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Abstract

In this paper, we survey the theory of Cartwright—Sturmfels ideals. These are Z"-graded
ideals, whose multigraded generic initial ideal is radical. Cartwright—Sturmfels ideals have
surprising properties, mostly stemming from the fact that their Hilbert scheme only con-
tains one Borel-fixed point. This has consequences, e.g., on their universal Grobner bases
and on the family of their initial ideals. In this paper, we discuss several known classes
of Cartwright—Sturmfels ideals and we find a new one. Among determinantal ideals of
same-size minors of a matrix of variables and Schubert determinantal ideals, we are able to
characterize those that are Cartwright—Sturmfels.

Keywords Cartwright—Sturmfels ideals - Determinantal ideals - Radical ideals -
Multidegrees
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Secondary 14M99

1 Introduction

In 2010, Cartwright and Sturmfels published a paper [6] containing surprising results on
certain multigraded ideals. More precisely, they proved that any Z"-multigraded ideal that
has the Z"-multigraded Hilbert function of the ideal of 2-minors of an m x n generic matrix
must be radical and Cohen—Macaulay. During our stay at MSRI in 2012, we realised that a
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similar phenomenon was related to the universal Grobner basis theorem for maximal minors
proved in the nineties by Bernstein, Sturmfels, and Zelevinsky [3, 31]. We managed to
identify a notion that “explains” the common features behind these two settings and that
is flexible enough to be useful in other contexts. The key idea is to consider the family of
multigraded ideals with radical multigraded generic ideals, that we named after Cartwright
and Sturmfels. We wrote four papers related to the subject [8—11]. The goal of this note
is to give a short introduction to Cartwright—Sturmfels ideals, to highlight their properties,
and to present some classes of Cartwright—Sturmfels ideals, both old and new. In particular,
in Section 4 we classify determinantal ideals that are Cartwright—Sturmfels in the generic
case and derive results for the non-generic case. In Section 5 we characterize Schubert
determinantal ideals that are Cartwright—Sturmfels. In Section 6 we take the occasion to
correct a mistake in the proof of Theorem 2.1 of [9] asserting that any binomial edge ideals
is Cartwright—Sturmfels. Finally, in Section 7 we recall another result from [9] asserting that
the multiprojective closure of any linear ideal is Cartwright—Sturmfels and conclude with a
question suggested by it.

The authors thank Anna Weigandt and Patricia Klein for useful discussions on the
material of this paper.

2 Multigraded Generic Initial Ideals and Multidegree

Letn € Ny and my,...,m, € N.Let § = K[x;; |1 < j <n,0=<i < mj]bea
polynomial ring over a field K endowed with the standard Z"-grading induced by setting
deg(x;j) = e, where e; € Z" is the j-th standard basis vector.

We will deal with Z"-graded ideals and modules of S. We use the words Z"-graded and
multigraded interchangeably. For simplicity we always assume the term orders on § satisfy
X0j > X1j > > xpyjforall j=1,...,n.

The ring S may be thought of as the coordinate ring of the product of n projective spaces,
ie.

Proj(8) = P = Py . x P,

A multigraded prime ideal P of S is relevant if P does not contain Sy 1,...,1) and irrelevant
otherwise. When K is algebraically closed relevant prime ideals correspond to irreducible
subvarieties of P("1:-n),

2.1 The Multigin

The group G = GL;;;41(K) X -+ X GLy,,+1(K) acts naturally on S as the group of
multigraded K -algebra automorphisms, i.e., coordinate changes that fix each factor in the
product of projective spaces. Let I be a multigraded ideal of S and let o be a term order
on S. As in the standard Z-graded situation, if K is infinite there exists a nonempty Zariski
open U C G such that in, (g) = in, (g'1) for all g, g’ € U. This leads to the definition of
multigraded generic initial ideal. We refer the reader to [13, Theorem 15.23] for details on
the generic initial ideals in the Z-graded case and to [1, Section 1] for a similar discussion
in the Z"-graded case.

Definition 2.1 The multigraded generic initial ideal gin, (1) of I with respect to o is the

ideal in, (g1), where g is a generic multigraded coordinate change, i.e. g € U and U is a
nonempty Zariski open subset of G.
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Radical Generic Initial Ideals

Let B = By +1(K) x -+ X By, +1(K) be the Borel subgroup of G, consisting of the
upper triangular invertible matrices in G. One knows that gin (/) is Borel fixed, that is, it
is fixed by the action of every g € B.

2.2 Multidegree and Dual Multidegree

For a finitely generated Z"-graded module M = @®,c7» M, over a standard Z" -graded poly-
nomial ring S, one may define the multigraded Hilbert function as the function HF(M, —)
that associates to a = (ay,...,a,) € Z" the number HF(M, a) = dimg M,. As in the
Z-graded case, for a > 0 the multigraded Hilbert function agrees with a polynomial in n
variables Py (Z) = Py(Zy, ..., Z,), the multigraded Hilbert polynomial of M.

Let d(M) be the total degree of Py(Z). Under mild assumptions, for example when all
the minimal primes of M are relevant, one has that d(M) = dim(M) —n. The homogeneous
component of degree d(M) of Py(Z) can be written as

M
Z eb( ) Zi)l "'Zrli"’
b1lby! - by!
where the sum ranges over all b € N” with b; < m; such that |b| = d(M). The numbers
ep(M) are the multidegrees (or mixed multiplicities) of M. It turns out that they are non-
negative integers. The multidegree of M is the polynomial

b
Degy(Zi,.... Zn) = Y _ep(M)Z)" -+ Z}r,

where the sum is over all » € N” such that |b| = d(M).

One can regard M as a Z-graded module by M, = ®4=yM,. With respect to this
Z-grading, M has an ordinary multiplicity e(M) and, if all the minimal primes of M are
relevant, one has

e(M) = ep(M), 2.1)
b

where the sum ranges over all the b € N” such that |b| = dim(M) — n. This is proved in
[7, Theorem 2.8], but a special case appears already in [32].

When M is the coordinate ring of an irreducible multiprojective variety X C P0"1>----7n)
over an algebraically closed field, the multidegrees e;, (M)’s have a geometric interpretation.
Indeed, in that case ej, (M) is the number of points of P”1--") that one gets by intersecting
X with Ly x Ly x- - - x L, where each L; is a general linear subspace of P/ of codimension
b;.

Definition 2.2 A Z"-graded module M has a multiplicity-free multidegree if e, (M) €
{0, 1} for all b with |b| = d(M).

The relevant prime ideals P of S such that §/P have a multiplicity-free multidegree are
studied in [4] by Brion (in a more general setting) who proves in particular that S/ P is
Cohen—-Macaulay.

