, for nf 5,

H0;0

�
VðnÞ;L2MðnÞ

�
FL2

�
VðnÞ½1�

�
5L2

�
VðnÞ½1�

�
is the direct sum of L2

�
VðnÞ½1�

�
and the modules appearing in the previous list, in each

case (see [12], Equations (24.29) and (24.41)). The same argument implies that

H0;0

�
VðnÞ;L2MðnÞ

�
FL2

�
VðnÞ½1�

�
5L2

�
VðnÞ½1�

�
is the direct sum of L2

�
VðnÞ½1�

�
and G2L1

for n ¼ 4. Finally, for n ¼ 3,

H0;0

�
VðnÞ;L2MðnÞ

�
is isomorphic to L2

�
VðnÞ½1�

�
. r

As a consequence of Corollary 3.21 and Proposition 3.26, we may obtain the follow-
ing corollary, which corrects the one stated in [26], Corollary 21.

Corollary 3.29. Let nf 3. The graded S
�
VðnÞ

�
-module W ðnÞni

is free if and only if

i > maxf2; ðn � 1Þ=2g.

Proof. Since WðnÞni is a bounded below graded S
�
VðnÞ

�
-module, it is free if and

only if the homology groups H�
�
VðnÞ;W ðnÞni� vanish for all � > 0 (see [2], Proposition

2.3 and Corollary 2.4). By Theorem 3.16, we see that this is never the case for i ¼ 1. More-
over, Proposition 3.26 implies that H1

�
VðnÞ;WðnÞn2� does not vanish, so we assume that

if 3.

Theorem 3.16 tells us that, if pf 2, then Hp

�
VðnÞ;WðnÞni

�
FLpþ2iVðnÞ vanishes

if and only if p þ 2i > n, i.e. i > ðn � pÞ=2. Hence, the collection of homology groups�
Hp

�
VðnÞ;WðnÞni��

pf2
vanishes if and only if i > ðn � 2Þ=2.

Finally, by Corollary 3.21, H2

�
ymðnÞ;W ðnÞni

�
¼ 0 for if 2, which implies that the

map S 0
i : H3

�
VðnÞ;WðnÞni

�
! H1

�
VðnÞ;WðnÞnðiþ1Þ� is an isomorphism. Therefore, there

is an isomorphism H1

�
VðnÞ;WðnÞni�FL3þ2ði�1ÞVðnÞ, for if 3. Then,

H1

�
VðnÞ;WðnÞni

�
¼ 0

if and only if 1 þ 2i > n, i.e. i > ðn � 1Þ=2. The corollary is thus proved. r
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Remark 3.30. Since Mð2Þ ¼ W ð2Þ½2� is isomorphic to the trivial equivariant
S
�
Vð2Þ

�
-module (see Proposition 3.1), it is not hard to see that Theorem 3.16, Propositions

3.17 and 3.20, and Corollaries 3.21 and 3.29 are not true if n ¼ 2. Nevertheless, it may be
directly verified that Propositions 3.19, 3.26 and 3.27 are valid even if n ¼ 2. r

4. The cohomology H �(ym(n), Ker(etym(n)))

In this section we shall compute the intermediate cohomology groups

H 0
�
ymðnÞ;KerðetymðnÞÞ

�
and H 1

�
ymðnÞ;KerðetymðnÞÞ

�
;

which will be used in the next section in order to determine the first Hochschild coho-
mology group of the Yang–Mills algebra YMðnÞ, for nf 3. From now on, we shall assume
that nf 3, unless otherwise stated. All morphisms will also be soðnÞ-equivariant, unless we
state the contrary.

4.1. Analysis of the spectral sequence. The aim of this section is to prove the follow-
ing theorem.

Theorem 4.1. If nf 3, H2

�
ymðnÞ;KerðetymðnÞÞ

�
¼ H2

�
ymðnÞ; tymðnÞ

�
is isomorphic

to VðnÞ½�4� as a graded soðnÞ-module and H3

�
ymðnÞ;KerðetymðnÞÞ

�
vanishes.

Proof. To simplify notation, we shall denote the augmentation ideal KerðetymðnÞÞ
simply by I .

Let us consider the increasing filtration F�I of equivariant YMðnÞ-modules of I given
by

FpI ¼ I ; if pf�1;

I�p; if pe�2:

�

The previous filtration is exhaustive and Hausdor¤ and it induces an exhaustive
and Hausdor¤ increasing filtration FpC�

�
YMðnÞ; I

�
¼ C�

�
YMðnÞ;FpI

�
on the complex

C�
�
YMðnÞ; I

�
. Therefore, we obtain a spectral sequence whose zeroth term is

E0
p;q ¼ FpCpþq=Fp�1Cpþq FCpþq

�
YMðnÞ;FpI=Fp�1I

�
:

Moreover, the isomorphism of graded algebras TYMðnÞFTWðnÞ yields an isomor-
phism of equivariant ymðnÞ-modules

FpI=Fp�1I ¼ I �p=I�pþ1 FWðnÞnð�pÞ; if pe�1;

0; if pf 0:

(

So the initial term of the spectral sequence may be written as

E0
p;q FCpþq

�
YMðnÞ;FpI=Fp�1I

�
F Cpþq

�
ymðnÞ;WðnÞnð�pÞ�; if pe�1;

0; if pf 0:

(
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As a consequence,

E1
p;q F

Hpþq

�
ymðnÞ;W ðnÞnð�pÞ�; if pe�1;

0; if pf 0:

(

By Corollary 3.21, H2

�
ymðnÞ;WðnÞni

�
¼ 0, for if 2, so we see that E1

p;2�p ¼ 0, for
all p A Znf�1g. Also, Proposition 3.17 tells us that H3

�
ymðnÞ;WðnÞni

�
¼ 0, for if 1,

so we have that E1
p;3�p ¼ 0, for all p A Z. Furthermore, Hj

�
ymðnÞ;WðnÞni� ¼ 0 for

j B f0; 1; 2; 3g and i A N0, so by Corollary 3.29 the spectral sequence is bounded and there-
fore convergent. Thus, H3

�
ymðnÞ; I

�
¼ 0.

We may present the previous results in a pictorial way.

We shall study the di¤erential

d 1
�1;3 : E1

�1;3 ¼ H2

�
ymðnÞ;WðnÞ

�
! H1

�
ymðnÞ;WðnÞn2� ¼ E1

�2;3:

We will prove in Proposition 4.10 that the kernel of the map d 1
�1;3 is exactly VðnÞ½�4�,

for which a basis was given in Proposition 3.26 and Corollary 3.25. This implies that
E2
�1;3 FVðnÞ½�4�. Hence, H2

�
ymðnÞ; I

�
is a subquotient of VðnÞ½�4�. However, since the

spectral sequence is defined in the category of soðnÞ-modules, H2

�
ymðnÞ; I

�
must be a sub-

quotient as an soðnÞ-module. As VðnÞ½�4� is an irreducible soðnÞ-module, H2

�
ymðnÞ; I

�
can only be VðnÞ½�4� or trivial. This last possibility is impossible, due to the fact that, given
i ¼ 1; . . . ; n, the homology classes of the cycles

P
l¼1

½xi; xl �n xl A C2

�
ymðnÞ; tymðnÞ

�
LC2

�
ymðnÞ; I

�
considered in Lemma 4.2 form a linearly independent set, by internal weight reasons. r

4.2. Computation of the kernel of d 1
C1, 3. In this subsection we shall prove that

Kerðd 1
�1;3ÞFVðnÞ½�4�.

Figure 1. First step E 1
�; � of the spectral sequence. The dotted lines show the limits wherein the spectral sequence

is concentrated.
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We recall the isomorphism of equivariant ymðnÞ-modules

WðnÞn2 FL2WðnÞlS2WðnÞ;

and the surjective map B 0
1 : H1

�
VðnÞ;WðnÞn2�! H2

�
ymðnÞ;WðnÞ

�
given in Theorem 3.16

(see Proposition 3.19). If we define the homology groups

H2; s

�
ymðnÞ;WðnÞ

�
¼ ImðB 0

1jH0ðVðnÞ;S2WðnÞÞÞ

and

H2;a

�
ymðnÞ;WðnÞ

�
¼ ImðB 0

1jH1ðVðnÞ;L2WðnÞÞÞ;

it turns out that H2

�
ymðnÞ;WðnÞ

�
¼ H2; s

�
ymðnÞ;W ðnÞ

�
þ H2;a

�
ymðnÞ;W ðnÞ

�
.

The following lemmas will be useful in the sequel.

Lemma 4.2. The image under B 0
1 of the homology classes of the cycles x in

W ðnÞn2 nVðnÞ considered in Corollary 3.25 and Proposition 3.26 is described as follows:

(VðnÞ-type component) Given l, with 1e l e n, and

x ¼
P

1ei< jen

½xi; xj�n ½xi; xj�n xl þ
P

1ei; jen

ð½xl ; xi�n ½xi; xj�n xj þ ½xi; xj�n ½xl ; xi�n xjÞ;

B 0
1ðxÞ is the homology class of the cycle

Pn
j¼1

½xl ; xj�n xj A C2

�
YMðnÞ;WðnÞ

�
.

(L3VðnÞ-type component) Given i1, i2, i3 such that 1e i1 < i2 < i3 e n, and

x ¼
Pn
l¼1

P
s AS3

eðsÞð½xisð1Þ ; xisð2Þ �5½xisð3Þ ; xl �n xl þ ½xisð1Þ ; xl �5½xisð2Þ ; xl �n xisð3Þ Þ;

B 0
1ðxÞ is the homology class of the cycle

P
s AA3

½xisð1Þ ; xisð2Þ �n xisð3Þ A C2

�
YMðnÞ;WðnÞ

�
.

(L5VðnÞ-type component) Given i1, i2, i3, i4, i5 such that 1e i1 < i2 < i3 < i4 < i5en,
and

x ¼
P

s AS5

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �n xisð5Þ ;

B 0
1ðxÞ vanishes.

(generic-type component) If x is a generic cycle of the form

x ¼
Pn
l¼1

ðwxl n ½xi; xj� � wn ½xi; xj�xlÞn xl ;

then B 0
1ðxÞ is the homology class of the cycle ðwxj n xi � wxi n xjÞ A C2

�
YMðnÞ;WðnÞ

�
.
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Proof. Consider the double complex (3.16). It yields a spectral sequence converging
to the homology H�

�
ymðnÞ;WðnÞni� and an associated long exact sequence. Remark 3.14

indicates how to compute the map B 0
1 for each cycle of the previous list. This is a lengthy

but straightforward and usual homological computation. r

Let us define a map

D : W ðnÞ ! YMðnÞ;

w 7!
Pn
i¼1

½xi; ½xi;w��:

Since q:w ¼ 0, it turns out that

DðwÞ ¼
Pn
i¼1

xir
2
i ðwÞ þ r2

i ðxiwÞ þ ~ww;ð4:1Þ

where r2
i is given by (3.2) and ~ww A

L
pf3

tymðnÞp.

Lemma 4.3. If p2 : tymðnÞ ! tymðnÞ2
denotes the canonical projection, then

p2

�Pn
l¼1

½xl ; ½xl ; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���
�

ð4:2Þ

¼ 2
Pr

h¼1

Pn
l¼1

xlxi1 � � � xih�1
½½xl ; xih �; xihþ1

� � � xir ½xp; xq��

þ 2
Pn
l¼1

xi1 � � � xir ½½xl ; xp�; ½xl ; xq��;

for all r A N0.

