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We describe a qubit linearly coupled to a heat bath, either directly or via a cavity. The main focus of the
paper is on calorimetric detection in a realistic circuit, specifically a solid-state qubit coupled to a resistor as
an absorber. The bath in the model is formed of oscillators initially in the ground state with a distribution of
energies and coupling strengths. A direct numerical solution of the Schrödinger equation for the full system
including up to 106 oscillators in the bath verifies the expected decay process. We address quantitatively the
question of separation of the qubit and bath by adding a cavity in between which by detuning allows one to
adjust the decay rate into a convenient regime for detection purposes. Most importantly, we propose
splitting a quantum to two uncoupled baths and performing a cross-correlation measurement of their
temperatures. This technique enhances significantly the signal-to-noise ratio of the calorimeter.
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I. INTRODUCTION

Quantum decay, a century-old problem [1–12], is
experiencing a renaissance thanks to advances and
increased interest in quantum technology. Atomic and
subatomic physics and later materials physics were the
main fields of application of quantum theory in the early
twentieth century. Toward the end of the millennium, solid-
state artificial quantum systems, in form of nanostructures,
turned quantum science largely into quantum engineering
[13]. In this context, new aspects of open quantum systems
[14] become interesting, for instance, in the domains of
quantum thermodynamics and single quantum detection,
where decay of open quantum systems is associated with
transfer of energy in the form of heat [15–20], which we
propose here to be detected calorimetrically [21,22]. One of
the most challenging problems in this context is the
continuous detection of low-energy photons, emitted by
an artificial quantum system, e.g., a superconducting qubit.
In this paper, we model and analyze the decay of such a
system into a heat bath formed of bosonic oscillators. We
apply the results on concrete systems, namely, on-chip
quantum devices coupled to resistive elements as baths.
Besides the direct coupling, we analyze a realistic setup

where a superconducting cavity is placed between the qubit
and the bath. Because of the presence of the cavity, the
decay rate can be tuned, and it exhibits so-called global and
local regimes [23], with a crossover between them deter-
mined by the coupling parameters.
As to modeling, it is well recognized that it is not

possible to solve the Schrödinger equation of the whole
universe, meaning the system coupled to an infinite
reservoir. Instead, one needs to resort to approximate
solutions, like weak coupling master equations that find
the partial density matrix of the quantum system only,
tracing out the environment. This limitation is, of course,
true for an infinitely large reservoir, but one can solve the
time evolution of the system and environment exactly for a
large but finite number of degrees of freedom in the bath as
we do in the current paper. By doing this, we manage to
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FIG. 1. Schematic illustration of an open quantum system.
(a) The system is linearly coupled to oscillators forming the bath
with distributed couplings and energies. (b) Physical realization
of (a) with corresponding colors, in the form of a superconducting
qubit coupled capacitively to a resistor.
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propose new insight and methods to the currently active
line of research of quantum detection, in particular,
continuous single microwave quantum calorimetry, which
presents a still-elusive holy grail in experimental research
[21,24–26]. Several methods have been proposed and
tested experimentally, and they promise reasonable sig-
nal-to-noise ratios in microwave photon detection under
ideal conditions [24–36]. Here, we demonstrate a new
approach based on splitting the photon energy to two
uncorrelated baths and measuring the coincident absorption
by a cross-correlation technique. We demonstrate theoreti-
cally that the signal-to-noise ratio of detecting a photon can
be enhanced significantly, meaning that even with a less
ideal measuring setup, as often is the case in a real
experiment, one can still resolve these events and the
energy of the absorbed photon.
In Sec. II, we start by presenting the model in a general

setting. A description of technicalities of solving directly
the Schrödinger equation numerically follows next together
with solutions. In Sec. II B, we discuss the importance of
randomness of the parameters for the reservoir to act as a
true heat bath. Section II serves, among other things, as a
sanity check of the model we use. Section III deals with
physical realizations. In Sec. III A, we start by a discussion
of electrical circuits. Specifically, we make a connection of
the abstract coupling coefficients and the spectrum of the
oscillators to the concrete circuit parameters. The rest of the
paper addresses the problem of detecting small packets of
energy of a quantum system, i.e., single-photon detection
by calorimetry. Some aspects of this question have been
theoretically addressed, e.g., in our recent work with a
realistic model for the calorimeter [27]. In order to consider
the actual experimental setup, we place a harmonic cavity
between the quantum system and the reservoir in Sec. III B.
In such a setup based on the hierarchy of coupling strengths
in the system, in particular, the internal couplings among
the quantum elements and those to the heat bath, one can
observe the full crossover between different regimes and
address the decay dynamics (Sec. III C). One can also
adjust the decay rate at will by Purcell-like detuning of the
cavity and qubit and change the decoherence rate in all
regimes. Last but not least, we propose decay of the qubit
into multiple baths in order to boost the detection efficiency
in a cross-correlation measurement. This is a somewhat
enigmatic issue of whether a single quantum released by a
qubit can be observed simultaneously by two detectors
operating by the principle of calorimetry (Sec. IV). We
propose a cross-correlation experiment on two uncorrelated
thermal absorbers in Sec. IVA. In addressing these prob-
lems, we mimic a real heat bath by including a large
number (up to 106) of oscillators, bringing it closer to a
resistor bath with approximately 108 degrees of freedom
(electrons) in a typical experiment [24]. The main
benefit and motivation of using a large number of oscil-
lators is, however, that we avoid unphysical population

revivals and the results become statistically stable. The
paper is closed in Sec. V by a summary and a list of open
questions.

