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Abstract

Abstract

This Thesis studies the portfolio choice and asset pricing in economic settings with incom-
plete markets and is comprised of three chapters. Chapter 1 explores the formation of stock
prices in a general equilibrium economy with heterogeneous investors facing portfolio con-
straints. We compute the equilibrium when both investors have (identical for simplicity)
CRRA preferences, one of them is unconstrained while the other faces an upper bound
constraint on the proportion of wealth invested in stocks. We demonstrate that under cer-
tain parameters the model can generate countercyclical stock return volatilities, procyclical
price-dividend ratios, excess volatility and other patterns observed in the data. Our baseline

analysis is also extended to models with heterogeneous beliefs.

Chapter 2 studies the portfolio choice in economies with incomplete markets with in-
vestors guided by mean-variance criteria. Mean-variance criteria remain prevalent in multi-
period problems, and yet not much is known about their dynamically optimal policies. In
this chapter we provide a fully analytical characterization of the optimal dynamic mean-
variance portfolios within a general incomplete-market economy. We solve the problem by
explicitly recognizing the time-inconsistency of the mean-variance criterion and deriving a
recursive representation for it, which makes dynamic programming applicable. A calibration
exercise shows that the mean-variance hedging demands may comprise a significant fraction

of the total risky asset demand.

Chapter 3 provides a simple solution to the hedging problem in a general incomplete-
market economy in which a hedger, guided by the minimum-variance criterion, aims at
reducing the risk of a non-tradable asset. We derive fully analytical optimal time-consistent
hedges and demonstrate that they can easily be computed in various stochastic environ-
ments. Our dynamic hedges preserve the simple structure of complete-market perfect hedges
and are in terms of generalized “Greeks,” familiar in risk management applications. We
demonstrate that our optimal hedges typically outperform their static and myopic counter-

parts under plausible economic environments.
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Introduction

Introduction

The main objective of this Thesis is to study the optimal portfolio choice and asset pric-
ing in financial markets with imperfections, such as portfolio constraints or unhedgeable
risks that render the markets incomplete. It is generally admitted that these imperfections
significantly contribute towards understanding the investor behavior and the dynamics of
financial markets. Despite their importance in Finance, portfolio choice and asset pricing
models are notoriously difficult to solve in incomplete markets. This Thesis develops new
methods for solving these models in various incomplete-market settings and provides new
economic insights into the formation of optimal portfolios and asset prices. The Thesis
consists of three Chapters that explore different aspects of portfolio choice and asset pricing

in incomplete financial markets.

Chapter 1 is entitled “Asset Pricing in General Equilibrium with Constraints” and ex-
plores the formation of asset prices in a pure exchange general equilibrium economy with
two heterogeneous investors facing portfolio constraints, and one consumption good gener-
ated by a Lucas tree. Even though the presence of portfolio constraints is well documented
in the contemporary literature, it is admittedly difficult to incorporate them into general
equilibrium analysis unless constrained investors are logarithmic, as commonly assumed in
the literature. However, the assumption of logarithmic investors significantly impedes the
evaluation of the impact of portfolio constraints on financial markets. In particular, there
is a large literature (e.g., Detemple and Murthy, 1997; Basak and Cuoco, 1998; Basak and
Croitoru, 2000, 2006) demonstrating that in economic settings with logarithmic investors
various portfolio constraints do not affect stock prices since classical income and substitu-
tion effects perfectly offset each other. In Chapter 1 we develop a methodology that does
not rely on the restrictive assumption of logarithmic investors and therefore allows us to
evaluate the impact of constraints on equilibrium parameters such as interest rates, market

prices of risk, price-dividend ratios and stock return volatilities.

In particular, we numerically compute the equilibrium in a setting with two investors
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Introduction

with identical constant relative risk aversion (CRRA) utility functions where one investor
is unconstrained while the other faces an upper bound constraint on the proportion of
wealth that can be invested in stocks. We compute the equilibrium parameters and study
their behavior in good (when dividend growth shocks are positive) and bad (when dividend
growth shocks are negative) states of the economy. We demonstrate that the impact of
portfolio constraints crucially depends on the intertemporal elasticity of substitution (IES).
When IES is greater than unity our model generates countercyclical market prices of risk
and stock return volatilities and procyclical stock price-dividend ratios (i.e., market prices of
risk and stock return volatilities are higher in bad states and lower in good states, and vice
versa for price-dividend ratios) as well as excess stock return volatility, consistently with the
literature (e.g., Ferson and Harvey, 1991; Schwert, 1989; Campbell and Cochrane, 1999).
Moreover, we demonstrate that our methodology can easily be extended to incorporate

heterogeneous beliefs and multiple assets.

Chapter 2 is entitled “Dynamic Mean-Variance Asset Allocation” and studies optimal dy-
namic mean-variance asset allocation in a general incomplete-market economy with stochas-
tic investment opportunity sets. Mean-variance portfolio choice has always been recognized
as the cornerstone of modern portfolio theory, and is still widely employed both in industry
and academia due to its tractability and intuitive appeal (e.g., among others, Ait-Sahalia and
Brandt, 2001; Campbell and Viceira, 2002; Jagannathan and Ma, 2003; Bansal, Dahlquist
and Harvey, 2004; Acharya and Pedersen, 2005; Hong, Scheinkman and Xiong, 2006; Brandt,
2009; Campbell, Serfaty-de Medeiros and Viceira, 2009). The extant literature primarily
solves for optimal mean-variance policies assuming that investors are myopic and maxi-
mize their criterion over the next period, ignoring the hedging demands arising due to the
fluctuations of investment opportunity sets. In contrast with the previous literature, we
study dynamic optimal mean-variance asset allocation via dynamic programming by explic-
itly recognizing the time-inconsistency of mean-variance criteria. While previous literature
has reported difficulties in applying dynamic programming to mean-variance criteria due

to the failure of iterated expectations property (see e.g., Zhou and Li, 2000), we provide a
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Introduction

recursive representation of the investor’s mean-variance criterion which makes possible the

application of dynamic programming.

To our best knowledge, our work is the first to obtain closed form expressions for optimal
investment policies in a general incomplete-market setting in terms of exogenous model
parameters and a new hedge-neutral probability measure that facilitates the tractability of
the analysis. We also demonstrate that our dynamically optimal time-consistent policies
are generically different from the pre-commitment policies obtained in the literature, from
which an investor may deviate in the future unless being able to pre-commit. Moreover,
methodology presented in Chapter 2 can efficiently be applied to study the asset allocation
for various investment opportunity sets, including those endogenously derived in equilibrium
in Chapter 1. Specifically, in this work we obtain explicit expressions for various stochastic
investment opportunity sets widely used in the literature, such as models with Gaussian
mean-reverting stock returns (e.g., Kim and Omberg, 1996) and models with stochastic
volatility (e.g., Liu, 2005; Chacko and Viceira, 2005). Moreover, the calibration to the real
data reveals the significance of the hedging demands, which shows that popular myopic
policies ignore a substantial fraction of the optimal total demand for stocks in a dynamic

setting.

Finally, Chapter 3 entitled “Dynamic Hedging in Incomplete Markets: A Simple So-
lution” employs the methodology developed in Chapter 2 to study mean-variance hedging
problem in a dynamic incomplete-market economy with stochastic investment opportunity
sets. The investor in this setting hedges the fluctuations of a non-tradable asset by mini-
mizing the variance of the hedging error given by the difference of the non-tradable asset
payoff and tradable wealth at a terminal date. Hedging in incomplete markets is a classical
problem covered in major test books as well as academic works but primary in static or
myopic settings. When the market is incomplete and perfect hedging by means of standard
no-arbitrage methods is no longer feasible the literature derives optimal hedges that maxi-
mize investors’ utility functions or minimize various hedging criteria such as squired hedging

error or hedging error variance. Despite much work in this direction, we still lack tractable
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Introduction

dynamically optimal policies.

By employing the methodology of Chapter 2 we provide tractable dynamically opti-
mal hedges in a general incomplete-market economy by employing the minimum-variance
criterion. We demonstrate that our optimal hedges retain the intuitive structure of classi-
cal complete-market hedges and are in terms of generalized “Greeks”, widely used in risk
management applications. We obtain our dynamic time-consistent hedges via dynamic pro-
gramming by explicitly recognizing the time-inconsistency of mean-variance criteria while
previous works (e.g., Duffie and Richardson, 1991; Schweizer, 1994; Musiela and Rutkowski,
1998) obtain policies that minimize the variance criterion globally and from which the in-
vestor may choose to optimally deviate in the future. Moreover, we demonstrate that our

hedges typically outperform static and myopic counterparts in plausible economic settings.
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Chapter 1: Asset Pricing in General Equilibrium with Constraints

1. Asset Pricing in General Equilibrium with Constraints

1.1. Introduction

Portfolio constraints and market frictions have long been considered among key contribu-
tors towards understanding investor behavior and equilibrium asset prices. In particular,
dynamic equilibrium models with heterogeneous investors facing portfolio constraints have
extensively been employed by financial economists to confront a wide range of phenomena
such as the equity premium puzzle, mispricing of redundant assets, role of arbitrageurs,
impact of heterogeneous beliefs on asset prices, and stock comovements (e.g., among oth-
ers, Detemple and Murthy, 1997; Basak and Cuoco, 1998; Basak and Croitoru, 2000, 2006;
Kogan, Makarov and Uppal, 2007; Gallmeyer and Hollifield 2008; Pavlova and Rigobon,
2008). However, tractable characterizations of equilibria are only obtained assuming that a
constrained investor has logarithmic preferences which simplifies the analysis at the cost of

I Despite recent developments in portfolio optimization, such

assuming investor’s myopia.
as duality method of Cvitanic and Karatzas (1992), portfolio constraints are notoriously
difficult to incorporate into general equilibrium analysis as well as portfolio choice when

constrained investors have more general preferences inducing hedging demands.

The assumption of logarithmic preferences is not innocuous and impedes the evaluation
of the impact of constraints on stock prices and stock return volatilities. Thus, in economic
settings with two logarithmic investors and single consumption good (e.g., Detemple and
Murthy, 1997; Basak and Cuoco, 1998; Basak and Croitoru, 2000, 2006) stock prices and
hence stock return volatilities are unaffected by constraints since the income and substitu-
tion effects perfectly offset each other. When the constrained investor is logarithmic, the

volatility effects of constraints have been studied in specific settings where the other (un-

!The assumption that one investor has logarithmic preferences is also commonly made for tractability
in models with unconstrained investors who differ in risk aversions. Thus, Dumas (1989) studies dynamic
equilibrium in a production economy, where one investor has logarithmic while the other general CRRA
preferences. Wang (1996) studies an exchange economy where one investor has logarithmic while the other
square-root preferences. One notable exception is Bhamra and Uppal (2009), who study the effect of in-
troducing non-redundant securities on the volatilities of asset returns in an exchange economy with CRRA
investors not restricted to being logarithmic.

14



Chapter 1: Asset Pricing in General Equilibrium with Constraints

constrained) investor has different preferences (e.g., Gallmeyer and Hollifield, 2008), which
requires further justification. To our best knowledge, this paper is the first to study the
effect of different constraints on stock return volatility in a continuous-time economy with-
out relying on the assumption of logarithmic investors. As a result, our solution method
yields new insights on the impact of portfolio constraints on stock prices and, in particular,
highlights the role of constraints in explaining empirically observed procyclical variation of
price-dividend ratios and countercyclical variation of stock return volatilities (i.e., positive
shocks to dividend growth rates lead to higher price-dividend ratios and lower stock return

volatilities).

We solve for the equilibrium in a continuous-time pure exchange economy with one
consumption good and two heterogeneous investors facing portfolio constraints. First, for
general preferences and constraints we provide a characterization of interest rates and market
prices of risk which highlight the role of constraints and risk sharing, and in specific economic
settings can explicitly be characterized in terms of empirically observable quantities such as
stock returns and consumption volatilities. Based on these results, we specialize to settings
with two CRRA investors one of whom is unconstrained while the other faces portfolio
constraints. Specifically, we first derive the equilibrium when the constrained investor faces
an upper bound on the proportion of wealth invested in stocks.? Then, we study the impact
of short-sale constraints on equilibrium when investors have different beliefs about mean
dividend growth. The methodological contribution of the paper is a solution method for
the efficient computation of equilibria in economies with constraints. Specifically, we derive

stock price-dividend ratios, stock return volatilities and other parameters in terms of wealth-

2Srinivas, Whitehouse and Yermo (2000) in a survey of pension fund regulations show that limits on both
domestic and foreign equity holdings of pension funds are in place in a number of OECD countries such
as Germany (30% on EU and 6% on non-EU equities), Switzerland (30% on domestic and 25% on foreign
equities) and Japan (30% on domestic and 30% on foreign equities), among others. Moreover, our approach
allows to study the impact of passive investors that hold a fixed fraction of their wealth in stocks, as in
Chien, Cole and Lustig (2008). Samuelson and Zeckhouser (1988) document the popularity of this strategy
using as an example the participants of popular TIAA/CREF retirement plan who choose a fraction of
wealth to be invested in stocks and rarely change it due to “status quo bias”, while Campbell (2006) points
out that households may limit their participation in stock market and invest cautiously due to the lack of
necessary skills. Important special case of our framework is stock market non-participation which in year
2002 accounted for 50% of U.S. households (e.g., Guvenen, 2006).
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Chapter 1: Asset Pricing in General Equilibrium with Constraints

consumption ratios that can be computed numerically via a simple iterative procedure with

fast convergence.

At the first step of our analysis when we allow for general preferences, we demonstrate
that the riskless rates and market prices of risk include new terms that capture the effects
of constraints and risk sharing. In specific settings we obtain the expressions for interest
rates and market prices of risk in terms of intuitive and empirically observable parameters
such as stock return and consumptions volatilities. The tractability of our results allows to
compare interest rates in constrained and unconstrained economies for a given allocation
of consumption among investors and demonstrate that for various constraints interest rates
will be lower in constrained economies whenever both investors have the same prudence-risk

aversion ratios.

Using the insights from the case with general preferences we show that when investors
have (identical for simplicity) CRRA preferences, one of them faces an upper bound on
the proportion of wealth invested in stocks, and dividends follow a geometric Brownian
motion, the interest rates and market prices of risk can explicitly be expressed in terms of
marginal utility ratios, their volatilities and the volatilities of stock returns. We completely
characterize the equilibrium by computing these volatilities numerically. While in models
with two logarithmic investors price-dividend ratios and stock return volatilities are deter-
ministic functions of time, in our setting these parameters depend on constrained investor’s
consumption share which evolves stochastically. The effect of constraints on price-dividend
ratios and stock-return volatilities depends on the relative strength of classical income and
substitution effects. When the intertemporal elasticity of substitution (IES) is less than
one and hence the income effect dominates, price-dividend ratios increase while stock re-
turn volatilities decrease with tighter constraints, and vice versa when IES is greater than

one and the substitution effect is stronger.? Moreover, the effects of constraints are more

3When the investment opportunities worsen, the income effect induces investors to decrease consumption
and save more while the substitution effect induces them to consume more and save less due to cheaper
current consumption. For CRRA preferences with risk aversion v, IES=1/~, the income effect dominates
for IES < 1 and the substitution effect dominates for IES > 1 while for IES = 1 both effects perfectly offset
each other.
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Chapter 1: Asset Pricing in General Equilibrium with Constraints

pronounced in bad times, when dividends are hit by adverse shocks, than in good times.

To understand the intuition, we first evaluate the impact of portfolio constraints on
investment opportunity sets and demonstrate that interest rates decrease while market prices
of risk increase with tighter constraints, and that the effects of constraints are stronger in
bad times. When the portfolio constraint binds, negative shocks to dividends shift the
distribution of the aggregate wealth and consumption to the constrained investor since
she is less exposed to stock market fluctuations. Thus, in bad times, when the constrained
investor holds a significant fraction of aggregate wealth and consumption, the price-dividend
ratio is approximately equal to her wealth-consumption ratio. With tighter constraints the
investment opportunities of the constrained investor deteriorate since interest rates fall and
she is unable to benefit from the increase in market prices of risk. As a result, her wealth-
consumption ratio, and hence the price-dividend ratio, increases when the income effect
dominates and decreases when the substitution effect dominates. The effect of constraints
is weaker in good times since as the share of the unconstrained investor in aggregate wealth
and consumption increases, all the economic parameters, including price-dividend ratios,

converge to the parameters in the unconstrained economy.

Thus, when the substitution effect dominates, price-dividend ratios turn out to be pro-
cyclical (lower in bad times than in good times) while stock return volatilities exceed the
volatility of dividends and are countercyclical (higher in bad times than in good times), con-
sistently with the empirical evidence (e.g., Schwert, 1989; Campbell and Cochrane, 1999).
Moreover, irrespective of investors’ intertemporal elasticities of substitution, market prices
of risk turn out to be countercyclical (e.g., Ferson and Harvey, 1991) since in bad times
unconstrained investors lose wealth and require higher compensation for risk taking, caus-
ing market prices of risk to go up. We also study the survival of constrained investors in
equilibrium and demonstrate that their impact on financial markets is gradually eliminated

in the course of time but is significant even after one hundred years.

Finally, we extend our baseline analysis to economic settings with heterogeneous beliefs

and multiple stocks. In both cases, for general preferences we derive expressions for interest
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Chapter 1: Asset Pricing in General Equilibrium with Constraints

rates and market prices of risk similar to those in the baseline model. In the case of
heterogeneous beliefs we solve for equilibrium in a model where two investors have the same
CRRA utilities and disagree on the dividend growth rate. The optimist is unconstrained
while the pessimist faces a constraint on the proportion of wealth that can be held in short
positions in stocks. We demonstrate that tighter short-sale constraints imply higher price-
dividend ratios since they increase the constrained investor’s demand for stocks. We also
find that stock return volatility in the constrained economy can be both higher or lower
than the volatility in an unconstrained economy, depending on whether the latter is higher
or lower than the volatility of dividend growth. This is because the short-sale constraints
do not allow the investor to trade on her pessimism making her stockholding closer to what
it would be in the case of homogeneous beliefs, and hence, the stock return volatility shifts
towards volatility in an unconstrained homogeneous economy, given by the volatility of

dividends.

Our solution method is based on a combination of the duality approach and dynamic
programming. First, following Cvitanic and Karatzas (1992) we derive optimal consump-
tions in terms of the state price densities in equivalent unconstrained fictitious economies in
which the interest rates and market prices of risk are adjusted to account for the difference
in investors’ behavior in constrained economies. Then, market clearing for consumption
yields expressions for equilibrium parameters in terms of the adjustment parameters that
solve a certain fixed point problem. Moreover, in our specific examples these adjustments to
interest rates and market prices of risk can be derived in terms of instantaneous volatilities of
stock returns and the ratios of marginal utilities of the two investors. Next, these volatilities
and all the equilibrium parameters are explicitly characterized in terms of investors’ wealth-
consumption ratios that satisfy a system of quasilinear Hamilton-Jacobi-Bellman equations.
We solve this system of equations numerically via a simple iterative procedure that requires

solving a simple system of linear equations at each step.

There is a growing literature studying dynamic equilibria in continuous-time economies

with heterogeneous investors and portfolio constraints assuming that constrained investors
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have logarithmic preferences. Basak and Cuoco (1998) consider a model in which one in-
vestor is unconstrained and guided by a general time-additive utility function while the other
investor cannot invest in the stock market and has logarithmic preferences. They derive the
riskless rates and market prices of risk in this economy and characterize all the equilibrium
parameters explicitly when both investors are logarithmic. Detemple and Murthy (1997),
Basak and Croitoru (2000, 2006) present equilibrium models with two logarithmic investors,
heterogeneous beliefs and portfolio constraints. Hugonnier (2008) considers a similar model
and shows that under restricted participation the stock prices implied by market clearing
may contain a bubble and in the setting with multiple stocks the equilibrium might not be
unique. In contrast to our work all the above papers do not find the impact of constraints

on stock prices and their moments.

Jarrow (1980) studies the equilibrium effect of short-sale constraints in a one-period
economy with mean-variance investors that have heterogeneous beliefs. Dumas and Maen-
hout (2002) develop an approach with two central planners for solving incomplete-market
equilibrium with two CRRA investors. However, in their analysis the variance-covariance
matrix of returns is taken as given and hence they do not study the impact of constraints on
volatility. Kogan, Makarov and Uppal (2007) derive equilibrium parameters in an economy
with borrowing constraints when one investor is logarithmic while the other has general
CRRA utility and find that all the moments of asset returns are deterministic and stock
return volatilities are unaffected by constraints. When little borrowing is permitted they
numerically find interest rates and market prices of risk as functions of wealth distributions
but do not consider the volatilities of stock returns. He and Krishnamurthy (2008) consider
a model of intermediated asset pricing in which individual households are logarithmic and
invest into stock only via an intermediary guided by CRRA utility. Wu (2008) studies the
equilibrium in a setting with one unconstrained and one buy-and-hold CRRA investors.
Gallmeyer and Hollifield (2008) study the asset pricing with short-sale constraints in the
presence of heterogeneous beliefs when the pessimist and optimist have logarithmic and

CRRA utilities respectively. They study equilibrium parameters by employing Monte-Carlo
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Chapter 1: Asset Pricing in General Equilibrium with Constraints

simulations and derive conditions for stock return volatilities to be larger or lower than in
the unconstrained case assuming that investors have the same share of aggregate wealth at

the initial date.

Bhamra (2007) analyzes the effect of liberalization on emerging markets’ cost of capital
in a model with two logarithmic investors, two stocks and one consumption good. Pavlova
and Rigobon (2008) and Schornick (2009) consider models with constrained logarithmic
investors and two consumption goods in international finance framework and derive various
asset-pricing implications assuming that investors face preference shocks. Longstaff (2009)
develops a two-asset economy where one of the assets is non-tradable for a certain period

and logarithmic investors are heterogeneous in time discount parameter.

There are a number of papers that solve models with heterogeneous investors and port-
folio constraints numerically in discrete time. Cuoco and He (2001) consider a model with
general utilities and derive equilibrium asset prices in terms of stochastic weights of a rep-
resentative investor’s utility which are obtained numerically from a nonlinear system of
equations. Guvenen (2006) solves numerically a model with restricted market participa-
tion when investors are guided by recursive utilities. Chien, Cole and Lustig (2008) also
in a discrete-time framework consider a model with non-participants, passive and active
investors guided by CRRA preferences, where passive investors hold fixed portfolios while
active ones adjust them each period. Gomes and Michaelides (2008) study numerically the
equilibrium with incomplete markets and investors subject to fixed cost of stock market
participation and by calibration generate high equity premium and match observed market
participation rate. Dumas and Lyasoff (2008) solve for equilibrium in various incomplete
market settings in discrete time by employing binomial trees. These works do not study
the impact of constraints on conditional stock return volatilities and do not provide expres-
sions for equilibrium parameters in terms of observable quantities as we do in this paper by

employing considerable flexibility of continuous-time methods.

The remainder of the paper is organized as follows. In Section 1.2, we derive interest

rates and market prices of risk for general utility functions under the assumption that the
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Chapter 1: Asset Pricing in General Equilibrium with Constraints

dual optimization problem has a solution and discuss their properties. In Section 1.3 we
illustrate our solution method by computing the equilibrium in a model with two CRRA
investors where one investor is unconstrained while the other faces an upper bound on the
fraction of wealth invested in stocks. Section 1.4 extends our baseline analysis to the settings
with heterogeneous beliefs and multiple stocks. We also solve for equilibrium in a model with
heterogeneous beliefs in which one of the investors faces short-sale constraints. Section 1.5
concludes, Appendix A provides the proofs and Appendix B provides further details for our

numerical method.

1.2. General Equilibrium with Constraints

1.2.1. Economic Setup

We consider a continuous-time economy with one consumption good and an infinite horizon.
The uncertainty is represented by a filtered probability space (92, F,{F;}, P), on which is
defined a Brownian motion w. All the stochastic processes that appear in the paper are

adapted to {F,t € [0,00)}, the augmented filtration generated by w.

The investors trade continuously in two securities, a riskless bond in zero net supply
with instantaneous interest rate r and a stock in a positive net supply, normalized to one
unit. The stock is a claim to an exogenous strictly positive stream of dividends § following
the dynamics

ddy = Oy [[L(stdt + O'(Stdwt], (1)

where the dividend mean-return, us, and volatility, o5, are stochastic processes. The divi-
dend process (1) and its moments are assumed to be well-defined, without explicitly stating
the regularity conditions. We consider equilibria in which bond prices, B, and stock prices,

S, follow processes

dBt = Bt’l”tdt, (2)

dSt + 5tdt = St [/Ltdt + atdwt], (3)
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where the interest rate r, the stock mean return p and volatility o are stochastic processes

determined in equilibrium, and bond price at time 0 is normalized so that By = 1.

There are two investors in the economy. Investor 1 is endowed with s units of stock
and —b units of bond, while investor 2 is endowed with 1 — s units of stock and b units of
bond. The investors choose consumption, ¢;, and an investment policy, {«;,6;}, where o
and 6; denote the fractions of wealth invested in bonds and stocks, respectively, and hence,

«a; + 0; = 1. Investor 7’s wealth process W evolves as
dWi = [Wit <7“t + Ot (p1e — Tt)) - Cit} dt + Wy biordwy, (4)
and her investment policies are subject to portfolio constraints
0; €0;, i=12 (5)

where ©; = [0;,0;]. We also assume that initial endowments of stocks are such that 6; at
time 0 belong to sets ©;. Thus, the financial market in our economy is incomplete due to

the presence of portfolio constraints (5).

Each investor i (i = 1,2) is guided by an expected utility over a stream of consumption

c. In particular, her dynamic optimization is given by

maxE[/O e Plui(ci)dt], (6)

ci,bi
subject to the budget constraint (4), no-bankruptcy constraint W; > 0 and portfolio con-

straints (5), for some discount parameter p > 0. The utility functions u;(c) are assumed to

be increasing, concave, three times continuously differentiable, satisfying Inada’s conditions

limuj(c) = o0, limul(c)=0, i=1,2. (7)
cl0 cloo

By A;; and P;; we denote absolute risk aversion and prudence parameters of investor ¢, given

by

u(c u!’(c
4o WO o) .
and assume that both are strictly positive for each investor.
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Next, we define an equilibrium in this economy as a set of parameters {ry, us, 0y} and of
consumption and investment policies {c¥, o, 0% }7_; such that consumption and investment
policies solve dynamic optimization problem (6) for each investor, given price parameters

{r¢, pt, o1}, and consumption and financial markets clear, i.e.,

Cit + C;t == 5t)
ay Wiy + a5, W3 = 0, (9)
Wi +05,Wa = S,
where W7, and W3, denote optimal wealths of investors 1 and 2 under optimal consumption

and investment policies.

1.2.2. Characterization of Equilibrium

This Section characterizes the parameters of equilibria and studies their properties in economies
with constrained investors. In particular, by employing the duality method of Karatzas and
Cvitanic (1992), we recover expressions for interest rates and market prices of risk in equi-
librium in terms of the parameters of equivalent fictitious unconstrained economies. These
expressions are intuitive and highlight the impact of risk-sharing and attitude towards risk
on equilibrium parameters. Moreover, they form a basis for an efficient methodology for

computing equilibria, which we develop in Section 1.3.