Proof. We proceed by induction. In the first place, using the Yang–Mills relations
(2.3), it is not hard to prove that

Dð½xi; xj�Þ ¼ 2
Pn
l¼1

½½xl ; xi�; ½xl ; xj��:

We must now show a similar expression for Dðxi½xp; xq�Þ, for jij > 0, where
xi ¼ xi1 � � � xir and jij ¼ rf 1. In order to do so we consider the element in tymðnÞ

Pn
l¼1

½xl ; ½xl ; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���;ð4:3Þ

whose component in tymðnÞ2 is obtained by replacing in the previous expression ½xt;�� by
xt:ð�Þ þ r2

t ð�Þ, and which gives

Dðxi½xp; xq�Þ þ
Pr

h¼1

Pn
l¼1

x2
l xi1 � � � xih�1

r2
ih
ðxihþ1

� � � xir ½xp; xq�Þ:ð4:4Þ

On the other hand, using the Jacobi identity and the Yang–Mills relations (2.3), the
element (4.3) may be rewritten as
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Pn
l¼1

½xl ; ½xl ; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .� . . .��ð4:5Þ

¼
Pn
l¼1

�Pr

h¼1

½xl ; ½xi1 ; . . . ; ð½½xl ; xih �; . . . ½xir ; ½xp; xq�� . . .�

þ ½xir ; ½xl ; ½xp; xq�� . . .�Þ . . .��
�

¼
Pn
l¼1

�Pr

h¼1

½xl ; ½xi1 ; . . . ½½xl ; xih �; . . . ½xir ; ½xp; xq�� . . .� . . .��

þ 2½xi1 ; . . . ; ½xir ; ½½xl ; xp�; ½xl ; xq��� . . .�

þ
Pr

h¼1

½xi1 ; . . . ½½xl ; xih �; . . . ½xir ; ½xl ; ½xp; xq��� . . .� . . .�
�
:

Furthermore, the same relations may be used to further simplify as follows:

Pr

h¼1

Pn
l¼1

½xl ; ½xi1 ; . . . ; ½½xl ; xih �; . . . ½xir ; ½xp; xq�� . . .� . . .��

¼
Pr

h¼1

Pn
l¼1

�Ph
g¼1

½xi1 ; . . . ; ½½xl ; xig �; . . . ½½xl ; xih �; . . . ½xir ; ½xp; xq�� . . .� . . .� . . .�

þ
Pr

g¼hþ1

½xi1 ; . . . ½½xl ; xih �; . . . ½½xl ; xig �; . . . ½xir ; ½xp; xq�� . . .� . . .� . . .�

þ ½xi1 ; . . . ; ð½½xl ; ½xl ; xih ��; . . . ½xir ; ½xp; xq�� . . .�

þ ½½xl ; xih �; . . . ½xir ; ½xl ; ½xp; xq��� . . .�Þ . . .�
�
;

which also coincides with

Pr

h¼1

Pn
l¼1

�Ph
g¼1

½xi1 ; . . . ; ½½xl ; xig �; . . . ½½xl ; xih �; . . . ½xir ; ½xp; xq�� . . .� . . .� . . .�

þ
Pr

g¼hþ1

½xi1 ; . . . ½½xl ; xih �; . . . ½½xl ; xig �; . . . ½xir ; ½xp; xq�� . . .� . . .� . . .�

þ ½xi1 ; . . . ; ½½xl ; xih �; . . . ½xir ; ½xl ; ½xp; xq��� . . .� . . .�
�
:

Hence,

Pr

h¼1

Pn
l¼1

½xl ; ½xi1 ; . . . ; ½½xl ; xih �; . . . ½xir ; ½xp; xq�� . . .� . . .��

�
Pr

h¼1

Pn
l¼1

½xi1 ; . . . ; ½½xl ; xih �; . . . ½xir ; ½xl ; ½xp; xq��� . . .� . . .� A
L
p>2

tymðnÞp:
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Therefore, we have proved that

Pn
l¼1

½xl ; ½xl ; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .��� ¼ 2
Pr

h¼1

Pn
l¼1

½xl ; ½xi1 ; . . . ½½xl ; xih �; . . . ½xir ; ½xp; xq�� . . .� . . .��

þ 2
Pn
l¼1

½xi1 ; . . . ; ½xir ; ½½xl ; xp�; ½xl ; xq��� . . .� þ ~ww;

where ~ww A
L
p>2

tymðnÞp. Then, we see that

p2

�Pn
l¼1

½xl ; ½xl ; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���
�

¼ 2
Pr

h¼1

Pn
l¼1

xlxi1 � � � ½½xl ; xih �; . . . xir ½xp; xq�� þ 2
Pn
l¼1

xi½½xl ; xp�; ½xl ; xq��

and the lemma is thus proved. r

The following proposition is a consequence of the previous lemmas.

Proposition 4.4. The restriction

d 1
�1;3jH2; aðymðnÞ;WðnÞÞ : H2;a

�
ymðnÞ;W ðnÞ

�
! H1

�
ymðnÞ;W ðnÞn2�

is an injection. Moreover, B 0
1 � I2 � d 1

�1;3 : H2

�
ymðnÞ;WðnÞ

�
! H2

�
ymðnÞ;WðnÞ

�
coincides

with the map pa : H2

�
ymðnÞ;W ðnÞ

�
! H2;a

�
ymðnÞ;WðnÞ

�
induced by the canonical projec-

tion WðnÞn2 ! L2WðnÞ, where I2 is the map defined in Theorem 3.16.

Proof. It su‰ces to prove the second statement, since the latter is a direct conse-
quence of the former.

The fact that B 0
1 is surjective implies that H2

�
ymðnÞ;W ðnÞ

�
is generated as a k-

module by the images under B 0
1 of the cycles given in Lemma 4.2. First, the cycles corre-

sponding to the VðnÞ-type component belong to the symmetric part H2; s

�
ymðnÞ;WðnÞ

�
and they vanish when we apply d 1

�1;3 to them, since d 1
�1;3 corresponds to the composition

of the map given by

Pn
j¼1

½xl ; xj�n xj 7!
Pn

j;p¼1

ð½½½xl ; xj�; xp�; xp�n xj � 2½½½xl ; xj�; xp�; xj�n xpð4:6Þ

þ ½½½xl ; xj�; xj�; xp�n xpÞ

¼
Pn

j;p¼1

ð2½½xl ; xp�; ½xj; xp��n xj � 2½½xl ; xj�; ½xp; xj��n xpÞ ¼ 0

and taking the class in I 2=I 3 FW ðnÞn2. Notice that we have used the Jacobi identity and
the Yang–Mills relations.

Second, the cycles of the L3VðnÞ-type component belong to H2;a

�
ymðnÞ;WðnÞ

�
. In

order to obtain the image under d 1
�1;3 of a representative of this component, we see that

d 1
�1;3 is induced by the class in I 2=I 3 of

126 Herscovich and Solotar, Hochschild and cyclic homology of Yang–Mills algebras

Bereitgestellt von | Universitaetsbibliothek Bielefeld (Universitaetsbibliothek Bielefeld)
Angemeldet | 172.16.1.226

Heruntergeladen am | 28.04.12 15:32



P
s AA3

½xisð1Þ ; xisð2Þ �n xisð3Þð4:7Þ

7!
P

s AA3

Pn
p¼1

ð½½½xisð1Þ ; xisð2Þ �; xp�; xp�n xisð3Þ � 2½½½xisð1Þ ; xisð2Þ �; xp�; xisð3Þ �n xp

þ ½½½xisð1Þ ; xisð2Þ �; xisð3Þ �; xp�n xpÞ

¼
P

s AA3

Pn
p¼1

ð2½½xisð1Þ ; xp�; ½xisð2Þ ; xp��n xisð3Þ � 2½½xisð1Þ ; xisð2Þ �; ½xp; xisð3Þ ��n xpÞ

¼
P

s AS3

Pn
p¼1

eðsÞð½xisð1Þ ; xisð2Þ �5½xisð3Þ ; xp�n xp þ ½xisð1Þ ; xp�5½xisð2Þ ; xp�n xisð3Þ Þ;

where we have again used the Jacobi identity and the Yang–Mills relations. By Lemma 4.2,
we conclude that B 0

1 � I2 � d 1
�1;3 applied to

P
s AA3

½xisð1Þ ; xisð2Þ �n xisð3Þ is the identity.

Since the image under B 0
1 of the representatives of the L5VðnÞ-type component

vanishes, it is not necessary to consider it.

Finally, we shall prove that B 0
1 � I2 � d 1

�1;3 � B 0
1 � �

MðnÞ
0;1 ¼ pa � B 0

1 � �
MðnÞ
0;1 . In order

to do so, it su‰ces to prove the previous identity only for the case of cycles
wn ½xi; xj� A H0

�
VðnÞ;WðnÞn2�, with w ¼ xi1 � � � xir ½xp; xq�. Taking into account that

d 1
�1;3 � B 0

1 � �
MðnÞ
0;1 is given by the class in I 2=I 3 of the map that sends wn ½xi; xj� to

Pn
l¼1

�
2ð½xj; ½xl ; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xl

� ½xi; ½xl ; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xlÞ

þ ½xl ; ½xl ; ½xj; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xi

� ½xl ; ½xl ; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xj

� ½xl ; ð½xj; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .��� þ ½xi; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���Þ�n xl

�
;

we see that d 1
�1;3 � B 0

1 � �
MðnÞ
0;1 ðwn ½xi; xj�Þ is

Pn
l¼1

�
2
Pr

h¼0

ðxl xi0|{z}
i0¼ j

� � � ½½xl ; xih �; xihþ1
� � � xir ½xp; xq��n xið4:8Þ

� xl xi0|{z}
i0¼i

� � � ½½xl ; xih �; xihþ1
� � � xir ½xp; xq��n xjÞ

� 2xixi1 � � � xir ½½xl ; xp�; ½xl ; xp��n xj þ 2xjxi1 � � � xir ½½xl ; xp�; ½xl ; xp��n xi

þ 2½½xj; xl �; xixi1 � � � xir ½xp; xq��n xl � 2½½xi; xl �; xjxi1 � � � xir ½xp; xq��n xl

� xl ½½xi; xj�; xi1 � � � xir ½xp; xq��n xl

�
;
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where we have used the identity (4.2) and the following equality:

2½xj; ½xl ; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xl � ½xl ; ½xj; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xl

� 2½xi; ½xl ; ½xj; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xl

þ ½xl ; ½xi; ½xj; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .����n xl

¼ 2½½xj; xl �; ½xi; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���n xl

� 2½½xi; xl �; ½xj; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���n xl

� ½xl ; ½½xi; xj�; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���n xl :

We may rewrite d 1
�1;3 � B 0

1 � �
MðnÞ
0;1 ðwn ½xi; xj�Þ given in (4.8) as the sum of a coboundary

Pn
l¼1

�
d CE

2 ð2½½xl ; xi�; xi1 � � � xir ½xp; xq��n xl5xj � 2½½xl ; xj�; xi1 � � � xir ½xp; xq��n xl5xiÞ

þ 2d CE
2

�Pr

h¼1

xlxi1 � � � xih�1
½½xl ; xih �; xihþ1

� � � xir ½xp; xq��n xi5xj

�

þ 2d CE
2 ðxi1 � � � xir ½½xl ; xp�; ½xl ; xp��n xi5xjÞ

�

in C1

�
VðnÞ;WðnÞn2� and a cycle in C1

�
ymðnÞ;WðnÞn2�

Pn
l¼1

�
�2½xj½xl ; xi�; xi1 � � � xir ½xp; xq��n xl þ 2½xi½xl ; xj�; xi1 � � � xir ½xp; xq��n xl

� xl ½½xi; xj�; xi1 � � � xir ½xp; xq��n xl þ 2½½xl ; xi�; xi1 � � � xir ½xp; xq��n ½xl ; xj�

þ 2
Pr

h¼1

xlxi1 � � � xih�1
½½xl ; xih �; xihþ1

� � � xir ½xp; xq��n ½xi; xj�

� 2½½xl ; xj�; xi1 � � � xir ½xp; xq��n ½xl ; xi� þ 2xi1 � � � xir ½½xl ; xp�; ½xl ; xq��n ½xi; xj�
�
:

Using the description of I2 given in Remark 3.18, we get that

I2 � d 1
�1;3 � B 0

1 � �
MðnÞ
0;1 ðwn ½xi; xj�Þ

is the class of the cycle in C1

�
VðnÞ;WðnÞn2� given by

Pn
l¼1

ð2½xi½xl ; xj�; xi1 � � � xir ½xp; xq��n xl � 2½xj½xl ; xi�; xi1 � � � xir ½xp; xq��n xlð4:9Þ

� xl ½½xi; xj�; xi1 � � � xir ½xp; xq��n xlÞ;

which is equal to

Pn
l¼1

�
ð½xl ½xi; xj�; xi1 � � � xir ½xp; xq�� � ½½xi; xj�; xlxi1 � � � xir ½xp; xq��Þn xl

�
ð4:10Þ
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and may be simplified to give the following expression for I2 � d 1
�1;3 �B 0

1 ��
MðnÞ
0;1 ðwn ½xi; xj�Þ:

Pn
l¼1

�
ðw5½xi; xj�xl � wxl5½xi; xj�Þn xl

�
:ð4:11Þ

The proposition is thus proved. r

Let us consider the Lie algebra hðnÞ ¼ tymðnÞ=C2
�
tymðnÞ

�
, where C2

�
tymðnÞ

�
is

the second step of the lower central series of tymðnÞ. There is an isomorphism
hðnÞFWðnÞlL2W ðnÞ as graded vector spaces. Besides, L2WðnÞ ¼ Z

�
hðnÞ

�
and

½ ; � : WðnÞ5W ðnÞ ! L2W ðnÞ is a homogeneous isomorphism of degree 0. The Lie algebra
tymðnÞ being free, hðnÞ is a free nilpotent Lie algebra of nilpotency index equal to 2.

