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1. Homogeneous cotype

Cotype, introduced in the 1970s by Maurey and Pisier, is one of the cornerstones
of modern Banach space theory. We recall that a complex Banach space X has cotype
q > 2 (see e.g. [10, Chapter 11]) if there exists a constant C' > 0 such that for every
finite choice of elements z1,...,zy € X,

(ankuq "< (/Hzrk ) m

where 7, is the k-th Rademacher function.

It is a well known fact (see e.g. [19, Chapter 4]) that cotype can be reformulated in
terms of Steinhaus variables, i.e., variables that are uniformly distributed in the torus
T:= {z eC:|z| = 1}. Then a Banach space X has cotype ¢ > 2 if and only if there is
a constant C' > 0 such that for any choice of finitely many vectors zi,...,zxy € X we
have

] dz)l/ : 2)

k=1

Here TV is the N-dimensional torus, which is the N-fold product of T endowed with the
N-fold product of the normalized Lebesgue measure on T. We will later use the same
notation for N = oco.

If we denote by C}(X) and Cy(X) the best constants in the inequalities (1) and (2),
respectively, then we know from [19, Proposition 4.2.14] that

Cy(X) < CR(X) < ZC,(X).

The complex approach to cotype is going to be more convenient for us.

Cotype can be seen as a property of the Banach space X in terms of linear map-
pings in the variables z1, z9,... with values in X. Our aim in this note is to consider
cotype-like properties which consider not only linear mappings, but also other algebraic
combinations: polynomials (of certain classes) in the variables 21, 29, . .. with values in X.

For this, we introduce the following notation: if o € N(()N)

is a multi-index (a finite se-
quence on Ny of arbitrary length), we write z* for the monomial 27 - 2%, and set
o] :==a; +as+---.

For each m-homogeneous polynomial on N variables

g Toz®

aeNf
|la]=m
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N (1)

there exists a unique symmetric m-linear form T'(z™), ..., 2(™) = 37 iy, i 4,

. z(:l) such that

i1yeim=1 im

P(z) =T(z,...,z) for every z € CV .

Then [4, Proposition 2.1] and the relation between the coefficients z, and a;, .,

(see e.g. [5, page 544] or [2, Lemma 2.5]) immediately give that for every finite fam-
ily (za)ja|=m (i-e., a family with only finitely many non-zero elements) we have

( > ||wa||q)1/qs (%(X)K)W%T(mw”"'(TZ | 32 woet de)m’ 3)

lee|=m lo|=m

where K denotes the constant in the (2, 1)-Kahane inequality (see e.g. [10, Theorem 11.1])
and % + % = 1. Let us observe that on the right-hand side we are actually integrating
on some finite dimensional T, where N can be taken as the maximum of those k such
that there exists o with z,, # 0 and «y, # 0.

Note that letting m = 1 in this inequality we have exactly (2). Hence, (3) can be
seen as a sort of homogeneous version of the classical cotype. We will then say that X
has m-homogeneous cotype q if there exists a constant C' > 0 such that for any finite
multi-indexed sequence (T4 )|qj=m C X we have

(|a|z—m ||xa|q)1/q <C <Tl H l;mzazo‘ \de)w. (4)

The constant of m-homogeneous cotype, which we denote by Cj ., (X), will be the best
constant for which the inequality holds.

With this definition, what (3) is telling us is that if X has cotype ¢, then it also has
m-homogeneous cotype ¢ with Cy ., (X) < (Cy(X) K)m%?(m!)l/q/. On the other hand,
it is easy to see that if X has m-homogeneous cotype ¢ for some m and ¢, then X has
cotype ¢ with Cy(X) < Cym(X).

In other words, cotype and m-homogeneous cotype are equivalent properties. This fact
has interesting consequences for vector-valued power and Dirichlet series (see e.g. [4]),
but for some applications (see Section 3) a better control of the behaviour of C; ., (X)
as m grows is needed. When we do have such control, we say that the Banach space X
has hypercontractive homogeneous cotype.