II. DESCRIBING THE OPEN QUANTUM SYSTEM

A. The model

We first consider a qubit with level separation ℏΩ
coupled to a bath of N oscillators with energy of the ith
oscillator equal to ℏωi. The Hamiltonian reads then

Ĥ ¼ ℏΩâ†âþ
XN
i¼1

ℏωib̂
†
i b̂i þ

XN
i¼1

γiðâ†b̂i þ âb̂†i Þ; ð1Þ

where â ¼ jgihej for the qubit with eigenstates jgi (ground)
and jei (excited) and b̂†i ðb̂iÞ is the creation (annihilation)
operator of the oscillator i in the bath. The first two terms
form the noninteracting Hamiltonian Ĥ0 ¼ ℏΩâ†âþP

N
i¼1 ℏωib̂

†
i b̂i of the qubit and oscillator bath, respectively.

The third term represents the coupling between the qubit
and the oscillators in the bath as V̂ ¼ P

N
i¼1 γiðâ†b̂i þ âb̂†i Þ.

We take positive real and random valued γi with uniform
distribution from 0 to their maximal value γi;max unless
otherwise stated. They incorporate the coupling of the qubit
with each oscillator in the bath, shown by the blue arrows in
Fig. 1(a). Later in this section, we discuss the importance of
randomness in environment parameters from a decoherence
point of view. For the concrete examples in what follows,
we typically take a flat distribution of oscillator energies
aroundΩ. The perturbation V̂ in the interaction picture with
respect to Ĥ0 reads

V̂IðtÞ ¼
XN
i¼1

γiðâ†b̂ieiðΩ−ωiÞt þ âb̂†i e
−iðΩ−ωiÞtÞ: ð2Þ

We aim to solve the Schrödinger equation iℏ∂tjψ IðtÞi ¼
V̂IðtÞjψ IðtÞi of the whole system including the bath
oscillators. The basis of the Fock states that we use is
formed of the states fj0i¼ j1000…0i; j1i¼ j0100…0i;…;
jii¼ j00…1ðithÞ…0ig, where the first entrance in each basis
vector refers to the qubit and from the second on to each of
the N oscillators in the bath. We thus exclude multiple
occupations. The initial state of the whole system (qubit
and oscillator bath) is jψ Ið0Þi≡ j0i, meaning that only the
qubit is in the excited state jei. This corresponds to the
ground state of the bath oscillators but with the qubit
excited, e.g., by a π pulse.
Justification of the initial state.—The argument in

support of the initial ground-state approximation lies in
the separation of energy scales in the system under study.
This justification holds for experiments on nanocalorim-
etry, where lower temperature T yields improved oper-
ation [24]. For superconducting qubits, we have typically
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ℏΩ=kB ∼ 0.3…1 K, whereas the temperature in an experi-
ment T ∼ 0.01 K. This makes it very unlikely to excite
relevant environmental modes, since e−ℏΩ=kBT ≲ 10−13.
Very low-energy oscillators, if any, can be thermally
excited, but they couple to the qubit by a factor of
approximately ðγi=ℏΩÞ2 more weakly than the resonant
ones and can, thus, be considered as isolated, since in
most of our realistic simulations γi=ℏΩ < 10−4. This
narrows down the Hilbert space in the treatment to a
single microstate coupled to states with no or maximally
one excitation. By doing this, we can model the whole
system. All this is possible only because of the particular
but experimentally fully relevant situation where the bath
is essentially at zero temperature as compared to the
energy of the qubit. In contrast, at temperatures compa-
rable to the qubit energy, finding an appropriate basis
would seem to be a formidable task because of the
astronomically large number of possible microstates of
the bath.
In the given basis, the time evolution of the state of the

whole system, jψ IðtÞi ¼
P

N
i¼0 C iðtÞjii, follows

iℏ _C 0ðtÞ ¼
XN
j¼1

γjeiðΩ−ωjÞtC jðtÞ;

iℏ _C iðtÞ ¼ γie−iðΩ−ωiÞtC 0ðtÞ: ð3Þ
Thus, for instance, C 0ðtÞ is the amplitude and jC 0ðtÞj2 the
population of the qubit, and similarly for the bath oscil-
lators with i ¼ 1; 2;…; N. In what follows, when we
discuss numerical results we refer to direct integration of
Eqs. (3) for the present system and later Eqs. (13) for the
hybrid one. We find the following integro-differential
equation governing the amplitudes C iðtÞ:

iℏC iðtÞ¼
Z

t

0

dt0γie−iðΩ−ωiÞt0

þ
Z

t

0

dt0γie−iðΩ−ωiÞt0
Z

t0

0

dt00
XN
j¼1

γjeiðΩ−ωjÞt00C jðt00Þ;