We start by noting that since the market is incomplete due to the presence of portfolio
constraints, a Pareto optimal allocation may not be feasible and hence, the ratio of the
marginal utilities of consumption of the investors follows a stochastic process. This ratio
can be interpreted as a stochastic weight in the construction of a representative-investor
preferences in an equivalent economy, and serves as a state variable in terms of which the
equilibrium can be characterized (e.g., Basak and Cuoco, 1998; Cuoco and He, 2001). By

employing the methodology of Cvitanic and Karatzas (1992) we obtain optimal consump-
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tions and then derive the equilibrium parameters from the market clearing conditions.* This
approach is similar to the approach in Basak (2000), who characterizes the equilibrium in
an economy where investors have heterogeneous beliefs, but in contrast to our work are

unconstrained.

We start by characterizing optimal consumptions of constrained investors in a partial
equilibrium in which the investment opportunities are taken as given, and then obtain the
interest rate r, and the market price of risk x, from the consumption clearing condition.
For each investor 4, following the approach of Cvitanic and Karatzas (1992), we characterize
the optimality conditions for consumption by embedding investor i’s partial equilibrium
economy into an equivalent fictitious complete-market economy with bond and stock prices

following dynamics with adjusted parameters:
dBt = Bt[’l“t + f(l/:;)]dt, (10)
dSt + 6tdt = St[(,ut + VZ; + f(l/;;))dt + O'td’u)t], (11)

where f;(v) are support functions for the sets of portfolio constraints 0;, defined as

fi(v) = sup (—vb), (12)
0cO;

and vj; and v3, solve so called dual optimization problem, defined in Cvitanic and Karatzas

(1992), and lie in the effective domains for support functions, given by
Ti={veR: fi(v) < oo} (13)

It follows from the dynamics of bond and stock prices in fictitious economy (10)—(11) that

the corresponding state prices &;; evolve as
d&iy = —&it[ridt + Kirdwy], (14)

where r;; and k;; denote the adjusted riskless rate and market price of risk in fictitious

economy %, given by

*

V.
rie = e + fi(Viy), Kit fot—i-;lta (15)
t

4Cuoco (1997) studies consumption-portfolio choice of constrained investors, mainly at a partial equilib-
rium level, and extends the results of Cvitanic and Karatzas to the case of more general utility functions and
forms of market incompleteness. He derives a CAPM in an economy with portfolio constraints but does not
study interest rates and other parameters of equilibrium.
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where k = (u — r) /o is the market price of risk in the original constrained economy.

Throughout this Section we assume that the solutions to dual optimization problems
exist and since the fictitious economies are complete, the marginal utilities of optimal con-
sumption are given by

e Pui(ch) = ik, 1=1,2, (16)
for some constants ; > 0. The first order conditions (16) and state prices (14) demonstrate
that consumption and investment decisions of the constrained investor are equivalent to
those of an unconstrained one, who faces interest rates and market prices of risk adjusted
to account for the constraints. Moreover, optimality conditions in (16) allow to express

consumptions cj, in terms of state prices in fictitious economies as follows:
= L(vie8y), i=1,2, (17)
where [;(-) denote inverse functions for marginal utilities u}(-).

The expressions for marginal utilities in (16) also imply that the ratio of investors’

marginal utilities, defined as

uy(cyy)
A = — (18)
' us(c3y)

is stochastic in equilibrium, and not a constant as in complete markets (e.g., Karatzas
and Shreve, 1998) where consumption allocations are Pareto efficient. Basak and Cuoco
(1998) and Cuoco and He (2001) demonstrate that the process A serves as a convenient
state variable in terms of which the equilibrium parameters can be expressed. Moreover, in
an equivalent complete-market economy with a representative investor, parameter A\ can be

interpreted as a stochastic weight in the utility u(c; \) of a representative investor, given by

u(e; A) = max wui(er) + Auz(ce), (19)

c1+ca=c
and follows a stochastic process

dAt = —)\t[,u,\tdt + O'/\td’wt]. (20)

The parameters py and o) are determined in equilibrium and quantify the violation of

Pareto-optimality in the economy.
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Next we characterize the parameters of our economy in equilibrium in terms of adjust-
ments v; from the market clearing in consumption. To determine the interest rate r and
market price of risk k we substitute optimal consumptions (17) into consumption clearing
condition in (9), apply It6’s Lemma to both sides and recover equilibrium parameters by
matching the drift and volatility terms. Similarly, from optimality conditions (16), by ap-
plying Itd’s Lemma to equation (18) for \; and comparing the result with the process for \;

in (20) we recover parameters p) and o). The following Proposition summarizes our results.

Proposition 1.1. If there exists an equilibrium, the riskless interest rate r, market price

of risk k, drift uy and volatility oy of weighting process A that follows (20) are given by

At % At A?(Plt + PQt) 2 A? Plt P2t
T = Iy — — 1% —_ V* - g - 5 o
¢ PTAL hiv) Aoy Falvad) 242,42 UM A Ay (Alt A2t> 105:0(@1)

Kt = Kg——F——— ——, (22)

. . A v, — v
pae = Aidiosion + fl(’/lt) - f2(l/2t) - ﬁdit, Oxt = %7 (23)
t t

where 7 is the riskless rate and K is the market price of risk in an unconstrained economy,

given by
APy

9 520'&, Rt = Atéta(;t (24)

Tt = p+ Aedipise —

Ait, Py, and Ay and P; are absolute risk aversions and prudence parameters of investor i

and a representative investor with utility (19), respectively.®

Optimal consumptions c;, wealths W;, stock S and optimal investment policies 0 are given

by
it = 9i(0, M), (25)

; = Et/ gZSczsd‘s (26)
gzt

5As demonstrated in Basak (2000), the risk aversion, A, and prudence, P, of the representative investor
can be obtained from the following expressions:

1 1 1 P, Py Pu

= + s = .
A, Ay Ay A2 Az, A
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Si = Wi+ W, (27)

*

* 1 * Vit ) (bit )
= (W ) e 28
it oy ( it (Ht =+ o + git ) ( )

where functions g;(d¢, \t) are such that ¢, and c%, satisfy consumption clearing in (9) and

equation (18) for process A, state prices &y follow processes (14) and ¢; are such that

[e’s) t
My = Ey {/ §iscfsd5} = M;o + / Pisdws.
0 0

Initial value \g is such that the budget constraints at time 0 are satisfied:

5:80 + bi = Wi, (29)
where s;1 = s, s9 =1—35, by = —b and by = b. Moreover, adjustments v}, satisfy comple-
mentary slackness condition

filviy) + O = 0. (30)

Proposition 1.1 provides the characterization of equilibrium parameters in terms of ad-
justments v in fictitious economy. Expression (21) decomposes interest rates r into groups
of terms that separate the effects of constraints and the inefficiency of risk sharing. The
first term in (21) is the riskless rate in the unconstrained economy with the representative
investor. The next two terms capture the effect of binding constraints on interest rates and
tend to increase or decrease them depending on the signs of support functions f;(v). In
particular, these terms are positive in economic settings with binding portfolio constraints
when investors buy more bonds. This is due to the fact that the investors behave as if their
subjective interest rates 7;; in their fictitious economy were higher than in the real one, and
hence positive adjustments f;(v;). Finally, the last two terms in expression (21) capture the
effect of risk sharing, quantified by volatility o). The weight A acts as a state variable that

gives rise to specific hedging demands that can push interest rates in either direction.

Similarly, the expression (22) for the market price of risk is comprised of the market

price of risk in an unconstrained economy (first term in (22)) and the effects of constraints
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(second and third terms in (22)). Expressions for the drift ) and volatility o) parameters
of the stochastic weighting process A in (23) demonstrate that this process, in general, is no
longer a local martingale as in works assuming logarithmic constrained investor (e.g., Basak
and Cuoco, 1998; Gallmeyer and Hollifield, 2008; Pavlova and Rigobon, 2008). Finally we
observe that optimal consumptions, wealths, stock prices and investments can be obtained
from expressions (25) — (28) when the parameters of equilibrium, and hence all state prices,

are known.

The results in Proposition 1.1 can also be used to compute the equilibrium parameters
numerically. On one hand, Proposition 1.1 expresses equilibrium parameters and investment
policies in terms of adjustments v, and on the other, the adjustments can be obtained from
the complementary slackness condition (30). Thus, finding the adjustments becomes essen-
tially a fixed point problem, which can potentially be solved by the method of successive
iterations. Moreover, as demonstrated in Huang and Pages (1992), under certain condi-
tions optimal wealths (26) satisfy linear PDEs with coefficients determined by equilibrium
parameters while optimal policies (28) can be expressed in terms of derivatives of wealths
W;. Hence, the adjustments can be expressed in terms of derivatives of W;; from conditions
(30) and substituted back into the PDEs for optimal wealths. Thus, the characterization of
equilibrium reduces to solving a system of quasilinear PDEs which, as we demonstrate in

Section 1.3, can efficiently be solved numerically for specific constraints.

1.2.3. Further Properties of Equilibrium

We here explore the implications of Proposition 1.1 by noting that in various economic
settings the signs of adjustments v and support functions f;(v) can easily be determined
explicitly from the definitions of support functions and effective domains in (12) and (13).
Moreover, the interest rates r and market prices of risk x can be expressed in terms of
empirically observed quantities, such as stock and consumption volatilities, thus providing

empirical implications of the model.
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Table 1.1
Effective Domains and Support Functions

Case Constraint T fv)
(a) 0eR 0 0
(b) =0 R 0
(c) 0<6<6,0<0 R +
(d) 0<6,0>0 v <0 +
(e) 0>6,0<0 v >0 +
(f) 0>0,0>0 v>0 -

Table 1.1 presents the effective domains and the signs of the support functions for plau-
sible constraints and allows to analyze their effect on equilibrium parameters. For example,
when investors face constraints on the proportion of wealth invested in stocks (case (d) in
Table 1.1) the results in Proposition 1.1 and Table 1.1 imply that these constraints tend
to decrease the interest rates and increase the market prices of risk relative to an uncon-
strained model if stock volatility o is strictly positive. Hence, these constraints work in the
right direction for explaining the equity premium puzzle (e.g., Mehra and Prescott, 1985).
The overall effect of constraints on interest rates is convoluted by the risk sharing captured
by the last two terms in the expression for interest rates (21). The following Corollary to
Proposition 1.1 establishes simple sufficient conditions under which the interest rate r will

be lower than the interest rate 7 in a representative-investor unconstrained economy.

Corollary 1.1. If the utility functions and the allocation of consumption are such that
P /A1 = Py/Ay and the sets of portfolio constraints have positive support functions f;(v)
then the interest rate in a constrained economy, T, is lower than in an unconstrained one,

7, and the following upper bound for rate r holds:

A} (P + Pay) o

ry < T — oy.
QA%tA%t A

The Corollary demonstrates that the inability to share risks contributes to the decrease of
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interest rates by creating hedging needs against fluctuating ratios of marginal utilities A. The
condition that investors have the same prudence-risk aversion ratio is in particular satisfied
when both investors have identical HARA preferences.® In the case of two logarithmic
investors when one of them is unconstrained the result in Corollary 1.1 has also been pointed

out in the literature (e.g., Basak and Cuoco, 1998).

Conveniently, in various economic settings interest rates and market price of risk can
be expressed only in terms of the parameters of utility functions and empirically observed
parameters. For example, when investor 1 is unconstrained and investor 2 faces a con-
straint allowing her to invest in stock no more than a certain fraction of wealth (case (d) of

Table 1.1), it can be observed that parameters r and « are given by:

A
>5t06t0)\t7 Kt = Kt + ——0x,
Aoy

(32)

A A} (Pt + P A /P P
re =7y — 0005 — (Pt Par) o ) (i -2
A Ay

o2, —

Aoy 242 A3, A Ay Ay,
where stock return volatility o can easily be obtained from the data, while the weighting
process volatility o) can be obtained in terms of utility parameters and the parameters
of the consumption processes for each investor. In particular, assuming that consumption

processes ¢; for each investor follow It6’s processes
deit = Cit[pegdt + ocpdwy], (33)
applying Itd’s Lemma to the definition of weighting process A in (18) we find that
oxt = A1tc110c,t — Aaicotoeot. (34)

In specific frameworks the volatilities of consumption growth can potentially be estimated
from the data. In particular, for the model with restricted participation (§ = 0) Malloy,
Moskowitz and Vissing-Jorgensen (2009) estimate consumption volatilities of stock market
participants and non-participants to be 3.6% and 1.4% respectively, while Mankiw and

Zeldes (1991) and Guvenen (2006) show that the share of consumption of non-participants

SFor HARA utility function absolute risk aversion is given by —u”(c)/u’(c) = /(70 + ¢). Differentiating
both sides of this expression and then dividing by —u"'(c)/u’(c) we obtain that P;/A; = 1 + ~, and hence,
the prudence-risk aversion ratio is the same for both investors.
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in aggregate consumption is 0.68. As a result, the expressions for r and x in (32) can
potentially be used for identifying the parameters of the utility functions of investors as well
as for quantifying the impact of risk sharing inefficiencies on the interest rates and market

prices of risk.

1.3. Equilibrium with Proportional Constraints

This Section applies the results of Section 1.2 to compute and analyze the equilibrium in
a specific economic setting in which investor 1 is unconstrained while investor 2 faces a
constraint allowing her to invest in stock no more than a certain fraction of wealth. For
simplicity we assume that dividends follow a geometric Brownian motion and both investors
have identical CRRA preferences. Using the results of Section 1.2, in Section 1.3.1 we present
a simple solution method for finding an equilibrium in this economy, and in Section 1.3.2
we study the impact of constraints on the equilibrium. In our setting with fully rational
investors we also study the survival of constrained investors in the long run and demonstrate

that it takes a long time to eliminate their impact on financial markets.

1.3.1. Characterization and Computation of Equilibrium

In this Section we present a solution method which allows to compute the equilibrium in
an efficient way. This method does not rely on a widely used assumption of a logarithmic
constrained investor (e.g., Detemple and Murthy, 1997; Basak and Cuoco, 1998; Basak
and Croitoru, 2000, 2006; Kogan, Makarov and Uppal, 2003; Bhamra, 2007; Gallmeyer
and Hollifield, 2008; Hugonnier, 2008; Pavlova and Rigobon, 2008; Schornick, 2009) which
allows to derive the adjustments ;" in fictitious economy explicitly at the cost of investor’s
myopia inherent in logarithmic preferences. In discrete time, Cuoco and He (2001), Guvenen
(2006), Chien, Cole and Lustig (2008) and Gomes and Michaelides (2008) study the models
with constrained heterogeneous investors numerically without assuming that constrained
investor is logarithmic. In contrast to these works, in settings with two CRRA investors the
flexibility of continuous-time analysis allows us to recover tractable expressions for interest

rates and market prices of risk and to find new insights on the impact of constraints on
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price-dividend ratios and stock return volatilities.

Finding an equivalent unconstrained economy is a challenging problem which so far
has only been solved for logarithmic investors (e.g., Cvitanic and Karatzas, 1992; Karatzas
and Shreve, 1998) or CRRA investors but assuming constant investment opportunity sets
(e.g., Tepla, 2000a). We tackle this problem by first expressing the parameters of the
fictitious economy in terms of the stochastic weighting process A, and the volatilities of A and
stock returns, which then are obtained in terms of the investors’ wealth-consumption ratios
satisfying Hamilton-Jacobi-Bellman equations. Even though in equilibrium the coefficients
of HJB equations themselves depend on the sensitivities of wealth-consumption ratios with
respect to parameter A\, we demonstrate that the time-independent solutions can easily be
obtained via an iterative procedure that at each step requires solving a simple system of

linear algebraic equations.

Throughout Section 1.3 we assume for simplicity that dividends follow a geometric Brow-

nian motion

d(st = 5t [,ugdt + Ugdwt], (35)

both investors have CRRA utilities with relative risk aversion parameter ~, given by’
ui(c) = —, i=1,2, (36)

and solve optimization problem in (6) subject to budget constraint (4), no-bankruptcy
constraint W; > 0, and portfolio constraint # <  for investor 2, while investor 1 is uncon-

strained. By J;(Wy, A, t) we denote the indirect utility function of investor i.

For convenience, we solve the optimization problem of constrained investor 2 in an
equivalent fictitious unconstrained economy in which she maximizes objective function (6)

subject to budget constraint

dWoy = [W% (Tt + fo(vay) + Ot (e — 7 + Vé;)) - C2t} dt + Woibaropdwy, (37)

"The assumption that investors have identical risk aversions is made for simplicity. More general case can
be considered along the same lines.
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where v, and f2(v3,) are adjustments to stock mean returns and riskless rates respectively.
By applying dynamic programming we find that the indirect utility functions should satisfy

the following HJB equations:

0 = max {e*Pt cgt*'Y N 0Jit n [W't<7“t + [ + O (e — 7o + y*)) _ C't] OJir
ci,0; 1-— Y 8t ! i ! u ’ aWzt
aJit 1 212 2621]“5 82J1t 2 2 82J1t
-A = | W;0; — 2Wibu A ——— N0 | ¢
a2 Witho gwz Wit g oy, TN g2 J}

(38)
with transversality condition Ei[J;r] — 0 as T' — oo, which guarantees the convergence of
the integral in investors’ optimization (6). We next obtain expressions for v and f;(v)
without solving the dual problem by noting that since investor 1 is unconstrained v = 0
(case (a) in Table 1.1) while v/ can be obtained from equilibrium expression for oy, in (23),

and hence,
vy =0, fi(viy) =0, Vyr = —010xt, fa(vy) = o10x:- (39)

The HJB equations in (38) are standard except for the fact that the equation for investor
2 is in terms of parameters of fictitious economy, which allows to formulate her problem as
an unconstrained one. We conjecture that the indirect utility functions are given by
w7
Ji(Wi, \ t) = e—PtﬁHi(A,t)”/, i=1,2. (40)

Then, from the first order conditions with respect to consumption we obtain

W4
c;{t: H%t, i:1727
i

(41)

where Hj; is a shorthand notation for H;(\,t), and hence, functions Hj; can be interpreted
as the wealth-consumption ratio of investor 7. By substituting indirect utility functions (40)

into HJB equations it can be verified that wealth-consumption ratios satisfy the following

PDEs:
OH;  No3, 0*Hy —_ OHy (1—7 , Hj ,
_)\( . ) ( 2 | (1— ._)7 1=0, i=1,2
T 2 o ¢\ et KitOxt Y + > Ko+ (1—=7)ri—p o + i
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where r; and k¢ denote riskless rate and price of risk in a fictitious economy and are
defined in (15) in terms of adjustments given in (39). Moreover, optimal investment policies

for investors 1 and 2 are given by

1 (K'it OH;; M\ )’

Oit = — ALY on H,

i=1,2. 43
po (43)

Since the horizon is infinite we will look for time-independent and bounded solutions
of equations (42). Moreover, throughout this Section we assume that § < 1. We note
that if investor 2 faces borrowing constraint, i.e. # > 1, the equilibrium coincides with the
equilibrium in an unconstrained economy in which the investors, being identical, optimally

choose 6}, = 1.

Conveniently, since the fictitious economy is complete, the equations for wealth-consumption
ratios in (42) are linear if volatilities o and o) are known. However, in equilibrium these
volatilities themselves depend on wealth-consumption ratios H;. The stock return volatil-
ity o can be obtained by applying [t6’s Lemma to stock price S; = Rid;, where R; is a
shorthand notation for the stock price-dividend ratio which can be expressed in terms of
wealth-consumption ratios from the market clearing conditions in (9). Furthermore, the
volatility o can be obtained from the complementary slackness condition (30). The follow-
ing Proposition 1.2 summarizes our results and provides a characterization of equilibrium

in terms of wealth-consumption ratios.

Proposition 1.2. If there exists an equilibrium, the riskless interest rate r, market price

of risk k and drift py of weighting process A that follows (20) are given by

D VA 1+~ A
r = Tr— til/weUtU)\t - 9 L 1/~ 20—3167 (44)
I+ N v (1 + A )

)\1/7
Kt = K+ W@m (45)

T A

- 1
Hxt = 7YO0§50xt — Ooroxne — Waita (46)
t

where 7 is the riskless rate and R is the market price of risk in an unconstrained economy,
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given by

7(1 +7)U2 (47)

r=p+ Yl — 5 s, K =n0s.

Optimal consumptions c, wealths W}, stock price-dividend ratio R and optimal investment

)

policies 07 are given by

1 )\;/7
&, = ———4, = —t 5, (48)
1t 14 )\i/V 2 14 )\i/’)’
1 )\1/’7
W]ikt — Hltil/ét, WZ*t - Hgttil/ét, (49)
1+ A" 1+ A"
1 )\%/’Y
Ry = Hy—— +Hu——-, (50)
1+ A 1+ A7
1 8H1t At ) =
1t ~oy (Ht YOt N Hy ) 2t ) ( )

while the volatilities of the stock returns, o, and weighting process, oy, are given by

oy BN oap = (1= 0)yos (52)
a>\t Rt 1 + OHor M\t ) OR: At
1+)\t1/’Y /-y 8)\t H2t 78)% Rt

Ot = 0§

where wealth-consumption ratios Hyy and Hoy satisfy equations (42). Moreover, the initial

value Ay for the weighting process (20) solves equation

AL 1
SHQ(A07O)07W50 — (1= s)H1( o, 0)71/7
1+ AL 1+

dg = b. (53)

The expressions for riskless rate r and price of risk x in Proposition 1.2 are in terms
of the of volatilities o and oy, as well as parameter A/ which in our economic setting
can be interpreted as the ratio of consumptions of investors 2 and 1, as it follows from the
expressions in (48). As in the general case in Proposition 1.1, interest rates are comprised
of three terms, where the first term is a riskless rate in an unconstrained economy, while the
second and third terms highlight the impact of constraints and risk sharing. Moreover, the
effect of risk sharing, as captured by volatility o, can be expressed in terms of consumption

volatilities. In particular, from expression (34) it follows that

oxt = V(0ert — Tet)- (54)
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It will be demonstrated later that volatility o) is positive in equilibrium since investor 1 is

more exposed to risk and hence her consumption growth is more volatile.

Proposition 1.2 also demonstrates that when 6 < 1 the portfolio constraint of investor
2 is always binding since otherwise, having identical preferences, both investors should find
optimal to invest #; < 1 which contradicts market clearing conditions (9). Moreover, Propo-
sition 1.2 provides expressions for equilibrium volatilities ¢ and o) in terms of the elasticities
of wealth-consumption and price-dividend ratios with respect to weighting process A, given

by
8H2t )\t aRt )\t
— Zt =+ 55
DTN Hy' o T N R (55)
From the expression for the volatility oy in (52) it follows that o) is decreasing in elasticity
en, and increasing in ep. The effect of elasticities in (55) on volatility o) then determines

their impact on all the other parameters in equilibrium.

To understand the effect of these elasticities on volatility o) we observe that elasticity
€n, 18 proportional to the stock hedging demand of investor 2 given by the second term in
the expression for optimal policy (43). Moreover, since o) is positive, it follows from this
expression that higher elasticity ey, tends to decrease optimal investment in stock. Thus,
higher €, makes the stock less attractive, and hence reduces the cost of being constrained.
Therefore, oy also decreases to reflect decreased risk sharing distortions of the constraint.
Moreover, as follows from the expressions for volatilities (52) the increase in elasticity ep
tends to decrease stock volatility ¢ since the dividends and weighting process are negatively
correlated. Hence, if volatility o decreases, the stock becomes more attractive for both
investors. However, since investor 2 is constrained, her ideal unconstrained holding moves
further away from her constrained holding 6 and hence the risks are shared in a less optimal

way and o) increases.

Proposition 1.2 also allows to explicitly identify the coefficients of PDEs (42) for wealth-
consumption ratios H;, which depend on equilibrium parameters identified in expressions

(44)—(52). Moreover, it appears that the coefficients themselves depend on ratios H; and
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hence, we obtain a system of quasilinear PDEs the solutions to which completely charac-
terize the equilibrium. We next solve for time-independent solutions of PDEs (42) which
correspond to the infinite horizon case. To solve the equations (42), we first fix a large
horizon parameter T', choose a starting value for H;(A,T') and then solve the equation back-
wards using a modification of Euler’s finite-difference method until the solution converges to
a stationary one. This approach is similar to the subsequent iterations method for solving
Bellman equations in discrete time (e.g., Ljungqvist and Sargent, 2004) when at a distant
time in the future the value function is set equal to some function (usually zero) and then

the value functions at earlier dates are obtained by solving equations backwards.

Since weight A varies from zero to infinity, we first perform a change of variable and
rewrite the PDEs (42) as well as the equilibrium parameters in Proposition 1.2 in terms of

constrained investor’s share in aggregate consumption, given by
A/

yr = 1+tA§/” (56)
Variable y takes values in the interval [0,1] and provides one-to-one mapping to variable
A. The solution of PDEs in terms of new variable we label as ﬁi(y,t). Assuming that
the solutions to new PDEs are continuous and twice continuously differentiable, setting
in those equations y = 0 and y = 1 we recover boundary conditions for ﬁl(y, t). Next, we
replace the derivatives by their finite-difference analogues letting the time and state variable
increments denote At = T/M and Ay = 1/N, where M and N are integer numbers. Solving
the equation backwards, sitting at time t we compute the coefficients of finite-difference
analogues of PDEs (42) using the solutions H;(y,t + At) obtained from the previous step
t + At. As a result, the coefficients of equations for H;(y,t) are known at time ¢ and hence
H;(y,t) can be found by solving a system of linear finite-difference equations with three-

diagonal matrix. Appendix B provides further details of the numerical algorithm. The

wealth-consumption ratios then allow us to derive all the parameters of equilibrium.

Remark 1 (Bond prices). Proposition 1.2 allows to determine the instantaneous interest

rate ;. Therefore, the bond price B; can be obtained by solving numerically the equation
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Figure 1.1: Parameters of Equilibrium with Constraints, v < 1.

The figure plots interest rates r, market prices of risk x, price-dividend ratios R and ratios of stock
return and dividend growth volatilities o /oy as functions of constrained investor’s consumption share
y. Dividend mean growth rate us = 1.8% and volatility o5 = 3.2% are from the estimates in Campbell
(2003), based on consumption data in 1891-1998, while risk aversion and time discount are set to

v = 0.8 and p = 0.01.

for the bond price dynamics (2).

Remark 2 (Existence of Equilibrium). The numerical analysis shows that the function
on the left-hand side of the equation for Ag in (53) is a monotone function of Ay and maps
interval [0, c0) into [Cp, C1), where Cy and C; are some constants, and hence, if b € [Cp, C)
there always exists the unique solution Ay that satisfies the equation. Given the existence

of A\p and the solutions to HJB equations (42), expressions (44)—(52) fully characterize the

equilibrium in the economy.
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1.3.2. Analysis of Equilibrium

We now study the impact of constraints on various equilibrium parameters. Important im-
plication of our model is that in contrast to models with logarithmic investors the constraints
do affect the price-dividend ratios and stock return volatilities. Figures 1.1 and 1.2 present
equilibrium interest rates, market prices of risk, price-dividend ratios and the ratios of stock
return and dividend growth volatilities as functions of constrained investor’s consumption
share y for different levels of the tightness of constraints  when risk aversions are less than
unity (v = 0.8) and greater than unity (v = 3), respectively. The equilibrium is derived
under plausible parameters for the dividend process.® We note that in our model the instan-
taneous changes in the dividend growth dd/é and constrained investor’s consumption share
dy are negatively correlated since negative shocks to dividends shift relative consumption to
constrained investors, due to the fact that the latter are less affected by adverse stock market
fluctuations. Hence, higher consumption share y is associated with bad times while lower
y is associated with good times. Following the literature (e.g., Chan and Kogan, 2002) we
label economic variables as procyclical if they increase in good times (when dividend growth
rate shocks are positive) and decrease in bad times (when dividend growth rate shocks are

negative), and as countercyclical if they decrease in good times and increase in bad times.

