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Abstract

In a previous paper, we obtained several “compact versions” of Rubio de Francia’s weighted
extrapolation theorem, which allowed us to extrapolate the compactness of linear operators from
just one space to the full range of weighted Lebesgue spaces, where these operators are bounded.
In this paper, we study the extrapolation of compactness for bilinear operators in terms of bilinear
Muckenhoupt weights. As applications, we easily recover and improve earlier results on the weighted
compactness of commutators of bilinear Calderén—Zygmund operators, bilinear fractional integrals and
bilinear Fourier multipliers. More general versions of these results are recently due to Cao, Olivo
and Yabuta (arXiv:2011.13191), whose approach depends on developing weighted versions of the
Fréchet—Kolmogorov criterion of compactness, whereas we avoid this by relying on “softer” tools, which
might have an independent interest in view of further extensions of the method.
© 2021 The Author(s). Published by Elsevier B.V. on behalf of Royal Dutch Mathematical Society (KWG).
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Keywords: Rubio de Francia extrapolation; Multilinear Muckenhoupt weights; Compact operators; Calderén-Zygmund
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1. Introduction

Rubio de Francia’s weighted extrapolation theorem [18] is one of the cornerstones of the
modern theory of weighted norm inequalities. It enables one to deduce the boundedness of
a given operator on L”(w) for all 1 < p < oo and all weights w € A p(Rd), provided this
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operator is bounded on L”°(wp) for some 1 < pg < oo and all weights wy € APO(Rd).
Different versions of this extrapolation theorem are studied in [16].

A multilinear Rubio de Francia extrapolation theorem of boundedness on weighted spaces
was first established by Grafakos and Martell in [21] (see also the extension of this result
in [15]). The main disadvantage of these results is that they treat each variable separately
with its own Muckenhoupt class of weights and do not fully use the multilinear nature of the
problem. In this direction, Li-Martell-Ombrosi [31] (see also [30,34] for further extensions to
end-point cases) obtained a more satisfactory multilinear analogue of the Rubio de Francia’s
extrapolation theorem dealing with the multilinear A ,;(R’"d) classes introduced in [29]. We
state here the bilinear version of their extrapolation result as follows (we will provide detailed
definitions in the next section):

Theorem 1.1 ([37], Corollary 1.5). Let F be a collection of triplets (f, fi, f») of non-negative
functions. Let p = (pi1, p2) be exponents with 1 < pi, pp < 00, such that given any
W = (wy, wy) € A,;(de), the inequality

”f”LP(u,;,VI;) f/ ”fi”Lpi(w,»)»

i=1
holds for all (f, fi, f>) € F, where L = %—i—é and vg 5 = ]_[1.2:1 wl.p/"". Then for all exponents

P
g = (g1, q2) with 1 < gy, g < 0o, and for all weights ¥ = (v, 1)) € Aq(Rz‘i) the inequality

I lzaws 0 S T Tl s

i=1
holds for all (f, f1, f2) € F, where + = L 4+ L and vz 5 = [];_, v/,

In a recent paper, we [26] first provided the extrapolation of compactness of a linear
operator. Moreover, we obtained generalizations of the preceding compact extrapolation to the
“off-diagonal” and limited range cases.

Inspired by the work above, we extend our results of [26] about the extrapolation of
compactness to the following bilinear setting:

Theorem 1.2. Let O be a collection of ordered triples of Banach spaces (Y1, Y»,Y), and let
T be a bilinear operator defined and
bounded T :Y, xY,—Y forall (Y|,Y,,Y)e ©
and
compact T :X; x X, — X forsome (X, X5, X)e€ 6.
Then T is
compact T :Z\ xZy—> Z forall (Z,,Z,,7Z)e O

in each of the several cases of O involving weighted L? spaces as described in Theorem 2.9
of Section 2.

Shortly before our completion of this paper, this same result, even in a more general version
covering higher order multilinearities and quasi-Banach spaces, was already announced by Cao,
Olivo and Yabuta [6], which gives these authors a priority to this result. The overall relation
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of the present paper and [6] is a bit complicated, due to several subsequent versions of both
works that were posted in the arXiv. As said, version 1 of [6] (Nov 2020) preceded ours, but
did not provide a self-contained argument, since some results were quoted from a preprint of
the same authors that was not publicly available. This was fixed in version 2 of [6] that was
posted shortly after version 1 of the present work in Dec 2020. On the other hand, versions 1
and 2 of [6] did not treat the “off-diagonal” cases of extrapolation, which we covered since our
version 1 (case (2) of our Theorem 2.9) but which was only added (in a more general form)
in version 3 of [6] (Feb 2021). The newest version of [6] hence seems to supersede ours in
all aspects, but there are a couple of features in our approach that still make it a worthwhile
alternative:

e As in the previous part [26] of this series, we have tried to make our approach as “soft”
as possible, so that compactness is achieved by abstract means, without the need to
describe concrete conditions for compactness in the weighted L” spaces. This is a main
difference of our approach compared to all other works on compactness of operators on
L?(w), including the recent [6], where weighted versions of the Fréchet—Kolmogorov
compactness criterion play a key role (see [6, Lemma 2.9], which extends [37, Lemma
4.1]).

e Our result is still powerful enough to recover and improve several compactness results for
bilinear commutators that were available before [6] (for applications see Sections 6—8).

The paper is organized as follows: in Section 2, we recall some definitions about multilinear
Muckenhoupt weights and we state in detail our main result (see Theorem 2.9). In Section 3 we
present the proof of Theorem 2.9 by collecting some previously known results and taking some
auxiliary results for granted. Sections 4 and 5 are devoted to the proofs of these auxiliary results
(see Proposition 3.2). In Sections 6—8 we provide several applications of our main results. In
particular, we obtain results for the commutators of bilinear Calderon-Zygmund operators,
bilinear fractional integral operators and bilinear Fourier multipliers.

Notation

Throughout the paper, C always denotes a positive constant that may vary from line to
line but remains independent of the main parameters. We use the symbol f < g to denote
that there exists a positive constant C such that f < Cg. The term cube always refers to a
cube O C R? and |Q| denotes its Lebesgue measure. We denote the average of w over Q as
(w)o =10 fQ w and p’ is the conjugate exponent to p, that is p’ .= p/(p — 1).

2. Preliminaries and the statement of the main result

We begin by recalling several definitions related to linear and multilinear Muckenhoupt
weights.

Definition 2.1 (/33]). A weight w € L}OC(R") is called a Muckenhoupt A ,,(Rd) weight (or
weA p(Rd ) if

1 p—1

[wla, = sgp(w)Q(w_PTl)Q < 00, 1 <p<oo,
[wla, = sup(w)ollw ™ flzx) <00,  p=1,
0



T. Hytonen and S. Lappas Indagationes Mathematicae 33 (2022) 397—420

where the supremum is taken over all cubes Q C R?, and (w)g = 10| fQ w. A weight w
is called an A,,,q(Rd) weight (or w € A,,,q(Rd)) if

1/q <w7p/>gp/

(wla,, = sgp(wq)Q < 00, l<p<gqg<oo,

where p’ := p/(p — 1) denotes the conjugate exponent.

