IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Three-point functions in superstring theory on AdS3 X S3 X T4

This content has been downloaded from IOPscience. Please scroll down to see the full text.
JHEP06(2009)009
(http://iopscience.iop.org/1126-6708/2009/06/009)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

This content was downloaded by: carmennunez

IP Address: 157.92.4.4

This content was downloaded on 19/11/2013 at 22:37

Please note that terms and conditions apply.



iopscience.iop.org/page/terms
http://iopscience.iop.org/1126-6708/2009/06
http://iopscience.iop.org/1126-6708
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

PUBLISHED BY IOP PUBLISHING FOR SISSA

I

RECEIVED: March 23, 2009
REVISED: May 12, 2009
ACCEPTED: May 27, 2009
PUBLISHED: June 3, 2009

Three-point functions in superstring theory on
Ad53X53XT4

Carlos A. Cardona® and Carmen A. Nufez®’

@ Instituto de Astronomia y Fisica del Espacio (CONICET-UBA),
C. C. 67 - Suc. 28, 1428 Buenos Aires, Argentina

b Departamento de Fisica, FCEN, Universidad de Buenos Aires,
Ciudad Universitaria, Pab. I, 1428 Buenos Aires, Argentina

E-mail: cargicar@iafe.uba.ar, carmen@iafe.uba.ar

ABSTRACT: We consider R and NS spectral flow sectors of type 1B superstring theory on
AdS3x S?xT? in the context of the AdS3/CFT; correspondence. We present a derivation
of the vertex operators creating spectral flow images of chiral primary states previously
proposed in the literature. We compute spectral flow conserving three-point functions in-
volving these operators on the sphere. Using the bulk-to-boundary dictionary, we compare
the results with the corresponding correlators in the dual conformal field theory, the sym-
metric product orbifold of T#. In the limit of small string coupling, agreement is found in
all the cases considered.
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1 Introduction

A systematic understanding of the duality between type IIB superstring theory on AdSsx
S3xT* and the NV = (4,4) non-linear sigma model on the moduli space of Yang-Mills
instantons on T# has been achieved along recent years, based on early work in [1]-[5].

The instanton moduli space is a deformation of the symmetric product of N copies of
T4, namely Sym(T*)N = (T*)N/Sy [6] and the worldsheet of the superstring is an N = 1
SL(2,R)x SU(2) WZNW model. In the large N limit, twisted states in Sym(T?) map
to single states of short strings [7, 8] described by discrete representations of SL(2,RR)x
SU(2) and their spectral flow images [9]. Agreement between the spectrum and three-point
functions of unflowed chiral primary string states and the corresponding dual counterparts
was found in [7, 8, 10]. Conversely, the non-trivial spectral flow sectors of the string theory
have been less studied and present some unclear features, such as the apparent lack of
certain string states in the spectrum of the superconformal field theory (SCFT) [11] and
various technical difficulties in the computation of correlation functions. Some preliminary
results were obtained in [12] where, in particular, a bulk-to-boundary dictionary for 1/2
BPS states in the flowed sectors was proposed.

The aim of this paper is to study this holographic map by exploring three-point func-
tions in both sides of the duality. The computation of worldsheet correlators basically
involves three parts reflecting the fact that the theory is a direct product of free fermions



and bosonic SU(2) and SL(2,R) WZNW models. The relevant three-point functions of the
free fermions and SU(2) bosons were obtained in [12]. Here we evaluate spectral flow con-
serving three-point functions on the sphere involving spectral flow images of chiral primary
string states in the Neveu-Schwarz (NS) and Ramond (R) sectors of the SL(2, R) WZNW
model in order to complete the construction of these amplitudes in the full string theory
and compare them with the conjectured dual correlators in the symmetric orbifold of T*
obtained in [13-15]. Our results confirm the agreement of the string amplitudes with the
corresponding counterparts in the dual theory.

The paper is organized as follows. After setting the notations in the next section, in
section 3 we present a derivation of the vertex operators creating spectral flow images of
chiral primary string states in NS and R sectors which were proposed in [12]. In section 4 we
compute the SL(2, R) part of the spectral flow conserving three-point functions involving
these chiral operators and, after adding the fermionic and SU(2) parts computed in [12],
we compare our results with the conjectured corresponding correlators in the dual SCFT.
Finally, section 5 contains the conclusions. In the appendix we compute the Clebsch-
Gordan coefficients needed to construct vertex operators in product representations of
SL(2,R).

2 Notations

In order to set the notations in this section we briefly review basic aspects of the
dual theories.

2.1 Review of type IIB superstring on AdS;x S3x T4
Type 1IB superstring theory on AdS3x S3x T was originally studied in [2-5, 11, 16]. It

— — —4

has SL(2) x SU(2) x U(1) affine worldsheet symmetry which allows to perform explicit
calculations. The SL(2) and SU(2) supercurrents 14 + 6.J4 and x4 + K4, respectively,
satisfy the following OPE

k., AB (AB_JC k§AB AB [ C
TG w) ~ E 4 T AR ) ~ 2 4 e
- AB ,.C : AB .\ C
AP w) ~ et ) KA () ~ 2
EUAB k§AB
YA (w) ~ 2 —, X" (w) ~ F— (2.1)

with A =0,1,2, 2 = 1 and 48 = (—,+,+). It is convenient to introduce new currents as

T 2) =i 2) +3%(2),  KA) = k() + kA (2), (2.2)
where 54 (j4) and k* (k) generate SL(2)g+2 (SL(2)_2) and SU(2);_o (SU(2):) affine
algebras, respectively, with

() = P (@WOG), HAE) = —rehexP (@), (23)
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The U(1) is realized in terms of free bosonic currents i0Y* and free fermions \f,i =
1,2,3,4.
The stress tensor and supercurrent are given by