For risk aversion less than unity Figure 1.1 demonstrates that tighter constraints de-
crease interest rates and price-dividend ratios, and increase market prices of risk and stock
return volatilities. For risk aversion greater than unity, Figure 1.2 shows that tighter con-
straints decrease interest rates and stock return volatilities, and increase market prices of
risk and price-dividend ratios. In both cases the impact of constraints is asymmetric and is
more pronounced in bad times, when consumption share y is larger. We first analyze the
equilibrium parameters for the case v < 1, presented on Figure 1.1, and then for the case

v > 1, presented on Figure 1.2.

8In particular, the parameters for the dividend process (us = 1.8%,05 = 3.2%) are taken from the
estimates in Campbell (2003), based on consumption data in 1891-1998 years, and the discounting parameter
is set to p = 0.01.
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Figure 1.2: Parameters of Equilibrium with Constraints, v > 1.

The figure plots interest rates r, market prices of risk x, price-dividend ratios R and ratios of stock
return and dividend growth volatilities o /oy as functions of constrained investor’s consumption share
y. Dividend mean growth rate us = 1.8% and volatility o5 = 3.2% are from the estimates in Campbell
(2003), based on consumption data in 1891-1998, while risk aversion and time discount are set to
v =3 and p = 0.01.

Panel (a) of Figure 1.1 presents interest rates when v < 1 and demonstrates that in
line with the results of Section 1.2 interest rates in constrained economy are lower than in
an unconstrained one for a given consumption share y. Moreover, they become lower with
tighter constraints and are decreasing functions of constrained investor’s share of consump-
tion y. Intuitively, constrained investor invests more in bonds driving interest rates down.
Moreover, constraints prevent the investor from sharing risks efficiently and smoothing con-
sumption over time. As a result, when her current consumption is high the price of future

consumption increases making her more willing to lend at a lower interest causing interest

rates to fall.
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Panel (b) of Figure 1.1 shows that the prices of risk are higher in the constrained than
in the unconstrained economies and increase as constraint becomes tighter. When the
constrained investor invests only a fraction # < 1 of her wealth in the stock, for the markets
to clear investor 1 should be leveraged so that 7 > 1. This, however, implies that the
unconstrained investor should be more exposed to risk as the constraint tightens, and hence,
the market price of risk should be higher. Moreover, market price of risk also increases with
constrained investor’s consumption share y since in those states in which the unconstrained
investor consumes less and possesses less wealth she is more risk averse and requires market
prices of risk to increase for the stock market to clear. Thus, the market price of risk is

countercyclical, consistently with the empirical literature (e.g., Ferson and Harvey, 1991).

Panel (c) of Figure 1.1 demonstrates that the price-dividend ratios become lower with
tighter constraints and the effect of constraints is more pronounced in states with higher
constrained investor’s consumption share y. To understand the patterns of price-dividend
ratios we first observe that in equilibrium the price-dividend ratio can be interpreted as
the ratio of aggregate wealth over aggregate consumption since the market clearing condi-
tions (9) imply that the sock price equals aggregate wealth while the aggregate consumption
equals the dividend. As a result, the price-dividend ratio will be close to wealth-consumption
ratio of unconstrained or constrained investor depending on which of them dominates in the
market by holding larger fraction of consumption and wealth. When the unconstrained
investor dominates (y is low), the equilibrium will be close to that in the benchmark uncon-
strained economy in which case all equilibrium parameters, including price-dividend ratios,
are constant (dotted lines in Figures 1.1 and 1.2). However, in states with dominating
constrained investor (y is high) the price-dividend ratio is close to constrained investor’s
wealth-consumption ratio, which increases or decreases with tighter constraints depending
on the relative strength of classical income and substitution effects. When the investment
opportunities worsen, the income effect induces investors to decrease consumption and save
more while the substitution effect induces them to consume more and save less due to

cheaper current consumption. For CRRA preferences the intertemporal elasticity of substi-
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tution (IES) equals 1/, the income effect dominates for IES < 1 and the substitution effect
dominates for IES > 1 while in the case of IES = 1 both effects perfectly offset each other.
With tighter constraints the investment opportunities for constrained investor worsen due to
the decline in interest rates and inability to fully benefit from the increase in market prices
of risk, and hence her wealth-consumption ratios decrease for v < 1 via the substitution
effect.” As a result, the price-dividend ratios decrease with tighter constraints and the effect
is stronger in bad times, when constrained investor dominates the market and the decline

in interest rates is sharper.

The stock return volatilities on panel (d) of Figure 1.1 increase with tighter constrains
and are higher in bad times (when y is high) than in good times (when y is low). This is due
to the fact that the instantaneous changes in price-dividend ratio R and dividend ¢ are pos-
itively correlated due to the fact that ratio R is a decreasing function of consumption share
y, which is negatively correlated with changes in dividend §. Consequently, since the stock
price is the product of price-dividend ratio and the dividend, stock return volatility should
be higher in constrained economy. Moreover, this effect is stronger in bad times (when y is
high) due to the concavity of ratio R, and when 0 is low, due to the higher sensitivity of ratio
R to changes in y. Thus, for v < 1 consistently with the empirical literature (e.g., Schwert,
1989; Campbell and Cochrane, 1999) our model generates procyclical price-dividend ratios,
countercyclical stock return volatilities exceeding the volatility of dividends, as well as nega-
tive correlation between changes in stock returns and their volatilities. Moreover, the results
on Figure 1.1 demonstrate that lower price-dividend ratios R predict higher market prices

of risk k as well as higher risk premia (given by u —r = ko).

9The relation between wealth-consumption ratios and the attractiveness of investment opportunities can
conveniently be illustrated in an unconstrained partial equilibrium economy with constant interest rate r and
market price of risk K = (1 —r) /o, and an investor maximizing her objective (6) subject to budget constraint
(4) and no-bankruptcy constraint. It can easily be verified that when condition p — (1 —+)(r 4+ 0.55%/7) > 0
is satisfied, the investor’s wealth-consumption ratio is given by:
w Y

¢ p—(1—=7)(r+05k2/y)’

Hence, if investment opportunities deteriorate due to decrease of r or k, the wealth-consumption ratio
increases if the income effect dominates (v > 1) and decreases if the substitution effect dominates (y < 1).

42



Chapter 1: Asset Pricing in General Equilibrium with Constraints

Turning to the case v > 1 we observe from the results shown on Figure 1.2 that the
constraints affect the interest rates and market prices of risk in the same directions as in
the case v < 1. However, by contrast with the case of v < 1, due to the dominance of
income effect, price-dividend ratios increase while stock return volatilities decrease with
tighter constraints, and the effects are stronger in bad times.!® One might think that the
results in the case v > 1 are more plausible than in the case 7 < 1 given the evidence (e.g.,
Mehra and Prescott, 1985) that risk aversion is greater than unity. However, we note, that
the intuition for the dynamics of price-dividend ratios and stock return volatilities in our
model is driven by the relative strength of income and substitution effect and not by the
risk aversion per se. It is well known that CARA utility does not allow to separate IES from

the risk aversion and hence, in our setting IES > 1 is necessarily associated with v < 1.

We also note that since lower § decreases interest rates and increases market prices of
risk, irrespective of risk aversion =y, the case of restricted participation which corresponds
to § = 0 better explains the levels of observed interest rates and market prices of risk. In
particular, in our model with plausible parameters described above and v = 3, when we set
y = 0.7 (e.g., Mankiw and Zeldes, 1991; Guvenen, 2006) we obtain r = 4.8% and x = 28%,
while the volatilities of individual consumptions are 0., = 9% and 0., = 0.7%. The estimates
in Campbell (2003) show that r = 2% and k = 36%, while Malloy, Moskowitz, and Vissing-
Jorgensen (2009) show that 0., = 3.6% and 0., = 1.4%. Thus, our model implies riskless

rates and market prices of risk sufficiently close to those in the data for such a simple model.

Remark 3 (Duffie-Epstein preferences). The discussion above demonstrates that for
risk aversion v < 1 the model generates empirically plausible patterns for price-dividend
ratios and stock return volatilities while for v > 1 it generates high market prices of risk and
low interest rates close to those observed in the data. We note that the intuition for price-

dividend ratios and stock return volatilities only relies on the relative strength of income and

Tn our model when v > 1 the instantaneous volatility of stock returns is lower than that of dividend
growth and hence there is no excess volatility. Bhamra and Uppal (2009) demonstrate a significant excess
volatility in a complete-market exchange economy with CRRA investors that differ in risk aversions. Thus,
excess volatility is likely to be present in the extension of our model to the case where investors have different
risk aversions.
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substitution effects. As pointed out above, for CRRA preferences the intertemporal elasticity
of substitution (IES) equals 1/ and hence high IES leading to the dominance of substitution
effect is only possible for v < 1. However, more general Duffie-Epstein recursive preferences
allow for IES independent of risk aversion parameter - (Duffie and Epstein, 1992). Our
results lead to a conjecture that in a model with Duffie-Epstein preferences with both ITES
and risk aversion exceeding unity (as in Bansal and Yaron, 2004) it might be possible to
match interest rates and market prices of risk, as well as generate procyclical price-dividend
ratios and countercyclical stock return volatilities which exceed the volatility of dividends,

consistently with the empirical literature.!!

Our results also allow to obtain the expressions for consumption growth volatilities of
investors, which also capture the effect of risk sharing between them. The expressions for
the volatilities can be obtained by applying It6’s Lemma to optimal consumptions (48) and

are reported in the following Corollary 1.2.

Corollary 1.2. The optimal consumption growth volatilities of unconstrained and con-

strained investors are given by

1/~
NS NP 1l
Ocit = 0§ + Ot Ocot = 0§ —

—t ——— O
Y14+ A Y142

(57)

It can be shown in our example that the volatility o) is positive, and hence, consumption
volatilities in (57) imply that unconstrained investor, being exposed to more risk, has larger
volatility of consumption than the constrained one. Basak and Cuoco (1998) show in the
case of restricted participation and v = 1 that the volatility o., of constrained investor
is zero and all the risk is borne by the unconstrained investor. However, in our case with
~ > 1 volatility o, is greater than zero, as also in the data for non-stockholders (e.g. Malloy,

Moskowitz, Vissing-Jorgensen, 2009).

" Campbell and Cochrane (1999) and Chan and Kogan (2002) present the models with habit formation
and “catching up with the Joneses” preferences respectively, that explain the patterns for price-dividend
ratios and stock return volatilities.
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Figure 1.3: Probability Density Functions for Constrained Investor’s Share
in Aggregate Consumption, v = 3.

The figure plots interest rates r, market prices of risk k, price-dividend ratios R and ratios of stock
return and dividend growth volatilities o /o5 as functions of constrained investor’s consumption share
y. Dividend mean growth rate us = 1.8% and volatility o5 = 3.2% are from the estimates in Campbell
(2003), based on consumption data in 1891-1998, while risk aversion and time discount are set to
v =3 and p = 0.01.

Finally, we address the question of how the constraints affect the distribution of con-
sumption between the investors. So far we have compared the parameters of equilibria with
different constraint @ for a given level of consumption share y. This comparison does not
account for the fact that share y itself depends on . Figure 1.3 shows probability density
functions of y for v = 3, different constraints # and time horizons equal to ten and one hun-
dred years respectively. The probability densities imply that consumption share y tends to
decline, and hence, the impact of constrained investor becomes smaller in the course of time
even though it is still significant even after hundred years. As discussed in Hong, Kubik and
Stein (2004) stock market participation depends on person-specific characteristics such as

social integrations and education. Thus, specializing to the case of restricted participation

(6 = 0) our model demonstrates that these characteristics lead to gradual, although slow,
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elimination of non-stockholders’ impact on financial markets via natural selection.?

1.4. Extensions and Ramifications

In this Section we demonstrate that our model is extendable to different alternative economic
settings. Section 1.4.1 extends the results of Section 1.2 to the case of heterogeneous beliefs
and provides a numerical solution to the model with CRRA investors with heterogeneous
beliefs when one of them faces short-sale constraints. Section 1.4.2 demonstrates that the

results of Section 1.2 generalize to the environments with multiple assets.
1.4.1. Heterogeneous Beliefs Formulation

We now consider an economy in which investors are constrained and have different beliefs
about mean dividend growth rate in the economy. We first generalize the results of Section
1.2 and derive expressions for the parameters of equilibrium in terms of adjustments in
fictitious economy and the differences in beliefs. Then, we specialize to a framework in
which both investors have identical CRRA preferences and the pessimist faces short-sale
constraints. We solve this model numerically by employing the approach of Section 1.3 and

discuss some properties of the equilibrium parameters.

Basak (2000, 2005) derives expressions for equilibrium parameters for general utility
functions in the economy in which investors face heterogeneous belief but does not study
the impact of constraints as we do in this work. Our model is also related to the model of
Gallmeyer and Hollifield (2008) in which the pessimist has logarithmic preferences and faces
short-sale constraints while the investor with general CRRA is optimistic and unconstrained.

By contrast, our model does not rely on the assumption of a logarithmic constrained investor.

The economic setting is similar to that of Section 1.2. In particular, investors trade in

12Tn unconstrained economic settings the survival of irrational investors has been studied in Kogan, Ross,
Wang and Westerfield (2004), Berrada (2009), Dumas, Kurshev and Uppal (2009) and Yan (2008), among
others. The results in the latter three works suggest that it takes a long time to eliminate the impact of
irrational investors that have wrong beliefs about mean dividend growth rates. Hugonnier (2008) considers
survival of constrained logarithmic investor and demonstrates that their impact can quickly be eliminated.
However, in his calibration the volatility of dividends is 20% while we set this parameter to the volatility
of aggregate consumption 3.2% taken from Campbell(2003). When in the calibration we choose v = 1 and
os = 20% consistently with Hugonnier our results also imply fast elimination of constrained investor’s impact.
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two securities, a riskless bond and stock, and dividends follow process (1). They agree on
dividends, bond and stock prices and the dividend growth rate volatility s but disagree
on the growth rate ps. Throughout this Section we will be using superscript ¢ to denote
quantities on which investors disagree, while by subscript ¢ investor-specific quantities on

which there is no disagreement. Investors update their beliefs ,u’f;t in a Bayesian fashion:

:U’gt = Ei[/L&‘fgL 1€ {O,p}, (58)

where E'[-] denotes the expectation under the subjective probability measure of investor
1 and .7-}5 is the augmented filtration generated by d;. Both investors have different priors
%o and investor 1 is optimistic (i = o) while investor 2 is pessimistic (i = p) about the
dividend growth. From the point of view of investor ¢ the dividends and stock prices follow

the processes

dsy = 8i[ul + ospdwi], (59)

dSy + 6idt = Sy[pidt + opdwy], (60)
where w{ denotes Brownian motions under the subjective probability measure of investor i.

From the filtering theory in Lipster and Shiryayev (1977) it follows that Brownian mo-

tions w! are given by
dw! = M(S;Sugtdt + dwy, i€ o,p. (61)
By Aps: we denote the disagreement process defined as
_ H& M
05t

A/.Lgt (62)

Moreover, if dividends follow geometric Brownian motion (35) and investors’ initial priors

are normally distributed with parameters
N% ~ N(ﬂ%m &30)7

then ufgt is also normally distributed and the processes for ,uf;t and Apug; are given by

g
Ay = Ptdu} (63)
Foxd 69 — g )
dAps = _ﬁAﬂétdt+%dwia (64)
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where

a2
~i 05005
Ost =

— oo 65
T5ot + O'g (65)

The budget constraint for each investor is given by (4) in which Brownian motion w and
stock mean-return p are replaced by investor’s subjective Brownian motion w’ and mean-
return x°. Each investor solves optimization problem (6) in which now expectation operator
E[] is replaced by operator E‘[-] under investor’s subjective beliefs, subject to the budget
constraint, no-bankruptcy constraint W; > 0 and portfolio constraints (5).

The equilibrium in this economy is a set of parameters {r¢, u¢, ', o4} and of consumption
and investment policies {cj;, aj, 07 }icfopy Which solve investor i’s dynamic optimization

problem and satisfy market clearing conditions in (9).

Asin Section 1.2, the parameters of equilibrium are characterized in terms of adjustments

v} and support functions f;(v;). We first characterize investor’s marginal utilities in terms

of state prices that follow processes as in (14) but with Brownian motions under subjective

probability measures. Then, we introduce the ratio of their marginal utilities A, which
follows the process

dh\t = =M dt + oydwl]. (66)

By employing market clearing conditions we obtain the parameters of equilibrium. Propo-

sition 1.3 summarizes our results.

Proposition 1.3. If there exists an equilibrium, the riskless interest rate r, perceived market

prices of risk k', drifts ug\ and volatility oy of weighting process (66) are given by

_ Ay Ay A} (Por + Ppt) A} /Py Py
— — =7 *\ *\ _ _ - pt 5
Tt Tt Aot f (Z/Ot) Apt fp(ypt) 2AgtA12)t Ot AotApt <Aot Apt) tO5tO Nt
A2 A2
———005: A gt + L NTI 67
Apt OS5t st A, Apt At UGt ( )
A A
H? = Kt + T;O')\t, fi? = Kt — AOttO')\t, (68)
o * * A o
1Sy = Abosion + fo(vy) — fp(’/pt) A, tt O-g\tv u’;t = uSy — oae st (69)
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vy — Uy

[0} pt

ox = Aps+ ——, (70)
Ot

where 7 is the riskless rate and K is the market price of risk in an unconstrained economy

populated by optimists, given by

i AP i
7= p+ A, — %53@%, ki = Aidiost, (71)

Ait, Py, and Ay and P; are absolute risk aversions and prudence parameters of investor i

and a representative investor with utility (19), respectively.

Ezpressions for optimal consumption c; and stock price S are as in Proposition 1.1. Op-
timal wealths W} and optimal investment policies 8} are given by expressions (26) and (28)
in which expectation operator E|-] and market prices of risk k are replaced by subjective oper-
ator E'[-] and price of risk k'. Initial value \g for weighting process (66) is such that budget

constraint at time zero (29) is satisfied. Moreover, adjustments v} satisfy complementary

slackness conditions (30), as in Proposition 1.1.

The expressions for interest rates in Proposition 1.3 demonstrate the impact of het-
erogeneous beliefs on interest rates and subjective market prices of risk. In particular, the
expression for interest rates have additional terms (last two terms in (67)) which demonstrate
the direct effect of disagreement process Aus. Since the disagreement process is positive,
its impact depends on the sign of volatility o). Moreover, the expression for volatility o) in
(70) demonstrates that this parameter itself depends on Ay since the disagreement affects
the efficiency of the risk sharing, quantified by o). Unlike the setup of Section 1.2, investors

now disagree also on the market prices of risk, which are given in (68).

We now consider a modification of the model in Section 1.3 in which now investors have
heterogeneous beliefs about the dividend growth rate. In particular, investor 1 is optimistic
and unconstrained while investor 2 is pessimistic and faces constraints that impose a limit
on the short-sales §# > 6, where § < 0. For simplicity, as in Yan (2008) we assume that

investors do not update their beliefs and believe that dividends follow a GBM
dd; = 8y[udt + osdwl], (72)
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and their difference in beliefs we denote by Apus. This assumption can further be justified by

noting that under plausible parameters it takes very long time for the beliefs to converge.'3

As in Section 1.3 we characterize the equilibrium in terms of the wealth-consumption
ratios of investors which satisfy HJB equations (42) in which the drift parameter u) is now
investor-specific and should be replaced by u@\. Our results are summarized in Proposition

1.4.

Proposition 1.4. If there exists an equilibrium, the riskless interest rate r, perceived market

price of risk k' and drifts uf\ of weighting process X that follows (20) are given by

1/ 1/
_ A 1+ A
ro o= T4+ til/ﬁat(A,u(s —oxt) — il ¢ v, crit
1+ 27 27 (14 )77)2
VAT P VSN (73)
=Y 750680 T 7 _OxRMs,
1+ 07 (1+ 2772
1/~
K = R+ )\tiak kY =k — ;0)\ (74)
t 1+At1/,y ts t 1+)\g/,y ts
1
HSy = Y050 — de\t — Apsky + 0o (Aps —ox),  ph, = pSy — Apsore, (75)
t

where 7 is the riskless rate and K is the market price of risk in an unconstrained economy

populated by optimists, given by

T=p+yus— o5, R ="0s. (76)

Optimal consumptions c, wealths W, stock price-dividend ratio R and optimal investment

policies 0] are given by

1 )\1/’7
oy = 0, ct t

— 7 ot (77)
1+ A7 "

1A

131n particular, assuming that investors have the same variances for the prior belief, 6%, = 650, equations
for the disagreement and estimation error processes in (64) and (65) imply that

o\
Apst = A — .
Hst S0 ((ATL;ot T Ug)

Assuming further that 650 = o5 and taking o5 = 3.2%, as in Campbell (2003), we obtain that it takes 100
years for the disagreement Aps to decrease by 20%.

50



Chapter 1: Asset Pricing in General Equilibrium with Constraints

1 A
v = Hop———704, ot = Hpt———-6t, (78)
o SV S TP
1/
1 A
Ry = Hy + Hpyp—" ; (79)
T T A
1 OHy A 1 OHye A\
N S T ot At 9*:7(10_ pi) 80
ot YOt (Klt Tox 8)\t Hot>’ pt YOt it Tox 8)\t Hpt ’ ( )
while the volatilities of the stock returns, o, and weighting process, oy, are given by
OR: A 1-6
Ot = 0§ — O—Atitit7 Oxt = mll’l{ ( 7),70-6 7AM5}7 (81)
a)\t Rt 1 aHpt )\t 8Rt ﬁ

1+)\2/’Y ’7 8)\,5 Hpt 7787)\t Rt
where wealth-consumption ratios Hy and Hye satisfy equations (42). Moreover, the initial

value Ao for the weighting process (20) solves equation

ALY 1
sHy(Xo, 0)—2—~30 — (1 — 8)Hy(o, 0)

5o = b. (82)
14+ 27

14+ )7

Proposition 1.4 characterizes equilibrium parameters in terms of wealth-consumption
ratios and highlights the effects of heterogeneous beliefs and short-sale constraints. Crucial
difference form the results of Proposition 1.2 is that now market prices of risk (74) and
the drifts of weighting process (75) are investor-specific due to investors’ disagreement on
the dividend growth. Moreover, the short-sale constraint will not always be binding in
equilibrium since when constrained investor’s share of aggregate consumption is large she

becomes more willing to smooth consumption over time and invests more in stock.

By calibrating our economy to plausible parameters we find that constraints have little
effect on riskless rates, while market prices of risk are investor-specific. Therefore, we here
focus on price-dividend ratios and stock return volatilities which are presented on Figure 1.4
for different levels of . We here consider only the case v > 1 and note that the case v < 1 can
be analyzed in a similar way. The dotted lines correspond to quantities in an unconstrained
economy ( = —oo) which are computed using explicit formula for stock prices in terms of
weighting process A, available in Yan (2008). We assume that the optimist has correct beliefs

about mean dividend growth while the pessimist underestimates it by 40%. The first picture
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Stock Price-Dividend Ratios (a) Ratios of Stock Return and Dividend Growth Volatilities (b)

o/os
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Figure 1.4: Price-Dividend Ratios and Ratios of Stock Return and Dividend
Growth Volatilities with Heterogeneous Beliefs, v > 1.

The figure plots interest rates r, market prices of risk x, price-dividend ratios R and ratios of stock
return and dividend growth volatilities o /oy as functions of constrained investor’s consumption share
y. Dividend mean growth rate us = 1.8% and volatility o5 = 3.2% are from the estimates in Campbell
(2003), based on consumption data in 1891-1998, while risk aversion and time discount are set to
v =3 and p = 0.01.

on Figure 1.4 demonstrates that tighter short-selling constraints (higher 6) increase price-
dividend ratios. In the presence of short-sale constraints the optimist should hold less stocks
in equilibrium which decreases her perceived market price of risk. As a result, investment
opportunities deteriorate and her wealth-consumption ratio increases due to the dominance
of substitution effect. Thus, when the optimist dominates in the market, the price-dividend
ratio should go up for the similar reasons as in Section 1.3. When the pessimist dominates,

the constraint does not bind and the price-dividend ratio becomes closer to that in the

unconstrained case.

It can also be observed that the price-dividend ratios on panel (a) of Figure 1.4 are U-
shaped when 6 is low, even though this effect is not economically significant. To understand
the intuition, we observe that when the optimist dominates in the market, when pessimist’s
consumption and wealth share gradually increases, she shorts more in proportion of her
wealth. As a result, the optimist should hold more stocks in equilibrium which requires
higher market prices of risk, and hence, better investment opportunities. Therefore, the

income effect decreases the optimist’s wealth-consumption ratio. However, as the pessimist’s
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consumption share increases further, at some point the price-dividend ratio should start
increasing again since when the pessimist dominates, the optimist’s wealth is low and she
becomes unable to hold large amount of stock. As a result, shorting becomes less attractive
for the pessimist in equilibrium and her subjective market price of risk increases pushing up

the wealth-consumption ratio and hence the price-divided ratio.

Panel (b) of Figure 1.4 demonstrates that stock return volatility can both be higher
and lower than the volatility of dividends, which is due to the U-shaped form of the price-
dividend ratio. Moreover, as short-sale constraints become tighter the volatility of stock
returns decreases for small consumption shares y, increases for medium y, and is almost
unchanged for values of y close to unity when the constraint does not bind. Intuitively,
short-sale constraints limit the ability of the pessimist to trade on her pessimism and hence
her stockholding look as if she had smaller disagreement with the unconstrained investor. As
a result, the economic parameters should become closer to the values in the unconstrained
economy without disagreement. In particular, stock return volatilities should move closer
to the volatility of dividends os, which we observe on Figure 1.4. This effect can also
be formally demonstrated by observing that adjustment parameters for unconstrained and
constrained investors are such that v; = 0 (case (a) in Table 1.1) and v; > 0 (case (e)
in Table 1.1), and hence the volatility o) given by (70) decreases towards zero since the
volatility of stock returns o is positive. Then, from the expression for volatility o in (81) it

follows that the difference between o and dividend growth volatility o5 becomes smaller.

In a similar model with a logarithmic constrained pessimist Gallmeyer and Hollifield
(2008) find that the stock return volatility increases when the unconstrained optimist has
risk aversion v > 1 and each investor is initially endowed with 50% of the market portfolio.
By contrast with their work we present the analysis of price-dividend ratios and stock
return volatilities as functions of both the pessimist’s consumption share y and the tightness
of the short-sale constraint. Moreover, we show that the volatility o can decrease with
tighter constraints even though the economic magnitude of this effect is small. Finally, our

numerical method relies only on solving linear algebraic equations at each step rather than
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employing Monte-Carlo simulations as in their work.