The word multidegree is used in the literature also to refer to another polynomial invari-
ant of M, which we call dual multidegree throughout this paper, in order to avoid confusion.
The dual multidegree is defined as follows: The multigraded Hilbert series of M is

HS(M, Z) = ) (dimg Ma) Z° € QUUZ1, ... Z,NZT ... 2, '],

n
aeZl
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Let

n
Kyu(Z)=HS(M, 2) [ [(1 = z)™+".
i=1
It turns out that Ky (Z) € Z[Zf‘L], o, Z,ﬂfl]. The dual multidegree Degj}, (Z) of M is the
homogeneous component of smallest total degree of Ky(1 — Zy,...,1 — Z,). One can
show that Deg’g,I(Z ) € N[Zy, ..., Z,]. Notice that the dual multidegree corresponds to the
multidegree as defined in e.g. [24, 27].

2.3 Multidegrees of Radical Monomial Ideals

Let J be a radical monomial ideal of S with associated simplicial complex A € 27 . Here
T ={Gj):1=<j=<n0=<1i < mj} Theideal J is naturally Z‘T|-graded, however
here we consider its Z"-graded structure and describe its multigraded Hilbert polynomial in
terms of A. Foreach F € A and j € [n] we set

cj(F) = @O, j),....(mj, H}NF|

and ¢(F) = (c1(F),...,cn(F)) € N". A face F is relevant if the corresponding prime
ideal (x;; : (i, j) € F) isrelevant, i.e., c;(F) > O forevery j = 1,..., n. Let us denote by
R(A) the set of the relevant faces of A, i.e.,

R(A)={F € A:c;j(F) > 0forall j € [n]}.

Lemma 2.3 Foreverya = (ai, ..., a,) € N} one has
‘ a 1
— J =
HF(S/J,a)= ) ]_[ <c,~(F) B 1) ,
FeR(4) j=1 >
in particular

Ps;)(Z1.....Z) = Y n(cjl(%)—_11>

FeR(A) j=1

Proof First we observe that HF(S/J, a) is the number of monomials in S of multidegree
a which are not contained in J. To a monomial x* = ]_[xiv]fj we may associate its sup-
port F'(x) = {(i, j) : vij > 0}. Since ¢; > 0 for all i, by construction we have x” & J
and deg(x”) = a if and only if F(xV) € R(A). We partition the set of monomials of
degree a which do not belong J according to their support. The monomials of degree a
supported on a given F € R(A) have the form (]_[(l-’j)eFx,-j)x”, where xV is a mono-
mial with support contained in F' and degree a — c¢(F). The number of these monomials is

n a; — 1
Hf':l <cj(]F) — 1)' .

Denote by F(A) the set of the facets of A. Recall that A is a pure simplicial complex if
all the facets of A have the same dimension. As an immediate corollary we have

Lemma 2.4 Assume that A is a pure simplicial complex and that F(A) N R(A) # . Then

F)—1 - —
Degs, (Z1.....Z0) =  y.  z{ P~ za®-L
FeF(A)NR(A)

@ Springer



Radical Generic Initial Ideals

3 Cartwright-Sturmfels Ideals

In this section we recall the definition of Cartwright—Sturmfels ideals and some facts about
them, which were discussed in our papers [8—11].

Definition 3.1 A multigraded ideal I of S is a Cartwright—Sturmfels ideal if there exists a
radical Borel-fixed multigraded ideal which has the same multigraded Hilbert series as I.
If the ground field is infinite, this is equivalent to the fact that / has a radical multigraded
generic initial ideal [11, Proposition 2.6].

We denote by CS(S), or simply by CS if S is clear from the context, the family of
Cartwright—Sturmfels ideals of S.

Example 3.2 The Z-graded Cartwright—Sturmfels ideals are exactly those generated by lin-
ear forms. In fact, if I is not generated by linear forms, let d > 1 be the least degree of a
minimal generator of / which is not linear. Then the generic initial ideal of / has a minimal
generator which is the d-th power of a variable. In particular, the generic initial ideal of /
with respect to any term order is not radical.

Notice that the property of being Cartwright—Sturmfels depends on the multigrading.

Example 3.3 If I C S is generated by a non-zero element of degree (1,1,...,1) € Z"
then [ is a Z"-graded Cartwright—Sturmfels ideal for obvious reasons. However, as we have
observed in Example 3.2, the ideal [/ is not a Z-graded Cartwright—Sturmfels ideal if n > 1.

Cartwright-Sturmfels ideals have many interesting properties. The next proposition
summarizes some of them.

Proposition 3.4 Let I € CS and let J be a radical Borel fixed ideal such that HE(I, a) =
HF(J, a) for all a € N". Then:

(1) 1 isradical and gin,_(I) = J for every term order t [11, Proposition 2.6].

(2) in.(I) € CS, in particular it is square free, for every term order T [11, Remark 2.5].

(3) reg(I) <n|[11, Corollary 2.15].

(4) If K is algebraically closed, then P € CS for every minimal prime P of I [4], see also
[10, Corollary 1.12].

(5) I is generated by elements of multidegree < (1, ..., 1) [11, Proposition 2.6].

(6) All reduced Grobner bases of 1 consist of elements of multidegree < (1, ..., 1).
In particular, I has a universal Grobner basis of elements of multidegree < (1, ..., 1)
[11, Proposition 2.6].

The family CS is closed under some natural operations.

Proposition 3.5 ([11], Theorem 2.16) Let L be a Z"-homogeneous linear form of S. In the
Sollowing S/(L) is identified with a polynomial ring with the induced 7" -graded structure.
Let U; C S, be vector subspaces for alli = 1,...,n and let R = K[Uy, ..., U] be the
7" -graded polynomial subring of S that they generate. Then:

(1) IfI € CS(S), then I : L € CS(S).
(2) If1 € CS(S), then I + (L) € CS(S) and I + (L)/(L) € CS(S/(L)).
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3) IfI € CS(S), then I N R € CS(R).
Moreover one has

Proposition 3.6 (1) If I € CS(S) then S/1I has multiplicity-free multidegree.
(2) Vice versa, suppose that K is algebraically closed, I is a relevant prime ideal of S,
and S/1 has multiplicity-free multidegree. Then I € CS(S).

Part (2) is proved in [4] using a different terminology.

4 Determinantal Cartwright-Sturmfels Ideals

The goal of this section is to discuss Cartwright—Sturmfels ideals that are generated by
minors of matrices. New results on the family of Schubert determinantal ideals will be
presented in Section 5.

We start by discussing generic determinantal ideals, i.e., ideals of same-size minors of
the matrix of variables. Let X = (x;;) be an m x n matrix of variables over a field K and
S=Kl[x;j:1<j=<nand1 <i < m]. We consider the Z"-graded structure on § induced
by deg(x;;) = e; € Z". In the notation of Section 2 wehavem; =m — 1for j =1,...,n
and, in accordance with usual notation for matrices, the index i varies from 1 to m. Let
I;(X) be the ideal of S generated by the z-minors of X. Clearly I;(X) is Z"-graded and our
first goal is to compute the multidegree of S/1;(X).