Definition 2.2. Given a vector of weights w = (wy,...,wy), and p = (p1,..., pm) €
(0, 00)™, we define

m m

o p/pj e
Vi, p = w; T, Vg = wi.
Jj=1

Definition 2.3 (/29]). Let p = (p1, ..., pm) and ﬁ =y", pi with 1 < pi,..., pm < o0.
J

We say that a vector of weights @ = (wy, ..., wy,) satisfies the multilinear A ,;(Rmd ) condition
(or w € Az(R™)) if

1
1 m —p.
- -p; P
[wla, = sup(vis p) g [ [(w; 7)o < oo,
Y j=1
where the supremum is taken over all cubes Q C R4, and (w o = ﬁ f o Wj-

1
e,

1—p o
When p; =1, (w, p’)g’ is understood as (info w;)~".

Remark 2.4. Note that if m = 1, then A ,;(Rmd) is just the classical weight class A ,,(]Rd ).

Definition 2.5 (/27]). Let m > 1 be an integer, p = (p1, ..., pm) € (0, 00)", é = Z;’zl #,
J
s;€(0,p;](1 <j<m)and % = Z'}’zl sl We say that a vector of weights w = (wy, ..., w,,)
X J
satisfies the multilinear A;/3(R™?) condition (or w € Aj/(R™)) if
()
[wla,s =supva )y [ [(w;, 77 )g " < oo
Qo j=1

. — 1
where the supremum is taken over all cubes Q@ C R?, and (w o = ] f o Wj-

() -4 1

When p; =s;, (w; '), " is understood as (infg w;) 7/ .

Remark 2.6. When s = --- =5, = 1, A,;/g(R’"d) is just the weight class A,;(R’”d) from

Definition 2.3. Note that we do not assign any independent meaning to the subscript “p/s” in
Aj/s; the quotient line only serves a separator of the two vector indices p and 5.

Definition 2.7 (//0,32]). Let p = (p1, ..., pw) € [1, 00)™, % =3, # and p* be a number
- ; J .
I/m < p < p* < oo. We say that a vector of weights w = (wy, ..., w,) satisfies the

multilinear Aj (R™) condition (or w € A Pop* (R™)Y) if

400
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1
1 roT
* % —p. P
[w]Aﬁ‘p* = Sup(”g} >5 (wj J)QJ < 00,
0 j=1
where the supremum is taken over all cubes Q@ C R?, and (w o = \1@ f o Wj-

When p; =1, (w;p")g/ is understood as (info w;)~".

Remark 2.8. When m = 1, we note that Aj ,«(R"?) will degenerate into the classical weight
class A, ,«(RY).

As we will work in the weighted setting, we consider weighted Lebesgue spaces
1/p
LP(w) == {f : RY = C measurable | || fl|Loq) = (/ |f|”w) < oo}.
Rd

Our main result about the extrapolation of compactness for bilinear operators is as follows:

Theorem 2.9. Let © be a collection of ordered triples of Banach spaces (Y1, Y, Y), and let
T be a bilinear operator defined and

bounded T :Y, xY, > Y forall (Y|,Y,,Y)e O (2.10)
and

compact T :X; x X, > X forsome (X, X, X)e€ 6. (2.11)
Then T is

compact T :Z\ x Zy—> Z forall (Z,,Z,,Z)e€ O

in each of the following cases, where a > 0, 5 = (s1, 52) € [1, c>o)2 and Al =14 12

(1) © consists of all triples (L’“(vl), L%2(vy), Lq(vg,[;)), where

- 1 1 1
G=(@1a) €00 x (200, — =2 +- <. vig=[]v/

and

(a) U= (v, 12) € Ags(R*), or
(b) 1_5 = (U19 UZ) € Aql/sl(Rd) X qu/sz(Rd)'

(2) O consists of all triples (qu(v;“), qu(vgz), L7 (Ug*)), where

2
- 1 1 1 1 1
=g e,00, —=-+- c@atl), —=-—a v=][]y
9 491 42 q q il

and
(c) U= (v1,v2) € Aj +(R*), or
R 1 1 o
(d) v=(v1,1) € Aql,gl(Rd) X qu,gz(Rd), where — = — — —.
q; q; 2
401
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Remark 2.12.

(1) Because of the extrapolation Theorem 1.1, in the case (1a) of Theorem 2.9 it is enough
to assume the boundedness (2.10) of a bilinear operator 7' from L7 (v;) x L%(v;) to
L(v; ;) for some exponents d = (g1, q2) € (51, 00) X (52, 00) such that 5 = 711 +$z <1
and all weights U = (vq, v2) € A; /E(Rz‘l). The same observation applies to all the rest
cases of Theorem 2.9. Also, notice that in the case (2) of Theorem 2.9 the point of the
condition ql € (o, a + 1) is that we want that g* € (1, c0).

(2) The improvements [30,34] of the bounded extrapolation Theorem 1.1 show that one can
more generally allow for 1 < p;, p» < oo in the assumptions, and 1 < ¢;,¢q, < o©
in the conclusions, as long as one of ¢; remains finite. In particular, under case (la)
of Theorem 2.9, the assumption (2.10) automatically bootstraps to a larger collection
e 2 O, which is defined like © in (la), but with ¢ € (s1, 00] X (s2, 00] \ {(0c0, 00)}.
On the other hand, the compactness assumption (2.11), which is made on some
(X1, X2, X) € 6, would obviously be weakened by allowing for (X1, X,, X) € é, and it
is natural to ask whether this weakening of the assumptions (and hence strengthening of
Theorem 2.9) is still valid. We suspect “yes”, but a justification of this would seem
to require elaborating several parts of the argument, and hence we have decided to
leave this extension outside the scope of the present work. We would like to thank an
anonymous referee for raising this interesting question. (One might also ask whether one
could achieve a more general conclusion allowing for all (Zy, Z,, Z) € é, but here we
suspect that the answer is “no”, or at least beyond any natural extension of the present
approach. The reason is that our key Proposition 3.2 is about realizing the Z; spaces as
interpolation spaces between some X ; and Y; spaces, and this would not be possible if
Z; was allowed to be an end-point L> space of the scale of L? spaces.)

3. Proof of the main result via abstract interpolation

We collect the results from which the proof of Theorem 2.9 follows.

Following [12], we say that A = (A, A) is a Banach couple if the two Banach spaces
Aj are continuously embedded in the same Hausdorff topological vector space. We write A$
for the closure of A; N A, in the norm of A;. The Banach couple A is said to be regular if
Aj=Aj for j=1,2.

We denote by B(A x B, E) = B(A x B, (E,, E,)) the operators that satisfy the following:

IT(a.b)lle; < Mjllalla;|blls;, a€ANAy beBNBy j=12,

where T is a bilinear operator defined on (A; N A;) x (B N B,) with values in E; N E, and
M are positive constants.

Let (£2, u) be a o-finite measure space. We denote by M the collection of all (equivalence
classes of) scalar-valued p-measurable functions on {2 that are finite p-almost everywhere. The
space M becomes a complete metric space with the topology of convergence in measure on
sets of finite measure.

We say that a Banach space E of functions in M is a Banach function space if the following
four properties hold:

(a) Whenever g € M, f € E and |g(x)| < |f(x)| n-a.e., then g € E and ||gllg < | fllEe-
b) If f, - f p-ae., and if liminf, || fullg < oo, then f € E and ||f|g <
liminf, oo || full -
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(¢) For every I' C {2 with u(I') < co, we have that xp € E.
(d) For every I' C {2 with u(I') < oo there is a constant ¢ > 0 such that fp | fldu <
crllfllg for every f € E.