1.4.2. Multiple Stock Formulation

We now demonstrate that the baseline analysis of Section 1.2 with single stock can easily
be generalized to the case of multiple stocks. The uncertainty is now generated by a multi-
dimensional Brownian motion w = (wi,...,wy). The investors trade in a riskless bond
and NV stocks in a positive net supply, normalized to unity, each of which is a claim to an

exogenous strictly positive stream of dividends d,, following the dynamics
Aot = Ontlpts,edt + o4 ydwy], n=1,..,N, (83)

where us, and o, are stochastic processes. We consider equilibria in which bond prices, B,

and stock prices, S, follow processes
dB; = Byrdt (84)
dSns + Opedt = Spi[pmedt + o dwy], n=1,...N. (85)
We let = (p1,...,un) " denote the vector of stock mean returns and o = (o71,...,0x)"
the volatility matrix, assumed invertible, with each component measuring the covariance

between the stock return and Brownian motion w,,. By d we denote the process for aggregate

dividend, § = §; + d2 + ... + d, which follows the process

ddy = 0¢[pse + UaTtdwt]a (86)
where
1) 1) 1) 1)
Het = jﬂélt + ...+ ﬂﬂ&m; o5t = j"tﬁt t. Tt ﬂatﬁvt‘
5t (5t 51‘, 5t

Investor 1 is endowed with s, units of stock n and —b units of bond, while investor 2 is
endowed with 1 — s, units of stock n and b units of bond. Investor ¢’s wealth process W
follows

AW = | Wi (72 + 03 (e = 10) ) = cia| dt + Wabordu, (87)
and her investment policies are subject to portfolio constraints

0, €0, i=1,2, (88)
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where ©; is a closed convex set in RN and 6 = (61, ...,0y) " is the vector of wealth proportions
invested in the N stocks. Each investor i solves her dynamic optimization (6) subject to

budget constraint (87), no-bankruptcy constraint W; > 0 and portfolio constraints (88).

Following the approach of Section 1.2 we first embed the optimization problem for each
investor into an equivalent fictitious complete-market economy in which stock prices evolve

as

déis = —Eit[radt + K} dwy). (89)

Assuming that dual problems in Cvitanic and Karatzas (1992) have solutions we obtain that

riskless rates r;; and market prices of risk k;; in fictitious economy are given by
* -1 %
rie =1+ fi(V), Kit = Kt + 0, Vg, (90)

where k is the market price of risk in the original economy, f;(v) are support functions for

the sets ©;, defined as

fi(v) = sup (—I/TQ), (91)
0cO;

vj, and 3, solve duality optimization problem in Cvitanic and Karatzas (1992) and belong

to the effective domains for support functions, given by

T; ={veR": fi(v) < o} (92)

Proposition 1.5 characterizes the equilibrium in terms of the adjustments v/}, and f(v},)
in fictitious economies and the parameters of the process for the ratio of marginal utilities

of consumption, )¢, which evolves as

dhi = —Ne[pxedt + oy duwy]. (93)

Proposition 1.5. If there exists an equilibrium, the riskless interest rate r, market price

of risk K, drift uy and volatility oy of weighting process X that follows (93) are given by

At % At *
—_— Vg )——— Vo | —m—————— 55— 0 \,O\¢t— ————
Alt fl ( 1t) Agt f2( Qt) QA%tA%t ALEXE AltAQt

Tt = Tt—
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Ay Ay
= -1 % —1. %
kt = “t—AltUt Ve — /T%Ut Vot

A
T t T -1
pxe = Aboson + fL(viy) — fa(va) — TUUMUA” oxe =0y (Vip — V),

where T is the riskless rate and K is the market price of risk in an unconstrained economy,
given by

AP,
Tt = p+ Aedipse — t2 t5205t05t, ki = Aidi05t, (97)

A, Py, and Ay and P; are absolute risk aversions and prudence parameters of investor i and
a representative investor with utility (19), respectively. Optimal consumptions c;, wealths

W; and optimal investment policies 0 are given by

S (5t,>\t (98)
gzt
5 = Gfl(Wﬁ(thJrO{ >+‘§f) (100)

where functions g;(d¢, \t) are such that ¢, and ¢k, satisfy consumption clearing in (9) and

equation (18) for process A, state prices & follow processes (14) and ¢; are such that
o] t T
My = | / Eisciuds| = Mig + / o dw,.
0 0
Initial value Mg is such that budget constraints at time 0 are satisfied:
511510 + .- + sinSno + by = Wi, (101)

where s1p, = Sp, Son = 1 — 8y, by = —b and by = b. Moreover, adjustments v}, satisfy

complementary slackness condition

fiwly) + 03 v, = 0. (102)

The expression for interest rates (94) can again be decomposed into three groups of terms
that represent riskless rate in an unconstrained economy, the impact of constraints and the

effect of risk sharing. The last term in (94) also shows that in the case of heterogeneous
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utility functions the interest rates depend on the covariance between aggregate dividend and
weighting process A, captured by U(;ra)\. The expression for equilibrium interest rates also
allows to formulate a simple sufficient condition under which the equilibrium interest rates

in the constrained economy are lower than in the unconstrained one.

Corollary 1.3. If the utility functions and the allocations of consumption are such that
Py /A1 = Py/As and the sets of portfolio constraints ©; contain the origin, i.e. 0 € O;, then
the interest rate in a constrained economy, r, is lower than in an unconstrained one, T, and

the following upper bound for rate r holds:

. A} (P + Py) 1

ry < Oy Ox. (103)
243,43,

The expressions for the market price of risk now reflect the impact of multiple constraints.
By contrast with the single stock case, market clearing conditions can only determine the
aggregate value of all stocks and not the values of individual ones. Moreover, as demon-
strated in Hugonnier (2008) if the weighting process is not a martingale then there might
be multiple equilibria with different stock prices but unique riskless rates and market prices
of risk. The application of the methodology developed in Section 1.3 for finding equilibria

in a multi-stock economy we leave for the future research.
1.5. Conclusion

Despite numerous applications of dynamic equilibrium models with heterogeneous investors
facing portfolio constraints, little is known about the equilibrium when we depart from the
assumption of logarithmic preferences. In various frameworks we provide explicit expres-
sions for interest rates and market prices of risk in terms of instantaneous volatilities of
stock returns and consumptions as well as risk aversions and prudence parameters. We then
consider an economic setting where one investor is unconstrained while the other faces up-
per bound on the proportion that can be invest in stocks, and both investors have identical

CRRA utilities. We completely characterize the equilibrium in terms of investors’ wealth-
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consumption ratios satisfying a pair of differential equations that we solve numerically by
employing a simple iterative algorithm. We further demonstrate that the direction in which
portfolio constraints change price-dividend ratios and stock returns volatilities crucially de-
pends on the intertemporal elasticity of substitution (IES). In particular, when the IES is
greater than unity the model generates countercyclical market prices of risk and stock return
volatilities, procyclical price-dividend ratios, excess volatility and other patterns consistent
with empirical findings. We also find that the impact of constrained investor diminishes in
the course of time but is still significant even after one hundred years. Our approach is then
extended to the case of heterogeneous beliefs and multiple assets. Given the tractability of
our analysis we believe that our approach for finding equilibria in economies with constraints
may find applications in various models with heterogeneous investors and incomplete finan-
cial markets as well as in solving portfolio choice problems with constraints at a partial

equilibrium level.
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1.6. Appendix A: Proofs

Proof of Proposition 1.1. First, we obtain a system of equations for parameters of
the fictitious economy by substituting the expressions for optimal consumption (17) into
consumption clearing condition in (9), applying Itd’s Lemma to both sides and matching

the coefficients. Noting from the properties of inverse functions that

(cp) 1
(ci) (U;(C;'kt))y

1
L (e’ &) =
u;(chy)

we obtain the following equations

4
I (ie &) = ——
U;

Ty —p fl(lflkt) f2(7/>2kt) 1 K1e\ 2 Kop \ 2

Ay * Are + Aoy +2( 1t<A1t> + 2t<A2t>> LISt (104)
K1t Rat
-+ = 0t05¢. 105
Ay Ay t0 6t (105)

By applying It6’s Lemma to both sides of the definition of A in (18) and noting that marginal

*
7

utilities u}(c}) are given by (16), matching the terms we obtain the drift py and volatility

oy of the weighting process (20):

pae = oxekor + fr(viy) — f2(V3), o = K1 — k. (106)

Taking into account the definition of k; in terms of adjustments in (15) from equations
(104)—(106) we obtain expressions (21)—(23) in Proposition 1.1. Analogously, it can be

shown that in the unconstrained economy the interest rate is given by (24).

Optimal consumptions cj, are obtained from consumption clearing and the equation for
weight A in (18). Expressions for optimal wealths and optimal policy (26) and (28) follow
from the results in Cox and Huang (1989), Huang and Pages (1992) and Karatzas and
Shreve (1998), while stock prices (3) are derived from the market clearing conditions in (9).
The complementary slackness condition in (30) is established in Chapter 6.3 of Karatzas

and Shreve (1998). Q.E.D.

Proof of Corollary 1.1. The proof directly follows from Proposition 1.1 by noting that

the last term in the expression for r in (21) disappears. Q.E.D
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Proof of Proposition 1.2. We obtain expressions (44)—(48) for equilibrium parameters
from expressions (21)—(25) in Proposition 1.1 by substituting adjustment parameters (39)

and risk-aversion and prudence parameters for CRRA preferences, given by

Alt = lv A2t = la At = lv
C1t Cat ot
1+ 1+ 1+ (107)
Plt = 1 ) PQt = ’Y; Pt = g .
cit Cat Ot

We first demonstrate that the constraint for investor 2 should always be binding in
equilibrium. The complementary slackness condition (30), given expressions for adjustments
(39), takes the form (6 — 63,)v3, = 0. Therefore, if constraint does not bind it follows that
vy, = 0. Hence, from (23) we obtain that oy, = 0 and py = 0 and the economy will
permanently remain in a Pareto-efficient unconstrained equilibrium. As a result, since the
investors have identical preferences and the equilibrium investment opportunity sets are
constant when oy = 0 and py; = 0, it can easily be verified that the investors will choose
07, = 1, which violates constraint fo; < 0 < 1. Therefore, the constraint should always be

binding in equilibrium.

Expressions for wealths W}; follow from the first order condition for consumption in (41),
while the expression for price-dividend ratio R follows from the expression for stock price
(3), derived from consumption clearing, and the expressions for wealths in (49). Optimal
policy for investor 1, #7;, in (51) is obtained by solving an HJB equation, while policy for
investor 2 equals @ since the investor always binds on her constraint, as demonstrated below.
Stock return volatility o in (52) is derived by applying Itd’s Lemma to stock price, given by
St = Ry0:.

From the definition of k;; in (15), expression for ; in (45) and expressions for adjustments

n (39) we find that
1

. (108)
14+ 077

Rot = Y0§ —

Substituting k9 from (108) into expression for optimal investment policy (43) and noting
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that constraint fy; < € is always binding we obtain the following equation for oy:

1
— ('YU(S - UAt(
Vot 1

1 O0Hsyr A ~
e — =0. 1
_*_)\i/V T O\t HQt)) 0 ( 09)

Substituting volatility o given by first expression in (52) into equation (109) and solving
it yields o) given by second expression in (52). Finally, the equation for Ao is obtained
so as to satisfy time-0 budget constraints (29). By substituting W7,, W3, and Sy = Rydo
from Proposition 1.2 into the budget constraints (29) it can easily be observed that both

constraints are satisfied whenever equation (53) for \g holds.* Q.E.D

Proof of Corollary 1.2. Applying [t6’s Lemma to both sides of the first order conditions

for consumption (16) and matching the terms we find that

.
CitOet = A—i. (110)
1

Since investor 1 is unconstrained, k1 = k and is given by (45) while kg is given by (108).

Substituting 1 and k2 into (110) and noting that for CRRA utility A; = 7/c¢; we obtain

expressions (57) for volatilities o, . Q.E.D

1We also note that the results of Proposition 1.2 can be derived without relying on the methodology
in Cvitanic and Karatzas (1992) by solving the HJB for investor 2 directly in constrained economy. Since
the constraint is always binding the problem is equivalent to the one with constraint 6s;, = . The HJB
equation is then given by (38) in which 62, = 8 and v}, = 0, since we solve in constrained economy. Then,
conjecturing that J2; has form (40) yields the equation for Ha;. From the first order condition (41) we obtain
e "W,V HJ, = &, where £2; is the marginal utility of investor 2 which follows the process (14). Applying
1t6’s Lemma to both sides shows that

Substituting this expression into HJB after some algebra we obtain equation (42) for investor 2. Price of risk
k2 can be found from (105)—(106) while 72 can be found by applying It&’s Lemma to £2¢War = e_pngt_WH;t,
noting that the right-hand side satisfies HJB equation, f2; = 6, and matching the terms.

Moreover, since investor 1 faces complete market, in the derivation of r; and k; to obtain equations
(104)—(105) we assume that u'(c};) = ¥1e”* &1 where

&1t = —&it[redt + Kedwy).

Huang and Pages (1992) derive this result assuming that fot |rrldT < oo as., and ky < K a.s., where K
is a constant. It is difficult to check these conditions analytically. However, the graphs on Figure 1.3
demonstrate that the states with y close to 1, where r; and x:; are unbounded, have zero probability, and
hence, the conditions are likely to be satisfied. We also check numerically that the integrals in investor’s
optimization (6) converge to J;; derived in Section 1.3.
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Proof of Proposition 1.3. From expression (61) we first express Brownian motion w?

in terms of Brownian motion w® as follows:
dwt = Apgdt + dwy, (111)

and then rewrite all subsequent stochastic processes in terms of Brownian motion w® under
the optimist’s probability measure. Then, state prices &;; in fictitious economies follow

processes:
déot = —Eot[rotdt + K7dw]],  dépr = —Ept[(rpt + Apsrrl)dt + kVdwy). (112)

Optimal consumptions in fictitious economies are given by (17). Substituting them into
consumption clearing condition in (9), applying Itd’s Lemma to both sides and matching

terms as in the proof of Proposition 1.1 after some algebra we obtain:

re=p  Fowe) | Sl | 1(Pot(r”—?)2 + Pt(ﬁf)Q) S A TR
Ay Aot Apt 2 Aot b Apt Aot 051 Apt Ot ’
k) K
— = . 114
A, + Ay L0 5t (114)

By applying It6’s Lemma to both sides of the definition of A in (18) and noting that marginal
utilities u}(c}) are given by (16) and state prices follow (112), matching the terms we obtain

the drift gy and volatility o) of the weighting process (66) for the optimist:
1 = oxersy — Apsey + fo(vy) — fo(Vp),  one = K§ — K. (115)

Using equations (113), (114) and the second equation in (115) we obtain expressions for r

and k in Proposition 1.3.

To obtain drift ,uit we rewrite the process for \; given by (66) under the Brownian

motion of the optimist as follows
d\i = —)\t[(/f;\t + O')\tA,ugt)dt + O')\tdwf].

Matching the drift parameters for the processes for A\; from both optimist’s and pessimist’s

points of view yields expression for ,uz;\t in Proposition 1.3. To obtain expression for o) we
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note first that by the definition of prices of risk in fictitious economies

o o p p
i — T v; My — T v,

KO =t = 4 Tt Ky = L AR AT (116)
¢ ¢ ¢ ¢

Moreover, rewriting the process for stock prices Sy for both the optimist and pessimist in
terms of Brownian motion w°
dSt = St [/L?dt + O'tdwg]
= St[(,ui) + A,U&O’t)dt + O'td’wg],
and matching the terms we obtain

o__ ,p
He — He Apsy. (117)
Ot

The expression for oy in (115) along with equations (116) and (117) gives o) reported in

Proposition 1.3. The rest of the proof is as in Proposition 1.1. Q.E.D

Proof of Proposition 1.4. From the definition of the support function in (12) applied

to 8 > 6 and the expression (70) for volatility o) we obtain the adjustment parameters:

vip =0, f(riy) =0, vy =01(Bust —oxe),  f(var) = —Qor(Apsr — o). (118)

Substituting adjustments (118) and risk-aversion and prudence parameters in (107), into the
expressions (67)—(71) we obtain equilibrium parameters (73)—(76) reported in Proposition

1.4.

Consumptions (77) are obtained from the consumption clearing condition in (9) and
definition of A\; in (18). Wealth-consumption ratios H° and H? satisfy HJB equations (42)
in which g is replaced by u$ and uf\ respectively. Hence, from the first order condition
for consumption in (41) and market clearing condition we obtain expressions for W}, and
R;. Expressions for optimal policies are obtained by solving HJB equations in fictitious
economies, as in Section 1.3, while stock return volatility ¢ is obtained by applying Itd’s

Lemma to stock price S; = Ryd.

The complementary slackness condition in (30) in our setting takes the form (0 —6},)v}, =

0. As a result, if constraint is not binding v, = 0, and hence, from the expression in (70) it
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follows that o) = Apug:. To solve for o) when the constraint is binding we first substitute

kP from (74) into the investment policy (80) and obtain

1 1 OHY )
* t /M
— _ — ). 119
LT oy (706 U)‘t<1+/\;/7 +78)\t Hf)) (119)
Then, substituting o from (81) into (119) and solving equation ¢, = 6 we obtain
1-6
oy = (1 = 6)r05 . (120)
1 8Hpt& _ aRtﬁ
1+)\}/’Y 8>\t Hpt *’y 8>\t Rt

Moreover, since v4, > 0 (Table 1.1 case (e)) if the constraint binds o is given by (120) and

should be lower than Apus; which leads to expression for oy in Proposition 1.4.1° 0
.E.D.

Proof of Proposition 1.5. The proof is a multi-dimensional version of the proof of

Proposition 1.1. Q.E.D.

Proof of Corollary 1.3. From the definition of support functions in (12) it follows easily
that f;(v) > 0 if 0 € ©;. Then, the proof follows from the fact that in the expression for
interest rates r in Proposition 1.5 the second and third terms are positive while the last

term vanishes.
Q.E.D.

15Gimilarly to the discussion in the footnote in the proof of Proposition 1.2 it can be argued that the results
in Proposition 1.4 can be obtained without relying on the methodology in Cvitanic and Karatzas (1992).
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1.7. Appendix B: Numerical Method

We here present the details of our numerical solution method in Section 1.3 first for v > 1
and then for v < 1. Since variable A takes values in the interval (0, +o00) we first rewrite
the HJB equations (42) in terms of variable y = A7 /(1 + X/7). By H;(y,t) we denote the

wealth-consumption ratios as functions of y so that

The derivatives of H;(\,t) then can be expressed in terms of derivatives of H;(y,t) by

differentiating both sides in (121) as follows:

OHy  O0Hy OHy  y(1—y) OHy

a - ot oN v oy’ (122)
e PHi _ y*(1—y)? 0°Hy  29(1 = y)((1 =)/2 —y) OH (123)
Y 2 Oy 2 oy

Taking into account our change of variable and the expressions for derivatives in (122)—
(123) from the expressions in Proposition 1.2, definitions of parameters r;; and k;; in (15),
and expressions for adjustment parameters in (39) we obtain the following expressions for

equilibrium parameters in fictitious economies:

ryy = T — 9_0tf7t—1+77 Y O'Qt, K1t = 70§ + Y Oyt
l—y 7% 2y 1-y¥ 1—y "’
_ = I+ vy
ror = T+ Gatayt - Tiyay“ Rat = Y0§ — Oyt, (124)
_ Hyt _ Oyt
Hxt = 1 — y7 O Xt 1— y
where 7 is given by (47), py, 0y and oy are given by
= oyt ORy Yt 1—0)yos
Lyt = ’yagoyt—ﬂatayt—azt, op = ag——ya—f, Oyt = ~( ) , (125)
Y OYt Ry 1+ OHy yt _ pOR: yt
8yi HQt ayt Rt

and Ry is a price-dividend ratio as a function of y. Substituting expressions for derivatives
(122) and (123) into the HJB equations (42) we obtain the following PDEs for Hj;:

OH; yfagt PHy w ( o (1—=7)/2 =y OH,;
U (2 L2 (1 o)
ot + 2’72 ay? . 72 Tyt 11—y YHyt ( 7)ﬁzt0yt dur

(126)
11— . '
+§< Q,Y’Yﬂft+(1—fy)rit—p)ﬂit+l:0, i=1,2.
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To find stationary, time-independent solutions of equations (126) we fix a large horizon T,

pick two functions hy(y) and ha(y), specify terminal condition
Hi(y,T) = hi(y), i=1,2, (127)

and solve HJB equations (126) backwards until the convergence to stationary solutions. We
assume that functions h; are continuous and differentiable on the interval [0, 1] and satisfy

conditions h1(1) = 0 and R4 (1) = (v — 1)ha(1).

We assume that H;(y,t) are twice continuously differentiable in the interval (0, 1), have
bounded first and second right derivatives at y = 0, 05 > 0, and there exist limits (1 —
y)?9*Hi(y,1)/9y> — 0, (1 — y)8*Ha(y, 1)/dy*> — 0 and (1 — y)0Hi(y,t)/dy — 0, as y —
1. After we compute the solutions we also verify numerically that these assumptions are

satisfied for v > 1.

Passing to the limit y — 0 in equations (126) we obtain simple ordinary differential
equations for H;(0,t) solving which yields boundary conditions at y = 0:

epi(T=1) _ 1

Hi(0,t) = h(0)eP T 4 =~ =12, (128)
Di
where
11—~ (1—7)r—p -7 (1—=7)r—p
p=— Pt =t — (129)

Expressions in (128) and (129) demonstrate that conditions p; < 0 are necessary for the
existence of stationary solutions of equations (126). To obtain boundary conditions at y = 1
we multiply the equations for Hi(y,t) and Hs(y,t) by (1 —%)? and (1 —y), respectively, and

passing to the limit y — 1 we obtain:

(- 6)(y - DE(11) =0, aHa(;” — (y — 1) (1,1). (130)

The problem then becomes to solve HJB equations (126) subject to terminal condition (127)

and boundary conditions (128) and (130).

For simplicity, in the description of the numerical method we omit subscript i. We

let the time and state variable increments denote At = T'/M and Ay = 1/N, where M
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and N are integer numbers, and index time and state variables by t = 0, At,2A¢t, ..., T and
y =0, Ay, 2Ay, ..., 1, respectively. Next, we derive discrete-time analogues of HJB equations

and boundary conditions replacing derivatives by their finite-difference analogues as follows:

Hygr1 — Hy g Hyrp — 2Hy o+ Hoo1 g Hy g — Hy 1 ~
z At z +an,k+1 = A;LQ = +bn,k:+1 = Ay = +Cn,k+1Hn7k+1 = 07
(131)
Hyni = hyny, Hop=dog, Hyp=enrHy 11 (132)

wheren=1,2,..,. N—-1,k=1,2,....M—1, jflnyk = H(nAy, kAt). The coefficients in (131)
correspond to coefficients in equation (126) and are computed using the solution ]:In,k—s—la
while coefficients in (131) are obtained by replacing terminal condition (127) and boundary
conditions (128) and (130) by their finite-difference analogues. The system of equations in
(131)—(132) is then solved backwards in time, starting at k = M — 1. Given solution H,, j+1
we compute all the coefficients in (131) at step k£ + 1, and hence at step k function H, j, for
fixed k solves a system of linear algebraic equations. We then iterate backwards until the

process converges to a stationary time-independent solution.

Figure 1.1 shows the numerical solutions for wealth-consumption ratios plotted against
constrained investors share of consumption, y, for plausible exogenous parameters. These
numerical solutions have the appearance of bounded and twice continuously differentiable
on interval [0,1] functions irrespective of the grid parameter Ay. Assuming that they
are indeed twice continuously differentiable, and given that they satisfy finite-difference
equations (131)—(132), passing to a limit Ay — 0 indeed gives solutions to the HJB equations

for wealth-consumption ratios.'6

When risk aversion -y is less than unity wealth-consumption ratio Hy; and its derivatives
become unbounded while o, approaches zero, as y approaches unity. As a result, the
assumptions under which the boundary conditions (128) and (130) are derived are violated.

However, it turns out that function (1 — y)H;; is bounded and equals zero when y = 1.

16 As an additional check we also verify by Monte-Carlo simulations that for both investors integrals in
their optimization problem (6) do not explode under optimal consumption policies in (48) and converge
to the values obtained by our numerical method. The convergence of those integrals also implies that the
transversality conditions for HJB equations (38) are satisfied.
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Hence, we derive the differential equation for (1 —y)H;; and solve it using the methodology

described above.

The model with heterogeneous beliefs in Section 1.4.1 is solved in a similar way. First,
we derive an HJB equation in terms of consumption share y, which is given by (126) in which
ty is replaced by ué. Then, we obtain boundary conditions and solve the finite-difference

equations numerically.
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2. Dynamic Mean-Variance Asset Allocation

2.1. Introduction

The mean-variance analysis of Markowitz (1952) has long been recognized as the cornerstone
of modern portfolio theory. Its simplicity and intuitive appeal have led to its widespread
use in both academia and industry. Originally cast in a single-period framework, the mean-
variance paradigm has no doubt also inspired the development of the multi-period portfolio
choice literature. To this day, the mean-variance criteria are employed in many multi-period
problems by financial economists, but typically for a myopic investor, who in each period
maximizes her next-period objective (e.g., among others, Ait-Sahalia and Brandt, 2001,
Campbell and Viceira, 2002; Jagannathan and Ma, 2003; Bansal, Dahlquist and Harvey,
2004; Acharya and Pedersen, 2005; Hong, Scheinkman and Xiong, 2006; Brandt, 2009;
Campbell, Serfaty-de Medeiros and Viceira, 2009).1” While the myopic assumption allows
analytical tractability and abstracts away from dynamic hedging considerations, there is
growing evidence that intertemporal hedging demands may comprise a significant part of

the total risky asset demand (e.g., Campbell and Viceira, 1999; Brandt, 1999).

However, solving the dynamic asset-allocation problem with mean-variance criteria has
had mixed success to date. A major obstacle has been the inability to directly apply the
traditional dynamic programming approach due to the failure of the iterated-expectations
property for mean-variance objectives. A growing recent literature tackles this by just
characterizing the optimal policy chosen at an initial date, by either employing martingale
methods or tractable auxiliary problems in complete market settings (as discussed below).
However, due to the time-inconsistency of the mean-variance criteria, the investor may find it

optimal to deviate from this policy unless she is able to pre-commit, and henceforth we refer

"We acknowledge the well-known theoretical objections to the mean-variance criteria if interpreted as
investors’ preferences, namely admitting potentially negative terminal wealth, increasing absolute risk aver-
sion, and potentially non-monotonicity of preferences. Despite the theoretical limitations, the mean-variance
criteria remain relatively popular in practice and academia due to their simplicity and tractability, which
we will also demonstrate in our analysis. Interestingly, recent evidence in neuroscience, as provided and dis-
cussed by Bossaerts, Preuschoff, and Quartz (2006, 2008), suggests that the human brain appears to analyze
risky gambles by considering variance and expectation separately, consistent with the mean-variance criteria.
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to it as the pre-commitment policy. Nevertheless, time-consistency is a basic requirement
of rational decision making, and as Strotz (1956) in his original work on time-consistent
plans puts it: an investor should choose “... the best plan among those that he will actually

b

follow.” Many decades have passed since the original Markowitz analysis, and yet we still
lack a comprehensive treatment of dynamically optimal policies consistent with the mean-

variance criteria.

