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Abstract Helicity is the scalar product between velocity and vorticity and, just like energy,
its integral is an inviscid invariant of the three-dimensional incompressible Navier-Stokes
equations. However, space- and time-discretization methods typically corrupt this prop-
erty, leading to violation of the inviscid conservation principles. This work investigates
the discrete helicity conservation properties of spectral and finite-differencing methods, in
relation to the form employed for the convective term. Effects due to Runge-Kutta time-
advancement schemes are also taken into consideration in the analysis. The theoretical
results are proved against inviscid numerical simulations, while a scale-dependent analy-
sis of energy, helicity and their non-linear transfers is performed to further characterize the
discretization errors of the different forms in forced helical turbulence simulations.
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1 Introduction

This work is concerned with the incompressible Navier-Stokes (NS) equations, which can
be written as follows

∇ · �u = 0 , (1)
∂ �u
∂t

+ �N (�u) = −∇p + ν∇2�u , (2)
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2 Fluid Mechanics and Acoustics Laboratory, École Centrale de Lyon, UMR 5509 CNRS, Lyon, France

Flow Turbulence Combust (2018) 101:343–364

/ Published online: 0188 June 2

http://crossmark.crossref.org/dialog/?doi=10.1007/s10494-018-9939-x&domain=pdf
http://orcid.org/0000-0003-0274-5260
mailto: francesco.capuano@unina.it
mailto: donato.vallefuoco@ec-lyon.fr


where �N (�u) is the non-linear convective term and ν is the kinematic viscosity. In the invis-
cid case the NS equations are replaced by the Euler equations, that possess linear as well as
quadratic invariants, i.e., linear or quadratic functions of the velocity vector whose integral
over the domain remains constant in time throughout the flow evolution. The identification
of the invariants becomes particularly straightforward upon recognizing that the inviscid NS
equations are a Hamiltonian system and can be thus written in the canonical skew-gradient
formulation

∂ �y
∂t

= D (�y) ∇H , (3)

where �y is a vector function, D is a skew-symmetric operator and H is the Hamiltonian
functional [1]. Recasting the inviscid version of Eqs. 1–2 in the skew-gradient formulation
of Eq. 3 involves either eliminating the pressure (upon projection of the velocity field onto
a divergence-free space) [2], or taking the curl of Eq. 2 [1]. Once a system is known to be
Hamiltonian, the Noether theorem can be applied to yield an association between the sym-
metries of the Euler system and conserved quantities; for instance, conservation of linear
momentum corresponds to the invariance of the Euler equations under space-time transla-
tions [3]. Here we are particularly interested in quadratic invariants. One follows directly
from Eq. 3, since the Hamiltonian functional is seen to be the total kinetic energy of the
flow,

Ke = 1

2
〈�u, �u〉 , (4)

where the inner product has been defined as 〈�u, �u〉 = ∫
�

�u · �u d�, with � the domain
under study. Another inviscid integral arises from the nontrivial kernel of the operator D ,
and corresponds to the quantity named helicity,

Kh = 〈�u, �ω〉 , (5)

where �ω = ∇ × �u is the vorticity vector. Helicity has thus been termed a Casimir invariant
of the Euler equations [4].

The discovery of helicity conservation is relatively recent and dates back to 1961 [5].
Since then, helicity has been found to play an important role in laminar and turbulent flows,
and has raised significant interest both in terms of fundamental understading and repercus-
sions in engineering applications and flows of practical interest [6]. Helicity is known to
inhibit the transfer of energy towards smaller scales, since the statistical alignment of veloc-
ity and vorticity leads to partial suppression of the nonlinear term [7, 8]. On the other hand,
the self-similar energy decay rate has been shown to be the same as in the nonhelical case,
unless rotation is present [9]. The dynamics of the joint cascade of energy and helicity con-
stitutes an interesting field of research which is very active nowadays [10–12]. Helicity is
also important in atmospheric and geophysical flows [13], while an helicity-based index is
used in biomedical research to quantify swirling motions in cardiovascular flows [14].

Upon discretization of the NS equations in space and time, the invariant character of
energy and helicity is generally lost. A significant research effort has been carried out over
the last years to develop numerical algorithms that preserve invariants also in a discrete
sense, with the aim of obtaining stable computations and physically relevant solutions. Par-
ticular attention has been paid to the development of energy-preserving numerical methods,
that have ultimately allowed stable long-time integrations and realistic representations of
the energy cascade [15–17]. For two-dimensional flows, discrete conservation of enstro-
phy (an inviscid invariant of 2D NS) has also received considerable attention due to its role
in many geophysical applications, especially in the context of finite- and spectral-element
methods [18–21]. On the other side, invariance of helicity has been very seldom considered
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in the derivation of numerical methods. Notable exceptions include the works by Liu and
Wang [22], for axisymmetric flows, and by Rebholz and coworkers (see, e.g., [23–25]), in
the framework of finite-element methods.

The aim of the present work is to investigate the discrete helicity-conservation prop-
erties of commonly used semi-discrete algorithms based on spectral, finite-difference or
finite-volume methods and Runge-Kutta time-advancement schemes. Particularly, the dis-
crete behaviour of the different formulations of the nonlinear term �N is discussed. The
effects of discretization in time are also taken into consideration in the analysis.

The paper is organized as follows. Section 2 deals with the energy and helicity bal-
ance equations in a continuous setting, along with the rules of calculus required to derive
them. The spatial and temporal discretization of the Navier-Stokes equations are presented
in Section 3, in which a fully discrete equation for the helicity evolution is also derived. In
Section 4 the numerical results are reported and discussed. Concluding remarks are given
in Section 5.

2 Conservation of Energy and Helicity

In this section, we derive the conservation laws for the two quadratic invariants of the Euler
equations. Clearly, in the viscous case, these quantities are actually not conserved but are
subject to a source term which is either strictly dissipative (for the energy) or has no definite
sign (for the helicity).

Hereinafter, we will not consider the effect of external sources (e.g., body or boundary
forces) and therefore periodic or homogeneous boundary conditions will be assumed. In
deriving the conservation laws, it will be useful to list a number of identities, which can be
readily proven using the standard rules of calculus

∇ · (�u�u) = �u · ∇ �u if ∇ · �u = 0 , (6)
∫

�

∇if d� = 0 , (7)

〈∇if, g〉 = −〈f, ∇ig〉 , (8)

〈�u, ∇ × �v〉 = 〈�v, ∇ × �u〉 , (9)

where ∇i is a generic component of the gradient operator, f and g are two generic scalar
functions and �u and �v two generic vector functions.

