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CUBIC MICROLATTICES EMBEDDED IN NEMATIC LIQUID
CRYSTALS: A LANDAU-DE GENNES STUDY

RAZVAN-DUMITRU CEUCAH23*

Abstract. We consider a Landau-de Gennes model for a connected cubic lattice scaffold in a nematic
host, in a dilute regime. We analyse the homogenised limit for both cases in which the lattice of
embedded particles presents or not cubic symmetry and then we compute the free effective energy of
the composite material. In the cubic symmetry case, we impose different types of surface anchoring
energy densities, such as quartic, Rapini-Papoular or more general versions, and, in this case, we show
that we can tune any coefficient from the corresponding bulk potential, especially the phase transition
temperature. In the case with loss of cubic symmetry, we prove similar results in which the effective
free energy functional has now an additional term, which describes a change in the preferred alignment
of the liquid crystal particles inside the domain. Moreover, we compute the rate of convergence for how
fast the surface energies converge to the homogenised one and also for how fast the minimisers of the
free energies tend to the minimiser of the homogenised free energy.
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1. INTRODUCTION

We consider a cubic microlattice scaffold constructed of connected particles of micrometer scale, within a
nematic liquid crystal. In this article, we treat the particles of the cubic microlattice as being inclusions from the
mathematical point of view, while they might be interpreted as colloids from the physical point of view, even
though they do not possess all of their properties. The cubic microlattice scaffold is also called a bicontinuous
porous solid matrix (BPSM) in the physics literature (for example, see [7, 23] or [24]). By cubic microlattice
scaffold we understand a connected family of parallelepipeds or cubes of different sizes, placed in a periodic
fashion, as in Figure 1, where only the embedded particles have been shown. For simplicity, we might refer
to this object as being a scaffold or a cubic microlattice. This type of scaffold is usually obtained using the
two-photon polymerization (TPP or 2PP) process, which represents a technique of 3D-manufacturing structures
and which can generate stand-alone objects. An overview of the field of TPP processes can be found in [4].
There are numerous experiments, theory and computer simulations regarding embedding microparticles into
nematic liquid crystals (for example, see [18, 21, 22]).
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FiGUurE 1. Example of a cubic microlattice.

The system bears mathematical similarities to that of colloids embedded into nematic liquid crystals. The
mathematical studies of nematic colloids (the mixture of colloidal particles embedded into nematic liquid
crystals) are split into two broad categories:

— one is dealing with the effect produced by a small number of particles in this mixture, with a focus on
the defect patterns that arise in the alignment of the nematic particles induced by the interaction at the
boundary of the colloid between the two combined materials (see, for example, [2, 3, 9-12, 25]);

— the other one treats the study of the collective effects, that is the homogenisation process (see, for example,
[5, 6, 8, 13, 14]).

This work continues within the second direction, that is studying the homogenised material, and it is built
on the work from [13, 14], which was also based on [5, 6, 8]. The general thrust of these papers is to prove that
the homogenisation limit of a nematic liquid crystal with colloidal inclusions of a specific geometry can generate
a new material, which behaves like a new nematic liquid crystal, but now with different material parameters.

In [13, 14], the set of inclusion particles is disconnected, obtained from different or identical model particles,
in such a way that the distance between the particles is considerable larger than the size of them, which is called
the dilute regime. Also, in this regime, the volume fraction of colloids tends to zero.

In this article, we are going to consider the case of a cubic microlattice scaffold, as shown in Figure 1. The
idea of using such a particular geometry for the scaffold comes from the work done in [23]. At the same time, this
geometric configuration is more relevant from the physical point of view, since in [13, 14] one cannot position
a priori the colloidal particles in a periodic fashion. Here the periodicity is automatically generated by the
structure of the cubic microlattice. We construct two types of scaffolds: one with identical cubes centered in a
periodic 3D lattice of points, cubes which are inter-connected by parallelepipeds, and one where we replace the
cube with a parallelepiped with three different length sides. If by cubic symmetry we understand the family of
rotations that leave a cube invariant, then the first case is when the scaffold particles have cubic symmetry and
the second one is with the loss of this type of symmetry.

The main new aspects of this work are:

— the set of all the inclusion particles is now replaced with an individual inclusion particle, which can be
seen as a connected union of smaller particles

— the model particle that we use (that is, a parallelepiped or a cube) grants us the possibility to compute the
surface contribution for arbitrarily high order terms in the surface energy density - hence, a generalisation
has been done for higher order polynomials in the bulk energy potential that admit at least one local
minimiser (see Thm. 3.6);
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— in the case where the cubic symmetry is lost, we obtain a new term into the homogenised limit that can be
seen as a change in the preferred alignment of the liquid crystal particles inside the domain (see Thm. 3.7);

— we obtain a rate of convergence for how fast the surface energies converge to the homogenised one (more
details in Prop. 6.4); in Remark 6.5, we also obtain a rate of convergence for how fast the sequence of
minimisers of the free energies tend to a minimiser of the homogenised free energy.

Liquid crystal materials, which typically consist of either rod-like or disc-like molecules, can achieve a state of
matter which has properties between those of conventional liquids and those of solid crystals. The liquid crystal
state of matter is one where there exists a long range orientational order for the molecules. In order to quantify
the local preferred alignment of the rod-like molecules, we use the theory of Q-tensors (for more details, see
[20]). A background of the field of liquid crystal materials can be found in [16].

Let 2 C R? be an open and bounded domain from R3. For every € > 0, we construct a cubic microlattice N
inside of 0, such that, as ¢ — 0, the volume of the scaffold tends to 0. More details regarding the construction
of the cubic microlattice can be found in Section 2 and in Appendix A.1.

Let . = Q\ N, which represents the space where only liquid crystal particles can be found. We use functions
Q : Q. — Sy to describe the orientation of the liquid crystal particles, where:

So={QeR>: Q=q", tr(Q) =0},

is denoted as the set of Q-tensors. In the space Sy, if we define |Q| = (tr(QQ))l/z, for any Q € Sy, we can see that
Sp is a normed linear space and the so-called Frobenius norm is induced by the scalar product Q - P = tr(Q - P).
We consider the following Landau-de Gennes free energy functional:

3

FlQ) = /Q (£.(9Q) + M@ +

E=e) Jou fs(Q,v)do, (1.1)
where f. represents the elastic energy, fp the bulk energy, fs the surface demsity energy, « is a real parameter
and ON; the surface of the scaffold. The coefficient in front of the surface energy term is chosen such that the
denominator ¢* (e — ) balances the effect given by the surface terms from N, in the limit ¢ — 0.

The elastic energy, also called the distortion energy, penalises the distortion of @ in the space and, in the
Landau-de Gennes theory, it is usually considered to be a positive definite quadratic form in V@Q. More details
regarding the elastic energy used can be found in Section 3.2.

The bulk energy in our case consists only of the thermotropic energy, which is a potential function that
describes the preferred state of the liquid crystal, that is either uniaxial, biaxial or isotropic!. For large values
of the temperature, the minimum of this energy is obtained in the isotropic case, that is @ = 0, and for small
values, the minimum set is a connected set of the form s(v ® v —I3/3), with v € S? and I3 the identity 3 x 3
matrix, and this is a connected set diffeomorphic with the real projective plane. The simplest form that we can
take for the bulk energy in our case is the quartic expansion:

f(Q) = atr(Q%) — b tr(Q%) + c tr(Q*)?, (1.2)

where the coefficient a depends on the temperature of the liquid crystal and b and ¢ depend on the properties
of the liquid crystal material, with b, ¢ > 0. The coefficient of tr(Q?) depends on the temperature at which the
phase transition occurs. More specifically, a from (1.2) is of the form a := a.(T — T}), in which a, is a material
parameter and T, is the characteristic temperature of the nematic liquid crystal material (the temperature
where the isotropic state starts losing local stability). More details regarding the bulk energy used can be found

in Section 3.2.

TThe isotropic case corresponds to the case in which @ = 0. The uniaxial case corresponds to the one in which two of the
eigenvalues of Q are equal and the third one has a different value. The biaxial case corresponds to the case in which all the
eigenvalues have different values.
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The surface energy describes the interaction between the liquid crystal material and the boundary of the
scaffold. We assume, for simplicity, that it depends only on @ and on v, where v is the outward normal at the
boundary of the cubic microlattice. Throughout this work, we choose several versions for the surface energy,
depending on the bulk energy used and on whether the scaffold presents cubic symmetry or not. More details
regarding the surface energies used can be found in Section 3.2.

We are interested in studying the behaviour of the whole material when ¢ — 0. We will show that in our
dilute regime we obtain for the homogenised material an energy functional of the following form

FolQ) = /Q (£(VQ) + Fo(Q) + from(Q))de, (1.3)

where fhom is defined in (3.1) and in (3.2), depending on the choice of fj.

Our focus will be on a priori designing the from, in terms of the available parameters of the system. More
specifically, if (a, b, c) are the parameters from (1.2) of the nematic liquid crystal used in the homogenisation
process and (a’,b’, ¢’) are the desired parameters for the homogenised material, our goal is to choose the lenghts
of the model particle used for constructing the scaffold and a surface energy density fs such that if, for example,
the bulk energy chosen is the one from (1.2), then, in the limit ¢ — 0, we want to obtain a fre,, with the
following property:

F(Q) + from(Q) = a tx(Q?) — V' tr(Q%) + ¢’ tr(Q*)%.

The article is organised in the following manner:

— in Section 2 we present the technical assumptions of the problem:;

— in Section 3 we present the main results of this work: a general result together with its applications to the
Landau-de Gennes model,;

— in Section 4 we present the study of the properties of the functional F. for a fixed value of € > 0;

— in Section 5 we glue together the properties studied in the previous section and analyse the I'-limit of F.
as ¢ — 0 and we prove the main theorems stated in Section 3;

— in Section 6 we analyse the rate of convergence of the sequence of surface energies to the homogenised
surface functional, where the main result is Proposition 6.4, but we also analyse the rate of convergence
of the sequence of minimisers of the free energies to a minimiser of the homogenised free energy (see
Rem. 6.5)

and

— in Appendix A we prove various results, the most important of which is the proposition regarding the
explicit extension function that we use in Section 4.1.

2. NOTATIONS AND TECHNICAL ASSUMPTIONS

Let 2 C R3 be a bounded, Lipschitz domain, that models the ambient liquid crystal, and let C C R3 be the
model particle for the cubic microlattice. Since € is bounded in R?, then:

3 Lo, lo, h() S [0, —|—OO) such that ﬁ - [—Lo, Lo] X [—lo, lo] X [—ho, ho] (21)

In Figure 2, we illustrate some examples of cubic microlattices, where the “connecting” boxes (which can be
seen better in Figure 1 as being the black cubes) are cubes of size %, with a = 1.4999% and ¢ has a positive
value close to 0, since we desire to work in the dilute regime. The distance between two closest black cubes is

2We choose a close to the value 3/2 in order to make the difference between the lengths of the sides of the black cubes and the

gray parallelepipeds from Figure 1 more visible, for relatively “large” values of £ (0.01, 0.05 or 0.001).
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FIGURE 2. Cubic microlattices constructed in the box [0,1]® with o = 1.4999.

equal to €, therefore the length of the black cubes is significantly smaller than the distance between them, by
using the exponent «.? For Figure 1, we used € = 0.05, o = 1.4999 and | = 0.25, so we keep the same ratio
between € and [ as in Figure 2.

In order to construct such a scaffold, we use as a model particle the cube:

e-[- 1] 22

We denote by 0C the surface of the cube C, which we also write it as:
oC =C* U CY U C?, (2.3)
where C* is the union of the two faces of the cube that are perpendicular to the z direction and in the same

way are defined CY and C*.
Then, for a fixed value of ¢ > 0 and an e-independent positive constant «, we define

¥ e“ ¥ e“ ¥ e“
co— | - 48 x| o a x| a 2.4
[ 2p’+2p} [ 2Q’+2q} [ 27“’+27"}’ 24

with p, ¢, r € [1,400).

Remark 2.1. Using the notion of cubic symmetry described in introduction, we call the scaffold symmetric
whenever p = ¢ = r. In Figures 1 and 2, we illustrate only the symmetric case p =q=7r = 1.

We construct now the lattice
X.={z€Q : z=(21,22,23), dist(z,0Q) > e and x /e € Z for k € 1,3}, (2.5)
which we rewrite it as:
X, = {:1:2 : i€ 1,N.}, where N, = card()('s). (2.6)

The reason why we represent the lattice only in the box [0,1]3, with [ = 5, is that if we keep the same | and shrink &, then
the number of boxes appearing in the image would be significantly larger, hence, as we make ¢ smaller, we also zoom in to have a
better picture of what is happening for small values of €.
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Hence, the first part of the scaffold is the family of parallelepipeds

N
C. = U Ci, where C: = 2% +C®, for every i € 1, N, (2.7)

i=1
which represents the union of all black parallelepipeds from Figure 1.

Remark 2.2. We call throughout this work the black parallelepipeds constructed in (2.7) the “inner particles”
of the scaffold or the “inner parallelepipeds” or the “inner boxes”. In this way, C. represents the set of all “inner
parallelepipeds”. We choose the term “inner” because most of these particles will interact with the nematic
liquid crystal material only on their edges and most of them are not visible, as shown in Figure 1, except for
those which will be close to the boundary of the domain €.

We add now the lattice

N |

V. = {ye € Q : di,j €1, N, such that |xz fo:| =cand y. =

(et +a2)
and let M. = card (). (2.8)

In each of the points from the lattice ). we construct a gray parallelepiped, as shown in Figure 1.

Remark 2.3. We call throughout this work the gray parallelepipeds from Figure 1 the “connecting paral-
lelepipeds” of the scaffold or the “connecting particles” or the “connecting boxes”. The reason why we use this
notation is because any single “connecting particle” joins two different “inner particles”, for which their centers
are at € distance apart from each other.

Remark 2.4. We can interpret now more easily the “inner parallelepipeds” which are close to the 99 by
observing that it has less than 6 adjacent “connecting parallelepipeds”. If it has 6, then that “inner paral-
lelepiped” will not be “visible” (in Fig. 1) and further away from 9. Moreover, we prove in Section 4.2 that all
the “inner parallelepipeds” have no contribution to the limiting problem, regardless whether they are close to
the boundary of €2 or not. This is mainly because the “inner parallelepipeds” which have 6 adjacent “connecting
parallelepipeds” touch the nematic liquid crystal only on their edges (which are of measure zero) and the “inner
parallelepipeds” which have less than 6, their contribution becomes negligible due to their “small” number.
More details can be found in Section 4.2.

We split this lattice into three parts, since the “connecting parallelepipeds” are elongated into three different
directions, granted by the axes of the Cartesian coordinate system in R3. We denote by P. the union of all of
“connecting parallelepipeds”.

Since the scaffold is the union between the “inner particles” and the “connecting particles”, we denote the
scaffold as N = C. U P, with ON; its surface.

More details regarding the construction of these objects can be found in Appendix A.1.

Remark 2.5. In this paper, we use the notation A < B for two real numbers A and B whenever there exists
an e-independent constant C such that A < C'- B.

We assume furthermore that:

(A1) © C R3 is a smooth and bounded domain
(Ag) l<a< 2,‘

Remark 2.6. The condition 1 < « ensures that the “connecting particles” exist and also the dilute regime of
the homogenisation problem. This is explained more in Appendix A.1 and in Remark A.1. The reason why we
impose other bound comes from the fact that if o > 2, then equicoercivity may be lost. An example of this
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situation is described in Lemma 4.8 and we follow the same directions as in Lemma 3.6 from [13]. Another

way of understanding why we impose this upper bound is given by the factor in front of the surface energy:
3 22—«
€ €
——— -~ which can be seen as ————. Since a > 1, 1 — e*~1 - 1 as ¢ — 0, hence the factor in front of
e%(e —e%) 1—go—
the surface energy behaves like e2~%. As a comparison, in [13], the factor in front of the surface energy is e
and the upper bound used there is o < 3/2.

3—2a

(As) There exists a constant Aq > 0 such that
e L. i i
dist(zz,00) + - inf |2 — 22| > Aqe
2 j#i

for any € > 0 and any center zt of an object (either a “inner” or “connecting” parallelepiped) that is
contained within the cubic microlattice, where i € 1, (N, + M,).