In this paper, we solve the dynamic asset allocation problem of a mean-variance optimizer
in an incomplete-market setting, and provide a simple, tractable solution for the risky stock
holdings. To our knowledge, ours is the first to obtain within a general environment a fully
analytical characterization of the dynamically optimal mean-variance policies, from which
the investor has no incentive to deviate, namely, the time-consistent policies. Towards
this, we consider the familiar multi-period asset allocation problem of an investor, who has
preferences over terminal wealth and dynamically allocates wealth between a risky stock and
a riskless bond. The investor is guided by the mean-variance criterion, linearly trading-off
mean and variance of terminal wealth. Our setting is a continuous-time Markovian economy
with stochastic investment opportunities, allowing for a potentially incomplete market. Our
solution method for the determination of optimal dynamic mean-variance policies is based
on the derivation of a recursive formulation so that dynamic programming can be employed.
This recursive derivation is complicated by the fact that mean-variance criteria in a multi-
period setting result in time-inconsistency of investment policies, in that the investor has
an incentive to deviate from an initial policy at a later date. The intuition for this is that
sitting at a point in time, the mean-variance investor perceives the variability of terminal
wealth to be higher than the anticipated variability at a future date. To address this
problem, we decompose the investor’s conditional objective function as her expected future
objective plus a term accounting for the incentives to deviate, which then leads to the desired
recursive formulation. This in turn allows us to employ dynamic programming, derive the
Hamilton-Jacobi-Bellman (HJB) equation, and obtain an analytical solution to the problem.

Our recursive approach is the one originally suggested by Strotz (1956), although the same
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solution can alternatively be obtained as the Nash equilibrium outcome of an intra-personal
game by the dynamic mean-variance investor, similarly to the literature on consumer choice

with time-inconsistent preferences (e.g., Peleg and Yaari, 1973; Harris and Laibson, 2001).18

The optimal stock investment policy of a dynamic mean-variance optimizer has a simple
structure, being comprised of familiar myopic and intertemporal hedging terms. The novel
feature of our case is that we identify the hedging demand to be driven by the expected total
gains or losses from the stock investments over the investment horizon, in contrast to being
driven by the value function in the extant literature. This is because the mean-variance
value function is linear in wealth. Since the conditional variance of terminal wealth equals
that of future portfolio gains, the mean-variance hedging demands are determined by the
anticipated portfolio gains. The economic role of the hedging demands in our setting is then
straightforward: when the stock return is negatively related to the anticipated portfolio
gains, the gains in one offset the losses in the other. This leads to a lower variability of
wealth, making the stock more attractive, and hence inducing a positive hedging demand;
and vise versa for a negative hedging demand. We then identify a unique probability mea-
sure, labeled a “hedge-neutral” measure, which absorbs the hedging demands so that the
anticipated investment gains under this measure look as if the investor were myopic. This
representation under the new measure facilitates considerable tractability, allowing one to
easily determine the mean-variance portfolios explicitly or otherwise perform Monte-Carlo
simulation straightforwardly. Moreover, given our dynamically optimal mean-variance pol-
icy, it is possible to recover time-consistent objective functions that would lead to the same
policy (Remark 1). One such function is an increasing, concave, state-dependent criterion
of CARA form, a result also generalizing the well-known equivalence of mean-variance and

CARA optimization in a one-period Gaussian setting.

We also find the dynamic mean-variance policies to inherit a number of conventional

18The dynamic inconsistency of preferences is common in economic settings with non-exponential dis-
counting and changing preferences. A growing literature emphasizes the importance of time-inconsistency
by demonstrating that it significantly affects consumption and investment decisions of individuals (Harris
and Laibson, 2001; Grenadier and Wang, 2007; Ekeland and Lazrak, 2008; Kihlstrom, 2008).
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properties of single-period models, such as, the higher the stock volatility, bond interest rate
or investor risk aversion, the lower the stock investment (in absolute terms). However, these
dynamic policies also generate rich implications related to the effects of investment hori-
zon, market price of risk, and market incompleteness. For example, the variance of terminal
wealth in incomplete markets is higher than that in complete markets, and consequently the
mean-variance investor with positive hedging demand is worse off in incomplete markets. We
also compare our time-consistent solution to the mean-variance pre-commitment solution
in a simple complete market settings. The mean-variance investor under pre-commitment
maximizes her initial objective and pre-commits to that initial investment policy, not de-
viating at subsequent times. We demonstrate that the time-consistent investment policy,
obtained via dynamic programming, is generically different from the pre-commitment pol-
icy, obtained via martingale methods. Although for very short investment horizons the
pre-commitment solution approximates the time-consistent one up to second order terms,
for plausible horizons, the two solutions can differ considerably. Of course, with standard

utility functions, the two solutions are well-known to coincide (Karatzas and Shreve, 1998).

We illustrate the practical usefulness of our analysis by considering the dynamic mean-
variance problem under several stochastic investment opportunities that have been studied
in the literature for other preference specifications. In particular, we specialize our eco-
nomic setting to the constant elasticity of variance model in a complete market (Cox and
Ross, 1976; Schroder, 1989), a mean-reverting stochastic-volatility model in an incomplete
market (Liu, 2001; Chacko and Viceira, 2005; Heston, 1993), and a time-varying Gaus-
sian mean-returns model in an incomplete market (Kim and Omberg, 1998; Campbell and
Viceira, 1999; Wachter, 2002). In all these applications, we explicitly derive the dynamic
mean-variance portfolios as a straightforward exercise, by computing the anticipated gains
process under the hedge-neutral measure, which amounts to evaluating the expectation of
the squared market price of risk. We emphasize that our computations do not resort to
solving an HJB PDE for the investor’s value function, as would be the case for other popu-

lar objective specifications. In addition to providing further insights, our explicit solutions
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allow us to assess the economic significance of the intertemporal hedging demands of a
mean-variance optimizer. Specifically, we compute the percentage hedging demand over
total demand in our richer incomplete market settings for a range of plausible parameter
values. We find our results to be in line with those in the literature and show that the
percentage hedging demand can be considerable in some economic settings, ranging from

18% to 84%, supporting the findings of Brandt (1999) and Campbell and Viceira (1999).

Finally, we consider extensions of our baseline analysis to economic settings in discrete-
time and settings with stochastic interest rates, multiple stocks and multiple sources of
uncertainty. We demonstrate our main results to be valid also under these alternative
environments. Moreover, we here provide fully-explicit closed-form solutions for optimal in-
vestment policies in several discrete-time settings with stochastic investment opportunities
that, to our knowledge, are new in the literature. In contrast, the extant literature charac-
terizes optimal policies in such settings by employing either numerical methods or various
approximations (e.g., Ait-Sahalia and Brandt, 2001; Bansal and Kiku, 2007; Brandt, Goyal,
Santa-Clara and Stroud, 2005; Brandt and Santa-Clara, 2006; Campbell and Viceira, 1999,

2002, among others).

There is a growing literature investigating the multi-period portfolio problem of a mean-
variance investor. Bajeux-Besnainou and Portait (1998), Bielecki, Jin, Pliska and Zhou
(2005), Cvitanic, Lazrak and Wang (2008), Cvitanic and Zapatero (2004), Zhao and Ziemba
(2002) consider continuous-time complete market settings and employ martingale methods
to solve for the variance minimizing policy subject to the constraint that expected terminal
wealth equals some given level, sitting at an initial date. Cochrane (2008) in an incomplete-
market setting solves for the optimal investment policy that minimizes the “long-run” vari-
ance of portfolio returns subject to the constraint that the long-run mean of portfolio returns
equals a pre-specified target level. However, the ensuing solution in these works is a pre-
commitment investment policy chosen at an initial date since the investor may subsequently
find it optimal to deviate from if the constraint is violated in the future. Duffie and Richard-

son (1991) study the futures hedging policy in a continuous-time incomplete market. They
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solve the hedging problem with a mean-variance objective sitting at an initial date, ob-
taining the pre-commitment solution, by observing that the optimal policy here also solves
the hedging problem with a quadratic objective for some specific parameters. Recognizing
the difficulty of applying dynamic programming, Li and Ng (2000), Leippold, Trojani and
Vanini (2004) in discrete-time, Zhou and Li (2000), Lim and Zhou (2002) in continuous-time,
use a similar approach to solve for mean-variance portfolios in complete market settings.
Specifically, these authors show that the investment policy that solves the mean-variance
problem sitting at an initial date also solves the one with a quadratic objective for some
specific parameters. The solution to the quadratic auxiliary optimization is then derived,
which gives the pre-commitment strategy for the mean-variance problem. Brandt (2009)
considers portfolio choice with mean-variance criterion over portfolio returns. The solution
is provided when the investor chooses portfolio weights for several periods ahead, implicitly

assuming pre-commitment.

Our work also contributes to the multi-period portfolio choice literature that provides
explicit closed-form solutions for optimal investment policies under various stochastic in-
vestment opportunities, all obtained in continuous-time settings. Kim and Omberg (1996)
explicitly solve for the optimal portfolio of an investor with constant relative risk aversion
(CRRA) preferences over terminal wealth when the market price of risk follows a mean-
reverting Ornstein-Uhlenbeck process in an incomplete market setting. Merton (1971) and
Wachter (2002) provide solutions to similar problems for constant absolute risk aversion
(CARA) and CRRA investors, respectively, with intermediate consumption under complete
markets. Maenhout (2006) extends the Kim-Omberg results by providing explicit solutions
for an investor who worries about model specification, while Huang and Liu (2007) provide
a generalization with incomplete information. Liu (2001, 2007) obtains explicit solutions for
an investor with CRRA preferences over terminal wealth facing an incomplete market with
stochastic volatility. In similar models, Chacko and Viceira (2005) provide the explicit solu-
tion for an investor having recursive preferences over intertemporal consumption with unit

elasticity of intertemporal substitution, while Liu (2007) for a CRRA investor with intertem-
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poral consumption in a complete market. In related problems, nearly-explicit closed-form
solutions have additionally been obtained by Brennan and Xia (2002) and Sangvinatsos and
Wachter (2005). In general, however, obtaining fully-explicit closed-form solutions to dy-
namic portfolio choice problems with stochastic investment opportunities is a daunting task,
and one would need to resort to numerical methods, such as those proposed by Detemple,
Garcia and Rindisbacher (2003), Cvitanic, Goukasian and Zapatero (2003), and Brandt,

Goyal, Santa-Clara and Stroud (2005).

The remainder of the paper is organized as follows. In Section 2.2, we present our
methodology for the determination of optimal dynamic mean-variance policies. We then
provide the time-consistent solution, discuss its properties, and compare it with the pre-
commitment policy. In Section 2.3, we provide applications of our analysis to various
stochastic investment opportunities, while in Section 2.4, we discuss the extensions to
discrete-time, multiple-stock and stochastic interest rate settings. Section 2.5 concludes

and the Appendix provides all proofs.

2.2. Asset Allocation with Mean-Variance Criteria

2.2.1. Economic Setup

We consider a continuous-time Markovian economy with a finite horizon [0, T'|. Uncertainty
is represented by a filtered probability space (2, F,{F:}, P), on which are defined two
correlated Brownian motions, w and wx, with correlation p. All stochastic processes are
assumed to be adapted to {F;,t € [0,T]}, the augmented filtration generated by w and
wx. In what follows, given our focus, we assume all processes and moments introduced are

well-defined, without explicitly stating the regularity conditions.

Trading may take place continuously in two securities, a riskless bond and a risky stock.

The bond provides a constant interest rate r. The stock price, S, follows the dynamics

dS;

< p(St, Xy, t)dt + o (S, Xy, t)dwy, (133)
¢

where the stock mean return, p, and volatility, o, are deterministic functions of S and the
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state variable X, which satisfies
dXt = m(Xt, t)dt + I/(Xt, t)dth. (134)

Under appropriate conditions, the stochastic differential equations (133)—(134) have a unique
solution (S, X), which is a joint Markov process. We will denote py, o, my and v; as
shorthand for the coefficients in equations (133)—(134). We note that under this setup,
the market is incomplete as trading in the stock and bond cannot perfectly hedge the
changes in the stochastic investment opportunity set. However, in the special cases of
perfect correlation between the stock return and state variable, p = +1, dynamic market
completeness obtains. For the case of zero correlation, there is no hedging demand for the

state variable since trading in the stock cannot hedge the fluctuations in the state variable.

An investor in this economy is endowed at time zero with an initial wealth of Wj. The
investor chooses an investment policy, 8, where 6; denotes the dollar amount invested in the

stock at time t. The investor’s wealth process W then follows
th = [TWt + Gt(,ut - ’I“)] dt + Htotdwt. (135)

We assume that the investor is guided by mean-variance objectives over horizon wealth Wr.

In particular, the dynamic optimization problem of the investor is given by
max EWr] — %V&I‘[WT], (136)

subject to the dynamic budget constraint (135). In Section 2.2.2, we provide the time-
consistent solution to this problem via a recursive formulation that employs dynamic pro-
gramming, while in Section 2.2.4, we provide the pre-commitment solution via a static
formulation that employs martingale methods. We demonstrate that the two solutions are

generically different.

In order to keep our problem analytically tractable, we follow the related literature
and make the simplifying assumptions of constant interest rate and lack of intermediate

consumption. It is unlikely that our model, with stochastic investment opportunities and
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potentially incomplete markets, could be solved analytically if these assumptions were re-
laxed, as in the related works of Kim and Omberg (1996), Liu (2001), Maenhout (2006).
However, with an appropriate choice of a numeraire, we provide an extension of our results
for the case with stochastic interest rates in Section 2.4.3. We further note that even though
the mean-variance criterion (136) is in many ways similar to the time-consistent quadratic
utility function, to our best knowledge the latter does not admit tractable optimal policies
in our economic setting. For example, Brandt and Santa-Clara (2006) investigate dynamic
portfolio selection with a quadratic criterion in an incomplete market setting and develop

an approach that leads to approximate solutions.
2.2.2. Determination of Optimal Dynamic Investment Policy

In this Section, we first present our solution method, based on dynamic programming, for
the determination of optimal dynamic mean-variance policies. Our method is analogous to
the original approach of Strotz (1956), recently re-emphasized by Caplin and Leahy (2006),
who advocates solving problems with time-inconsistent criteria recursively. The dynamic
programming approach here, however, is complicated by the presence of the variance term in
the mean-variance objective function: it cannot be represented as the expected utility over
terminal wealth, such as E[u(Wr)], for which dynamic programming is readily applicable
due to the iterated-expectation property E [Eii,[u(Wr)]] = Eiu(Wr)]. The violation of
this property for mean-variance criteria makes the application of dynamic programming
problematic (see e.g., Zhou and Li, 2000). To our best knowledge, there are no works that
apply dynamic programming to derive explicit solutions to the multi-period mean-variance
portfolio choice. We tackle this problem by first obtaining a tractable recursive formulation
for the mean-variance objective, expressed as its expected future value plus an adjustment
term, given by the time-t variance of expected terminal wealth. This explicit identification
allows us to employ dynamic programming, derive the HJB equation and obtain an analytical
solution to the problem. The intuition for the adjustment term is based on the observation

that for a mean-variance optimizer sitting at time t 4 7, the variability of terminal wealth
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may be lower than that of sitting at time ¢. This induces her to revise her time-t optimal
policy at subsequent dates, and hence the need for the adjustment in her objective function

sitting at any point in time.

Formally, the variability of terminal wealth, by the law of total variance (e.g., Weiss,

2005), is given by
Vart[WT] = Et [vart+T(WT)] ~+ vary [Et+T(WT)] N 7> 0. (137)

Clearly, the time-t variance exceeds the expected variance at time ¢t 4+ 7. As a result, the
investment policy 6., for 7 > t, chosen at time ¢, accounts not only for the expected time-
(t + 7) variance of the terminal wealth, but also for the variance of time-(¢ + 7) expected
terminal wealth. However, since the latter vanishes as time interval 7 elapses, the investor
may deviate from the time-t optimal policy at time ¢ + 7.1 We now account for these
incentives to deviate in the time-t objective function of the investor, who for each ¢ € [0, 7]
maximizes

Uy = E[Wyr] — %vart[WT], (138)

subject to the dynamic budget constraint (135). Substituting (137) into (138) and using the
law of iterated expectations, we obtain the following recursive representation for the time-¢

objective function of the mean-variance optimizer:
Ut = Et [Ut_t,_fr] - %V&I‘t [Et+T(WT)] . (139)

This representation reveals that decision-making at time ¢ involves maximizing the expected
future objective function, plus an adjustment that quantifies the investor’s incentives to devi-
ate from the time-t optimal policy. This adjustment enables us to determine the investment
policy by backward induction, namely the time-consistent policy in that the investor opti-

mally chooses the policy taking into account that she will act optimally in the future, if she

9Johnsen and Donaldson (1985) provide necessary and sufficient conditions for the time-consistency of
intertemporal preferences in a discrete-time setting. These conditions essentially require that initial time-0
preferences can be expressed as an increasing function of preferences at future states/dates, and actions in
each state enter separably into the current utility function. The time-inconsistency of our mean-variance
criteria can alternatively be demonstrated by explicitly verifying that these conditions fail to hold even in a
simple two-period binomial setting.
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is not restricted from revising her policy at all times. We elaborate more on the issue of

time-consistency in Section 2.2.4.

Our next step towards the derivation of the HJB equation is to determine a recursive
relationship for the value function. Given the optimal time-consistent policy 0%, s € [t, T,

derived by backward induction, the value function, J, is defined as
J(We, Si, Xy, t) = E[W;) — %vart[w;],

where terminal wealth W7 is computed under the optimal policy 67, s > t. Now let 7 > 0
denote the decision-making interval such that the investor can reconsider her investment
policy chosen at time t only after the time interval 7 elapses. Suppose further that at time
t, the investor anticipates to follow the optimal policy 07 from time ¢ + 7 onwards. Then,
from the recursive representation of the objective function (139) and the definition of Jy,
shorthand for the value function at ¢ + 7, the investor’s time-t problem would be to find an

investment policy 6, for s € [¢,t + 7] that maximizes
EyJr] — g vary [Epsr (Wr)]. (140)

Sitting at time t, the investor accounts for the fact that starting from t + 7, she will follow
the policy that is optimal sitting at time ¢t + 7. Note, however, that because of the time-
consistency adjustment term in (140), the investment policy 6%, s > ¢t + 7, under which
Ji4r is computed, will not necessarily be optimal, when sitting at time t. Moreover, J; is
not equal to the maximum of its expected future value, Jiy-, as it would be in the case of

standard utility functions over terminal wealth that have the form E[u(W7)].

Problem (140) presented above, and the definition of the value function after some

algebra (proof of Lemma 2.1) lead to the following recursive equation for J:

Ji = o s€lt trr] Ei[Ji1] — %Vart [frir = fo + Wigre T = en 1), (141)

subject to the budget constraint (135) and the terminal condition Jpr = Wy, where f; is

shorthand for f(W;, S¢, X¢,t) defined as
F(Wy, S, Xy, t) = B W] — Wye' T, (142)
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representing expected total gains or losses from the optimal stock investment over the hori-
zon T' —t, while W7 is terminal wealth under the optimal policy 87, s > .29 The dynamic
budget constraint (135) allows us to obtain the following representation for f; in terms of

the optimal stock investment policy 6;:

T
f(Wt, St,Xt,t) = Et |:/ 0:(/145 - T)@r(Tis)dS . (143)
t

Going back to (141), it is clear that f;1, is defined using the optimal policy. This observation
enables us to formulate the following Lemma, which gives the HJB equation in differential

form and establishes some properties of 67, f; and J;.

Lemma 2.1. The value function J(Wy, Sy, X¢,t) of a mean-variance optimizing investor

satisfies the following recursive equation:
0 = max Ey[dJ)] - %vart [df; + d(Wye"T=D)], (144)
t

subject to Jp = Wr and the budget constraint (135), where f; is as in (143). Moreover,

J(Wy, Sy, Xy, t) is separable in wealth and admits the representation
J(Wi, S, X, t) = Wee" ™0+ J(Sy, Xy, 1), (145)

while f: and the optimal investment policy 0f do not depend on time-t wealth Wy and are

functions of Sy, X; and t only.

We note that df; term in (144) is unaffected by the control #; since according to Lemma
2.1, f; does not depend on W; and by definition is evaluated at the optimal policy. So,
0, affects the adjustment term var[df; + d(Wte”(T_t))] via d(Wte’”(T_t)) only. Using the
separability property of J in (145) and applying It6’s Lemma to Jp, fr and Wie" T from

the HJB equation (144) we obtain

- 3 0 0 (T—
0= H};&:x{DJtdt + 6 (e — r)e’"(T Dt — % var; [atSt 8£idwt + I/ta){ftdth +0,0e" T t)dwt} },

(146)

2OIH deriving (141) we use the fact that varg [ft+7‘ + Wt+7—€r(T_t_T>] = varg [ft+7' — ft + WH.T@T(T_t_T) —
Wter(Tft)]'
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where D denotes the Dynkin operator.?! Computation of the variance term in (146) yields

the following PDE for the function J;:

_ 7 @ty V[ 2c2(0fiN? | o Of; Oft Ofy
0= me?x{mt 0l =r)e 3175 (ast) B (ax) T 2omoiSi g ox,
af Oft _
2 2 or(T—t) t)
+0io7e + 20404 (O‘tSt 35 (9,5})6 } }, (147)

subject to Jp =0. The HJB equation (147) is nonstandard in that in addition to the
conventional term, ’Djt—i—et( ut—r)er(T*t), there is an adjustment component that is explicitly
characterized in terms of anticipated investment gains, f;, and the investment policy, 6;. An
attractive feature of the HJB equation (147) is that the maximized expression is a quadratic
function of ;. We use this property to derive the following Proposition that provides a

recursive representation for the optimal investment policy 6;.

Proposition 2.1. The optimal stock investment policy of a dynamic mean-variance opti-

mizer 1S given by

« _ Mt T r(T—t) _ Oft | pve Of¢ r(T—t) 14
tT g2 © (S 05, "o 0x, )¢ (148)

where the process fi represents the expected total gains or losses from the stock investment
and is given by

T
f(Se, Xy, t) = Ey [/t 05 (s — r)e’”(T_s)ds] : (149)

The optimal investment policy has a simple, familiar structure, and is given by my-
opic and intertemporal hedging terms. The myopic demand, (u; — r)/y0?, would be the
investment policy for an investor who optimized over the next instant not accounting for
her future investments, or the optimal policy if the investment opportunity set were con-
stant. The intertemporal hedging demands, then, arise due to the need to hedge against

the fluctuations in the investment opportunities, as in the related portfolio choice literature,

2!The Dynkin operator transforms an arbitrary twice continuously differentiable function F(S;, X¢,t) as
follows:

OF, OF, oF, 1 20°F, 4, 0°F, 0*F,
DF(Se. Xu,t) = 5+ muSigg +muge +3 (" Sigge TVigxz TAmoSigRas,
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following Merton (1971). What is different in our case is that we explicitly identify the
hedging demands to be given by the sensitivities of anticipated portfolio gains (f) to the
stock price and state variable fluctuations, whereas in other works these sensitivities are in
terms of the investor’s value function. The reason is that the mean-variance conditional
expected terminal wealth, and hence the value function, are linear in time-t wealth, and
as a result, no hedging demand arises due to marginal utility fluctuations. Consequently,
since the conditional variance of terminal wealth equals the conditional variance of future
portfolio gains or losses, the anticipated portfolio gains or losses drive the hedging demands.
This, in turn, enables us to provide more direct intuition on the implications of the hedging

terms.

To see the role of the hedging demand, 6, we observe that

Ofy pvy Ofy —r(T—t) COVt(dSt/St, dft) —r(T—t)
O = — | Sp= + — - r =— r ) 1
it <St aSt + ¢ 8Xt ¢ O't2dt c ( 50)

The hedging demand is positive when the instantaneous stock return is negatively correlated
with instantaneous portfolio gains. The reason for this is that when the stock return and
anticipated portfolio gains move in opposite directions, losses in one are offset by the gains
in the other. This leads to a lower variability of wealth, making the stock more attractive,

and hence induces a positive hedging demand.

Even though the optimal stock investment expression is fairly intuitive, it is not char-
acterized in terms of the exogenous parameters of the model since it relies on knowing
the future optimal policy. To address this, we next recover an explicit representation for
the anticipated portfolio gains, f. Substituting (148) into (149), we obtain the following

representation for f under the original measure P:

T1 (s —r\° T/ 0fs  pvs Ofs
- —F s s — . (151
/t v ( O > ds ! [/t <S 0S; * Os 8Xs) (’u T)dS] ( ° )

The first component in (151) comes from the myopic demand, while the second comes from

f(StaXtyt) — Et

the hedging demand. To facilitate tractability, we next look for a new probability measure

under which the representation of f does not have the hedging related component. Since
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ft is represented as a conditional expectation, by the Feynman-Kac theorem (Karatzas and

Shreve, 1991), we obtain the following PDE after some manipulation:

Aft Ofi pe =\ Oft 22 fe | 2P f 0* fy
ot T Sgs, T (me — o o )8Xt * ( Sigge T tax?””’/’*(’tstaxtas)
1 we —T _
+ 5( - ) — 0, (152)

with fr = 0. Again, by the Feynman-Kac theorem, (152) admits a unique solution with the

following representation:

T 2
F(Sy, Xi,t) = E} /t 1(“8”) ds| (153)

v Os

where Ej[-] denotes the expectation under a new probability measure P* such that the stock

and state variable now follow dynamics with modified drifts??

d
% = rdt + opdwy, dX; = (mt — pyy Ht
t

— r)dt + v, (154)
Ot

and where w; and wy,; are Brownian motions under P* with correlation p. Comparing
(153) with (151), we see that measure P* absorbs the hedging demand so that f represents
the anticipated gains from the myopic portfolio only. We henceforth label P* as the hedge-
neutral measure. Note that this measure is also a risk-neutral measure since it modifies the
drift of S to equal to rS. However, in our setting the risk-neutral measure is not unique

.23

due to market incompleteness;“> in the special case of a complete market, the hedge-neutral

and risk-neutral measures coincide. Proposition 2.2 summarizes the results above.

22Gince the coefficients assigned to partial derivatives 8f;/dS; and 0f;/0X; in the PDE (152) represent
the drifts of stochastic processes for S and X, it follows that measure P* modifies the drifts so that S and
X satisfy (154).