Definition 1.1. A Banach space X has hypercontractive homogeneous cotype ¢ if there
exists C' > 0 such that for every m € N and every finite family (z4)|q|=m Wwe have

1/ 1/2
( Z ||xa||q> ‘1 Scm( / H Z Ta2® 2dz> .
la|=m Toe  lal=m
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Hypercontractive homogeneous cotype is clearly a local property, and it means
m-homogeneous cotype for all m together with an estimate of the form Cj,,,(X) < C™
for some universal constant C. We consider

cot(X) := inf {2 <g< ‘ X has cotype q}
and
cotyp (X) := inf {2 < ¢ < 00| X has hypercontractive homogeneous cotype q} .

Although these infima are in general not attained we call them the optimal cotype and
the optimal hypercontractive homogeneous cotype of X. If there is no 2 < ¢ < oo for
which X has (hypercontractive homogeneous) cotype ¢, then X is said to have trivial
(hypercontractive homogeneous) cotype, and we put cot(X) = oo (or cotpyp(X) = 00).

Clearly, if X has hypercontractive homogeneous cotype, then it has (classical) cotype
or, in other words, cot(X) < cotpyp(X) for every Banach space X. We conjecture that
these two concepts are actually equivalent; that is: a Banach space has hypercontractive
homogeneous cotype ¢ if and only if it has cotype q.

We are not able to prove our conjecture, but we give some positive answers. First
we show that for spaces having local unconditional structure it is true (Theorem 2.1).
We prove that spaces having Fourier cotype also have hypercontractive homogeneous
cotype (Proposition 2.4). As a consequence we have that for Schatten classes .7, with
r > 2 our conjecture is true, and also that for Banach spaces with type 2 the equality
cot(X) = cotpyp(X) holds.

By Kahane’s inequality (see e.g. [10, Theorem 11.1]), the Ly norm on the right-hand
side of inequality (2) can be changed to any other L,-norm. Before we go into details, we
give a kind of polynomial version of Kahane’s inequality. This shows that in Definition 1.1
we can take any L,-norm on the right hand side, just as in the usual definition of cotype.
A recent result [8, Theorem 2.1] shows that the constant (v/s)"/2 is almost optimal in
this case.

Proposition 1.2. For 1 < s < r < oo, any Banach space X and any finite sequence
(Ta)|a)=m C X we have

NG 1/r N NE 1/s
TN al=m T~ al=m

For the proof of Proposition 1.2, we introduce vector-valued Hardy spaces. We define

them in a more general setting than needed for this proof, since we will come back to
them later in Section 3.
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For any multi-index o = (avy, ..., ap,0,...) € Z& (all finite sequences in Z) the a-th
Fourier coefficient f() of f € Ly (T, X) is given by

a):/f(z)z*”‘dz.
Too

Then, given 1 < r < oo, the X-valued Hardy space on T is the subspace of L,(T>, X)
defined as

H,(T%, X) = {feL (T, X) | f(a) =0, van<N>\NgN>}.

The spaces H,(TV, X) with N € N, are defined analogously.
Given f € Hy(T,X) and 0 < ¢ < 1, we define for z = €? the Poisson integral

Pof)e) = 5P £(2) = 5- / F(e")P.0 - Dyt

where P, denotes the Poisson kernel

Z cMleint — 1-c )
1 —2ccos(t) + 2

n=—oo

Equivalently, Z.(f) can be defined as the function whose Fourier coefficients are
Z.(f)(n) =" f(n), forn € No.

As in the scalar valued case, the Poisson integral gives an ‘extension’ of f € H(T, X)
to a function F on the disc D, defining for w = pe?® € D:

F(w) = Z,(£)(e”) =Y fnyuw™ (5)
n=0
For s = 400, we also have
sup [F(w)| = [[fll . (r,x)-
webD

We refer to [3] and the references therein for details. Just for completeness, we comment
that going the other way around (i.e., starting with a function on the disc and taking its
boundary values to get a function on the torus) is not always possible in the vector-valued
case. This is true if and only if X has the analytic Radon—Nikodym property.

The operator &, : Hs(T,X) — H(T, X) is a linear contraction, since it is given by
the convolution with a function of L;-norm one (note the normalization by 27). Weissler
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in [21] proved that if r > s > 1, then &, : Hy(T,C) — H,(T, C) is again a contraction for
every ¢ < 4/5/r and this value is optimal. We use now his result to give a vector-valued
version.

Lemma 1.3. Let r > s > 1 and set ¢ = \/3/r. Then, the mapping P, is a linear contrac-
tion from H(T,X) to H.(T, X).