1 . 1.
T(z) = HB (457 — pAoyP) + (SATB (kP — x20xP) + 5 (awayi _ 5%%) :
2

6 = 7 (mamvAi® + oot 4 2

2 A
P <5ABxAkB - —ZXOX%) +XOY;. (24

k

The spectrum of the theory is built from those of the SL(2,R) and SU(2) WZNW
models. The Hilbert space of the former [9] is decomposed into unitary representations
of the SL(2,R)x SL(2,R) current algebra,! namely the discrete lowest- and highest-weight
representations Df@D}f with h € R, % < h< % and m = th,+h=+1,..., the continuous
representations C;f ® C with h = % +iR, m = a+ Z, a € [0,1), their current algebra
descendants and spectral flow images, ﬁf’w ® ﬁf’w, é\z"w ® é\z"w with w € Z and the same

spin and amount of spectral flow on the left- and right-moving sectors. Primary operators

of spin h and worldsheet conformal dimension A% (®;,) = —@, satisfy
D$®y (z, 7w, w
()0, w,) o DERRETOD) (2.5)

Z—w

where D} = 8,, DY = 20, + h and D, = 220, + 2hx. Expanding in modes as

@h(x,f) = Z @h7m7mx7h+m§7h+m7 (2.6)
m,m

one can read the action of the zero modes of the currents on ®, ,, 7, namely
Chmgm = mPhmm . Jo Phmm = [mF (h— 1)) ®pmerm,  (m#=£h), (27

and jo—q)h,h,m = ja_q)]%,h’m = 0.
Similarly, the primary fields of the SU(2);_o WZNW model with conformal dimension

APV = % verify

BVl 5w,m)

E*(2)V;i(y, 7, w,w , 2.8
(Vo s, m) ~ LD 29)
with Per = 0Oy, PS =y0y —Jj, Py = —y20, + 2jy and can be expanded in modes as
j . -
Vi o = Y Viway T (2.9)
m/m'=—j

The spin j € Z/2 is bounded by 0 < j < % and kaerJ,m/ =ko Vi _jm =0,

Vit i = MVt ki Vi = (Em' + 1+ Vs, (m/ # £5). (2.10)

! Actually, the spectrum is built on representations of the universal cover of SL(2, R), to which we refer
simply as SL(2,R) for short.



In the fermionic sector, the fields * transform in the spin h=-1 representation of the
global SL(2,R)_ algebra and x® transform in the spin j = 1 of the SU(2), global algebra.

Vertex operators creating unflowed physical states in the NS sector were constructed
in [16]. For short, we display only the holomorphic indices. The chiral (antichiral) primaries
satisfy the condition H = J (H = —J), H being the spacetime conformal dimension and
J the SU(2) charge, which implies h = j + 1. In the —1 picture, they are given by

Wh,m,m’ = 67@(¢q)h,m)h—1,mT‘/j,m’a (211)
yh,m,,m’ = e_so@h,WL(X‘/j,m’)h,m'T7 (212)

where (¢®j,,,) and (xVj n) denote the product representations of J* and K¢, respectively,
mp=h—1hh+1,...and ml, = —h,—h+1,... h.

To study the Ramond sector one needs to construct the spin fields for 1%, x%, A’ [16].
It is convenient to have a bosonized form of the fermions such as

2 2 2
OH, = Ewwi OH, = Emﬁx*, OHs3 = —Ew?’ 3. OHy=M)X2, 0Hs = X3\,
(2.13)

The spin fields take the form S, ) = exp% Z?Zl €;H;, with ¢, = +1. They transform
as two copies of (3,3) under SL(2)x SU(2). GSO projection requires H?Zl ¢; = +1 and
BRST invariance demands H?:1 ¢; = —1. Following [12] we define the spin fields associated
with ¥%, x* as g[el,ez,sg] = exp%(elHl + eoHoy + €3H3).
Decomposing the product (S@h,mVj,m/) into representations of the total currents
J% K% the chiral vertex operators in the —% picture take the form
R e =€ 2 (SPnVim) eilHa—Hs) (2.14)

~yimpthii it
where H; are redefined as H;, = H; + sz‘q N;,N; = zf(?Hl

Spectral flow. The algebras (2.1) are invariant under the following spectral

flow automorphisms

~ k ~ ~ k ~
0 0 + + 0 0 + +
Jn = Jn - 511)(5”70, Jn = Jniw? Kn = Kn + 5?1}/(5”70, Kn = Kn:l:w’ :
The currents j%, j%, k% and ke transform under spectral flow as
. ~ k+2 . ~ ~ k—2 ~
]2 = ]2 + Twén,o, ]ff = j$$w, kg = kg - Tw,‘snﬁv k:ff = k,fpu, , (2.15)
Jn = Jn — wén, Jr =i, kS =k — oo, ki = ke (2.16)

and the modes of the Virasoro generators, Lg! = 3! + ZZZ L =101+ Z,iu, as

L = L+ wJl + Zuﬂ&mo , L =L 4w KD~ Zw%"’o

- - k+2 ~ ~ k—2
Iy =1 —wjp — %w%mo ==k
~ ~ ~ 1 N X x 1
= — w4+ §w25n,0 ; B =1 —w'ky + 510/2511,0 : (2.17)



The closure of the SL(2,R) and SU(2) algebras requires the same amount of spectral flow w
(w') for j and j* (k% and k%). The spectral flow maps primaries to descendants of SU(2)
and it generates new representations in SL(2,R) [9]. For the sake of simplicity, we restrict
to w > 0 in this section.