23To see this, observe that dwy; can be decomposed as dwx; = pdw; + /1 — p2dib;, where w; and @, are
uncorrelated Brownian motions under P. Hence, any measure under which dw; = dw; + (ut — r)/o+dt and
dw; = dw: + g:dt will be a risk-neutral measure irrespective of the process g:. We further note that in an
incomplete market, there is generally not a unique no-arbitrage price for a given payoff as it is impossible
to hedge perfectly. Towards this, a common approach for pricing and hedging with market incompleteness
is to choose a specific risk-neutral measure according to some criterion. Related to minimizing a quadratic
loss function, a large literature in mathematical finance has developed which employs: the “minimal martin-
gale measure” (Follmer and Sondermann, 1986; Schweizer, 1999) solving inn E[—1In(dQ/dP)], the “variance

optimal measure” (Schweizer, 1992) solving mqi)n E[(dQ/dP)?], and the “minimal entropy measure” (Miya-
hara, 1996) solving mc;n E[dQ/dPIn(dQ/dP)], where dQ/dP denotes the Radon-Nikodym derivative of a

risk-neutral measure ) with respect to the original measure P. Interestingly, our measure P*, employed in
a somewhat different context, turns out to coincide with the minimal martingale measure.
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Proposition 2.2. The anticipated portfolio gains, f, can be expressed as

2
ﬂthgﬂ::Ejb/T1<MS_r)(h , (155)

t 7 Os

where Ef[-] denotes the expectation under the unique hedge-neutral measure P* on which

are defined two Brownian motions w* and wy with correlation p, given by

dw; = dw,+ "= Lat,  dwyy, = dwy, + p"—at, (156)
O Ot
and measure P* is defined by the Radon-Nikodym derivative
dP* 1 ]'T(“Sir)2ds— fT ‘usird’w
[ 2J0 os JO os s, 157
o5 = (157)

Consequently, the optimal investment policy is given by

_r 2 N - 2
ﬁziywmwi&MW%g)M+TMMq%)MGMH>

(158)

Proposition 2.2 provides a fully analytical characterization of the optimal investment
policy in terms of the model parameters which exists under certain regularity conditions.?*
The characterization identifies a unique measure P* that incorporates intertemporal hedg-
ing demands so that only the expected gains or losses from the myopic portfolio need to
be considered explicitly. This in turn allows us to explicitly compute the optimal dynamic
mean-variance portfolios in a straightforward manner, as will be demonstrated in Section

2.3. For economic environments in which explicit computations are not possible, the optimal

investment expression (158) can easily be computed numerically by standard Monte Carlo

24In particular, the Proposition proves the existence of the optimal policy 6; satisfying the recursive
equations (148)—(149) assuming the exogenous parameters u, o, m; and v are such that the expectations
in (158) are well-defined and twice continuously differentiable (these conditions can explicitly be verified in
the specific applications of Section 2.3). Under this assumption f; is a classical solution of the PDE (152), and
hence, f: and 0 solve equations (148)—(149). Moreover, from the Feynman-Kac theorem, the policy is unique
in the class of policies such that 6:(u: — r) has polynomial growth in the stock price S; and state variable
X:. This polynomial growth can directly be checked in specific applications that provide explicit closed-form
expressions for 6. Verifying sufficient conditions for optimality are, in general, technically involved (e.g.,
Korn and Kraft, 2004) and are beyond the scope of this paper. Specifically, for the mean-variance framework,
verification does not amount to comparing the value functions of the time-consistent and arbitrary policies,
as would be for the standard framework. The reason is that by construction, the value function under the
time-consistent mean-variance policy is lower than that under the pre-commitment policy.
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simulation methods, where the simulation would be performed under measure P*. Addi-
tionally, the partial derivatives can be written in terms of Malliavin derivatives, leading
to a more refined representation, which can then be computed by Monte Carlo simulation

following the method of Detemple, Garcia and Rindisbacher (2003).

The optimal investment expression (158) also allows some simple comparative statics
to be carried out. First, the optimal dynamic investment displays a number of appealing,
conventional properties that are present in simple single-period or myopic models. Looking
at the risk aversion parameter ~y, we see that the more risk averse the investor, the lower her
optimal investment in the risky stock (in absolute terms |6*|), with the investment tending
to zero for an extremely risk averse investor. Similar conclusions can be drawn on the effects
of the stock volatility o and bond interest rate r on investment behavior. As is commonly
assumed in the literature (and also in the applications of Sections 2.3.2-2.3.3), suppose that
the market price of risk, (u; — r)/oy, is driven by the state variable X; only, and not by
ot or r. Under this scenario, higher the stock volatility or bond interest rate, lower the
stock investment (in absolute terms), since the stock now becomes less attractive, with the

investment monotonically tending to zero for higher levels of volatility or interest rate.

The correlation parameter p captures the extent of market incompleteness in the econ-
omy. When the market is incomplete, hedging against fluctuations in the investment oppor-
tunities is complex since it may affect the variability of terminal wealth. The implications
of this effect are addressed in Section 2.2.3. The correlation parameter also affects the joint
probability distribution of the stock and state variable under which the expressions in (158)
are evaluated. This indirect correlation effect will be assessed in the applications studied
in Section 2.3. Finally, note that the quantitative effect of the hedging demand due to the
state variable is directly driven by the correlation parameter. Clearly, this effect is higher for
the case of complete markets, p = +1, and disappears for zero correlation, p = 0. However,
with zero correlation, an intertemporal hedging term still arises (second term in (158)) due
to the market price of risk possibly being dependent on the stock price, consistent with such

a term arising when perfectly replicating a payoff by no-arbitrage in complete markets.
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Turning to the time-horizon parameter 7'—t, in general the investor’s optimal risky stock
investment may increase or decrease as the investment horizon increases. Nevertheless, we
see that longer time-horizons decrease the myopic demand in (158) (in absolute terms). This
is because longer horizons imply higher variability of terminal wealth, and hence the investor
decreases the risky stock investment. The impact of the time-horizon on the hedging demand
is, however, ambiguous. To illustrate this, suppose that both the myopic and hedging
demands are positive. When the time-horizon increases, while the investor’s myopic demand
decreases, her expected portfolio gains are higher, which may increase the hedging demand.
For short time-horizons, the former effect dominates, and the hedging demand vanishes as
the horizon T — ¢ is shortened. In the applications of Section 2.3, we demonstrate that the
optimal risky investment may either increase or decrease as the horizon increases, depending

on the specific economic setting.

Finally, the optimal investment expression highlights the importance of the market price
of risk process, (uy —r)/o;. The myopic demand is increasing in the price of risk, while the
effect on the hedging demand is ambiguous. However, its impact on the hedging component
becomes less pronounced with shorter time-horizons since the integrals in (158) shrink as
the horizon T is approached. The effect on the hedging demand also depends on whether
anticipated portfolio gains become more or less sensitive to the stock and state variable
as the market price of risk increases. However, this effect can be disentangled in some
applications for which the expectation under measure P* can be explicitly computed. For
constant market price of risk, the optimal mean-variance policy reduces to the myopic
demand expression, which is identical to the policy that would be obtained under CARA
preferences. Another common feature is the presence of the multiplicative discounting term
in (158), which is also present in the literature studying optimal CARA investments (Merton,

1971; Cox and Huang, 1989).2°

Remark 1 (Recovering time-consistent objective functions). It is of interest to see

#Indeed, for CARA preferences with risk aversion parameter =, it can be demonstrated that 'yeT(T_t) =

—Jww /Jw where J denotes the investor’s value function, and hence 'yeT(Tft> can be interpreted as absolute
risk aversion.
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whether there are economically meaningful time-consistent objective functions leading to
our dynamically optimal investment policy (158). In our Markovian economy, it turns out
to be possible to recover a time-consistent, increasing, concave, state-dependent objective
function that implies the same optimal portfolio policy as our dynamically optimal one.
In particular, we consider the following dynamic optimization problem involving a state-

dependent objective function of CARA form:
max E, [—gTe*'YWT} ) (159)
t

with ¢ following the process

= (M) (o () e,

and f; given by (155), subject to the budget constraint (135). Applying dynamic program-
ming to this problem one can derive an HJB equation and verify that the value function is
given by J; = — exp(—y(Wie" T + £,)), and that the optimal investment policy coincides
with (158). To understand the intuition behind the process ¢; we observe (from the opti-
mal wealth (161)) that de; = —(72/2)e; vary[dW;e"T=1)], and hence, an investor with the
state-dependent utility (159) puts higher weight on those states of the economy in which the
optimal wealth process is less volatile along its path. Since €; > 0 we may construct a new
probability measure ) defined by the Radon-Nikodym derivative e,/ E;[e;] with respect to

the original measure P so that the optimization problem (159) is equivalent to

max B [—e_VWT} , (160)
t

where EtQ [-] denotes the expectation under the beliefs represented by measure (). Further-
more, the CARA-type dynamic optimization problems, (159) or (160), leading to the same
solution as our dynamic mean-variance problem generalizes the well-known equivalence of
mean-variance and CARA optimization in a one-period setting with normally distributed

stock returns. We finally note that there are other time-consistent, state-dependent objec-
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tive functions leading to the optimal policy (158).2

Remark 2 (Game-theoretic interpretation of optimal policies). Our methodology
until now has employed the traditional dynamic programming approach to portfolio choice.
However, the problem of finding the time-consistent mean-variance investment policy has
an intra-personal game-theoretic interpretation, as in the literature on consumer behavior
under time-inconsistent preferences (e.g., Peleg and Yaari, 1973; Harris and Laibson, 2001).
In particular, the investor, unable to precommit, takes the investment policy of her future
selves as given and reacts to them in an optimal way. Thus, her investment policy emerges

as the outcome of a pure-strategy Nash equilibrium in this game.

In particular, consider a game with a continuum of players (selves) [0,7]. Each player
t € [0,7] at time t is guided by the mean-variance criterion (138) over terminal wealth,
and chooses a time-t Markovian investment strategy 6(W;, Sy, X¢,t) subject to the budget
constraint (135). Thus, the players impose an externality on each other by affecting the
terminal wealth. Denote by J(W;, Sy, Xy, t) player ¢’s value function when all players s > ¢
follow the equilibrium strategies 6% (W4, Sy, X;,t). Then, a pure-strategy Nash equilibrium

of the game is defined as follows.

Definition: The set of strategies {0;,t € [0,T]} constitutes a pure-strategy Nash equi-
librium in the intra-personal game with the mean-variance objective if ; is an optimal

response of player t to the strategies 0% of players s > ¢ — that is, taking 0 as given, 6

26In particular, using the results of Lemma 2.1 and Proposition 2.1, it is straightforward to see that the
dynamically optimal policy (26) can be obtained by solving a time-consistent instantaneous mean-variance
problem of the form
max E[dWie™ ™YY 4 df,] — % var [d(Wie" T D) + dfy),

with f: given by (155), subject to budget constraint (135). Interestingly, this objective becomes my-
opic in the restrictive special case of deterministic anticipated portfolio gains f, max O (e — r)eT(Tft) —
t

(v/ 2)9?0?627"”7”. Moreover, solving the instantaneous problem generally can be demonstrated to be equiv-
alent to a CARA-type problem
Ing?’x Et[_de*'Y(Wter(T_t)Jrft)}7

since dWie"T—% + dft is locally normally distributed. This is again analogous to the equivalence of the
mean-variance and CARA portfolio choice problems in a one-period setting under normality. Furthermore,
since J; = —exp(—y(Wie" ™Y 4 £,)) is a value function for a CARA-type criterion in (159), it turns out
that dynamic mean-variance portfolio choice is equivalent to the portfolio choice with monotonic CARA-type
preferences in (159).
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solves the dynamic optimization problem (144).

It is straightforward to see that the set of strategies {6f,t € [0,T]} remains an equilib-
rium in any subgame of this game, thus comprising a subgame-perfect pure-strategy Nash
equilibrium. Moreover, the equilibrium strategy 6; is characterized by the recursive equa-
tion for the optimal policy (148), which is now interpreted as the optimal response function
of player t to the actions 67 of other players. The equilibrium strategy then coincides with

the closed-form expression for the optimal investment policy (158).

2.2.3. Further Properties of Optimal Policy

In this Section, we discuss further properties of the mean-variance optimizer’s optimal be-
havior by providing explicit expressions for her terminal wealth, its moments, and her value
function. We particularly focus on the implications of market incompleteness. Towards
this, it is convenient to employ the decomposition wxs = pw; + ﬂ@t, where Wy is a
Brownian motion independent of w;, and so w; represents the unhedgeable source of risk
in the economy. In the sequel, the effect of market incompleteness on terminal wealth is

identified via the @ terms.

Proposition 2.3. The optimal terminal wealth, its mean, variance and the value function

of a dynamic mean-variance optimizer are given by

x (T —t) 1 (Tps—r T ofs .
|/|/T = L[/te + ft + % dws + 1-— p2 VSawas, (161)
t t s

Os

1 T g —r 2 T Ofs 2
EWz] = W™D 4y, (163)
1 T /g —r\2 T afs \ 2

(164)

where fy = Ef [ftT(Ms —7)2/y02ds] and diy = (dwx; — pdwy)/+/1 — p2. Consequently, under

the assumption that the market price of risk (us —r)/or depends only on Xy,

(i) The variance of terminal wealth in incomplete markets is higher than that in complete
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markets;

(ii) The mean of terminal wealth is increasing (decreasing) in the level of market incom-

pleteness, p?, when the hedging demand is positive (negative) for all s € [t,T);

(iii) The value function in incomplete markets is lower than that in complete markets when
the hedging demand is positive for all s € [t,T]. The effect is ambiguous when the

hedging demand is negative.

Optimal terminal wealth is given by conditionally riskless terms (first and second in
(161)), capturing anticipated bond and stock gains, and risky terms driven by the hedgeable
stock uncertainty (third term in (161)) and unhedgeable uncertainty (fourth term in (161)).
The effect of market incompleteness on terminal wealth enters through the unhedgeable risk
and the joint probability distribution of stock return and state variable, both under the
original and new measures. The unhedgeable risk component vanishes in complete markets

with p? = 1.27

The variance of optimal terminal wealth is determined by the variances of hedgeable (first
term in (162)) and unhedgeable uncertainties (second term in (162)). When the market
price of risk depends only on the state variable, market incompleteness does not affect
the hedgeable uncertainty variance. In that case, the terminal wealth variance is always
higher in incomplete markets than in complete markets by the presence of unhedgeable
risk (Proposition 2.3(i)). Naturally, this effect is more pronounced for higher state variable
volatility or sensitivity of anticipated gains to the state variable. However, the anticipated
gains process, f, itself depends on the correlation p, which convolutes the exact dependence
of wealth variance on correlation, and hence market completeness.?® This indirect effect can
be disentangled in the applications, where the expectation under measure P* can explicitly

be computed.

27 As for CARA and quadratic preferences, the optimal mean-variance terminal wealth in (161) may become
negative. In future work, it would be of interest to incorporate a non-negativity constraint on terminal wealth
into our analysis which would ensure that the investor remains solvent.

Z8This is due to the fact that the drift of the state variable is affected by the correlation p under measure
P*, as revealed by equation (154).
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The effect of market incompleteness on the mean of terminal wealth enters via the
anticipated gains, f. Proposition 2.3(ii) states that the direction of this effect is determined
by the sign of the hedging demand. In particular, the expected terminal wealth is lower for
higher levels of market incompleteness (i.e., lower p?) when the hedging demand is positive
till the horizon and the market price of risk depends only on the state variable. The reason is
that lower correlation p decreases the hedging demand, which vanishes for zero correlation,
as discussed in Section 2.2.2. So, the investor’s positive hedging demand will be lower for
higher levels of market incompleteness, leading to lower expected terminal wealth. Clearly,

the converse is true when the hedging demand is negative.

Turning to the value function, we find that when the hedging demand is positive until
the horizon, the mean-variance optimizer is worse off in incomplete markets due to higher
variance and lower expectation of terminal wealth. However, the welfare effect is ambiguous
in the case of negative hedging demand, for which the expected wealth is higher in incomplete
markets, offsetting the effect of higher variance. As will be shown in Section 2.3, the sign
of the hedging demand can readily be identified in particular applications, simplifying the

analysis in incomplete markets.
2.2.4. Optimal Pre-commitment Policy

In Section 2.2.2, we have already demonstrated that the mean-variance objective in a dy-
namic setting results in time-inconsistency of the investment policy, in that an investor has
an incentive to deviate from an initial policy at a later date. We have so far focused on the
time-consistent investment policy in which the investor chooses an investment in each period
that maximizes her objective at that period, taking into account the re-adjustments that she
will make in the future. We now analyze the alternative way of dealing with this issue and
look at the pre-commitment investment policy in which the investor initially chooses a pol-
icy to maximize her objective function at time 0, and thereafter does not deviate from that
policy. Of course, with standard utility functions and absent market imperfections, the so-

lutions to the time-consistent and pre-commitment formulations are well-known to coincide
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(Cox and Huang, 1989; Karatzas, Lehoczky and Shreve, 1987). The pre-commitment solu-
tion, in our view, serves as a useful benchmark against which to compare our time-consistent
solution, especially because the explicit analytical solutions to the dynamic mean-variance
problem so far have been obtained only in the pre-commitment case. Moreover, if there
were a credible mechanism for the investor to commit to her initial policy, she would be
better off to follow her initial policy than the time-consistent policy, since the dynamic time-
consistency requirement restricts her to consider only policies that she would not be willing
to deviate from. Thus, if the investor were able to pre-commit, her time-0 value function

would have been higher than the one under the time-consistent policy.

The pre-commitment mean-variance problem and its variations have been analyzed in the
literature, amongst others, by Bajeux-Besnainou and Portrait (1998), Bielecki, Jin, Pliska
and Zhou (2005), Cvitanic and Zapatero (2004), Zhao and Li (2000), Zhao and Ziemba
(2002). These works have primarily employed martingale methods in a complete market
setting. For completeness, we here provide the pre-commitment solution for our setting,
and follow the literature by specializing to a complete-market setting, p = +1. Portfolio
choice problems that employ martingale methods in incomplete markets are well-known to
be a daunting task. However, we can illustrate our main points in the simple complete

market setting.

Dynamic market completeness allows the construction of a unique state price density

process, &, consistent with no-arbitrage, and given by

g s—T 2 § s—T
B LC K L 165

The quantity £7(w) can be interpreted as the Arrow-Debreu price per unit probability P of
one unit of wealth in state w € €2 at time 7', and without loss of generality, we set {o = 1. The
dynamic investment problem of an investor can be restated as a static variational problem
using the martingale representation approach (Cox and Huang, 1989; Karatzas, Lehoczky

and Shreve, 1987). Accordingly, a mean-variance optimizer under pre-commitment solves
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the following problem at time O:

max Eo[Wr] — J varg[Wr], (166)
Wr 2

subject to Fjy [fTWT] < Wy. (167)

Proposition 2.4 presents the optimal solution to this problem in terms of the state price

density.

Proposition 2.4. The optimal terminal wealth of a mean-variance optimizer under pre-

commitment is given by

1

. 1
Wy = Woe'l + ;Eo (2] T — ;{TerT. (168)

Furthermore, under the assumption of a constant market price of risk (us—r)/or = (u—r)/o,

the pre-committed investor’s optimal terminal wealth and investment policy are given by

) 1 ur 1
Wr = Woe'l 4 =TT = ZgperT, (169)
v v
b, = P lemr@-t)g, (5552 (T—0Frt, (170)
o

To facilitate comparisons with the pre-commitment solution above, we also provide the
time-consistent solution (Propositions 2.2-2.3). In the special case of a complete market,
the time-consistent optimal terminal wealth, expressed in terms of the state price density,

is given by

Wi = Woe'™ + }YEO [gTeTT /OT(W)%S} - ’ly [mgT T4+ /:(“5 — T)st] (171)

Og 2 Os

Under the additional assumption of constant market price of risk, the time-consistent opti-

mal terminal wealth and investment policy are

Wi = WoerTJri(MJ_T)QTi[lnﬁTJrrTqL;(M;r)QT], (172)
o = L Lo, (173)
~yo
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Clearly, the pre-commitment solution ((168)—(170)) and the time-consistent solution
((171)—(173)) are generically different. The two solutions coincide only in the knife-edge
case of a zero market price of risk, in which case both the pre-commitment and time-
consistent policies entail investing nothing in the stock and putting all wealth in the bond.
We observe that for short investment horizons T, the pre-commitment solution approximates
the time-consistent one up to second-order terms. However, for plausible horizons, the two
solutions can differ considerably. In particular, for constant market price of risk case, the pre-
commitment expected terminal wealth is higher than the time-consistent one for sufficiently
long investment horizons.?? This is because the inability to pre-commit destroys investors
welfare. While for short time-horizons the effect of time-inconsistency can be negligible, it is
amplified at longer time-horizons. Moreover, since the state price density is positive, it can
easily be observed from (169) that the terminal wealth under the pre-commitment policy is
bounded from above. In contrast, the time-consistent policy retains the intuitive property
that the terminal wealth can become arbitrarily large for sufficiently small state prices when

the cost of wealth is low.30

The pre-commitment policy is stochastic, driven by the state-price density, even under
the assumed constant investment opportunity set, while the time-consistent investment is
deterministic. Being stochastic, the investment policy under pre-commitment induces a
hedging demand component, which is amplified at longer horizons. As a result, with longer
horizons, the pre-committed investor tends to invest more in the risky stock than the time-
consistent investor does. Finally, in bad states (high &) the pre-committed mean-variance

optimizer increases her risky investment, and in good states decreases investments. This is

29T see this, observe that the expected wealth under pre-commitment (169) grows exponentially with the
horizon, while the expected wealth under time-consistency (172) grows linearly. Even though the variance
is also higher in the pre-commitment case, it can be verified that the time-0 probability Probo(WT > Wr)
approaches unity with long horizons. Indeed, from (165), (169) and (172) Wy — Wi can be written as a
function of wr /+/T. Moreover, it can be shown that this function is positive whenever —0.5((u—r)/0)vVT <
wr/VT < 0.5((u — r)/0)V'T and T is sufficiently large. Therefore, since wr/v/T is standard normal,
Wr > Wi with probability approaching unity as T — oo.

30This property holds for any utility function satisfying the condition lim wp—oot (Wr) = 0 since the
marginal utility w'(Wr) is proportional to the state price density &7 at the optimum. In particular, one
can easily demonstrate that for CARA utility with absolute risk aversion parameter v the optimal terminal
wealth is unbounded and is given by Wr = —(1/v)Inér — (1/7) In(A/7), where X is a constant, similarly to
(172).
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because bad, costly states reduce her expected terminal wealth. To offset this, the investor

takes on more risk by increasing her risky investment.
2.3. Applications

This Section provides several applications that illustrate the simplicity and the usefulness of
the methodology developed in Section 2.2. In Sections 2.3.1-2.3.3, we consider the portfolio
choice problem of a mean-variance optimizer for different stochastic investment opportunity
sets. We obtain explicit solutions to these problems and provide further insights, disentan-
gling some effects that cannot be analyzed in the general framework. We also assess the
economic significance of the intertemporal hedging demands of a mean-variance optimizer
by quantitatively comparing them with the total demand in the richer economic settings of

Sections 2.3.2-2.3.3.

2.3.1. Constant Elasticity of Variance

In this Section, we specialize our setting to a complete market and the constant elasticity

of variance (CEV) model for the stock price:

% = pdt + 5.5* 2 dwy, (174)
t

where « is the elasticity of instantaneous stock return variance, o? = 52S®, with respect
to the stock price. This process is a generalization of geometric Brownian motion, which
corresponds to o = 0, and has been successfully employed in the option pricing literature
(e.g, Cox and Ross, 1976; Schroder, 1989; Cox, 1996) to model the empirically observed
pattern of stock prices with heavy tails. Moreover, the CEV process with o < 0 generates
the finding that the volatility increases when the stock price falls (Black, 1976; Beckers,
1980). When a < 0, the distribution of stock prices has the left tail heavier than the right

one, while the converse is true for & > 0. The CEV model also helps explain volatility smiles

(Cox, 1996).

The mean-variance investor’s optimal policy under the CEV setting can be computed

explicitly by a straightforward application of Proposition 2.2. It amounts to computing the
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anticipated gains process under measure P*, which coincides with the familiar risk-neutral
one due to market completeness. We then derive the anticipated gains by computing the
expectation of the squared market price of risk, which after some manipulation, reduces
to solving an ordinary linear differential equation for which we obtain the unique explicit
solution. We emphasize that this computation does not resort to solving an HJB PDE;,
as it would be the case under other popular objective functions, such as CRRA or CARA
preferences. The following Corollary to Proposition 2.2 presents the optimal investment

policy, as well as some of its properties.

Corollary 2.1. The optimal stock investment policy for the CEV model (17}) is given by:

2
—ar(T—
g = P rrn 1 (M - ) i W) (175)

b 525 ~ 55;1/2 r

Consequently,

(i) The hedging demand is positive (negative) for « > 0 (o < 0), and vanishes for a = 0;

(i) The optimal investment policy 0F is a quadratic function of the market price of risk,
(n— r)/&Sta/z, and may become negative for large values of market price of risk when

a < 0;

(iii) The optimal investment policy is a decreasing function of the time-horizon, T —t, for

a< —1and p—r >0, and is non-monotonic otherwise.

Corollary 2.1(i) reveals that the sign of the hedging demand (the second term in (175))
depends on the sign of the elasticity «. Positive elasticity implies that the market price
of risk decreases in the stock price. This induces a negative correlation between the stock
returns and anticipated portfolio gains (given by (155)) since the latter are positively related
to the market price of risk. As discussed in Section 2.2.2, this gives rise to a positive hedging

demand. Analogously, the hedging demand is negative for negative elasticity.

Property (ii) of Corollary 2.1 sheds light on the impact of the market price of risk on

the optimal investment policy. The optimal investment policy is a quadratic function of the
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market price of risk for a given stock volatility. Moreover, with negative hedging demand
the investor may short the stock despite a high market price of risk or risk premium. In such
a case, an increase in the market price of risk leads to a proportionally larger increase in
anticipated gains. This then implies a larger covariance between stock returns and portfolio
gains, making the hedging demand larger than the myopic demand in absolute terms, and

hence the negative stock investment.

Turning to the horizon effect, property (iii) reveals that the optimal investment can
be either decreasing or non-monotonic as the time-horizon increases, due to two effects
working in opposite directions. On one hand, the investment is perceived riskier at longer
horizons which decreases the demand for stock. On the other hand, the anticipated gains
may become higher with longer horizon, inducing larger hedging demands in absolute terms.
As a result, hedging demands can be either increasing or decreasing functions of the horizon,
depending on their sign. Thus, depending on which effect is stronger for a given horizon, the
optimal risky investment may increase or decrease as the horizon increases, which results in

a non-monotonic pattern.
2.3.2. Stochastic Volatility

We now consider an incomplete market setting in which the stock price follows the stochastic-

volatility model of Liu (2001):

dsS;

o = (r+ox; " dt 4+ X duy, (176)
t

where the state variable, X, follows a mean-reverting square-root process
dXt = )\(X - Xt)dt + U/ Xtdth, (177)

and where § # 0 is the elasticity of the market price of risk, §v/X;, with respect to instan-

taneous stock return volatility, o; = th /26 , and A > 0 (to exclude explosive processes).

In this setting, Liu derives an explicit solution to the portfolio choice problem for an

investor with CRRA preferences over terminal wealth. The case of § = —1 corresponds
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to the stochastic-volatility model employed by Chacko and Viceira (2005), who study the
intertemporal consumption and portfolio choice problem for an investor with recursive pref-
erences over intermediate consumption. They obtain an exact solution to the problem for
investors with unit elasticity of intertemporal substitution of consumption. The case of

B = 1 reduces to the stochastic-volatility model of Heston (1993), popular in option pricing.

Our mean-variance investor’s dynamic optimal policy is again a straightforward, simple
application of Proposition 2.2. Since the squared market price of risk equals 62X;, explicitly
finding the solution amounts to computing the conditional expectation of the state variable
under measure P*, which is easily seen (second equation in (154)) to also follow a mean-
reverting, square-root process as in (177). The conditional expectation of such a process is
well-known (e.g., Cox, Ingersoll and Ross, 1985). In contrast, the solution method of Liu
is based on the derivation of the HJB equation for the investor’s value function. However,
in the case of CRRA preferences this approach is cumbersome for two reasons. First, it
involves guessing the value function and reducing the HJB to a system of ODE, one of which
is a Riccatti equation. Second, this system of equations itself is notorious for complexity.

