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Representation Equivalent Bieberbach
Groups and Strongly Isospectral Flat
Manifolds

Emilio A. Lauret

Abstract. LetI'y and I'; be Bieberbach groups contained in the full isometry group G of R”. We prove
that if the compact flat manifolds I'; \R” and I';\R" are strongly isospectral, then the Bieberbach
groups I'; and T’ are representation equivalent; that is, the right regular representations L?(I';\G)
and L?(I';\ G) are unitarily equivalent.

Introduction

Let X = G/K be a homogeneous Riemannian manifold, where G = Iso(X) is the
full isometry group of X and where K C G is a compact subgroup. Let G denote the
unitary dual group of G. Let I'; and I'; be discrete cocompact subgroups of G acting
on X without fixed points. The right regular representation Rr, on L*(I';\ G) splits as
a direct sum

(1.1) PTN\G) = Y nr(x)Hy,

(m,H:)EG

where all the multiplicities nr,(7) of 7 in L*(T';\G) are finite and only countably
many are not zero. The groups I'y and T'; are called representation equivalent if the
representations Rr, and Ry, are equivalent, that is, np, (7) = nr, (7) for every 7 € G.

A generalized version of Sunada’s theorem (see [Go09, §3] and the references
therein) says that if the groups I'; and I', are representation equivalent, then the
compact manifolds I';\X and T',\X are strongly isospectral, that is, for any natural
bundle E of X and for any strongly elliptic natural operator D acting on sections of
E, the associated operators Dr, and Dr, acting on sections of the bundles I';\ E and
I',\E have the same spectrum.

One may ask whether the converse holds. Actually, little is known about this prob-
lem. In [Pe95], H. Pesce proved that the converse is true for spherical space forms
(X = §") and for compact hyperbolic manifolds (X = H"). Our goal is to complete
the picture within the class of spaces of constant curvature by extending Pesce’s result
to the flat case (X = R").

In his proof, Pesce only used the isospectrality with respect to certain natural oper-
ators. More precisely, for (7, V) € K, one associates the vector bundle E, =Gx,V,
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(see §3). Thus, the Laplace operator acting on sections of E; induces the operator
A, and A, 1, acting on sections of I'}\E; and I';\ E; respectively. We will say that
the manifolds I';\ X and I',\ X are 7-isospectral if these operators have the same spec-
trum.

In our case, the isometry group of X = R" is G = O(n) x R", and a discrete
cocompact subgroup of G acting without fixed points is usually called a Bieberbach
group. We state the theorem in a way analogous to [Pe95].

Theorem 1.1 LetD'y and ', be Bieberbach groups contained in the full isometry group
G of R". The following assertions are equivalent:

(1) Ty andT, are representation equivalent;
(ii) T \R" and T,\R" are strongly isospectral; R
(ii) Ty \R" and T,\R" are T-isospectral for every T € K.

As we mentioned above, (i)=>(ii) is well known and (ii)=>(iii) holds trivially. It
suffices to show (iii)=(i) (see page 362). The techniques used here are similar to
those in [LMR12], where the p-spectrum of any constant curvature space form is
determined in terms of the multiplicities in (1.1).

2 Preliminaries
2.1 Irreducible Representations of Orthogonal Groups

In this subsection we describe the unitary dual group of the orthogonal group O(n).
Furthermore, we recall the branching laws to O(n — 1).

We write n = 2m if nis even or n = 2m + 1 if n is odd. We fix the Cartan
subalgebra of so(n, C) as

h= {H = Zihj(EZj—l,Zj 7E2j,2j—1) : hj € (C}

j=1

For H € D), set €;(H) = hj for 1 < j < m. The highest weight theorem gives a
one-to-one correspondence between the irreducible representations of SO(#) and the
elements in P(SO(n)), that is, the dominant analytically integral linear functionals on
b. The correspondence being that A is the highest weight of the representation. We
have

fP(SO(2m+1)) :{Zaiei:aiEZVi, a1>a2>~~>am>0},

i=1

T(SO(Zm)) = {Zﬂi&‘ ta, €LV, a1 > > Ay > |am}.

i=1

For A € P(SO(n)), let (Ta, V) denote the irreducible representation of SO(n) with
highest weight A.
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We now describe the irreducible representations of the full orthogonal group O(n)
in terms of the irreducible representations of SO(#). We let

-1 ifni
2 = { dy ifnis odd, thus O(n) = SO(n) U gy SO(n).

[ Id,— . ] if n is even,

It suffices to define the representations of O(n) on each connected component.
We first consider n odd. For A € P(SO(2m + 1)) and § = +1 we define a repre-
sentation (73 5, V) of O(2m + 1) by setting

@) ifg € SO(2m + 1),
@) = {5TA(gog)(v) ifg € gSO2m +1).

Clearly 7p slsoem+1) = Ta. These representations are irreducible, and every irre-
ducible representation can be constructed in this way, thus

O2m+1)={ras: A€ P(SOC2m+1)), § € {+1}}.