Let (I,) be a sequence of -measurable sets of 2. We put I, — @ u-a.e. if the characteristic
functions x, converge to 0 pointwise p-a.e.

We say that a function f € E has absolutely continuous norm if || f xr, || — 0 for every
sequence (I3,) satisfying that I, — ¢ u-a.e. The space E is said to have absolutely continuous
norm if every function of E has absolutely continuous norm.

If E is a Banach function space then E is continuously embedded in M. Hence, if E; and
E, are Banach function spaces on {2, we have that (E;, E;) is a Banach couple.

Let 0 < 6 < 1. If E; or E; has absolutely continuous norm, then

[Er, Exly = (f € M: |f0)] = [A@I 100, £ € Ejj = 1,2)

and

I f iy 23, = inflmax(ll fill g, I falley) = L1 = 1A 1A

In particular [E;, E,]y is a Banach function space.
Our main abstract tool is the following theorem of Cobos—Fernandez—Cabrera—Martinez [12]:

Theorem 3.1 ([/2], Theorem 3.2). Let A= (A, Aj), B = (B1, By) be Banach couples. Assume
that (12, ) is a o -finite measure space, let E = (E, E,) be a couple of Banach function spaces
on ,1let0 <0 <1and T € B(Ax B,E). If T : A;° x B;° — E; compactly and E, has
absolutely continuous norm, then T may be uniquely extended to a compact bilinear operator
Sfrom [Ay, Az]e x [B1, B2lg to [EY, Exle.

Examples of Banach function spaces that satisfy the assumptions of Theorem 3.1 are the
unweighted Lebesgue spaces L?({2) (see [12, Corollary 3.3]). For the present needs, we will
only use Theorem 3.1 in the following special setting:

Proposition 3.2. Let © be a collection of ordered triples of Banach spaces, and let
Y, Y2,Y),(Z,,Z,,Z) € O. Then there is another (X1, X2, X) € © and y € (0, 1) such
that
(X, Y1, = Z;, [X,Y], =2
in each of the cases (la), (1b), (2a), (2d) of Theorem 2.9.
We postpone the proof of Proposition 3.2 to Section 5. The verification of this proposition

is the only component of the proof of Theorem 2.9 that requires actual computations, rather
than just a soft application of known results.

Lemma 3.3. If p; € [1,00) and w; are weights, then the spaces A;j = B; = E; = LPi(w;)
(j = 1,2) satisfy all the assumptions of Theorem 3.1.

Proof. By the dominated convergence theorem, it is easy to see that A; = B; = E; = LPi(w;)
have absolutely continuous norm. The rest of the assumptions of Theorem 3.1 are satisfied by

Aj =B =E; = L% (w;) due to the known properties of weighted Lebesgue spaces. []
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We can now give the proof of our main result:

Proof of Theorem 2.9. We prove the theorem in the case that (la) are in force. The other
cases are proved in a similar way. In particular, T : L9 (v;) x L%2(v;) — Li(vz3) is a
bounded bilinear operator for all g = (g1, ¢g2) with g; € (s;,00) (j = 1,2) satisfying

é = Z?:l qi < land all ¥ = (vi,v2) € Ag;(R?). In addition, it is assumed that
J - .
T : LPY(uy) x LP2(uy) — L”(v 5)is a compact operator for some p = (pi, pp) with

pj €(sj,00) (j=1,2) satlsfylng = Zi I ; < 1 and some u = (u;, u,) € Ap/s(RZd) We
need to prove that 7 : L™ (wl)xL’Z(wz) — L’(v 7) 18 actually compact for all 7 = (1, r») with

rj € (s;,00) (j = 1,2) satisfying 1 = 2 1 L1 and all W = (wy, wy) € Az z(R*). Now,
J=1rg

fix some r; € (s;,00) (j =1,2) satisfylng L= Zi 1 — < land w = (wy, wy) € A,/S(de)
By Proposition 3.2, we have

[LPI(u;), L9 (vj)]le = L (w)), [LP(vip), L(v5.3)lp = L"(vi7),

for some p = (p1, p2) with p; € (sj,00) (j = 1,2) satisfying 1 Z? | pl

U= (u,u) € AP/S(RZ“') and some 6 € (0, 1). By Lemma 3.3 and by writing A; = L' (uy),
Ay = L% (vy), By = L"(uy), B = L%(vy), Ey = LP(v; 3) and E» = L9(v;5), we know
that T € B(A x B, E), T : A° x B|° — E; is compact and that E; has also absolutely
continuous norm. By Theorem 3.1, it follows that T : L (w;) x L"2(w;) — L"(vz7) is also
compact for all 7 = (ry, rp) with r; € (s, 00) (j = 1, 2) satisfying } = Z?:l % < 1 and all
W= (wy, wy) € A;/;(RZd). U

< 1, some

4. Preliminaries on linear and multilinear weights

To complete the proof of Theorem 2.9, it remains to verify Proposition 3.2. We quote the
following results which we will use in Section 5 for the proof of Proposition 3.2:

Proposition 4.1 ([20], Theorem 1.14). The following statement holds: If 1 < p < 0o, we have
w e A,(R?) if and only if w'~"" € A, (R)).

Theorem 4.2 ([27], Theorem 2.1). Letzf; = (wl, W), 1 <s;<pj<oo(j=1,2,...,m)
with % =) % and % =y" Then w € A /s(R’”d) if and only if
() )
wj ! €A Pjsj (R ), Pj #Sj,

spj=sj)

v 5 € Ar(RY),

()

Jlsj

where the condition w; € A pjs; (RY) in the case pj = S is understood as wj/p’ €
s(pj—s;)

A(RY).

Remark 4.3. The important special case s; = -+ = s, = 1 of Theorem 4.2 was already

proved in [29, Theorem 3.6].

Theorem 4.4 ([9], Theorem35 [32], Theorem 3.4). Let w = (w1, ..., W), 1 < p1, ..., Ppm <

oowzth—_zj 1p and p* be a number 1/m < p < p* < 0. ThenweA *(Rmd)zf
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and only if

7

P )
w; = Am,,q(Rd), j=1,...,m,
J

*
v,; S Amp*(Rd)»
/

... —P; . .
where the condition w; = Ay (R?) in the case pj = 1 is understood as w;/m e A|(RY).
. i .

Theorem 4.5 ([4], Theorem 5.5.3). If q1, g2 € [1, 00) and wy, wy are two weights, then for all
60 €(0,1) we have

(L (wy), L2 (w2)]e = LY (w),

where

1 1-6 6 1 ez
- = — 4 —, quwl w2.
q q1 92
In order to present applications of Theorem 2.9 which deal with compact commutators, let
us introduce relevant notation and some definitions. We will denote by b a pointwise multiplier

that belongs to the space
BMOGR?) = |/ B! — C | Iflawo i= sup(1 = (/)el)o < o}

of functions of bounded mean oscillation, or its subspace

d
CMO(R?) := Cx@®7) ",
where the closure is in the BMO norm and CCOO(Rd) is the collection of C*°(R?) functions with
compact support.
Let T denote a bilinear operator from X; x X, into Y, wherie X1, X» and Y are some function
spaces. For (f1, f>) € X; x X, and for a measurable vector b = (b1, b,), we define, whenever
it makes sense, the commutators

[T, ble,(fis f2) = [T, Bla.oy(fi, f2) = BT (fi, f) = T(by fi, f2)
[T, b1, (fi, ) = [T, Bl fi, f2) = 2T (fi, ) — T(f1, b2 f2)
[T, b1.0(fis f2) = ([T, ble,, bloy(f1, f2).