The energy evolution equation can be derived by scalarly multiplying Eq. 2 by �u and
taking the integral over the domain, yielding

d

d
2 (10)

The contribution from the pressure term vanishes due to use of the integration-by-parts (8)
together with the incompressibility condition (1). Similarly, for helicity one also has to take
the curl of the momentum Eq. 2 and then scalarly multiply the resulting vorticity equation
by �u. Further use of Eq. 9 and integration over � leads to

1

2

dKh

dt
+ 〈�u, ∇ × �N 〉 = ν〈�u, ∇2 �ω〉 . (11)
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The contributions from the nonlinear term in both Eqs. 2 and 11 also vanish, but the prop-
erties to be invoked to prove their cancellation depend on the formulation adopted for the
nonlinear term. This can be indeed expressed in several, analytically equivalent forms:

(Adv.) �N = �u · ∇ �u , (12)

(Div.) �N = ∇ · (�u�u) , (13)

(Skew.) �N = 1

2
(�u · ∇ �u + ∇ · (�u�u)) , (14)

(Rot.) �N = �ω × �u , (15)

which are named the advective, divergence, skew-symmetric and rotational forms respec-
tively [15, 26]. Switching from one form to another requires use of the product rule (6) and
of Eq. 1. Note that when the rotational form is used, the kinematic pressure is subsituted
by the dynamic pressure P = p + |�u|2/2. The properties required to prove cancellation of
the nonlinear term contribution in the energy and helicity equations are reported in Table 1.
Note that while the advective and divergence forms always require the use of the product
rule, only the integration-by-parts property is needed to prove energy conservation for the
skew-symmetric form. However, the skew-symmetric form still necessitates the product rule
to verify helicity invariance. On the other hand, the rotational form is automatically energy
conserving (due to orthogonality between the velocity and its cross product with vorticity),
and requires only the symmetry of the curl operator to demonstrate conservation of helicity.

The energy and helicity equations can be then integrated in time between two generic
instants t and t + �t , to yield the finite time-variation of the two invariants

�Ke

�t
=

〈
ν〈�u, ∇2�u〉

〉

�t
, (16)

�Kh

�t
=

〈
2ν〈�u ,∇2 �ω〉

〉

�t
, (17)

where �Ke = Kn+1
e − Kn

e (similarly for helicity) and 〈·〉�t is the time-average operator

over the time interval �t , i.e., 〈f 〉�t = 1
�t

∫ t+�t

t
f dt . In deriving Eqs. 16–17, which

will be useful in the following, we have implicitly employed the integration-by-parts rule
for the time-derivative operator. Indeed, given two differential equations ∂tf (t) = F and
∂tg(t) = G, where f (t) and g(t) are two continuous and differentiable functions of time,
and ∂t is a continuous time-derivative operator, the integration-by-parts rule gives

�(f · g)

�t
= 〈f · G〉�t + 〈g · F 〉�t , (18)

which is needed to prove Eqs. 16–17 upon substituting f and g with �u, and with �u and �ω
respectively.

The properties (6)–(9) and (18) do not necessarily hold at a discrete level when the con-
tinuous space and time operators are substituted by their finite-differencing counterparts, as
will be outlined in the following section.

3 Fully Discrete Energy and Helicity Evolution

The ultimate aim of this section is to derive a fully discrete analogue of Eqs. 16–17. In
doing this, we also wish to understand which of the properties listed in Table 1, as well as
Eq. 18 are retained by the discretization procedure. To this end, we employ a semi-discrete
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Table 1 Minimum set of properties required to prove cancellation of the nonlinear term contribution in the
energy and helicity equations for the various formulations of convection in a continuous setting

Energy Helicity

Eq. Property Adv. Div. Skew. Rot. Adv. Div. Skew. Rot.

(6) Product rule × × × × ×
(7) Divergence × ×
(8) Integration by parts ×
(9) Symmetric curl × × × ×

approach (also called method of lines) which is routinely used to treat the incompressible
Navier-Stokes equations numerically.

3.1 Spatial discretization

The first step of the algorithm is to derive a spatially discretized version of Eqs. 1–2, which
can be expressed as follows

Mu = 0 , (19)
du
dt

+ C(u)u = −Gp + νLu , (20)

where p(t) ∈ R
n and u(t) ∈ R

3n are the discrete pressure and velocity fields at the respec-
tive nodes of the computational mesh, and n is the total number of unknowns. Note that
the velocity u is constituted by the concatenation of the three velocity components in a col-
umn vector, i.e. u = [

ux uy uz

]T . The matrix G ∈ R
3n×n is the discrete gradient operator,

expressed as G = [Dx Dy Dz]T , where the matrices D(·) ∈ R
n×n are discrete derivative

operators along each direction and acting on a scalar variable. The discrete divergence oper-
ator M ∈ R

n×3n and the block-diagonal Laplacian L = diag(L,L,L), L ∈ R
3n×3n have

also been defined.
The spatial discretization reported in Eqs. 19–20 possibly encompasses finite-volume,

finite-difference, pseudo-spectral as well as finite-element approaches, although the details
of the various operators depend on the specific method employed; additional details will
be given further on in the paper. In what follows, it is assumed that the discretization is
built upon an orthogonal mesh with uniform step size δ, and that gradient and divergence
operators are discretized consistently, in such a way that the relation GT = −M holds. The
uniform mesh assumption is made here only for the sake of clarity; extension to the case of
orthogonal, non-uniform meshes is discussed in Section 3.3.

We are particularly interested in the convective term, which can be expressed as the
product of a linear block-diagonal convective operator C(u) and u:

C(u)u =
⎡

⎣
C x(u)

C y(u)

C z(u)

⎤

⎦

⎡

⎣
ux

uy

uz

⎤

⎦ . (21)

The operator C(u) ∈ R
3n×3n is obtained by discretizing the nonlinear term starting from

one of the possible expressions in which this can be written. As mentioned in Section 2,
while all these expressions are equivalent in a continuous framework, this is not the case
for the discrete setting. Also, the operator C assumes a specific form which depends on
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the layout of the variables on the mesh. Typically, the Navier-Stokes equations are either
discretized in a colocated arrangement, i.e., with all the variables located at the same points
of the mesh, or on a staggered grid, in which the velocity components and the pressures are
stored in different locations.

In the subsequent sections we will first analyze the colocated layout of the variables, and
then discuss the staggered one.