ð4Þ
with C 0ð0Þ ¼ 1 and C ið0Þ ¼ 0 for i ¼ 1; 2;…; N, con-
sistent with our initial condition. It is worth making a note
that we do not impose an artificial boundary between a
quantum system and classical environment (Heisenberg
cut). Instead, the whole entity is described by a wave
function, but, thanks to the randomness of the environment
parameters, the oscillators form a heat bath. The decay
theory connects in a straightforward manner to the main
theme of this paper, the thermal detection of single quanta.
Namely, the energy transferred from the qubit to the bath
(oscillators) at time t reads δEðtÞ ¼ P

i ℏωijb̂iðtÞj2, which
by energy conservation equals ℏΩ½1 − jC 0ðtÞj2�.
We realize a direct numerical solution of the Schrödinger

equation for the full system including up to 106 oscillators

in the bath and analytic solutions of it. After the initial
excitation of the qubit, the decay process in different time
intervals verifies quantum decay in short time quadratic
(Zeno), long time exponential, and eventually power-
law relaxation regimes [4–7]. An example of such a
simulation is shown by the blue line in Fig. 2 based on
the given parameters. For comparison, one can solve
Eq. (4) iteratively, which corresponds to perturbation
analysis with weak coupling of γi. Based on the mentioned
initial conditions, the population of the qubit in the lowest

order jC ð0Þ
0 ðtÞj2 ≡ 1 −

P
N
i¼1 jC ð0Þ

i ðtÞj2 for the two different
regimes is as follows. For the short times Δωt ≪ 1, where
Δω denotes the width of the uniform distribution of ωi

symmetrically around Ω, we obtain jC ð0Þ
0 ðtÞj2 ¼ 1 − Λ2

0t
2

with Λ2
0 ¼

P
N
i¼1 γ

2
i =ℏ

2 ≡ Nhγ2i i=ℏ2, where h:i denotes the
average over all the oscillators. This result represents the
quadratic Zeno result. For longer times, one obtains linear
dependence based on the present approximation as

jC ð0Þ
0 ðtÞj2 ¼ 1 − Γ0t; ð5Þ

where
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FIG. 2. Decay of the qubit population, jC 0ðtÞj2, calculated
numerically based on the presented model. We assume N ¼ 105

oscillators with uniform distribution of couplings between the
qubit and reservoir 0 ≤ γi ≤ γi;max, with overall decay rate
Γ0 ¼ 0.1 Ω. The blue decaying line shows the fully random
case with uniform distribution of energies of the oscillators
(Δω ¼ 2 Ω). Inset: The dash dotted line shows the exponential
decay jC 0ðtÞj2 ≃ expð−Γ0tÞ closely following the numerical
result shown by a solid blue line calculated as in the main panel
but with N ¼ 106 for increased accuracy. The rest of the curves in
the main panel demonstrate the significance of the randomness of
reservoir parameters and couplings on qubit decay. The gray line
[pure cos2ðΛ0tÞ] is the result for Δω ¼ 0, i.e., for oscillators
which all have the same energy ωk ¼ Ω. The green line presents
an intermediate case with Δω ¼ 0.3 Ω with partial revivals.
Finally, the dark red line is for the oscillators all having the
frequency ωk ¼ 0.4 Ω. In this case, the population of the qubit
never vanishes but oscillates between a nonzero value and unity.
All the traces are aligned at short times up to Ωt ≃ 3.
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Γ0 ¼
2π

ℏ2

XN
i¼1

γ2i δðωi − ΩÞ ¼ 2π

ℏ2
ν0hγ2i i ð6Þ

denotes the actual decay rate of the qubit. Here, ν0 ¼
N=Δω is the density of oscillators in ω≡ ωi − Ω and δðxÞ
denotes the Dirac delta function. The last step in Eq. (6)
applies for a uniform distribution of oscillators as given
above. Equation (5) presents the linear approximation of
the exponential decay; the latter can be obtained by
standard perturbation theory as well. At times Γ0t ≫
ln ðΔω=Γ0Þ, the decay turns into power law in time
[3,5,37].

B. The significance of randomness

It is in place here to note some properties of the oscillator
reservoir and couplings that make it represent a proper heat
bath. The general natural principle is randomness. Lack of
dispersion in the bath parameters can lead to collective
coherent dynamics of the whole circuit with revivals of
qubit population. To see that, we combine Eqs. (3) to obtain
an integro-differential equation for C 0ðtÞ:

C̈ 0ðtÞ þ Λ2
0C 0ðtÞ

¼ −
i
ℏ2

XN
k¼1

γ2kðΩ − ωkÞ
Z

t

0

dt0eiðΩ−ωkÞðt−t0ÞC 0ðt0Þ: ð7Þ

Thus, for oscillators with equal level separation ωk ≡Ω for
all, the right-hand side vanishes and the qubit does not
decay, even when the couplings γi are fully random, but it
oscillates with population jC 0ðtÞj2 ¼ cos2ðΛ0tÞ. An initial
decrease of the qubit population at short times could in such
a case be misinterpreted as decay, although in reality it
precedes the first inevitable revival. Numerics show that
imposing even weaker “regularities” in the reservoir leads
to nondecaying population of the qubit. This happens, for
example, when the oscillators have equal energies but
detuned from the qubit, i.e., ωk ≠ Ω (see Fig. 2), or when
all the couplings are equal even when oscillators have a
distribution of energies (not shown in Fig. 2).

III. PHYSICAL REALIZATIONS AND CIRCUIT
QUANTUM THERMODYNAMICS

The central task of this paper is to describe physical
systems applicable in experiments on calorimetric quantum
detection at low temperatures. For this purpose, we present
in the next subsection the relation of the coupling coef-
ficients γi and the spectrum of oscillators to the parameters
of a quantum circuit where the heat bath is formed by a
resistor [27,38]. With this background, we then move on to
address two exciting topics related to experimental setups.