The even case is more complicated (see [LMR12, Subsection 2.2] for more details).
Set A = Z?:ll aici — amem it A = Y1 a;e; € P(SO(2m)). For A € P(SO(2m))
satisfying A = A (i.e., a,, = 0) and § € {£1}, one associates 75 5 € O/(Z\m) on the
vector space V. Again we have that 7 s|som) = 7a. The parameter ¢ depends on a
certain intertwining operator T (see [Pe95, p. 372] and [LMR12, (2.7)]). In the case
A # A (ie. a, # 0), there is a single representation 75 ¢ € O(2m) defined on the
vector space V @ Vy, which satisfies 75 o[soam) = 7a @ mx. Hence,

(m = {TA@ A= Zaiei € ?(SO(Zm)), a, =0,0 € {:tl}}.

i=1

U {TA,oiA = Zflif‘:i € T(SO(Zm)), Ay > 0}.

i=1

We shall use the notation 7, s in both cases, with the understanding that either 6 =
£1 or § = 0 according to a,, = 0 or a,, # 0 respectively.

One can check that 7 5 >~ 7y —; ® det = 75 ; forany 75 5 € &;)
We conclude this subsection by stating the branching laws from O(n) to O(n — 1).

Theorem 2.1 LetT)s € O/(Z\m) with A = Y | aje;and § € {0,£1}. Ifa, > 0
(resp. am = 0), then Tz sloam—1) = Y, Oux, Where the sum is over all p = Z?:ll bie;
such that

aa>b>a>by > >an_ 2> by > an

and any k € {1} (resp. a single value of k € {£1}).



360 E. A. Lauret

Theorem 2.2 LetT); € O(Z—ntl), where A = Y a;e; and § € {£1}. Then
TAS|O@m) = D Ok, where the sum is over all 1 = >\ | bie; such that

alZbl2“221722"'2%1171meflzamzbmzo

and, a single value of k € {£1} ifb,, = 0 or & = 0if b, > 0.

Note that in both cases the branching is multiplicity free, that is, the multiplicity
[06:TAs] = dimog—1)(W,, V) is always equal to 0 or 1.

2.2 Unitary Dual of Iso(R")

Here we describe the unitary irreducible representations of O(n) X R” ~ Iso(R") (see
[LMR12, §4] for more details). We write any element g € O(n) x R" as g = BLy,
where B € O(n) is called the rotational part, and L, denotes translation by b € R".
From now on, we fix the following notation:

(2.1) G = O(n) x R",
K = 0(n),

M:{(Bdet(B)) :BeO(n—l)}.
An element (7, W) € K induces a representation 7 of G on W given by
7(BLy)(w) = 7(B)(w).

In other words, 7 = 7 ® Idy,. Clearly, 7 is finite dimensional, unitary, and irre-
ducible.

We identify R" with R” via the correspondence o — &, () = ™) for o € R™.
Under the notation given by (2.1), given r > 0 and (o,V,) € M, we consider the
induced representation of G given by

(770,1" Ha,r) = Indf\(/jb;ﬂ]gn (U ® fre,,)-

It is well known that 7, , is unitary and irreducible.
Finally, a full set of representatives of G is given by

(A}:{?:TEI?}U{WU_,:UGJ\//I,r>0}.

3 Main Theorem

In this section we prove Theorem 1.1. We still use the notation in (2.1) for the groups
G, K,and M, and {ey, . . ., e,} denotes the canonical basis of R".

We recall some notions on homogeneous vector bundles on R” and compact flat
manifolds (see [Wa73, §5.2] or [LMR12, Subsection 2.1]). Let (7, V) be a unitary
representation of K of finite dimension. The homogeneous vector bundle E, =
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G x, V, of X is constructed as G x V,/ ~, where (x,v) ~ (xk, 7(k=1)v) for ev-
ery k € K. The group G acts on E; by g - [x,v] = [gx,v], where [x,v] denotes
the class of equivalence of (x,v). The space of smooth sections I'*°(E;) of E; is in
correspondence with the set C°°(G; 1), the smooth functions f: G — V. such that
f(xk) = 7(k™1) f(x) for every k € K and x € G. The element

Ci=é+---+e cU(g)

defines a differential operator A, on I'*°(E;). For example, if 7 = 1, the trivial
representation of K, then
o? o?

A1:7+...+7
Ox} Ox2

is just the Laplace operator on R". Furthermore, the element C commutes with every
irreducible representation of G contained in C*°(G; 7), thus by Schur’s lemma, C acts
by an scalar A(7,C) on V. for every 7 € G such that V. C C®(G;T).

The quotient '\ E; is a homogeneous vector bundle over the compact flat mani-
fold I'\R", and again, the element C defines a differential operator A, r acting on the
sections of I'\E;. Given I'; and I';, two Bieberbach groups in G, the spaces I'; \R"
and I';\R"” are said to be T-isospectral if A. p, and A, r, have the same spectrum.