The multigraded Hilbert function, hence the multidegree, does not change if we replace
I;(X) with an initial ideal. The ideal I; (X) has a well-known square free initial ideal, dis-
cussed in [5, 21, 30]. It is the ideal generated by the products of the entries on the main
diagonals of the 7-minors, whose associated simplicial complex will be denoted by IT,. The
facets of I; can be identified with the families of non-intersecting paths in the grid [m] x [n]
from the starting points p; = (1,n), p» = 2,n), ..., pr—1 = (¢t — 1, n) to the endpoints
g1 =(m, 1), g0 = (m,2),....q—1 = (m, 1t — ).

For example, form = 4,n = 5,andt = 3, wehave p; = (1,5), p» = (2,5),q1 = 4, 1),
and g» = (4, 2). The following is a facet of I13:

— 1 111 <« p;
11 =22« p
1 -2 2 -

1 22— —

T 1

q1 92

depicted using the matrix coordinates and marking with “1” the lattice points which belong
to the first path (from p; to ¢g1) and with “2” the lattice points of the second path (from p»

to g2).

Each family of non-intersecting paths must have at least # — 1 points on each column.
Therefore, each facet of I, is relevant if + > 1. With the notation of Section 2, F(I1;) C
R(I1;). Summing up, by Lemma 2.4 we have

F)—1 _
Deggr,x)(Z1. ..., Zn) = Z Z?H cozen =1 @1
FeF(I1;)

where ¢;(F) = [{(a,b) € F : b = j}|.
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We introduce the generating function associated to the statistics ¢(F'). Given a collection
U of subsets of [m] x [n] we set

WU 21, Zi) =y Z ez,

FeU
so that we may rewrite (4.1) as
Degs)x)(Z1s -+ Zn) = (Z1 -+~ Z) " WEL), Z1. ..., Zo). 4.2)
Next, we give a determinantal formula for W (F(I1;), Z1, ..., Z,). One observes that the

Gessel-Viennot involution [17], used in [21] to compute |F(I1,)|, is compatible with any
weight given to the lattice points. Hence one gets immediately

W(E(L), Z1, ..., Zy) = det (W(Paths(p;, 4)), Z1, .., Z»)), ;

i,j=1,..., —1’ (43)

where Paths(p;, ¢;) is the set of the paths from p; to g;.
In the sequel, &, (L) denotes the complete homogeneous symmetric polynomial of degree
v on the set L, i.e., the sum of all monomials of degree v in the elements of L.

Lemma 4.1 Given p = (a, b) and g = (c,d) witha < c and b > d, we have

b
W(PathS(P, Q), Zi,..., Zn) = <1—[ Zi) hcfa(Zdv Zd+l7 cee Zb)-
i=d

Proof Any path P from p to g is uniquely determined by the the number of points of
intersection with the columns. Any such path must have at least one point on column j for
alld < j < b, and no points on the other columns. The only other constraint is that the
path has (b — d) + (¢ — a) + 1 points in total. In terms of c(P) = (c1(P), ..., cy(P)) the
constraints are ¢;(P) > Oifand only ifd < j < b and le‘:d cj(P)=0b—-d)+(c—a)+1.
Expressing this in terms of generating functions yields the desired result. O

We can now compute the multidegree of generic determinantal rings.

Theorem 4.2 The multidegree of the determinantal ring S/1I;(X) of an m x n matrix of
variables X with 2 < t < min{m, n} and with respect to the Z"-graded structure induced
by deg(x;;) = ej is

Degg/jx)(Z1, ... Zy) = (Zy - -~ Z,)' 7% det (Ama1—1-itj(Z1, ..., Zn))iyjzlyz ,,,,, 1
Proof Combining (4.2) and (4.3) with Lemma 4.1 we obtain

n
Degs;1,x)(Z1o-. Z)=(Z1 - Zw)~ det | | [T Zk | h-i(Z. .. Z0)
k=j i j=12,t1

For j =1,...,t — 1, the factor ]_[Z: j Z can be extracted from the determinant, hence the
monomial in front of the determinant becomes

2 t—=37t—27t-2 t—2
2,75 Z 57207 2L
while the determinant becomes

det (h—i(Zj, ..., Z,q))l.,_,.zlyzwt_1 )
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It now suffices to prove that the latter equals
2172257 Ziadet (hpi—i—ivj(Z1, o, Zn)) -

Let us explain this last equality in full detail in the case t+ = 4, which is general enough
to show all the relevant features. We wish to prove the equality

hn—1(Z1, ..., Zy) hm—l(ZZ» cos Zy) hw—1(Z3, ..., Zy)
det hm72(Z17 cees Zn) hm72(z2, ey Zn) hm72(Z3a s Zn)
hm73(zl7 ceey Zn) hm73(ZZ» ceey Zn) hm73(z3s ceey Zn)

hm—3(le ceey Zn) hm—2(Zlv sy Zn) hm—l(zls ey Zn)
= ZiZodet | hm-a(Z1, .., Zo) hw3(Z1s .o Zo) ha(Z1s .., Zo) | (44)
hin—s(Z1,....Zy) hym—a(Zy,...,2Zy) hw—3(Z1, ..., 2Zy)

In the first term of (4.4), we subtract the second column from the third and
the first column from the second. Since hy(Zji1,...,2Z,) — hy(Zj,...,2Z,) =
—Zjhy_1(Zj, ..., Zy), we can factor out —Z, from the third column and —Z; from the
second. The first term of (4.4) therefore becomes

hmfl(Zlv cees Zn) hm72(le cees Zn) hm72(Z23 e Zn)
Z1Z, det hm—2(Zly ey Zn) hm—3(Z1,...,Zy) hm—3(Z2’ ey Zn)
hm—3(Z1,...,2Zy) hin—a(Z2, ..., Zy) hiw—o(Z2, ..., Zy)

Subtracting the second column from the third and factoring —Z;, we obtain

hm—](Zlv e Zn) hm—2(Z]» cees Zn) hm—3(Zla B Zn)
~ZiZadet | hna2(Z1, .., Zn) hn3(Z1, ., Zn) hna(Z1, ..., Zy)
hm—B(Zl’ cees Zn) hm—4(Z2» cen L) hys(Zy, ..., Zn)

Finally we exchange rows one and three and then transpose. This yields

hm—S(Zlv ceey Zn) hm—Z(le ceey Zn) hm—](zl, ceey Zn)
ZiZydet | hya(Zy, ... Zn) hn3(Z1s . Zn) hna(Z0, .., Zy)
hm75(zl’ e Zn) hm74(Zla e Zn) hm73(zls e Zn)

which is the second term of (4.4). O

The determinant that appears in the statement of Theorem 4.2 is a Schur polynomial. We
refer to [26] and [29] for a treatment of the theory of symmetric functions and Schur polyno-
mials. Here we collect only the definitions and the properties that we will use in the sequel.
A partition A is a weakly decreasing sequence of non-negative integers Ai, Ao, ..., A,.
Given a partition A = A1, A, ..., A, the Schur polynomial s, (Z) associated A and with
respect to the variables

Z=2Z,....2,
is
$3.(Z) = det (h/\i—iﬂ'(z))i,j:l ..... e
By construction s3(Z) is a symmetric homogeneous polynomial of degree |A| = Y i_ A;
with integral coefficients. Denote by m, (Z) the monomial symmetric polynomial associ-
ated with the partition u = @1 > up > --- > pu, > 0, that is, the sum of the monomials in
the S,-orbit of Z/'" - - - Z}".