A. Relation between oscillator properties
and circuit parameters

The question of how to relate the parameters of practical
physical systems to the theoretical ones in the context of
open quantum systems is often overlooked in the literature.
Here, we do this for a quantum circuit where a resistor (with
resistance R) forms the actual bath for a superconducting
qubit [27,39,40]; see Fig. 1(b). To start with, we write the
phase operator of the oscillator bath in the interaction
picture as

φ̂IðtÞ ¼
XN
i¼1

λiðb̂ie−iωit þ b̂†i e
iωitÞ: ð8Þ

The voltage fluctuations are related to phase as
δvðtÞ ¼ ðℏ=eÞ _̂φðtÞ. The linear coupling is obtained from
the voltage noise of the oscillator bath as V̂ðtÞ ¼ q̂δvðtÞ,
where q̂ ¼ −i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=2ZQ

p ðâ − â†Þ is the charge operator of
the qubit. Here, ZQ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

LQ=CQ

p
, where LQ and CQ are the

Josephson inductance and capacitance of the qubit, respec-
tively. Then, we have in the interaction picture

V̂IðtÞ ¼
XN
i¼1

ℏ
e

ffiffiffiffiffiffiffiffiffi
ℏ

2ZQ

s
ωiλi½âb̂†i e−iðΩ−ωiÞt þ â†b̂ieiðΩ−ωiÞt�:

ð9Þ

Comparing this equation with Eq. (2), we have
γi ¼ ðℏ=eÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℏ=2ZQ

p
ωiλi. In order to relate γi to R,

we calculate the spectral density of noise SvðωÞ ¼R
dteiωthδvðtÞδvð0Þi. We identify hb̂†i b̂ii ¼ nðωiÞ ¼

1=ðeβℏωi − 1Þ, the Bose distribution at inverse temperature
β ¼ ðkBTÞ−1. SvðωÞ at ω ¼ þΩ is then given by

SvðþΩÞ ¼ 2π

�
ℏ
e

�
2

ν0hλ2i i
Ω2

1 − e−βℏΩ
: ð10Þ

On the other hand, the voltage noise of a bare resistor at the
same frequency þΩ reads SvðþΩÞ ¼ 2RℏΩ=ð1 − e−βℏΩÞ
[41]. Comparing this spectral density to Eq. (10), we obtain
hλ2i i ¼ Re2=ðπℏν0ΩÞ. In the case of the actual circuit in
Fig. 1(b), the expression of hγ2i i in Eq. (2) is to be
multiplied by ðCg=CΣÞ2, where Cg is the coupling capaci-
tance [blue capacitor in Fig. 1(b)] and CΣ ¼ Cg þ CQ.
Substituting λi into γi, we have the relation between the
coupling γi and ν0 and the physical circuit parameters as

hγ2i i ¼
�
Cg

CΣ

�
2 R
ZQ

ℏ2Ω
2πν0

: ð11Þ
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B. Qubit-cavity-bath setup

Here, we analyze quantitatively the decay process in a
qubit-cavity setup in Fig. 3. We consider this realistic
setup since it is a most common system in the context of,
e.g., superconducting circuits; a pioneering one is pre-
sented in Ref. [42], and heat transport experiments on it
are done in Ref. [23], and reviewed in [20]. In this section,
we show that, by placing the cavity (coplanar wave
resonator) between the qubit and the absorber, we can
by tuning the qubit energy with respect to that of the
cavity, e.g., by magnetic field, determine almost at will the
decay rate of the quantum circuit. This hybrid configu-
ration allows one to perform single-quantum detection
under chosen decoherence conditions, and it addresses
fundamental questions discussed in Refs. [23,43–53].
The Hamiltonian of the qubit-cavity-bath setup, sche-

matically presented in Fig. 3, is given by

ĤQCB ¼ ℏΩâ†âþ ℏΩ0ĉ†ĉþ
XN
i¼1

ℏωib̂
†
i b̂i

þ gðâ†ĉþ ĉ†âÞ þ
XN
i¼1

γiðĉ†b̂i þ ĉb̂†i Þ; ð12Þ

where ℏΩ0 is the energy difference between the adjacent
states of the cavity, with creation and annihilation operators
ĉ† and ĉ, respectively, g indicates the coupling between the
qubit and cavity, and γi is for those between cavity and bath
oscillators.
We can now isolate the part of the Hamiltonian

describing the couplings as V̂QCB ¼ gðâ†ĉþ ĉ†âÞþP
N
i¼1 γiðĉ†b̂i þ ĉb̂†i Þ. Then, in the interaction picture cor-

responding to the noninteracting Hamiltonian Ĥ0;QCB ¼
ℏΩâ†âþ ℏΩ0ĉ†ĉþ

P
N
i¼1 ℏωib̂

†
i b̂i, we have the solution
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FIG. 3. Different relaxation regimes of a qubit coupled via a cavity to a heat bath. The qubit (alone) is initially prepared in its excited
state. Here, the coupling between the qubit and cavity is ḡ ¼ 0.1, and the number of oscillators in the bath is N ¼ 104 with a flat energy
spectrum of width Δω ¼ 2Ω0. In (a1), (b1), and (c1), the qubit is detuned atD ¼ −0.25, and in (b2) and (c2)D ¼ −0.1. The black solid
line is the population of the qubit, jCQðtÞj2, the red solid line the population of the cavity, jC CðtÞj2, the blue solid line the population in
the first eigenstate of the hybrid system, ρ11, and the green one that of the second eigenstate, ρ22. Finally, the light blue and green dashed
lines are the predictions of the global model for ρ̃11 and ρ̃22, respectively. In (a1), Γ0 ¼ 0; i.e., it presents an isolated hybrid system, as
shown schematically in (a), with populations ρ11 ð¼ ρ̃11Þ and ρ22 ð¼ ρ̃22Þ from the master equation [numerically from Eqs. (21)]. In both
(b1) and (b2), Γ0 ¼ 0.01Ω0, which presents exponential decay of the population in hybridized states as expected for a global picture as
shown schematically in (b). In (c1) and (c2), coupling to the bath is strong, Γ0 ¼ Ω0, which leads to the breakdown of the global picture
and entrance into the local regime with exponential decay of the qubit only [local picture, as shown in (c)]. (d) A possible physical
realization of the system.
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jψ Ii¼½CQðtÞC CðtÞC 1ðtÞC 2ðtÞ…�T in the basis fj1000…i;
j0100…i;j0010…i;…g. Here, the leftmost index refers to
occupation of the qubit, the next one to the cavity, and
the rest to environmental oscillators. With these conven-
tions, we find