In the same way, we could define [T, I;]a for any o € N2, but we will only consider the above
three cases.
We also quote the following result which we need for our applications in Section 8&:

Theorem 4.6 (/31], Theorem 2.22). Let T be a bilinear operator and let 5 = (s1, s5) € [1, 00)?

with % =14 é Assume that there exists p = (p1, p2) € (s1, 00) X (52, 00), such that for all

51
W= (w, wy) € A,;/_;(Rz‘!), we have

1T I rws s S T I i
i=l
where % = pil + piz and vy 5 = ]_[iz:] wip/p". Then, for all exponents ¢ = (q1,q2) €
(51, 00) X (82, 00), for all weights v = (v1, vp) € Aq/g(RZd), for all b = (b1, by) € BMO(RY)?,
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and for each multi-index o, we have

2
10T, BlaCfis P lacs 5 S T 10 o fill o oy
i=1

1 1 1 2 q/ql
where - = — + — and vy ; = v;
q Q1 @ v,q l_[l 1

5. The proof of the key Proposition 3.2
In this section we prove Proposition 3.2. The first step is to connect Theorem 4.5 with the
multilinear Aj;5(R™), Az(R™), and Aj, ,«(R™?) conditions as follows:
Lemma 5.1. Let
az(ql""’qm)’ ;:Z(rl7""r]n)7 S::(sl?""sm)

where s; € [1,00), qj,r; € (s;,00) and

m 1 m 1 m 1
=g 1Sl 1ol
j=1 4qj j=1 j=1 J
Let b = (Uf,...,vp) € Ajs@R"), © = (w,...,w,) € Ar/s(Rmd) Then there exists
P = (Prs--s D) with pj € (sj,00) satisfying 5 =37, - < land ii = (uy, ... up) €
J
Aﬁ/E(Rmd), 0 € (0, 1) such that
1 1-6 6 T T
— = +_’ wj/ :ujpj vqj, j:l,...,m, (52)
Ty Pj 4qj
and
1 1-6 o 1 5o
L e T e (5.3)
r p q w,r u,p »q

Proof. By Theorem 4.2 we prove the lemma in its equivalent form: if

o)

j € A;T,(ﬂ)/(Rd), V5 € A%(Rd)

5j
and
1_(%)/ d d
w;, € Ag(i)'(R ), Vi € Ac(RY),
s Sj
then there exists p = (p1, ..., pn) With p; € (s;, 00) with % =2 pi <1 and
J
17(%{)/ d d
u; eAi(pI)(R) U,;J,EAg(R ), 0€(,1)
§ NS
such that (5.2) and (5.3) hold.
Note that the choice of 8 € (0, 1) determines
pj pjo
1-0 =0 T g;(=9) :
pjzpj(e)zl_—g’ “]—u](g)—w qu/ s j=1,...,m,

TR
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and
1 - 9 T 11’—9 (Fll 99)
p=pO)=1—5. vij=vipO) =v5; v 7,
g
so it remains to check that we can choose 8 € (0,1) so that p = (pi,..., pm) With

(2
pj € (s, 00) satisfying 1 = Z'j" 1L. < 1 and u (’) €Ay (p,)(R ), Vij € Ap(R ).
Since p;(0) =r; € (s, oo) and p(0) =r € (1, 00), the first condméns are obvious for small

enough 6 > 0 by continuity. To simplify writing, we denote 1 = 1/s, m; = s;/s, p; = p;/s;,
gj=gq;/sjand ¥; =r;/s; for j =1,...,m, and observe that these satisfy the same relations

- - pi0) 1—-06 1—-6
pj=p;jl)= : =% 6, 1 0
Sj <L L == =

riodj i 4

and p;(0) =7; as the original exponents p;,r; and g;.

1-p"
We check that u = A q B (Rd) so we consider a cube Q and write

- A== 7%71) -1
(uj )Q(uj >Q
P 76 7 pe
—= A, Z.1—a Fo(l— 7l — T a(= s — 25—
- (w rj(lf(-))vqj(lfo) wr](l ) j By I)v aj(1=0) ' 1)>m,17j 1
A\ J (] J :

In the first average, we use Holder’s inequality with exponents 1 4 ¢!, and in the second
with exponents 1 + §*! to get

7134(1+e) . P0(1+€)
< (w/ r.i(lfg))IQ-H( qjs<1 t) ) I+€
p(1+8) L P-0(1+8) _o
» f'.f(lié’)oﬁ_/ 7D >;’1p+jaﬂ fé_ffs(i’a)(rh_f =1 ) (Q"l’fis -
J J
-, 5.4)
N I L N T e
— ((wj J)Q](O)>é+ <(vj J9j )/(0))1Q+
1—7, . s
oy }J" .(0) % =3} .0 %
X((wj ) >Q ((Uj )P )Q s
where
N PO +e) . 0p(O)m;q; — 1)(1 + ¢)
0;0) = —F——, 0j(0) = 7 ,
rj(l —6) js(l —0)
and
2.0) = PO ;i — 1)(1 +6) 5 9) = 0p(0)(1 +9) ‘
! Fi(l—6)m;pi6) — 1)’ ! q;0(1 —0)(m;p;(0) — 1)

Now, we choose ¢ = ¢(f) and § = §(f) in such a way that
2;(0)=5;0), T;(0)=;(0),

which has the solution

OF, (i, — 1) oF,
0) = —, 86 e
€0 =~ 0= a7 =T
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The strategy to proceed is to use the reverse Holder inequality for A,(R?) weights due to
Coifman—Fefferman [13], which says that each W ¢ A, (R?) satisfies

(Wg' < (W) (5.5

for all + <1+ n and for some 1 > 0 depending only on [W]4, .
Recalling that p;(0) = 7;, we see that 0;(0) = 7;(0) = 1. By continuity, given any n > 0,
we find that

max(0;(6), T;(9)) < 1+ n for all small enough 6 > 0.
By Proposition 4.1 each of the four functions

1—7;
J

l—f./f d ]r//—l
w] € AV;LI':J/(R ), wJ € A(~ ~/)/(R ),
17{;}
1-3; d gl d
Uj € A,;qu/ (R ) Uj € A(r?t ‘;/)/(R )

satisfies the reverse Holder inequality (5.5) for all # < 1 + 5 and for some n > 0. Thus, for all
small enough 6 > 0, we have

7 1= 05;07;3;=D)
-7, 7a-0)  m;q,—1 G (1-0)
iy 79j J
(5.4) S_, <wj 0 b 0
_i G i —
B B L i
A AT 1-q" 7;(1-)
x (w, 7 J (w, 7
J Q J Q
~/
U 17/'j ! ﬁ/l
1-7 mir =1 m;r.—1 777
_ J 7 Jhj F(1-0)
(w; otw; 77 )
]—z}} Gp'/.
1-g", migi—1 m;iq,—1 /(119)
J 71 Jaj q; (1=
x((v; "ol lo
~/
L /"j " 607;(G;—1)
q.—or 95 "q; _9;
J i1 4
slw; "1y vy Ty
mjrj m; q]

In combination with the lines preceding (5.4), we have shown that

7 P
| e I i
—-p —r’. q.—0r" —q'. q.,gr.
J J77J J J J J
[Ltj ]Arh-ﬁ/ S[wj ]A. :, [Uj A < 00,

provided that 6 > 0 is small enough.
Now, we check that v; ; € Aj; p(Rd), so we consider a cube Q and write