3.1.1 Colocated layout

In a colocated layout, the operators C x , C y and C z are identical and can assume one of the
following forms:

(Adv.) C (u) = (
UxDx + UyDy + UzDz

) ≡ A , (22)

(Div.) C (u) = (
DxUx + DyUy + DzUz

) ≡ D , (23)

(Skew.) C (u) = 1

2

(
A + D

)
, (24)

while the rotational form can be expressed as

(Rot.) C(u) = V (Ru) = −V (u)R . (25)

In the expressions above, the matricesU(·) are the diagonal matrices of the discretized veloc-
ity components along the three directions (e.g., Ux = diag(ux)). Also, V ∈ R

3n×3n is a
skew-symmetric matrix performing pointwise vector product, while R is the curl operator,
which can be expressed as follows,

R =
⎡

⎣
−Dz Dy

Dz −Dx

−Dy Dx

⎤

⎦ . (26)

The structure of the differentiation matrices involved in the definition of the various
operators depends on the particular discretization employed. In this paper we will focus
on central-differencing schemes, of both explicit and global type. Particularly, second-
order finite-difference and spectral differentiation formulas will be considered. For the
sake of clarity, it is useful to restrict the attention on a one-dimensional mesh with
periodic boundary conditions; in such a case, the discrete derivative operator D for a
second-order finite-difference formula is simply a circulant matrix formed from the vec-
tor {0, 1

2δ , 0, . . . , − 1
2δ }. A differentiation matrix with spectral accuracy is provided by

Trefethen [27], Eq. (1.5). The matrices Dx , Dy and Dz can be obtained from D by simple
expansion and re-ordering, taking into account the numbering of the computational nodes
of the three-dimensional mesh.

Generally speaking, the introduced discretization yields truncation errors, due to the
finite approximations of derivatives, as well as aliasing-type errors, due to the evaluation of
the nonlinear terms in a finite-dimensional space. These errors are likely to produce devi-
ations from the rules of calculus and therefore violation of the conservation of quadratic
invariants. As a first step, it is useful to check how the discrete operators behave with respect
to the properties listed in Table 1. To this end, we introduce a discrete inner product, which
under the current assumptions simply reads

〈�u, �v〉 → uT v. (27)

The discrete integration-by-parts rule is easily verified for central-differencing formulas,
including compact schemes and Fourier differentiation, which all lead to skew-symmetric
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derivative matrices. Indeed, in such cases, assuming two discrete functions u and v on a
periodic domain, and a generic derivative operator D, one has

uT Dv = vT DT u = −vT Du , (28)

which is the discrete analogue of Eq. 8. It is worth to note that Eq. 28 holds regardless of
the scheme order (i.e., the truncation error), as well as of the presence of aliasing errors.
This was already shown by Kravchenko and Moin [28] using Fourier expansion. The diver-
gence property is also easily proven assuming that the discrete derivative operators behave
consistently with respect to a constant function. In this case, one has simply

1T Du = −uT D1 = 0 , (29)

where 1 is the unit vector. As a consequence of using central-differencing schemes, the curl
operator reported in Eq. 26 also turns out to be symmetric as in the continuous case, Eq. 9,
being a skew-symmetric block matrix constituted by skew-symmetric blocks. On the other
hand, it is straightforward to verify that the product rule is in general violated by the discrete
approximation. Although this property is restored in case of dealiased spectral schemes, for
finite-differencing methods of any order the product rule does not hold at a discrete level,
even if aliasing errors are removed [28]. A summary of the properties is reported in Table 2.

In light of the above considerations, and upon comparison with Table 1, one could
already infer the consequences of using the various formulations of the nonlinear term. Fur-
ther insight, however, is gained by deriving the semi-discrete, time-continuous energy and
helicity equations. The discrete energy is defined as e = uT u/2, whereas the discrete helic-
ity reads h = uT ω, where ω = Ru is the discrete vorticity vector. The energy equation has
been widely reported elsewhere [15, 17] and reads

de

dt
= −uT C(u)u − uT Gp + νuT Lu . (30)

While the pressure term vanishes as a consequence of the continuity equation (assuming
Mu = 0 and the consistency relationGT = −M), the convective term contribution depends
basically on the formulation employed for it. It is easy to show that Eq. 24 yields a skew-
symmetric convective operator provided that the schemes satisfy the discrete integration-by-
parts rule, while the expression (25) is skew-symmetric a priori. On the other hand, this does
not happen for none of the operators given by Eqs. 22 and 23. As a consequence, only the
skew-symmetric and the rotational forms of the convective term preserve energy spatially in
the inviscid case. This circumstance was soon recognized [29], and since then there has been
a long debate regarding the use of these two forms, which allow stable long-time integration
[30, 31]. While the rotational form is much more cost-effective than the skew-symmetric
one, it is generally agreed that its aliasing errors are higher than those provided by the skew-
symmetric form [29]. Indeed, aliased simulations carried out with the skew-symmetric form
proved to be very similar to the de-aliased ones [28].

Table 2 Requirements for a spatial discretization on a colocated grid to satisfy the rules of calculus

Eq. Property Requirement

(6) Product rule Fully de-aliased spectral differentiation

(7) Divergence Consistent scheme (D1 = 0)

(8) Integration by parts Central-differencing scheme (incl. explicit, compact, spectral)

(9) Symmetric curl Central-differencing scheme (incl. explicit, compact, spectral)
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Here, we are especially interested in how the helicity balance is affected by the two
energy-conserving forms. A relation analogous to Eq. 30 can be derived by scalarly multi-
plying Eq. 20 by ω, then by multiplying the curl of Eq. 20 by u, summing the two equations
and using the symmetry of R. The result is

1

2

d

d
u RC u u u RGp u RLu (31)

The pressure term cancels as long as RG = 0, which is clearly the discrete analogue of
∇ × ∇p = 0 and is a well-known condition in the context of discrete vector calculus [32].
The convective contribution depends again on the formulation employed for the convective
term. In particular, the rotational form preserves helicity, provided that the curl operator
is symmetric. Indeed, upon substitution of the convective operator, C(u) = −V(u)R, the
nonlinear contribution reads

uT RV(u)Ru = 0 , (32)

and cancels due to the skew-symmetry of V and the symmetry of R. On the other hand, the
skew-symmetric, as well as the advective and divergence forms do not yield cancellation of
the nonlinear term contribution in the helicity equation. The above conclusions are in line
with those that can be inferred by comparing Tables 1 and 2. Indeed, the skew-symmetric
form requires the product rule to prove conservation of helicity, whereas for the rotational
form only the symmetry of the curl operator is needed; the former property is not satisfied
discretely (unless aliasing and truncation errors are removed), while the latter holds for any
central-differencing method.

We finally observe that the fact that the discrete skew-symmetric form does not yield
conservation of helicity, despite providing a skew-symmetric convective operator, can be
intutively linked to the nature of the helicity invariance. As mentioned in the Introduction,
this is in fact not related to the skew-gradient nature of the Euler equations, but rather to
the degeneracies of the Hamiltonian operator. In other words, both the skew-symmetric and
the rotational forms yield a semi-discrete system that can be recast as Eq. 3, but only one of
them also possesses helicity as an inviscid invariant.