iℏ _CQðtÞ ¼ geiðΩ−Ω0ÞtC CðtÞ;
iℏ _C CðtÞ ¼ ge−iðΩ−Ω0ÞtCQðtÞ þ

X
k

γkeiðΩ0−ωkÞtC kðtÞ;

iℏ _C jðtÞ ¼ γje−iðΩ0−ωjÞtC CðtÞ: ð13Þ

Again, these equations are solved numerically for a similar
oscillator bath as in Sec. II, yielding the general solution in
the low-temperature limit.

C. Decay in the global and local regimes

Here, we analyze two relevant approximations of the
hybrid “qubit-cavity-bath” entity in either a global or
local picture [20,23,43–53] as schematically shown on
top in Figs. 3(b) and 3(c). In the global view, the qubit and
cavity form a quantum hybrid which is then weakly
coupled to the heat bath, whereas in the local view the
qubit forms only the quantum system that decays to
the bath via the cavity that gives extra spectral filtering.
The validity of the picture, in general, depends on where the
bottleneck of coupling is.
In the global approximation of our hybrid [top in

Fig. 3(b)], the dimensionless Hamiltonian, normalized by
ℏΩ0, for the bare system in the absence of environment
oscillators is given by

Ĥ0;G ¼ râ†âþ ĉ†ĉþ gðâ†ĉþ ĉ†âÞ ð14Þ

and the perturbation as

V̂G ¼
XN
i¼1

γ̄iðĉ†b̂i þ ĉb̂†i Þ; ð15Þ

where r ¼ Ω=Ω0, ḡ ¼ g=ℏΩ0, and γ̄i ¼ γi=ℏΩ0. We
employ the product basis for the hybrid as fj00i, j10i,
j01ig, where the first entry refers to the qubit and the next
one to the cavity.
The eigenenergies εi of the Hamiltonian (14), also

normalized by ℏΩ0, are given by

ε0 ¼ 0; ε1;2 ¼ 1þ 1

2
½D ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 4ḡ2

q
�; ð16Þ

where the − andþ signs refer to ε1 and ε2, respectively, and
D≡ r − 1 is the detuning of the qubit-cavity hybrid. The
corresponding eigenstates are

j0̃i¼

0
B@
1

0

0

1
CA; j1̃i¼

0
B@

0

α1

α2

1
CA; j2̃i¼

0
B@

0

α3

α4

1
CA: ð17Þ

Here, α1¼ðD−ηÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ḡ2þðD−ηÞ2

p
, α2¼2ḡ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ḡ2þðD−ηÞ2

p
,

α3¼ðDþηÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ḡ2þðDþηÞ2

p
, α4 ¼ 2ḡ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ḡ2 þ ðDþ ηÞ2

p
,

and η ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 4ḡ2

p
.

The transition rates Γi→j between the eigenstates are
determined by the matrix elements hĩjq̂cjj̃i of the charge
operator q̂c of the cavity and the voltage noise SvðΩ0Þ
induced by the bath on the cavity at frequency Ω0 as

Γi→j ¼
1

ℏ2
jhĩjq̂cjj̃ij2SvðΩ0Þ; ð18Þ

where q̂c ¼ −i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=2Z0

p ðĉ − ĉ†Þ with Z0 the impedance of
the cavity. We assume that the bath couples only to
the cavity of the hybrid system (qubit and cavity), which
is a realistic assumption, e.g., in superconducting
circuit architectures where the physical separations are
large. Equilibrium bath induces again voltage noise
SvðωÞ ¼ 2R½ℏω=ð1 − e−βℏωÞ�. Then, the transition rates
at zero bath temperature are

Γ1→0 ¼
Ω0

Q
α22; Γ2→0 ¼

Ω0

Q
α24: ð19Þ

If we assume that the noise source is directly connected
to the cavity, without a coupling capacitor, then the
quality factor of the cavity is Q ¼ Z0=R. Other rates
vanish: Γ1→2 ¼ Γ2→1 ¼ 0 due to the selection rule, and
Γ0→1 ¼ Γ0→2 ¼ 0 at T ¼ 0. Referring to Eqs. (6) and
(11), we identify Γ0 ≡ Ω0=Q in this setup. Based
on this simple decay scheme, we find the populations of
the eigenstates ρ11ðtÞ ¼ ρ11ð0Þ expð−Γ1→0tÞ and
ρ22ðtÞ ¼ ρ22ð0Þ expð−Γ2→0tÞ, where ρ11ð0Þ ¼ α21 and
ρ22ð0Þ ¼ α22. Similarly, since _ρ00 ¼ Γ1→0ρ11 þ Γ2→0ρ22
for the population ρ00 of the ground state, we find
immediately the decay rate at t ¼ 0 to the ground state
as _ρ00ð0Þ ¼ 2Γ0α