1 ! p __pt _ P p-o .
Lo mp—1\mp—1 __ r(1-6) q(1-0) r(1-0)mp—1) _ q(1-0)mp—1) \mp—
Wiplo(vis o =gz vig olvps V54 Yo -

In the first average, we use Holder’s inequality with exponents 1 4 ¢!, and in the second
with exponents 1 + §*! to get

p((ll+§)) 1 170((ll+6r)) e _ " 1)6()1(-%:3) b mp—1 5([}?4%()1(-%_-5) i (ip—1)8
r T+e qF T+e r(1-0)(mp— 1+5 q8(1-0)(mp— 5
=ez o (v Yo (g )Q <v55 ) 5:6)
5(0) *% S5O0 T 10~ 0 ¢<0> 2 '
o T+e mq— 1 mr—1 1 6
<vﬁ,;>Q“ (.77 G <<vu~,';" ) >>Q+ (v > ,
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where
8(0) = M’ 5(0) = Op@)(mg — 1)(1 +g)’
r(1—6) qe(1— 0)
and
70) = p@)(mr — 1)(1 4+ 6) (5(6) _ Op©O)(1 + 8)

T (1 =0)mp©) — 1) T gs(1—0)mpB) — 1)’

Again, we choose ¢ = ¢(f) and § = §(9) in such a way that

80)=5(0), O =¢0),
which gives
or

q(mr — 1)

The strategy to proceed is the same as before. In particular, we use the reverse Holder
inequality (5.5) for A,(R) weights.

Recalling that p(0) = r, we see that 9(0) = 7(0) = 1. By continuity, given any n > 0, we
find that

e(0) =0r(m — é), 8(0) =

max(0(6), T(#)) < 1+ n for all small enough 6 > 0.

By Proposition 4.1 each of the four functions

_ 1
Vi i € Aae R, v T € Ay (R,

.
vig € AigRY), vy 17 € Agigy(RY)
satisfies the reverse Holder inequality (5.5) for all # < 14 7 and for some 1 > 0. Thus, for all
small enough 6 > 0, we have

(pl((?g) _ 1 . 9p(0()§rﬁg)—l)
- g — -
(5.6) S iy "5 0 g
1 p©)mr—1) Op©®)
r(1-0) ( >q(179)
Q

v.q

R S p©®)

= (i (vy 2 Vg ~H =
=Ll 0p(6)
X (v.gho vy 1) g!~Han=

—0 —0.
< lvarly,, gl

In combination with the lines preceding (5.6), we have shown that

q Or
oL _ .4-or . _.149-0r
[Vu,p]A,;lp N [Vw,r]Ar;lr [Vv,q]Aﬁlq < 00,

provided that 6 > 0 is small enough. This concludes the proof. [J

Lemma 5.7. Let

C(ZO, qZ(QIa-'~7Qm)7 ;::(rla'~-7rm)
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where 1 < qi,...,qm <00, | <ry,...,1r, <00 and
1 1 1 &1 11
—Z—e(a a+ 1), —=——a,—=2—e(a,a+1),—*=——oz.
=k q rooAor r r
Let = (Wy,...,wy) € Ar+(R"), ¥ = (vl,...,vm) € A; *(R'"d) Then there exists
ﬁ:(pl,...,pm)withl<p1,...,pm<oosatisfying =" 1p € (e, a+1), = ;—a,
g—ql* =§— [}* =1_1 ii:(ul,...,um)eA,;,,,*(Rmd), 0 € (0, l)suchthat
1 1—-6 6 16 9 .
— = + —, wj =u; v, j=1,...,m, (5.8)
Ty pj 4qj
and
1 1—-6 6
-—= — 4 —, vy = vl_evg (5.9
r P q
Proof. Using Theorem 4.4, we prove the lemma in its equivalent form: if
—q'; *
v, /€ Amq}(Rd), vl € Apgr(RY)
and
W, € Apy R, v € Ape(RY),
J
then there exists p = (p1, ..., pm) With 1 < py, ..., pm <oowithé=23" 1— € (a,ax+1),
1 _1_p 11t _1_ 1 _1_ 144
p* T p g ¢t T p  pt T rr*
=7 d p* d
u; € Amp;(]R )s v, € Amp*(R ), 0€(0,1)
such that (5.8) and (5.9) hold.
Note that the choice of 6§ € (0, 1) determines
_ 1 _ 6
Pj=Pj(9)=m, Mj=uj(9)=wjlfevj = j=1...,m,
rio 4j
and
1-6 = T
p=pO) =15  vi=vi®) =v v "7,
rooq
so it remains to check that we can choose 8 € (0,1) so that p = (pi,..., pm) With
. . 1 _ m 1 1 _ 1 1 _ 1 _
1 < piyeeoy pm < 00 sa/tlsfylng 5= Zj=1p_j € (v, + 1), o=, T 5 =
% — = — % and u, Pi ¢ Ay RY), ug* € Appr(R?). Since 1 < p;(0) = r; < oo and

1/(@a+1) < p0) =r < 1/c, the first conditions are obvious for small enough 6 > 0 by
continuity.

/

We check that ufpj e A, (RY), so we consider a cube Q and write

mp';

1
1

(=pi)=—1—) PP
p] mp 1 mp;-fl _ —] ]0
(Mj )Q(u] 0 = (wj v; )o
17’. p}-H
A=6)mp";—1) — (1=0)mp/,=1) mp/;—1
W J V. J J
J J 0 '
410




T. Hytonen and S. Lappas Indagationes Mathematicae 33 (2022) 397—420

In the first average, we use Holder’s inequality with exponents 1 + ¢*!, and in the second
with exponents 1 + 6*' to get

_p;.(H»s) L p;~9(1+£) e
< (wj -6 >1Q+s (,UJ e(1-0) >1Q+s
17;(1+3) . — p}-9(1+5) o —1ys
(1=0)mp’;=1)  —s T 8(1=6)(mp/,—1) ’1@5
x (w o )
4 (5.10)
/ 1 /7!1 £
—r. X T mq'.— o =
= ((w; N, T TG
mr”}—l mp;.fl —q’. (mp.—1)8
X ((wj J )rj(0)>Q1+8 <(vj J)¢j(0)>Q 1+5
where
piO)(1 + &) Op(0)mg; — (1 +¢)
0j0)=—"-——— 0;(0)=—1— ,
rj(l —0) qje(l —6)
and
pi(@)(mr’ — 1)(1 + 8) Op’(O)(1 +8)
7;(0) = - . L $(0) = :
ri(1 = 0)(mp/;(0) — 1) q,8(1 — 0)mp',(6) — 1)

As in the proof of Lemma 5.1, we choose ¢ = ¢(f) and § = §(0) in such a way that
0j(0) =0;(0), 1;(0)=¢;),

which is the same as

or',
i~ D
The strategy to proceed is also the same as in the proof of Lemma 5.1. In particular, we
use the reverse Holder inequality (5.5) for A,(RY) weights.

Recalling that p;(0) = r;, we see that ¢;(0) = 7;(0) = 1. By continuity, given any n > 0,
we find that

max(o;(0), t;(#)) < 1+ n for all small enough 6 > 0.