3.1.2 Staggered layout

The colocated arrangement is simple and straightforward to implement, although its use
is often complicated by the well-known odd-even decoupling phenomenon, which leads to
checkerboard patterns for the pressure field [33]. Also, truncation errors are generally big-
ger for colocated arrangements. Nevertheless, this layout is still employed in many modern
codes and special techniques have been developed to avoid the pressure-velocity decou-
pling [34–36], although some of these methods may introduce unphysical dissipation in the
numerical solution, slightly affecting the conservation of both energy and helicity. A com-
mon remedy is represented by the staggered layout, in which the pressure and the velocity
components are stored in different locations of the computational cell. The most popular
staggered arrangement was proposed by Harlow and Welch [37], and is outlined in Fig. 1.

A general matrix analysis, similar to the one performed for the colocated case, becomes
particularly lengthy and involved for the staggered layout, and is beyond the scope of this
paper. For an extensive analysis of staggered methods in matrix formulation, the reader
is referred to [38]. Here, we focus on the widespread scheme proposed by Harlow and
Welch (HW) [37], and test its properties numerically in Section 4. The HW scheme is a
second-order method which relies on the divergence form of the convective term, as well
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Fig. 1 Locations of the velocity components, vorticity components and pressure in a three-dimensional
staggered layout

as on proper interpolation operators. The overall spatial discretization is widely detailed
elsewhere (see [16, 17], among others). Here, with reference to Eq. 21 and Fig. 1, we recall
the computation of the non-linear term, that for the x-component reads

1

δ

(
Cx(u)ux

)
i+1/2,j,k = (ux)

2
i+1,j,k − (ux)

2
i,j,k

+(uxuy)i+1/2,j+1/2,k − (uxuy)i−1/2,j−1/2,k

+(uxuz)i+1/2,j,k+1/2 − (uxuz)i−1/2,j,k−1/2 , (33)

with analogous relations for Cy(u)uy and Cz(u)uz. In Eq. 33, all the quantities not directly
available on the mesh are obtained by second-order interpolation, e.g.

(ux)i,j,k = 1

2

[
(ux)i+1/2,j,k + (ux)i−1/2,j,k

]
, (34)

and similarly for the other ones.
The HW scheme has several interesting properties: it preserves momentum a priori (i.e.,

regardless of mass conservation) as well as kinetic energy in the inviscid case, defined again
as the inner product uT u/2 (note however that other definitions are also possible, [39]).
Indeed, it can be shown that the discretization in Eq. 33 leads to a skew-symmetric convec-
tive operatorC(u), provided thatMu = 0 [38]. On the other hand, to the authors’ knowledge
the helicity-conservation properties of the HW scheme have not been documented thus far
in literature. Note that the definition of helicity on a staggered grid is ambiguous, due to
the relative positioning of velocity and vorticity components, see Fig. 1. Here, we consider
three possibilities. The first is the natural extension of the inner product already defined for
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the colocated layout, uT ω, with each variable located at its position. Alternatively, one can
compute helicity either at the vertices or at the centers of the computational cell,

h|vertices = (uxωx + uyωy + uzωz)i+1/2,j+1/2,k+1/2 , (35)

h|centers = (uxωx + uyωy + uzωz)i,j,k , (36)

by making use of proper interpolation operators. We explicitly note that three interpolations
have to be performed for each term to gather all the required variables in the same location
(refer also to Fig. 1). In the first case (vertices), the velocity components have to be inter-
polated twice and the vorticity components once. For cell centers, the velocity components
have to be interpolated once and the vorticity components twice.

3.2 Temporal discretization

Once the Navier-Stokes equations have been spatially discretized, one is left with Eqs. 19–20,
for which a further discretization in time is required. The semi-discrete equations constitute
an index-2 Differential Algebraic system [40], due to the presence of the pressure, which
acts as a Lagrange multiplier to ensure the incompressibility constraint. A system of ODE
is formally obtained upon introducing a projection operator P,

du
dt

= f̃(u)u , (37)

where f̃ = Pf and f (u) = −C (u) + νL, with P = I − GL −1M and L = MG. Time
advancement of Eq. 37 is now straightforward and can be carried out by means of any ODE
solver. In general, the discretization in time will in turn spuriously contribute to the energy
and helicity balance, unless proper care is taken, as shown in the following. Here we will
focus on the class of Runge-Kutta (RK) time-advancement methods. RK schemes are very
popular in the fluid dynamics community due to their favorable properties, such as their
self-starting capability and relatively large stability limit.

A general s−stage Runge-Kutta method applied to Eq. 37 can be expressed as

un+1 = un + �t

s∑

i=1

bĩf(ui )ui , (38)

ui = un + �t

s∑

j=1

aij̃ f(uj )uj , (39)

where aij and bi are the RK coefficients. The RK coefficients are often arranged into the
so-called Butcher tableau [41], and are usually constructed to maximize the temporal order
of accuracy of the method p; for s ≤ 4, schemes with p = s can be obtained. Note that
the role of the projection operator is to enforce incompressibility at each time instant and at
each sub-step through the solution of a Poisson equation for pressure. This is often done in
practice through a fractional-step method [42].

Similarly to the spatial case, we first proceed to check whether the integration-by-parts
rule for the time-derivative operator, Eq. 18, is retained by the RK method. The discrete
analogous of Eq. 18 reads

�(f̂ · ĝ)

�t
= 〈f̂ · Ĝ〉�t + 〈ĝ · F̂ 〉�t , (40)
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where ·̂ indicates the time-discrete variable. In Runge-Kutta methods, the average over the
time interval is properly defined as

〈f G〉�t →
s∑

i=1

bifiGi , (41)

which is reminiscent of the quadrature rule at the base of RK methods. Upon simple
manipulations, one has

�(f̂ · ĝ)

�t
= 〈f̂ · Ĝ〉�t + 〈ĝ · F̂ 〉�t − �t

∑

i,j

(
biaij + bjaji − bibj

)
F̂iĜj . (42)

In practice, upon comparison of Eq. 42 with Eq. 40, it is evident that RK schemes do not
satisfy a discrete integration-by-parts rule unless the identity

gij ≡ biaij + bjaji − bibj = 0 (43)

is verified for every i, j . The condition (43) is very well known in the community of so-
called geometric integration methods, and is the requirement for a RK method to preserve
all the quadratic invariants of a system [43]. Also, for irreducible RK methods, Eq. 43 is
a necessary and sufficient condition for the method to be symplectic. Schemes satisfying
Eq. 43 are necessarily implicit.