Corollary 2.2 reports our solution and some of its properties.

Corollary 2.2. The optimal stock investment policy for the stochastic-volatility model (176)—
(177) is given by:

o Obomd) (T 1)
02% — éXt(ﬁ_l)/zﬁefr(Tft) - pD(S(l € ) J
v

A+ pvé v

Consequently,

(i) The hedging demand is positive (negative) for p <0 (p > 0) and vanishes for p = 0;

(i) The optimal investment policy 0; is positive (negative) for positive (negative) stock

risk premium;

(iii) The optimal investment policy is increasing (decreasing) in the market price of risk,
VX, for 6 <0 or f>1(0< B < 1) when the stock risk premium is positive, and

the converse is true when the stock risk premium is negative;
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(iv) The optimal investment policy is increasing in the time-horizon T —t for A4+r+pvd < 0,

s decreasing for pvd > 0, and is non-monotonic otherwise;

(v) The expected terminal wealth, E[W}], is decreasing in the correlation p. The variance
of terminal wealth, var, (W], attains its minimum when the market is complete, p? =
1, and its maximum for some p* < 0. The value function, Ji, is decreasing in p on

the interval [—1, p*] and ambiguous otherwise.

Corollary 2.2(i) shows that the sign of the hedging demand (second term in (178)) is
determined by the sign of the correlation between the stock and state variable. When
this correlation is negative, the instantaneous stock returns are negatively correlated with
anticipated portfolio gains since the latter are positively related to the squared market price
of risk, 62X;. As discussed in Section 2.2.2, such a negative correlation with anticipated
gains induces a positive hedging demand. Analogously, a positive correlation p gives rise to

a negative hedging demand.

Property (ii) of Corollary 2.2 reveals that the mean-variance optimizer always holds a
long position in a risky stock with positive risk premium, as in static or myopic portfolio
choice problems.?! In contrast, Liu (2001) finds that a CRRA investor with low risk aversion
may short the risky stock even for a high positive risk premium. Moreover, the mean-
variance investment policy is increasing in the market price of risk for negative (5 < 0) or
relatively high (8 > 1) elasticities of market price of risk with respect to stock volatility
when the stock risk premium is positive (property (iii)). With a negative elasticity, the
market price of risk is high when the stock volatility is low that makes the stock attractive.
For high elasticities, high market price of risk is associated with a high volatility. However,
since the elasticity is high, an increase in the market price of risk offsets an increase in
the stock volatility making the stock attractive. Conversely, for intermediate elasticities

(0 < B < 1), the optimal investment decreases in the market price of risk.

Property (iv) also shows that the optimal investment either increases or decreases as

31The optimal investment, however, may become negative for negative speed of mean-reversion A, which
corresponds to an explosive process for the state variable.
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the time-horizon increases, similarly to the setting in Section 2.3.1. This horizon effect
depends on the covariance between the stock returns and state variable per unit of stock
volatility, pv, amplified by the risk premium scale parameter, §. With positive correlation
and high state variable volatility, hedging demand is small and vanishes with long horizons.
Otherwise, increasing the stock investment would lead to higher anticipated gains and higher
variability of terminal wealth amplified by longer time-horizon. Conversely for sufficiently

negative correlation.

Corollary 2.2(v) also sheds further light on the effect of market incompleteness on wealth
and welfare. First, the expected terminal wealth is decreasing in the correlation between the
stock and state variable. For negative correlation, it decreases since the hedging demand is
positive, and becomes smaller as the correlation approaches zero. For positive correlation,
expected terminal wealth declines since the hedging demand is negative, and becomes larger
in absolute terms as the correlation approaches unity. In congruence with Proposition 2.3,
the variance of terminal wealth is lowest in the complete market case (p?> = 1), in which
perfect hedging is possible, and attains a maximum at some intermediate correlation level
p* < 0. Thus, for relatively low correlation (p < p*) the expected wealth is decreasing in
correlation while the variance is increasing, which leads the welfare to decrease in correlation.
The welfare effect is ambiguous for relatively high correlation (p > p*) since lower expected
wealth is counterbalanced by decreased variance. However, for plausible parameter values
(Table 2.1, Panel A: p = 0.5241, v = 0.6503, 6 = 0.0811, A = 0.3374), it can be shown that

the loss in expected wealth dominates, and hence the welfare decreases in correlation.

Finally, we investigate the economic significance of the mean-variance intertemporal
hedging demands induced by the stochastic volatility setting. To this end, we compute the
ratio of the hedging demand to total optimal demand, 64;/6;, for a range of plausible pa-
rameter values. Conveniently, this ratio is deterministic and depends only on the correlation
p, the state variable speed of mean-reversion A and volatility parameter  for a given time-

horizon. Table 2.1 presents the percentage hedging demand for varying levels of correlation,
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Table 2.1
Percentage Hedging Demand over Total Demand
for the Stochastic-Volatility Model with elasticity g = —1

The table reports the percentage hedging demand over total demand for different levels of
correlation p, speed of mean-reversion A\ and time-horizon T' — t. The other pertinent parameters
are fixed at their estimated values. The relevant model parameter values are taken from Chacko
and Viceira (2005, Table 1) who estimate the stochastic-volatility model with elasticity 8 = —1
using U.S. stock market data based on monthly returns from 1928 to 2000 and annual returns
from 1871 to 2000. Panel A reports our results for (annualized) parameter values p = 0.5241,
v = 0.6503, § = 0.0811 and A = 0.3374 based on estimates from the monthly data of 1926-
2000. Panel B reports the results for parameter values p = 0.3688, 7 = 1.1703, 6 = 0.0848
and A = 0.0438 based on annual data of 1871-2000. Both tables also report results for vary-
ing levels of p and A, with bolded ratios corresponding to the estimated parameter values of p and .

Panel A: Monthly Data Parameter Estimates Panel B: Annual Data Parameter Estimates
Horizon Horizon

p 6-month 1-year 5-year 10-year 20-year 6-month 1-year 5-year 10-year 20-year
-1.00 2.4 4.39 12.3 14.9 15.6 4.8 9.3 36.4 57.0 78.4
-0.50 1.2 2.2 6.23 7.5 7.8 24 4.7 20.1 33.8 51.3
0.00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.37 -1.0 -1.7 -4.8 -5.6 -5.8 -1.8 -3.6 -17.7 -33.6 -57.3
0.50 -1.2 -2.3 -6.5 -7.6 -7.8 -2.5 -5.0  -24.7 -47.6 -81.5
0.52 -1.3 -24 -6.8 -8.0 -8.2 -2.6 -5.2  -26.0 -50.3 -86.2
1.00 -2.5 -4.6  -13.1 -15.3 -15.6 -5.0 -10.2  -549 -111.8  -189.1

A 6-month 1-year 5-year 10-year 20-year 6-month 1-year 5-year 10-year 20-year
0.00 -1.4 -2.8  -14.8 -31.8 -73.8 -1.9 -3.7  -20.1 -44.2  -107.9
0.04 -1.4 -2.7  -13.2 -24.6 -41.7 -1.8 -3.6 -17.7 -33.6 -57.3
0.30 -1.3 -24 -7.3 -8.8 -9.2 -1.7 -3.2 -9.7 -11.7 -12.2
0.34 -1.3 -2.4 -6.8 -8.0 -8.2 -1.7 -3.2 -9.0 -10.6 -10.8
0.60 -1.2 -2.1 -4.4 -4.6 -4.6 -1.6 -2.8 -5.8 -6.1 -6.1
0.90 -1.1 -1.8 -3.0 -3.1 -3.1 -1.5 -2.4 -4.0 -4.1 -4.1

32 The relevant parameter values are

speed of mean-reversion and the investor’s horizon.
taken from Chacko and Viceira (2005), who estimate the stochastic-volatility model with
elasticity 3 = —1 using U.S. stock market data based on monthly returns from 1926 to 2000

and annual returns from 1871 to 2000.

Inspection of the results in Panel A of Table 2.1, based on monthly data parameter
estimates, reveals a relatively small ratio of the hedging demand over total demand, ranging

from —1.3% to —8.2% for the parameter estimates p = 0.52 and A\ = 0.34 (in bold). This

32We do not consider varying the levels of 7 and § since they always appear multiplicatively with the
correlation p in the hedging and total demand expressions. So, separately varying the levels of 7 and § would
lead to a range of percentage hedging demand similar to that generated by different levels of p.
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small magnitude of the hedging demand is due to the relatively low correlation and high
speed of mean-reversion estimates. In contrast, Panel B, based on annual data parameter
estimates, reveals a considerably larger percentage hedging demand, ranging from —1.8%
to —57.3% for the parameter estimates p = 0.37 and A = 0.04. Our results are in line
with the findings of Chacko and Viceira, although in absolute terms they are large. Chacko
and Viceira find the percentage hedging demand to range from —1.5% to —3.6% for the
monthly data and from —5.2% to —18.4% for the yearly data for an infinitely-lived recursive-
utility investor with relative risk aversion and elasticity of intertemporal substitution ranging
[1.5,40] and [1/0.8,1/40], respectively.3® Thus, the hedging demand in our setting is larger

in absolute terms than in Chacko and Viceira.
2.3.3. Time-Varying Gaussian Mean Returns

In this Section, we consider the mean-variance optimizer’s problem in an incomplete market

in which the stock price dynamics are specialized to follow:

dS;

? = (T+UXt)dt+0'dU]t, (179)
t

where the market price of risk, X, follows a mean-reverting Ornstein-Uhlenbeck process
dX; = MX — Xy)dt + vdwxy, (180)

with A > 0. Kim and Omberg (1996) explicitly solves the portfolio choice problem of
an investor with CRRA preferences over terminal wealth in this incomplete market setting.
Merton (1971) studies the consumption and portfolio choice problem of an agent with CARA
preferences in this Gaussian mean-reverting setting for the special complete-market case of
positive perfect correlation, p = +1. Wachter (2002) provides an explicit solution to the
consumption and portfolio choice problem of an investor with CRRA preferences under this

setting with negative perfect correlation, p = —1. Campbell and Viceira (1999) study the

33Chacko and Viceira compute the ratio of hedging demand to myopic demand, which we then convert
into the ratio of hedging demand to total demand. Moreover, they also consider the case of the relative risk
aversion being less than unity, which is less empirically plausible for the average investor. In that case, they
find that the ratio of hedging demand to myopic demand is positive.
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infinite-horizon discrete-time consumption and portfolio choice of an investor with recursive
utility and under discrete-time versions of the dynamics (179)—(180), where the state variable

is taken to be the dividend-price ratio.

For the mean-variance optimizer, finding the optimal investment policy again reduces
to computing the expectation of the squared market price of risk, X?, under measure P*.
It follows from (154) that under this measure, the market price of risk follows a simple
mean-reverting process as in (180) for which the first and second moments can easily be
derived (e.g., Vasicek, 1977). This approach avoids solving the HJB equation which is a
tedious task in the case of CRRA preferences and incomplete markets since it amounts to
solving a system of nonlinear ordinary differential equations (e.g., Kim and Omberg, 1996).
The following Corollary to Proposition 2.2 reports our mean-variance solution and some of

its unambiguous properties.

Corollary 2.3. The optimal stock investment policy for the time-varying Gaussian mean
returns model (179)-(180) is given by:

_ 6—2()\+pl/)(T—t)

A+ pv

O (T-0)\ 5
ajzﬁe*NT*t)—ﬂ(A(l ‘ )X+t

X )e "0 (181
~yo Yo A+ pv t)e (181)

Consequently,

(i) The mean hedging demand is positive (negative) for p < 0 (p > 0) and vanishes for

p =0 when X >0, and the converse is true when X < 0;

(ii) The optimal stock investment, 6f, is increasing in the market price of risk, X;.

The hedging demand (second term in (181)) in general may become positive or negative
for any combination of model parameters depending on the sign and magnitude of the
market price of risk Xy, which is Gaussian and can possibly take on negative values. The
mean hedging demand, the unconditional expectation of the hedging demand, however,
is positive for negative correlation between the stock and state variable, and negative for
positive correlation. The intuition for this is as in the stochastic-volatility model of the

previous Section (Corollary 2.2(i)).
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Table 2.2
Percentage Mean Hedging Demand over Mean Total Demand
for the Mean-Reverting Gaussian Returns Model

The table reports the percentage mean hedging demand over mean total demand for different
levels of correlation p, speed of mean-reversion A and the investor’s time-horizon T — ¢t. The
other pertinent parameters are fixed at their estimated values. The relevant parameter values
are taken from the estimates provided in Wachter (2002, Table 1). These parameter esti-
mates are based on their discrete-time analogues in Barberis (2000) and Campbell and Viceira
(1999), and are: p = —0.93, v = 0.065 and A = 0.27. The table also reports results for vary-
ing levels of p and A, with bolded ratios corresponding to the estimated parameter values of p and A.

Horizon

p 6-month 1-year 5-year 10-year 20-year
-1.00 19.1 32.5 71.0 81.6 87.4
-0.93 17.9 30.7 68.2 78.7 84.4
-0.50 10.0 17.9 45.5 54.2 58.1
0.00 0.0 0.0 0.0 0.0 0.0
0.50 -11.2 -22.2 -96.5  -135.1  -143.5
1.00 -23.8  -50.1 -427.7  -920.6 -1020.9
A 6-month 1-year b5-year 10-year 20-year
0.00 19.0 34.4 87.9 98.5 100.0
0.27 17.9 30.7 68.2 78.7 84.4
0.30 17.7 30.3 66.1 75.8 80.6
0.60 16.6 26.9 48.7 51.6 52.0
0.90 15.5 23.6 37.3 38.0 38.0

Corollary 2.3(ii) reveals the optimal investment policy to be increasing in the market
price of risk. Thus, our dynamic mean-variance optimizer under the mean-reverting Gaus-
sian setting retains this familiar property of the myopic or static portfolio choices despite
a potentially large hedging demand, as demonstrated below. However, the welfare implica-
tions of the market incompleteness for this setting are complicated due to the fact that the
hedging demand may change signs over time depending on the behavior of the market price

of risk, but can explicitly be analyzed for a given set of model parameters.

We here assess the significance of the intertemporal hedging demands by computing the
ratio of the mean hedging demand over the mean total demand, as in Campbell and Viceira
(1999).34 This ratio depends only on the correlation p, the speed of mean-reversion A and

the instantaneous variance of the state variable v for a given time-horizon T —t. Table 2.2

34The ratio of the hedging demand over the total demand is stochastic and depends on the state variable
X:. Therefore, as a tractable quantitative assessment of the percentage hedging demand, we follow Campbell
and Viceira and consider the mean hedging demand over the mean total demand, which is deterministic.
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reports the percentage mean hedging demand for varying levels of correlation, speed of
mean-reversion parameter and the investor’s horizon. The parameter values are taken from

the estimates provided by Wachter (2002) and are described in the caption of Table 2.2.

Inspection of Table 2.2 establishes the percentage mean hedging demand over mean
total demand to be positive and fairly large, ranging from 17.9% to 84.4% for the parameter
estimates p = —0.93 and A = 0.27 (in bold). This result is primarily due to the large
negative correlation p, which implies (on average) a positive and large hedging demand. Our
finding is consistent with that reported in the literature under a similar economic setting but
with different investor preferences. Campbell and Viceira (1999) find the percentage mean
hedging demand to range from 22.9% to 65.5% for an infinitely lived recursive-utility investor
with relative risk aversion and elasticity of intertemporal substitution ranging [1.5,40] and
[1/0.75,1/40], respectively. Results in Brandt (1999) confirm the findings of Campbell and
Viceira for the case of CRRA preferences with relative risk aversion 5. A large hedging

demand in proportion to wealth is also reported in Wachter (2002).

2.4. Extensions and Ramifications

In this Section, we demonstrate that the baseline analysis of Section 2.2 can easily be adopted
to alternative or richer economic environments. Section 2.4.1 illustrates our methodology
in a discrete-time framework, and provides an explicit solution to the stochastic-volatility
model in discrete time. Sections 2.4.2 — 2.4.3 demonstrate that the results of Section 2.2
are readily extendable to more realistic environments with stochastic interest rates and with

multiple stocks, state variables and sources of uncertainty.
2.4.1. Discrete-Time Formulation

We consider the mean-variance asset allocation problem in a discrete-time setting. The
extant literature, to our best knowledge, lacks analytic expressions for multi-period discrete-
time investment policies in rich stochastic environments and characterizes optimal policies

by employing either numerical methods or various approximations (e.g., Ait-Sahalia and
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Brandt, 2001; Bansal and Kiku, 2007; Brandt, Goyal, Santa-Clara and Stroud, 2005; Brandt
and Santa-Clara, 2006; Campbell and Viceira, 1999, 2002, among others). In contrast, we
here derive a recursive representation for the optimal investment policy in discrete time and
provide fully-explicit closed-form solutions for specific stochastic investment opportunity
sets as in the continuous-time formulation. To our knowledge, these explicit solutions are

new in the literature.??

We let the time increment denote At = T /M, where M is an integer number, and index
time by t = 0, At,2A¢t,...,T. The uncertainty is generated by two correlated discrete-time
stochastic processes w and wy, with correlation p. The increments of the processes, Aw;
and Awyy, are serially uncorrelated and distributed according to some distribution with
zero mean and variance At, D(0, At). An investor trades in two securities, a riskless bond
that provides a constant interest rate r over the interval At, and a risky stock that has price

dynamics given by
AS,

T = M(St, Xt, t)At + O'(St, Xt, t)Awt,
t

where the state variable X follows the process
AXy = m(Xe, ) At + v(Xe, t) Awxe.
An investor’s wealth W then follows
AWy = [rWy + 0 (e — )] At + O Awy, (182)

where 6; again denotes the dollar stock investment. The investor maximizes the objective
function (138) subject to the dynamic budget constraint (182) for each time ¢t = 0, At, ..., T —
At. Proposition 2.5 is the discrete-time analogue of Proposition 2.1 and provides a recursive
representation for the optimal investment policy in terms of the anticipated portfolio gains,
fi = E,JW5] — W,RT—t. The proof is similarly based on deriving the Bellman equation

in discrete-time. Not surprisingly though, since the anticipated gains process cannot be

35Since the purpose of this Section is to demonstrate the tractability of our analysis in discrete time, we
employ a simple Euler discretization scheme and abstract away from potential issues of convergence of our
discrete-time stochastic processes to their continuous-time analogues.
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represented in differential form in discrete-time, the optimal policy is characterized not in
terms of partial derivatives of f, but in terms of its time-f conditional covariance with

one-period stock returns.

Proposition 2.5. The optimal stock investment policy of a dynamic mean-variance opti-

mizer in discrete-time is given by

0; = it _QTR—(T—At—t) _ COVt(A%/St’ Aft)R—(T—At—t)’
YOy of At

(183)

where process fi represents the expected total gains or losses from the stock investment and
s given by
T—At
f(Se, X, t) = By Z 0; (s —r)RITA29IAL (184)

s
s=t

R=(1+4rA)YA andt = 0,At, ..., T — At.

The discrete-time optimal investment policy has the same structure as in Proposition
2.1 and is given by myopic and hedging demands. The absence of a discrete-time version
of the Feynman-Kac formula, however, does not allow us to characterize the optimal policy
entirely in terms of the exogenous model parameters, as in Proposition 2.2. Nevertheless,
expression (183) can be used to obtain an explicit representation for the optimal policy for
specific applications either by solving (183) backwards or by guessing the structure of the

solution.

To illustrate an application of Proposition 2.5, we solve the discrete-time versions of the
models of Sections 2.3.2-2.3.3. Specifically, the discrete-time dynamics of the stock price

and state variable for the stochastic-volatility model are specified as follows:

A

Tst = (r+6XIAL + X Ay, (185)
t

AXt = )\(X—Xt)At—Flj\/ XtAth, (186)

where 0 # 0 and A > 0. In discrete time, there is a probability that X; hits the zero-
boundary even with a non-explosive process. To exclude this, we assume that either the
interval At is so small that this event has negligible probability or the distribution func-

tion of Aw; and Awy; is truncated in such a way that it never happens. To obtain the

107



Chapter 2: Dynamic Mean-Variance Asset Allocation

optimal investment policy explicitly, we first conjecture that the solution has the form
0F = g(t)Xt(/B_l)/QﬁR*(T*At*t), where ¢(t) is a deterministic function. Substituting this
expression into the recursive representation (183) gives a recursive equation for the function

g(t) that can be solved explicitly.

The discrete-time dynamics of the stock price and state variable for the time-varying

Gaussian mean returns model are given by:
AS,

St
AXt = )\(X - Xt)At + VA'LUXt, (188)

(T—i—JXt)At—i-O'A’wt, (187)

where A > 0. Campbell and Viceira (1999) consider a discrete-time version of these
dynamics and derive optimal policies under recursive utility by employing log-linear ap-
proximations. To obtain an explicit solution we conjecture that it has the form 6 =
Xi¢/vo — (g1(t) + g2(t) X¢) /vo, where g1(t) and go(t) are deterministic functions. Substitut-
ing 0} into representation (183), as in the previous case, we obtain recursive equations for

g1(t) and go(t) which we solve explicitly. Corollary 2.4 reports the results.

Corollary 2.4. The optimal investment policy for the discrete-time stochastic-volatility

model (185)-(186) is given by

L= (L= A+ prd) AT oy i
t )

0 (B=1)/28 p—(T-At-t) _
0F = =X ( t—t) 5 v
E T i pv A+ pvd ~
(189)
and for the discrete-time model with Gaussian mean-returns (187)-(188) is given by
o — Xt po(r-ni-1) _ q1(t) + g2() Xz R (T-At-t) (190)

o yo
where
(1) = (A+B)(1-[(1-AAD(1 - pwAn]T-5-0/A)

—B(1 - (1= AAD2(1 - 2puA)](T-At-0/A0),

go(t) = (1 (1= (1= 2AH) (1 + 2pv0AL)

1— (1— AA1)?2(1 — 2pvAl) ) (1 =1 = A (1 - 2pl/At)](T—At—t)/At>’

and A and B are constants, explicitly reported in the Appendiz.
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It can be verified that as time interval At approaches zero, the discrete-time policies
converge to the continuous-time ones reported in Corollaries 2.2 and 2.3. As a result, the
comparative statics for (189) and (190) are similar to those in the continuous-time case.
We note that in deriving expressions (189) and (190), we do not assume normality of the

stochastic processes w and wy, as in continuous-time.

2.4.2. Multiple Stock Formulation

We now generalize the baseline analysis of Section 2.2 with a single stock and state variable
to the case of multiple stocks and state variables. Specifically, uncertainty is generated by
two multi-dimensional Brownian motions w = (wy,...,wy) " and wyx = (wx1, ..., wxx) ' with
N x K correlation matrix p, where each element of the matrix p = {pnm} represents the
correlation between the Brownian motions w,, and wy.,,. An investor trades in a riskless bond
with a constant interest rate » and N risky stocks, and so the market is again potentially
incomplete. The stock prices, S = (S, ..., Sy) ", follow the dynamics

dSi
Si

= ,ui(St,Xt,t)dt + O’i(St,Xt,t)wat, i=1,...,N,

where p; and o; are deterministic functions of S and K state variables, X = (X1, ..., Xx) ",
which satisfy

dXJt = m](Xt,t)dt + Vj(Xtyt)waXh ] = 1, ,K

We let & = (p1,...,un) | denote the vector of stock mean returns and o = (o71,...,0x)"
the volatility matrix, assumed invertible, with each component o = {0;,} capturing the
covariance between the stock return and Brownian motion w,,. Similarly, m = (myq,...,mx) "

and v = (vq,...,vx) " will denote the mean growth and the volatility matrix of the sate

variables X, respectively. The investor’s wealth follows
AWy = [rWy + 6, (g — 7)]dt + 0, opdwy, (191)

where 0, = (614, ..., HNt)T denotes the vector of dollar investments in the N stocks at time ¢.

The dynamic optimization problem of the investor is as in Section 2.2. For each time

t € (0,77, she maximizes the time-t objective function (138) subject to the dynamic budget
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constraint (191). As in Section 2.2, the optimal policy is characterized in terms of the antic-
ipated portfolio gains, f, and arises from the HJB equation adjusted for time-inconsistency.
Proposition 2.6 generalizes Proposition 2.2 and reports the optimal investment and antici-

pated gains in terms of the model parameters and the hedge-neutral measure.

Proposition 2.6. The optimal investment policy in the multiple-stock economy is given by

_ 0 o (T—
("o )T )0 1)

* 1 Ty—1 - —r(T—t) af
0y = ,y(UtUt )" (e —1)e (ISt aXt-r

t
+

08,
where Ig, is a diagonal N x N matriz with Sy, ..., Syt on the main diagonal, 0f;/0S; and
0f1/0X, denote the row-vectors of partial derivatives with respect to relevant variables. The

anticipated portfolio gains, f, can be represented as
1 T T
£(50X2st) = B [ [ 2= 1) (007 (s = )]
t

where Ef[-] denotes the expectation under the unique hedge-neutral measure P* on which

are defined N-dimensional Brownian motion w* and K -dimensional Brownian motion w%

with correlation p, given by
dw; = dwy + o7 (e — r)dt, dw’, = dwxi + p' oy s — r)dt,

and measure P* is defined by the Radon-Nikodym derivative

(21: b T e (0] (e —r)ds— [T (5 ra=r) s

The optimal investment policy (192) is given by myopic and intertemporal hedging
terms, retaining the structure of the single-stock case. It can again be shown that the
hedging demands can be expressed in terms of the covariance of stock returns and anticipated
portfolio gains. Proposition 2.6 also identifies the effect of cross-correlations on the optimal
investment and reveals that the hedging term for one stock depends on the correlations
of other stocks with the state variables. The optimal investment expression also allows
for some simple comparative statics with respect to the risk aversion parameter, interest

rate and stock volatility matrix with similar implications to those in Section 2.2. We can
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also obtain expressions for optimal terminal wealth, its moments and the value function of
the mean-variance optimizer and identify the effect of market incompleteness, as in Section

2.2.3.
2.4.3. Stochastic Interest Rates

In this Section, we incorporate stochastic interest rates into our analysis and demonstrate
that the optimal policies can explicitly be computed as in the baseline model of Section
2.2. Specifically, we consider an incomplete-market economy with an additional source of
uncertainty generated by a Brownian motion w, that is correlated with Brownian motions
w and wyx with correlations p,s and p,x, respectively. The locally riskless bond now has a

stochastic interest rate r that follows the dynamics
drt = ur(thrt,t)dt—kUT(Xt,rt,t)dwrt, (193)

where p, and o, are deterministic functions of X and r. Furthermore, we allow the stock
price and state variable parameters u, o, m and v to additionally depend on the interest

rate r.

In our analysis we take the bond as the numeraire so that all relevant quantities are in
terms of the bond price By = Boefot 7sds as is common in various problems in finance. To
facilitate tractability, we employ the mean-variance criterion over terminal wealth in units
of this numeraire, which allows us to adopt our earlier solution method and characterize the
optimal policy in units of the numeraire, that is, 0, = 07/ B,.36 Proposition 2.7 reports our

results.