2
1α

2
2, i.e.,

_ρ00ð0Þ ¼
Γ0=2

1þ ð 1
2ḡÞ2D2

: ð20Þ

It, thus, obeys Lorentzian dependence on the detuning of
the qubit cavity with effective quality factor ð2ḡÞ−1.
In order to assess whether the global treatment

works, we write the estimates of the populations ρ̃11ðtÞ
and ρ̃22ðtÞ from the numerical solution of the Schrödinger
equation in the time-dependent eigenstates j0̃i ¼ j00i,
j1̃i ¼ α1e−iΩtj10i þ α2e−iΩ0tj01i, and j2̃i ¼ α3e−iΩtj10i þ
α4e−iΩ0tj01i as
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ρ̃11ðtÞ ¼ jh1̃jψ IðtÞij2 ¼ jα1e−iΩtCQðtÞ þ α2e−iΩ0tC CðtÞj2;
ρ̃22ðtÞ ¼ jh2̃jψ IðtÞij2 ¼ jα3e−iΩtCQðtÞ þ α4e−iΩ0tC CðtÞj2:

ð21Þ

We now present quantitatively the crossover starting
from an isolated hybrid system via an open global one and
finally to the fully incoherent local qubit with increasing
coupling Γ0 to the bath. We assume that at t < 0 the system
is in equilibrium at zero temperature in the state where all
the oscillators (including the qubit and cavity) are in the
ground state. The system is then initialized at t ¼ 0 in the
state j100…i, meaning that the qubit is driven to the excited
state. In Fig. 3, we present the numerically solved jCQðtÞj2,
i.e., the population in the excited state of the qubit (black
line), jC CðtÞj2, the excited-state population of the cavity
(red line), and ρ̃11ðtÞ and ρ̃22ðtÞ with blue and green solid
lines, respectively. The corresponding populations ρ11ðtÞ
and ρ22ðtÞ from the master equations of the hybrid system
are shown by light blue and green dashed lines, respec-
tively. Moreover, the top [Figs. 3(a1), 3(b1), and 3(c1)] and
bottom [Figs. 3(b2) and 3(c2)] correspond to two different
values of detuning D ¼ −0.25 and D ¼ −0.1, respectively.
In the isolated qubit-cavity system (Γ0 ≡ 0), the pop-

ulations jCQðtÞj2 and jC CðtÞj2 of the qubit and cavity
oscillate out of phase in accordance with the solution of
(13) for γi ≡ 0 as

jCQðtÞj2 ¼ 1 − jC CðtÞj2 ¼
1

2

�
1þ D2

D2 þ 4ḡ2

þ 4ḡ2

D2 þ 4ḡ2
cosð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 4ḡ2

q
tÞ
�
: ð22Þ

Thus, jCQðtÞj2 oscillates between D2=ðD2 þ 4ḡ2Þ and 1.
On the other hand, the populations in the eigenstates of the
hybrid, ρ11ðtÞ [¼ ρ̃11ðtÞ in this case] and ρ22ðtÞ ½¼ ρ̃22ðtÞ�,
remain strictly constant, and their values are determined by
the coupling ḡ and detuning D. This is demonstrated in
Fig. 3(a1). In Figs. 3(b1) and 3(b2), we introduce weak
coupling of the cavity to the bath, Γ0 ¼ 0.01Ω0, for two
values of detuning. In this situation, the numerical solution
of Eq. (13) shows that the global description given above
applies: Populations ρ̃11ðtÞ and ρ̃22ðtÞ decay exponentially,
fully overlapping with ρ11ðtÞ and ρ22ðtÞ, respectively,
shown also in the figure. On the contrary, the populations
of qubit jCQðtÞj2 and cavity jC CðtÞj2 oscillate, but these
oscillations are damped over a timescale of approxi-
mately Γ−1

0 .
Further increasing Γ0 well beyond the internal coupling ḡ

leads to the failure of the global model. Both Figs. 3(c1)
and 3(c2) present the case where Γ0 ¼ Ω0. In this regime,
all the coherent behavior of the qubit-cavity system
vanishes, and the qubit alone, jCQðtÞj2, follows closely
ρ̃11ðtÞ, decaying exponentially from the excited state; the

cavity remains mainly in the ground state, jC CðtÞj2 ≃ 0.
Naturally, the predictions of the global model for ρ11ðtÞ and
ρ22ðtÞ fail in this regime as shown by the dashed lines.
Indeed both Figs. 3(c1) and 3(c2) indicate the local

regime where the Hamiltonian and perturbative terms
are, respectively, given by Ĥ0;L¼ℏΩâ†âþℏΩ0ĉ†ĉþP

N
i¼1ℏωib̂

†
i b̂iþ

P
N
i¼1γiðĉ†b̂iþĉb̂†i Þ and V̂L¼gðâ†ĉþâĉ†Þ.