Since the adjoint action of ymðnÞ on tymðnÞ induces an action on the quotient
hðnÞ, the graded vector space S2hðnÞ has a natural graded action of ymðnÞ. We will denote
D
�
hðnÞ

�
the graded vector space ðS2hðnÞ

�
tymðnÞ. Hence, D

�
hðnÞ

�
is provided with a graded

action of ymðnÞ such that tymðnÞ vanishes, and, in consequence, the graded action of
ymðnÞ on D

�
hðnÞ

�
in turn induces a graded action of VðnÞ ¼ ymðnÞ=tymðnÞ on D

�
hðnÞ

�
.

If a; b A hðnÞ, we shall denote by a � b the class of ans b ¼ ðan b þ bn aÞ=2 A S2hðnÞ
in D

�
hðnÞ

�
. In this case,

xi:ða � bÞ ¼ ½xi; a� � b þ a � ½xi; b�:

Proposition 4.5. There is a short exact sequence of graded S
�
VðnÞ

�
-modules

0 ! L3WðnÞ !a D
�
hðnÞ

�
!b S2WðnÞ ! 0;

where b is induced by the natural projection of S2hðnÞ ! S2W ðnÞ and a is given by

w15w25w3 7! w1 � ½w2;w3�;

for w1;w2;w3 A WðnÞ.

Proof. We know that hðnÞFW ðnÞlL2WðnÞ as graded vector spaces. Therefore,
D
�
hðnÞ

�
is a quotient of S2hðnÞFS2WðnÞl

�
WðnÞnL2WðnÞ

�
lS2L2WðnÞ (isomor-

phism of graded vector spaces).

However, the last direct summand belongs to tymðnÞ:S2hðnÞ. This follows from the
fact that, given v; v 0;w;w 0 A W ðnÞ, then

v:ðw � ½v 0;w 0�Þ ¼ ½v;w� � ½v 0;w 0� þ w � ½v; ½v 0;w 0�� ¼ ½v;w� � ½v 0;w 0�;

since ½v; ½v 0;w 0�� A C2
�
tymðnÞ

�
. Also, by degree reasons, we see that the subset of D

�
hðnÞ

�
defined by the classes of the elements of the graded vector space

WðnÞnL2WðnÞLS2hðnÞ

is in fact a graded S
�
VðnÞ

�
-submodule of D

�
hðnÞ

�
.
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Since tymðnÞ is a free Lie algebra generated by WðnÞ, it is clear by an internal
weight argument that S2WðnÞX tymðnÞ:S2hðnÞ ¼ 0. As a consequence, the projection
p : D

�
hðnÞ

�
! S2WðnÞ is a k-linear epimorphism. It is also homogeneous S

�
VðnÞ

�
-linear

of degree 0, for the classes in D
�
hðnÞ

�
of the elements of WðnÞnL2WðnÞLS2hðnÞ form

a graded S
�
VðnÞ

�
-module and p is the natural projection given by the quotient by this sub-

module.

On the other hand, given vns ½w;w 0� in the component WðnÞnL2WðnÞLS2hðnÞ, it
turns out that

vns ½w;w 0� ¼ �vns ½w 0;w� ¼ �w 0 ns ½w; v� þ w:ðvns w 0Þ:

Therefore, the map a is well-defined, and it is readily verified to be S
�
VðnÞ

�
-linear. Fur-

thermore, ImðaÞ coincides with the collection of classes in D
�
hðnÞ

�
of the elements in

W ðnÞnL2WðnÞLS2hðnÞ. The injectivity of a follows from the fact that tymðnÞ is a free
Lie algebra generated by WðnÞ. r

From now on, we shall identify L3WðnÞ with the image of a in D
�
hðnÞ

�
. Moreover,

by the previous proposition, we will not write the bars denoting class for the elements of
W ðnÞ, and hence, we shall often write w1 � ½w2;w3� A L3W ðnÞ instead of w15w25w3.

The previous short exact sequence implies that there exists a map in homology of the
form

d : H1

�
VðnÞ;S2WðnÞ

�
! H0

�
VðnÞ;L3WðnÞ

�
;ð4:12Þ

which by the Snake Lemma is induced by

Pn
i¼1

wi ns w 0
i n xi 7!

Pn
i¼1

�
r2

i ðwiÞ � w 0
i þ r2

i ðw 0
i Þ � wi

�
;ð4:13Þ

where we have used the notation given in (3.2), then:

Remark 4.6. The map d is naturally obtained in the following way. From the short
exact sequence of ymðnÞ-modules given by

0 ! WðnÞn2 ! I=I 3 ! WðnÞ ! 0;ð4:14Þ

where I ¼ kerðetymðnÞÞ, we obtain the long exact sequence in homology

� � � ! Hp

�
ymðnÞ;WðnÞn2�! Hp

�
ymðnÞ; I=I 3

�
! Hp

�
ymðnÞ;WðnÞ

�
! Hp�1

�
ymðnÞ;WðnÞn2�! � � � :

It is clear that d 1
�1;3 coincides with the map H2

�
ymðnÞ;WðnÞ

�
! H1

�
ymðnÞ;WðnÞn2� in

the long exact sequence. By Remark 3.15 and the functoriality of the Hochschild–Serre
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spectral sequence, there are maps between the long exact sequences (3.19) for X ¼ WðnÞn2,
X ¼ I=I 3 and X ¼ W ðnÞ in the obvious way, which could be represented as a bicomplex.
In particular, there is a map H1

�
VðnÞ;WðnÞn2�! H0

�
VðnÞ;W ðnÞn3�. It induces thus a

morphism H1

�
VðnÞ;S2WðnÞ

�
! H0

�
VðnÞ;L3W ðnÞ

�
, which coincides with d. r

On the other hand, the restriction of the map

B2 : H0

�
VðnÞ;WðnÞn3�! H1

�
ymðnÞ;WðnÞn2�

of the exact sequence of Theorem 3.16 to H0

�
VðnÞ;L3WðnÞ

�
is induced by (see Remark

3.18)

w15w25w3 7! w15w2 nw3 þ w25w3 nw1 þ w35w1 nw2:ð4:15Þ

Proposition 4.7. If d : H1

�
VðnÞ;S2W ðnÞ

�
! H0

�
VðnÞ;L3WðnÞ

�
is the map (4.12),

the following diagram is commutative:

H1

�
VðnÞ;S2WðnÞ

� 			!d H0

�
VðnÞ;L3WðnÞ

�???yB 0
1

???yB2

H2

�
ymðnÞ;WðnÞ

� 			!d 1
�1; 3

H1

�
ymðnÞ;W ðnÞn2�:

Proof. It is clear from the expressions of the maps given by (4.13), (4.15), (4.11),
(4.6), (4.7) and Lemma 4.2. r

Proposition 4.8. The restriction of B 0
1 to H1

�
VðnÞ;S2WðnÞ

�
has kernel isomorphic to

L5VðnÞ and the restriction of B2 to H0

�
VðnÞ;L3W ðnÞ

�
is injective.

Proof. Let us first show that KerðB 0
1jH1ðVðnÞ;S2VðnÞÞÞ ¼ L5VðnÞ. Lemma 4.2 tells us

that L5VðnÞ is included in KerðB 0
1Þ. Furthermore, the expression of the cycles in Proposi-

tion 3.26 implies that L5VðnÞLH1

�
VðnÞ;S2WðnÞ

�
.

On the other hand, by the long exact sequence of Theorem 3.16, KerðB 0
1Þ ¼ ImðS 0

1Þ.
Using the same theorem, we derive that S 0

1 is injective and H3

�
VðnÞ;W ðnÞ

�
FL5VðnÞ, so

KerðB 0
1ÞFL5VðnÞ. Therefore, the restriction of the morphism B 0

1 to H1

�
VðnÞ;S2WðnÞ

�
has kernel L5VðnÞ.

Let us now prove that the map B2jH0ðVðnÞ;L3WðnÞÞ is injective. On the one hand, the

exact sequence of Theorem 3.16 tells us that KerðB2Þ ¼ ImðS2Þ ¼ S2

�
H2

�
VðnÞ;WðnÞn2��.

By the same theorem, H2

�
VðnÞ;W ðnÞn2�FL6VðnÞ. In fact, using the same ideas explained

in Proposition 3.19, the cycles

� P
s AS6

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �n xisð5Þ5xisð6Þ : 1e i1 < i2 < i3 < i4 < i5 < i6 e n

�

form a basis of the homology group H2

�
VðnÞ;WðnÞn2�. This is due to the fact that, by

the double complex (3.16), Remark 3.18 and standard computations on the second term
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of a spectral sequence, the map L6VðnÞ ¼ H6

�
VðnÞ; k

�
,! H2

�
VðnÞ;WðnÞn2� is induced

by

xi15xi25xi35xi45xi55xi6 7!
P

s AS6

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �n xisð5Þ5xisð6Þ ;

where the last element is a cycle in WðnÞn2 nL2VðnÞ. Similar arguments as those used for
the map S1 in Proposition 3.19 assure that the image under the morphism S2 of an element
of this basis is the class of the cycleP

s AS6

eðsÞ½xisð1Þ ; xisð2Þ �n ½xisð3Þ ; xisð4Þ �n ½xisð5Þ ; xisð6Þ �:

Hence, ImðS2ÞLH0

�
VðnÞ;S3W ðnÞ

�
. Taking into account that S3WðnÞXL3WðnÞ ¼ f0g,

it turns out that the kernel of the map B2jH0ðVðnÞ;L3WðnÞÞ vanishes. r

Proposition 4.9. The kernel of the map d : H1

�
VðnÞ;S2WðnÞ

�
! H0

�
VðnÞ;L3WðnÞ

�
given in (4.13) is VðnÞ½�4�lL5VðnÞ.

Proof. It is clear from Propositions 4.7 and 4.8 that L5VðnÞLKerðdÞ. Also, the
expression for the cycles of VðnÞ given in Lemma 4.2 and the expression for d given in
(4.13) tell us that VðnÞ½�4�LKerðdÞ. The change of degree comes from the fact that, in
Lemma 4.2, we have studied the homology of MðnÞ. The elements given by the cycles of�
L3VðnÞ

�
½�2� belong to H1

�
VðnÞ;L2WðnÞ

�
and therefore are not in the kernel of the

map d.

In consequence, it su‰ces to prove that d is injective if restricted to the subspace
spanned by the generic elements of H1

�
VðnÞ;S2WðnÞ

�
, which is rather tedious. We shall

anyway include the proof of this fact because it is quite non-evident.

Since d is a homogeneous morphism of degree 0, it su‰ces to restrict to homogeneous
generic elements.