(Ag) Ase — 0, the measures

XE YE ZE
pX =gt Z 0k py =g3 Zéyg,z and p? = &3 Z Gyzom (2.9)
k=1 =1 m=1

converge weakly* (as measures in R3) to the Lebesque measure restricted on 2, denoted dx L Q.

_ We say that a function f : S ® R3 — R is strongly convex if there exists § > 0 such that the function
f:80®@R? — R defined by f(D) = f(D) — 0|D|? is convex.

(A5) fe:8So ®@R3 — [0,+00) is differentiable, strongly convexr and there exists a constant A\ > 0 such that
ATHDP < fe(D) < XD, [(Vf)(D)] < Ae(|D] + 1),

for any D € Sy x R3.
(46) fo : So — R is continuous, bounded from below and there exists a constant Ny > 0 such that

16(Q)] < M(IQI° +1) for any Q € So.
(A7) fs:So xS? — R is continuous and there exists a strictly positive constant \s such that, for any Q1,Q2 € Sy
and any v € S?, we have

1£5(Q1,v) = fs(Q2,)] < Al Q1 — Q2| (|Q1]* + [Q2[* +1).

It is easy to see from here that fs has a quartic growth in Q.

3. MAIN RESULTS
3.1. General case

Let from : So — R be the function defined as:

From(@) = [ p@ydo + 25 [ p@uvydo + 2L [ £(Quv)do, (3.1)
pr cy pq &

qar- Jee

for any Q € Sy, where C*, CY and C* are defined in (2.3). From (A7), we can deduce that fpon, is also continuous
and that it has a quartic growth. If we work in the symmetric case, that is p = ¢ = r, then relation (3.1)
becomes:
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=2

From(Q) : fs(Q,v)do. (3.2)
b Jac

Remark 3.1. Throughout this paper, the function fj.., is sometimes referred to as being the homogenised
functional, simply because it represents the effect that arises from the surface energy term in the limiting free
energy functional.

The main results of these notes concerns the asymptotic behaviour of local minimisers of the functional F,
ase — 0.

Let g € HY/?(99,Sp) be a boundary datum. We denote by H}(Q,8) the set of maps @ from H' (2, Sy) such
that @ = ¢ on 012 in the trace sense. Similarly, we define Hgl(QE,So) to be HY(Q.) with @ = g on 99 in the
trace sense.

We use the harmonic extension operator, E. : Hj(Q:,Sy) = H, (2, So), defined in the following way: E.Q :=
Q on €. and inside the scaffold, E.Q is the unique solution of the following problem:

AE.Q=0 inN;
E.Q=Q ondN..
Using this framework, we can produce the main result of this work:

Theorem 3.2. Suppose that the assumptions (Ay)-(Az) are satisfied. Let Qo € Hy (2, So) be an isolated H'-

local minimiser for Fy, defined in (1.3), that is, there exists 09 > 0 such that Fo[Qo] < FolQ] for any Q €

Hgl(Q,So) such that HQ — QOHHl(Q So) < g and Q # Qqo. Then for any e sufficiently small enough, there exists
e,

a sequence of H'-local minimisers Q. of F. such that E.Q. — Qo strongly in Hg1 (Q,80).

3.2. Applications to the Landau-de Gennes model

In this subsection, we particularise Theorem 3.2 to the case of the Landau-de Gennes model. Before doing
this, let us introduce first some of the energies used in this model for nematic liquid crystals.

— The elastic energy

We consider the following form for the elastic energy:

e 3 [ ]
i,5,k€{1,2,3} k J k b k
where @;; is the (i7)"" component of @, (21, 2, x3) represents the usual cartesian coordinates and e;;, represents

the Levi-Civita symbol.
In order to fulfill assumption (Aj;), we take as in [19]:

3 1
Ly > 0, —Li < L3 < 2L1, 75.[/1 — ELS < Ls. (33)

— The bulk energy

For the bulk energy density, we use several versions of it. The first one is the classical quartic polynomial in
the scalar invariants of @, defined in (1.2), which verifies the conditions of assumption (A4):

f(Q) = atr(Q?) = btr(Q°) + c tr(Q*)*.
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We also prove similar results for a general polynomial in the scalar invariants of @, that is:

N
7HQ) = an tr(QY), (3.4)
k=2

where N € N, N > 4 is fixed, with the coefficients a; € R chosen such that the polynomial i : R — R, defined
by h(x) = Zszz arx®, for any x € R, admits at least one local minimum over R.

— The surface energy

For each of the versions of the bulk energy densities, we choose suitable surface energy densities, such that, in
the homogenised functional, the surface terms grant an effect fj,,, which has the same form as the initial bulk
energy chosen, but with different coefficients, most important of which the coefficient of tr(Q?) is now different.
Therefore, our choice of the surface energy density has a strong connection with the bulk energy density chosen.

Moreover, since Theorem 3.2 holds for any values of p, ¢ and r, that is, for any type of parallelepiped chosen
for the construction of the scaffold, and since, in reality, 2PP (two-photon polymerization) materials with cubic
symmetry properties, in the sense from Remark 2.1, have been obtained (for example, in [23]), then we also
split our work on whether the scaffold is symmetric or not.

Hence, our choices of surface energy densities will depend on the bulk energy density chosen and if the scaffold
is symmetric or not.

I) If the scaffold is symmetric, as described in Remark 2.1, then the physical invariances require

f(UQUT, Uu) = fo(Q,u), ¥(Q,u) € Sy x R?, U € O(3)
and this leads, according to Proposition 2.6 from [13], to a surface energy of the form

£:(Q,v) = fo(tr(Q?), tr(Q?), v - Qu,v - Q*v), Y(Q,v) € Sy x R, (3.5)

1) Let us consider the case in which the bulk energy is the classical Landau-de Gennes quartic polynomial in
@, described by (1.2). In this case, we use one of the most common forms for the surface energy, which is the
Rapini-Papoular energy:

F(Qv) =W tr(Q — s+ (v @ v —15/3))7, (3.6)

where W is a coefficient measuring the strength of the anchoring, s; is measuring the deviation from the
homeotropic (perpendicular) anchoring to the boundary and I3 is the 3 x 3 identity matrix.
Another surface energy density that we use, which verifies (3.5), is the following:

Fi(@ ) = ka (v Q20) o (v Qo)+ @)+ ke (v Q)+ (Q7) + 5 (@) + 5 (@), (37

where k,, ky, k., @', b’ and ¢’ are constants.

Remark 3.3. If our choice of f, contains terms of the form tr(Q?) or tr(Q?), then these terms very easily
generate in frop, terms similar with the one from the bulk energy defined in (1.2), since they are exactly the
same. Our goal in the paragraphs is to use the other terms from (3.7) for the surface energy densities, which
are of the form v - Q*v and for which the previous implication is not that immediate.

2) For the bulk energy density in (3.4), we choose a more general form for f,(Q,v), depending only on terms
of the form v - QFv. In this situation, the function fjo, can be computed easily, due to the geometry of the
scaffold. More specifically, according to Proposition A.8, we obtain in the homogenised functional terms of the
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form tr(Q¥), with k > 4, but they only depend on tr(Q?) and tr(Q?), since tr(Q) = 0. In order to prove this
statement, let A1, Ay and A3 the eigenvalues of ). Then they satisfy the system:

AM+A+A3=0
A2+ 22+ 02 = t1(Q?)
A3+ A3+ A3 = tr(Q?)

and, by solving the system, we can see that A;, Ay and A3 can be viewed as functions of tr(Q?) and tr(Q?).
Since tr(QF) = A\¥ + M5 + X5 for any k € N, k > 1, then it is easy to see from here that tr(Q¥), for k > 4, is
depending only on tr(Q?) and tr(Q?). Indeed, by Cayley-Hamilton theorem, the identity:

Q" Lir(@)Q ~ 1@y = 0

becomes valid for any Q-tensor @), where I3 is the 3 x 3 identity matrix. Multiplying this identity succcessively
by Q, @2, @3 and so on and taking the trace we obtain the claim.

IT) If the scaffold does not present cubic symmetry, in the sense of Remark 2.1, we only illustrate the case in
which the bulk energy density is the one from (1.2) and the surface energy density is a variation of (3.7).

The goal of the next subsubsections is to analyse each particular case described above and to obtain similar
results as Theorem 3.2 for each of it.

3.2.1. The symmetric case: p=q=r

Assuming p = ¢ = r implies that the “inner” parallelepipeds constructed in (2.7) are actually cubes.
1. We analyse first the case in which f, is defined in (1.2), that is:

f(Q) = atr(Q%) = b tr(Q%) + ¢ tr(Q?)*.

a) We analyse the case when (a,b,c) ~ (a/,0'c"), where all the parameters are non-zero and ¢ and ¢ are
positive, which by “~»” we mean that from a nematic liquid crystal with the parameters (a, b, c) we want to
generate a new homogenised material, which also behaves like a NLC, but with parameters (a’, ¥, ).

We choose f; in this case to be:

£26(Qu) = B (@~ )+ @)~ (F = (- @) 42— - Q') (3.

where a’, b’ and ¢’ are the desired coefficients in the homogenised bulk potential, such that in the homogenised
material, we have:

2

hom (@) = (a' = @) tr(Q%) — (V' = ) tx(Q%) + (¢ — ) (t1(Q*)) - (3.9)

We are interested in studying the behaviour of the whole material when £ — 0, that is, studying the following
functionals:

FEPCQ,] = / (£.(VQ2) + atr(Q?) — btr(Q%) + ¢ (tr(Q%))?) fLDG (Q-,v)do  (3.10)

€
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and
FEPCQ = / (£e(VQ) + a’ tx(Q?) — b/ tx(Q*) + ¢ (tr(Qz))Q)dx. (3.11)

Theorem 3.4. Let (a,b,c) and (a’,V,c') be two set of parameters with ¢ > 0 and ¢’ > 0. Suppose that the
assumptions (A1 )-(Az) are satisfied and also the inequalities from (3.3). Then, for any isolated H'-local min-
imiser Qo of the functional FEPC defined by (3.11), and for € > 0 sufficiently small enough, there ewists a
sequence of local minimisers Q. of the functionals FLPC defined by (3.10), such that E.Q. — Qo strongly in
H}(Q,80).

Proof. This theorem is a particular case of Theorem 3.2. It is sufficient to prove that relation (3.9) can be
obtained via (3.2), that is:

o (Q) = 2/ FEPE(Q,v)da = (a' = a) r(Q?) — (V' = b) x(Q%) + (¢ — o) (r(Q?))”.
P Joc

Using Proposition A.8, we have:

/ v-Q*vdo = 2tr(Q?), / v-Q%vdo = 2tr(Q*) and v-Q*vdo = 2tr(Q%),
ac aoc

ac

from which we get
LbG Ll = a) - 260(Q?) = (0 = b) - 2t0(QP ¢ —e)-2tr(Q*
2 [ 1POQue = 2 B — ) 20(Q%) (=) 20(Q%) + 2 — ) 20(@))

= fED9(Q) = (' — a)tr(Q?) — (I — b)tr(Q%) + (¢ — ¢) - 2tx(Q*).

Since @ € Sy, then, by Cayley-Hamilton theorem, if A1, Ao and A3 are the eigenvalues of @), we have:

/\1+>\2+/\3:t1"(Q> =0
A2 + Aoz + Azh = %((tr(Q))Q - tr(Qz)) = *%tr(Qz)

and

tr(Q1) = AT+ A5+ 23 = (A2 + A2+ 22)2 =2\ + A2X\2 + A2)))
= (N2 224022 - 2((AM A2 + AoAs + AsA1)? = 221003 ( A1 + A2 + A3))

2 1 2
— (1(Q%)* ~2( - 3u@)
= 2 (@)’

—+

from which we get the relation 2tr(Q*) = (tr(Qz))z.
Hence, we conclude that:

FDG(Q) = (0 — a)tr(Q%) — (V) — b)tr(Q%) + (¢ — &) (t:(Q%))”.
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b) We analyse now the case in which we want (a,0,0) ~ (a’,0,0), with a and o’ non-zero. In this situation,
we have

b (Q) = atr(Q?)

and we choose f, to be given by the Rapini-Papoular form (3.6):

FP(Q.v) = £ (' —a) tr(Q — Q)% (3.12)

12

where @, = v ® v — I3/3 and I3 is the 3 x 3 identity matrix.
In this case, we have:

Q)= [ (V@) Fan@)ars (0 (S5 [ w-@prar) Gy
and we prove that
o (Q) = (' — a) tr(Q?), (3.14)
and
FEriQl= [ (1(VQ)+ ' (@) (3.15)

Theorem 3.5. Let a and a’ be two parameters. Suppose that the assumptions (Ay)—(Az) are satisfied and also
the inequalities from (3.3). Then, for any isolated H*'-local minimiser Qo of the functional FET defined by
(3.15), and for € > 0 sufficiently small enough, there exists a sequence of local minimisers Q. of the functionals
FEP defined by (3.13), such that E-Q. — Qo strongly in H; (Q,S0).

Proof. The proof follows the same steps as in the proof of Theorem 3.4, using Proposition A.9. We only have
to prove that relation (3.14) can be obtained using (3.2), knowing that (3.12) holds.
From (3.2) and Proposition A.9, we have:

RP _ 2 RP do = g . £ a/ —a T — g
@ =2 [ Qe =2 i —a) [ w(@-Qua
— (ac%a)(&r(Q% + 4) = (a' — a)tr(Q?) + g(a’ —a).

2
We can eliminate the constant o 3 (o' —a) from f{*I" since it does not influence the minimisers of the functional
FEP 50 we obtain: fEP (Q) = (a’ — a)tr(Q?). .

hom

2. We now analyse the situation in which f;, is of the form given by (3.4). In this situation, we choose:

fEQ,v)

»-b\’@

M
== bl (3.16)
k=2

where (by), 5757 are the coefficients of the polynomial i : R — R of degree M € N, M > 4, defined by i(z) =

Zk , bpa®, for any x € R, with the property that ¢ admits at least one local minimum over R.
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In the same manner, we have
max{M,N}
gen _ § k
hom(Q) - Ck tI‘(Q )7

k=2

where, for any k € 2, max{M, N}, we have

ag + by, if 2 <k <min{M,N}
cr = 9 ag, fmin{M, N} <k <max{M,N}and M <N
by, if min{M,N} <k <max{M,N} and M > N.

In this case, F. and Fy become:

Fen@) = [

€

N P M o3-a
k k
<fe(VQs) + ;ak tr(Q5)>dx +7 kzzzbk : (5 — /(9 (- qu)da) (3.17)

and

max{M,N}

F3"Q] = /Q <fe(VQ)+ Yoo tr(Qk))d:z:. (3.18)

k=2

Theorem 3.6. Let (ak),c5 and (bk),ezgr be such that the polynomials h and i defined earlier admit at least
one local minimum over R. Suppose that the assumptions (A1 )-(Az) are satisfied and also the inequalities from
(3.3). Then, for any isolated H*'-local minimiser Qo of the functional F§" defined by (3.18), and for e > 0
sufficiently small enough, there exists a sequence of local minimisers Q- of the functionals FI°", defined by
(3.17), such that E.Q. — Qo strongly in H; (Q,So).

Proof. This theorem is a particular case of Theorem 3.2. Using once again Proposition A.8, the proof is finished.

O

3.2.2. The asymmetric case p # q #r #p

We now assume that p, ¢ and r are three different real values, each greater than or equal to 1. In this situation,
the “inner particles” are not cubes anymore, but simple parallelepipeds.
We only illustrate how to proceed for the case in which we have

1(Q) = a (@) — b r(Q%) + ¢ r(Q") = a tx(Q) — b tr(Q) + 5 (1x(Q)’,

with ¢ > 0. Similar results can be obtained for the other cases in which we modify the form of f;.
Let

2 1 1 11
1 11
A=l 0 S -_Z4z 0 and B=| 0 —-+=- 0
p r ) p o
0 0 “4--= 0 0 4=
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2/1 1 1 . .

and w = 35 + — + — |. Note that A, B and w are constants depending only on the choice of p, ¢ and r.
p q T

Moreover, we have tr(A) = 0 and B = wl3 + A, where I3 is the 3 x 3 identity matrix.