Proof. Take f € Hs(T, X) and € > 0. By classical results (as in [14, Theorem 2.7]) we
can find ¢ € H, (the scalar-valued space) with |¢(2)| = || f(2)||x + ¢ for all z € T and
g € Hoo(T, X) with ||g|| g (r,x) < 1 such that f = ¢ g. Now, if we call F', ¢ and G the
extensions of f, ¢ and g given by (5), we have

1/r
|2 . x.x) = / |Fe)lxdz) / |4 (e2)Gez) [cdz)

< v / @ea)rdz)

~ gl cr / 2" < ([leere) ",

T

where the last inequality is a consequence of [21, Corollary 2.1]. Now, the last expression
is not greater than

(fasen+exs /nf Midz) " 4 e = 1)+

T

Since this holds for any € > 0, the proof is complete. O

Polynomials with coefficients in X belong to H(T, X), so as a particular case of the

lemma, for xg,...,xny € X we have:
N r N s
1/r 1/s
(/ Zxk (cz)" dz) < (/ Zxkzk dz) . (6)
T k=0 X T k=0 X

Iterating as in [1, Theorem 9], working with one variable at a time and applying the
continuous Minkowski inequality, we can deduce from (6) that &2, is also a continuous
contraction from H,(TV, X) to H,(TV, X). For m-homogeneous polynomials this gives:

('JT[ H Odz_mxa (CZ)a r) N = ('JI‘\Z H |0¢|Z—m ‘raza S) l/sa

which by the homogeneity of the polynomial yields Proposition 1.2.
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2. Banach spaces with hypercontractive homogeneous cotype

For ¢ > 2, Banach lattices with nontrivial concavity g have hypercontractive homoge-
neous cotype g. This fact can be deduced from an analysis of the proof of [7, Theorem 5.3].
Indeed, in a first step Krivine’s calculus can be used to extend [1, Theorem 9] to Banach
lattices (for details on Krivine’s calculus see [15, pp. 40-42]). Then, the concavity prop-
erty of the Banach lattice gives the result. In this section we give other Banach spaces,
different from lattices, that have hypercontractive homogeneous cotype.

2.1. Local unconditional structure and hypercontractive homogeneous cotype

Our next result shows that every Banach space with local unconditional structure
(Lu.st.) and cotype ¢ has hypercontractive homogeneous cotype ¢, giving the first positive
answer to our conjecture. Let us recall (see e.g. [20, Definition 1.1] or [10, Chapter 17])
that a Banach space X is said to have local unconditional structure if there exists A > 0
such that for every finite dimensional subspace F' of X there exists a space U with
unconditional basis {u,} and operators T : F' — U and S : U — F such that ST =idp
and

TN - 1S x{un}t < A,
where x{u,} denotes the unconditional basis constant of {u,,}.

Theorem 2.1. If X has cotype q and l.u.st., then X has hypercontractive homogeneous
cotype q.

The theorem will be a direct consequence of the next two results. Pisier in [20] intro-
duced what is now usually called Pisier’s property (o). The next simple lemma shows
that if X has cotype ¢ and satisfies (%), which is a polynomial weaker version of prop-
erty («) with good constants, then X has hypercontractive homogeneous cotype ¢. Then
Proposition 2.3 shows that if X has cotype g and l.u.st., then it satisfies a strong version
of property ().

Lemma 2.2. Let X be a Banach space with cotype q and suppose there exists C' > 0 such
that for every finite family (Ta)aeny, jaj=m C X,

(/1 & wontofcas) “<en( [] &

Q TN aeN, 0 aENO
o= lal=

xazaHde) v , (%)

where (e4) are i.i.d. Rademacher random variables.
Then X has hypercontractive homogeneous cotype q.
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Proof. Let C; = Cf(X) be the Rademacher cotype ¢ constant of X (i.e., the best
constant in (1)). For each z € TV, since (z,,) is a finite family we have

2/a 2/q
(Sl ™ = (S hearmir) " <3 Q/ |3 eutorens

Integrating this inequality on z € TV and using (%), we obtain

(;lxaﬂq) 02//Hzaa W)tz CQ’"/HZ%

™~ Q

Therefore, X has hypercontractive homogeneous cotype q. O

In the next result we follow and adapt some of the ideas of [20]. We recall that an
operator between Banach spaces u : X — Y is absolutely g-summing if there is C' > 0

such that for every finite family z1,...,x, € X we have
n 1 n 1
q q
(Lluar) <c s (Sir)
=1 wrEBx N =

The best constant C' in this inequality is called the absolutely g-summing norm of u and
is denoted by m,(u).