The derivation of fully-discrete balance equations for energy and helicity is now straight-
forward. Again, the expression for the kinetic energy variation introduced by Eqs. 38–39
has been derived elsewhere [15, 44, 45] and is reported here for convenience,

�e

�t
= ν

s∑

i

biuT
i Lui − �t

2

s∑

i,j

gijuT
i f̃

T (ui ) f̃
(
uj

)
uj , (44)

where it has been assumed that the spatial discretization is energy conserving.
We focus hereinafter on the fully discrete evolution equation for helicity, which reads

�h

�t
= 2ν

s∑

i

biuT
i RLui − 2

s∑

i

biuT
i RC (ui )ui − �t

s∑

i,j

gij̃ fT (ui )R̃f(uj ) . (45)

Note that the equations of both energy and helicity resemble the generic structure given in
Eq. 42. Particularly, the three terms appearing in the right-hand side of Eq. 45 are respec-
tively the contribution of the discretized (physical) viscous dissipation, the spatial error
term due to convection, and the temporal error. The spatial error behaviour follows from the
results already obtained in Section 3.1, e.g., it vanishes for the rotational form on a colocated
layout. The temporal error stems from the possible lack of the integration-by-parts rule.
Therefore, only symplectic RK methods are able to preserve energy and helicity in time in
case of inviscid flow. This is not surprising, since these two quantities are inviscid invariants
of the Navier-Stokes equations, and, as mentioned above, RK methods satisfying gij = 0
preserve all the quadratic invariants of a system. When energy- and helicity-preserving
methods are employed both in space and time, Eqs. 44–45 become the discrete counter-
parts of Eqs. 16–17, i.e., the induced balance equations of energy and helicity are correctly
enforced, regardless of scheme order, grid size and time step [44]. On the other hand, the
discrete dissipation rate is obviously still affected by spatial and temporal discretization
errors, when compared to its exact counterpart.

As far as time-integration is concerned, it is worth to note that recently Capuano et al.
[46] developed special explicit Runge-Kutta methods for the fluid flow equations, named
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pseudo-symplectic, with the aim of preserving kinetic energy in time up to an order q,
with q > p. Nonetheless, these schemes have actually order q for the conservation of any
quadratic invariant, and are therefore applicable also for the purpose of preserving helicity
(or enforcing the correct helicity balance) in time to a higher order of accuracy.

By collecting the outcome of the preceding sections with known literature results
[15, 16], the conservation properties (also including mean momentum and energy) of the
Navier-Stokes algorithms analyzed in the paper are reported in Table 3. Any explicit RK
method produces an error in the conservation of quadratic invariants, although the mean
momentum is preserved, since all Runge-Kutta methods preserve linear invariants [47].
Only the rotational and the skew-symmetric forms on a colocated layout, and the staggered
HW scheme are able to preserve kinetic energy, although the condition Mu = 0 (as well as
the usual consistency relation GT = −M) must hold. Remarkably, both the convective and
the pressure terms in the helicity equation vanish regardless of the discrete enforcement of
continuity, and therefore a discretization based on the rotational form preserves helicity a
priori (assuming RG = 0). Note that the rotational form, coupled to a symplectic integrator,
is able to preserve mean momentum, energy and helicity in the inviscid case.

3.3 Extension to orthogonal nonuniform meshes

The hypothesis of uniform Cartesian grids made in the preceding sections can be easily
extended to orthogonal nonuniform meshes by taking into account a relevant inner product,

e = uT Su , h = uT Sω , (46)

where S ∈ R
3n×3n is a diagonal matrix containing the metrics of the mesh. In this case

Eq. 20 is most properly recast as follows

S
du
dt

+ C(u)u = −SGp + νLu , (47)

and the proper relation between the gradient and the divergence operators is GT S = −M.
The requirements for energy conservation follow straightforwardly by taking again the

inner product of Eq. 47 with u, leading to the same conditions as in the uniform case, i.e., a

Table 3 Conservation properties of mean momentum, energy and helicity for 3D Navier-Stokes discretiza-
tions, for various forms of the nonlinear term and symplectic (symp.) or explicit (expl.) Runge-Kutta schemes.
Algorithms 1-5 refer to a colocated grid, Algorithm 6 is the Harlow-Welch scheme described in Section 3.1.2.
The discrete integration-by-parts rule is assumed to hold. + conservative a priori, ◦ conservative if and only
if continuity is discretely satisfied, × non conservative

Algorithms Momentum Energy Helicity

# Space Time Space Time Space Time Space Time

1 Rot. Symp. ◦ + ◦ + + +
2 Rot. Expl. ◦ + ◦ × + ×
3 Skew Symp. ◦ + ◦ + × +
4 Skew Expl. ◦ + ◦ × × ×
5 Div. Expl. + + × × × ×
6 HW Expl. + + ◦ × × ×
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skew-symmetric convective operator C(u). Proof of discrete helicity conservation requires
more care. If ω = S−1Ru, then h = uT Ru and the semi-discrete helicity evolution reads

1

2

dh

dt
= −uT RS−1C(u)u − uT RGp + νuT RS−1Lu . (48)

The convective term contribution again nullifies when using the rotational form on a
colocated layout. Indeed, in this case one has uT RS−1C(u)u = uT RS−1V(u)Ru = 0,
due to the symmetry of R and the skew-symmetry of S−1V. This latter property can
be easily proven by considering a simple re-ordering of the variables on the mesh, of
the type u = {ux,1, uy,1, uz,1, . . . , ux,n, uy,n, uz,n}; then, S−1 has the form
diag{s1, s1, s1, . . . , sn, sn, sn}−1, while the operator V becomes a block-diagonal oper-
ator constituted by 3 × 3 skew-symmetric matrices performing pointwise vector product.
The multiplication of these operators provides in turn a skew-symmetric matrix. For what
concerns the pressure contribution, the condition RG = 0 must still hold.

With a careful choice of the discrete differential operators, extension to general unstruc-
tured meshes is also possible in principle, but will not be detailed here.

4 Numerical Results

All the numerical results presented in this section have been produced by a pseudo-spectral
code in a three-dimensional periodic box. The code employs a classical implementation
based on a Fourier-Galerkin method [48]. This choice has allowed very efficient computa-
tions and the possibility to analyze the numerical errors in a scale-dependent way through
spectra of energy, helicity and their non-linear transfers. It was also possible to analyze the
effects of truncation errors by mimicking standard non-dealiased finite-difference schemes,
on both a colocated and a staggered arrangement, via the modified wavenumber approach,
and to produce accompanying de-aliased spectrally resolved computations for comparison.
It is worth to recall that the modified wavenumber approach consists in substituting the
wavenumber vectors used for the computation of spectrally-accurate derivatives with their
finite-difference counterparts [28]. For instance, for a second-order colocated scheme, the
modified wavenumbers for the first- and second-derivative read respectively

k′(k) = sin (kδ)

δ
, k′2(k) = 2 (1 − cos (kδ))

δ2
, (49)

where δ is the grid size. The staggered scheme has been mimicked by introducing proper
shift and averaging operators to take into account the necessary interpolation procedures.
For all the simulations the time step �t is selected based on a CFL-like condition with
CFL=0.5.