Consider now
('~ a) (- Q%) ~ (F B QM) + (¢ - QW)). (319)

asym V) — —
Q) = 5
with o/, b’ and ¢’ real parameters such that ¢’ > 0 and the associated free energy functional:

(fo(VQe) +a tr(Q2) — b tr(Q2) + ¢ tr(Q2))dx + 53_1 / fEM(Qe,v). (3.20)
€—¢&" Jon.

FeemiQ.) = [

Q

We prove in the next theorem that the homogenised functional is:

Q) = (¢ — )tr(@*) — (V' ~ b)x(Q*) + (¢/ — )x(QY))
('~ b)tr(A- Q%) + (¢ — )x(A- QY)).

asym
hom

+ %((a’ —a)tr(A- Q%) — (3.21)

Theorem 3.7. Let (a,b,c) and (a’,b',c) be two set of parameters with ¢ > 0 and ¢’ > 0. Suppose that the
assumptions (A1 )-(Az) are satisfied and also the inequalities from (3.3). Then, for ¢ > 0 sufficiently small

enough and for any isolated H'-local minimiser Qqu of the functional:

Q] :== /Q (fe(VQ) + d'tr(Q?) — V'tr(Q*) + ¢ (tr(Q2))2)dx
= (@ = (A Q@) = (= B4 Q) + (¢ = (A - Q')

]_-(t)lsym
+ J—
w
there exists a sequence of local minimisers Q. of the functionals F2*¥™, defined by (3.20), such that E.Q. — Qo

strongly in H} (2, So).
Proof. We follow the same steps as in Theorem 3.4 and in Theorem 3.5, that is, we prove that relation (3.21)

can be obtained using (3.1) and (3.19).
In the proof of Proposition A.8, we obtain that:

/ V- Qkudo =2q11,k, / V- le/da = 2¢22,r and /
x Ccv e

v-QFvdo = 2g33. 1,

for any k € N, k # 0, where g;; 1, is the ij-th component of QF, from which we get:

/CI f&vm(Q,v)de = —((a' — a)qii,e — (V' = b)qi1,3 + (¢ — ¢)qu1,4)

/C FEmQuvdo =

[ (@, v)do =
Cz

El— &€~

((a' —a)gaz2 — (b' = b)qaz,3 + (¢’ — €)qa2,4)

(¢ —a)gss 2 — (b — b)gss,3 + (¢ — €)gss,4)-

SN

Using now (3.1), we obtain:

wsym 1 11 11 11
YMQ) = —(d —a) (611172 ( + > + g22,2 ( + ) + 33,2 ( + ))
w q T p T p q

hom
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) 11 11 11
O =0 qus| —+-) +aes|-—+—-) +ass| -+ -
q r p T P q

, 11 11 1 1
(=) qual—+-) +qoal —+-|+aga| -+ -
q r p r p q

€l &

_|_

which we can see as:

Q) = (@~ a)x(B- Q%) ~ (f — (B - Q%) + (¢ )tx(B - QY)

and since B = wl3 + A, we obtain:

o (@) = ((@' = a)tr(Q?) — (b = b)tr(Q%) + (¢ — )tr(QY))
+ f((a —a)tr(A-Q*) — (t —b)tr(A-Q3) + (¢ — ¢)tr(A- Q‘l))7

w

[t

from which we conclude. O

Remark 3.8. We have obtained in this case a part which is exactly the same as in the case in which we have
cubic symmetry, but also three terms of the form ¢r(A - Q) which describe a new preferred alignment of the
liquid crystal particles inside of the domain, given by the loss of the cubic symmetry of the scaffold.

4. PROPERTIES OF THE FUNCTIONAL F,

4.1. Analytical tools: trace and extension

The main result of this subsection consists on a LP inequality, which is adapted from Lemma 3.1. from [13],
because our scaffold now consists on inter-connected particles and the interaction between the liquid crystal
and the cubic microlattice happens only up to five faces of the particles of the scaffold.

In the following, given a set P C R? and a real number a > 0, we define aP = {az : x € P}.

Lemma 4.1. Let P C R? be a compact, convex set whose interior contains the origin. Let a and b be positive
numbers such that a < b. Then there exists a bijective, Lipschitz map ¢ : bP \ aP — By \ B, that has a Lipschitz
inverse and satisfies

IVl L= prar) + IV (@ D o BB, < C(P),

where C(P) is a positive constant that depends only on P and neither on a nor b.

The proof of Lemma 4.1 follows the same steps as Lemma 3.2. from [13], the only difference being that now
we are in the case of R? instead of R3.

Lemma 4.2. Let P C R? be a compact, convex set whose interior contains the origin and n € [2,4]. Then,
there ezists C = C(P, ¢) > 0, such that for any 0 < a < b and any u € H'(bP \ aP), there holds

2aC C
56 fuf"ds < %/ u \"dx+”—/ (Ju2"~2 + |Vu[?)de
a(aP) b* —a? Jyp\ap 2 Jypr\ap

where yg represents the curvilinear integral in R2.
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Proof. Using Lemma 4.1, we can restrict without loss of generality to the case in which P = B;, which is the
two dimensional unit disk, centered in origin. Then 0B, = {zx € R? : |z| =7} = {(p,0) : p =7, 0 € [0,27]}, for
any 7 > 0, and we can write, for any p € [a,b] and any 6 € [0, 27]:

[ (a,0) = [u]" (. 0) — / ", (1" (r. 0)dr
< Jul™( /p (ju" - [0, ul) (7, 6)dr

p

< |ul™(p,0) + |u|2"_2 + |8Tu|2)(7,9)d7'

|3

ul"(a,0) < ful"(p,0) + (a2 + |Vul?) (7, 0)dr

/b
[

|3

If we multiply both sides by p and integrate over [a, b] with respect to p, we get:

b b b b
n n n n—
[ul (a,@)/ pdp §/ [ul"(p,0) - pdp + 5/ pdp/ (Jul**=2 4+ |Vul*) (r,0)dr

2 — a2 b2 — g2 b
- b’ —a) . “)/ (Juf>"=2 + |Vul?) (7, 0)dr.

b
™ (a,0) < / " (p.0) - pdp +

Since for any 7 € [a, b] we have 7 > a, then:

n(b? — a?)

b27a2 b b S )
@) a < [ 10 pdp+ " [ a2 v (r0) 7

2a

Now we integrate with respect to 8 over [0, 27| and we get:

bZ*G,Q 2 27 27
/O lu|"(a, ) - ad9</ / lu|™(p,0) - p dpdd + 22— / / (Jul®™=2 4+ |Vu|?)(r,0) - T drdd

2a
b2 _ 2 b2 _ 42
a 55 |u‘nds S/ |u|"dx—|— M/ (‘u|2n—2 + |Vu\2)dx
2a Jop, By\B. 4a By\Ba

therefore

2
75 |u|"ds < Iﬂ_iaz/ |u|™dz + g/ (Jul**72 + |Vul*)dz
8Bq 4% JBy\B, By\Ba

If we apply now the Lipschitz homeomorphism ¢ defined by Lemma 4.1, the conclusion follows. O

Lemma 4.3. For any Q € H'(Q:,So) and any n € [2,4], there holds:

2—«

= / Qrao < = / (1QP"2 + [VQP)de + - / QP da
— Ea) ON 2 1 — 5(1—1 Q. 2(1 — Ea_l)Q Q. ’

e (e
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g

3
PT’OOf. Let IE[Q] = ga(g—ga)/a/\/q— |Q|nd0' and

I 2§ nq
: [Q]—M;/EJQI 0.

Let e1 = (1,0,0)T, &5 = (0,1,0)T, &3 = (0,0,1)T and k € 1, X.. Then, according to the definitions from
Appendix A.1, y®* is the center of the “connecting parallelepiped” P* with the “contact” faces TF. If this
parallelepiped is sufficiently far away from the boundary of €2, then Figure 3 shows a cross section of a neigh-
bourhood of P¥* surrounding 7¥, a section which is parallel to the yOz plane and which is passing through
pe — ¥ pe —e“

2p 7 2p
the same argument will work, since we have relations (2.5) and (2.8).

Let T.}(5) be

y>k 4 €1, where § € I, := { ] Nevertheles, if the parallelepiped P¥* is close to 99, then

v ok o o - e e e e
5) = ks L TR Gy G
7;() {ys + oe1 + yea + ze3 2q_y_2qa 27"_2_27“}7
which represents the centered white rectangle from Figure 3.
Let V() be
VE(S) = S yP* + der + yes + 263 cer S cy<e-T ev oS WAIC)
* € 2 — 7~ 2q or — 7 7 2r x

which represents the darker shaded area from Figure 3, containing only liquid crystal particles, that is V¥(§) C
Q, for any § € I,,.

In our case, V¥(4) plays the role of bP \ aP from Lemma 4.3.

If for every § € I,,, we apply the translation y* + de7 to the origin of the system, then for

1 1 1 1
P [~ gpg] % |~ 3m]

b e e*
we can choose a = %, therefore e*P = 7;’€ (6). In order to choose b, we assume: o <e-— o and % <e-— 5

r r q q
that is: b < 2ge — ¢® and b < 2re — e®. Since p,q,r > 1, we can choose b = 2¢ — ®. In this way, we have
bP \ aP C VF(5) and we also have b > a <> 26 — @ > &% & a > 1.

Therefore, we can apply Lemma 4.2 for Q with a = ¢®, b = 2¢ — ¢® and P defined as before, hence:

2e¢

n
Lol P — / Qe + 2 / QP2 4 [VQ[?)de
é’ff(é) (28 —£%)? =2 Jyp\72(5) 2 Jup\T(6) ( )

and since bP C V¥(§), we have:

e n
Qrass o= [ @t G [ (@Bt 4 [vQP)da,
5587;(6) 2¢(e =) Jyxo) 2 Jvie) ( )
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g 1>
e e et L e ----9
1 1 1
[ 1 1 |
[ 1 1 )
[ 1 1 |
I 1 1 |
I ]
€ : | i :
I 1 1 )
[ 1 1 1
[ 1 1 |
| 1 1 |
I 1 1 |
! i) 1 ! 9e <
"'"' R AP R ""‘ T
1 et 40 1
| 1 1 )
[ 1 1 )
[ 1 1 !
| 1 1 I
I ]
I 1 1 !
[ 1 1 1
| 1 1 |
[ 1 1 |
I 1 1 |
i I I
o - [mE—— _ _ _ 4 - - - -|SE—— ————d
s W — e
o
o Yy 25_6_
q

FIGURE 3. Cross section of the scaffold, parallel to yOz plane, passing through y* + der. The
gray shaded areas represent the liquid crystal and the white rectangles represent the sections
of the parts of the scaffold nearby.

for every § € I,. Integrating now with respect to § over I,,, we get:

P P — ( ”d)dd n < =2 4|y 2d)d5
L(génk(é)lm 5) Soem ) (L, era)ess [ ([ oo+ mare

€C¥

n
n < n i 2n—2 2
[ 1 S gy [ 1@rar+ 5 [ (@ 4 1vaP)a

where U = ;e L VE(5) € Q. is now a three dimensional object. Hence:

53—04 52—a

n 1
ndo < = . 2n—2 2d / nde.
S Jeras s e [ 0P 9P ¢ g [ 1@

Repeating the same argument for all the other “connecting parallelepipeds” of the scaffold and considering
the fact that parts of U* are added only up to four times (by constructing the same sets for the nearby
“connecting parallelepipeds” from the scaffold), then the conclusion follows. O
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Since we are interested in the homogenised material, it is useful to consider maps defined on the entire
Q and for this we use the harmonic extension operator E. : H,(,S0) = H}(Q,S)), defined as follows: for
Q€ Hg1 (Qe,Sp), we take E.Q = @Q in . and inside N, E.Q solves the following PDE:

{ AE.Q=0 inN. (41)

E.Q=Q ondN,

Since AN has a Lipschitz boundary, we can apply Theorem 4.19 from [15] and see that there exists a unique
solution E.Q € H'(N.) to the problem (4.1). Hence the operator E. is well defined. Moreover, from (4.1), we
can see that F.(Q verifies:

||VE5QHL2(NE) = min{||VuHLz(NE) | u e HI(NE), u = Q on 8/\/5} (42)
Our aim is now to prove that the extension operator E. is uniformly bounded with respect to € > 0. More

specifically, we prove that the following lemma holds.

Lemma 4.4. There exists a constant C > 0 such that |VE.Q||r2q) < C||[VQ||L2(q.) for any e € (0,&0), where
€o 15 suitably small enough, and for any Q € H; (Qe, So)-

Proof. By Appendix A.3, we know that there exists v € H'(Q) such that:
v=Qin Q.

v =Q on ON;
HVUHL2(Q) < HVQHL?(QE)'

Using relation (4.2), we see that

HVESQHLZ(NE) = HVUHLZ(NE)
and because E.Q = Q in €., we have E.Q)Q = v = @ in . and therefore:
||VEEQ||L2(Q) < ||VUHL2(Q) S HVQ||L2(QE)'
O

4.2. Zero contribution from the surface terms depending on the “inner parallelepipeds”

In order to describe the surface energy, we need a better description of AN, therefore we analyse what faces
from every parallelepiped constructed are in contact with the liquid crystal. More precisely, the liquid crystal
is in contact with the scaffold:

— on only four of the six faces of the “connecting parallelepipeds”, centered in points from )., that is, on
every T.F, T} and T, defined in (A.6), (A.11) and (A.16);

— only on the edges of some of the “inner parallelepipeds”, centered in some of the points from X., paral-
lelepipeds which are not close to the boundary of €) - we are reffering here to the “inner particles” which
are not “visible” in Figure 1 - in this case, the interaction is neglected and let

N.1 = the total number of parallelepipeds from this case; (4.3)
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— on at most five of the six faces of some of the “inner parallelepipeds”,

R.-D. CEUCA

centered in some of the points from

X, parallelepipeds which are close to the boundary of (2 - we are reffering here to the “inner particles”
which are “visible” in Figure 1 - in this case, let

N.2 = the total number of parallelepipeds from this case;

and let

S’ = the union of all the rectangles (at most five in this case) that

for any ¢ € 1, Vg 2.

are in contact with the liquid crystal material,

(4.4)

(4.5)

From relations (4.3) and (4.4), we have N = N1 + N, 2. Using (A.6), (A.11), (A.16) and (4.5), we can write

ON. = ONE UONT | where:

NE,2 Xs YS Zs
aN§:<U8i> and 6NZ=(U7;k>U(U7:/l>U(U7;m>
i=1 k=1 =1 m=1

Let J.[Q] be the surface energy term from (1.1) and let us split this term into two parts:

where

using (4.6), and

Je[Q] = JZ Q1 + JT1Q),

o s @V €a§j

E3—a

JIQ) =

which can be also expressed using (4.6) as

where:

JIQI = JX QI+ 1Y Q] + JZ[Q)]

63—& Xe
Q= [ Qs
=1 x
g3
JY[Q] (Q,v)do
E3—o¢ Ze
JZ(Q] =6_€a2 f4(Q,v)do

m
T

m=1

S, @0,

(4.8)

(4.10)

(4.11)
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In this section, we prove that the surface term JS has a negligible contribution to the homogenised material,
that is JZ[Q] — 0 as e — 0, for any Q € H;(Q, Sp), since we can use the extension operator E. defined in the
previous subsection.

We start by proving if Q : @ — Sy is a bounded, Lipschitz map, then J¥[Q] — 0 as ¢ — 0 and then, by a
density argument, for all Q € H,(Q,Sp).

Lemma 4.5. Let Q : Q — Sy be a bounded, Lipschitz map. Then JES[Q} — 0, as ¢ — 0, where Jf is defined in
(4.7) and in (4.8).

Proof. By (4.8), we have:

g3—a Ne,2
— 2; ,v)do(t )‘ <— Z/ |£:(Q(t), v)|do()
53 e}
¢ Z/ (1QI*(®) + 1)do(t)

| N

L g Z/ (1QI*(t) + 1)do (1)

e et i Jec

< S0 o i)Y [ ot
. , .