Since the m,(Z)’s form a K-basis of the space of symmetric polynomials, one can

express 5, (Z) as
5(2)= Y Kiumu(Z).

Wt pul=IA]

@ Springer



Radical Generic Initial Ideals

The coefficients K, ;, are known as the Kostka numbers of the pair of partitions A, . We
recall their main properties. We refer to [29, p. 309] for the definition of semi-standard
(Young) tableau.

Proposition 4.3 For every pair of partitions A = A, Ao, ..., Ay and (L = (L1, 42, ..., fn
with |A| = || one has:

M KpueN

(2) Ky > Oifandonly if » > p in the dominance order; i.e., Y ;_y i > Y i_y Wi for
everys =1,...,r.

(3) Ky, is the number of semi-standard tableaux of shape A with entries 1, ..., n and
multiplicities given by | (i.e., |41 entries are equal to 1, w, entries are equal to 2, and
S0 on).

This allows us to reformulate Theorem 4.2 in terms of Schur polynomials.

Theorem 4.4 The multidegree of the determinantal ring S/I;(X) of an m x n matrix of
variables X with 2 < t < min{m, n} and with respect to the 7*-graded structure induced
by deg(x;j) = ej is

Deggr,x)(Z1. -2 Zn) = (Z1 -+ Zp)' 2s50(2)
where
A=e0"D =¢ ¢ ... 0 wherel=m+1—t.
— —
(t—1)-times

Summing up, we have the following combinatorial description of the multidegrees of
determinantal rings.

Theorem 4.5 Let X be an m x n matrix of variables and consider S = K[X] with the 7. -
graded structure induced by deg(x;;) = ej. Let 2 < t < min{m, n} and let S/I;(X) be the
associated 7"-graded determinantal ring. Set . = €~V with£ =m + 1 —t. Forb € N
with |b| = dim S/ I;(X) — n, the multidegrees e, (S/1;(X)) satisfy the following properties:

(1) ep(S/1;(X)) is a symmetric function of b.

Q) ep(S/I;(X)) >0ifandonly ift —2 <b; <m — 1foreveryi =1,...,n.

(3) Setci =bi+1fori=1,...,n Then ep(S/I;(X)) is the number of families of non-
intersecting paths from py = (1,n),p» = 2,n),...,pi—1 = (t —1,n) to q1 =
m,1),qp = (m,2),...,qi—1 = (m,t — 1) with exactly c; points on the i-th column
fori=1,...,n.

“4) Setui =bi — @ —2)fori =1,...,n. Then ep(S/I;(X)) equals the Kostka number
K. 1 that is, the number of semi-standard tableaux of shape A with entries 1, ..., n
and multiplicities given by .

Proof (1) The fact that e, (S/1;(X)) is a symmetric function of b follows from the fact that
I;(X) is invariant under the permutation of the columns or from Theorem 4.2. Furthermore,
(3) and (4) are reformulations of Theorem 4.2 and (4.2). Finally (2) follows by applying
Proposition 4.3 part (2). O
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Example 4.6 Form =n =4andt =3 wehavethat L =m +1—t =2, —1=2and
A:Z,Z.Wich:Zl,...,Z4andz:]_[?:1 Z; we have

Degg,1yx)(Z) = 2522(Z) = z(m@2.0.0) + m@.1.1.0) + 2m1.1.1.1))
=ma33,1,1) +ma22.1 +2me222)-
By Proposition 4.3, the coefficients appearing in the expression have two combina-
torial interpretations. For example, the coefficient 2 of m (22 is the Kostka number

K2.1111, i.e., the number of semistandard tableaux of shape 2,2 with entries 1, ..., 4 and
multiplicities given by (1, 1, 1, 1):

12 13
34 24
Moreover, it is also the number of families of non-intersecting paths from p; = (1, 4),

p2=(2,4)toq; = (4, 1), g2 = (4, 2) with 3 points on each column:
11
1

NN =

NN =
DN = =

—_ = =
NSRS

p— |
NN~ |

2
We have also a geometric interpretation of the coefficient of m 2 72): it is the number of
points that one gets by intersecting the variety of 4 x 4 matrices of rank at most 2, regarded
as a multigraded subvariety of (P34, with L; x --- x L4. Here each L; is a generic linear
space of codimension 2 of P3. Interpreting the four columns of the matrix as points in P3,
the rank 2 condition means that the four points belong to a line in P? that must intersect
the four generic lines L1, ..., L4. How many lines intersect four general lines in P*>? The
answer is 2 and this a classical instance of Schubert calculus, see [14, Sect. 3.4.1] for a
modern exposition.

The computation in Example 4.6 appears also in [32] and it can be easily generalised.

Example 4.7 Form =nandf =n — 1 wehavethat { = m + 1 —¢ = 2 and A = 202,
With Z = Zy, ..., Z, and z = [ [}_, Z; we have

Degr/1, (x)(2) = " Sy00(Z) = 2" (myyy + my, +2my,)

with
n=%.2,2,0,0) ifi=1,
wi=14 "9 2.1,1,00 ifi=2,
QU= 1,1,1,1) ifi=3.

Remark 4.8 In [27, Chapter 15] the authors compute the multidegree for a large family of
determinantal ideals, the Schubert determinantal ideals, with respect to the finer multigrad-
ingdeg X;; = (e;, — fj) € Z" ®Z" with {ey, ..., ey} and {f1, ..., f,} being the canonical
bases of Z™ and Z". The ideal I; (X) is a Schubert determinantal ideals. For them the authors
observe in that the multidegree is given by a Schur polynomial [27, 15.39] (also known as
supersymmetric Schur polynomial, see [25]) which is, at least apparently, different from the
Schur polynomial that we have identified.

We are ready to state the main consequence of Theorem 4.5.
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Theorem 4.9 Let S/1;(X) be the determinantal ring of the m x n matrix of variables X
with the 7" -graded structure induced by deg(x;;) = ej, with 2 < t < min{m,n}. Then
S/1;(X) has a multiplicity-free multidegree if and only ift = 2 or t = min{m, n}.