4.1 Inviscid helical dynamics

As a first test, we have simulated an inviscid system with the aim of isolating the errors
coming from the discretization of the nonlinear term and the time-advacing scheme. We
have thus solved the Euler equations on a grid composed by 323 points, and tested the
various algorithms listed in Table 3 coupled with various Runge-Kutta methods and both
with second-order and spectral accuracy. The initial condition is the superposition of two
Arnold-Beltrami-Childress (ABC) flows [49] at the wavenumbers k1 = 4 and k2 = 6.

The time evolutions of energy and helicity are shown in the left and right part of Fig. 2
respectively. The colocated algorithms have been used with full spectral accuracy and with
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Fig. 2 Time evolution of global energy and helicity for Euler dynamics using algorithms from Table 3
(except where specified, spectral accuracy and a RK4 scheme are used): Algorithm 1 (solid line); Algorithm
2 (×); Algorithm 2 with II order accuracy (�); Algorithm 2 with II order accuracy and 4p7q RK scheme [46]
(�); Algorithm 4 (•); Algorithm 6 (dashed line). t0 = e−1/2k−1

1 is the system characteristic time scale

the classical fourth-order Runge-Kutta scheme (RK4), except for two runs, in which the
rotational form has been coupled to a second-order spatial scheme, and to both a second-
order scheme and a pseudo-symplectic RK method. Particularly, the explicit six-stage
scheme with p = 4 and q = 7 (named 4p7q) has been tested; the reader is referred to [46]
for details. The symplectic scheme in Algorithm 1 is the Gauss midpoint method.

The results fully confirm the theoretical predictions. The rotational form preserves helic-
ity spatially, although it produces significant deviations in both quadratic invariants when
used with an explicit time-advancement scheme. This behaviour is attributed to the promi-
nent accumulation of energy at smaller scales typical of spectrally truncated conservative
inviscid systems, which causes the temporal error of the RK method to be significant.
Remarkably, the RK error is dissipative for energy (as is well known), but productive for
helicity. A possible explanation for this circumstance might be related to the character of the
temporal error term in Eq. 45, although an in-depth analysis was not carried out to explain
this behaviour. It is also worth to remark that the temporal errors observed here are particu-
larly emphasized by the energy accumulation mechanism described above; the contribution
of the time-integration error is typically less relevant in the context of practical simulations
of real turbulent flows.

When the rotational form is used in conjunction with a second-order scheme, the
errors are much less pronounced, likely due to the attenuation of the high-wavenumber
energy content by the finite-difference derivative method. In this regard, note that the
group of second-order runs has a different initial helicity content due to truncation errors
affecting the computation of initial vorticity. The beneficial impact of the higher-order con-
servation properties of the pseudo-symplectic RK method is evident in keeping the two
invariants practically constant, as done to machine precision by the fully conservative Algo-
rithm 1, that was able to preserve energy and helicity within a relative error (defined as
(e(t) − e(0)) /e(0), and similarly for helicity) of order 10−14.

The skew-symmetric form is shown to dissipate the initial helicity content in few char-
acteristic times. On the other hand, on equal spatial accuracy, the skew-symmetric form has
a better behaviour on energy than the rotational form, due to its well-known favorable alias-
ing cancellation properties [28]. When coupled to a lower-order scheme (not shown here),
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the behaviour of the skew-symmetric form is qualitatively very similar to the one already
described for the rotational formulation.

The staggered Harlow-Welch scheme is found to dissipate helicity, with a rate similar
to the colocated skew-symmetric form. Actually, both the expressions proposed to compute
helicity in a staggered layout, Eqs. 35–36 have been found to be practically coincident from
a numerical point of view. It can thus be concluded that the classical energy-conserving
second-order staggered method does not preserve helicity, at least with the definitions of
vorticity and helicity given in Section 3.1. The colocated divergence form (Algorithm 5)
diverged immediately due to violation of energy conservation, while Algorithm 3 is not
shown as it behaved similarly, in terms of helicity evolution, to its counterpart using RK4.

The analysis reported above has allowed to confirm the theoretical results and gain pre-
liminary insights into the behaviour of the two energy-conserving forms. With the aim of
obtaining scale-dependent information, we have computed energy and helicity spectra for
the solution of spherically truncated Euler equations, i.e. the system obtained by truncat-
ing the Euler equations in Fourier space at a wavenumber |k| = kmax. In the absence of
numerical errors, this truncated system preserves energy and helicity. In correspondence of
the statistically stationary state (absolute or statistical equilibrium), exact expressions for
the spectra of both energy and helicity are available [50],

E(k) = 4π

α

k2

1 −
(

β
α

)2
k2

, H(k) = 8πβ

α2

k4

1 −
(

β
α

)2
k2

, (50)

where α and β are constants that depend on the energy and helicity contents. The statistical
equilibrium is governed by a single non-dimensional parameter, e.g. the relative helicity
Hrel = Kh/(2kmaxKe). In the non-helical case, i.e. Hrel = β = 0, the helicity spectrum
vanishes and the energy spectrum becomes simply

E(k) = 4π

α
k2 . (51)

In the performed simulations kmax = 42 and the initial condition is again the sum of two
Arnold-Beltrami-Childress (ABC) flows with k1 = 28 and k2 = 30, similarly to the test
proposed in [51], yielding Hrel = 0.687. The same algorithms described in the previous
case are tested here with exception of the case with the pseudo-symplectic method.

Energy and helicity spectra are reported in Fig. 3. The fully conservative computation
matches very closely the exact solution, while Algorithm 2 (rotational form with spec-
tral accuracy) is slightly dissipative due to the temporal dissipation of the explicit scheme.
Importantly, the computation employing Algorithm 4 (skew-symmetric form with spectral
accuracy, explicit) drives the system towards the non-helical equilibrium solution, i.e. the
relative helicity vanishes and E(k) is proportional to k2, see Eq. 51. The behaviour of Algo-
rithm 2 when the accuracy of the spatial derivatives is reduced to second order deserves
attention. Although this method preserves energy and helicity spatially and with overall
good accuracy (even better than its spectral version, see Fig. 1), the energy and helicity spec-
tra are distorted with respect to the analytical solution, and present significant errors over
almost all the wavenumber range, which can be attributed to the interaction of the truncation
error with the mechanism of nonlinear helicity transfer. We conjecture that this distorsion
is also responsible for the aforementioned reduced energy and helicity dissipation arising
from the temporal error. However, a cross-comparison with a low-order scheme based on
the skew-symmetric form cannot be performed in this inviscid framework since the helicity
is quickly dissipated.
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Fig. 3 Energy and helicity spectra in spherically truncated Euler dynamics for various algorithms from
Table 3: Algorithm 1 (solid line); Algorithm 2 (×); Algorithm 2 with II order accuracy (�); Algorithm 4 (•);
exact solution given by Eq. 50 (thick gray line)

4.2 Forced helical turbulence

In this section, the effect of the spatial discretization errors related to the convective
term is investigated through viscous helical simulations. In all cases, time-advancement is
performed through a fourth-order RK scheme.