To construct spectral flow images of chiral primaries in generic frames, we consider
the SL(2,R) sector first. A w = 0 affine primary is mapped by the spectral flow to a
lowest-weight state of the global algebra @Z“]}V[ with H = M satisfying [9]

k+2
O, = MOy, = <m + %w> o, (2.18)

w h(h—1 k+2 w
lo‘l)%’M = (—% —wm — T’U)2> (I)]}ij . (219)

In the fermionic SL(2,R) sector, an interesting description of the spectral flow was
presented by A. Pakman in [17]. Using (2.16) — (2.17), the fermions ¢® in the spectral
flow frame obey

A a a A— o a — a 2 a 1 1 a
Jo* = (a—w)y®,  Jou* =),0" =0, o =<§—wa+§w2>w . (2.20)

i.e. P® is a lowest-weight field with angular momentum h=a-—w. Acting with 3; , one

obtains the global representation in the w sector as w‘mhl ~ (jar)”wa with m = —iL, .. ,iL up
to a normalization.
All these ingredients allow to construct the representations of J“. We denote the
L h| < w,h _
fields of the product representation in the NS sector as (1/1%‘@%7 w)rm(2, %), where
|H—h|<H<H+h M=H,H+1,... and their worldsheet conformal weight is given by

s h , W
A (%"ﬁfﬁ,wmm] =-— 5 —wm=a)+g - uw. (2.21)

Repeating the analysis for SU(2), one obtains the product representation
O Vi) g With [T =31 < T < J+J, =T <M < J, J =m' =520/, j = |a— /|

and worldsheet conformal weight

su j jw’ ](] + 1) 1 k
A |:(XZ$1/ fM/)j,/w] = — w'(m’ —a)+ B + Zwa . (2.22)

In order to construct chiral states, we apply the spectral flow operation on the chiral
primaries (2.11) and (2.12). We notice that the physical and chiral state conditions re-
quire to simultaneously spectral flow the SL(2,R) and SU(2) product representations and
we obtain

how  — +1 7 h,w R
Wiithe = e (o) (e Vi , (2.23)
haw —p w s h,aw w’+1 j,w’
Vyim =€ <¢m‘1)H,M)HM <Xm/ Vi

where ¢ is the bosonization of the 3,7 ghosts, M = H and M’ = —7. For generic level

) s

)JM , (2.24)

k, the physical state condition (Lo — 1)W = 0 implies h = j + 1, w = v’ and m/, = —m,



(see (2.11), (2.12)), and similarly for ). Analogously, G,V = (G, — wi? — wxOW = 0
(G,Y =0) for r > 0 requires my = h—1 (m7 = h) [12]. Finally, chirality (or antichirality)
demands, for both operators VW and ),

H =myp+ gw =+J. (2.25)

To obtain the spectral flowed % BPS operators in the Ramond sector we need the prod-

uct representation (an m/<1>%u]’MVj’AU/)[/,). The discussion about the fermions applies analo-

gously to the spin fields, i.e. from the lowest-weight component of the h= —j = —|w+ %]
spin representation, given by
Sw+% — e*i(w‘i’%)(ﬁl‘f’ﬁQ)*%HS (2.26)
*U)*%,wﬁ*% - 9 .

one constructs the global representation acting with ﬁar , l%ar .
The chiral fields in the w sector are [12]

+.hw e [ qwtd Chw 1w +i(Ha—H
Ry =€ 2 (Sm,ﬁff‘l)H,MVJ,M/> HHTI, (2.27)
HM,T M’
w3 : 3 2 7 1 K 1.,k
where Sm,m' has conformal weight ¢ +w*+w, h=-w—-5=—-jand H=h—5+5w=J.

2.2 Sigma model on the symmetric product orbifold of T*

Type IIB superstring theory on AdSzx S3x T4 with RR background is conjectured to be
dual to the infrared fixed point theory living on a D1-D5 system compactified on T4. Tt
is convenient to use the S-dual description [18] in terms of N; fundamental strings and
N5 NSb-branes. The target space of the SCFT is identified with the singular orbifold
(T*)NiNs /G(N1N5), where S(N1N5) denotes the permutation group of N;Nj elements. It
was argued in [19] that the symmetric orbifold corresponds to the point N5=1, Ny=N.

The chiral spectrum of the sigma model is built from that of a single copy of T* plus
operators in the twisted sectors. Each twisted sector corresponds to one conjugacy class of
S(N), labeled by positive integer partitions of N, namely

N
> Ik =N, (2.28)
=1

corresponding to permutations with k; cycles of length [. Chiral operators describing single
particle states in the string theory side correspond to single cycle twist operators [18, 20].
There is one twist field for each conjugacy class of the permutation group, and chiral
operators corresponding to chiral states in the dual string theory can be constructed as a
sum over the group orbit, namely

O = [n(N —n)INY|71/2 H° O Tt (2.29)
heS(N)

where ¢, = £1,a and 0(11"“%) is a twist field corresponding to just one single element of
S(N). The global part of the N' = (4,4) superconformal algebra forms the supergroup



SU(1,112), x SU(1,1]2)r and contains the R-symmetry group SU(2)rx SU(2)g, under
which the operator O (x,T) is a chiral state in a unitary representation with angu-

lar momentum

N
Hn:”J;E", 0<H, < J;E", P (2.30)
N
Hn:g, 0<H <5, n=a, (2.31)

and similarly for €. Two- and three-point functions on the sphere for €,,éz = +£1, are
given by [14, 15]2

(05 E)OZ (a5, 7)) = faal = (2.32)
3
ny.€m no € ng€ngt ninang —2H s
<(9;11 TLOp T2 (O 118 T > - < 52 (ZMm>cnmn3 I 1=, (2.33)
i=1 i<j

where Hy,n, = Hny + Hny — Hng, ete., —H,, < M,, < 'H,, and the coefficients C,,,n, are
defined in terms of the SU(2) 3j symbols as

2
C . \enlnl + €pyno + €pyny + 1’
nans 4n1n2n3

2
% Hnl Hn2 Hng
Mnl Mn2 Mng

Using (2.30) and M,,, = £H,,;, the delta function in (2.33) implies H,,,, = 0 for certain
i,7. Specifying ng = nq + no — 1, the non-vanishing three-point functions are those with

Hn1n2 !Hn2n3!Hn3n1 '(Zle an + 1)'
(2H ) (2Hon,) (2H g )!

(€nys€nys €ng) = (—,—,—) and (+, —,+) and similarly for €,. In this case, the product in
the second line reduces to one.