=~ e — €o¢ pq,r L‘X’(Q) e ac

< -\ 4 7

— g —¢go (||Q||L°°(Q ) pqr (8C) €,25

where OC represents the surface of the model particle C defined in (2.2), C¢ represents the “inner parallelepipeds”
constructed in relation (2.7), N.o is defined in (4.4) and C is the e-independent constant given from the

inequality that states that fs has a quartic growth in @, which can be obtained from assumption (A7). We have
Lolo + loho + hoLo

also used that @ is bounded on Q. In the proof of Proposition A.4, we obtain N < 5 , hence:
€
837& Qe ’ €3+o¢ Lolo + Loho + loho
— Z ifs(Q(t),V)dU(t)‘ <o S o
8&
" }
5—50‘; )dO’()‘<C 'méoabf—)o,
3
since o € (1, 2>7 where Lg, |y and hg are defined in (2.1) and C’ and C” are e-independent constants.
O

Lemma 4.6. For any Q € H}(9:,So), we have JZ[Q] — 0 as e — 0.

Proof. Let (Q;);>1 be a sequence of smooth maps that converge strongly in H; (6, So) to Q. By Lemma 4.5,
we have JS[Q;] — 0 as e — 0, for any j > 1. By assumption (A7), we have on N5

1£s(Qj,v) — £:(Q, )] <1Q; — QIIQ;1> + QP +1)
S1Q; —Ql(Q; — QP + Q> +1)
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S1Q - QI +1Q; — QI(IQP +1)

Thanks to the continuity of the trace operator from H'(2.) to H'Y?(9Q.), the Sobolev embedding
H'Y2(09.) — L*(09Q.) and the strong convergence Q; — Qin H; (Q,80), we get that Q; — Q a.e. on INT,
since INS C 99.. Therefore, there exists 1 € L*(ONT) such that |Q; — Q| < ¢ a.e. in NS and we can write:

£5(Qs,v) = £:(Q.)| S ¥ + v (1QF +1) (4.12)

on ONE, for every j > 1.

At the same time, we have the compact Sobolev embedding H'/2(99.) «— L3(99.), therefore |Q|* is in
LY(ON®). Hence, the right hand side from (4.12) is in L'(ONS) and we can apply the Lebesgue dominated
convergence theorem and get:

lim |fs(Qj7V)7fs(Qay)|dU:07

j—=too Jons

for any € > 0 fixed.
3—a

— 0, the conclusion follows.
O

Now, because for € — 0 we get [ONS| — 0 (according to Prop. A.4) and c
e—e”

Therefore, from now on we omit the term JS from the free energy functional and we only study the behaviour
of:

63—04

FTQl= [ (V@ + h@)r+ oz | 1@,

which we denote simply by F:[Q], but we keep the same notation for surfaces generated by the scaffold.

4.3. Equicoercivity of F.

Proposition 4.7. Suppose that the assumptions (A1)-(Az) hold and also that there exists p > 0 such that
£(Q) > p|lQI® — C, for any Q € Sy. Let Q € Hg1 (Q,So) satisfy Fe|Q] < M, for some e-independent constant.
Then there holds

/ IVQP> < Cy

e

for € > 0 small enough and for some Cpy > 0 depending only on M, fe, fu, fs and Q.

Proof. Assumption (Ag) ensures that |fs(Q,v)| < |Q|* + 1, therefore:

€3—a ES—a

JT(Q > ~C - / (1QI* + 1)do > —Cy - / Q*do — €1 - C,
ONT €—¢e* JonT

g —e“

according to Proposition A.3. Using Lemma 4.3 with n = 4, we have:

53—01 252—a

4 6 2 1 4
5—€a/aNj|Q| dffﬁ(l_ga_l)/ﬂsﬂ@ +[VQ| )dx+2(1—5‘1—1)2/95|Q dz,
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hence

26270[

— ga—l1

1
6 2 _ . - 4 - .
/QE (IQ1° +[VQP)dz — Cy - Co 2(1_5«1—1)2/9 Q|*dz — Cy - Cs.

€

JET[Q]Z—Cl'OQ'l

At the same time, from the generalised version of the Holder’s inequality and from the fact that €2 is bounded,

we have
1/4 1/6 2/3
([ rarar) <oz ([ atar) = [ aras<iops( [ jora)
Qe Qe Q. Qe
and so
T g2~ 6 2 1 1/3 6 2/
>0y G0 - 11
IT01 2 ~Cy- oy [ QP+ 1V @PNe O gm0 [ QPas) - )

where C5 = max{C; - Cy, Cy - Cy}.
Since f,(Q) > p|Q|° — C, £.(VQ) > A\;1|[VQ|? (according to (As) and (Ag)) and |Q.| < |Q|, we have:

/ (o(Q) + 1.(VQ))dz > / QP dz + A1 / VQ2dz — €9 (4.14)
Q. Q. Q.

and because F.[Q] < M, combining (4.13) and (4.14), we obtain

—a 1/3
(Ael—cg,.fw_l)/ﬂ IVQ|*dzx < h(</Q |Q|6d;v> > (4.15)

he(t) = t* - (Cule) +t- Cs(€)) + Ce,

where

) C3 . |Q|1/3 62704
for any t> O, with 04(6) = m, C5(5) = Cg ' 1_7€a_1 — U and C6 = (M+C3 + C|Q|) Ase — 0, we
Cs - Q|13
have Cy(e) N\ s > 0 and C5(e) N\ (—p) < 0. Hence, for € > 0 small enough, we have:
Cs - |Q'/3
% < Cyle) < C5- QY% and — p < Cs(e) <—g < 0. (4.16)

Let to(e) be the solution of the equation Cy(e) +t- Cs(e) = 0. We prove that h.(t) is bounded from above on
[0, 4+00). Computing the critical points of h,, it is easy to check that 2¢y(¢)/3 is the point in which the function
attains its maximum over [0, +00), which is:

4C3(e 4 4
max{h.(t) : t € [0,+00)} = 275‘?((5)) +Cs < 77 319 - 2 + Cs,

using (4.16). Therefore, the function h. is bounded from above on [0, +00).
2—«

Using the same arguments we can see that \;1 — Cj - is also bounded from below, away from 0,

1—ego-l
for e > 0 small enough, and from here the conclusion follows, based on relation (4.15). O
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In the end of this subsection, we present a situation in which if @ > 2, then the energy becomes unbounded
from below. For simplicity, we choose the scaffold to be symmetric with p = ¢ = r = 1. Let us consider the
following free energy functional:

3—«a
Ge(u) = / (IVul® + ku*~?) dz — 4 - c / lu|' do,
Q. ON:

€ —¢e“
where k > 0 and [ € (2,4), for u: Q — R, u € H ().

4
Lemma 4.8. For anyl € (2,4), 2 < a < 5 k>0, 6 >0, there holds:

inf{G.(u) : ue€ H (), u=00ndN} - —co ase— 0.

Proof. Let C3/ = [—3/2,3/2]* and we recall that C = [~1,1]%. Let us consider now ¢ € C2°(C3/2) such that
p=1onC.

Let us now choose an “inner parallelepiped” from the scaffold such that it is close to the boundary of {2 and
such that it has less than 6 adjacent “connecting parallelepipeds”. In this case, some of its faces are in contact
with the nematic liquid crystal. Let us denote this “inner parallelepiped” by C2 and its center z¥. We can write,
based on A.1, that:

« a3 (03
C£=x2+{—€2,€2} 4

Let us define the following function:

2
ue(z) = g_a/z_ﬁgo(ga(x - :US)), Vo €,
where 8 > 0 will be chosen later.
Let us also define:
3 &
RO _ 0 2. .¢.
e =T+ 5 3 C

Due to assumption (A3) and our choice of a, we have that C2 C RY C Q.

From the definition of u., we have that u. = 1 in C2. Moreover, u. = 0 in Q \ R? and u. € H*(Q).

Let us define now T the faces of C0 that are in contact with the nematic liquid crystal. Going back to the
definition of the free energy functional, we have:

— e«

3—a
0.(u) < [ (Vuel +ucf ) do -5 = [ juf'do,
O 13 7—50

€

since T2 C ON..

Using the properties of u., we obtain that:

€ —¢e“

3—«a
Ge(ue) < / (‘VU€|2 + |u€|2l_2) dz—4- . / |u5|l do
Q 0 70

eMRE

< / (IVue? + |ue|*2) dz — 5 - 5270‘/ luc|' do := G (ue),
R\C? 72
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since Q. NRY € RY\ €2 and, due to our choice of a, we have that £/2 < ¢ — e® < ¢, which implies that
3—a 3—a
€ €

_ _52—04.
€—¢g“ €
Applying a change of variables. using the definition of u. and considering only one face of T2, we get:

Glu) =5 [

Vel? dz + 1 .5(7a/276)(2lf2)+30¢/ 22 d — 0 . g2ta—l(a/2+8)
Cs3/2\C 8 4

C3/2\C

Since in the last equation the integrals are bounded, in order to prove that G. is unbounded from below, we
want to show that there exists 5 > 0 such that:

—23 24a—a-t—p31
€ <e 2 2—1 6—1
{ga-(4z)25-(l1)<52+aa-§ﬁ-l @2—a~—2 <B-(l-2)<a - — —2.

4 _
But the last inequality is equivalent with choosing a € <2, ZQ)’ hence, G. is unbounded from below and,
since G.(+) < Gc(+), we conclude our proof. O

Remark 4.9. The previous lemma has been adapted from Lemma 3.6 from [13]. In a similar fashion, one can
4
use Lemma 3.7 from [13] to prove similar results for the case in which o > T—3

4.4. Lower semi-continuity of F_

Proposition 4.10. Suppose that the assumptions (A1 )—-(Az) are satisfied. Then, the following statement holds:
for any positive M > 0, there exists eg(M) > 0 such that for any € € (O,Eo(M)) and for any sequence (Q;);en
from H'(Q,8o) that converges H'-weakly to a function Q € H*(Q.,So) and which satisfies |[VQ;| 12,y < M
for any j € N, then

F-[Q] < liminf F.[Q;].

Jj—+o0

Proof. The proof of Proposition 4.10 follows the same steps as in [13]. We prove this proposition on each
component of F.. Before that, let

wozl_iminf/ |VQj\2d$—/ IVQ[*da.
Jj—+oo Q. Q.

Since Q; — Q in H', then VQ; — V@ in L?, therefore wy > 0. Moreover, up to extracting a subsequence,
we can assume that

/|VQj|2dx—>/ IVQ|?da + wo (4.17)
QE QE

as j — 4o0. ~

From the assumption (As), we have that f. is strongly convex, that is for # > 0 small enough, f.(D) :=
fe(D) — 0|D|? is a convex function from Sy ® R? to [0,400). In this case, the functional [, fe(-)dx is lower
semicontinuous. Therefore

Jj—+o0

lim inf /Q F.(VQ;)dz > /Q 7.(VQ)ds,
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from which we get

lim in /Q (V@) - /Q 1(VQ) > (g@ggof /Q (V@) - /Q 5 f;<VQ>dx) Ly >0, (418)

J—+o0

Since @; — Q in H(£.) and the injection H'(.) C L?*(£.) is compact, then we can assume, up to extract-
ing a subsequence, that @); — @ a.e. in .. Then, from the assumption (Ag), we can see that the sequence
( fb(Qj))j cn Satisfies all the conditions from Fatou’s lemma, therefore:

1‘iminf/QE fo(Qj)dz > /QE ljlgigof fo(Qj)dx = /QE fr(Q)dz. (4.19)

J—+o0
Regarding the surface energy, we split ON7 into:

Aj={z € dN] : 1Q;(x) - Q)| < |Q(z)| + 1}
B = NI\ A; = {z e ONT : |Q;(x) - Q(2)| > |Q()| + 1},

for any j € N.
Using (A7), we have

[ 15Quw) = £@uldr < [ (10 +1QF +1)1Q; = Qldo

Aj

< / ((1Q; — QI +1Q)* + 1QF +1) - (1Q| +1)do

J

S/Aj(QI?’H)(IQIH)dUS/A (1QI* + 1)do.

J

Then due to the continuous embedding of H/2(ON.) into L*(ON.):

3—«a

c 3—«a

3

/ £2(Qyov) — £(Quv)ldo <
Aj €

/ (IQI* +1)do < +oo,
A

J

€—¢g” —e°

according also to Proposition A.3. At the same time, the compact embedding H'/2(ON.) < L?*(ON-) and the
continuity of the trace operator from H'(Q.) into H'/2(ON.) grants that Q; — Q a.e. on N, up to extracting
a subsequence. We can now apply the dominated convergence theorem and get:

63—&

/A~ |fs(Qj,v) — fs(Q,v)|do — 0 as j — +o0. (4.20)

€ —¢g“
Regarding the B, sets, we have, according to (Az):

1£s(Qs,v) = £:(Q. )] < AslQy = QI(IQ; P +1QF + 1)
<1Q; = QI(Q;° +1Q; — QF +1) (using |Q[ +1 < |Q; — Q)
<1Q; = Ql(1Q; — QP +1QF +1Q; — QF +1)
<10 -QlQ; - QP +1) $1Q; - QI*.
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Using Lemma 4.3 for (Q; — @) with n = 4, we have:

g3~ g3« g3—a
/ 14(Qs ) — £(Quv))do < / 1Q, — Q*do < / Q, — Ql*do
e—¢ e—¢ ; e—e® JonT
<2€“/ |@-—Q|6+|vc2-—vc2|2dx+;/ Q) — Q*da
~ 1— E(x—l . J J 2(1 — 5(1—1)2 o, j .

Since H'(0.) is compactly embedded into L*(.) and Q; — @ in H'(€2.), then Q; — @ in L*(€.) and so

1

4 .
5] — ca—1)2 —Ql*dz — 0 s 4oo.
2(1 — ga—1)2 /QE |Q; — Q|'dx , as ) +00

For the term containing |Q; — Q|°, we proceed in the following way:

6
[ 10— Qs = [ 17.@; - @)fde < [ |P(Qy ~ @ de = |E(Qs = Qe
< E(Q; — ||H1(Q) (by the continuous injection H' () ¢ L°(Q))
6
< HEE(Q]- - Q)HHg(Q) (because Q; = @ on 9N)

3
S IVE@ - Dl = ( [ 195 - @) )
(/ IVQ; — VQ| d:c> (using Lem. 4.4).

Now, because [|VQ;l12(q.) < M, then:

/ IVQ; — VQ|*dz < / (IVQ;* + |VQ|*)dz < M?
Q. Q.

and therefore

63704 26270[ M4 2d

- [ 1@ - Qo <
€—¢e” Jp,
Using that Q; — Q in H'(Q.) and (4.17), we obtain that / IVQ; — VQ|*dz — wy as j — +oco and
Q.
combining this with (4.20) and (4.21), we get:

hmmeaT[QJ] JT1QI > —Cr - wo -

Jj—r+oo 1 —ga—1’ (422)

where Cs is a constant dependent of M and independent of €.
According to (4.18), (4.19) and (4.22), we finally obtain that

2—«
liminf 7.[Q,] — F.[Q] > <9 - CM1€€1)WO

]—> oo
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2—a
. € .
and since ————— — 0 as ¢ — 0, the conclusion follows.

1—e>
5. CONVERGENCE OF LOCAL MINIMISERS

5.1. Pointwise convergence of the surface integral
The aim of this section is to prove the following statement:

Theorem 5.1. Suppose that the assumptions (A1)-(A7) are satisfied. Then, for any bounded, Lipschitz map
Q : Q — Sy, there holds JT [Q] — Jo[Q] as € — 0, where

_ / From(Q)dz. (5.1)
Q

Proof. Let us fix a bounded, Lipschitz map @ : Q — Sy and let J. be the following functional:

_ 3—a Xe
Je[Q] = ;_E(X(E/E’“ﬁg(@(ys ,V d0+2/ fs(Q yl v)do + Z

m=1

my, u)do), (5.2)

TWL
where y®F y¥! and y>™ are defined in (A.3), (A.8) and (A 13), T.F, T} and 7)™ are defined in (A.6), (A.11)
and (A.16) and X, Y. and Z. are defined in (A. 1)7 ( .7) and (A.12).

We prove that J.[Q] — Jo[Q] and that |JT1Q] — J.[Q]| — 0 as € — 0, for any @ with the properties set

earlier.