By Proposition 4.1 each of the four functions

r’,

—r, m

w, €A, R, w,
J

mr’.—1
d
J J ! € A(mr;.)’(]R ),

’
—q
v, ’

d mq’,—1
j € Amq}(R ), v; -

J
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satisfies the reverse Holder inequality (5.5) for all # < 1 + 5 and for some n > 0. Thus, for all
small enough 6 > 0, we have

/ ’ ’ ’_
) /pj q/j 0pj/(mqj 1)
—r’. r.(1-0) mq'.—1 q°(1-0)
< Uy o J
GA0 S tw; g 7 ),
’ ’ ’_ ’
mr'.—1 r.(1-6) —q'; q-(1-0)
J J Jy\
X (w; 7 o {v; Do

!’ 7 ’ —_
—q", mq’,—1 mq’,—1 ~77_
J J J q;(1-6)
. . J
PPICI I Y
9 | brigj=1

q79 —q;_ "q;—0r;
I J J J
<lw, 17w, ",
] J

x ((v

In combination with the lines preceding (5.10), we have shown that

q;

1—p} / q Jg 7 q; ] (qé‘:.l)
[w; 7la, Slw, 1,0 1,0 < oo,
/’j rj mq/

provided that 6 > 0 is small enough.
*
Now, we check that vf € Amp*(Rd), so we consider a cube Q and write
% _7]’: i *_ . p*o G 9){** D 9)”(*49* 0 *_1
p mp¥—1 \mp*— i—0 = —0)(mp¥— —0)mp*—1) \mp™—
(v )olv; )Q = V3 Yo(vy Vs >Q :

In the first average, we use Holder’s inequality with exponents 1 4 ¢!, and in the second
with exponents 1 4 8*! to get

pri+e) 1 1’*(01(1;)5) e (1[(?)((% mp*—1 % (mp —1)8
< (p. 17 e () € T+e —0)(mp* — I+5 mp* — 5
< (v Yo (V3 * lo (Vg ) Yo (v o T * 5.11)
O THE 10 " T (O To AT\ (0) mt 30,
= (PO 5 ((wy ") T (v O ST () T
where
p*(l+¢) Op*(mg* — 1)(1 + &)
00) = ——1, a(9) = ,
r*(1 —0) g*e(1 —0)
and
* * *
(mr* — 1)1+ ) Op*(1+9)
1) =2 L b)) = P .
r*(1 —6)(mp* — 1) g*8(1 = 6)(mp* — 1)

Again, we choose ¢ = ¢(0) and § = §(0) in such a way that
00)=0(0), t(0)=¢©),

which means that

e(0) = w, 8(0) = L
q* g*(mr* —1)

The strategy to proceed is the same as before. In particular, we use the reverse Holder
inequality (5.5) for A,(RY) weights.
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Recalling that p(0) = r, we see that o(0) = 7(0) = 1. By continuity, given any n > 0, we
find that

max(p(0), T(0)) < 1 4+ n for all small enough 6 > 0.

By Proposition 4.1 each of the four functions

¥

V}: € Amr*(]R )s vjmr*—l € A(mr*)’(Rd)»

w w

q*

Vg* € Amq*(Rd)a U{,’_mq*il € A(mq*)/(Rd)
satisfies the reverse Holder inequality (5.5) for all # < 1 + 5 and for some n > 0. Thus, for all
small enough 6 > 0, we have

* *(ﬁ* ) ‘7: 1 91’1’("1‘7*07)1)
r*\ rF(1— mq*— q*(1—
W0 (v Yo

(5.11) < (v :
r* prmrt=1) op*
Tmr¥—1\ r*(1-6) q*\ ¢¥(1-0)
(vz" g (PN

X

r* p*

— r TR =1 \mr¥—1\7% -0

—((VJ)>Q(V,;, >Q )=
* op*
X (1) gty ™ ypt 7D
Y
*r¥(1-0) . .q7 1 ¢*(1-0)
<Dp 1y vy 140

In combination with the lines preceding (5.11), we have shown that

p* op*

r* *7FA=0) [ q* 1 aF(1-6)
[l)’; ]Amp* S [vlri) ]Amr* [vﬁ ]Amq* < 00,
provided that 6 > 0 is small enough. This concludes the proof. [J

We can also connect Theorem 4.5 with the linear Ap/s; (R, Ap, (R%) and Apj’ pT(Rd)
conditions as follows: '

Lemma 5.12. Let

-

az(qli"'7qm)7 r=(r19"'7rm)7 §=(s17""s’n)

where s; € [1,00), g, r; € (s}, 00) and

1 &1 (R | 1

Lyl loyla Loyl

g S ool =1 %
Let v = (vi,...,v,) € ]_['j” 1 Agyss; @R, & = (wy,..., Wn) e ]_[m A,//s (RY). Then
there exists p = (pi,..., pm), With pj € (s, 00) sansfymg L = Z] 1,, < 1 and
U= @Wi,...,uy) € ]_[;';1 pj/sj(Rd), 0 € (0, 1) such that

1 1-6 6 R

— = +—, w! =u;" v}, j=1...,m,

Ty Dj q; '
and

1 1-6 0 1 1=6 6

- — 4 -, véﬂzvﬁpﬁuﬁqﬂ

- p 7 RN
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Proof. This follows by applying [26, Lemma 4.4] to each component separately. [

Lemma 5.13. Let
a209 é=(91’~-‘34m)y ;:=(r1""7rm)

where 1 < qq,...,qnm <00, 1 <ry,...,F, <00 and
1 1 1
——Z—e(acx—i—l) 1_1_« ——Z—e(aa—i—l) 11«
q = ]qj j q/ m r = i rj m
Let w = (Wi, ..., Wy) € ]_[3;1 A,j,;_j(]Rd), U= (,...,0) € ]_[j?:l qu,(;j(]Rd). Then there

m 1

exists p = (p1,..., pm) With 1 < py,..., pm < 0O satisfying % = Zj:1 5 € (o, + 1),
J

11 _e 11 _ 11 _1_ 1 5 m ~(Rd
= e b = = i =) €T Ay R, 6 € 0.1)

such that
1 1-06 0
— = +— wi=u; N, j=1..,m,
Ty Pj qj
and
1 1—-6 6 1—6 6

Proof. This follows by applying [26, Lemma 4.7] to each component separately. [J

We now have the last missing ingredient of the proof of Theorem 2.9:

Proof of Proposition 3.2. We prove the proposition in the case that (1a) are in force. The other
cases are proved in a similar way. We are given ¢ = (¢, qz) F= (r1, ), s = (sl, sz) with
€ [1 00), qj, rj € (s, 00) (j = 1,2) satisfying } = >77_ 1 <L =>: im<li=

Zf 15 —+ and weights w = (w;, wa) € A,/X(Rz‘i) U= (v, 1) € Aq/s(RZd) By Lemma 5 1,

there are some p = (p;, p2) with p; € (s;,00) (j = 1,2) satisfying 1 5= Zf 1pl < 1,
weights i = (u1, us) € A,;/_;(de), and 6 € (0, 1) such that

1 1-0 6 e 5

2 + =, wi./ :ujp_/ v/'qj’ j=1,2,

Ty Pj qj ' T
and

1 1-6 06 1 16 6

_—= 4 -, v =v "% vl

r P g ronhen

By Theorem 4.5, we then have
[LPI(u;), LY (vj)]g = L (w)), [LP(i,p), LT (v5.3)]e = L (vip,7),

as we claimed. [

6. Commutators of bilinear Calderon-Zygmund operators

In the remaining sections of this paper, we consider a number of applications of our abstract
results to specific classes of operators. In our first application below, we consider bilinear
Calder6n—Zygmund operators which are defined as follows:
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Let T be a multilinear operator initially defined on the m-fold product of Schwartz spaces
and taking values in the space of tempered distributions,
T :SMRY x - x S(RY) — S'(RY).