Two other correlators that will be important below have been evaluated in the partic-
ular case ng = nj + ny — 1 [13], namely (we omit the obvious coordinate dependence)

<0a,a@*v*oa/,a/f> _ b <n1n3>1/2 ol 5m (2.34)

ni ng ns3 \/N n2 9 .

<Oaﬁ(9a/ﬁ/(9+7+f> _ L <n1n2>1/2 gralgha g = 0 = (0 1) (2.35)
n1 Ynz “ng VN \ n3 ’ 10)° '

3 Vertex operators of chiral states

In this section we present a derivation of the vertex operators creating spectral flow images

of chiral primary states. These operators were proposed in [12].

2 Contributions from surfaces with higher genus are suppressed in the large N limit.



3.1 NS sector

The Clebsch-Gordan coefficients expanding the product representation (®) in (2.23)
and (2.24) are computed in the appendix. We find

h
(Wmhl HM) ,M: ZAC%:”HM@T HM? (3.1)

m=—h

where only the holomorphic part has been written and?

m+|h T .
Citaman MRSy (e A (M s B+ )
HRH (4 [R) (M — 1+ H)! = s (M —s+H)!

(|h| = H+ M —s—1)!
(M—s—H—1(H+|h|—H)

(3.2)

This can be rewritten using the generalized hypergeometric function
3Fh(a,b,cie, fI1) as

MM _ (—1)™ D~ H + [3] + M)D(H + [h] + M + 1) y
HhH D(H = H+ |h| + 1)T(M — H)T(H + M — 10+ 1)D(|h] + i + 1)

with the advantage that it can be represented in terms of the Pochhammer double-loop
contour integral, possessing a unique analytic continuation in the complex plane for all its
indices [21, 22]. Recall that the analogous coefficients for SU(2) are related to these ones
through analytic continuation.

For our purposes, it is convenient to write the vertex operators in the x—basis, where
the isospin can be identified with the coordinates on the boundary. This can be done
using [3]:

e %o O(2)e* = O(x, 2). (3.3)

Performing this operation on the fermion fields, one gets in the unflowed frame
e~ T ()™ =y (w,2) = Y@, 2) (3.4)
= —2a9°(2) + 97 (2) + 27 (2),

and in a generic w frame

) h b 2
—ady bl e dy = lhl _ (=)™ (2[R + 1)
¢ U () = U 2) 2§ﬁmm+Vﬂ+UFWﬂ—m+1)

Yltlg=htm (3.6)

k+2

Inserting H = m + ¥2w and h = —w — 1 in (3.2) we get

I'(2w + 3)

M ,m,M m4w+1
1
¢ =(=1) Tim+tw+2)l(w—m+2)

H,hH

(3.7)

3 We found convenient to denote the coefficients C’ZI’}{A”?’_LM as (H, M, h, m|H, hiH, M) in the appendix.



which coincide with the coefficients in (3.6). Therefore, the SL(2,R) part of the chiral

vertex (2.23) may be written as

7oA I SR e a— TR R Y
mo THM )y om ) Cim+w+2)0(w—m+42) ™ ~HM ™
m=—w-—

Expanding in modes, it is easy to see that they may be expressed in the following factor-
ized form

— W haw
Jopg &N =0 @)@ @), (3.9)

(W) (x) = > (vitiels,
M

This factorization always occurs in (2.23) when H and h combine to produce a chiral state.

So far, we have restricted to the holomorphic SL(2,R) sector, but the same analysis
applies to SU(2) [22] and to their antiholomorphic parts. Putting all together, we get the
following vertex operators creating spectral flow images of chiral primary states in arbitrary

spectral flow frames

W (2,y,7,7) = e % b (2, 3 (@) @V (0, X W)X @), (3.10)
Vg y,7,9) = ¢ PO (2, )" (@) @)X X T @V, 0,9), (3.11)
with J=H —2w,J=H - 2w, H=—-J -1, H=—J — 1.

3.2 Ramond sector

The product representation needed to construct the vertex operators (2.27) in the Ramond
sector can be expanded as

h
j h, , _ (M, M), (M’ ! , M)
<S1]’rL,ﬁL’(I>H,u])VIVjJ\QZ/>HM TM - Z (Smm Mvj,J\lZ/> C(H ;IH) (J,h, j;n (312)
) sy m,rﬁ/:,fl
i:L -~ ~ ~

o 7 whaw MmM J Jyw M’ m/ M

:ZA <Sm(I)H7M> H,h,H ® Z (Sm’VJvM’) CJ,B,J ’
m=—~h

i.e. the SL(2) and SU(2) parts factorize. The Clebsch-Gordan coefficients cy :LHM can be

)1y

computed from (3.2) taking H = m + k—‘QLQw and h = —w — 5. Using (3.3), it is easy to see

that the triple product factorizes in the z—Dbasis as

(S@V);L{’jf}(x,y) = Z (5 zq)hw Vj%) g MMy T+M!
MM HM,T M
— S (2, ) B (@) VI (), (3.13)
where?
why w3 w1
S (2, y) S [ (=D)™™"2 T(2w +2) =1 2 T'(2w +2)
T,Y) = - 3 — - - A .
vt =— (w1 L(m+w+3) T (w—rm+3) T +w+3) T (w—ri/+3)
X S gy (3.14)

“These spin fields are denoted S, (x,y) in [12]



Taking into account the antiholomorphic part, the vertex operators creating spectral flow
images of chiral primary states in the Ramond sector are given by

— 1 . PR ~ s =
R (@, 7,9,7) = € 55" 3 (2, )5 (@, 7)) (2, H)VI (y, p)ets - o) 25 (o)
(3.15)

The expressions (3.10), (3.11) and (3.15) that we deduced here appeared previously
in [12].