Now, we may consider a generic element of H1

�
VðnÞ;S2WðnÞ

�
which we shall as-

sume to be the homology class of a k-linear combination of cycles of the form

Pn
l¼1

�
ð½xi; xj�xl n xi½xp; xq� � ½xi; xj�n xi½xp; xq�xlÞn xlð4:16Þ

þ ðxi½xp; xq�n ½xi; xj�xl � xi½xp; xq�xl n ½xi; xj�Þn xl

�
;

for jijf 0, and which is obtained from the map �MðnÞ
0;1 applied to the element

ð½xi; xj�n xi½xp; xq� � xi½xp; xq�n ½xi; xj�Þn
�Pn

l¼1

ðxl n 1 � 1n xlÞn xl

�
ð4:17Þ

in C0

�
VðnÞ;L2WðnÞ

�
nC1

�
VðnÞ;

�
S
�
VðnÞ

�
=hqi

�n2�
. We shall denote

~cc ¼ ½xi; xj�n xi½xp; xq� � xi½xp; xq�n ½xi; xj�:

We notice that the generic elements (4.16) have degree greater than or equal to 6.
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Note that �MðnÞ
0;1 ‘‘interchanges parity’’ between

H0

�
VðnÞ;WðnÞn2� and H1

�
VðnÞ;WðnÞn2�;

i.e. it sends H0

�
VðnÞ;L2WðnÞ

�
to H1

�
VðnÞ;S2WðnÞ

�
and H0

�
VðnÞ;S2WðnÞ

�
to

H1

�
VðnÞ;L2WðnÞ

�
:

Let c be the cycle given by (4.16) and c its homology class. If we use the identity given
in (4.13), then dðcÞ is given by the cycle

Pn
l¼1

�
r2

l ð½xi; xj�xlÞ � xi½xp; xq� þ ½xi; xj�xl � r2
l ðxi½xp; xq�Þð4:18Þ

� r2
l ð½xi; xj�Þ � xi½xp; xq�xl � ½xi; xj� � r2

l ðxi½xp; xq�xlÞ

þ r2
l ðxi½xp; xq�Þ � ½xi; xj�xl þ xi½xp; xq� � r2

l ð½xi; xj�xlÞ

� r2
l ðxi½xp; xq�xlÞ � ½xi; xj� � xi½xp; xq�xl � r2

l ð½xi; xj�Þ
�
;

and we denote by al
j and bl

j the first and second summand (without signs), respectively, of
the j-th line in the previous equation. Since

al
1 � al

2 ¼
�
r2

l ð½xi; xj�xlÞ þ r2
l ð½xi; xj�Þxl

�
� xi½xp; xq� � d CE

1

�
r2

l ð½xi; xj�Þ � xi½xp; xq�n xl

�
;

bl
1 � bl

2 ¼ �½xi; xj� �
�
r2

l ðxi½xp; xq�Þxl þ r2
l ðxi½xp; xq�xlÞ

�
þ d CE

1

�
½xi; xj� � r2

l ðxi½xp; xq�Þn xl

�
;

al
3 � al

4 ¼ �
�
r2

l ðxi½xp; xq�xlÞ þ r2
l ðxi½xp; xq�xlÞ

�
� ½xi; xj� þ d CE

1

�
r2

l ðxi½xp; xq�Þ � ½xi; xj�n xl

�
;

bl
3 � bl

4 ¼ xi½xp; xq� �
�
r2

l ð½xi; xj�xlÞ þ r2
l ð½xi; xj�Þxl

�
� d CE

1

�
xi½xp; xq� � r2

l ð½xi; xj�Þn xl

�
;

it turns out that dðcÞ is the class of the cycle

Pn
l¼1

��
r2

l ð½xi; xj�xlÞ þ r2
l ð½xi; xj�Þxl

�
� xi½xp; xq�ð4:19Þ

� ½xi; xj� �
�
r2

l ðxi½xp; xq�Þxl þ r2
l ðxi½xp; xq�xlÞ

�
�
�
r2

l ðxi½xp; xq�xlÞ þ r2
l ðxi½xp; xq�Þxl

�
� ½xi; xj�

þ xi½xp; xq� �
�
r2

l ð½xi; xj�xlÞ þ r2
l ð½xi; xj�Þxl

��
:

Using the identity (4.1), we may rewrite the cycle (4.19) as follows:

Dð½xi; xj�Þ � xi½xp; xq� � ½xi; xj� � Dðxi½xp; xq�Þð4:20Þ

� Dðxi½xp; xq�Þ � ½xi; xj� þ xi½xp; xq� � Dð½xi; xj�Þ

¼ 2
�
Dð½xi; xj�Þ � xi½xp; xq� � ½xi; xj� � Dðxi½xp; xq�Þ

�
:

Equality (4.4) tells us that
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½xi; xj� � p2

�Pn
l¼1

½xl ; ½xl ; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���
�

ð4:21Þ

¼ ½xi; xj� �
�
Dðxi½xp; xq�Þ þ

Pr

h¼1

Pn
l¼1

x2
l xi1 � � � xih�1

r2
ih
ðxihþ1

� � � xir ½xp; xq�Þ
�

¼ ½xi; xj� � Dðxi½xp; xq�Þ

� d CE
1

�
½xi; xj�xl �

Pr

h¼1

Pn
l¼1

xi1 � � � xih�1
r2

ih
ðxihþ1

� � � xir ½xp; xq�Þn xl

�

� d CE
1

�
½xi; xj� �

Pr

h¼1

Pn
l¼1

xlxi1 � � � xih�1
r2

ih
ðxihþ1

� � � xir ½xp; xq�Þn xl

�
;

so dðcÞ is given by the cycle

2

 
2
Pn
l¼1

½½xl ; xi�; ½xl ; xj�� � xi½xp; xq�ð4:22Þ

� ½xi; xj� � p2

�Pn
l¼1

½xl ; ½xl ; ½xi1 ; . . . ; ½xir ; ½xp; xq�� . . .���
�!

:

Making use of (4.2) of Lemma 4.3 in the previous equation, we obtain that

4
Pn
l¼1

�
ð½½xl ; xi�; ½xl ; xj�� � xi½xp; xq�
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{�1

� ½xi; xj� � xi½½xl ; xp�; ½xl ; xq��
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{�2

Þð4:23Þ

�
Pr

h¼1

½xi; xj� � xlxi1 . . . ½½xl ; xih �; . . . xir ½xp; xq��
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{�3 �

:

We shall denote this cycle by c 0.

Let us now consider the k-linear map

x : L3WðnÞ ! L2VðnÞnL2WðnÞ;

given by

xð½xi1 ; xj1 �z15½xi2 ; xj2 �z25½xi3 ; xj3 �z3Þ ¼ z1ð0Þxi15xj1 n ½xi2 ; xj2 �z25½xi3 ; xj3 �z3

þ z2ð0Þxi25xj2 n ½xi3 ; xj3 �z35½xi1 ; xj1 �z1

þ z3ð0Þxi35xj3 n ½xi1 ; xj1 �z15½xi2 ; xj2 �z2;

for zi A S
�
VðnÞ

�
, i ¼ 1; 2; 3.

It is readily verified that, if L2VðnÞ is provided with the trivial action of S
�
VðnÞ

�
, x

is an S
�
VðnÞ

�
-linear and soðnÞ-equivariant map, so it induces a morphism between the

homology groups

x : H0

�
VðnÞ;L3WðnÞ

�
! H0

�
VðnÞ;L2VðnÞnL2WðnÞ

�
¼ L2VðnÞnH0

�
VðnÞ;L2W ðnÞ

�
:
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We shall prove that x
�
dðcÞ

�
is the class of the cycle

2
P

1es<ten

xs5xt n ðxs5xtÞ:~ccð4:24Þ

þ
Pn
l¼1

ðdjij;0xp5xq n ½xl ; xi�5½xl ; xj� � djij;0xi5xj n ½xl ; xp�5½xl ; xq�Þ;

where ðxp5xqÞ:~cc denotes the action of xp5xq A L2VðnÞF soðnÞ on ~cc (see [12], §20.1,
(20.4)). The expression (4.24) does not depend on the choice of ~cc since the di¤erential of
the Chevalley–Eilenberg complex is soðnÞ-equivariant.

Let us compute x
�
dðcÞ

�
. In order to do so, it su‰ces to apply x to the cycle c 0 given

in (4.23). Then xðc 0Þ is four times the class of the cycle

Pn
l¼1

�
xl5xi n ½xl ; xj�5xi½xp; xq� þ xl5xj nxi½xp; xq�5½xl ; xi� þ djij;0xp5xqn ½xl ; xi�5½xl ; xj�
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{xð�1Þ

� ðxi5xj nxið½xl ; xp�5½xl ; xq�Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
?1

þ xl5xqn ½xi; xj�5xi½xl ; xp� þ xl5xpnxi½xl ; xq�5½xi; xj�Þ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{xð�2Þ

�
Pr

h¼1

xi5xj n xlxi1 � � � ð½xl ; xih �5xihþ1
� � � xr½xp; xq�Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

?2

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{xð�3Þ; first part

�
Pr

h¼1

xl5xih n xlxi1 � � � x̂xih � � � xr½xp; xq�5½xi; xj�
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{xð�3Þ; second part �

;

where we have used that

Pn
l¼1

xp5xq n ½xi; xj�5xlxi1 � � � xir�1
½xl ; xir � ¼

Pn
l¼1

xp5xq n ½xi; xj�5xi1 � � � xir�1
½xl ; ½xl ; xir �� ¼ 0:

Since ?2 is evidently a boundary and ?1 is a boundary if jij > 0, thus xðc 0Þ is equiv-
alent to

2
Pn
l¼1

�
xl5xi n ½xl ; xj�5xi½xp; xq� � xl5xj n ½xl ; xi�5xi½xp; xq�

þ djij;0xp5xq n ½xl ; xi�5½xl ; xj� � djij;0xi5xj n ½xl ; xp�5½xl ; xq�

þ xl5xp n ½xi; xj�5xi½xl ; xq� � xl5xq n ½xi; xj�5xi½xl ; xp�

þ
Pr

h¼1

xl5xih n ½xi; xj�5xlxi1 � � � x̂xih � � � xr½xp; xq�
�
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or also to

2
Pn
l¼1

�
xl5xi n ðxl5xiÞ:½xi; xj�5xi½xp; xq� þ xl5xj n ðxl5xjÞ:½xi; xj�5xi½xp; xq�

þ xl5xp n ½xi; xj�5xiðxl5xpÞ:½xp; xq� þ xl5xq n ½xi; xj�5xiðxl5xqÞ:½xp; xq�

þ djij;0xp5xq n ½xl ; xi�5½xl ; xj� � djij;0xi5xj n ½xl ; xp�5½xl ; xq�

þ
Pr

h¼1

xl5xih n ½xi; xj�5ðxl5xihÞðxiÞ½xp; xq�
�

which may be further simplified to give

2
P

1es<ten

xs5xt n ðxs5xtÞ:~cc

þ
Pn
l¼1

djij;0ðxp5xq n ½xl ; xi�5½xl ; xj� � xi5xj n ½xl ; xp�5½xl ; xq�Þ:

If jij > 0, i.e. ~cc has degree strictly greater than 4, then

x
�
dðcÞ

�
¼ 2

P
1es<ten

xs5xt n ðxs5xtÞ:~cc:

In this case, if c A KerðdÞ, then, since fxs5xtg1es<ten is a basis of L2VðnÞ, it must be that
ðxs5xtÞ:~cc ¼ 0, for all 1e s < te n. This in turn implies that ~cc belongs to the trivial repre-
sentation of soðnÞ in H0

�
VðnÞ;WðnÞn2�. However, Corollary 3.9 tells us that this is not

possible.

If jij ¼ 0, ~cc has degree 4 and

x
�
dðcÞ

�
¼ 2

P
1es<ten

xs5xt n ðxs5xtÞ:~ccð4:25Þ

þ
Pn
l¼1

ðxp5xq n ½xl ; xi�5½xl ; xj� � xi5xj n ½xl ; xp�5½xl ; xq�Þ:

If n ¼ 3, from H0;4

�
VðnÞ;L2WðnÞ

�
¼ Kerð�MðnÞ

0;1 Þ, we need not consider this case (see
Remark 3.28).

Let us thus assume that nf 4 and that ~cc is any non-trivial element of an isotypic com-
ponent in H0

�
VðnÞ;L2W ðnÞ

�
di¤erent from (the ones appearing in) L2VðnÞ. In this case,

since both �MðnÞ
0;1 and d are soðnÞ-equivariant, d

�
�MðnÞ

0;1 ð~ccÞ
�

vanishes if and only if d � �MðnÞ
0;1

vanishes on the complete isotypic component to which ~cc belongs. In this case, we fix

~cc ¼
½e1; e2�5½e1; e4� A G2L1

; if n ¼ 4;

½e1; e2�5½e1; e5� A G2L1þL2
; if n ¼ 5;

½e1; e2�5½e1; e3� A G2L1þL2þL3
; if nf 7;

8><
>:

where fe1; . . . ; eng is a basis of VðnÞ for which the quadratic form of VðnÞ is polarized (see
[12], §18.1). We may choose this basis as follows. Let m ¼ ½n=2� be the integral part of n=2.
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If n is even, we define ej ¼ ðxj þ ixjþmÞ=
ffiffiffi
2

p
and ejþm ¼ ðxj � ixjþmÞ=

ffiffiffi
2

p
, for 1e j em;

whereas, if n is odd, we also define en ¼ xn.