Proof We need to prove two assertions:

Claim 1. 1f t = 2 or t = min{m, n}, then e»(S/I,(X)) € {0, 1} for all b € Z" with
b| = dim S/1,(X) — n.

Claim 2. If 2 < t < min{m, n}, then there exists b € Z" with |b| = dim S/[;(X) — n
such that e (S/I; (X)) > 1.

Claim 1 for t = 2 follows immediately from Theorem 4.2. Claim 1 fort = m < n
follows from the description of e;(S/1;(X)) in Theorem 4.5(4) in terms of semi-standard
tableau, since the corresponding shape is a single column. Finally, Claim 1 fort =n < m
can be treated as follows. By Theorem 4.5(1), e, (S/1,(X)) > Oif andonly if n —2 < b; <
m — 1 and |b| = dim S/1,,(X) — n. Setting b; = (m — 1) — ¢; and rewriting the conditions
with respect to (c1, . . ., ¢n), we have that e, (S/ I, (X)) > 0if and only if (¢, ..., c,) € N?

and >/ ¢; = m — n + 1. Hence, there are exactly elements b € N" such that

m
n—1
ep(S/1,(X)) > 0. By (2.1), >"p ep(S/1,(X)) gives the ordinary multiplicity of S/1,(X),
which is (n T | ) It follows that e, (S/1,(X)) = 1 whenever e, (S/1,(X)) > 0.

For Claim 2, by Theorem 4.5(4) it suffices to show that there exists a © € N" with
| = (t — 1)£, £ = m + 1 — ¢, and such that there are at least two semi-standard tableaux
of shape £¢~1 and entries 1, ..., n with multiplicities given by . One can take

¢ ifi=1,2,...,0-3,
Je—titi=r—2,0-1,
Mi=11 ifi=t1+1,
0 ifi=t+2,...,n

Fori = 1,...,t — 3, the i-th row of any semi-standard tableau of shape £¢~" and multi-
plicities given by u consists of exactly £ entries equal to i. So we may simply assume that
t = 3. Similarly, we may assume thatn =t + 1 =4,sothatu =¥ —1,£ — 1,1, 1). Now
for j =1, ..., m—4the j-th column must have entries 1 and 2. Again we may then assume
that m = 4, hence £ = 2. Now it is clear that there are exactly two tableaux of shape 2,2
and multiplicities given by (1, 1, 1, 1), namely those described in Example 4.6. O

As a corollary of Theorem 4.9 we have
Corollary 4.10 Let S/I;(X) be the determinantal ring of the m X n matrix of variables X

with the 7" -graded structure induced by deg(x;;) = ej, with 1 < t < min{m, n}. Then
1;(X) is Cartwright—Sturmfels if and only ift = 1,2 or t = min{m, n}.

Proof The case t = 1 is obvious, so we may assume ¢ > 1. Since I;(X) is a relevant prime,
the conclusion follows combining Theorem 4.9 and Proposition 3.6. O

The fact that 1> (X) is Cartwright—Sturmfels has been proved directly (i.e., without using

Proposition 3.6) by Cartwright and Sturmfels in [6], hence the name. For I;(X) with t =
min{m, n} it has been proved directly in [8].
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Combining Corollary 4.10 with Proposition 3.5, which states that any multigraded lin-
ear section of a Cartwright—Sturmfels ideal remains Cartwright—Sturmfels, we obtain the
following result, originally proved in [11, Main Theorem].

Theorem 4.11 Let A = (a;j) be an m x n matrix whose entries are Z"-multigraded with
deg(aij) = ej foralli, j. Let I;(A) be the ideal of t-minors of A. Then I;(A) is Cartwright—
Sturmfels for t = 1, 2, min{m, n}.

In particular when #+ = 1,2, min{m, n} then I;(A) has all the properties of the
Cartwright—Sturmfels ideals listed in Proposition 3.4. When m < n every maximal minor
of A has a different Z"-degree and we obtain a more precise statement.

Corollary 4.12 Under the assumptions of Theorem 4.11, if m < n then the maximal minors
of A form a universal Grobner basis of I, (A).

Remark 4.13 1t is natural to ask whether the ideal /; (A) can be Cartwright—Sturmfels, under
the assumptions of Theorem 4.11 and for 2 < ¢ < min{m, n}. The answer is yes if A is
very special (for example when I;(A) = 0) and no for a general enough A (for example
if I;(A) has the expected codimension). Nevertheless, notice that the generators of 7;(A)
have squarefree Z"-degrees, hence cannot have factors of multiplicity larger than one. This
suggest that I;(A) might always be radical. It turns out that this is not the case: In [12,
Example 7.2] the authors give examples of non-radical coordinate sections of determinantal
ideals.

The multidegree of S/I;(A) for t = 2, min{m, n} was essentially computed in [9].
Indeed, in that paper we computed the prime decomposition of the multigraded gin of 7, (A),
from which the multidegree is easily derived.

5 Schubert Determinantal Ideals and Matrix Schubert Varieties

Matrix Schubert varieties were introduced by Fulton in [16]. They are defined by rank
conditions. In this section, we show that many defining ideals of matrix Schubert varieties
are Cartwright—Sturmfels. We start by fixing the notation and recalling the definitions.

Let X = (x; ;) be an n x n matrix of variables over a field K andlet S = K[X] = K[x;; :
1 <i, j < n]. We consider the Z"-graded structure on S induced by deg(x;;) = e; € Z".

In the notation of Section 2, this corresponds to letting m; = n — 1 for j = 1, ..., n. For
M a matrix of sizen x nanda, b € {1, ..., n}, let M,p be the submatrix of M consisting
of the entries in position (i, j) where i < a and j < b.

Denote by S, the group of permutations on the set {1, ..., n} and let w € S,,. We write

w in line notation, i.e., w = w; -+ - w, if w(i) = w;. We associate to w the rank function
ro i {l,...,n)* > N defined by

ro(i, j) = [{(k, £) = (i, j) | k = o}l

where (k, £) < (i, j) is the coefficentwise inequality. In other words, let P, be the permu-
tation matrix corresponding to w, that is, Pye; = e, ;- Then r, (i, j) is the number of ones
in the submatrix (M,,);x ;. Notice that this is the transpose of the usual definition of rank
function, see e.g. [24, Section 1.3]. We choose this notation in order to be coherent with the
7" -grading that we defined in Section 2.
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Definition 5.1 Letm <nandletw=w; ---w, € S, andv =v; --- Uy € Sy,. We say that

w contains v if thereare 1 <i; < ... < i, < n such that wi; < wj, if and only if v; < vy.
Else, we say that w avoids v. A permutation @ € &, is vexillary if it avoids the

permutation 2143 € Sy. In particular every permutation in S, with n < 3 is vexillary.

To each permutation, one associates a Rothe diagram and an essential set as follows.