Proposition 2.3. If X has cotype q and lu.st., then there exists C > 0, such that for
every choice of finitely many v, € X and signs e, = £1

5 1/2

dz) .

9 1/2
(/H Z xasazo‘H dz) ngm/2</H Z Toz®
lo|=m T~ lal=m

TN

In particular, X satisfies (% ).

Proof. We fix ¢, = 41 for each a € N}¥ with |a| = m, and define operators u : X* —
Ly(TN) and v : X* — Li(TV) by

Z €al™(2q)z* and wv(x™)(z) = Z x*(xq)z” .
o= lor]=m
For each x* € X*, the scalar case in Proposition 1.2 gives

l/q

hu(*)llz, = /Zsa ol'a:) < [| 8 et

T~ lel= T~  lal=m

= ¢""[|v(z")]|, -
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From this and the very definition of the absolutely 1-summing norm we easily deduce
that 71 (u) < ¢"/*m1(v). By [20, Theorem 1.1] we have

my(tu) < Cmy(u) < Cq™Pmy(v).

Now, [20, Proposition 1.1] states that, for 1 < p < oo, every ¢1,..., 9, € L,(TV)
(or any other L,(u), p a probability measure) and every yi,...,y, € X, the operator
S: X* — L,(TV) given by

at) = Zr*(yz')% (7)

satisfies

n l/P
n© < | [|Swee)| @] <ns) 0
N A=l

Note that we can write u and v as in (7), taking p.(2) = €42%, and ¢4(z) = 2¢
respectively. As a consequence, we can use the second inequality in (8) for v and the first

inequality in (8) for v to obtain

(/H > wacas dz) < (Tz ngmwasazqudz>l/q

TN la|=m

< me('u) < Cq"Pmi(v )<Cq’”/2/H Z Tz

TN la|=
1/2
) 0

2.2. Fourier cotype implies hypercontractive homogeneous cotype

<Cqm/2</H Z Loz

ler]=

Now we show that Banach spaces with Fourier cotype also have hypercontractive
homogeneous cotype. This is independent of our result in the previous section (Theo-
rem 2.1), since for example the Schatten classes .#,. have Fourier cotype but do not have
L.u.st.

There are many equivalent definitions of Fourier cotype (see [11]). Let us give the
one that is more akin to our framework. Given 2 < ¢ < oo, we say that X has Fourier
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cotype q if there is a constant C' > 0 such that for each choice of finitely many vectors
Z1,...,zn € X we have

1/q’

() <o [ ae)™ 0
k=1 T k=1

We write
cotz(X) := inf {2 <g< o | X has Fourier cotype q} ,

and (although this infimum in general is not attained) we call it the optimal Fourier
cotype of X. In the literature (see, for example, [16]) the sums in (9) usually run from
—M to M or in Z, but it is not hard to check that both definitions are equivalent: the
rotation invariance of the measure dz gives

M e 1/q M e 1/q'
(/H szzj dz) :(/ M szz]’ dz)
T J=—M T j=-M
oM Ll q
= ([ o] a) ™
T k=0

from which the equivalence follows easily.

Spaces with Fourier cotype satisfy a stronger version of hypercontractive homogeneous
cotype, with a uniform constant for every (homogeneous or not) polynomial of any
degree. This result is basically well known in the literature on Fourier type. It can be
seen as a consequence of, for example, [11, Theorem 6.14] and the equivalence between
Fourier type p and Fourier cotype ¢ when 1% + é = 1. We give the proof for the sake of
completeness.

Proposition 2.4. A Baach space X has Fourier cotype ¢ > 2 if and only if there exists
C > 0 such that for every finite family (x“)aeN(N) we have
0

1/q

(lexallq>l/q<c(/stcazauq/da . (10)
- 2

In particular, Banach spaces with Fourier cotype q have hypercontractive homogeneous
cotype q.