We have intentionally omitted the case n ¼ 6 in the previous list since we
should consider two di¤erent isotypic components: ~cc ¼ ½e1; e2�5½e1; e3� A G2L1þL2þL3

and
~cc ¼ ½e1; e2�5½e1; e6� A G2L1þL2�L3

.

We shall see that x
�
d
�
�MðnÞ

0;1 ð~ccÞ
��

does not vanish in any case. We start recalling
the following elementary fact: Consider a k-vector space V of finite dimension n,
f A ðV � nV �Þ� a bilinear map on V �, and a basis fv1; . . . ; vngLV , with dual basis
fv�

1 ; . . . ; v
�
ngLV �. By the canonical identification ðV � nV �Þ� FV nV , we see that the

expression

Pn
i; j¼1

fðv�
i ; v

�
j Þvi n vj A Vn2

identifies with f, so it is independent of the choice of the basis. When V is provided with
a nondegenerate symmetric bilinear form Q : Vn2 ! k, we may consider f ¼ Q�1, the
inverse form of Q (i.e. the one obtained by the condition that the map v 7! Qðv;�Þ from V

to V � is an isometry).

We shall apply the previous fact in order to rewrite equation (4.25) as follows. First,

Pn
l¼1

xl n xl ¼
Pm
l¼1

ðel n elþm þ elþm n elÞ þ dn�2m;1en n en;

where we have used f equal to the inverse of the form on VðnÞ. Also, the nondegenerate
symmetric form Kðxs5xt; xs 05xt 0 Þ ¼ ds; s 0dt; t 0 � ds; t 0dt; s 0 is invariant, so it is a Killing form

on L2VðnÞ, coinciding with � 1

8
tr under the canonical identification L2VðnÞF soðnÞ (see

[12], §20.1, (20.4)). Hence,

P
1es<ten

ðxs5xtÞn ðxs5xtÞ ¼
P

1es<ten
1es 0<t 0en

K�1
�
ðes5etÞ�; ðes 05et 0 Þ�

�
ðes5etÞn ðes 05et 0 Þ:

By the previous considerations, we may rewrite the expression (4.25) for x
�
d
�
�MðnÞ

0;1 ð~ccÞ
��

,

where ~cc ¼ ½e1; e2�5½e1; eh� and h A f3; 4; 5; 6g is given according to the previous choices of
cycles. There is one term of the form ðe15e2Þn a1;2 in the cycle representing the homology
class x

�
d
�
�MðnÞ

0;1 ð~ccÞ
��

, where

a1;2 ¼ ðe1þm5e2þmÞð½e1; e2�5½e1; eh�Þ �
Pm
l¼1

ð½el ; e1�5½elþm; eh� þ ½elþm; e1�5½el ; eh�Þ

� dn�2m;1½en; e1�5½en; eh�

¼ ½e1; e1þm�5½e1; eh� � ½e1; e2�5½e2þm; eh� � ½e2þm; e2�5½e1; eh�

�
Pm
l¼1

ð½el ; e1�5½elþm; eh� þ ½elþm; e1�5½el ; eh�Þ � dn�2m;1½en; e1�5½en; eh�;
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so it does not vanish. Since there are no boundaries in this degree, x
�
d
�
�MðnÞ

0;1 ð~ccÞ
��

is not
zero, and a fortiori d

�
�MðnÞ

0;1 ð~ccÞ
�

does not vanish. The proposition is thus proved. r

Let us now come back to the study of the spectral sequence of the previous section.

Proposition 4.10. The kernel of the di¤erential d 1
�1;3 is isomorphic to VðnÞ½�4�, with

basis given in Lemma 4.2.

Proof. By Propositions 4.7, 4.8 and 4.9, we see that Kerðd 1
�1;3ÞFVðnÞ½�4�. r

5. Computation of HH 1(YM(n))

In this section we shall finally compute the group of outer derivations HH 1
�
YMðnÞ

�
,

for nf 3. We recall that, since the beginning of the previous section, we have assumed that
nf 3, unless we say the contrary.

We begin by describing some derivations of YMðnÞ.

Proposition 5.1. There is a homogeneous k-linear monomorphism of degree 0:

k lVðnÞ½2�lL2
�
VðnÞ½1�

�
,! HH 1

�
YMðnÞ

�
:

Proof. We shall consider the following collection of plain derivations of YMðnÞ
(in the non-graded sense). They are homogeneous k-linear maps certain of degree, but sat-
isfying the usual Jacobi identity (not the graded version).

In the first place, the homogeneous morphism of degree 0 given by

deu : YMðnÞ ! YMðnÞ;

z 7! jzjz;

where z A YMðnÞ is homogeneous of usual degree jzj, is a derivation of YMðnÞ, which we
call the Eulerian derivation.

Next, we define the derivations di, i ¼ 1; . . . ; n, of degree �1 induced by the mor-
phisms of the same name

di : VðnÞ ! T
�
VðnÞ

�
;

xj 7! di; j:

Finally, since soðnÞFL2VðnÞ acts on YMðnÞ by derivations of degree 0, we immedi-
ately obtain a homogeneous map of degree 0 from L2

�
VðnÞ½1�

�
to Der

�
YMðnÞ

�
.

It is clear that the previous derivations induce a homogeneous k-linear monomor-
phism of degree 0:

k lVðnÞ½2�lL2
�
VðnÞ½1�

�
,! Der

�
YMðnÞ

�
:ð5:1Þ
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To prove this, by degree reasons, it is only necessary to show that the set of derivations
induced by the standard basis of soðnÞ and the Eulerian derivation is linearly independent,
which is direct.

The map of the proposition is then the composition of the morphism (5.1) with the
canonical projection

Der
�
YMðnÞ

�
! Der

�
YMðnÞ

�
=Innder

�
YMðnÞ

�
FHH 1

�
YMðnÞ

�
:

Since the inner derivations have degree greater than or equal to 1, except for the zero
derivation, it turns out that the previous composition is also injective. The proposition is
thus proved. r

We devote the rest of this section to prove that the monomorphism of Proposition 5.1
is in fact an isomorphism. This will be achieved by making use of the spectral sequence
associated to a filtration of S

�
ymðnÞ

�
.

First, the isomorphism of equivariant YMðnÞ-modules YMðnÞad FS
�
ymðnÞ

�
implies

that

HH 1
�
YMðnÞ

�
FH 1

�
ymðnÞ;YMðnÞ

�
FH 1

�
ymðnÞ;S

�
ymðnÞ

��
¼
L

i AN0

H 1
�
ymðnÞ;S i

�
ymðnÞ

��
:

Let I be the ideal of S
�
ymðnÞ

�
generated by tymðnÞ. We deduce that I is also an equi-

variant YMðnÞ-module, for tymðnÞ is an equivariant YMðnÞ-module. Therefore, we may
consider the decreasing filtration

�
F �S

�
ymðnÞ

��
� AZ of equivariant YMðnÞ-modules of

S
�
ymðnÞ

�
given by

F pS
�
ymðnÞ

�
¼

I p; if pf 1;

S
�
ymðnÞ

�
; if pe 0:

�

We see that F �S
�
ymðnÞ

�
is exhaustive and Hausdor¤. Given i A N, it induces a decreasing

filtration
�

F �S i
�
ymðnÞ

��
� AZ of ymðnÞ-modules on S i

�
ymðnÞ

�
, which also becomes exhaus-

tive and Hausdor¤. For each pf 0, there is a natural isomorphism of equivariant YMðnÞ-
modules

F pS i
�
ymðnÞ

�
=F pþ1S i

�
ymðnÞ

�
FS i�pVðnÞnS p

�
tymðnÞ

�
;

where the action of ymðnÞ on S i�pVðnÞ is trivial and the action of soðnÞ on each factor is
the obvious one.

This filtration provides a collection of spectral sequences iE �;�
� with

iE
p;q
1 ¼ H pþq

�
ymðnÞ;S i�pVðnÞnS p

�
tymðnÞ

��
;ð5:2Þ

for all i A N0, where by definition S qð�Þ ¼ 0, whenever q < 0. Each of these spectral
sequences is bounded and, hence, convergent. The complete spectral sequence

E �;�
� ¼

L
i AN0

iE �;�
�
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is therefore convergent. We remark that the collection of spectral sequences iE �;�
� , i A N0,

and its direct sum E �;�
� are considered in the category of equivariant YMðnÞ-modules.

Since the isomorphism of equivariant YMðnÞ-modules S
�
tymðnÞ

�
FU

�
tymðnÞ

�ad

preserves the internal degree, it induces an isomorphism Sþ�tymðnÞ
�
FKerðetymðnÞÞ, and,

as a consequence,

H�
�
ymðnÞ;KerðetymðnÞÞ

�
FH�

�
ymðnÞ;Sþ�tymðnÞ

��
¼
L
i AN

H�
�
ymðnÞ;S i

�
tymðnÞ

��
:

By Theorem 4.1, H3

�
ymðnÞ;KerðetymðnÞÞ

�
¼ 0, which yields that

H3

�
ymðnÞ;S i

�
tymðnÞ

��
¼ 0; for all i A N:

On the other hand, by the same theorem,

H2

�
ymðnÞ;KerðetymðnÞÞ

�
FH2

�
ymðnÞ; tymðnÞ

�
FVðnÞ½�4�;

so it turns out that H2

�
ymðnÞ;S i

�
tymðnÞ

��
¼ 0, for all if 2.

Taking into account the Poincaré duality of the Yang–Mills algebra, we obtain the
following result.

Proposition 5.2. The homology groups

H 0
�
ymðnÞ;S i

�
tymðnÞ

��
and H 1

�
ymðnÞ;S i

�
tymðnÞ

��
vanish for if 1 and for if 2, respectively. There is a homogeneous isomorphism of soðnÞ-
modules of degree 0 of the form H 1

�
ymðnÞ; tymðnÞ

�
FH 1

�
ymðnÞ; k

�
FVðnÞ.

From the previous proposition and recalling that

iE p;q
y FF pH 1

�
ymðnÞ;S i

�
ymðnÞ

��
=F pþ1H 1

�
ymðnÞ;S i

�
ymðnÞ

��
;

we conclude that H 1
�
ymðnÞ;S i

�
ymðnÞ

��
is a direct sum (as a graded soðnÞ-module) of a

subquotient of iE1;0
2 and a subquotient of iE0;1

2 .

Figure 2. First step E
�; �
1 of the spectral sequence. The dotted lines indicate the limits wherein the spectral

sequence is concentrated.
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We shall begin by analyzing iE
1;0
2 . In order to do so, it is necessary to compute the

kernel of id 1;0
1 and the image of id 0;0

1 , for i A N0.

First, making use of the identifications

iE
0;0
1 ¼ H 0

�
ymðnÞ;S iVðnÞ

�
FS iVðnÞ

and

iE1;0
1 ¼ H 1

�
ymðnÞ;S i�1VðnÞn tymðnÞ

�
FS i�1VðnÞnVðnÞ

given in Proposition 5.2, it is clear that id
0;0
1 may be identified with the de Rham di¤eren-

tial d 0
dR restricted to the i-th component of the symmetric algebra S

�
VðnÞ

�
, which in gen-

eral is given by

d
p
dR : S iVðnÞnLpVðnÞ ! S i�1VðnÞnLpþ1VðnÞ;

zn xi15� � �5xip 7!
Pn
j¼1

qjðzÞn xj5xi15� � �5xip :
ð5:3Þ

The following lemmas will be used in the forthcoming study of the spectral sequence
we are dealing with.

Lemma 5.3. The image of the di¤erential

2d
1;0
1 : 2E

1;0
1 ¼ H 1

�
ymðnÞ;VðnÞn tymðnÞ

�
! 2E

2;0
1 ¼ H 2

�
ymðnÞ;S2

�
tymðnÞ

��
is canonically isomorphic to L2VðnÞ. In fact, the image of 2d

1;0
1 coincides with the image of

the linear monomorphism

i : L2VðnÞ ! H 2
�
ymðnÞ;S2

�
tymðnÞ

��
ð5:4Þ

given by the composition of the map i : L2VðnÞ ! Z2
�
YMðnÞ;S2

�
tymðnÞ

��
defined by

iðxi5xjÞ ¼
Pn

p; l¼1

ð4½xi; xl �½½xj; xp�; xl �n xp � 4½½xi; xp�; xl �½xj; xl �n xp

� 2½xi; xl �½½xj; xl �; xp�n xp þ 2½½xi; xl �; xp�½xj; xl �n xpÞ

and the canonical projection Z2
�
YMðnÞ;S2

�
tymðnÞ

��
! H 2

�
ymðnÞ;S2

�
tymðnÞ

��
.