4 Three-point functions of chiral states

In this section we compute w—conserving three-point functions involving spectral flow
images of chiral primary states. We restrict to the so called extremal correlators, satisfying

Jn = Jm + Ji-
4.1 NS-NS-NS three-point functions

Let us start by evaluating the following amplitudes

—2 /yrha, ke, o yohs, o
Az = g, <W 3, L YLTLTOW S (0,02, 0, D)WV, S ($3,y3,$3,y3)>52 (4.1)

Hi,Ha JHo Hs
’_ =2 hi,wi S — ha,w2 - = h3,w3 S —
Az = g, <yH1’ﬁ1 ($1,y1,$1,y1)WH2g2(9027y2,9€27yz)yH&ga(?ﬂ:’ny&m,y3)>52 - (42)

The vertices W:(wﬂ, y,,’lwﬂ were defined in the —1 ghost picture. To have total ghost
number —2, as requifed on the sphere, we change the picture of an unflowed operator for

simplicity, i.e. [7, 8]

W e2.3) = | (1= W30) + 760) + Fi(elaln)Py ) .| T Vioa ().
(4.3)

9 ) = | (W) + 10D+ X @0D) x | e Va0

As discussed in detail below, this restriction is not strictly necessary to evaluate (4.2), but
further knowledge on spectral flowed affine representations than is currently available is
needed to compute (4.1) in a more general situation. In any case, we shall see that including
an unflowed operator does not imply any loss of generality for correlators involving spectral
flow images of chiral primary states in the SL(2, R) sector.

Replacing (4.3) in (4.1), A3 explicitly reads

A3 — 9;2 <e*‘:0(21,21)674p(22,22)> <V;Lll’§11’w(y17yl)V;ZEQLw(yQ,yQ)Vh371(y37y3)>
—W (= \=W (= w w W = w —w+l W =
X (X GOX ) (X (y1)x " (42)) <‘1>f,}117gl(:61,$1)¢ )" (@)@ (22,7)

x P (22) 0" (F2) {(1 — hy)jlas) + (@)} {(1 — h3)j(T3) + 5(T3)} ‘I’hg(x37f3)> ,
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and inserting (4.4) into (4.2) and using ¥, (z)D2 = (1 (2)0; + hds1h(z)) we get

./4/3 — 9;2 <e*§0(21,21)6*%0(Z2,22)> <V‘Z17§11,w (yl’ gl)vjjgj,w (y2’ §2)Vh3—1(y3, y3)>
X { {<¢w(x1)ww+1(x2)¢(x3)> 0353 <(I>1]11}717ﬁ1 (1‘1,51)@%2,?2 (wg,fg)q)h?) (x3,§3)> +
hg (¥ (21)0" (22) Dy th(23) ) <‘1>1131ﬁl (xlajl)q)lzﬁ(%ﬁQ(x%j2)¢h3(£3,53)>}

< (X" Ty )X (2)x(ys)) x c.c.} (4.5)

where w = w; = ws.

The SU(2) and fermionic expectation values were discussed in [12]. We now compute
the SL(2,R) correlators, applying the technique developed in [23].

From the integral transform

h,w 2, H—M-1- H M—1ghw —
@HMHM d*zx @HH(x,x) , (4.6)

a generic three-point function in the z—basis, e.g. (we omit the z dependence for short)

<‘I>];{11’% (1‘1,1‘1)@ 2’; (1‘2 1‘2)‘1315”?3 (.%'3,.%'3)> D(HZ,FZ) (1‘12H121'23H23 13H13 X C.C.) s
(4.7)

(c.c. stands for the antiholomorphic dependence), can be transformed to the m—basis as
3 !
Z7w1 I I IT7 EVE
<H @Hi,MhEM> = (2m)>D(H;, H;)W (H;, M;, Hy, M;)6%(My + My + Ms),  (4.8)

where
W(Hz,Mz,HZ,M@) = /d2x1d2$2${{1_Ml_1$£{2_M2_15?1_M1_1T§2_M2_1|$12|2H12
X |1 — @q|72H13 |1 — | 722 (4.9)

Recall that the spectral flow with w > 0 (w < 0) turns primary states of the current
algebra into lowest- (highest-) weight states of a global representation with H = M =
m—l—k+2w H=M= m—l—k+2 (H:—M:—m+k—¥|w|,ﬁ:—H:—m+k—f|w|).5
Therefore, we are interested in the residue of the poles at say, Hy = My, Hy = M7 and
Hy = —M>y, Hy = —M,. This is obtained by taking the z1,7; — 0 and 9,79 — o0 limits
in the integrand of W (H;, H;, M;, M;), which simply gives

<H(I> ]\i[ H; M; > ( ) ‘/;onf52(M1 + Mo + M3)D(H1,Fz), (410)

where Veons = [ da?/|z|?.

®The spectral flow labels w and w’ for highest /lowest weight states of global representations in the z—
M

and m—basis, respectively, may be related as w’ = i3

w.
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On the other hand, it is well known that spectral flow preserving n—point functions
in the m—Dbasis are related to correlators involving only unflowed operators as

H(I)][?ﬂj\z (Zu Zz) = H(zl-j)_wjmi—wimj—%wiwj < cc.
(3] 'L7
> wi=0 Jj<t
n
=0 _
Oy, (200 7)) (4.11)
i=1

and three-point functions of w = 0 primary states have the following form [24, 25]:

3

Dyt G 20) ) =)0 (D )W (i i, ) C () 212|282 23] 72209 2|72,

- Z (4.12)
with

Olha ha, hs) = = 27721/h1+h§£f1l3_1};1(;%}i2) Z:(hﬂc;c(:zfl 1—2)22(1)_5(? )f (2;:)22:)(1 — 2hg) (4.13)

where G/(h) = T Io(—h|1,k)I'y(k + 1+ |1, k), I'y being the Barnes double gamma

function and Ao = A1 + Ay — Ag, his = hy + hy — hg, etc.

Comparing with (4.10), one finds that the three-point functions involving spectral
flow images of primary operators in arbitrary w—sectors in the x—basis corresponding to
w—preserving amplitudes in the m—basis are given by®

h 5 - h ) . h ’ .
(@ (20, 7) @022 (w3, 7o) (3,73))

1 _ H Hys —Hoz——TH1o——TH13——H
= V2 —5— W (hi,mi, m;)C (hi)xpy Pryg Pagy BTy Ty Pyt (4.14)

conf

Recall that this result holds for operators satisfying my + mo + mg = 0.