Proof. If X satisfies (10), then it obviously has Fourier cotype ¢. For the reverse im-
plication, let m be the maximum of all a;’s such that x, is not zero. By the rotation
invariance of the measures dzo,...,dzy, fixed z; € T we have:
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’
q
/ Hg mazf‘lz5‘2~-z]a\,NH dzo - -dzn
«

'H‘N—l
’
o o m+1\a (m+D)N " van ||
= / HE a2y (222772 (2N 2 YN dzg - dzy
TN—1 o
a1+(m+1)a2+m+(m+1)N71aN g an a
= E Ta?y 2% 2y dzg---dzy.
TN—1 @

As a consequence, a change in the order of integration gives
/ H Z T2
™ @

— q/
= / / H Z (vaSQ . ZR‘IN) ztllc1+(m+1)a2+~~+(m+1)N Lon H doy | dog - don, (12)
T a

TN-1

q/
dz (11)

For every « for which z, is not zero we have 0 < a; < m, j = 1,...,N. Also, if a
multi-index /3 satisfies 0 < 8; <m, j=1,...,N and

a1+ (mtDag +--- 4 (m+ 1) oy = i+ (m+ 1B+ + (m+ 1)V B,

then we must have @ = f (this is just the uniqueness of the expansion of a natural
number in base m + 1). Therefore, the powers of z; in the sum in (12) are all different.
We can then apply (9) to the inner integral of (12) for each fixed zs, ..., zn. This gives
that the whole expression in (12) is bounded from below by

q/q q
1 o o 1
o7 / (Z |zaz3? - 23~ ||q> dzy - dzy = o7 (Z ||a:a||q>
[e3 «@

TN-1

"/a

So (11) is bounded from below by this last expression, which is the result we were looking
for. O

We remark that in Proposition 2.4 we have a cotype-like inequality that holds for any
polynomial of any degree and on any number of variables. Following our philosophy, we
could call this analytic cotype.

Let us recall that a Banach space satisfying the reverse inequality in (2) for 1 <
g < 2 is said to have type ¢. It is a well known fact (which follows, for example, from
[18, Section 6.1.8.6]) that if X has type 2 and cotype qo, then it has Fourier cotype ¢ for
every q > qg. Therefore, we have

cot(X) = cotz(X) = cotpyp(X)

for every Banach space X with type 2.
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2.3. Ezxamples

By Theorem 2.1, cotype and hypercontractive homogeneous cotype coincide in L,.(u)
and, more generally, in .Z.-spaces for 1 < r < oo (see Chapters 3 and 17 in [10] for
the definition of .%.-spaces and their local unconditional structure, respectively). As
a consequence, an .%.-space X has hypercontractive homogeneous cotype cot(X) =
max{2,r} for 1 <r < co.

The Schatten classes .7, (as well as .Z,-spaces) have Fourier cotype max{r,r'} and
these are the optimal values (see [12, Theorem 1.6] or [13, Theorem 6.8]). Thus by
Proposition 2.4, they have hypercontractive homogeneous cotype max{r, r’'} (in fact, they
have the much stronger uniform and non-homogeneous one given in Proposition 2.4). On
the other hand, these spaces have cotype max{2,r} and type min{2,r} [10, page 228].
In other words, hypercontractive homogeneous and usual cotypes coincide for Schatten
classes for » > 2. Note that, since Schatten classes with r # 2 do not have lLu.st.
[10, page 364], Theorem 2.1 does not apply in this case.

We summarize these positive answers to our conjecture in the following

Corollary 2.5. Cotype and hypercontractive homogeneous cotype coincide in Z,.-spaces
for1 <r <oo and in & for2 <r < oo.

3. Sets of monomial convergence for H,(T>, X)

Each function f € H,(T*, X) defines a formal power series ), F(@)z*. We address
now the question of for which z’s does this power series converge. Given a Banach space X
and 1 < p < oo, we define the set of monomial convergence of H,(T>, X):

mon H,(T, X) = {z ecN ‘ 3 I1f(@)z"x < oo forall f € HP(TO",X)} .

We also define, for each m € N,

mon H"(T*, X) = {z ech ‘ Z ()2 x < oo for all f € H;"(TOO,X)},

where
HT(T%) = {f € H,(T™) ‘ Fla)#0 = |o| = m}.