Let
U (Q(m)) = . [s(Q(0), v(7))do(7)
VY (Q(m)) = . f5(Q(70), ¥(7))do(7) (5:3)
V7 (Q(m)) = . f5(Q(70), ¥(7))do(7)

for any 79 € €2, where C*, C¥ and C* are defined in (2.3). Because f, is continuous on Sy x S2, then ¥X, ¥Y
and UZ are also continuous. In this case, for example, the first sum from (5.2), denoted as J2X, becomes:

JX[Q El—— Z @k v)do
= @L €3 o (}7_7 &3 Ndo
~opr(l —eol) Z/ ),v)do + pa(l —eo-1) Z ), )d
=" o ormanX (n) + =D [ wz 0 (-
= p?”(l — Eafl) /Q\II (Q( ))d,us ( ) + pq(l e 1) ‘/Q\I’ (Q( ))dME ( )7 (54)

where pX is defined in (2.9), that is, assumption (Ay).
According to (A4), as € — 0, uX converges weakly* to the Lebesgue measure restricted to (2 and because
UY and ¥Z are continuous, then:

JXQ) — - /\I/Y dTJr;/Q\IIZ(Q(T))dT.
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Computing in a similar way jg’ and J:f, we get:

; T 0 + P8 () 4 20w 0y Y dr = _
al- [ (TErw @) + e Q) + B Jar = [ fum(@r)ir = hia)

which implies that J.[Q] — Jo[Q]. For JX[Q] and JX[Q], we have:

7X[Q] - J¥[Q _e_eaz / 1£.(Q — £ (QE"). v(r)|do(r)

3—a i/rk (1Q()IP + QW) +1)|Q(r) — QE)|do (r)

~Y
g —e“
k=1

53—(1 XE
S - (HQ||3oo @ T 1 - Lip(Q ZU - diam(TF), (5.5)
k=1

using that @ is bounded on Q and where Lip(Q) is the Lipschitz constant of Q, o(7,F) is the total area of T
and diam(7F) is the diameter of 7.*, which coincides with the diameter of the parallelepiped P%*  defined in
(A.4). Hence

|72[Q) = JX[Q| S 2r ta) pe— e ~X€-e3-\/<e—5a)2+ <€a>2+ (5})2 (5.6)

pqr £ —e“

e 2 e 2 e 2 pe — e p— 5&71
Now, as € — 0, we have: <€ - > + () + <) — 0; o =1 T — P because 1 <
P q r E—¢ —el=

e ¢
n (2.1). Since X. is positive, we see that:

L lop h
X.- e < (0 - 1) B Lolohg — €lghg, according to Proposition A.2, where Lg, Iy and hg are defined
€

0 < lim (XE -53) < lim (Loloho - Eloh()) = Lolohg < +00. (57)
e—0 e—0

Therefore JX[Q] — JX[Q] as € — 0. We get the same result for the other two components, from which we
conclude.
O

Remark 5.2. It is easy to see that if we replace the coefficient of the surface energy term J. with:

e%(e — %)

3

— 0, then JX[Q] — 0 as € — 0;

(€ —ex)?

3
ET = 3722 0, then JX[Q] — +o00 as ¢ — 0.
e [

In both cases, we lose the convergence J [Q] — Jo[Q)].
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5.2. I'-convergence of the approximating free energies
Lemma 5.3. Suppose that the assumption (Az) is satisfied. Let Q1 and Qo from Hg1 (Q,80) be such that

maz{||[VQ1llL2(0); [IVQ2ll 120y} < M (5.8)

for some e-independent constant M. Then, for € sufficiently small, we have:
1771Q2) — JT[Q1]] < Car (eY27°/* +11Q2 — Q1| o) (5.9)

for some Cypyr > 0 depending only on M, fs, Q, C and g.

Proof. According to (A7) and Holder inequality, we have:

177(Qa) - IT Q]| S =

/ (101 + Qs +1)|Qs — Q1 |do
ONT

£ —e”

c3—a 1/4 3/4 3/4
E—¢ ONT ONT ONT

If we make use of Lemma 4.3, then:

15 2e

3—«a 2—a 1
i4d <7/ 1‘6 iQd 7/ i4d
S 00 S T [ (@ Ve g | i

for any i € {1,2}. By the continuous injection H*(Q.) into L°(£2.), we have

837(1 4 252704 9 6 1 4
[)Ng’ |Q1| do ,S 1_€a—l<Hsz||L2(QE) + ||Q1||H1(QE)> + mHQi||L4(QE). (510)

E—¢g“

Using the Poincaré inequality as in Theorem 4.4.7, page 193, from [26], the compact embedding
HY(Q.) — L*(Q.) and the fact that Q. C €, we get for ¢ small enough:

gd-o 22— 2 6 1 4
JR— /EM/J |Qi|4d0 N 1_ga—1 (HinHL?(Q) + HVQiHLQ(Q)> + m”inHLQ(Q)
2% 2 6 1 4
5 1*60471 (M +M )+2(17€a71)2M )

where we used (5.8) and we can see that the right-hand side from the last inequality can be bounded in terms
2—a 1
of M, since 15? N\, 0 and m (1 as € — 0. But since m N\ 1 as € — 0, we can choose

€ > 0 such that m < 2 and we can move the constant 2 under the “<” sign. Hence, the last relation
—€
can be written as:

63704

/ Qi|*do < &7 (M? + M®) + M*.
£ —¢e“ NT
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In a similar fashion, using the same arguments as before for (5.10), we get in the case of (Qg — Ql):

g

- if'ar £ (08 307 + Qe = Qe

Using the same bounds as in (5.10), we conclude by observing that there exists a constant C; > 0 such that:

|T7(Q2) = IT Q1] < Cs - ((Ez_a)l/4 +1Q2 — Q1llna(e))

Lemma 5.4. For any Q € H, (9, 8), there holds JT[Q] — Jo[Q] as e — 0.

Proof. Let (Q;);j>1 be a sequence of smooth functions that converge strongly to @ in H, 5%(Q,SO). Then there
holds:

|J71Q) = JolQ]| < [J71Q] - JT1Q5]| + |IT Q5] — Jol@5]] + | Jol@5] — Jo[Q]-

From Lemma 5.3, we have that
[I71Q1 = JT Qi1 < €7/ +11Q — Qjlluacey-

and we recall that for ¢ — 0 we have ¢'/27%/% — 0 because « € (1,2).

Since the (Q]’) j>1 converge strongly in H, gl(Q), from the compact Sobolev embedding, we get that Q; — @
in L*(Q) as j — +o0, therefore Q; — Q a.e. in .

From Theorem 5.1, we obtain that J7 [Q;] — Jo[Q,] as € — 0, for any j > 1.

For the last term, we can write |J0[Qj] - JO[QH < o |fhom[Qj] — fhom[QHdm. In here, we have: fhom iS
continuous, Q; — @ a.e. in Q and from has a quartic growth in @ (because fs has the same growth), which
implies that: | from[Q;]] < 1Q;|* + 1. At the same time, we can assume that there exists ¢ € L'(Q) such that
|Qj|4 < 4, for any j > 1, a.e. in €). Therefore, we can apply the Lebesgue dominated convergence theorem and
get that Jo[Q;] = Jo[Q] as j — +oo.

Combining the results from above, we obtain:

lim sup 1771Q] — JT1Q;]| S 11Q — Qjll ey + [TolQs] — JolQ]| = 0,  as j — +oo,

from which we conclude.

We now prove that F. I'-converges to Fy as € — 0, with respect to the weak H!-topology.

Proposition 5.5. Suppose that the assumptions (A1)-(Az7) are satisfied. Let Q. € H}(Qe,So) be such that
E.Q. — Q weakly in H(Q) as € — 0. Then:

lim inf F.[Q.] > Fo[Q), lim J7 [Q.] = Jo[Q].
e—0 e—0
Proof. The proof follows the same steps as in Proposition 4.2. from [13].

Since E.Q. — Q in H'(Q), then (E6Q8)5>o is a bounded sequence in H!(2). Therefore, we can choose a
subsequence (Eaj er)j>1 - (EEQ5>5>0 such that

liminf 7.[Q.] = lim F. [Q..].
e—0 j—=too 7 !
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Furthermore, by the compact embeddings H!(Q)) < L*(Q), with s € [1,6), we have that E.,Q.;, — Q strongly
in L*(Q), for any s € [1,6). As a result, we also obtain that F. Q., — Q a.e. in Q. We denote the subsequence

E., er as FE.Q. for the ease of notation.
Now, according to (As), we have:

/ (F(VQ.) — 1.(VQ))dz > / VIVQ) : (VQ. — VQ)da
Q. Q.
- / V£(VQ) : (VQ. — VQ)dz — / VE(VQ) : (VQ. — VQ)dr
Q Ne

> /Q V1(VQ) : (VQ: ~ VQ)dz — [V u(VQ)|| 2y - IVQ: = VQ 2y
(5.11)

Because Q € H'(2), then VQ € L?(Q2) and, according to (As), the relation |V f.(VQ)| < |VQ| + 1 implies
that Vf.(VQ) € L?(Q). Therefore, by the weak convergence E.Q. — Q in H'(Q), the first term from the right
hand side in (5.11) goes to 0 as € — 0. The second term goes to 0 as well thanks additionally to the fact that
the volume of the scaffold N; tends to 0 as € — 0, according to Proposition A.2. Hence:

lim nf /Q F:(VQu)dr > limy /Q 1:(VQ)dr = /Q £.(VQ)da. (5.12)

For the bulk potential we apply Fatou’s lemma, since f,(Q:)xa. — f5(Q) a.e. in Q (because fj is continuous,
E.Q. — Q ae. in Q and |N,| — 0, according to Prop. A.2) and fj, is bounded from below (according to (4g)),
in order to obtain:

lin inf /ﬂ IR /Q f(Q)dz. (5.13)

For the surface energy, we first use Lemma 5.3 in the following inequality:

|JT[E.Q:] — Jo[Q]] < |IT[E-Q:] — JT Q]| + |77 Q] — Jo[Q]]
S e 4 | BaQe = Q| gy + [T [Q = JolQ]]-

Since we have £'/27%/4 — () for £ — 0 (because o € (1,2)), then combining the result from Lemma 5.4 with
the fact that E.Q. — Q strongly in L*({2), we obtain

tim J71Q.] = o[, (5.14)

The proof is now complete, considering (5.12), (5.13) and (5.14). O

Proposition 5.6. Suppose that the assumptions (Ay)-(Az) are verified. Then, for any Q € H;(Q,SO), there
exists a sequence (Q5>a>0 such that Q. € HY(Q.), for any e > 0, E.Q. — Q in H(Q) and:

lim sup F.[Q:] < Fo[Q].

e—0

The sequence (Q5)5>0 1s called a recovery sequence.



CUBIC MICROLATTICES EMBEDDED IN NEMATIC LIQUID CRYSTALS 33

Proof. Let us define in this case Q. = Q - xq.. Since [N;| = 0 as € — 0 (according to Prop. A.2), then xq, — 1
strongly in L!(2) and we can apply Lebesgue’s dominated converge theorem in order to obtain that:

hm fe(ng) + fp(Qe)dx = / Je(VQ) + fo(Q)dx
hm (]:E[Q] - JET[Q]) = FolQ] — Jo[Q].

e—0
By Proposition 5.5, we have that lin%) J7[Q.] = Jo[Q], hence the conclusion follows. O
E—r

Proposition 5.5 and Proposition 5.6 show that F. I'-converges to Fy, as € — 0, with respect to the weak H!
topology.

5.3. Proof of main theorems

Proof of Theorem 3.2. Let Qg from Hg1 (€2,80) be an isolated H'-local minimiser for JFy, that is, there exists
do > 0 such that Fo[Qo] < FolQ)], for any Q € Hl(Q So), such that 0 < HQ — QOHHl(Q) < dp.
We would like to prove that for any £ > 0, there exists Q. € H 1(95, So), which is a H!-local minimiser for

F., such that E.Q. — Qo strongly in H! (Q Sp) as e = 0.
For this, let

Be = {Q € Hy(,80) + | EeQ = Qol| ;g < 00}

Using Mazur’s lemma, we can show that the set B. is sequentially weakly closed in H'(.). Then, by
Proposition 4.10, we can see that, for € small enough, F. is lower semicontinuous on B, and, by Proposition 4.7,
is also coercive on B, since any @ € B, has ||VQHL2(QE) < HVQO ||L2(Q) + d0g. Hence, for any e sufficiently small,
the functional F. admits at least one minimiser Q). from B,

Firstly, we prove that E.Q. — Qo weakly in H'(Q), as ¢ — 0.

Let By := {Q € H; (©,8) : HQ — QOHHl(Q) < 50}. Because Q. € B., then (E.Q:)c>0 represents a bounded
sequence in H'(£2), hence there exists a subsequence, which we still denote (E.Q.).~o for the ease of notation,
that converges weakly to a Q € By. We show that Q = Q.

Since E.Q. — Q in H, gl(Q, Sp), we can apply Proposition 5.5 and get:

FolQ] < lirrgélf F.[Q:] <limsup F.[Q.].

e—0

But Q. is a minimiser of F. on B, therefore, since Qy|, € B., we get that

o,

limsup 7. (Q.] < lim F.[Qo] = lim ( / £.(VQ0) + Fo(Q)dr + T, [Qo]) — FolQu).

e—0

Hence, we have fo[Q] < Fo[Qo)]. Because Q is in By, that is HQ — Qolla1 (@) < do, then by the definition of

Qo, we get that Q = Qo.

We now prove that F.Q. — Qo strongly in Hl(Q)LaS e — 0.

By (45), there exists § > 0 such that the function f.(D) = f.(D) — 0|D|? is convex. We can repeat the same
arguments from Proposition 5.5, more specifically, steps (5.12) and (5.13), to get:

hmmf/ fo(VQ.)dz > / fe(VQo)d
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miminf/ IVQ.|[*dz > 9/ VQo[*dz,
e—0 Qs (9]

it | @) > | i@

From Proposition 5.5, we have that J/ [Q.] — Jo[Qo] as € — 0. Also, from the proof that Q = Qo, we can
see that

lim F[Q:] = Fo[Qo),

which implies that

e—0

lim |VQ5|2dx:/ IVQo|*dz.
Qe Q

This shows us that
V(E:Qe)xa. — VQq strongly in L*(Q), (5.15)
where o, is the characteristic function of (..

We now show that V(E-Q.)xn. converges strongly to 0 in L?(£2). In order to prove this, in Appendix A.3,
we obtain that:

IVE-Qcllr2(pzmy < C - IVQ:l 122y,

where PZ™ is a “connecting parallelepiped” elongated in the Oz direction and RZ™ is a 3D object that
“surrounds” PZ"™. More specifically, we have that:

prm _ e e* e* y e* e” « re —e%* re —e®
e T 2p’ 2p 2q’ 2q 2r 7 2r

and

m m 3% 3¢ 3 e e* ¢ e* e« re —e%* re —¢e®
Rs) =yt o | X T T T \ 552 X | 5552 x| = )
4p * 4p 4q ' 4q 2p’ 2p 29" 2q 2r 2r

where y>™ is the center of PZ™.

5
In this way, we have that ‘Rgm’ =1 ’Pﬁ’m‘ and RZ™ C .. Moreover, if we take two objects of the type

RZ™, then it is easy to see that they are disjoint: in the Oz direction, RZ"™ has the same height as P>"™ and
in the zOy plane the “surrounding” objects are not touching because we consider € — 0 and, since a € (1,2),
we have e << e. Applying this technique from Appendix A.3 for all the “connecting parallelepipeds” of the
type RZ™, we obtain that there exists an e-independent constant such that:

IVEQell2upzm) < C - IVQell 2urz ™),

and repeating in the same way for all the other “connecting parallelepipeds”, we obtain:

IVE:QellLevry < C - [IVQell2(rT)s
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where RZ represents the union of all “surrounding” objects for the “connecting parallelepipeds”.

For the “inner parallelepipeds”, we can apply the same technique as before. If the “inner parallelepiped”
is not “visible” - meaning that is has six adjacent “connecting parallelepipeds” - then the “surrounding”
object constructed is included in the union of the six adjacent “connecting parallelipepds” and their respective
“surounding” bodies. If the “inner parallelepiped” is close to the boundary - meaning that it has strictly less
than 6 adjacent “connecting parallelepipeds” - then the “surrounding” object constructed has a part included
in the adjacent “connecting parallelepipeds” and their respective “surrounding” bodies, but also a part which
was not taken into account until now. But this “surrounding” object will have its volume only 5/4 times bigger
than the “inner parallelepiped” chosen and the same technique as for the “connecting parallelepipeds” can be
applied. In this way, one can obtain the following inequality:

IVE:Qell2ws) < CIVQellL2(rsurT)s

where the constant used is e-independent and Rf is a 3D object with its volume tending to 0 as ¢ — 0 and
represents the union of all “surrounding” parts for the “inner parallelepipeds” that are not included in either
the “connecting parallelepipeds” or their respective “surrounding” bodies.