As discussed above, for highest/lowest weight states the function W (h;, m;,m;) devel-
ops poles which cancel the factor chff Taking, for instance, a chiral field at z;,7; and
an antichiral one at xo, T2, i.e. my = M1 = hq1, my = My = —ho, the residue of the double

pole is just one, and we obtain”

Ay = (@ (xl,fl)cbhmﬂ (xz,@)@’m@ (z3,%3))

_ Noo—Hi2,,—His, —~Hos——Hi2a—=—Hi3=—Ha3
= C(hi)zyy Py Pagy T, oy BTy .

5This correlation function was directly computed in the x—basis in [26] in the particular case w1 = w2 =
1, ws = 0 using the definition of w = 1 vertex operators given in [23]. Here we have used a different technique
which is useful to evaluate correlators involving fields in arbitrary w sectors and, specially, expectation values
including currents.

"Normalizing the two-point functions of these operators to the identity, this result agrees with the
prediction formulated in [12] when the correlator involves one unflowed state. Three flowed chiral primary
operators obeying mi +ma+ms3 = 0 cannot meet the condition hz = hi + hs —1 under which the prediction
of [12] holds.

- 12 —



The following expectation value is also needed to evaluate As:
9 _ [ xha, — \xha, . _
Az = <‘I>H11%1(961,961)‘1);2%2(9627962)3(903)%3(9637903)> :

The OPE j(x)®

HH(Q: 7') is only known so far for w = 1 fields [23], namely

hw=1l,  —. _ — (CU—SU/)Z h,w=1 _
g2, )CDH“;{ (z,T;2,2) :(m—h—i—l)mfbf{ilﬁ(x,x;z,z)

1
2l —z

[2H(z — 2') + (z — 2/)%0, ] "=y 7 2,7) . (4.15)

+ H,H

Therefore, we restrict to this case. Inserting (4.15) into A3, one gets

2
2 (961—963) h1,w=1 — ha,w=1 - -
Ag = (1 —hy + Tnl)i(z1 — 23)2 < CI)Hllil,ﬁl (1‘1,1‘1)@;2%2 (xg,xg)fﬁh:,)(xg,mg) >

(22 — x3)? how=1, - \xw=1ho _ _
T (L =he =ma) Py < Py, (0 TRy (2 2) B (73, T5) >

1
o [2H1 (21 — m3) + (21 — 3)%0,, | A3
1

23 — 22

_l’_

+ [2H2($2 - $3) + (562 - x3)28:v2] Aé .

The first two terms are easily evaluated using the procedure discussed above and we get

hiw=1 , _ _
(Bt (o, 2) @02 (g, T2) B (w3, T5) ) =
W (hi,m1 = hi + 1,ma = —hg,m3)

. —Hy2—1 —H13 1 —H23+1— H12——H13——H23
X Vconf C(h;) z15 Zy3 Zo3 Ty PTyg PTyy . (4.16)

where
W (hesmy = hi + 1, my = —hg,mg) = V2, — 113 (4.17)
19 1 1 9 2 2 3 Confml _ hl + 1 9 .
and similarly,
hyw=1 haw=1 _ _
<(I>Hll,wﬁ1 (1‘ )CI)H2 IIH (1‘2,1‘2)@]13(.%'3,.%'3)> =
ha3
O(h))—2
(hs) 1—hy —
X 3312H12 ! 1_3H13Jrl 2_3H23 1fle1 j1_3H1352_3H%- (4.18)
Putting all together, we obtain
2 —Hiz—1,—His+1,—H +1—H ——His——H
A3 = Bhg — Hi — Ha)C(hy) x5 27wy BT gy 7 Ty BTy Pogg
« 212A12+1 —3A13 1Z2—3A23 121—2A12Z1—3A13—23A23 (4'19)

and analogously for the term containing the antiholomorphic current j(z) in As.
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To write down the final result, let us recall the fermionic and SU(2) correlators (see [12]
for details).

fo 2w+

< U (2 (2) > = 5 (13)+1)2 , (4.20)

1
- w + 1 1‘3@ + (1‘3@)23%] < 1/Jw+1(.%'1)¢w+1(1'2) >

< T (@) T (29)j(25) > = o

Mm

=1
2(w+1)

T13023 <12 L9
=k(w+1 , 4.21
) Ty ST (4.21)

w w41 ¥y w3521
<P (w)Y" T (z2)Y(23) > = km (4.22)
12 *23
Similar expressions are obtained for y*.

In the SU(2) WZNW model, normalizing the two—point functions as

251
_ — _ — Y12
(Vi (Y1, 15 21, 21) Vs (Y2, Ui 22, Z2) = %h# ; (4.23)
12
the three—point functions are given by [27]
o _ . _ - |yl]|2j”
(Viy (1,915 21, 21) Vo (Y2, 525 22, 22) Vs (43, U35 23, 23)) = C' (41, J2, J3) H 2[5 (4.24)
1<J t
for jn < jm + ji, where
't s ja) = A ’Y(%) ‘ P(j1 + j2 + js + 1) P(j12) P(j23) P(j31)
o (Rt )y (22 ) (2i3EL) P(2j1) P(2j2) P(235)

with P(j) = [y 71(2). P(0) = 1.