Proof. By Proposition 5.2, H 1
�
ymðnÞ;VðnÞn tymðnÞ

�
FVðnÞn2. Furthermore,

by the description of a basis of cocycles of the cohomology group H 1
�
ymðnÞ; tymðnÞ

�
given in the paragraph preceding Theorem 4.1, we see that the homology class in
H 1
�
ymðnÞ;VðnÞn tymðnÞ

�
corresponding to xi n xj A VðnÞn2 is that of the cocycle

Pn
l¼1

xi n ½xj; xl �n xl A VðnÞnC1
�
YMðnÞ; tymðnÞ

�
;

which will be denoted by xi; j. Therefore, we have that 2d
1;0
1 ðxi; jÞ is the class of the cocycle
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Pn
p; l¼1

ð2½xi; xp�½½xj; xl �; xp�n xl � 2½½xi; xp�; xl �½xj; xl �n xp

� 2½xi; xl �½½xj; xl �; xp�n xp þ ½xi; xl �½½xj; xl �; xp�n xp þ ½½xi; xl �; xp�½xj; xl �n xpÞ

¼
Pn

p; l¼1

ð2½xi; xp�½½xj; xl �; xp�n xl � 2½½xi; xp�; xl �½xj; xl �n xp

� ½xi; xl �½½xj; xl �; xp�n xp þ ½½xi; xl �; xp�½xj; xl �n xpÞ

¼
Pn

p; l¼1

ð2½xi; xl �½½xj; xp�; xl �n xp � 2½½xi; xp�; xl �½xj; xl �n xp

� ½xi; xl �½½xj; xl �; xp�n xp þ ½½xi; xl �; xp�½xj; xl �n xpÞ:

It is readily verified that the previous identity vanishes if we take xs
i; j ¼ xi; j þ xj; i, for all

i; j ¼ 1; . . . ; n. On the other hand, if xa
i; j ¼ xi; j � xj; i,

2d
1;0
1 ðxa

i; jÞ is given by the cocycle

Pn
p; l¼1

ð4½xi; xl �½½xj; xp�; xl �n xp � 4½½xi; xp�; xl �½xj; xl �n xp

� 2½xi; xl �½½xj; xl �; xp�n xp þ 2½½xi; xl �; xp�½xj; xl �n xpÞ:

Hence, 2d 1;0
1 ðxa

i; jÞ is the class of a cocycle of degree 8.

Also, i is injective, and we can see this as follows. Let us first consider the case n3 4.
Indeed, the fact that the map i is a non-trivial soðnÞ-equivariant and that L2VðnÞ is irreduc-
ible implies that i is monomorphic. For the case n ¼ 4 we proceed analogously, but taking
into account that L2VðnÞFGL1þL2

lGL1�L2
and i does not vanish in any direct summand.

From the form of the complex C ��YMðnÞ;S2
�
tymðnÞ

��
, we see that the space

B2
�
YMðnÞ;S2

�
tymðnÞ

��
8

of coboundaries of degree 8 is an epimorphic image of

S2
�
tymðnÞ

�
4
FS2

�
L2VðnÞ

�
under the soðnÞ-equivariant map d3. It is not hard to prove

that the intersection between B2
�
YMðnÞ;S2

�
tymðnÞ

��
8

and the image of i is trivial, so i

is also injective. This can be deduced from arguments on isotypic components, which we
now explain. If n3 6, Remark 3.28 tells us that ImðiÞFL2VðnÞ is not an isotypic compo-
nent of S2

�
L2VðnÞ

�
, which yields that the previous intersection is trivial. The case n ¼ 6 is

analogous. r

Lemma 5.4. Let p : VðnÞn2 ! L2VðnÞ be the canonical projection. The following

diagram is commutative:

iE 1; 0
1

iE2; 0
1










H 1
�
ymðnÞ;S i�1VðnÞn tymðnÞ

�
H 2
�
ymðnÞ;S i�2VðnÞnS2tymðnÞ

�???yF id
S i�2VðnÞni

K
			!

S i�1VðnÞnVðnÞ 							!d 0
dR

nidVðnÞ
S i�2VðnÞnVðnÞn2 							!id

S i�2VðnÞnp

S i�2VðnÞnL2VðnÞ:

																																											!id
1; 0
1

Also, note that ðidS i�2VðnÞn pÞ � ðd 0
dR n idVðnÞÞ ¼ d 1

dR.
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Proof. The second statement is direct. In order to prove the first statement of the
lemma, it su‰ces to restrict to the case that c A H 1

�
ymðnÞ;S i�1VðnÞn tymðnÞ

�
is repre-

sented by

Pn
l¼1

zn ½xj; xl �n xl ;

where z ¼ xj1 � � � xji�1
A S i�1VðnÞ. Notice that we have used the description of a basis of

cocycles of the cohomology group H 1
�
ymðnÞ; tymðnÞ

�
given in the last paragraph of the

proof of Theorem 4.1. Thus, id
1;0
1 ðcÞ is the cohomology class of the cocycle

Pn
l;g¼1

Pi�1

h¼1

ð2xj1 � � � ½xjh ; xg� � � � xji�1
n ½½xj; xl �; xg�n xl

� 2xj1 � � � ½½xjh ; xg�; xl � � � � xji�1
n ½xj; xl �n xg

� 2xj1 � � � ½xjh ; xl � � � � xji�1
n ½½xj; xl �; xg�n xg

þ xj1 � � � ½xjh ; xl � � � � xji�1
n ½½xj; xl �; xg�n xg

þ xj1 � � � ½½xjh ; xl �; xg� � � � xji�1
n ½xj; xl �n xgÞ;

which can also be rewritten as

Pn
l;g¼1

Pn
r¼1

qrðzÞð2½xr; xg�n ½½xj; xl �; xg�n xl � 2½½xr; xg�; xl �n ½xj; xl �n xg

� 2½xr; xl �n ½½xj; xl �; xg�n xg þ ½xr; xl �n ½½xj; xl �; xg�n xg

þ ½½xr; xl �; xg�n ½xj; xl �n xgÞ ¼
Pn
r¼1

qrðzÞn iðxr5xjÞ:

The lemma is then proved. r

As a direct consequence of the previous lemmas and the fact that H 1
dR

�
S
�
VðnÞ

��
¼ 0

(see [34], Corollary 9.9.3), we obtain the following proposition.

Proposition 5.5. The diagram

iE0;0
1 			!id 0; 0

1 iE1;0
1 			!id 1; 0

1 iE2;0
1???yF

???yF id
S i�2VðnÞni

K
		!

S iVðnÞ 			!d 0
dR

S i�1VðnÞnVðnÞ 			!d 0
dR

S i�2VðnÞnL2VðnÞ

is commutative. Since H 1
dR

�
S
�
VðnÞ

��
¼ 0, this implies that iE

1;0
2 ¼ 0, for all i A N0.

By the proposition we conclude that iE1;0
2 ¼ 0 for i A N0. Hence,

H 1
�
ymðnÞ;S i

�
ymðnÞ

��
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is isomorphic (as graded soðnÞ-module) to a subquotient of iE
0;1
2 . Since

iE
0;1
2 ¼ Kerð id

0;1
1 Þ;

it will be convenient to make this map explicit.

Lemma 5.6. The image of the di¤erential

1d
0;1
1 : 1E

0;1
1 ¼ H 1

�
ymðnÞ;VðnÞ

�
! 1E

1;1
1 ¼ H 2

�
ymðnÞ; tymðnÞ

�
is naturally isomorphic to S2

irrVðnÞFS2VðnÞ=k:q, where q ¼
Pn
i¼1

xi n xi. In fact, the image

of 1d 0;1
1 coincides with the image of the linear monomorphism

i 0 : S2
irrVðnÞ ! H 2

�
ymðnÞ; tymðnÞ

�
ð5:5Þ

given by the composition of the map i 0 : S2
irrVðnÞ ! Z2

�
YMðnÞ; tymðnÞ

�
defined as

i 0ðxi ns xjÞ ¼
Pn

p; l¼1

ð�2½½xi; xp�; xj�n xp � 2½½xj; xp�; xi�n xpÞ

and the canonical projection Z2
�
YMðnÞ; tymðnÞ

�
! H 2

�
ymðnÞ; tymðnÞ

�
.

Proof. By Proposition 5.2, H 1
�
ymðnÞ;VðnÞ

�
FVðnÞn2. Analogously to Lemma 5.3,

we find that, if xi; j is the cohomology class of the cocycle xi n xj A VðnÞnC1
�
YMðnÞ; k

�
,

then 1d
0;1
1 ðxi; jÞ is the cohomology class of the cocycle

Pn
p¼1

ð�2½½xi; xp�; xj�n xp þ ½½xi; xj�; xp�n xpÞ:ð5:6Þ

The Jacobi identity tells us that 1d 0;1
1 ðxa

i; jÞ vanishes if xa
i; j is the cohomology class of the

cocycle xi n xj � xj n xi A VðnÞnC1
�
YMðnÞ; k

�
, for all i; j ¼ 1; . . . ; n. Moreover, by the

Yang–Mills relations (2.3), 1d
0;1
1 ðqÞ ¼ 0, with q ¼

Pn
i¼1

xi; i.

On the other hand, if xs
i; j is the cohomology class of xi n xj þ xj n xi (for

1e ie j e n), 1d
0;1
1 ðxs

i; jÞ is given by the cocycle

Pn
p¼1

ð�2½½xi; xp�; xj�n xp � 2½½xj; xp�; xi�n xpÞ:ð5:7Þ

Therefore, 1d 0;1
1 ðxs

i; jÞ is the class of a cocycle of degree 6. However, there are also coboun-
daries in this degree, which are of the form

P
1ea<ben

Pn
p¼1

ca;b½½xa; xb�; xp�n xp:ð5:8Þ
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Hence, we see that the cocycle (5.7) is equivalent to

�4
Pn
p¼1

½½xi; xp�; xj�n xp:ð5:9Þ

It is easily checked that i 0 is injective, which follows from the fact that the map i 0 is a
non-trivial soðnÞ-equivariant and that S2

irrVðnÞ is an irreducible soðnÞ-module.

Considering the complex C ��YMðnÞ; tymðnÞ
�
, we see that the subspace

B2
�
YMðnÞ; tymðnÞ

�
6

spanned by the coboundaries of degree 6 is an epimorphic image of
�
tymðnÞ

�
4
FL2VðnÞ

under the soðnÞ-equivariant map d3. It is not hard to prove that the intersection between
B2
�
YMðnÞ; tymðnÞ

�
6

and the image of i 0 is trivial, since Imði 0ÞFS2
irrVðnÞ is not an isotypic

component of L2VðnÞ. This implies that i 0 is monomorphic. r

Lemma 5.7. If we denote by p 0 : VðnÞn2 ! S2
irrVðnÞ the canonical projection, the

following diagram is commutative:

iE0;1
1

iE1;1
1










H 1
�
ymðnÞ;S iVðnÞ

�
H 2
�
ymðnÞ;S i�1VðnÞn tymðnÞ

�???yF id
S i�1VðnÞni 0

K
		!

S iVðnÞnVðnÞ 						!d 0
dR

nidVðnÞ
S i�1VðnÞnVðnÞn2 						!id

S i�1VðnÞnp 0

S i�1VðnÞnS2
irrVðnÞ:

																																										!id
0; 1
1

Proof. It is enough to prove the lemma when c A H 1
�
ymðnÞ;S iVðnÞ

�
is repre-

sented by zn xj A S iVðnÞnC1
�
YMðnÞ; k

�
, where z ¼ xj1 � � � xji A S iVðnÞ. If this is the

case, id 0;1
1 ðcÞ is the cohomology class of the cocycle

Pn
l¼1

Pi

h¼1

ð�2xj1 � � � ½½xjh ; xl �; xj� � � � xji n xl þ xj1 � � � ½½xjh ; xj�; xl � � � � xji n xlÞ

¼
Pn
l¼1

Pn
r¼1

qrðzÞn ð�2½½xr; xl �; xj� þ ½½xr; xj�; xl �Þn xl : r

The previous lemma implies the following result.