We choose to force our simulations at large scales in order to achieve a statistically
stationary state and then compute spectra by time averaging. The selected forcing scheme
is the helical Euler forcing [52, 53], which is inspired by the truncated Euler dynamics: the
lowest-wavenumber modes, corresponding to wavevectors k such that |k| ≤ kF (kF is the
largest forcing wavenumber), obey the three-dimensional incompressible Euler equations
and are independent of the other modes. Therefore, we set kF = 2.5 and inject both energy
and positive helicity in the range k ≤ kF = 2.5. The relative helicity of the Euler system,
defined as KE

h /(2kF KE
e ), is equal to Hrel = 0.967.

Energy and helicity are then transferred to higher wavenumbers down to the dissipative
scales, where they are dissipated. It is worth to recall the Lin equations for energy and
helicity spectra, which read

∂E(k)

∂t
= Te(k) − 2νk2E(k) + �e(k) , (52)

∂H(k)

∂t
= Th(k) − 2νk2H(k) + �h(k) , (53)

where �e(k) and �h(k) are linked to the external forcing and vanish in the unforced range
k > kF = 2.5. The non-linear transfers Te(k) and Th(k) represent the ratio of net energy and
helicity transfered to scale k through non-linear interactions among modes. For an energy-
or helicity-conserving discretization, the sum of Te(k) or Th(k) over all scales vanishes,
while a non conservative discretization leads to a net global transfer. Under the assumption
of statistically stationary flow, and restricting the balance to the unforced scales, Eqs. 52–53
reduce to

Te(k) = 2νk2E(k) , (54)

Th(k) = 2νk2H(k) , (55)
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that is, energy and helicity transfers are balanced by viscous dissipation.
Three simulations are performed with the aim of studying the behaviour of the rota-

tional and the skew-symmetric forms: a reference simulation, spectrally resolved and fully
de-aliased (2/3 rule) with a 1923 resolution (that is, 1283 effective resolution); a second-
order 1283 simulation employing the rotational form; and a second-order 1283 simulation
employing the skew-symmetric form. Table 4 reports some relevant parameters of these
three runs.

Spectra and statistical quantities are obtained by time-averaging over 310 turnover
times after the statistically stationary state has been reached. The large-scale resolution is
L/(2π) = 0.11 (L is the integral scale and 2π is the periodic domain size), while the small
scale resolution is kmaxη = 1.12 (η is the Kolmogorov scale and kmax = 64 is the maximum
resolved wavenumber). The Reynolds number is Re = L

√
2/3e/ν = 173.

The energy and helicity spectra are plotted in Fig. 4.
The energy spectra of both the rotational and skew-symmetric algorithms almost super-

pose with the reference solution spectrum. Only at the smallest resolved scales, in the
dissipative range, the discretization error in the rotational simulation causes an energy pile-
up, in accordance with previous observations [29]. On the other hand, the departure of the
skew-symmetric algorithm from the exact energy spectrum is significantly smaller, and of
the same order as the slight pile-up of the reference solution. The small departure from the
exact solution in terms of energy is confirmed by the values of the global contents of energy
reported in Table 4, the relative error for the rotational form being twice the one yielded by
the skew-symmetric.

As for the helicity spectra in Fig. 4, the differences among the three simulations are
larger. Surprisingly, the rotational form seems to yield a larger departure from the exact
helicity spectrum with respect to the skew-symmetric form, despite its helicity-preserving
property. In particular, for the skew-symmetric form the helicity spectrum is negligibly
larger than the reference one at low wavenumbers, while being significantly lower at smaller
scales. On the other hand, for the rotational form, helicity is clearly too large over almost all
the resolved range, becoming lower than the reference values only at the smallest resolved
scales, due to the slight helicity pile-up in the de-aliased spectrally resolved simulation.
These observations are confirmed by the global helicity contents reported in Table 4.

At this point, it is worth to investigate why the discretization error in the (helicity-
conserving) algorithm based on the rotational form affects the helicity spectrum more than
for the skew-symmetric case, which does not conserve helicity. In this regard, it is worth
to preliminarily remind that although energy- and helicity-preserving methods satisfy the
global balance equations to machine precision, the discretization error still affects the veloc-
ity unknowns, and thus might alter both the scale-by-scale nonlinear transfer as well as
the viscous dissipation rate. In light of these clarifications, it appears from Fig. 4 that,
while discrete energy conservation leads to accurate energy spectra, the helicity-preserving

Table 4 Parameters of helical turbulence simulations. KE
e and KE

h are the energy and helicity contents of
the Euler system. εe and εh are the energy and helicity average dissipation rates

Algorithms e/KE
e h/KE

h

∑
Te(k)/εe

∑
Th(k)/εh

Deal. 2.16 1.82 −0.012 −0.021

Rot. 2.22 1.95 −0.015 −0.0032

Skew. 2.19 1.86 −0.005 −0.13
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Fig. 4 Energy and helicity spectra in forced helical turbulence for the de-aliased spectrally resolved
formulation, the rotational formulation and the skew-symmetric formulation

property is not sufficient to reproduce the correct helicity spectrum. Therefore, we pro-
ceeded to carry out a scale-dependent conservation analysis to further characterize the effect
of discretization errors on helicity.

We thus compute the energy and helicity non-linear transfers Te(k) and Th(k). Table 4
reports the sums of the transfers over scales 0 ≤ k ≤ kmax. For the energy and helicity
transfers in the spectrally resolved dealiased algorithm and rotational algorithms, these sums
are slightly negative, due to the fact that wavevectors outside the kmax-radius sphere have
not been included. As expected, the sum of the helicity transfers in the skew-symmetric
simulation is significantly different than zero, and in particular it is negative, meaning that
helicity is being numerically dissipated. The nonlinear transfers Te(k) and Th(k) are plotted
in Fig. 5.

For clarity, only the positive values in the unforced range are shown. As expected, for
the energy transfers the error is low, the rotational form showing larger values at the largest

Fig. 5 Energy and helicity transfer spectra in forced helical turbulence for the de-aliased spectrally resolved
formulation, the rotational formulation and the skew-symmetric formulation
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scales (close to the forcing scale) as well as at the dissipative scales. Importantly, the skew-
symmetric helicity transfer almost superposes with the reference one at larger scales, while
it becomes significantly lower than the reference computation at smaller scales. The rota-
tional simulation shows helicity transfer values larger than the exact spectrum over almost
all the resolved range, and only at the dissipative scales does Th(k) become smaller than in
the de-aliased spectrally truncated case.