Hence, we can obtain that:

||VEEQE||L2(NE) <C- ||VQ€||L2(RE)>

where R, = ’RZUR‘ES C Q. with ’Rg‘ —0ase—0.
Due to our definition of the extension operator E., we have E.Q. = Q. in ()., so we can write the last
inequality as follows:

IVE.Qcllr2nv.) < C - IVE-Qc |2 (%) (5.16)

Now we want to prove that the right hand side term from the last inequality tends to 0 as € — 0. For this,
we use:
’2

/ \VEEQE\de:/ IVEQ.| xr. d:cs/ 2 (|VE-Q. — VQul* + |VQu|*) - xx. dz
Re Qe Q

€

SQ/ |VE5Q5_VQO|2 d$+2/ ’VQ0’2'XRE dz
Q. Q

<2 [ |(VE.Q)xa. - VQuP do+2 [ [9Quf* xr. do.
Q Q

where we have used that Q. C . Now the right hand side of the last inequality tends to 0: the first integral
converges to 0 due to the fact that (VEEQE)XQE — VQo strongly in L?(Q), according to (5.15); the second

integral converges to 0 because we can apply the dominated convergence theorem, since ’VQO|2XRE converges
almost everywhere to 0 in 2 because |R5’ — 0. Going back to (5.16), we obtain that (VEEQE)XNE — 0 strongly
in L%(Q), as e — 0.

Combining all the results, we obtain that VE.Q. — VQq strongly in L?(Q2), hence E.Q. converges strongly
to Qo in H(Q), since the weak convergence E.Q. — Qo in H*(f2) automatically implies the strong convergence
E.Q. — Qo in L*(9).

O
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6. RATE OF CONVERGENCE

The aim of this section is the study the rate of convergence of the sequence J7 [Q.] to Jo[Qo], where J7 is
defined in (4.10) and in (4.11), Jo is defined in (5.1) and (Q:)e>o is a sequence from H}(Q,Sy) that converges
H'-strongly to Q € H;(Q,So). We omit the term .JS because in Section 4.2 we proved that this term has no
contribution to the homogenised functional.

First, we recall some notations used in the previous sections. For a Q € H, ; (Q,80), we write Jo[@)] in the
following form:

niel= [ (2o @+ @)

+/Q(1foX(Q)+;\1:Z(Q))dx

r

s (@l @) (6.1)

q

where WX, U and U7 are defined in (5.3). We also write J.[Q], defined in (5.2), as:

= [ (E v @+ v @) )au

pr(e —e%) pq(e — &%)
_aE— e gx _4e = 4z y
+/Q (QT(€ - 6“)\1/ @+ pq(e — ea)\lj (Q)>dM€
re—et ox re—et gy z
- /Q (qr(s — %) @+ pr(e — %) v (Q>>dﬂf ’ (6.2)

using (5.4) and the analogous formulae.
We suppose now that:

(H1) the surface energy density fs is locally Lipschitz continuous.

Using the assumption (A7), from Section 2, we have:
£s(Q1,v) = fo(Q2,v)| $1Q2 — Qu|(1Q1° + Q2 + 1), (6.3)
for any Q1,Q2 € Sy and any v € S?, and

Q)] S1QI* +1, (6.4)

for any Q € Sy and any v € S2.
We now have the following lemma:

Lemma 6.1. For any K € {X,Y, Z}, the function WX is locally Lipschitz continuous and there holds:
Q) s IQI +1 VIR Q)] S 1QI° +1,
for any Q € Sy. Moreover, the function WK satisfies:
[E(Q1) = ¥F(Q2)] £ 1Q2 — Qi[(|Q1]* + Q2] + 1),

for any Q1,Q2 € Sp.



CUBIC MICROLATTICES EMBEDDED IN NEMATIC LIQUID CRYSTALS 37

Proof. The proof of this lemma follows immediatly, using the definitions of the functions ¥, U¥ and ¥# from
(5.3), the assumption (H;) and the properties of the function fs from (6.3) and (6.4). O

We recall now that the measures X, uY and pZ, which are defined in (2.9), converge weakly*, as measures
in R3, to the Lebesgue measure restricted to 2, according to (A44) from Section 2. We need to prescribe a rate
of convergence and for this we use the W~11-norm (that is, the dual Lipschitz norm, also known as flat norm
in some contexts):

F. = dpl — | pdz Whe(Q),[[Vel| g o) <15
cim s s [t [ pdn € W@, 1Tl + el < 1)

Lemma 6.2. There exists a constant Agq: > 0 such that F. < Aggee for any € > 0.

Proof. Let ¢ € W1>°(Q). Then, according to the definition of xX from (2.9), we have:

Xe Xe
[REZEES SRS I (42 )de,
k=1"Ye

k=1 +[7€/2’5/2]3

where in the last equality we integrate over the cube with length € centered in ygk Let QX be the following
set:

Xe
0X = (2" + [—e/2,¢/2]%).

k=1

Hence, we can write:

Then:

‘ / pdul — / pdz
Q Q

S/ !@—@(y?k)|dx+/ |o|da
Qx Q\Qx

V3
Vel Loy - 19X+ ol Lo ) - 12\ Q2 (6.5)

< V-
- 2

3
where % comes from the largest possible value for [z — y=*|, with x € (y** + [—£/2,¢/2]%).

If we look now at the definition of the points y* in (A.2), hence also at the definition of the points ¢ in
(2.5) and (2.6), we observe that Q\ QX C {x € Q : dist(z,00Q) < €}, therefore, we have |Q\ QX| < C'- ¢, where
C is an e-independent constant. At the same time, we have QX C Q = |QX| < |Q], so (6.5) becomes:

/ pdul — / pda
Q Q

Computing in the same fashion for Y and pZ, we obtain the conclusion. O

V3
< THVsﬁHLm(Q) QU+ C-ellollLe@) S e llellwre@)-

We also suppose that:
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(Hs) g is bounded and Lipschitz, where g represents the prescribed boundary data.

Since € is bounded and smooth (by assumption (A4;) from Sect. 2), we can extend the function g to a bounded
and Lipschitz map from R? to Sy, denoted still as g.
We present an auxiliary result proved in [14]:

Lemma 6.3. Let Q C R? a bounded, smooth domain, and let g : Q — Sy be a bounded, Lipschitz map. For any
Q € H; (Q,80) and o € (0,1), there exists a bounded, Lipschitz map Q, : Q — Sy that satisfies the following
properties:

Qs =g onof)
Qs |z S o™ 2(I1QN @) + llgll o @) (6.6)
IVQollze) S o2 (I1Qll () + lgllwr= () (6.7)
1Q — Qollr2e) S oll@lla (o) (6.8)
IVQ - VQsl|lr2(0) =0 aso — 0. (6.9)

The main result from this section is the following:

Proposition 6.4. Suppose that assumptions (Ay)-(Az) (from Sect. 2) and (Hy)-(Hz) (from this section) hold.
Then, for any Q € Hg1 (Q,80), there exists a sequence (Qg)eso in H; (Q,8y) that converges H*(Q)-strongly to
Q and satisfies

1T7(Qc] = T[] S e™ (1R ) + 1),

—1
for e small enough, where J7 is defined in (4.10), Jo is defined in (6.1) and my = min %,2 —«ayp. The
e-independent constant that is hidden by the use of the sign “<”, described as in Remark 2.5, depends only on
the L*>°-norms of g and Vg, on Q, fs and the initial cube C.

Remark 6.5. The previous proposition allows us to obtain, as claimed, a rate of convergence for the minimisers
Q- of F. to a minimiser Q of Fy in terms of [|Qc — Q|| g1(0) = o(1) as € — 0 (i.e. relation (6.10)).

Indeed, this is obtained in the following way. First, let us fix a value for 0 < & < 1 such that equation (5.9)
holds. Then we use the inequality

1771Qe] = Ho[Q1 < 1JT1Q:] = JT[Q:)| + 17T [Q<] = JolQl,
where @) is the function from H; (©,8p) granted by Lemma 6.3, with o = &™o.

For the first term from the right-hand side from the last inequality, we use relation (5.9) and we obtain, for
a fixed e sufficiently small:

177(Q:] — JT1Q:) < C - (Y27 + Q- — Qellpaey),

where C' is e-independent.
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From the compact Sobolev embedding H!(Q2) < L*(£2), we obtain:

171Q:) = JT(Q:) < C - (eY*7/* + Qe — Qe (a))-

Now, we observe that:

1Qe = Qcllm) < Qe = Qlla o) + 1@ = Qllm )
< Qe = Qllar (o) + 1Q: — Qll2(o) + [IVQ: — VQ 20
< Qe = Qllar (o) +e™ QN1 (0) + [[VQe — VQ|[L2(0)

where we have used relation (6.8) in the last row. Relation (6.9) tells us that [|[VQ. — VQ||r2(q) — 0 as € — 0,
hence, by the choice of €, we can control it with a constant. Since @ is fixed, we can also control ||Q|| 1 (q) with
an e-independent constant. Therefore, we can write:

Qe — Qcllm @) S Qe — Qi (o) + ™.
Hence, we have:
I71Q:) = JT[Q. S 77/ 2™ + Q- — Qll (o)

and if we denote by m, = min{1/2 — a/4, mg} (which is defined depending whether « is bigger or smaller than
10/7), we can rewrite:

[771Q:] = T Qe S €™ + Qe — Qllmi(s)

since ¢ is chosen from (0, 1).
For the term |J7 [Q.] — Jo[Q]|, we apply Proposition 6.4:

771Q:] = Jo[Q S €™ (1R 10y + 1)
and since @ is fixed, we obtain:
[771Q:] = Jo[Q S ™ S ™,

using the definition of my,.
If we go back to our initial inequality, we obtain:

177(Qc) — Jo[Q]] S ™ +1Q: — Qllm (- (6.10)
where
-1 1
2 ,1<a§£;
M2 E< <2
4 ,7 Q .

Proof of Proposition 6.4. Let us fix a small € € (0,1) such that:

e — ¢ e —¢e“ «
b <2p,q < 2q and
g —e“ g —e“ g —e“

re—¢

< 2r. (6.11)
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This i Dl si pe —e* qe —e® d @ q > 1
is is possible since p— N P, o \( ¢ an p—— N7 ase—0andp,qr>1.

Let now 3 be a positive parameter, to be chosen later, and let Q. := Q.s € H; (©,8p) be the Lipschitz map
given by Lemma 6.3. Then, we have:

re —¢e

T71Qc] = JolQ| < 177 [Q:] = Je[Qe]| + |J:[Qe] = JolQe]| + |10[Qc] = Jol@Q]], (6.12)

where .J. is defined in (5.2).
We analyse the first term from the right-hand side from (6.12). Using the same notations as in Theorem 5.1,
replacing Lip(Q:) (the Lipschitz constant) with ||[VQ.|| () and combining relations (5.5) and (5.6), we obtain:

~ 2r+q) pe-e”
X X 3
(@] = TEQ: S (1Qe ey + 1) - IV @elliom(ey - = - B

w5 () ()

Using (5.7) and (6.11), we can rewrite the last inequality as follows:

~ € € €
IX1Q2) — TXIQA £ (1Q-I ey + 1) -1V @: (o) \/ -V +(5) (). o
. 2(r + q) . .
since the term ——= can be bounded with an e-independent constant. Now, because p, ¢, r > 1, we have:
bgr
P2 g2 2 =

and, because € > 0 and « € (1,2), we also have:

(e

0<e—e” SE—% <eg, fork € {p,q,r}.
Therefore, (6.13) becomes:

1721Qc] = JX1Q:N S (I1Qellfoe () +1) - IVQell Lo () - Va2 + 222,

and using the same arguments for JY [Q.] and JZ[Q.], we obtain:

[T71Qe] = Je[Qell S (1Qclfo 0 +1) - IVQell () - VE? + 262 (6.14)

Using Lemma 6.3, we have:

- 3
e 2 (1R () + 19l ()
e30/2(

1QcllF o (o
IVQ:ll L~ ()

IZANRYAN

1QI () + llgllwro )
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Now, the constant involved by using the sign “<” is going to depend also on the L°°-norms of g and Vg,
hence, relation (6.14) becomes:

- 52 +52a
I71Q:] = L1Qul| § 5 (IQllin o) +1) S VI + 20T (| QUi ) +1).

Since « € (1,2), we have 1 — 38 < o — 3. Therefore, we can write the last inequality as follows:
1J71Qc] — J[Q:)| S e (IR ) + 1), (6.15)
since € € (0,1).

In order to analyse better the second term from (6.12), which contains J.[Q.] and Jo[Q.], we analyse the
first terms from (6.1) and (6.2):

pe — e % x 1 % pe — e Y X Y
— | U dps —— | @ de| < ——— v dus — | U d
L= [ Qaand - ¢ [ W (@) < | [ Qo — [ Qo
pe — e* 1 y
—_— — - Y e )dz|.
pre—e*) r ’~/Q (@e)da
pe —e“ 1 1 pe —e® 2
As we have seen before, we have ————— \, — and we have chosen £ > 0 such that - < ——— < —.
prie —e®) “r r~ prie—e*) " r
—e? 1 *p—1
Moreover, we have pemE 2o L and we can impose further conditions regarding the choice
prie —e®) r pr(e —e®)
*p—-1 1 1
of ¢, such that M < €271 which is equivalent to choosing ¢ such that e*~! <1 — = + —. Hence, we
pr(e —e®) r o pr
have:
pe —e” Y del Y d <2 Y duX — Y d a—1 Y d
o WY (Qe)dps U (Q:)dz| < WY (Qe)dps U (Qe)dz| +¢ U™ (Qc)dz|.
pr(e —e%) Jo ™ Ja rlJa Q Q

Using the definition of F., we have:

L [ w@ond — 1 [ 9

<
pr(e —e®) -

2 o
- Fe - Q0w (@) + 2 T (Q:) || Los ()

Using now the fact that now Q. € H}(Q,S), Lemma 6.1 and Lemma 6.2, we obtain (also by moving the

2
constant — under the “<” sign):
r

_ ca 1
P [ 9 @aad =1 [ 97 (@oae| < (1 ey + 1)

pr(e —e®
+e(lQeliey +1) - IVQellLo@) + € (I1Qc I Ze ey + 1)

Applying Lemma 6.3, we get:

pe —e®
pr(e —e%)

_ 3 _
+5(5 3[3/2(HQHH1(Q) + ||g||L°°(Q)) + 1) € 3’8/2(||Q||H1(Q) + HQHWLOQ(Q))

Y x 1 y
[ ¥ @an — 1 [ 9 (@)

B 4
< s(a 1QN ) + gl (o) + 1)



42 R.-D. CEUCA

o B 4
+e 1(6 2ﬁ(||Q||H1(Q)+Hg||L°°(Q)) +1>’

Moving the terms ||g|| (o) and ||g||w1. (o) under the “<” sign and using the fact that 5 > 0 and ¢ € (0,1),
we have:

L= [ Qaand -1 [ V(@

1-28 | _1-38 | _a—28-1 4
pr(e — &%) S (e +e te ) (1QN %1 () + 1)

Applying the same technique for the other five terms from .Jy and J., which are in (6.1) and (6.2), we obtain:
| Je[Q:] — JolQe]| S (6" + &' 7% 427071 (1QU % 0y +1)
and using once again that 8 > 0 and € € (0, 1), we can write:
| e[Qe] = JolQ:]l S (6777 + 2727 (1QUI 71 o) + 1) (6.16)

Moving now to the last term from (6.12), which is |Jo[Q:] — Jo[Q]|, we once again analyse every difference
that can be formed with the six terms from the definition of (6.1). Hence:

r

[ @ = [ Zw (@

<1 [ 9@ - v (@)
Q

1
Using Lemma 6.1 and moving the constant — under the “<” sign, we have:
r

‘ |39 @ode— [ 197 (Qua

s/ (QF +1Q-1° + 1)Q — Q.|dx
Q

1/2 1/2
3 3 2 i _ 2
< (/Q(IQI +1Qc|* + 1) dx> </Q|Q Q.| dx)

1/2
([ tar+ier i) - Qe
S (1QlFs () +1Q:lFo(0y +1) - 1Q — Q20

The sequence (Q:)->o is bounded in L°(Q), due to the continuous Sobolev embedding H*(2) < L%(Q) and to
Lemma 6.3. Using once again Lemma 6.3 to control ||@Q — Qc||z2(q), We obtain:

1 1
‘/QT\IJY(QE)d:c—/QT‘I’Y(Q)dx <SP (1Rl o) + 1),

hence
[70[Q= = JolQll 5 " (IQlz: ) +1)- (6.17)
Combining now relations (6.15), (6.16) and (6.17), we obtain:

J71Q:] — Jo[QI S (7% + 2727 +°) (1IR3 + 1)
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Now we need to find a suitable value for 5 > 0 such that we can put the minimum positive value between
the exponents 1 — 38, a — 28 — 1 and S, in order to obtain the best rate of convergence. This is equivalent

1 a-1 7 -1 7
to choosing g = min{4, aT,Q — a}. If a € (1,4}7 then g = aT. If a € (4,2), then 8 =2 — a. This
implies that:

1771Q:] = Jo[Ql S €™ (1@l () + 1),
L fa—=1
where mozmm{3,2—a} for a € (1,2). O

APPENDIX A.