Following [22], we say that T is an m-linear Calderén—Zygmund operator if, for some 1 <
q; < 0o, it extends to a bounded multilinear operator from L7 (RY) x - - - x LI(R?) to L4(R?),
where é = ZT=1 %, and it has the representation

J

T(fisoos f)x) = / ) K, yis oo y) i) oo fn(m)dyn . dym, (6.1)
(R )Iﬂ
for all x ¢ N7_, supp f;, where the kernel K satisfies the size condition
|K( ) S : (6.2)
XV e Y S m .
O =yl
for all (x, y1,...,ym) € R4y with x # y; for some j € {1,2,...,m} and the smoothness
condition
< ly; — 2
KX, .oos s Y) — KOG,y o2, vl S (6.3)

Tl — yylymate

for some ¢ > 0 and all 1 < j < m, whenever |y; —z| < %maxlgjgm |x — y;l. Also, T is
called the multilinear Calderén—Zygmund operator associated with the kernel K.

In [5,29,35], the following weighted boundedness results about the bilinear Calderén—
Zygmund operator associated with kernel K and its commutators were obtained:

Theorem 6.4 ([5], Theorem 1.2,_’[29], Corollary 3.9, Theorem 3.18 and [35], Theorem 1.1).

Suppose that w € A5(R*) and b € BMOR?)? with 5 = P . l<pj<oo j=12
> J

p € (1,00). Then T and [T, b, for each o € {(0,1),(1,0), (1, 1)} are bounded bilinear

operators from LP1(wy) x LP2(w,) to LP(vy, ;) under either of the following cases:

(1) T is a bilinear Calderon—Zygmund operator associated with kernel K satisfying (6.1),
(6.2), (6.3).

(2) T is a bilinear singular integral operator associated with a kernel K in the sense of
(6.1) and satisfying (6.2), and

(a) T is bounded from
L'RY) x L' (R?) — LYV?>®[RY), (6.5)

where L'/2®°(RY) is the weak L'? space.
(b) for x,z, y1, y2 € RY with 8|x — z| < minj<j<2 [x — yjl,

.L.E

Oy e — e

where T is a number such that 2|x — z| < T and 4t < minj<j<; |x — y;|.

|K(x, y1,y2) — K(z, yi, y2)I S (6.6)

Remark 6.7. The boundedness of 7 in [5] is not explicitly stated as a theorem but it is
implicitly contained in the proof of the boundedness of the commutator. As explained in
[5, Theorem 1.2], [29, Corollary 3.9 and Theorem 3.18] and [35, Theorem 1.1] all the
previous bounds for iterated commutators hold for 0 < p < oo. Also, it was pointed out in
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[25, Proof of Theorem 1] (see also [17, Propositions 2.3, 4.1 and Remark 4.2]) that the
condition (6.6) is weaker than, and indeed a consequence of (6.3).

The compactness of the commutator [T, l;],x was considered by Bényi-Torres [3] and
Bu—Chen [5] in the unweighted case:

Theorem 6.8 ([3], Theorem 1 and [5], Theorem 1. 1) Suppose that b € CMO(RY)?, L é =

, 1 < pi,pp<oocand 1l < p < oo. Then [T, b]o, is compact from LP'(R?) x LPZ(R"I) to
LP(Rd) in each of the cases (1) and (2) of Theorem 6.4.

A combination of Theorems 6.4 and 6.8 with our main Theorem 2.9 recovers and improves
the following results of Bényi et al. [1, Theorems 3.1 and 3.2] and Bu—Chen [5, Theorem 1.1],
lifting their additional assumption that vy ; € A,(R?):

Theorem 6.9. Assume b € CMOMRY?, pi1, p» € (1,00), p € (1,00) such that 1/p =
1/p1+1/p; and W = (wy, wy) € Aj (de) Then [T, b]a is compact from LP1(wy) x LP2(w,)
to LP(vy, ;) in each of the cases (1) and (2) of Theorem 6.4.

Proof. We prove the theorem in the case that the assumptions (1) of Theorem 6.4 are in force.
The other case is proved in a similar way. We verify the assumptions (la) of Theorem 2.9
for [T, l;]a for each @ € {(0, 1), (1,0), (1, 1)} in place of T: By Theorem 6.4, [T, l;]a is
a bounded operator from L7(u;) x L%(uy) to Li(v;;) for all g = = (q1.q) € (1, 00)?,
4 = q192/(q1 + q2) > 1 and all 4 € Az(R*!). By Theorem 6.8, [T bly is compact from
L1(RY) = L’l(vl) x L"(R?Y) = L"(vy) to L"(RY) = L"(v;;) with ¥ = (v}, 1) = (LD e
Az(R*?) and v;7 = 1. Thus Theorem 2.9 applies to give the compactness of [T, b]a from
LP1(wy) x LP2(wy) to LP(vg 5) for all p = (py, p2) € (1,00)%, p = p1p2/(p1 + p2) > 1 and
all w € AzR*). O

The proofs in [1,5] were based on considering smooth truncation operators [11,28] and
verifying a weighted Fréchet—Kolmogorov criterion [11]. We avoid these considerations and
obtain a more general theorem than these earlier approaches. However, the very recent work of
Cao-Olivo—Yabuta [6] achieves a further generalization (lifting also the assumption that p > 1)
by further developing the approach based on a weighted Fréchet—Kolmogorov criterion. It might
be interesting to investigate whether the full scope of the results of [6] could be recovered
avoiding this criterion.

7. Commutators of bilinear fractional integral operators

In this section we apply Theorem 2.9 to the commutator [/g, l;]a, where a € {(0, 1), (1, 0),
(1, 1)} and, given 0 < B < 2d, the bilinear fractional integral operator Iz is defined by

1
I s =
s(f1, [2)(x) /RM (% — 1P+ x — ya )25

Chen—Wu [8] and Moen [32] obtained the following weighted boundedness results of the
bilinear fractional integral operator and its commutators:

S101) f202)dy1dy».

Iheorem 7.1 ([8], Theorems 1.4, 1.7 and [32], Theorem 3.5). Suppose that 0 < B < 2d,
b € BMORY)? and 1 < py, p» < oo are exponents with 1/p = 1/p; + 1/py.1/2<p<d/B
and q is the exponent defined by 1/q = 1/p — B/d. Then Ig and [lg, bl for each a €
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{(0, 1), (1,0), (1, 1)} are bounded bilinear operators from LP'(w{") x LP2(w}?) to L1(v) for
all % = (wy, wp) € Aj (R,

The compactness of the commutator [/g, l;]a was considered by Chaffee-Torres [7] and
Wang—Zhou-Teng [36] in the unweighted case:

Theorem 7.2 ([7], Theorem 3I(i) and (uz) and [36], Theorems 1.2 (A]) and (A3)). Let
1<p1,p2<oo p_(pl,pz) +—O<ﬂ<2d +—,andqsuch
that L 7 i + pl A gand 1 < p, q < oo Ifb =(b,b) € CMO(Rd)2 then [I,g,b]a for each
a € {(0, 1) (1 0), (1, 1)} is compact from LP\(RY) x LP2(RY) to L4(RY).