As a result, while for the skew-symmetric form the discretization error affects mainly the
small scales (causing a numerical helicity dissipation) and leaves the helicity budget basi-
cally unaltered at large scales, for the rotational form the nonlinear transfer Th(k) results to
be significantly distorted by the discretization error, leading to an increased helicity cascade,
although its integral over all scales vanishes. These observations explain the good behaviour
of the skew-symmetric algorithm and the poor behaviour of the rotational algorithm in
reproducing the exact helicity spectrum.

5 Conclusions

The Navier-Stokes equations possess two inviscid quadratic invariants: the total kinetic
energy 〈�u, �u〉/2 and the total helicity 〈�u, �ω〉. While the former is intimately related to the
conservative structure of the Euler equations, the latter comes instead from the degeneracies
of the Euler operator and, like energy, plays a fundamental role in turbulent flows. Upon
discretization, the invariant character of the aforementioned quantities is generally lost due
to numerical errors, and particularly due to the lack of the product rule at a discrete level
and the contamination of truncation and aliasing errors. Numerical methods capable of pre-
serving energy and helicity might be highly desirable for reliable computer simulations of
turbulent flows, although the impact and interference of truncation errors have also to be
taken into consideration.

In this work, we have characterized the helicity conservation properties of commonly
used discretization algorithms for the Navier-Stokes equations, with particular reference to
the formulation employed to express the convective term. It has been found that, for a colo-
cated layout, spatial conservation of helicity (or, in the viscous case, strict enforcement of
the discrete helicity balance) is possible through the use of the rotational form. On the other
hand, the energy-preserving and widely used skew-symmetric form fails to preserve helic-
ity. As far as the time integration is concerned, implicit symplectic methods are required
to satisfy conservation of both quadratic invariants to machine accuracy, while explicit
pseudo-symplectic schemes can ensure higher-order conservation.

Numerical simulations have been carried out in both inviscid and viscous cases. The
inviscid cases have fully confirmed the theoretical results and demonstrated that the skew-
symmetric form dissipates the initial helicity content in few characteristic times. On the
other hand, the rotational form was able to conserve both energy and helicity, although its
behaviour was found to be strongly dependent on the spatial accuracy of the schemes (i.e.,
the truncation error). When used in conjunction with a second-order method, the rotational
form displayed a significant error with respect to the exact energy and helicity spectra pre-
dicted by Kraichnan at absolute equilibrium. The inviscid results have also shown that the
popular staggered Harlow-Welch scheme does not preserve helicity. As an additional result,
it was found that explicit Runge-Kutta schemes, which are typically dissipative for energy,
can instead be productive for helicity.

In the viscous case, we performed finite-difference simulations of forced helical tur-
bulence at moderate Reynolds number. The simulations have highlighted that, despite
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the global conservation properties of the rotational form, the results obtained with the
skew-symmetric form are overall in better agreement with the reference dealiased spectral
simulation. The explanation for this counter-intuitive behaviour was obtained by perform-
ing a scale-by-scale analysis of the nonlinear energy and helicity transfers. It was found that
the helicity-conservation error of the skew-symmetric form is primarily biased towards the
smaller scales. In particular, a depletion of the helicity transfer is observed, which causes a
helicity dissipation affecting only the small-scale part of the helicity spectrum. On the other
hand, the nonlinear transfer produced by the rotational form was found to be significantly
distorted, leading to helicity spectra in disagreement with the reference solution.

It can thus be concluded that a correct representation of the nonlinear transfer pro-
cess by the numerical method is at least as important as its global conservation properties.
The fully conservative Algorithm 1 (rotational form on a colocated layout) in conjunc-
tion with spectral accuracy was able to capture the exact energy and helicity spectra very
well in a spherically-truncated, inviscid framework. However, when the rotational form
was used with a second-order finite-difference method to perform a forced simulation of
helical turbulence, the effects of truncation and aliasing errors eventually overtook the
favourable conservation properties of this algorithm. At the same time, the skew-symmetric,
energy-preserving formulation suffered a significant dissipation of helicity at the higher
wavenumbers. Further research is thus warranted to combine conservation of quadratic
invariants with favourable truncation and aliasing errors properties. This is especially true
for the staggered layout, in which the additional degrees of freedom provided by the arrange-
ment of the variables on the grid might give room for further improvement; in this regard,
the theoretical framework recently developed in [38] can be of help. Also, the staggered grid
would be able to eliminate the need for (possibly dissipative) remedies to the checkerboard
problem.

A couple of additional points are worth mentioning for future work. In this paper, the
analysis and the test cases were limited to periodic boundary conditions. The extension
to more general cases should be such that the symmetry properties of the discrete oper-
ators remain unchanged. Particularly, the discretized derivative operators should preserve
the summation-by-parts rule with the inclusion of the boundary terms. This topic is cur-
rently the subject of extensive research in the context of the so-called summation-by-parts
methods, especially for higher-order schemes; the reader is referred to [54] for a recent
review on the subject, and to [36, 55] for recent examples of energy-preserving boundary
conditions. Finally, three-dimensional spectra of energy and helicity and of their nonlinear
transfers have been analyzed in this work. For future studies, it is important to explore the
effects of the numerical method and conservation properties also on higher-order statistics,
for instance those concerning fluctuations of helicity, such as the ones analyzed in [56].

Compliance with Ethical Standards

Conflict of interests The authors declare that they have no conflict of interest.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Flow Turbulence Combust (2018) 101:343–364362 



References

1. Olver, P.J.: A nonlinear Hamiltonian structure for the Euler equations. J. Math. Anal. Appl. 89(1), 233–
250 (1982)

2. Arnold, V.I.: Hamiltonian nature of the euler equations in the dynamics of a rigid body and of an ideal
fluid. In: Vladimir, I. (ed.) Arnold-Collected Works, pp. 175–178. Springer (1969)

3. Olver, P.J.: On the Hamiltonian structure of evolution equations. In: Mathematical Proceedings of the
Cambridge Philosophical Society, vol. 88, pp. 71–88. Cambridge University Press (1980)

4. Holm, D.D.: Geometric Mechanics: Part I: Dynamics and Symmetry. World Scientific Publishing
Company, Singapore (2011)

5. Moreau, J.J.: Constantes dun ilot tourbillonnaire en fluide parfait barotrope. C. R. Acad. Sci. 252(19),
2810 (1961)

6. Moffatt, H., Tsinober, A.: Helicity in laminar and turbulent flow. Annu. Rev. Fluid Mech. 24(1), 281–312
(1992)
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