Definition 5.2 The Rothe diagram associated to w € S, is
Do={G, NIl <ij=n oj>i @ >j)
The essential set of w is
Ess(w) ={(i,j) € Dy | ( +1,7), (G, j+ 1) &€ Dy}

Notice that, as for the rank function, these are the transpose of the usual Rothe diagram
and essential set of a permutation.

Example 5.3 Let w = 1432 € Sy. The permutation 1432 is vexillary and has Rothe diagram
Diszn = {(2,2), (2, 3), (3,2)} and essential set Ess(1432) = {(2, 3), (3, 2)}. The Rothe
diagram can be visualized as follows: We draw a 4 x 4 grid and place a bullet in position
(w;, i) for each i. For each bullet in the grid, we draw a segment starting from it and ending
on the right side of the grid and one starting from the bullet and ending on the bottom of the
grid. Then D143; is the set of boxes in the grid without a bullet in them or a segment through
them. The elements of D143, appear in gray in the figure and the elements of Ess(1432) are
the lower outside corners of the Rothe diagram, that is, the boxes in the Rothe diagram so
that neither the box on their right nor the box below them belongs to the Rothe diagram.

1

Finally, the rank function can be easily read off the above figure as follows: r1432(i, j) is
the number of bullets which are contained in the top-left justified subgrid of size i x j. For
example, from the figure above one sees that r1432(i, j) = 1ifi + j <5, rjaz2(, j) = 2if
i+ j=06,ru430, j)=3ifi+j=7 and ri432(4,4) = 4.

Definition 5.4 Let w € S,,. The Schubert determinantal ideal associated to w is
Io="Y_ Iaj1(Xixj) .
The matrix Schubert variety associated with w is the corresponding affine variety, i.e.,
Xo ={M € K" | tk(M ;) <1o(, j)forall 1 <i, j <n}.

Notice that Schubert determinantal ideals are Z"-graded, since the minors that generate
them are. Moreover, by [16, Lemma 3.10] we have that

Io=" Y Iajpr1(Xix)).
(i.j)€Ess(w)
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Let

Yo = U, j)eBss(w) Xix
be the one-sided subladder of X whose lower outside corners are the elements of the essen-
tial set of w. Y, is the set of variables of X that appear in at least one of the generators
of I,,. Consider the ideal generated in K[Y,,] by the minors that generate I, that is, con-
sider I, N K[Y,] € K[Y,]. Then I, N K[Y,] is Z"-graded, where v = max{j | (i, j) €
Ess(w) for some i} is the number of columns of Y.

The family of Schubert determinantal ideals contains that of one-sided ladder determi-
nantal ideals. More precisely, consider mixed one-sided ladder determinantal ideals. These
are a generalization of the classical one-sided ladder determinantal ideals, where the lad-
der can have corners in the same row or column and we take minors of different sizes in
different regions of the ladder, see e.g. [19, Definition 1.4]. In [16, Proposition 9.6] it is
shown that the family of mixed one-sided ladder determinantal ideals coincides with that
of Schubert determinantal ideals associated to vexillary permutations. Every permutation is
vexillary for n < 3 and the only non-vexillary permutation in S4 is 2143. However, for large
n, the proportion of vexillary permutations tends to zero as n tends to infinity [25]. There-
fore, for large enough n, (mixed) one-sided ladder determinantal ideals are a small subset
of Schubert determinantal ideals.

Example 5.5 Consider the permutation v = 1432 € &4 from Example 5.3. Its Schubert
determinantal ideal is /1437 = I (X2x3) + [0(X3%x2) = Ih(Y1432) where Y1430 = Xox3 U
X302 is the subladder of X33 consisting of its first two rows and columns.

The ideal I1430 € Klx;; |1 < i,j < 4]is Z4—graded with respect to the grading
induced by letting deg(x;;) = ¢e; € Z*. One can also regard /1437 as an ideal in K[Y1432] =
Klxij |1 <i,j<3,3,J) #@3,3)], whichis Z3-graded graded with respect to the grading
induced by letting deg(x;;) = e; € Z°.

The next result follows by combining a recent result by Fink, Mészaros, and St. Dizier
[15] with results by Knutson and Miller [24] and by Brion [4]. It characterizes the Schubert
determinantal ideals which are Cartwright—Sturmfels.

Theorem 5.6 Assume that K is algebraically closed. Let w € S, and let 1,, C S be the
associated Schubert determinantal ideal. The following are equivalent:

(1) I, € CS(S),

(2) I,NK[Yy] € CS(K[Yo)),

(3) w avoids the permutations 12543, 13254, 13524, 13542, 21543, 125364, 125634,
215364, 215634, 315264, 315624, and 315642.

If this is the case, then the multigraded generic initial ideal and all the initial ideals of 1,
are Cohen—Macaulay. Moreover, 1, has a universal Grobner basis consisting of elements of
multidegree < (1,...,1,0,...,0) € Z", where the number of ones appearing in the vector
is equal to the number of columns of Y,,,.

Proof By [15, Theorem 4.8], the Schubert polynomial of w is multiplicity-free if and only
if @ avoids the permutations 12543, 13254, 13524, 13542, 21543, 125364, 125634, 215364,
215634, 315264, 315624, and 315642. Moreover, the Schubert polynomial of @ coincides
with the dual multidegree of S/I, by [24, Theorem A]. Therefore, @ avoids the 12 permu-
tations listed above if and only if the only coefficients appearing in the dual multidegree of
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S/1,, are zero and one. Notice moreover that S/1, and K[Y,]/1, N K[Y,] have the same
dual multidegree.

If 1, is Cartwright—Sturmfels, then S/I, and K[Y,]/1, N K[Y,] have multiplicity-free
multidegree by Proposition 3.6. Moreover, the ideal I, € S is prime by [16, Proposi-
tion 3.3]. In [10, Lemma 2.3], we discussed the relation between the multidegree Deg,,(Z)
and the dual multidegree Deg},(Z). In particular we showed that, under our assumptions,
they are two different encodings of the same numerical data. In particular, Deg,,(Z) is
multiplicity-free if and only if the only coefficients in Deg},(Z) are zero and one. This
proves that (1) implies (3) and (2) implies (3).

Conversely, suppose that (3) holds. Then S/, and K[Y,,]/1, N K[Y,] have multiplicity-
free multidegrees by [10, Lemma 2.3]. Since /,, C S is prime, the multigraded generic initial
ideal of I, is radical and Cohen—Macaulay by [4, Theorem 1] (see also [10, Theorem 1.11]
for a formulation in our terminology). This proves (1). The same argument proves (2). The
rest of the statement follows from Proposition 3.4. O

The next result follows by combining Theorem 5.6 and Proposition 3.5.