As argued in [12], the structure constants for spectral flowed chiral fields in SU(2)
are also given by C'(j;) for j, = jm + ji- Therefore, collecting all the contributions and
suppressing the z— and z—dependence for short, we get

k2
As = 77 M+ Ho + Hy + 117 C'(i)C (), (4.25)
k‘2
Ay = g;2z |H1 — Ho 4+ Hs — 112 C"(5:)C (hy) . (4.26)
As shown in [7, 8],
ko opl2h r (1 — l)
C'(j = \/B(h1)B(hy)B(h3), Blh)=—5———~, v= TR
4 ~ (2h2—1) T (1 + E)
(4.27)
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In order to compare these results with the conjectured dual counterparts, the two-point
functions must be normalized to the identity. Taking into account that in the SL(2,R) sector
they are given by [23]

h, — \ahs — - —oH——2H
<(I>H%(m1, xl)q)H%(x% T2)) = g, 2(2h -1+ kw)B(h)x122Hx122H ) (4.28)

the normalized chiral operators are defined as:

4gSWh’w—(x, z) 4933);;’%(56, T)

WY (2, 7) = HH , Y'Y (2, 7) = '
HH k2\/B(h)(2h — 1 + kw) HH k2\/B(h)(2h — 1 + kw)
(4.29)
Omitting the standard dependence on the coordinates, we thus get
4g, 17
(it O _ 40 [Fa + Mo + M + 1] L (4.30)
HiHyL HoHo o hs k2 \/(2hy — 1+ kw)(2hg — 1 + kw)(2hz — 1)
4g, - ~1
(i i 0 _ 02 [P — T + Hs — 1] . (431)
H1iH1  HeH2 ™ N3 k \/(2h1 -1+ kw)(2h2 -1+ kw)(2h3 - 1)

While (4.30) was obtained for w = 1, (4.31) holds for arbitrary w.

These three-point functions involve one unflowed operator. We restricted to this case
for simplicity. However, notice that when the three operators are spectral flow images
of chiral primaries of SL(2,R) or the unflowed operator creates a highest/lowest weight
primary state, the condition h; = +m; together with the requirement m; 4+ mo + ms =0
imply, for example, ho = hy + h3. Combined with the chirality condition j; = h; — 1, this
gives jo = j1 + js + 1 which violates the triangular inequality jo < j; + j3 of the SU(2)
WZNW model. Therefore the SU(2) factor gives a zero for the whole three-point function.
This conclusion does not apply when the unflowed operator obeys hs # +mg. Therefore,
the results (4.30) and (4.31) hold for amplitudes containing two flowed and one unflowed
chiral primary operators as long as the latter does not create a highest/lowest weight state
in the SL(2, R) sector.

Let us now compare these results with the correlators in the dual theory. The level
k is identified with N5 [18] and g2 = ﬁ—fVol(T‘l) [2, 3, 16], so these correlation functions

scale as N~1/2 in the large N limit. Recall that the chiral string states WZ%, y:{’% have
been identified with the chiral operators O =, O T of the SCFT, respectively [7, 8, 12].

n,n’ n,n
Moreover, the proposed identification between the quantum numbers of W;:E% and those of
O, " (z,z) is the following [7, 8, 12]

n

—1
Hn:n2 :h—1—|—§w = n=2h—1+kw, (4.32)

and for Y?{% and O *(z,7) it is

n—l—l_
5=

k

H, = h—|—2w = n=2h—-1+4+kuw. (4.33)
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Replacing these values of n in the boundary three-point functions (2.33), one gets at lead-

ing order
N 1 Hi+ Ho + Hs + 1)
<On1 OnQ On3 Jf> - N ‘ 1 = - ’ ) (4'34)
VN V/(2h1 — 1+ kwy)(2ha — 1 + kwg)(2h3 — 1)
<O++O——O++T> _ i ‘Hl —Ho+Hz — 1’2 (4‘35)
T s VN \/(2hy — 1+ kwy)(2hy — 1+ kws)(2h3 — 1)

in perfect agreement with (4.30) and (4.31), respectively. Furthermore, using the bulk-
to-boundary dictionary, one can verify that the boundary correlators corresponding to
three spectral flow images of chiral primary operators is zero because in both cases (4.34)
and (4.35) the relation hy = hy + hg implies no = n; + ng, which violates the U(1) charge
by one unit.

Two other correlators can be considered in the string theory corresponding to the
vanishing correlators (e, , €n,, €ns) = (+,+,+) and (—, —, +) in the boundary CFT, namely
T, y;z%j and (]2, Wﬁ;;%,yhsﬁw?’ ). It is easy to see that they violate the SU(2) charge

i~ H3,H3
conservation in the case jo = ji + j3 that we are considering, and therefore they also vanish.

4.2 R-R-NS three-point functions

The chiral states Ri%w were identified with the operators O%% in [8, 12]. To compare
the corresponding thfee—point functions in the dual theories, the two R-R-NS correlators

needed are
—2 /ot hs, — \otho, — 1y aoht, _
Ag = gs <RH37%1:3(1'3,1‘3)737127%1:2(1'2,1'2)]/\)7{11;%11 (.%'1,1‘1)>SQ s (4.36)
-2 h ’ . iyh I e i7h I -
B = g2 (Vs (o, Ba) Ry, 2 (02, TR L (21, 70)) - (4.37)

The R vertices (3.15) were obtained in the —% picture, so it is not necessary to insert
a picture changing operator and we can compute this amplitude for states in arbitrary w
sectors, as long as wy, = W, + wy.

The SU(2) part of the three-point functions is given by C'(j;) for j, = jm + j; and the
fermionic contributions are the following [12]®

ws+ L Wot L w w + !
(S 3+é(3€3,y3)5 2+%(3€2,y2)¢ )" (1)) = (wn + wo)l
’LUl!’LUQ!
1 w1 wy + wa)!
(05 (23)x (1) (2, 4) S+ () = LT w2 (4.38)
wl!wg!

As shown in the previous section, the SL(2,R) contribution is simply C'(h;) for two or
three flowed chiral primary states satisfying my + ms + mg = 0. If the three operators
are flowed, the SU(2) spins violate the triangular inequality and the correlator vanishes,

analogously to the NS-NS-NS case. When one operator is unflowed, the factor (zgjwwj)!
reduces to unity and we have
Ay = Ay = g;2\/B(h)B(h2)B(hs). (4.39)

8We get the inverse of the result reported in [12].
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Normalizing the R operators as (see [12] for details)

thw  [Rh=1+kw) 4
RH,ﬂ = T{h)gSRH,ﬂ s (440)

we get

+,h3,w3mt,he,w hi,w +,h3,w3mt,he,waxsh1,w
R ; i 3R ; & 2 1, _1 > — <R ) i 3R ) & QY 1, _1 >
< Hs, Hs Ha, Ha Hi,H1 Hs3,Hs Ha, H2 Hi,H1

295 [(2h3 + kwz — 1)(2hg + kwy — 1) 1/2
K (2hy + kw; — 1)

o (441)

for w; = 0 or wy = 0, again in agreement with the boundary correlators (2.34) and (2.35).