Proposition 5.8. The space iE0;1
2 vanishes for if 3. Furthermore:

(1) 0E
0;1
2 is the vector space with basis given by the cohomology class of the cocycles

fxi : i ¼ 1; . . . ; ng, where xi A VðnÞ ¼ C1
�
YMðnÞ; k

�
,

(2) 1E
0;1
2 is the vector space with basis given by the cohomology class of the cocycles

fxi n xj � xj n xi : 1e i < j e ngW
�Pn

i¼1

xi n xi

�
LC1

�
YMðnÞ;VðnÞ

�
;
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(3) 2E
0;1
2 is the vector space with basis given by the cohomology class of the cocycles�Pn

i¼1

xjxi n xi �
1

2
x2

i n xj : i ¼ 1; . . . ; n

�
LC1

�
YMðnÞ;S2VðnÞ

�
:

Proof. First, it is direct to prove that the collection of elements of C1
�
YMðnÞ; k

�
given in item (1) is indeed a basis of cocycles, since H 1

�
YMðnÞ; k

�
FVðnÞ. On the other

hand, Lemma 5.6 says that Kerð1d
0;1
1 Þ is generated by the cocycles given in item (2).

Let if 2. We consider

z ¼
Pn
j¼1

zj n xj A S iVðnÞnVðnÞ

a representative of a cohomology class z in iE0;1
1 . We notice that

ðidS i�1VðnÞ n p 0Þ � ðd 0
dR n idVðnÞÞ

�Pn
j¼1

zj n xj

�

¼
Pn

j;h¼1

qhðzjÞn xh ns xj A S i�1VðnÞnS2
irrVðnÞ:

Therefore, by Lemma 5.7, z A Kerð id 0;1
1 Þ if and only if the following conditions are satis-

fied:

(i) qhzj ¼ �qjzh, for all h; j ¼ 1; . . . ; n such that h3 j,

(ii) qhzh ¼ qjzj, for all h; j ¼ 1; . . . ; n.

We shall first analyze the case i ¼ 2. In order to do so, we shall assume that

zj ¼
Pn

m; l¼1

a
j
l;mxlxm A S2VðnÞ;

where a
j
l;m ¼ a

j
m; l A k, for all l;m ¼ 1; . . . ; n. The previous conditions are respectively equiv-

alent to

(a) a
j
l;m ¼ �al

j;m, for all j; l;m ¼ 1; . . . ; n such that j 3 l,

(b) a
j
j;m ¼ al

l;m, for all j; l;m ¼ 1; . . . ; n.

The first condition implies that, if j, l, m are all di¤erent, then

�am
l; j ¼ a

j
l;m ¼ �al

j;m ¼ am
j; l ;

so, it must be a
j
l;m ¼ 0. Also, both conditions yield that, given j 3 l,

�al
j; j ¼ a

j
l; j ¼ al

l; l :

We shall denote al ¼ al
l; l .
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Applying these considerations we may simplify the expression of z as follows:

z ¼
Pn

j; l;m¼1

a
j
l;mxlxm n xj ¼

Pn
j¼1

�
2
P

1emen
m3 j

a
j
j;mxjxm n xj þ

P
1emen

m3 j

a j
m;mx2

m n xj þ a
j
j; jx

2
j n xj

�

¼
Pn
j¼1

� P
1emen

m3 j

2amxjxm n xj �
P

1emen
m3 j

ajx
2
m n xj þ ajx

2
j n xj

�

¼
Pn

m¼1

2am

�Pn
j¼1

xjxm n xj �
1

2
x2

j n xm

�
;

where we have omitted the terms with a
j
l;m ( j, l, m all di¤erent) in the last member of the

first line, since they vanish. In consequence, we have proved that 2E0;1
1 is spanned by the

basis given in item (3).

We shall now show that iE0;1
1 ¼ 0 for if 3. This is a direct consequence of the

following auxiliary lemma.

Lemma 5.9. Let nf 3 and let p1; . . . ; pn be homogeneous polynomials of degree i f 3
in k½x1; . . . ; xn� which satisfy that

(I) qh pj ¼ �qj ph, for all h; j ¼ 1; . . . ; n such that h3 j,

(II) qh ph ¼ qj pj, for all h; j ¼ 1; . . . ; n.

Then, p1 ¼ � � � ¼ pn ¼ 0.

Proof. We choose di¤erent elements j1; j2; j3 A f1; . . . ; ng. Applying condition (I),
it turns out that

qj2qj3 pj1 ¼ qj3qj2 pj1 ¼ �qj3qj1 pj2 ¼ �qj1qj3 pj2 ¼ qj1qj2 pj3 ¼ qj2qj1 pj3 ¼ �qj2qj3 pj1 :

Therefore, qj2qj3 pj1 ¼ 0, if j1, j2, j3 are all di¤erent. This in turn implies that

pj ¼ ajx
i
j þ

P
h¼1;...;n

h3 j

Pi

d¼1

a
j
h;dxi�d

j xd
hð5:10Þ

for j A f1; . . . ; ng. Also, if j1; j2 A f1; . . . ; ng are two di¤erent elements, conditions (I) and
(II) tell us that

q2
j1

pj1 ¼ qj1qj1 pj1 ¼ qj1qj2 pj2 ¼ qj2qj1 pj2 ¼ �qj2qj2 pj1 :

Hence, q2
j2

pj1 ¼ q2
j3

pj1 , for all j2; j3 3 j1. Using this identity in equation (5.10), we conclude
that

pj ¼ ajx
i
j þ

P
h¼1;...;n

h3 j

P2
d¼1

a
j
h;dxi�d

j xd
h ;
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for all j A f1; . . . ; ng. If j 3 j 0,

qj 0pj ¼ a
j
j 0;1xi�1

j þ 2a
j
j 0;2xi�2

j xj 0 :

In particular, condition (I) says that a
j
j 0;1 ¼ 0, for all j; j 0 ¼ 1; . . . ; n such that j 3 j 0, so

pj ¼ ajx
i
j þ

P
h¼1;...;n

h3 j

a
j
h;2xi�2

j x2
h :ð5:11Þ

We need to consider two cases: i > 3 and i ¼ 3. If i > 3, condition (I) also tells
us that a

j
j 0;2 ¼ 0, for all j; j 0 ¼ 1; . . . ; n such that j 3 j 0. In this case, pj ¼ ajx

i
j , for all

j A f1; . . . ; ng, and condition (II) implies that aj ¼ 0, for all j A f1; . . . ; ng, so pj vanishes
for all j A f1; . . . ; ng.

If i ¼ 3, we recall that

qj pj ¼ 3ajx
2
j þ

P
h¼1;...;n

h3 j

a
j
h;2x2

h :

Identity qj pj ¼ qj 0pj 0 implies that aj ¼ 0, for all j A f1; . . . ; ng, and a
j
h;2 ¼ 0, for h3 j; j 0.

Since nf 3, pj vanishes for all j A f1; . . . ; ng. The lemma is thus proved. r

The proof of the proposition is then complete. r

Proposition 5.10. The kernel of 2d 0;1
2 vanishes. In consequence, 2E0;1

3 ¼ 0.

Proof. We first observe that 2E0;1
2 is isomorphic to VðnÞ as soðnÞ-modules, so it

is an irreducible soðnÞ-module. If we apply the di¤erential 2d
0;1
2 to the cohomology class

represented by a cocycle of the form

Pn
l¼1

xjxl n xl �
1

2
x2

l n xj

� �
;

we obtain the cohomology class of the cocycle in C2
�
YMðnÞ;S2

�
tymðnÞ

��
given by

Pn
l;m¼1

ð2½xj; xm�ns ½xl ; xm�n xl � 2½xj; xl �ns ½xl ; xm�n xmð5:12Þ

� ½xl ; xm�ns ½xl ; xm�n xjÞ:

We point out that the cohomology classes of the previous cocycles are linearly independent,
which implies that Kerð2d 0;1

2 Þ ¼ 0. This can be deduced as follows. Taking into account
2E

0;1
2 is an irreducible soðnÞ-module and 2d

0;1
2 is soðnÞ-equivariant, the latter is an isomor-

phism if it does not vanish. Since there are no coboundaries of the same internal degree and
the cocycles (5.12) are nonzero, we conclude that Kerð2d 0;1

2 Þ ¼ 0. r

By Propositions 5.1, 5.8 and 5.10, we derive the main result of this section.
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Theorem 5.11. The morphism given in Proposition 5.1 is bijective. Furthermore, there

is an isomorphism of Lie algebras

HH 1
�
YMðnÞ

�
FVðnÞz

�
soðnÞ � k

�
;

where HH 1
�
YMðnÞ

�
is provided with the Gerstenhaber bracket, k and VðnÞ are considered as

abelian subalgebras and soðnÞ acts on VðnÞ by the standard action.

Proof. We only need to prove the second statement. By Proposition 5.1, a basis of
representatives of outer derivations is given by the derivations deu, di (i ¼ 1; . . . ; n), and the
collection of derivations di; j (1e i < j e n) coming from the canonical basis of soðnÞ
(when identified with L2VðnÞ), which act on YMðnÞ as

di; jðxkÞ ¼ 2ðdj;kxi � di;kxjÞ:

From this it is easy to prove that ½deu; di; j� ¼ ½di; dj� ¼ 0, ½di; j; dk� ¼ 2ðdj;kdi � di;kdjÞ and

½deu; di� ¼ �di. Hence, the Lie algebra HH 1
�
YMðnÞ

�
with the Gerstenhaber bracket is iso-

morphic to VðnÞz
�
soðnÞ � k

�
, where k and VðnÞ are considered as abelian subalgebras

and soðnÞ acts on VðnÞ by the standard action. r

6. Hochschild and cyclic homology of YM(n)

6.1. Generalities. In this subsection, A shall denote a connected graded k-algebra
(i.e. A0 ¼ k). We shall denote by HC�ðAÞ the �-th cyclic homology group of A and
HC�ðAÞ ¼ HC�ðAÞ=HC�ðkÞ the reduced �-th cyclic homology group. Also,

HH�ðAÞ ¼ HH�ðAÞ=HH�ðkÞ

shall denote the reduced �-th Hochschild homology group. We recall that

HH�ðAÞ ¼ HH�ðAÞ; for �f 1;

HH0ðAÞ ¼ HH0ðAÞ=k, HH0ðAÞ ¼ HC0ðAÞ and HH0ðAÞ ¼ HC0ðAÞ. In fact, all of them
are not only abelian groups but also k-vector spaces.

As it is usual, if A is provided with an N0-grading, then the cyclic homology has two
gradings: the homological grading and the internal one. So, we shall denote by HCi; jðAÞ
and HCi; jðAÞ the components of internal degree j of HCiðAÞ and HCiðAÞ, respectively.
As a consequence, these groups are graded vector spaces with respect to the internal
grading.

If A is an N0-graded algebra, the relation between the previous homologies is pro-
vided by the following collection of short exact sequences of graded vector spaces (see [34],
Theorem 9.9.1)

0 ! HCi�1ðAÞ ! HHiðAÞ ! HCiðAÞ ! 0;ð6:1Þ
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for all if 0, derived from Connes’ long exact sequence. This is a corollary of Goodwillie’s
Theorem proved by M. Vigué-Poirrier (see [14] and [33]).

We recall that the Euler–Poincaré characteristic for the Hilbert series is given by

w
HC�ðAÞðtÞ ¼

P
p AZ

ð�1Þp
HCpðAÞðtÞ:ð6:2Þ

The following proposition is a particular case of [20], Theorem 3.5, Equation (16).

Proposition 6.1. If A is an N0-graded algebra, then

w
HC�ðAÞðtÞ ¼

P
lf1

jðlÞ
l

log
�
AðtlÞ

�
;

where j denotes the Euler function.

Corollary 3 of [8] and Proposition 6.1 yield the following result.