Thus, by combining the verification of the assumptions (2c) of Theorem 2.9, Theorems 7.1
and 7.2 we can now recover and improve the following results of Chaffee—Torres [7, Theorem
3.1 (i)] and Wang—Zhou-Teng [36, Theorem 1.2 (A2)], lifting their additional assumption that

yans
d
w,” ,wz” € Ap(RY):

Theorem 7.3. Let1<p1,p2<oo p=(p1, p2) 1 =—+— 0<pB<2d, -<—+—
andq such that - = —|———— and 1 < p,q < oo. Ifb = (b,b) € CMO(]R")2 then
[1g, b]a for each o e {(0 1), (1 0), (1, D} is compact from L”l(wp‘) X L”2(w§2) to Lq(v ) for
all w = (wy, wy) € Ap,q(]RZd)

Proof. We verify the assumptions (2c) of Theorem 2.9 for [, b]a for each @ € {(0, 1), (1, 0),
(1, )} in place of T: By Theorem 7.1, [Ig, b]a is a bounded operator from le (u1) x L*2(uy) to
LS*(va*)forall§_(s1,sz) e (1, 00)?, 1 = i+3 <l,s*>1 suchthat = ﬁ+é—§and
all i € As, S*(RZ") By Theorem 7.2, [1,3, bl is compact from L™ (R?) = L’l(v") x L2 (RY) =
L’Z(vrz) to L' (RY) = L™ (vi ")y with = (v, v2) = (1,1) € A7 ,«(R?*) and v; = 1. Thus
Theorem 2.9 applies to give the compactness of [1g, b]a from Lpl(wp') X LPZ(wm) to Lq(v )
forall p = (p1, p2) € (1, 00)%, 1 = p—+— <1l,g>1 suchthat =1_1=1_1= g

q K r =
and all ¥ = (wy, wa) € Aj, q(Rgd) O

The proofs in [7,36] were based on considering smooth truncations of /g (see [2] and the
references therein) and verifying the weighted Fréchet—Kolmogorov criterion [11]. We obtain
a more general result by avoiding this criterion, but Cao—Olivo—Yabuta [6] achieve a further
generalization by an approach again based on the weighted Fréchet—Kolmogorov criterion.

8. Commutators of bilinear fourier multipliers

In this section, we apply Theorem 2.9 to the commutators of bilinear Fourier multipliers
(first studied by Coifman and Meyer [14]) which satisfy certain Sobolev regularity conditions.
Given s € R and 5§ = (51, 5) € R?, the Sobolev spaces H*(R*!) and H*(R??) are defined
by the norms
1
N 2 2
1 W25 oy = ( / AT &P+, &) d&d&) ,
R
1

I N s g2y = ( /R LA+ 1211 + |sz|2>sz|f<sl,&)fd&dsz) §
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where fdenotes the Fourier transform of f. Let ® € S(R?/) satisfy

supp(®) C {(&1.8) : 3 < |&1] + |&] <2}
Y ez PQ7E,2778) =1 forall (&1,&) e R*\ {0}

For 0 € L®(R*), we denote 0;(&1, &) = D&, &)o(2/€1,2/&) for j € Z. The bilinear
Fourier multiplier 7, with symbol o is defined by

T,(f1, f)x) = /R N(GE £) f1(E1) fa(E2)e? ¥ E TR g d

for fi, f» € SRY).
Fujita—Tomita [19], Jiao [27] and Zhou-Li [38] obtained the following weighted bounded-
ness results for 7T, and its commutators:

Theorem 8.1 (//9], T@eorem 6.2, [27] and [38], Theorem 1I). Let b e BMO(R?Y)?. The
operators T, and [T, b, for each a € {(0, 1), (1,0)} are bounded bilinear operators from
LP'(wy) x LP2(wy) to LP(vy ), where % = ﬁ + é < 1, under either of the following cases:
(1) (a) o satisfies SUp ez, lloj |l s m2ay < 00 with s € (d, 2d],
(b) pj € (tj, 00) for some t; € [1,2) such that % + % =
(c) B = (wy, wy) € Az(R™).
(2) (a) o satisfies SUp ez, ||oj||H;~(de) < 00 with § = (s1, 82) € (d/2, d]z,
(b) pj >d/s; and
(c) W= (wi,w2) € Ap,s,a(RY) x Apyyy/a®).

S
T and

Proof. In the cases (1) and (2) the boundedness of the operator 7, is contained in [27] and [19,
Theorem 6.2] respectively. The boundedness of the commutators [7,, b], in the case (1) follows
by combining the boundedness of the operator T, in [27] with Theorem 4.6. In the case (2)
the boundedness of the commutators [Ty, b], is contained in [38, Theorem 1]. [

Remark 8.2. As mentioned in [19, Theorem 6.2] and [27], in both of the cases (1) and (2) of
Theorem 8.1 the boundedness of the bilinear operator 7, holds for 0 < p < oo.

Compactness of the commutator [Ta,l;]a in the unweighted case was considered by
Hu [23,24]:

Theo;em 8.3 ([23], Theorem 1.1 and [24], Theorem 1.1). Suppose that be CMO(R?)2. Then
[T, bla for each a € {(0, 1), (1, 0)} is compact from LP1(RY) x LP2(RY) to L?(R?) in each of
the cases (1) and (2) of Theorem 8.1.

By combining Theorems 8.1 and 8.3 with our main Theorem 2.9, we can now recover and
improve the result of Hu [24, Theorem 1.1], lifting their assumption that vy ; € A p(Rd ), and
the result of Zhou-Li [38, Theorem 2]:

Theorem 8.4. Suppose that b e CMORY)2. Then [T, l;]a for each o € {(0, 1), (1,0)} is
compact from LP1(wy) x LP2(wy) to LP(vy, ;) in each of the cases (1) and (2) of Theorem 8.1.

Proof. We prove the theorem in the case that the assumptions (1) of Theorem 8.1 are in force.
The other case is proved in a similar way. We verify the assumptions (1a) of Theorem 2.9 for
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[T,, l;]a for each o € {(0, 1), (1, 0)} in place of T: By Theorem 8.1, [Ty, l;]a is a bounded
operator from L9 (u;) x L%(uy) to L(v; ;) for all g = (q1, q2) € (¢}, 00)%, ¢ > 1 and all
ue Aé/;(RZd). By Theorem 8.3, [T, l;]a is compact from L'1(R?) = L' (vy) x L2(R?) =
L2(vy) to L"(RY) = L"(vy7) with o = (vy, v2) = (1,1 € A;(R*) and v;; = 1. Thus
Theorem 2.9 applies to give the compactness of [T, bl from LP1(wy) x LP2(w;) to LP(vg 5
forall p = (p1, p2) € (1], 00)?, p>landallw e AI;/;(RM). If we work under the assumptions

(2) of Theorem 8.1 then we verify the assumptions (1b) of Theorem 2.9. [

The proof in [24] was based on the idea of introducing a new subtle bi(sub)linear maximal
operator to control the commutators [7,, b],. As in the cases of the commutators of bilinear
Calder6n—Zygmund and fractional integral operators both of the original proofs in [24,38]
relied on verifying the weighted Fréchet—Kolmogorov criterion [11], which is avoided by the
argument above. Again, Cao—Olivo—Yabuta [6] obtain a further generalization by developing
the approach based on the weighted Fréchet—Kolmogorov criterion.
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