We now determine the 7-spectrum for any 7 € K as in [LMR12]. Recall that
np(m) (r € G) denotes the multiplicity of 7 in L?(I"\G) as we stated in (1.1). We
shall use the following notation:

6(0) ={7:7¢€ I?}, (A?(U) ={my,:r>0}foro € 2\717
thus L R
G=G0O)U |J G(o).
oeM

Theorem 3.1 Let7 € K and A € R. The multiplicity dy(7, ") of X in the spectrum
of A, 1 is given by

0 if A <0,
(3.1) d\(r,T) = { np(7) if A =0,
ZUEM: [o:7|M]>0 nr(/]r(;"ﬁ/zw) lf>\ > 0.

Proof For any locally symmetric space we have that (see [LMR12, Prop. 2.4])

dy(r,T)= Y np(m) [ 7],

wea
AC,m)=A

Note that the sum is already over the elements in

G+ =G, = {WE G: [7:7|k] >0},
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since 7* ~ 7. Since Ty|x = T for any 7 € K, it follows that G, N G(0) = {7}.

On the other hand, [7:7,,|x] = [7: IndAK/,(o')] = [o:7|u] by Frobenius reciprocity.
Then
G ={7}u U Glo).
oceM
[o:7|mM]>0

The branching rules given in Theorems 2.1 and 2.2 give a complete description of G,
in terms of highest weights. Moreover, they also ensure that [7:7|x] = 1 for every
e (A;T.

Finally, by Schur’s lemma, the element C acts by a scalar A(C, w) on each H,. We
have (see [LMR12, Lem. 4.2])

AC. ) = 0 fOI‘ﬂ'Eé(O),
U —4n?? form =7, € Glo),

which concludes the proof. u
We are now in a position to prove the main theorem.

Proof of Theorem 1.1 We have to prove that
(3.2) nr, () = nr, ()

for every 7 € G, by assuming that d,(7,I';) = d\(7,T';) for every A € R and every
7 € K. From (3.1) for the eigenvalue A = 0, it follows that (3.2) holds for every
™ € G(0). R

It remains to prove that, for any o € M, (3.2) holds for every m € G(o). We shall
do this by the repeated application of the following lemmas. We write n = 2m if n is
evenandn = 2m+1ifnisodd. Foryy = Y bie;and pp = D1 | ¢i&; in P(SO(n))
with b, ¢, > 0, we write g < ppifcy —by > ¢ —by > -+ > ¢y — by, > 0, and set

£(p) = piftb, #0and b; = 0 foralli > p.

Lemma 3.2 Let 'y and I'; be Bieberbach groups in G and let py € P(SO(n — 1)).
If T)\R" and T,\R" are T, s-isospectral and np (w) = nr,(7) for every m €

Ull</ln (A;(aﬂﬁ), then np, (m) = nr, () for every m € G(0, ).

Proof Write py = Zlm:l b;e; € P(SO(n — 1)), with the convention that b,, = 0if n
iseven,sincen — 1 = 2m — 1. Let A = Z:”:l b;e; € P(SO(n)). Theorems 2.1 and
2.2 ensure that [0, : Ta5|m] > Oifand only if u = Z;ﬂ:l c;e; satisfies

bh>a>by>0>-2>2by,>c¢y >0,

and for a single value of k € {0, £1}. Now, by (3.1) we have that

d47r2r2 (TA,:t57 Fz) = nr,(’ﬂ-am_i,{n,r) + Z nI‘,-(’]rJ,,,‘im.r)
[0k 2 TA5]>0
HF o
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for every r > 0. It is clear that if [0, :7a 5|m] > 0, then p = o or < pg.
Hence nr, (75, 1, ) = nr,(7,, ) for every r > 0, since we are assuming that
Aar22 (T 46, 1) = dap22 (Ta 16, 1'2) (7, x-1s0spectrality) and

nrl(ﬂ—g,l.iw,,,f’) = nrz (ﬂ-U[L.j:N“7r)

for every p1 < pig and every r > 0. ]

For example, by applying Lemma 3.2 to 49 = 0, we obtain that (3.2) holds for
every m € G(0y ), which is the same result as [Pe96, Prop. 3.2 (c)].

Lemma 3.3 Let 'y and ', be Bieberbach groupsin Gandlet 1 < p < m. IfT'|\R”
and T, \R" are T, s5-isospectral fgr every pn € P(SO(n)) such that {(u) = p + 1 and
nr,(m) = nr, () for every m € G(oy,) such that £() < p, then np, (1) = np,(7) for
every m € @(Uw{) such that é(u) = p + 1.

Proof We begin by considering the first case 19 = €1 +- - - +&,11 € P(SO(n)). Every
1 € P(SO(n)) such that p < pyg satisfies £(u) < p, thus np, (1) = nr,(7) for every
T € Upcpp G\(JM,H). Hence nr, (7) = nr,(m) for every w € G(O’uu,,{) by Lemma 3.2.
We continue in this fashion obtaining that nr (7) = nr,(7) forevery = € (A}(auo,ﬁ)
for any poy = Zle big; + €511 € P(SO(n)), since the ordering < is complete. We
now proceed by induction on b, and the proof is complete. ]

By proceeding by induction on p with repeated applications of Lemma 3.3, we
have that (3.2) holds for every 7 € G(o,, ) for any i € P(SO(n)). This completes
the proof. ]
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