The problem of determining mon H,(T*) and mon H;*(T°) in the scalar-valued case
goes back to Bohr at the 1910s, and the so far most general result was recently given
in [2| (for more information and detailed historical remarks see the references therein):
For p = co we have

B C mon H,(T*) C B,
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where
B=JueB limsupL En lup|? < 1
0 n = logn k
k=1
B= {u € B, hmsup E lup|* < 1}

(u* the decreasing rearrangement of u), and for 1 < p < oo
mon H,(T*®) =4¢; N B, for 1<p<oo.

In the homogeneous case we have for each m

lom  forp=o0
monH;"(Too): m-1
£y for 1 <p<oo.

It can be seen easily that in the preceding results scalar-valued functions can be replaced
by functions with values in finite dimensional Banach spaces — but the following theorem
indicates that the situation for functions with range in infinite dimensional spaces is
substantially different (see also [9]).
Theorem 3.1. Let 1 < p < oo, m € N, and X be an infinite dimensional Banach space.
(1) If X has trivial cotype, then
mon Hy(T>, X) = £, N B, and mon H;"(T>, X) =/, .

(2) If X has hypercontractive homogeneous cotype cot(X) < oo, then

mon Hy, (T, X) = Leoy(x)y N Be, and mon H' (T, X) = Leoy(xy -

To see some examples, we have mentioned in Section 2.3 that a .Z.-space X has
hypercontractive homogeneous cotype cot(X) = max{2,r} for 1 <r < oo, and that for
r > 2, % has hypercontractive homogeneous cotype cot(-#.) = r. As a consequence, we
have the following.

Corollary 3.2. Let 1 < p < co.

(1) If 1 <r <ooand X is a Z-space then

mon Hy (T, X) = ling2,r1y N Be, and mon H)' (T, X) = liinga,ry -
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(2) If2 <r < oo, then
mon H,(T>,.7,) = £, N B, and mon H'(T>,.7,) = £,
We split the proof of Theorem 3.1 into two steps, that we present as separate lemmas.

Before we state the first one, let us recall (see e.g. [10, Chapter 14]) that a Banach
space X finitely factors ¢, — £, with 2 < ¢ < oo whenever for each N there are vectors

T1,...,xn € X such that for every choice of A\1,..., Ay € C we have
1 N
Sl < 37 Anall < N, - (13)
n=1

Lemma 3.3. Let X be an infinite dimensional Banach space which finitely factors £, —
loo. Then mon HL (T, X) C 4y .

Proof. Let us take z € mon H. (T*, X). By a standard closed graph argument there is
a constant ¢(z) > 0 such that for each f € HL (T>°, X) we have

Yol eallzal < e(2) 1 flloo-
n=1

We fix some N € N and choose z1,...,2xy € X as in (13). Given wy,...,wy € C we
define f € HL (T, X) by f(u) = Zgzl(:pnwn) uy,. Then we have

N N N
> lwnzn] 2 (warn)znll < 2¢(2) sup || Y (wnan)un||
n=1 n=1 u€Tee n=1

< 20(2) sup || (wnua) |, < 262) (w0,
ueT>e
Since the wy, ..., wy are arbitrary, this clearly proves the claim. 0O

Lemma 3.4. If X has hypercontractive homogeneous cotype q, then £y N B, C
mon H; (T, X).

Proof. Assume here that ¢ < co. We first prove that there is a constant C' > 0 such that
for each m, each f € H{*(T*°, X), and each y € ¢ N B, we have

> if@wrn<em (3 ) il
la|=m |al=m

We fix such f,y and N € N; proceeding as in [4, page 524] we can find a function
fn € Hi (TN, X) such that || fx|1 < ||f]l1 and fx(a) = f(a) for all @ € NY¥. Using this



82 D. Carando et al. / Journal of Functional Analysis 270 (2016) 68-87

fact, that X has hypercontractive homogeneous cotype ¢ (with constant D, say) and
Proposition 1.2 (the polynomial Kahane inequality) we have for C = D+/2

> Ifla yH<(Z\yI") an 7!/

aENO |a]= la|=

|a]=m
m q /q
<o"( % i) /||fN Wedz)

lee|=

m N 1/d N 1/d
<oV (S i) <o (3 W) sl ()

lal=m |aj=m
Take now 0 < r < 1/C, and let us check that
rBy, N Be, C mon H; (T*, X).