Corollary 5.7 Let S = K[x;; |1 < j < n, 0 <i < mj] be endowed with the standard
7""-grading induced by deg(x;;) = e; € Z" and assume that K is algebraically closed. Let
A = (a;j) be an n x n matrix whose entries are Z!"-multigraded with deg(a;;) = e; € Z"
foralli, j. Let w € S, and assume that w avoids the permutations 12543, 13254, 13524,
13542, 21543, 125364, 125634, 215364, 215634, 315264, 315624, and 315642. Let

LA = > LapnAi)= Y ILap+i(Aix) S8
i j=1,...n (i,j)€Ess(w)
Then 1,(A) is Cartwright—Sturmfels.

In [20] Hamaker, Pechenik, and Weigandt study the following system of generators for
Schubert determinantal ideals.

Definition 5.8 Let X’ be the matrix obtained from X = (x;;) by specializing x;; to 0
whenever r,, (i, j) = 0. The CDG generators of I, are the elements of the set

{xij | ro(, j) =0} U {(ru(, j) + 1)-minors ofX;Xj | (i, j) € Ess(w)}.

In their paper, Hamaker, Pechenik, and Weigandt formulate the following conjecture,
which was later proved by Klein in [23]. We recall that a diagonal Grobner basis is a Grobner
basis with respect to a diagonal term order, that is, a term order that selects the product of
the elements on the main diagonals of the minors as initial monomials.

Theorem 5.9 (Conjecture 7.1 in [20], Corollaries 3.17 and 4.2 in [23])) Let € S,.
The CDG generators are a diagonal Grobner basis for 1, if and only if w avoids the
permutations 13254, 21543, 214635, 215364, 215634, 241635, 315264, and 4261735.

Combining Theorems 5.6 and 5.9, one obtains the following immediate corollary.

Corollary 5.10 Let w € S,,. If 1, is Cartwright—Sturmfels, then the CDG generators are a
diagonal Grobner basis.
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Proof Notice that the permutations 214635 and 241635 contain 13524 and the permutation
4261735 contains 315624. Therefore, if w avoids the list of permutations in the statement
of Theorem 5.6, then it also avoids the permutations listed in Theorem 5.9. O

By comparing the lists of permutations in the statements of Theorems 5.6 and 5.9, one
sees immediately that there are Schubert determinantal ideals which are not Cartwright—
Sturmfels, but whose CDG generators are a diagonal Grobner basis.

Example 5.11 Let w = 13524 € Ss and let I, = I5(X2x3) + I3(X4x3) be the associated
Schubert determinantal ideal. Since the generators of [, are minors of Y, = X4x3, we may
replace X by X4y3 and let S = K[X4x3] = K[x;; | 1 <i <4,1 < j < 3]. In particular, §
and 1,, are Z3-graded by letting deg(x;j) =e¢; € 73,

The dual multidegree of /1, is Z3Zy + Z3Z3 + Z1 23 + 221 Z2Z3 + Z1 23 + Z3Z3 +
Zy Z%, in particular it is not multiplicity-free, so I, is not Cartwright—Sturmfels.

The CDG generators of [, are the 2-minors of X3 and the 3-minors of X4x3. Fix the
lexicographic order with x;; > x¢ if eitheri < kori = k and j < £. This is a diagonal
term order. One can check by direct computation that the CDG generators are a Grobner
basis of 1.

6 Binomial Edge Ideals

The next theorem appeared first as [9, Theorem 2.1]. Giulia Gaggero [18] pointed out to us
that the proof given in [9] contains a mistake. Indeed the equation

u(x2Fip — x1F,) = ux, Fi

that is used in [9, p. 242] is not correct. The problem comes from the fact that in the proof
we treated the F;; as if they were the 2-minors of the matrix ¢ (X) (notations as in [9]) but
that it is true only up to a scalar that has been used to make them monic, hence the mistake.
Here we present a correct and somehow simpler proof of [9, Theorem 2.1].

Let us set up the notation. Let G be a graph on the vertex set {1, ..., n} and let X be the

2 x n matrix of variables
X=<x1 xz...xn).
yYr y2 c: yYn
Denote by A;; the 2-minor of X corresponding to columns i, j, i.e., A;; = x;y; —x;y;. We
consider the binomial edge ideal of G
Jo = (4;; : {i, j} is an edge of G)

of S = K[x1,...,Xn, Y1, ..., yn]. Binomial edge ideals were introduced in [22] and [28].
We consider the Z"-graded structure on S induced by letting deg(x;) = deg(y;) = ¢; € Z".

Theorem 6.1 ([9, Theorem 2.1]) The multigraded generic initial ideal of J is generated
by the monomials yg, - - - ya,XiXj, wherei,ay, -+ , ay, j is apathin G. In particular Jg is a
Cartwright=Sturmfels ideal, therefore all the initial ideals of Jg are radical and reg(Jg) < n.

Proof Consider any term order such that x; > y; for all i. To compute the generic initial
ideal, we first apply a multigraded upper triangular transformation ¢ to Jg, i.e., for every i
we have ¢ (x;) = x; and ¢ (y;) = a;x; + y; with @; € K. We obtain the matrix

X1 ) cee Xn
X =
¢(X) <061x1+y1 a2x2+y2--~04nxn+yn>
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whose 2-minors are
Xi Xj
Aii) = — ) xix: 4+ A
o( z;) wixi +yi ajxj+yj (05] az)xzx]+ ij

Assume that o; # «; fori # j. We multiply ¢ (4;;) by the inverse of &; — o; and obtain
Fij =XiXj— )\iinj
with
hij = (i —a)”",
so that F;; is monic. For later reference, we observe the following: forindices 1 <i < j <
k < n, consider the S-polynomial S(Fj, Fj). Expanding S(Fjx, Fji) we have
S(Fik, Fjr) = xj Fix — xi Fjx = —AjeyjXixp + AikyixjxXe + (A jk — Aik) YeXiX ;.
Performing division with reminder by Fiy, Fj, F;j we obtain
S(Fiks Fjk) = —Ajryj Fix + Aikyi Fjk + W jx — Aik) ye Fij +r.
The remainder r is
r=—=AjpyjrikAik + AikYirdjk Ajr + A jk — Min) Yerij Aij,
that is,
r=Ajkhik(=yjAik + yiAji) + (jk — Aik) Yihij Aij-
Using the syzygy among minors
Vidjk —yjAik + yeAij =0
we have
r=Ajphik (=Y Aij) + A jk — Aik) Yirij Aij = (—Ajehik + Ajkhij — MikAij) Ve Aij
and
—Ajkhik + Ajrhij — hikhij =0,
which can be checked by direct computation. Hence r = 0 and
S(Fik, Fjr) = =X jkyjFik + Xikyi Fjk + (A jr — M) ye Fij - (6.1)
Now we return to the ideal Jg and its image under ¢:
¢ (Jg) = (Fjj : {i, j} is an edge of G).
Set
F={y,Fij:i,ai,...,ay, jisapathin G},
where