A.1 Constructing the cubic microlattice

In this subsection, we provide more details regarding the construction of the “connecting parallelepipeds”,
which are the grey parallelepipeds from Figure 1.

In each of the points from ). we construct a parallelepiped that connects the parallelepipeds C! and CZ,
where 4,5 € 1, N, such that |zl — 2| = ¢.

If 21 — 27 = £(£,0,0)7, then let:

— X, = card({(i,j) € , N | &' — 2l = (£,0,0)T, i < j}) (A1)
17 {(i,)) € ,N: | &l —al = (£,0,0)7, i < j} = T, X- a bijection;
it = S ), where k= Y(i, ) (A.2)
—ve={ren [t = fat e k=i (A3)
- Pf’k the “connecting parallelepiped” centered in yg’k, defined by P? k= yfk + T,C*, where (A4)
e — e pe —¢e” e* ¢ e* ¢
TICa:[—pzp L o ]x[—%?q}x{—%,%}; (A.5)

e —e®
— T be the union of the four transparent faces of P** that have the length equal to pi’
p

which are represented in Figure A.la. (A.6)
If 2t — 2] = £(0,¢,0)7, then let:

— Y. = card({(i,4) € , N | 2t — 2l = (0,6,0)7, i < j}) (A7)
— 1Y {(i,j) e LN | ol — 2l = (0,6,0)7, i < j} — T, Y- a bijection;

1 .
gyl = i(xz + 22), where [ = YTY(i,5);

1 . : .
—yr =t eyt = ket 1= 1260 (a8
— Pé”l the “connecting parallelepiped” centered in yé”l, defined by ngl = yi”l + T,C*, where (A.9)

le' (e} _ _ L (e «
2p° 2p 2q 2q 2r° 2r
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\

i iyg,m
1 re —g® L
: r i
e :
i >
47.4
E e
J P
(a) The “connecting parallelepiped” (b) The “connecting parallelepiped” (¢) The “connecting parallelepiped”
P2k with the center in y®*, with PY! with the center in y¥', with PZ™ with the center in yZ'™, with
lateral transparent faces T, lateral transparent faces 7;} lateral transparent faces 7.".
FI1GURE A.1. The three types of “connecting parallelepipeds” with centers from ).
1 . ! ge —¢e“
— T, be the union of the four transparent faces of P¢"" that have the length equal to ,
which are represented in Figure A.1b. (A.11)
If 28 — 27 = £(0,0,¢)7, then let:
.o 2 i i . .
— Z. =card({(i,j) e ,N." | al —al = (0,0,e)7, i < j}) (A.12)
.o —2 i i . . — .. .
—-TY: {(z,j) e€1,N, | b — 1l =(0,0,6)T, i < ]} — 1, Z. a bijection;
1 . ,
e = S ), where m = Y200, j);
1, . ; .
-vz={em ey [ = Jat el m=:00) (A13)
— PZ™ the “connecting parallelepiped” centered in y2™, defined by P2 = y2™ 4+ T,C%, where  (A.14)
e* g* e* &* re —e% re —e®
TZCOc — -, — X -, — X — s , <A15)
2p° 2p 2q° 2q 2r 2r
re —e®
— T." be the union of the four transparent faces of P2 that have the length equal to ,
which are represented in Figure A.lc. (A.16)
a—1 e c
Remark A.1. We can see that we need to set e~ < min{p, ¢, r}, otherwise we have >1= o > 3
p
: > € e* _ € . . . .
and, in the same way, % > 3 and o > 3’ hence the inclusions from the family C., which represents the set
r

of all “inner parallelepipeds”, are not disjoint anymore and they overlap. More specifically, the “connecting
parallelepipeds” cannot be constructed anymore. Since the parameters p, ¢ and r are fixed and we are interested
in what happens when & — 0, then the condition e*~! < min{p, ¢,r} implies that o > 1. If a = 1, then it is
easy to see that the volume of the scaffold does not tend to zero as € — 0, so we are not in the dilute regime
anymore.
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A.2 Volume and surface area of the scaffold

Proposition A.2. The volume of the scaffold N tends to 0 as ¢ — 0.
Proof. According to (2.1), (2.5), (2.6), (2.8), (A.1), (A.7) and (A.12), we have:

— N, < Tololo, _Xs<<LO_1> foho, —Y5<(l0—1)L0h0; —Z€<<ho—1)L0l°.
9

g3 g2’ € g2
Furthermore, we have:

€3a E204 62oz 52(1
Vel = New —+ Xo- —(pe — %) + Yo —(ge — %) + Zc - —(re — %),
par par par par
6304 2a 62&
where — represents the volume of an “inner parallelepiped” defined in (2.7) and — (pe — 5"‘), — (qa — 5“)
par par par
and
62&
—(rs — 60‘) represent the volume of a “connecting parallelepiped” PZ* P¥! and, respectively, P>™, which
par

are defined in (A.4), (A.9) and (A.14). Hence:

Loloh Loloh Lol Loh loh
N | < 20l 0(p+Q+7")€2(a_1)_2 olo Ogg(a_l)_< olo | Lolo  lo O)eh_l
bgr bgr pq pr qar
Lolo + Loho + lph
i oto + Loho + lo 0 _3a-2
bgr

Because a > 1, according to (Asg), then 2(a —1) > 0, 3(a¢ —1) > 0, 2 — 1 > 0 and 3o — 2 > 0, therefore
INe| = 0 as e — 0. O

Proposition A.3. There exists an e-independent constant Cs = Cs(p,q,r,Q2) > 0 such that:

53

lim — [N, < Cs.

e—0e%(e — &%)

Proof. Using the same tehnique as in Proposition A.2, we have, considering relations (A.6), (A.11), (A.16) and
(4.6):

2 2
ONL| < N, 2o 2PHEAET) L ag ey 20t
bgr pqr
2 2
+Y€'5a(q5_5a)'M+Zg~€a(r5—5a).m
par par

< C(pa q,7, LOv lO; hO) : 50‘73 . ((p + q + 7")5 — 2€a).

Hence
3 a
. € . (p+q+r)e—2¢
lim —— L -1 .
lim ga(giga)|a-/\/5| < C(p:g,7, Lo, los ho) - lim o < +00
We denote Cs the constant obtained in the last inequality. O

Proposition A.4. Let ONT be the set defined in (4.6). Then, for € — 0, we have |ONZ| — 0.
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Proof. According to (4.6), we have:

N5,2
NS = ( U SZ),
i=1
therefore, we can write:
Ne,2 Ne,2 Ne,2

A . 2a 2a
oAS| < SIS < 3 fei < So et ety SRR tatn) Gy

i=1 i=1 i=1

bgr bgr

where we have used (4.5) and (2.7). Since N o counts only the “inner parallelepipeds” that are close to the
boundary of  (meaning that these objects have less than 6 adjacent “connecting parallelepipeds; also, see
(4.4)), then we can write:

Ly -1 Lo - h lo-h
o to, Lo fo, lo-ho

N. a2 <
& g2 g2 g2’

where Ly, lp and hg are defined in (2.1) and they describe the parallelepiped that contains the entire domain
Q. From here, we obtain:

5204(29 +q+ 7“) ) Loly + lghg + hoLg <.

S
o] < 2L -

2Ae=1) 0, ase =0,
since a > 1. O

A.3 Constructing an explicit extension of (Q inside the scaffold

The aim of this subsection is to prove that there exists a function v € H'(Q) such that v = Q on N, v = Q
in Q. and ||Vol| 12 ) S IVQ L2 (e

In order to prove it, we first construct an explicit extension u : Q. UN. ET — 8o such that v € HY(Q. U./\/'ET, So)
and there exists a constant ', independent of &, for which we have

HV“HLZ(NJ) < CHVQHL?(Qg)’

which implies ||VuHL2(quNJ) < CHVQHLQ(QE)'

Then we construct v : Q — Sy such that v € HY(Q), v=wu on Q. UN7, v = u on N7 and there exists a
constant ¢ such that:

HVUHL2(Q) < CHquLZ(quNJ)’

which implies that HVUHLQ(Q) < HVQHLQ(QE , using the properties mentioned for w.

We prove first the following result.

)

Lemma A.5. Let zp,a,b € R, a,b,z90 > 0 and let Agp = {(pcos@,psin@) :0<h<2m, a<p< b} be a two
dimensional annulus, B, = {(p cosf,psinf) : 0<O<2m, 0<p< a} be a two dimensional ball with radius a,
AZ?b = Aap x (—20,20) C R® and B = B, x (—z0, 20) C R? be a three dimensional cylinder.
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Let Q € H'(A7%, S0). Then the function u : Bi® — Sy defined for any z € (—z0,20) as

T 0 (s 1) (s 1))

wey2) = - pVTTENL  Qlatdls), for g < VaTH g <1 (A17)

Al 3/2

1
][ Q(s,t,z)d(s,t), for 0 < /a2 +y2 < B
Aq,3/2

13
272

_elmet e (63)

13

is from HY(B;°,Sy), where ¢ € C° (( )) is the following bump function defined as

w(p

the product p(p) Q represents product between a scalar and a Q-tensor and ][ represents the average integral

sign. Moreover, there exists a constant ¢ > 0, independent of zy, such that: HutHN(BfO) < CHQtHLZ(Ai03/2) for
any t € {x,y, z}, where u; represents the partial derivative of u with respect to t, and:

IVullp2sz0) < el V@l L2 aze, ,)-

1,3/2

Proof. First of all, we can assume without loss of generality that () and u are scalar functions, instead of
@-tensors. Hence, we prove this lemma for each of the component of @ and w.
Let T': Ay/51 — Ay 3/2 be the reflection defined as:

T(z,y) = (<\/a%y2 _ 1)x, <\/xnyz _ 1> y) = (&' y), Y(@,y) € Avas.

Then T is invertible and also bi-Lipschitz.

Let Q € H( i‘j3/2) and u defined by (A.17). By Theorem 3.17 from [1], we can approximate the function
Qe HY( 7?3/2) with smooth functions from C°( i?3/2)'

Let (Qk)g>1 C C™ (Aif’?)/z) such that Q, — @ strongly in Hl(flf?g/2
defined for all z € (—zg, 20) as:

) and, for any k > 1, let uy, : B® — R

e(Va? +y?) Qu(T(z,y),2)
+(1 — (/22 + y2))][ Qx(s,t,2)d(s,t), for % <Vr24+y2 <1
A

1,3/2

1
][ Qx(s,t,2)d(s,t), for 0 < /22 + 92 < 3
Ay 3/2

Uk(x7y,z) =

By the above definition, we have that uj, € C°(B}°) and that:
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T

\/TTyg ' (Va?+y?) - (Qk(x’,y’,z) - ]{‘1,3/2 Qk(s,t,z)d(s,t))
| ) s ()

2zy 0Qy, 1 /
- 'Qﬁ(v$2+y2)' ( / (xlvylvz)>a for - < $2+y2<1
(VaZ + y2)3 oy 2

1
0, for 0 < /22 + 92 < 3

Since (p(;) = @’(;) =0and ¢ € C® ((;, ;)), then we have % € C’O(Bifo). Moreover, we obtain:

2

L —8uk / 2zy 2 2| 0Qy ? ’oo
x, )de’ S R — © x2+y2 J),y,zd(x7y)
3/Al/2~1 ar | (o 2ey) A | (Va2 T 2)° (Va2 + 7)) oy | ¢ )
+/ L -1 2|<P(\/m)‘2 0Qx 2(95’ y', 2)d(z,y)
toyo | (VT 52 5| (22
2 2
T (S a2 2‘ r _][
+ z2 + Qr(z',y', 2 Qr(s,t,2)d(s,t)| d(z,y).
[ o VAP -, Qulont 6.0 dGew

By the definition of ¢, we have [|¢||f®) = 1 and [|¢'|| @) = 2V/9 + 63" e'~V3 ~ 4.23 < 5 (the maximum
1
is obtained for p =1 — 5 6v3 —9).

1
For any (z,y) such that 3 < y/z?2 + 32 <1, we have:

2 2
T T
— = <1
‘\/3324-2/2 z?+y? T
2
2 1
22rcy2 <1:>‘ - 3| S 3 S%
e+ vy («/x2+y2) e 4y
2 2 2 9202 242 2
o2 2(x +y)3s4j_1§y3_1§3:>‘y3 <.
( /$2+y2> ( /x2+y2) ( /l‘2+y2) ( /m2+y2)
Therefore
1 8uk 2 Y 2
9 (97 ((E,y,Z)d((E,y) <25 Qk(x Y 72) - Qk(svtvz)d(svt) d(l’,y)
3 Aiy21 €z A2 A13/2
Qs | 0Q |°
vof SR @y ey [ TR @y,
A1/2,1 €L A1/2,1 Y

Using now the change of variables (z/,y) = T(z,y), we obtain

A(a,y) = (W ~1)dey)
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2 1
and since (2',y") € Ay 3/, we get 1 > # -1> 3’ which implies

2 2
/ % (ZL’,y,Z)d(:L’,y) < 75/ Qk(x/>y/,z) - f Qk(sataz)d(svt) d(IL’/,y/)
Aiy21 €z Aj.3/2 A1 3/2
2 2
+ 27/ % (@', 2)d(2,y') + 12/ %Qlk (@', 2)d(2', ).
A13/2 T A13/2 Y

For the first term from the right hand side from the last inequality we can apply the Poincaré inequality,
since Q(+,-, 2) € H'(Ay 3/2), for any z € (=20, z0). Therefore

Ouy, 2 oQx 2 0% 2
[4 6ajk (537 Y, Z)d(l', y) < 75 - CP(A173/2)[4 < a{[j (58/7 y/7 Z) 4 ay/k (1,/’ y/’ Z)) d(l?l, y/)
1/2,1 1,3/2
an 2 ro an 2 ;
+27/ — | (2',y, 2)d(z,y +12/ 'y, 2)d(x,y),
Ava | 020 ( )d(z,y) AR ( )d(z,y)

where Cp(A; 3/2) is the Poincaré constant for the two dimmensional domain A, 3/,. Hence, there exists ¢; > 0,
independent of zg, such that:

Ouy, | 0Qx |” 0Qk|*, , '

a.. (x,y,z)d(:r,y,z) < Cl/ ( (x/ay/az) + = (.’E Y 72) d(ﬂj‘ Y 72)'
/141/2,1 O A13/2 o’ 8y/

Integrating now with respect to z € (—zq, 20), we get:

duy, | 0Qx |” 0Qx |”

/AZO . (x,y,2)d(z,y,2) <1 /Azo ( o (2,9, 2) + oy (@', 2) |d(2',y, 2)
1/2,1 1,3/2
8'U,k 2
4 = PR
L2(A1/2 1) '

1
Using now the fact that 88 eCO (BZO) and that %(w, Y,2) =0if 0 < y/22 + 92 < 2 then we can write:
x

|5

< C1HVQ1€H;(A;%/2)-

(B1%)
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50
In a similar fashion, %, % eC® (??), where
y Oz
T ST (G - f, ulat o)
1,3/2
2xy 0Qr, , ,
—3'</9(\/332+y2)'< (@', 2)
%(x, Y, 2) = (va* + 922) o'
g +<(22582))3 - 1) (v +y?) - (%gfc(xl,y',z)) for % <Vrr+yr<l
VT +y
1
0, for 0 < /22 +92 < 3
with
Ouy 2 2
k& < L
9 llp2s0) ~ ClHVQkHLZ("‘l,m)
and
oQ
e(Va* +y?) 7;( "Y' 2)
0 1
I G N e, for g < VAT <1
z 1,3/2
1
][ %(s,t,z)d(s,t), for 0 < /a2 4+y? < =
A113/2 5,2 2

since @ € C °°( s /2) and A; 3/, is independent of z, so we can move the derivative under the integral.