To do this we fix some f € H{ (T, X)and z =ry € ngq, N B, . For each N we consider
fn as above. By [4, Proposition 2.5] there is 3 € H,(T", X) such that fj\v(a) = f’;’}(a)
for all a € NY with || = m, f}?(a) = 0 if || # m, and [|fF|l1 < ||fn]l1. Then,
applying (14) to fxr we get

ST =30 Y IR @ ry)

aeNY m=0 oeNY
la]=m

<> Z 173 (@) v
m=0

( > welY) RTA

le]=

(3 wr) 1
)"

IN
ﬁMg

<ch

< (Zwr) s X e
m=0
Let us recall (see e.g. [6, page 24]) that
z € {1 N B, if and only if Z [2%] < 0. (15)
aGN((]m

This implies that the last term is finite.
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We can now complete our argument. For z € £, N B, we choose ng such that
Z2=1(0,...,0,2n0, Zng+1s---) € ngq, N B, .

Then Z € mon H;(T*, X), and a straightforward vector-valued extension of [2, Lem-
ma 3.7] (see also [5, Lemma 2| where the analogous result for mon H, (T, X) is shown)
completes the proof. O

With this at our hand we are now ready to prove our main result in this section.

Proof of Theorem 3.1. We show parts (1) and (2) together. Take 1 < p < oo and assume
that X is an infinite dimensional Banach space with hypercontractive homogeneous
cotype cot(X). By a vector-valued modification of [2, Lemma 3.3] we have

mon H*(T*, X) C mon H]" ' (T, X)
and trivially
mon H} (T>, X) C mon H (T, X).

First of all, as a consequence of a deep result of Maurey and Pisier [17] (see also
[10, Theorem 14.5 and page 304]) X always finitely factors leoq(x) = foo. Then Lem-
mas 3.3 and 3.4 give

Ceot(xy N Bey C mon Hy (T, X) C mon H,(T>, X) C mon HL (T>, X) N B,
(- gcot(X)’ N Be, -

This completes the argument. 0O

Let us remark that in Theorem 3.1-(2) we are assuming that X has non-trivial hy-
percontractive homogeneous cotype (hence also usual cotype) and both optimal values
are equal and attained. If this is not the case, then our proof shows that

Leot(xyr N Bey € mon Hy(T™, X) C mon H)" (T, X) N Bey = Leoty,, (x)+e N Bey  (16)
for all € > 0.
4. Multiplicative £;-multipliers for Hardy spaces of Dirichlet series
Power series in infinitely many variables and Dirichlet series can be identified by an
ingenious idea of Bohr. For a fixed Banach space X we denote by B(X) the vector space

of all formal power series ) c,2® in X and by ©(X) the vector space of all Dirichlet
series ) anpn~° in X. Let (py)n be the sequence of prime numbers. Since each integer n
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has a unique prime number decomposition n = pi"* - - - pp* = p* with o;; € No, 1 < j <k,
the linear mapping, that we call the Bohr transform in X,

Bx PX) — D(X), ZaeNgm Caz® 3 a,n” %, where ape =c,
is bijective. Given 1 < p < oo and m € N, define the two linear spaces
H(X) = B (H,(T%, X))
and

(X)) = Bx (HT®, X))
which through the norms induced by Bx form (what we call) the Banach spaces of
vector-valued Hardy—Dirichlet series.

A scalar sequence (b,,) is called multiplicative (or completely multiplicative) if by, =
bpby, for all m, n. Basic examples of multiplicative sequences (b,,) are the sequences 1/n.
We call a scalar sequence (b,,) an ¢;-multiplier for ,(X) whenever for all }° a,n™° €
,(X) we have

> llanllx [bnl <00 forall Y a,n® € #(X).
n=1 n

All multiplicative ¢;-multipliers for .7, (X) are denoted
mult 2,(X),

and, given m € N, in the homogeneous case of course an analogous definition
mult 72" (X)

can be done. In [2, Remark 4.1] (here again the scalar case immediately transfers to the
vector valued case) we have the following link between sets of monomial convergence and
multiplicative /1-multipliers.