5 Conclusions

We have evaluated spectral flow conserving three-point functions containing spectral flow
images of chiral primary states in type IIB superstring theory on AdSsx S3x T4 and showed
that they agree with the corresponding correlators in the dual boundary CFT. These results
provide an additional verification of the AdS3/CFTy correspondence, widening similar
conclusions of previous works [7, 8, 10] to the non-trivial spectral flow sectors of the theory.

The matching obtained so far reflects the cancellation of the three-point structure
constant of AdS3 against that of the S® factor. The non-trivial fermionic contributions
reduce to unity in all the non-vanishing amplitudes that we have considered here. A defi-
nite confirmation of this duality would require extending the bulk-to-boundary dictionary
to descendant states. The evaluation of three-point functions involving affine descendants
and their spectral flow images is an interesting subject in its own right. Actually, the
spectral flow operation maps primaries into descendants both in SU(2) and SL(2, R) and
it generates new representations of the universal cover of SL(2, R). Understanding these
new representations is crucial to solve the AdSs WZNW model and elucidate the physical
mechanism determining the truncation of the fusion rules imposed by the spectral flow
symmetry [28]. In the context of the AdS3/CFTy correspondence, a better comprehen-
sion of the structure of the spectral flow sectors would contribute to achieve a systematic
comprehension of the hypothesis advanced in the literature.
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A Clebsch-Gordan coefficients

In this appendix we compute the Clebsch-Gordan coefficients (CG) expanding the product
representation (H ® h) of the SL(2,R) algebra. We consider the case H € DY, h e
D;j,, where

DY {|HM); HeR, M=H+n, n=123...... b, (A1)
is an infinite discrete representation and
D i {|hm); —h<m<h, me Z}, (A.2)
is a finite representation of the SL(2,R)_o algebra. We use the following normalization
j5|H,M >= (M ¥ H)|H,M +1 > (A.3)
and similarly for |fL, m >. A state living in the product representation may be expanded as

|H® h) = [H hyH, M) = > [H,M;h,m)(H, M;h,in|H, by H, M)t g - (AA)
M

Applying the raising operator H™ = jf + j; and equating the coefficients on both sides
of (A.4), the following recursion relation is obtained

(M = HYM + 1 — i, m[H, M + 1) =(M — i — H)(M — i, m|H, M)

) (A.5)
+ (i —1—h) (M =1+ 1,1 — 1[H,M),

where the indices H, h have been dropped for short. A similar recursion relation is obtained
applying the lowering operator H™ = j; + j, , namely
M+H)M—-1—m,mH,M—1) =
(M — 1+ H)Y(M — 1, im|H, M) + (1 + h + 1) (M — i — 1,7+ 1[H, M) .

(A.6)
The last term in (A.5) vanishes for m = —h, i.e.
M+ b+ 1, —hH, M+ 1) = %(M+h _hiH, M), (A7)
and for M = H + 1, this reads
(H+h+2,~h/H,H+2)=(H+1+h—H)/(M,~h|/H,H+1). (A.8)
Then, taking successively M =H + 2,...,’H + n, one finds
Ay = R HAMEDU (A.9)

(M—H—1I(H+h—H)
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Defining ¢(n, M) = (71)m(m(ﬁﬁ%7m+m!, (A.6) may be recast as

q(in + 1, M)(M — (i + 1), 10 + 1[H, M) = q(riv, M) (M — 1, 10| H, M)
—q(, M — 1) (M — 1 — s, 10| H, M — 1)
= Aplg(in, MM, 1| H, M)] . (A.10)

Applying this successively for m—1,....m—n and using

AZIf)(w) = Sly(-1)° (“) flaw = 5), we get

o 1 inth > 7
<M—m,m]H,M> = WAM+h[q(_h7M)<M/7 _h‘H7M>]
! miﬁ(_ns et (—h, M—=s)(M—s+ h,—h|H, M~s)
(m M) 2 B q 5 S S 9 9 S).

Substituting ¢(rn, M) and (M — s + h, —h|H, M — s) in this equation, we obtain
1+h ; >
o (M +H)! + i (m+h\ (M—=s+h+H)!
M — i, m|H, M) = - E —-1)°
( I, M) (170 + WM — 101 + H)! 3_0( ) s (M —s+H)!

y (h—H+M—5—1)!
(M—s—H—-—1)(H+h—H)

(H+ 14 h,—h|/H,H+1).

Therefore, all the CG coefficients in the expansion (A.4) are expressed in terms of
just one coefficient, which can be set to one.” As a consistency check, we compute some
known cases.

In the unflowed sector, we need to decompose the product representation with h=1.In
this case, there are three possible combinations of H, according to the angular momentum
selection rules, namely H=H + 1, H = H, H = H — 1. In the first case, one gets

W) i = Y (PHAr™ (M — i, m|H + 1, M)

M,
= S(H — M)(1+ H ~ M) v+ (H + 1= M)+ H + M)B00°
o (H 4+ M)+ H + M)D3 0t (A1)
For ‘H = H, the following field expansion is obtained
W®)5ar = (M — H)®G 349~ = 2M O ® + (H + M)®fy_ 9" . (A12)
And finally, for H = H —1, which satisfies the chirality condition in the unflowed sector,
(V@) M = ®F M+11/1_ 1/13 + @ M A (A.13)

in accord with the decomposition given in [2], up to the global phase factor men-
tioned above.

9 Recall that the CG are determined up to a global phase factor (which is a global multiplicative factor
for all remaining CG).
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