Ya = Yay *** Ya,-
It suffices to prove that F is a Grobner basis for ¢ (Jg), for every ¢ such that o; # «; for

i # j. We first observe that ' C ¢(Jg), i.e., Yo Fij € ¢ (Jg) forevery pathi, ay, ..., ay, j
in G. Since F;; and ¢(4;;) differ only by a non-zero scalar, we may as well prove that
Ya®(4ij) € ¢(Jg) for every path i,ay, ..., ay, j in G. This is proved easily by induction

on v, the case v = 0 being trivial, applying to the matrix ¢ (X) the relation
(215, 220)Aji(Z) S (4ij(2), Aix(2))

that holds for every 2 x n matrix Z = (z;;) and every triplet of column indices i, j, k. In
order to prove that F' is a Grobner basis, we take two elements y, F;; and y, Fyx in F and
prove that the corresponding S-polynomial reduces to O via F. Here a = ay, ..., a, and
b=>by...,brandi,a, j and h, b, k are paths in G. We distinguish three cases:
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Case 1. If {i, j} = {h,k}, we may assume i = h and j = k. The corresponding S-
polynomial is O.

Case 2. If {i, j} N {h,k} = 0. Let u = GCD(yq, y»). Then y, Fij = u(y,/u)F;; and
Yo Fpi = u(yp/u) Fpy. Notice that (y,/u)F;j and (yp/u) Fpr have coprime leading terms,
hence they form a Grobner basis. If a Grobner basis is multiplied with a single polynomial,
the resulting set of polynomials is still a Grobner basis. Hence {y, Fij, y» Fux} is a Grobner
basis and the S-polynomial of y, F;;, yp Fi reduces to O using only y, Fij, Y Fhk-

Case 3. If |{i, j} N {h, k}| = 1. Up to permuting the columns of X, we may assume that
i=1,h=2and j =k =n.Letu = LCM(y,, y»). We have

SaFins yo Fon) = uS(F1n, Fan).
Using (6.1) withi = 1, j = 2 and k = n, and multiplying both sides by u, we obtain
SaFins Yo Fan) = —Aonyau Fin + Apy1uFon + (Aon — Ain) yntt F12. (6.2)

Since (6.1) is a division with reminder O of S(F1,, F>,) with respect to Fi,, Fa,, F12, we
may conclude that (6.2) is a division with reminder O of S(y, F1, y» F2,,) With respect to the
set F, provided that y,u Fy,, yiuF>, and y,u F1, are multiples of elements of F. Clearly
youFy, is a monomial multiple of y, F1, and yjuFy, is a monomial multiple of y, Fy,.
So we are left with y,uFyo. If u is divisible by a monomial y; = yg, --- Y4, such that

1,dy,...,d;, 2 1is a path in G, then y,u Fy, is a multiple of y; F12 € F. On the other hand,
if u is not divisible by a monomial y; = yg, - - - ya, such that 1,dy, ..., d;,2is a pathin G,
then

{l,ar,...,a,}N{2,by,....0,} =0 and u = y,yp.

In this case, 1, a, n, b, 2 is a path from 1 to 2 in G, hence y,uFi2 = y,yaypF12 € F.
This concludes the proof that the set F is a Grobner basis. The rest of the statement now
follows from Proposition 3.4. O

7 Multigraded Closures of Linear Spaces

We now return to the notation of Section 2, in particular welet S = K[x;; |1 < j <n, 0 <
i < mj] with the standard Z"-grading induced by deg(x;;) = e;.

LetT =K[x;j |1 <j<n,1=<i<mj]CS. Given anon-zero polynomial f € T
we use the variables xo1, X0z, . - . , Xon to transform f into a polynomial of S which is Z"-
graded in a “minimal” way. Explicitly, let f/ = Y \_; A;w; € T \ 0 where A; € K \ {0}
and w; is a monomial of degree b; = (b;1,...,bin) € 7Z". Letd = (di,---d,) with
dj =max{byj, ..., by;}. Then the Z"-homogenization fh(’m € S of f is defined as

r n d b
hom J0ij
f = E Ai | |x0j w; .
i=1 j=I

Notice that £"°™ is Z”-homogeneous of degree d € Z".
Given an ideal / C T, its multigraded homogenization is the Z"-graded ideal of S
Jhom — (ghom . £ e 1\ 0) C 8.
Geometrically /"™ corresponds to the closure in P11 of the affine variety defined
by I.
We denote by I* the largest Z"-graded ideal of T contained in I, i.e., the ideal generated
by the Z"-graded elements of I.
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Theorem 7.1 ([9, Theorem 3.1]) Let J be an ideal of T generated by homogeneous
polynomials of degree 1 with respect to the Z-graded structure. Then J'"™ and J* are
Cartwright—Sturmfels ideals.

Remark 7.2 Theorem 7.1 was inspired by work of Ardila and Boocher. In their paper [2],
they consider the situation m| = --- = m,, = 1. Our result recovers and generalises some
of their results. Indeed the case treated by Ardila and Boocher is special, in the sense that
the ideal J"™ is not only a Cartwright—Sturmfels ideal but also Cartwright—Sturmfels*,
a dual notion that is discussed in [10]. One important consequence of this fact is that the
multigraded Betti numbers of J equal the multigraded Betti numbers of any Z"-graded
ideal with the same multigraded Hilbert function as J. In addition, any minimal multigraded
system of generators is a universal Grobner basis of J.

Example 7.3 Letn = 3 and m|; = my = m3 = 4. We consider J = (xj1 + xj2 +x;3 : i €
[4]). With

X11 X12 X13

X21 X22 X23

X31 X32 X33

X41 X42 X43

we observe that

X11]=0 modJ,

hence I3(X) C J. Since I3(X) is Z>-graded we have also 3(X) € J*. It turns out that
actually one has /3(X) = J*. This example can be generalised, see [9, Example 5.2.] where
the result is presented with the transposed graded convention, i.e., with respect to the graded
structure induced by deg(x;;) = ¢;. Summing up, one has that for every m > n and X =
(x;j) matrix of variables with deg(x;;) = e;, the ideal /,(X) of maximal minors of X is
equal to J* where J = (Z;’-zl xijri=1,...,m).

The ideals generated by linear forms are the only Z-graded Cartwright—Sturmfels ideals.
Hence, Theorem 7.1 could be a special instance of a more general fact, that we formulate as
a question.

Question 7.4 Let I be a Cartwright—Sturmfels Z"-graded ideal of S. Suppose that we intro-
duce a finer graded structure on S, say a Z"-graded structure with r > n such that if two
variables have the same Z"-degree then they have the same Z"-degree. Then I is not nec-
essarily Z"-graded and we may consider its Z’-homogenization /"™ C S[yi, ..., y,] and
homogeneous Z”-part I*. Are "™ and I* Cartwright—Sturmfels ideals?
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