Remark 4.1. Let (b,,) be a multiplicative sequence of complex numbers, and 1 < p < co.
Then (b,,) is an ¢;-multiplier for 4¢,(X) if and only if (b,,) € mon H,(T>, X). Clearly,
an analogous equivalence holds whenever we replace J,(X) by 7, (X).

Remark 4.2. Suppose now that 1 < p < oco. Let us observe that if b € £, is multiplicative,
then |b,| < 1 for all n. Indeed, if some |b,| > 1, then since the sequence is multiplicative
|br| > 1 for every k and this contradicts the fact that b is in ¢,. Then, b € B, for any
multiplicative sequence b € ¢,. On the other hand, if b € B, is multiplicative, by (15)
we have that (b,, )i € ¢, if and only if b € £,,.
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With Remarks 4.1, 4.2 and Theorem 3.1 we immediately have the following charac-
terization of multiplicative ¢;-multipliers of J,(X) and ;" (X), respectively.

Theorem 4.3. Let 1 < p < 0o, m € N, X be an infinite dimensional Banach space and

b= (by) be a multiplicative scalar sequence.
(1) If X has trivial cotype, then

bemult ,(X) < (by )k €1NBey & bely
b€ mult 5" (X) < (bp, ) € l1.

(2) If X has hypercontractive homogeneous cotype cot(X) < oo, then

b € mult %(X) & (bpk)k S Zcot(X)’ N BCO sSbe Ecot(X)/
b € mult %m(X) < (bpk)k € écot(X)’ .

If X has nontrivial cotype but does not satisfy the assumptions of (2), multiplica-
tive multipliers are not completely characterized but we can use (16) to obtain some
information about them.

To see an example, we use again the results in Section 2.3.

Corollary 4.4. Let 1 <p < oo, m € N, and b = (b,) be a multiplicative scalar sequence.

(1) If1 <r<ooand X is a Z--space, then

b € mult %(X) = (bpk)k S émin{2,r’} NB, b€ emin{Qﬂ"}
bemult 72" (X) < (bp, )k € bminf2,ry -

(2) If 2 <r < oo, then

b e mult () < (bp, )k € b N By < b€ Ly
b € mult %m(y,«) 4 (bpk)k €l .
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Appendix A. Cotype with respect to index sets

Throughout this note we have considered different kinds of cotypes: the classical (lin-
ear) cotype, homogeneous cotype, hypercontractive homogeneous cotype, Fourier cotype
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and analytic cotype. We end this note introducing a general setting in which all these
concepts can be framed.

Let A C N(()N) be an indexing set. We say that the Banach space X has A-cotype ¢
if there exists a constant C' > 0 such that for every finite family (z4)aeca C X (i-e.,
a family with only finite non-zero elements) we have

1/q
(Zteer) "< [ m
aEA Too aEN

We denote by Cy A (X) the best constant C' satisfying the previous inequality.

q 1/q’
dz> . (17)

The usual notion of cotype turns out to be a particular case of this concept, in the
sense that it corresponds to an appropriate choice of the set of multi-indices A. If we
take

A ={aeNM:|a| =1},

Then (17) with A; is, through Kahane’s inequality, equivalent to (2). In other words,
A1-cotype is just cotype.

The concept of m-homogeneous cotype can also be seen as a cotype with respect to
an indexing set. If we take

Am:{aeN(()N):|a|:m},

and use Proposition 1.2 (the polynomial Kahane’s inequality) then m-homogeneous
cotype ¢ is A,,-cotype q. We can rephrase (3) and the subsequent comments: X has
Aq-cotype if and only if X has A,,-cotype for some (or for all) m and

mm , /m
(X) < T (m) VT E™ D Con, (X)™

Con, (X) < Cgn ml

m

Also, hypercontractive homogeneous cotype ¢ means A,,-cotype for all m together
with the control of the constants: Cj 4,, (X) < C™. Hence our conjecture reads:

Capy (X) < Oy, (X) <A™ Cgp, (X)™

for some universal A > 0.
For Fourier cotype, let us identify N as a subset of N§ in the natural way

N~ {aeN):a=0fork>2}.

Fourier cotype is N-cotype and analytic cotype (the inequality in Proposition 2.4) is
N(()N)—cotype. Finally, note that Proposition 2.4 states that N-cotype ¢ is equivalent to
N(()N)—cotype q.
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