Proposition 6.2. If YMðnÞ denotes the Yang–Mills algebra on n generators provided

with the usual grading, then

w
HC�ðYMðnÞÞðtÞ ¼

P
lf1

jðlÞ
l

log
�
YMðnÞðtlÞ

�
¼ �

P
lf1

jðlÞ
l

logð1 � ntl þ nt3l � t4lÞ:

6.2. Hochschild and cyclic homology of the Yang–Mills algebra. Corollary 3 of [8],
Proposition 3.3, Theorem 5.11 and Proposition 6.2 tell us that

HH3

�
YMðnÞ

�
ðtÞ ¼ t4;

HH2

�
YMðnÞ

�
ðtÞ ¼ nðn � 1Þ

2
þ 1

� �
t4 þ nt3;

w
HC�ðYMðnÞÞðtÞ ¼ �

P
lf1

jðlÞ
l

logð1 � ntl þ nt3l � t4lÞ;

where we have used the Poincaré duality of the Yang–Mills algebra. We shall find the
Hilbert series of the other homology k-vector spaces by putting together the following
facts.

First, taking into account the short exact sequence (6.1) and that HH�
�
YMðnÞ

�
¼ 0

for �f 4, we conclude that HC�
�
YMðnÞ

�
¼ 0 for �f 3. Moreover,

HC2

�
YMðnÞ

�
ðtÞ ¼ HH3

�
YMðnÞ

�
ðtÞ;

HC1

�
YMðnÞ

�
ðtÞ ¼ HH2

�
YMðnÞ

�
ðtÞ � HC2

�
YMðnÞ

�
ðtÞ

¼ HH2

�
YMðnÞ

�
ðtÞ � HH3

�
YMðnÞ

�
ðtÞ;

HC0

�
YMðnÞ

�
ðtÞ ¼ HH0

�
YMðnÞ

�
ðtÞ:

ð6:3Þ
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Second, as noted in [9], Equation (1.22), the Koszul property of YMðnÞ implies that

P3
i¼0

ð�1Þ i
HHi

�
YMðnÞ

�
ðtÞ ¼ 0:ð6:4Þ

Finally, it may be directly checked from (6.1) that

w
HC�ðYMðnÞÞðtÞ ¼

P3
i¼0

ð�1Þ i
HCi

�
YMðnÞ

�
ðtÞ ¼

P3
i¼0

ð�1Þ ið3 � iÞHHi

�
YMðnÞ

�
ðtÞ:ð6:5Þ

These two last identities constitute a linear system

3HH0

�
YMðnÞ

�
ðtÞ � 2HH1

�
YMðnÞ

�
ðtÞ ¼ w

HC�ðYMðnÞÞðtÞ � HH2

�
YMðnÞ

�
ðtÞ;

HH0

�
YMðnÞ

�
ðtÞ � HH1

�
YMðnÞ

�
ðtÞ ¼ HH3

�
YMðnÞ

�
ðtÞ � HH2

�
YMðnÞ

�
ðtÞ;

with unique solution

HH0

�
YMðnÞ

�
ðtÞ ¼ w

HC�ðYMðnÞÞðtÞ � 2HH3

�
YMðnÞ

�
ðtÞ þ HH2

�
YMðnÞ

�
ðtÞ;

HH1

�
YMðnÞ

�
ðtÞ ¼ w

HC�ðYMðnÞÞðtÞ � 3HH3

�
YMðnÞ

�
ðtÞ þ 2HH2

�
YMðnÞ

�
ðtÞ:

Hence, we have proved the Main Theorem 1.1.

7. Appendix. Hochschild homology of YM(2)

As a simple application of the Koszul complex (2.8), we shall compute the
Hochschild homology and cohomology of YMð2Þ. This result is known in the literature
(see [31], Chapter III, Theorem 3.2), but we provide more explicit computations.

Since ymð2ÞF h1 (see [17], Example 2.1), ymð2Þ has a basis fx; y; zg as k-vector
space, such that ½x; y� ¼ z and z A Z

�
ymð2Þ

�
. Notice that when ymð2Þ is provided with

the usual grading, x and y have degree 1, whereas z has degree 2. We shall write k½x; y; z�
instead of S

�
ymð2Þ

�
.

It can be easily proved that the right action of ymð2Þ on k½x; y; z� is as follows:
p:x ¼ �zqp=qy, p:y ¼ zqp=qx and p:z ¼ 0, for p A k½x; y; z�.

Given p ¼
P

ði; j; lÞ AN3
0

ai; j; lx
iy jzl A k½x; y; z�, define

Ð
p dx ¼

P
ði; j; lÞ AN3

0

ai; j; lði þ 1Þ�1
xiþ1y jzl :

One can check that

q

qx

Ð
p dx ¼ p;

Ð qp

qx
dx ¼ p � pð0; y; zÞ and

q

qy

Ð
p dx ¼

Ð qp

qy
dx:ð7:1Þ

Analogous results hold when considering variables y and z.
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The Koszul complex of YMð2Þ is

0 ! k½x; y; z�½�4� !d3
k½x; y; z�nVð2Þ½�2�ð7:2Þ

!d2
k½x; y; z�nVð2Þ !d1

k½x; y; z� ! 0;

with di¤erential

d1ðpn x þ qn yÞ ¼ z
qq

qx
� qp

qy

� �
; d3ðrÞ ¼ �z

qr

qy
n x þ z

qr

qx
n y;

d2ðpn x þ qn yÞ ¼ z2 q2p

qx2
n x þ q2p

qxqy
n y þ q2q

qy2
n y þ q2q

qxqy
n x

 !
;

where p; q; r A k½x; y; z�.

We see that H3

�
ymð2Þ;YMð2Þad�FKerðd3Þ and that r A Kerðd3Þ if and only if

its partial derivatives with respect to x and y vanish, i.e. if r A k½z�. As a consequence we
get an homogeneous isomorphism HH3

�
YMð2Þ

�
F k½z�½�4� of degree 0.

Moreover, by Poincaré duality, we immediately have that

HH 0
�
YMð2Þ

�
FZ

�
YMð2Þ

�
F k½z�:

Since the image of d1 is the set of polynomials of the form zp, where p A k½x; y; z� we see
that HH0

�
YMð2Þ

�
F k½x; y� of degree 0.

Let us now compute HH2

�
YMð2Þ

�
. Let o ¼ pn x þ qn y A Kerðd2Þ. This is equiv-

alent to the following conditions:

q

qx

qp

qx
þ qq

qy

� �
¼ 0;

q

qy

qp

qx
þ qq

qy

� �
¼ 0:

If we write p ¼
P

i AN0

piz
i and q ¼

P
i AN0

qiz
i, for pi; qi A k½x; y�, for all i A N0, the conditions

are equivalent to

q

qx

qpi

qx
þ qqi

qy

� �
¼ 0;

q

qy

qpi

qx
þ qqi

qy

� �
¼ 0; Ei A N0:

Then, for all i A N0,

qpi

qx
þ qqi

qy
¼ ci A k:ð7:3Þ

We may choose r ¼
P

i AN0

riz
i A k½x; y; z�, with ri A k½x; y� such that

ri ¼
Ð

qiþ1 dx �
Ð

piþ1ð0; yÞ dy; Ei A N0:ð7:4Þ
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Then,

d3ðrÞ ¼ �
P

i AN0

ziþ1 qri

qy
n x þ ziþ1 qri

qx
n y:

As a consequence, the cycle o is homologous to

pn x þ qn y � d3ðrÞ

¼ p0 n x þ q0 n y þ
P
i AN

zi pi þ
qri�1

qy

� �
n x þ zi qi �

qri�1

qx

� �
n y

 !

¼ p0 n x þ q0 n y þ
P
i AN

zi pi þ
qri�1

qy

� �
n x:

From (7.3) and (7.4) we see that

pi þ
qri�1

qy
¼ pi þ

q

qy

�Ð
qi dx �

Ð
pið0; yÞ dy

�
¼ pi þ

Ð qqi

qy
dx � pið0; yÞ

¼ pi þ
Ð

ci �
qpi

qx

� �
dx � pið0; yÞ ¼ cix:

Hence, o is homologous to the cycle o 0 ¼ p0 n x þ q0 n y þ
P
i AN

zicixn x. If ci 3 0,

zicixn x cannot be a boundary because all boundaries have ci ¼ 0. Since o 0 is a cycle, we
must have qq0=qy ¼ c0 � qp0=qx, and then

q0 ¼ c0y �
Ð qp0

qx
dy þ h;

where h A k½x� is some polynomial. Therefore the cycle o is homologous to

p0 n x þ c0yn y �
Ð qp0

qx
dyn y þ hn y þ

P
i AN

zicixn x:

From this we can conclude that the set given by

�
yn y; xi1 n y ði1 A N0Þ; xi2yi3 n x � i2

i3 þ 1
xi2�1yi3þ1 n y ði2; i3 A N0Þ; zi4 xn x ði4 A N0Þ

�

is a basis of HH2

�
YMð2Þ

�
.

In the same way we may compute the homology HH1

�
YMð2Þ

�
. If

o ¼ pn x þ qn y

is a 1-cycle, then qqi=qx � qpi=qy ¼ 0, for all i A N0. Hence there is a polynomial
ri A k½x; y� such that pi ¼ qri=qx and qi ¼ qri=qy, for all i A N0.
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If we choose p 0
i and q 0

i such that qp 0
i�2=qx þ qq 0

i�2=qy ¼ ri, for all if 2, then o is
homologous to

p0 n x þ q0 n y þ zp1 n x þ zq1 n y ¼ qr0

qx
n x þ qr0

qy
n y þ z

qr1

qx
n x þ z

qr1

qy
n y:

Moreover, we immediately see that the collection of cycles with r0 ¼ xi1 yi2 A k½x; y� and
r1 ¼ xi3yi4 A k½x; y�, with i1; i2; i3; i4 A N0 and ði1; i2Þ3 ð0; 0Þ, ði3; i4Þ3 ð0; 0Þ, gives a basis
of HH1

�
YMð2Þ

�
.

Using the previous computations it is clear to compute the Hilbert series for the
Hochschild homology of YMð2Þ. For completeness, we state the Hilbert series for the
Hochschild and cyclic homology of YMð2Þ, where the Hilbert series for the cyclic homo-
logy was obtained from that of the Hochschild homology using relations (6.3) for n ¼ 2.

Theorem 7.1. If n ¼ 2, then the Hilbert series for the Hochschild homology are

HH�
�
YMð2Þ

�
ðtÞ ¼ 0; if �f 4;

HH3

�
YMð2Þ

�
ðtÞ ¼ t4

1 � t2
;

HH2

�
YMð2Þ

�
ðtÞ ¼ 2t3 1 þ t � t2

ð1 � t2Þð1 � tÞ ;

HH1

�
YMð2Þ

�
ðtÞ ¼ t

ð2 � tÞð1 þ t2Þ
ð1 � tÞ2

;

HH0

�
YMð2Þ

�
ðtÞ ¼ 1

ð1 � tÞ2
:

The Hochschild cohomology is given by Poincaré duality:

HH ��YMð2Þ
�
¼ HH3��

�
YMð2Þ

�
½4�;

for 0e �e 3, and HH ��YMð2Þ
�
¼ 0, for � > 3.

Also, the Hilbert series for the cyclic homology are given by

HC4þ2�
�
YMð2Þ

�
ðtÞ ¼ 1; if �f 0;

HC3þ2�
�
YMð2Þ

�
ðtÞ ¼ 0; if �f 0;

HC2

�
YMð2Þ

�
ðtÞ ¼ 1 þ t4

1 � t2
;

HC1

�
YMð2Þ

�
ðtÞ ¼ ð2 � tÞt3

ð1 � tÞ2
;

HC0

�
YMð2Þ

�
ðtÞ ¼ 1

ð1 � tÞ2
:
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ics, Universidad de Buenos Aires, Argentina, April 2008, http://cms.dm.uba.ar/doc/tesisherscovich.pdf.

[17] E. Herscovich and A. Solotar, Representation theory of Yang–Mills algebras, Ann. Math. (2) 173 (2011),

no. 2, 1043–1080.

[18] J. Humphreys, Linear algebraic groups, Grad. Texts Math. 21, Springer-Verlag, New York–Heidelberg 1975.

[19] D. Huybrechts, Complex geometry, An introduction, Universitext, Springer-Verlag, Berlin 2005.

[20] K. Igusa, Cyclic homology and the determinant of the Cartan matrix, J. Pure Appl. Algebra 83 (1992),

101–119.

[21] C. Kassel, Cyclic homology, comodules and mixed complexes, J. Algebra 107 (1987), no. 1, 195–216.

[22] M. Kontsevich, Formal (non)commutative symplectic geometry, in: The Gelfand Mathematical Seminars,
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