To model this behavior in the local regime, we calculate
the persistence amplitude of the qubit in the Schrödinger

picture C
ðSÞ
Q ðtÞ ¼ h1000…je−iĤQCBt=ℏj1000…i. Solving it

to the second order, we have

jCQðtÞj2 ¼ 1 − 2π
g2

ℏ2

X
i

jcij2δðΩ − Ei=ℏÞt; ð23Þ

where Ei is the energy and ci the projection of the ith
eigenstate of the Ĥ0;L on the cavity state j0100…i. First-
order perturbation theory for nondegenerate states yields

Eð1Þ
i ¼ ℏωi and cð1Þi ¼ ½γi=ðℏωi − ℏΩ0Þ�. In this case,

jCQðtÞj2 is given by

jCQðtÞj2 ¼ 1 −
ḡ2Γ0

D2
t≡ 1 − ΓLt; ð24Þ

which is valid for jDj ≫ Γ0=Ω0 in agreement with
numerics.
Besides the crossover between the two decay modalities,

we importantly show in this section that in all regimes the
decay rate of the quantum system can be varied by detuning
the qubit and the cavity.
The experimental realization of the qubit-cavity-bath

hybrid is presented in Fig. 3(d), where the system is a
transmon qubit coupled in a typical configuration to a
coplanar wave resonator as the cavity [54]. One practical
way to realize a detector in this setup is to combine the
circuit quantum electrodynamics setup with a calorimeter
formed of an on-chip resistor monitored by a tunnel
junction thermometer. In this case, the qubit on the left
is capacitively (g) coupled to the cavity. The cavity releases
the energy to the resistive bath (R) over a time given by
Q=Ω0. This is typically of the order of tens or hundreds of
nanoseconds, for instance, in the experiment of Ronzani
et al. [23]. It is much faster than the relaxation time to the
phonon bath, which is typically 10–100 μs at low temper-
atures [24]. Suppose the cavity in Fig. 3(d) is a λ=4
resonator with current maximum at its end. Then, the
terminating resistor on the right dissipates the energy of the
resonator in the said time interval Q=Ω0, which corre-
sponds to Γ−1

0 in the model above.

IV. MULTIPLE BATHS

Detecting low-energy microwave photons calorimetri-
cally one by one, like those emitted by, e.g., superconducting
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qubits, is a challenge. Several ultrasensitive detectors are, in
principle, able to detect quanta in the said microwave
regime, but up to now none of them has achieved this
result. In this section, we propose splitting the energy of a
photon to two uncorrelated baths. Both of these baths are
equipped with proper thermometers that can monitor the
temperature of the corresponding bath continuously. We
demonstrate that one can boost significantly the detection
efficiency by applying a cross-correlation measurement
technique.
We start by clarifying the splitting concept. Interesting

fundamental and practical questions arise when a cavity or
qubit is coupled to multiple baths [23,55]. Is the energy of
this quantum given to one, or can it be split to several baths,
and in what way? To settle this question, we perform the
same analysis as above, but now we assume that the N bath
oscillators are distributed such that N1 of them form bath
B1 and N2 ¼ N − N1 bath B2, as schematically shown in
Fig. 4(a). We assume that there is no direct mutual coupling
between the two baths B1 and B2. The time evolution of
these oscillators is again determined by Eqs. (3), and the
energy given to each bath can be then analyzed accordingly.
In particular, for baths that are internally uncoupled, we can
straightforwardly determine the expectation value of energy
of each of them as E1 ¼

PN1

k¼1 ℏωkjC kðtÞj2 and E2 ¼P
N
k¼N1þ1 ℏωkjC kðtÞj2 at time t. It follows that, for a qubit

similarly coupled to each bath (same distribution of γi) and
with similar distribution of oscillator energies, we expect
E1 and E2 to be distributed in proportion to the number of
oscillators in each of them. Figure 4(b) presents a numerical
example of what is written above with the given
parameters.

According to our argument and analysis, the energy
of the quantum can thus be distributed to multiple
baths. This allows potentially for a significant boost in
detection efficiency, e.g., in a calorimetric detection if one
measures the temperature of each bath in Fig. 4(a)
simultaneously with a proper thermometer [24]. By doing
a cross-correlation measurement of the two temperatures,
one then enhances the signal-to-noise ratio [56]. We give a
simple argument on how the temperature measurement of
the two baths can be related to the energies E1 and E2. Let
us assume that each thermometer measures the temperature
of the corresponding bath at a repetition rate that is faster
than the energy release rate to the phonon bath but slower
than the energy release of the qubit to the corresponding
absorber. We argue in the previous section that such a time
window exists. The combined system, qubit and all the bath
oscillators, evolves according to the Schrödinger equation
between the measurements. In a projective measurement,
each thermometer reads a temperature Ti that is directly
given by Ei via the heat capacity Ci. This yields an abrupt
jump in Ti once the photon is absorbed. The decay of
the temperatures back to the phonon bath is then essentially
a classical process that the thermometers record as
explained below.

A. Cross-correlation of
temperatures—Measurement scheme

To make our argument concrete and to demonstrate its
experimental feasibility, we apply the temperature cross-
correlation method to a circuit presented in Fig. 5(a). With
the two constructions depicted, either series or parallel,
having a superconducting connector in between them, the
resistors are thermally isolated from each other, and what
follows is that their temperature noises are uncorrelated.
The two resistors act as twin absorbers of the calorimeter
with resistances R1 and R2. The energy stored in the
resonator and released to the absorbers rapidly, over the
time Q=Ω0, is in this cross-correlation setup distributed
among the two absorbers according to elementary circuit
principles. In the series configuration, shown in the top in
Fig. 5(a), the ratio of energies released to resistors 1 and 2
equals R1=R2, whereas, in the parallel connection in
Fig. 5(a) bottom, it is R2=R1. This circuit analysis then
gives a way to interpret the outcome of the cross-correlation
measurement and the splitting of the quantum in accor-
dance with the quantum picture above.
The case of a single absorber is studied in Ref. [27],

where the response of a calorimeter to a single 20 GHz
(1 K) photon absorbed instantaneously is analyzed in the
presence of inevitable heat current noise due to coupling of
the absorber to the phonon bath at T ¼ 0.01 K. The
approach is to use the Langevin equation as