Then for any (z,y,2) € Asz 1» we have:

7
2 Atrj21

2
(2,9, z)d(z,y)

f 9Qk (4 ¢, 2)d (s, 1)
Ay 32

9Qx

2
2
200 < el [, %

=l |/,

< / 0Qx
Aj3/2

0z
and integrating with respect to z € (—zg, z09), we obtain

ou |2 24 0Qk

Uk d <\ 24+ = 9z

/‘A az (Ia Y, Z) (.’,U, Y, Z) — < + 257-[-) /‘/420 82
1,3/2

z0
1/2,1

8uk

0z

d(x,y)

0z

1/2,1

2 2
3r 16
@y )+ o
4 2572 Avaa

e
0z

2
(', 9, 2)d(a', 9, 2).

1
For any (z,y,2) € B{® with 0 < /22 + 3% < 5 we have:

2

0k (01 2, o)

0z

auk

0z

( Z) < /
Z,Y, = 25 2
111,3/2

(', z)d(z', )
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which implies

4
= 251

0Qr|”
0z

2
8uk

- @y )y, 2)

(z,y,2)d(z,y) <

/;1/2

and from here we obtain that

Ay 32

D ||
0z

Now we prove that we can control ||ugl|2(gz0) with ||Qk||L2(Af°3/2)' For any (z,y) € Ay/2,1, we have:

< (34 o ) IVQu

L2(B1)

2

luk*(2,y, 2) < [o(v22 + y22Qi(z’,y, 2) > + (1 — (/22 + y2))?

][ Qr(s,t,2)d(s,t)
Ai,3/2

which implies

: 2 3 16 20,0 1
— d < |1 — - ', 2)d(a,
2 /41/2,1 ‘uk| (x,y,z) (x,y) = || SDHL (R) ~ A7 257.(.2 /141,3/2 |Qk| (I Y Z) (1: y)

[l ey / QP o 2)d(, y).
Aiy2.1

Using the same change of variables, the same bounds for ¢ and for 1 — ¢ and integrating with respect to
z € (=20, 20), We get:

1/2,1

24 2
HukHL2(AZU ) < <2+257T)||QkHL2(Af03/2)

For any (z,y) € By we have:

2
|ukl*(z,y, 2) =

][ Qr(s,t,z)d(s,t)
Ai,3/2

which implies

2 2
HukHL2(m><(—z(),zo)) = 257|‘QkHL2(Af?3/2)’

hence

oy < (3+ g5 )19

Combining all the relations that we have obtained, we see that for any £ > 1 we have:

— uy € HY(B});
3

el < €all@ull g,y where e2 = 13+ 52
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_ HVU’CHH(BTU) < C3HVQ"CHL2(A';03/2)’ where c3 = max{\/a, 02}.

Now, if we repeat the same argument (as the one used in order to achieve the L? control between u; and
Qy;) for the functions (uy — ), for any k > 1, we get:

ok~ ey < 2|5~ @l o,

and since Q) — @ strongly in H( 703/2), hence in L?( 703/2), we obtain that u, — u strongly in L?(B;°).
20

i?3/2)’ then (Qg)r>1 is a bounded sequence in H( 1’3/2) and using
the inequalities proved before, we get that (uy)r>1 is a bounded sequence in H'(B;"), therefore there exists
a subsequence (ug;);>1 which has the property that ug, — ug, with ug € HY(B}°). From here, we have the
following convergences in L?(B;°): up, — ug and uy, — u, S0 u = ug a.e. in B°. However, since ug € H'(B7°),
we obtain that u € H'(B;°) with Vu = Vug a.e. in Bj°.

Let @y : B{® — R be the function defined as:

Because Q) — @ strongly in H(

S W (@~ f, Qi)

+((\/;7fy2))3 - 1) co(v/2? +y?) - (gg(x',y’azo
<Var+y2<l

gy R ().

1
0, for 0 < /22 + 92 < 3

ﬂm(xa Y, Z) =

DN | =

for every z € (—zo, 20).
Using the same argument as before (we only control the L? norm), we can see that:

sy = IV Vel

and since VQj — VQ strongly in L?( i03/2)’ we obtain that % — i, strongly in L?*(Bj°). But at the same
; i
0 0 0 0 0
time, we have % — a—z weakly in L2(B5°), hence a—z = i, a.e. in L?(B}°) and % — a—z strongly in L?(B}°).
Applying the same argument, we finally prove that Vuy — Vu strongly in L*(B{°).

In the end, we see that:
HV“HLZ(BfO) <|[[Vu-— V“kHLz(BfO) + ||V“k||L2(BfO)
< [|Vu - vuk”m(sfo) + C3HVQ7<HL2(A§?3/2)
< [[Va = Var]| pagro) + sl VO = VQ| o uzo, ) + V@ L2 aze, -

,3/2

Because Vuy — Vu strongly in L?(B7°) and because VQ, — VQ strongly in L? (Af?g/g), we conclude that

HVUHLz(BfD) = CgHvQHLQ(Af?S/z)'
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Now we transform in several steps the sets B® and A, , from the previous lemma into the corresponding

1,3/2
regions related to . and N7, that is, Bi® into P>™, which is included in N, and A‘f?3/2 into a paral-
lelepiped with an interior hole, surrounding PZ™, which is included in €. (the hole is exactly the “connecting
parallelepiped” PZ™).

Let 75 : R? — R3 be the transformation defined as:

(0,0, 2) fe=y=0,
4
\/x2+y27\/x2+y2arctany72> if [yl <@, x>0,
T x
4 y :
Ty(z,y,2) = \/x2+y2,7r\/x2+y2arctanx,2> if [yl < —z, z <0,

4
\/x2+y2arctanx,\/m,z> if |z| <y, y >0,
b Yy
4
— —\/Warctanz, —+/z2 +y2,z> if |z| < -y, y <0,
™ Yy

with the inverse

(0,0, 2) ifn=¢=0,
I = | (€ T g T Ls) il < I, €20
”Si“WS’”COSﬂgaZ) if [§] < |n], n # 0.

4n 47

More specifically, Ty (z,y, z) = (A2(x,y), z), where As is, according to [17], a bi-Lipschitz continuous map that
maps, in R2, the unit ball into the unit cube and the Jacobian of A, is constant almost everywhere in R?. Hence,
the transformation 75 is bi-Lipschitz and the Jacobian of T is constant almost everywhere in R3.

In our case, we have: T5(B{°) = (=1,1)% x (—20, 20) and T5(A}% ) = ((=3/2,3/2)* \ (=1,1)?) x (—20, 20)-

Let u e HY(B7), Q € H' (A} 3/2) and the constant ¢ > 0 such that HVUHH(B?) < C||VQHL2(A§’3/2) be given
the previous lemma, constant which is independent of z;. Then we obtain that the functions @ := wo Ty !
HY((—1,1)? x (=20, 20)) and @ :== Qo Ty ' € H'(((~3/2,3/2)%\ (—1,1)?) x (—z20,2)) and that there exists
constants ¢; and cy, which are also independent of 2y, but dependent on the constants given by the Jacobians
of Ty and Ty !, such that:

CJHVUHL2(T2(BZO < ||VUHL2(BZO) < CJ||VUHL2(T2( B1%))

and

C]||VQHL2 Tz(.Al ) 2)) = HVQHLZ(AZO 2 < CJHVQ||L2(T2 1 3/2)).

Hence, the inequality HVuHLQ(BZO) < CHVQHLQ(AZO ) implies that there exists a constant cq, also independent
1 1,3/2

of zg, such that:

1Vl 2z, 50y < 0ll VRl aryae,
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Now if we use the transformation T5(z,y, z) = e%(x,y, z) and denote u := @ o T3_1 and Q := Qo T3_1, we get:
_ 2
e[ vall L.

2 =112 a2
(T50T2)(BX)) — ||VUHL2(T2(BIZD)) < CgHVQHL?(TQ(Aj?S/Z)) = cge HVQ||L2((T30T2)(B?))

which implies that

IVl L2 yomsy:0)) < 0l V@I 2oy e, 0y

re — e

Since the constant ¢g is independent of the choice of zy, we can have zy = -

The final change of variables is based on the mapping Ty : R?* — R? defined as: Ty(z,y, z) = %, %, ;),
where p, ¢ and r are from relation (2.4). In this way, if we translate the origin into the center of the parallelepiped
PZ™, we obtain that (T o T5 0 T3)(Bi°) = PZ™ and we denote by RZ™ the set (Ty o T3 0 T5) (A% /), which is
the box contained in Q. (for € small enough) that “surrounds” PZ™.

The transformation T} is bi-Lipschitz and applying the same arguments as before, we obtain that there exists
a function u € H*(P?™) (u can be seen as o (T, ')) such that u = Q on the “contact” faces 7™ of P*™ and
an e-independent constant ¢ > 0 such that

[Vl papzmy < el VRl 2 zmy:

Since the objects RZ™ are pairwise disjoint (if we look only at the boxes surrounding the “connecting paral-
lelepipeds” with centers in YZ?), repeating the same argument for every other “connecting parallelepiped” of this
type (with centers in Y?) and then repeating the same argument for all the others “connecting parallelepipeds”
from N (that is, with centers in )).), we obtain u € H' (2. UN7,Sy) an extension of Q € H'(Q.,Sy) such
that:

u=Q in ),
u=Qon NI
||vu||L2(QEUN]) S CHVQHL?(QE)'

Let QL = Q. UN7. We want now to construct a function v : N¥ — Sy such that v = u on 9L and that
there exists a constant ¢ > 0, independent of € such that HVUHH(NS) < cHVu||L2(Q,).

But in the case of the family NS, these “inner parallelepipeds” are pairwise disjoint for ¢ small enough,
therefore we can construct v in each CZ, for every i € 1, N, and control, independent of ¢, ‘V’UH r2(ci) with

IVl .

(Piy? where R is the “surrounding” box for CZ, constructed in the same way as R>™.

Lemma A.6. Let a,b € R with a <, let B, = {x € R? ‘ lz| < a} and let Aqp, = By \ By
Let u e H' (A1,2,So). Then the function v : By — Sy defined as

p(Va? + 12 + 22) u<(\/1‘2+2yﬁ - 1) (xay,z))

w2 = HU-eWTREEA L, g ndEn ), for g < VTR <1

Ai3/2

1
][ w(&n,7)d(&n,7), for 0 < /a2 +y? + 22 < =
Ay z/2 2
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1
is from H'(B1,8p), where p € C° ((2, 3)) is the following bump function defined as

4 s
wl(p) = ZiiRW}j Vp e (2,2>

the product ¢(p) u represents product between a scalar and a Q-tensor and ][ represents the average integral

sign. Moreover, there exists a constant ¢ > 0 such that: HthH(Bl) < cHuth(ALS/Q) for anyt € {x,y, z}, where

v represents the partial derivative of v with respect to t, and:

IVullzs,) < ellVullzca, o)

Remark A.7. Lemma A.6 is just a different version of Lemma A.5. The proof follows the same steps as in
Lemma A.5.

Now if we use instead of T3 the transformation As, from [17], which is a bi-Lipschitz mapping that transforms
the unit ball into the unit cube, and then the transformations T3 and T} as before, we end up with the function
v being an extension of u that satisfies:

v e HY(CY)
v =wu on AC’
||VU||L2(C;) S CHV“HH(RQ'

Because the objects R: are pairwise disjoint for ¢ small enough, we construct therefore an extension v €
HY(Q,80) of u € HY (L, Sp) such that:

v=uinQ. =v=0Qin Q. and v = Q on IN/
v=uondNS =v=0QondN?
HVUHLQ(Q) < C||VUHL2(Q/E) < EHVQHLZ(QE)'

So we have v € HY(Q2), v = Q in ., v = Q on ON. and there exists an e-independent constant such that:
Vo]l L2y < €lVQll 2o,y

A.4 Integrated energy densities

In this subsection, we present two propositions that are used in order to prove that using relation (3.2), that
is:

2
From(Q) =2 /8 1@

then by using, for example, the choice of the surface energy density defined in (3.8), which is:

FEP0(Qu) = B (@~ ) @) - (= D @)+ 2 = Q')
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we can obtain the corresponding homogenised functional defined in (3.9), that is:

Q) = (d = a) (@) — (V' = b) tr(Q) + (¢ — ¢) (tr(Q%)".

More specifically, Proposition A.8 treats the case of the classical quartic polynomial in the scalar invariants
of @ for the bulk energy, defined in (1.2), where the choice of the surface energy density is in (3.8), and the
more general version of it, defined in (3.4), with the surface energy density defined in (3.16). Both cases have
all of the terms from the picked surface energy densities of the form v - Q¥v, with k > 2. Proposition A.9 treats
only the Rapini-Papoular case, where the surface energy density is defined in (3.12).

Proposition A.8. For any k € N, k > 2 and for a fized matriz Q € Sy, we have:
k 1 k
tr(Q%) = = (u -Q V)da,
2 Jac

where OC is defined in (2.3) and v is the exterior unit normal to OC.

qi1,k  q12,k G913,k
Proof. Let QF = @1,k o2k g3k |- According to (2.3), we have 9C = C* UCY U C?. We compute first the

13,k 432,k 933,k
intergral for C%, on which v = (41,0,0)7:

/ (v-Q*v)do :/ ((£1,0,0)" - (£q11,%, G214, £q31,%)" ) do :/ q11,xdo = 2q11 1,

x

since C has length 1.
In the same way, we obtain:

/ (V . Qky)da = 2¢92,; and (V . Qk(xo)u)da = 2q33 k.
Cy cz

from which we obtain

/ (v- Qku)da = 2tr(Q").
ac

For the Rapini-Papoular case, we prove that:
Proposition A.9. For a fivzed matriz QQ € Sy, we have:

6tr(Q?%) +4 = / tr(Q — Q,)%do,

ac

where OC is defined in (2.3), Q, = v@v —13/3, v represents the exterior unit normal to OC and I3 is the 3 x 3
identity matrix.

Proof. First of all, we can see that tr(Q — Q,)? = tr(Q?) — tr(QQ,) — tr(Q, Q) + tr(Q?).
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+1 2/3 0 0
According to (2.3), we have 0C =C, UC,UC,. OnC”, wehaver=| 0 | and @, =| 0 —1/3 0
0 0o 0 -1/3

2\’ 1\? 1\* 2 2
Then tr(Q?) = <3) + (— 3> + (— 3> =3 We also obtain tr(Q?) = 3 on CY and C*. Therefore we

obtain:
9 2
tr(Qz)do =6- - =4,
ac 3

where the constant 6 comes from the total surface of the cube C.
qi1 412 q13
Let Q= 1[qi2 qo2 Qo3 . Using the computations done earlier for @, on C*, CY and C*, we get:

913 423 —qi11 — 422

| ((@.@)+ :(@@.)do = 2(2"“ -2y W) — 21,

3 3 3
/C (tr(QuQ) + tI‘(QQy))dO‘ = 2< - ql?l + % + qll—;q22> = 2(]22
[ (@) + (@Qu)ds = 2( ST W} = =211 — 2.

Combining the last three relations, we get that

/ (t(Q,Q) + t:(QQ,))do = 0,
aC

from which the conclusion follows, with the observation that the constant 6 in front of tr(Q?) appears from the
total surface of the cube C, which has the length equal to 1. O

Remark A.10. The constant 4 from Proposition A.9 is neglected when we are studying the asymptotic
behaviour of the minimisers of the functional (3.13), since adding constants do not influence the form and
the existence of the possible minimisers.
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