δ _TiðtÞ ¼ −τ−1δTiðtÞ þ δ _QiðtÞ=Ci ð25Þ
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FIG. 4. Decay of the qubit to two uncoupled baths.
(a) Scheme of the qubit and two baths B1 and B2 presented.
(b) Results of solution of the Schrödinger equation for a qubit
coupled toN ¼ 106 bath oscillators of whichN1 ¼ 3 × 105 are in
B1 and N2 ¼ 7 × 105 in B2. The overall decay rate to the two
baths is Γ0 ¼ 0.084 Ω. We use Δω ¼ Ω in both baths.
The descending line shows the expectation value of energy of
the qubit, E0 ¼ ℏΩjC 0ðtÞj2, and the two rising lines E1 ¼PN1

i¼1 ℏωijC i;1ðtÞj2 and E2 ¼
PN2

i¼1 ℏωijC i;2ðtÞj2, the expecta-
tion values of energy injected to baths B1 and B2. The horizontal
line at top demonstrates energy conservation over the whole time
of decay, i.e., E0 þ E1 þ E2 ¼ ℏΩ.
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to produce numerically the two temperature traces with
uncorrelated noises for the symmetric case R1 ¼ R2. Here,
δTiðtÞ is the deviation of the absorber i temperature from
that of the phonon bath, τ denotes the electron-phonon
relaxation time, which is about 100 μs at the lowest
temperatures, and _QiðtÞ is the fluctuating heat current
obeying the fluctuation dissipation theorem. In Figs. 5(b)
and 5(c), we present the advantage of using the cross-
correlation measurement in this configuration. The top
shows the response [measured relative temperature
deviation from that of the bath, θiðtÞ] of the two thermo-
meters separately for the absorption of a quantum with 1
[Fig. 5(b)] and 0.3 K [Fig. 5(c)] energy. The θiðtÞ is
obtained via relaxation time (τth) approximation from the
actual temperatures Ti by solving

_θiðtÞ ¼ −τ−1th ½θiðtÞ − δTiðtÞ�: ð26Þ

Here, τth is the thermometer response time. Apart
from noise, the measured temperature θiðtÞ follows the
expression

θ̄iðtÞ ¼ ΔTi
τ

τ − τth
ðe−t=τ − e−t=τthÞ; ð27Þ

where ΔTi ¼ ℏΩ=Ci. In Fig. 5(b), the single thermometer
with response time τth ¼ 0.1τ seems to be sufficient for the
task of resolving the transient due to the absorption event of
a 1 K photon with reasonable signal-to-noise ratio, in the
absence of instrumental excess noise. However, by apply-
ing the cross-correlation method, by taking either the
product θ1ðtÞθ2ðtÞ or especially the product of the deriv-
atives _θ1ðtÞ_θ2ðtÞ, improves the signal-to-noise ratio sig-
nificantly as claimed above. In Fig. 5(c), the lower energy
of the photon and slower response time τth ¼ τ of the
thermometer make it next to impossible to resolve the 0.3 K
photon by a single thermometer. Yet the cross-correlation
technique, in particular, the _θ1ðtÞ_θ2ðtÞ method, allows one
to detect the photon with a good signal-to-noise ratio under
these conditions as well.

V. SUMMARY AND OUTLOOK

In this paper, we have put the general framework of
quantum decay into the context of quantum calorimetry.
We first presented the methods used and revisited the
common problem of decay of a quantum two-level system
by directly solving the Schrödinger equation for up to 106

bath oscillators. The heart of the paper deals with the
connection of the general picture to real physical systems
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FIG. 5. The proposed cross-correlation setup and numerical results on it. (a) A schematic (not to scale) presentation of a transmon-type
superconducting qubit (left), coplanar wave resonator (middle), and the split absorber (right). Each half has its own thermometer, and
they are thermally isolated from each other by a superconducting connection in between. Here, blue refers to the superconductor and
brown to normal metal. We present two alternative options of splitting the absorber, a series connection (top) and parallel connection
(bottom), with essentially the same characteristics in detection. (b),(c) Time-dependent temperature of the two thermometers θi, in
response to 1 K photon with a realistic thermometer (τ=τth ¼ 10) in (b) and 0.3 K photon with a somewhat slower thermometer
(τ=τth ¼ 1) in (c). The results of the two types of correlation measurements, θ1ðtÞθ2ðtÞ and especially _θ1ðtÞ_θ2ðtÞ, demonstrate how the
absorption signal can be resolved even in the presence of inevitable thermal noise. The smooth (red) curves in all panels are analytical
results excluding the noise, originating from θ̄i in Eq. (27).
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and discussion of the properties of a heat bath. Finally, we
assess the measurement strategies in observing single-
emission events and the issue of decay of a hybridized
quantum system.
Several tasks remain for future studies. First, the case of a

finite temperature bath is a somewhat challenging problem
as described in the paper. In our present context, this is of
less importance, since the typical energy of a qubit clearly
exceeds the thermal energy in a superconducting circuit at
millikelvin temperatures. On the practical level, the precise
cross-correlation measurement configuration and the
projected enhancement of signal-to-noise ratio need to
be analyzed in specific setups case by case. The corre-
spondence of the model system and the physical one needs
naturally specific analysis for a chosen circuit in terms of
the type of qubit and the precise way of coupling (for
instance, inductive instead of capacitive coupling) of it to
the cavity and to the environment. Yet the results obtained
here are quite general concerning the response of the
calorimeter.
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