Proposition 2.7. The optimal investment policy in the economy with stochastic interest

rates is given by

t@St + E@Xt Ot 67}

7 _Mt—Tt_<S Ofe th%_'_prSth%)’ (194)

g, =
vo?

where fi is as in Proposition 2.2, but with r following (193).

36Otherwise, if the mean-variance criterion is over Wr and the interest rate is stochastic, in contrast to
Lemma 2.1 the value function is not separable in W; and the policy 6; is no longer independent of W3, which
makes the problem intractable.
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The optimal policy (194) has the same structure as the baseline case. The main differ-
ence is that the hedging term now additionally accounts for the interest rate fluctuations by
incorporating the sensitivity of anticipated portfolio gains (f) to interest rates. As in Sec-
tion 2.3, the optimal policies may explicitly be computed for various stochastic investment
opportunities. We consider a simple application where all the fluctuations in the investment
opportunities are driven by the stochastic interest rate r. In particular, the stock price
follows a geometric Brownian motion with constant parameters p and o, while the interest

rate follows a Vasicek model (Vasicek, 1977)
dry = M\ (7 — 1¢)dt + ordwpy. (195)

Along the lines of Corollaries 2.1-2.3, it can be demonstrated that the optimal policy is

given by

é /"[’ — r,'-t pTSUT (A (1 — 6_(>‘T_pTSU7‘/U)(T_t))2M — f ]_ — 6_2(>‘7”_pTSUT‘/U)(T_t) ,LL — frt
g — + >_
! 702 o " Ar — PrsUr/U g Ar — PrsUr/U o

This policy is comparable to that of the case of time-varying Gaussian mean-returns (181)
in Section 2.3.3, but now additionally allows us to consider comparative statics with respect

to the parameters of the interest rate dynamics (195).
2.5. Conclusion

Despite the popularity of the mean-variance criteria in multi-period problems in finance,
little is known about the dynamically optimal mean-variance portfolio policies. This work
makes a step in this direction by providing a fully analytical characterization of the optimal
mean-variance policies within a familiar, dynamic, incomplete-market setting. The optimal
mean-variance dynamic portfolios are shown to have a simple, intuitive and tractable struc-
ture. The solution is obtained via dynamic programming and is facilitated by deriving a
recursive formulation for the mean-variance criteria, accounting for its time-inconsistency.
We also identify a “hedge-neutral” measure that absorbs intertemporal hedging demands
and allows explicit computation of optimal portfolios in a straightforward way for various

stochastic environments.
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Given the tractability offered by our analysis, we believe that our results are well suited
for various applications in financial economics. For example, portfolio selection problems
in incomplete markets are notoriously hard to solve, and it may be very convenient for
future applications to have a reasonable criterion for which the solution can actually be
computed. In our ongoing work, we extend the current study to an incomplete market
setting where the investment opportunities may also experience jumps and again discover
much tractability in the ensuing analysis. We also foresee potential applications in security

pricing with incomplete markets, for which the investor preferences are to be accounted for.
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2.6. Appendix: Proofs

Proof of Lemma 2.1. We first demonstrate equation (141). Using Itd’s Lemma we

rewrite the budget constraint (135) as
dWe" DY = 0, (g — r)e" T Ddt + 000" T D duy,. (196)

Integrating (196) from ¢+ 7 to T and assuming that the investor follows the optimal policy

0% from t 4+ 7 onwards we obtain
By (W3] = Wigre™ ™07 4 fr (197)

where W7 is optimal wealth given the optimal policy 0}, s > t+ 7, and f; is given by (143).
Substituting (197) into (140) and noting that W;e"T=% and f; are adapted to the filtration

Fi, we obtain (141).

The HJB equation in differential form (144) follows from equation (141) when the deci-
sion making interval, 7, tends to zero. To derive the terminal condition for J7, we note that
varp[Wr] = 0 and Ep[Wr| = Wrp. The definition of the value function, Jr, then implies

Jr = Wr.

To show that W; does not affect 65, we integrate (196) from ¢ to 17" and substitute Wy

into the time-t objective function:

T
E[Wr] - %Vart[WT] = W'Y+ By [/ Os(ps — r)e’”(TS)dS]
t

~ T T
— ivart {/ Os(ps — r)e’"(T*S)ds +/ QSUSe’"(TS)de} (198)
t t

r(T=1)  and

It can be observed from (198) that the objective function is separable in Wie
hence the optimal policy 0} does not depend on W; for s > ¢. Since the investor solves for
the investment policy by backwards induction, 8% also does not depend on W for s > t. Due
to the Markovian nature of the economy, 6; depends only on S;, X; and ¢. The fact that
the function f; depends only on Sy, X; and t follows from the expression for f; in terms of
the optimal policy, given in (143). The separability of the value function J; from Wyer(T=1)

follows from (198). Q.E.D.
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Proof of Proposition 2.1. To prove Proposition 2.1, it remains to derive the first order
condition for the problem (147).3” The objective function in (147) is quadratic and concave

in 0, and so the unique optimal policy solves the first order condition:

H(T— « 2 or(T— of Ofe \ r(r—
(e = )" T — 0707 T — 5oy (Utstaist + PVtaiX)e (=1 = o,

leading to the expression (148). Q.E.D

Proof of Proposition 2.2. Under standard conditions, there exists a probability measure
P* under which the function f; admits the Feynman-Kac representation (153) (Karatzas
and Shreve, 1991) and under this measure, the processes S and X satisfy the stochastic
differential equations (154). Comparing (154) with (133)—(134), we obtain that measure P*

transforms Brownian motions wy and wy; into w; and w}, satisfying (156).

We next find the Radon-Nikodym derivative dP*/dP. To apply Girsanov’s Theorem
(Karatzas and Shreve, 1991), we first decompose the Brownian motion wx as a sum of
two uncorrelated Brownian motions: dwy: = pdws + ﬂdﬂjt, where Wy = (wx¢ —
pwi)/+/1 — p2. We observe that in terms of diby, the representations (156) can be rewritten

as follows:

dw} = dw, + " —"dt, dwt, = p <dwt + B rdt> + /1= p2diby.

t
O¢ Ot
Since measure P* affects only the first component of the two-dimensional Brownian motion

(wg, )", the Radon-Nikodym derivative (157) obtains by Girsanov’s Theorem. Finally,

substituting f; given by (155) into the recursive representation (148), we obtain (15%}. ZD

37The proof of Proposition 2.1 implicitly assumes that f(S, X¢,t) is twice differentiable and

T a8\ 2( 0\
E 2 S d .
t|:~/t ”S(BXS) + (0sSs) 95, s| < oo
These conditions justify the computation of the variance term in (146) (e.g., Karatzas and Shreve, 1991)

which yields the HJB equation (147), and can be verified in the specific applications of Section 2.3 where
the process f: is computed explicitly.
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Proof of Proposition 2.3. First, we derive the terminal wealth expression. Substituting

the optimal policy 6} from (148) into (196) and rearranging terms we obtain

d(Wt€T(T_t)) = *dft + He — wat + \/ 1-— p2l/t%d’d)t, (199)
Yoy 00X,

where w0, is defined in Proposition 2.3. Integrating (199) from ¢ to 7', we obtain (161). Since

w¢ and wy are uncorrelated, the variance of terminal wealth is given by

* 1 T Hs — T T 8f5 ~
vary [Wr] = vary ; dws| + var [1/1 — p? Vg 5X dw, |
t s t s

g

which leads to expression (162). The expressions for E;[W7| and J; are immediate.

We next prove assertions (i)—(iii). Property (i) follows from the wealth variance expres-
sion (162). Since (uy—r) /oy is assumed to not depend on Sy, the first term in (162) does not
depend on the correlation p. The second term is strictly positive in incomplete markets and
vanishes in complete markets, p> = 1, and hence the assertion. To prove property (ii) we
compute the derivative of f; with respect to correlation p in terms of the hedging demand.
Since (ut —r)/o¢ depends only on X3, f; in (155) also depends only on X;. As a result, the
PDE (152) for f; becomes:

O ft pe—r\ ofr | VRO 1 -1\’
ad — — 4+ — = 2
8t + (mt pre Ot > 8Xt + 2 8Xt2 * Y Ot O, ( OO)

with fr = 0. Differentiating (200) with respect to p and denoting f; = df,/dp, we obtain

the equation for f;:

of, < ut—7“> ofc v}O*f m—rfi
my — Pl

ofe i —0 201
ot * ox,  20x2 "o ox, (201)

Ot
where fT = 0. Applying the Feynman-Kac Theorem to equation (201), using the expression

(150) for Oy and the fact that f; does not depend on S; we obtain:

Bft 1 [/T T—
— = —-Ef Ons (s — r)e" T =) ds| .
ap P t ] H (/J, )

As a result, if 05 > 0 for s € [t,T], function f; is increasing (decreasing) in p when p is
positive (negative). This is equivalent to saying that f; is increasing in p?. Conversely, if

Oys < 0 for s € [t,T], f; is decreasing in p?.
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The proof of Assertion (iii) follows from (i) and (ii). If the hedging demand is positive
over the horizon, the expected terminal wealth is lower in incomplete markets, while the

variance is higher. As a result, the value function is unambiguously lower in this cas&. ED

Proof of Proposition 2.4. The optimal pre-commitment terminal wealth W solves the
first order condition

1 — AWy + v Eo[Wr] — & =0, (202)

where 9 is the Lagrange multiplier of the static budget constraint (167). Taking time-zero
expectation on both sides of (202) yields ¢ = 1/Eg[ér], or ¢ = e'T, since Eylére’™] = 1.

Substituting ¢ back into (202) we obtain
. 1 .
Wr = (1 Y Eo[Wr] — fTeTT> . (203)

203) substituted into the static budget constraint (167) leads to vEy WT =AWpe'l — 1+
( g v g

Ep[¢2]e*T | which along with (203) yields the optimal terminal wealth (168).

With a constant market price of risk, (u—7) /o, Eo[é2] = e~ 2rT+("Z5)°T Jeading to (169).
To compute the pre-commitment investment policy, ét, we first consider the optimal time-¢

wealth:

1

ETWT} = a(t) — S

&

where the second equality follows by substituting W from (169) and evaluating the moments

W= B [ e~ @l T T, (204)

of &7, and a(t) is a deterministic function of time. Applying It6’s Lemma to (204) and using

dé = =& [rdt + (u — r)/odw,] yields:
AW, = (a/ () — b(t)&)dt + ?e*<2r*<u*r>2/02><T*t>e’“T&dwt,
ag

where b(t) is a time-deterministic function. Matching the coefficients with the dynamic

budget constraint (135) yields 6, in (170). Q.E.D

Proof of Corollary 2.1. In the case of a complete market, measure P* coincides with the

risk-neutral one. To compute the optimal investment policy from Proposition 2.2, we need to
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evaluate the expected squared market price of risk, Ef[(us —r)?/c2], under the risk-neutral
measure. Since the squared market price of risk in the CEV model is (1 — r)%/(525%), we
need to determine g¢(t, s) = Ef[S; %] for s > t. By Itd’s Lemma, the process for S, * under

the risk-neutral measure satisfies:

a(l+ a)o?

as;* = (—ars;e + S

)dt — ag S dw. (205)

Integrating (205) from ¢ to s and taking the time-t expectation under the risk-neutral mea-

sure on both sides, we obtain the equation for g(¢, s):

ottes) =5 = [ (argtt.) - “EEIT Yy (206)

Differentiating (206) with respect to s yields the linear differential equation

a(l+a)a?
2 Y

= —arg(t,s) + (207)

with initial condition g(¢,t) = S; “. The unique solution to equation (207) is given by

gt,s) = S7% ) L (1+a)a (208)

Substitution of (208) into the optimal investment policy (158) leads to the 6 reported
in Corollary 2.1. We also note that the process for the market price of risk is explosive
for @« < —1 since the conditional expectation (208) is unbounded for large horizons. For
—1 < a < 0, the conditional expectation (208) is not well-defined since it may become
negative for large investment horizons, implying that the process hits the zero-boundary

with a positive probability.

Property (i) is immediate from the expression for the optimal investment policy (175).
Property (ii) follows from (175) and the fact that the hedging demand is negative for o < 0.
Finally, property (iii) can be demonstrated by observing that the derivative of 6 with
respect to the time-horizon is negative for a < —1 and p > r > 0, and can both be negative

or positive otherwise, depending on the horizon, T — t.
P pencing Q.E.D.
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Proof of Corollary 2.2. Since the squared market price of risk is equal to §2X;, finding
0f amounts to evaluating E;[X;]. It follows from (154) that the state variable under measure

P* follows the process

AX
dX; = (A + pird) (A ol X )dt + /Ky,

for which the conditional moments are well-known (e.g., Cox, Ingersoll and Ross, 1985),

yielding
AX A X _
Ef[X,] = X, — —(Atprd)(s—t) 209
£1X] )\+p56+< t /\+de>€ (209)

Substituting (209) into (158) yields the desired result.

Assertion (i) follows from the fact that (1 — e~ AP7OT=1)) /(X + pid) is always pos-
itive. As a result, the sign of the hedging demand (second term in (178)) depends only
on the correlation. Assertion (ii) for the case of p < 0 is immediate from the fact that
the hedging demand is positive in this case. For p > 0, it follows from the fact that
pi§(1 — e~ A+pPO(T=1)) /(X 4 pi§) is less than unity. Property (iii) follows directly from the
properties of function X¥~1/8  Assertion (iv) obtains due to the fact that the derivative
of 6} with respect to the time-horizon is positive for A + r + pvd < 0, negative for prd > 0,

and can both be negative or positive otherwise, depending on the horizon.

Turning to property (v), we first prove that f; decreases in correlation p. Since f; =
52 ftT E}[X;]ds, it remains to show that E;[X;] decreases in p. We observe that by virtue of
(209), Bf[X,] = [ e~ W)=y 4 X e~ A7)~ 'which is clearly decreasing in correla-
tion p. Similarly, using Proposition 2.3, it can be shown that the variance of terminal wealth
can be represented as var[W2] = (1 — p?)G(p), where G(p) = Et[ftT 2 X(0fs/0Xs)%ds] is
a positive decreasing function of p. Clearly, the minimum is attained in a complete market
with p? = 1. The first order condition for finding the p* at which var,[W3] is maximized is
2pG(p) = (1 — p?)G'(p). Since the right-hand-side is negative and G(p) is positive, the first

order condition can only be satisfied for p* < 0. Q.E.D.
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Proof of Corollary 2.3. Since the squared market price of risk is X7, finding the optimal

investment policy amounts to computing E;[X?2], which is well-known (e.g., Vasicek, 1977):

AX AX 21— e 20)(s—)
X2 = — —(At+pr)(s—t) 2
By [X] ()\—I—pu+ (Xt )\+pl/>e ) M e e G

Substituting (210) into (158) yields the reported result.

Property (i) follows from the fact that since the unconditional expectation of the state
variable, X, is assumed positive, the sign of the mean hedging demand depends only on the
sign of the correlation p. To show property (ii), we observe that the optimal investment

policy can be rewritten as follows:

=20 ) (T—t — o= (o) (Tt

or (1 —pyl e—2(A+pv)( )>Xter(Tt) B pl/)\(l e—(A+ov)( ))QX'e’"(Tt).
A+ pv Yo ~o A+ pv

Similarly to the proof of Corollary 2.2(ii), it can be shown that 1—pu(1 — e~ 2 +P)(T=0) /(X 4 py)

is positive, which then implies that 6} is increasing in the market price of risk X;. Q.E.D

Proof of Proposition 2.5. The proof is similar to the proof of Proposition 2.1. The first
step is to derive the Bellman equation adjusted for time-inconsistency in terms of anticipated
gains, f. The second step is to derive the first order condition for the strategy #;. In discrete
time, however, the explicit representation for the process for f; is not available. As a result,

the optimal strategy is in terms of covy(ASy/Sy, Afi). Q.E.D

Proof of Corollary 2.4. The first step is to obtain the anticipated gains process f.

(t)Xt(ﬂ /28 p=(T=At=) fo1 the stochastic-volatility model

Substituting the conjecture 6 = g
(185)—(186) into the expression for f; (184), we obtain:

T—-At

fi= Et[ 3 5XSg(s)At] (211)

s=t
To compute E;[X], we take expectations of both sides of the state variable process, (186),

and obtain a difference equation for Fy[X,]:

B[ Xsiat] = AXAt + (1 — MY B[ XS], (212)
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with initial condition F;[X;] = X;. The unique solution to equation (212) is
EX,] = (X; — X)(1 — AAH)E—O/A L X (213)

Substituting (213) into (211) yields:

T—At
fo=d(t) +6X; Y g(s)(1— AALET/AIAL, (214)

s=t

where d(t) denotes a time-deterministic function. Using (214), we compute A f; and substi-
tute it into the recursive expression for the optimal strategy (183). Taking into account the

conjecture for 0}, after some algebra we obtain a recursive equation for g(¢):

T—At
=4 7 )(1 = AAE) A/ A A 215
Y—=p
s= t+At

Evaluating (215) at time ¢t — At and then subtracting it from (215), we obtain the following
forward difference equation for g(t): g(t — At) = AAt/y + (1 — (A + prdAt)g(t)), with
condition g(T' — At) = §/~. The explicit solution to this equation is

§ 1 —(1—(W\+ppd)An)T—2tt5
o) = S — s (I-—(A+p _) ) g
o A+ pvé o

Y
which then yields the reported result.

For the case of Gaussian mean-returns dynamics (187)—(188), we first obtain f; by sub-
stituting our conjecture 0 = X;/vo — (g1(t) + g2(t)X;)/vo into (184). Then, substituting
f into (183) we obtain recursive equations for ¢;(¢) and g2(¢). Solving them as in the pre-
vious stochastic-volatility case we obtain g1 (¢) and ga(t), as reported in Corollary 2.4, with

constants A and B explicitly given by

(1= MAY(2X — e AALV AL At 9
A = 1= (1 — AAD (1 — prAAD) VARV AL

L a-a- AAL)?) (1 4 2pvAAL) WF pv(1 — AAE)(X + vV At/2p) At
_( 11— (1-)A? 1—2pVAt )( 1 — (1 —M\At)(1 — prAt) )

B ( pv(1 — AAE) (X + pvV/At/2p) At
T \(1 = AAD)2(1 — 2pvAL) — (1 — MAL) (1 — prAt)
)

vV At ] (1 — (1= AAH)?)(1 + 2pvAAL)
2p ) ( 1= (1= MAD2(1 — 2pvAt) )
38

where ¢ = cov(Aw, Aw?). Q.E.D.

+X -

381t can easily be demonstrated that ¢ = 0 if Aw and Awyx are normally distributed.
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Proof of Proposition 2.6. The proof is a multi-dimensional version of the proofs for

Propositions 2.1-2.2. Q.E.D.

Proof of Proposition 2.7. The proof is similar to those of Propositions 2.1-2.2, but now
accounting for the mean-variance criterion being over Wy /Brp. As in the proof of Lemma
2.1, substituting the integral representation for Wr/Br into the criterion we show that 5,5
does not depend on W;/B;. Then, as in Section 2.2 we obtain an HJB equation in terms of
df; and d(W;/By), where f; = Ey[W7./Br| — W/ By, whose solution yields (194). Employing
measure P* it can be shown that f; is the same as in Proposition 2.2, but now with stochastic

" Q.E.D.
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3. Dynamic Hedging in Incomplete Markets: A Simple So-
lution

3.1. Introduction

Perfect hedging is a risk management activity that aims to eliminate risk completely. In
theory, perfect hedges are possible via dynamic trading in frictionless complete markets
and are obtained by standard no-arbitrage methods (e.g., Cvitanic and Zapatero, 2004).
In reality, however, “perfect hedges are rare,” as simply put by Hull (2008). Despite the
unprecedented development in the menu of financial instruments available, market frictions
render markets incomplete, making perfect hedging impossible. Consequently, hedging in
incomplete markets has much occupied the profession. The traditional, pragmatic approach
is to employ static minimum-variance hedges (e.g., Stulz, 2003; McDonald, 2006; Hull, 2008)
or the corresponding myopic hedges that repeat the static ones over time. While intuitive
and tractable, these hedges are not necessarily optimal in multi-period settings and may
lead to significant welfare losses (e.g., Brandt, 2003). Moreover, they do not generally
provide perfect hedges in dynamically complete markets. The alternative route is to consider
richer dynamic incomplete-market settings and characterize hedges that maximize a hedger’s
preferences or provide the best hedging quality. The latter is measured by various criteria
in terms of means and variances of the hedging error, as given by the deviation of the
hedge from its target value. Despite much work, the literature still lacks tractable dynamic
hedges in plausible stochastic environments, with explicit solutions arising in a few settings

(typically with constant means and volatilities of pertinent processes).

In this paper, we provide tractable dynamically optimal hedges in a general incomplete-
market economy by employing the minimum-variance criterion. We demonstrate that these
hedges retain the basic structure of perfect hedges, as well as the intuitive elements of the
static minimum-variance hedges. Towards that, we consider a hedger who is concerned with
reducing the risk of a non-tradable or illiquid asset, or a contingent claim at some future

date. Notable examples include various commodities, human capital, housing, commercial
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properties, various financial liabilities, executive stock options. The market is incomplete
in that the hedger cannot take an exact offsetting position to the non-tradable asset pay-
off by dynamically trading in the available securities, a bond and a stock (or futures or
any other derivative) that is correlated with the non-tradable. We employ the familiar
minimum-variance criterion for the quality of the hedging but considerably differ from the
literature in that we account for the time-inconsistency of this criterion and obtain the
solution by dynamic programming. We here follow a methodology developed in the con-
text of dynamic mean-variance portfolio choice in Chapter 2. In dynamically complete
markets, there is no time-inconsistency issue (unlike the problem in Chapter 2) and our
dynamically optimal minimum-variance hedges reduce to perfect hedges, unlike their static
or myopic counterparts. In incomplete markets, we show that the variance criterion be-
comes time-consistent only when the stock has zero risk premium or when considered under
any risk-neutral probability measure (which is not unique here). Our dynamically optimal
hedge can then alternatively be obtained by minimizing such a criterion under a specific

risk-neutral measure.

We obtain a fully analytical characterization of the dynamically optimal minimum-
variance hedges in terms of the exogenous model parameters. The complete-market dynamic
hedge, obtained by no-arbitrage, is determined by the “Greeks” that quantify the sensitiv-
ities of the asset value under the unique risk-neutral measure to the pertinent stochastic
variables in the economy. Ours is given by generalized Greeks, still representing the as-
set value sensitivities to the same variables, but now in terms of an additional parameter
accounting for the market incompleteness and where the asset-value is under a specific risk-
neutral measure accounting for the hedging costs. The hedges are in terms of the Greeks
since, as we demonstrate, a higher variability of asset value implies a lower quality of hedg-
ing, and hence the need to account for asset-value sensitivities. We further demonstrate
the tractability and practical usefulness of our solution by explicitly computing the hedges
for plausible intertemporal economic environments with stochastic market prices of risk and

volatilities of non-tradable asset and stock returns.
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We next compare the performances of our dynamically optimal hedges with those of the
minimum-variance hedges employed in the literature and practice. We quantify the relative
performance by the percentage increase or decrease in the expected hedging error variance
when the hedger switches from our hedge to the alternative one. Two popular alternatives
are the classic static hedge, initially minimizing the hedging error variance and subsequently
not readjusting, and the myopic hedge repeating over time the static one with small horizons.
These popular hedges are simply driven by the comovement of the stock return and the
non-tradable asset payoff over the relevant horizon. Our dynamic hedge inherits this basic
structure, but now tracking the comovement between the instantaneous stock return and
the non-tradable asset value under our risk-neutral measure, and so additionally capturing
the arrival of new information. Consequently, we show that our dynamic hedge typically
outperforms the static and myopic ones in plausible intertemporal settings for stock and
non-tradable asset dynamics, especially when there is predictability in the non-tradable
asset. Only in the special case of random walk processes do the static and myopic hedges
coincide with ours. We also compare our hedges with the dynamic hedges considered in the
literature that minimize the hedging error variance sitting at an initial date. These hedges,

¢

which we refer to as the “pre-commitment” hedges, are generically different from ours since
they do not account for the time-inconsistency of the variance criteria and the hedger may
deviate from them at later dates unless she can pre-commit to follow them. By definition,
a pre-commitment hedge outperforms ours at the initial date. We demonstrate that for a
one-year hedging horizon and plausible parameters, it requires less than half a year for our

hedge to start outperforming when the stock and the non-tradable asset follow geometric

Brownian motions (GBMs).

We generalize our basic framework to the case when the hedger additionally accounts
for the mean hedging error, trading it off against the hedging error variance, as commonly
considered in the literature under static settings. We also relate this mean-variance hedging
to the benchmarking literature in which a money manager’s performance is evaluated relative

to that of a benchmark. We show that the dynamic hedge now has an additional speculative
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component and additional hedging demands due to the anticipated speculative gains or
losses, as in the related literature. We also show that our main baseline results can easily

be extended to the case of multiple non-tradable assets and stocks.

The subject of hedging is, of course, prevalent in the literature on derivatives and risk
management. Major textbooks, Duffie (1989), Siegel and Siegel (1990), Stulz (2003), Cvi-
tanic and Zapatero (2004), McDonald (2006), Hull (2008), all present the classic static
minimum-variance hedging and demonstrate its usefulness for real-life risk management ap-
plications. Ederington (1979), Rolfo (1980), Figlewski (1984), Kamara and Siegel (1987),
Kerkvliet and Moffett (1991), In and Kim (2006) employ minimum-variance static hedges
and evaluate their quality in different empirical applications. Kroner and Sultan (1993),
Lioui and Poncet (2000), Brooks, Henry and Persand (2002) study the performance and
economic implications of closely related myopic hedges. In an economy with a static mean-
variance hedger, Anderson and Danthine (1980, 1981) study futures hedging and evaluate its
impact on production, while Hirshleifer (1988) derives futures risk premia under transaction
costs. Roll (1992), Chan, Karceski and Lakonishok (1999), Costa and Paiva (2002), Jorion
(2003), Gomez and Zapatero (2003), Cornell and Roll (2005) employ static mean-variance
criteria and consider portfolio management with tracking error, deviation from a bench-
mark, which is just the opposite of hedging error. In the literature above, the hedger either
cannot rebalance her portfolio over time or is myopic and looks one period ahead only. This
limitation is underscored by Brandt (2003) who demonstrates that when hedging S&P 500
index options under CARA utility, the multi-period hedges can generate substantial welfare

gains.

A steadily growing strand of work investigates optimal dynamic hedges consistent with
a hedger’s utility maximization in typically continuous-time incomplete market settings.
Breeden (1984) provides optimal hedging policies with futures in terms of the value func-
tion for a general utility function over intertemporal consumption. Stultz (1984) derives
explicit optimal hedges with foreign currency forward contacts when the exchange rate fol-

lows a GBM and the hedger has logarithmic utility over intertemporal consumption. He
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further argues that this hedger behaves like a myopic mean-variance one. Adler and De-
temple (1988) consider the hedging of a non-traded cash position for logarithmic utility
over terminal wealth and provide an explicit solution in complete markets, and a solution
in terms of the value function in incomplete markets. Svensson and Werner (1993), Tepla
(2000b) and Henderson (2005) study the optimal hedging of non-tradable income or assets
for general utility over intertemporal consumption or terminal wealth. To obtain explicit
solutions, these authors specialize to constant relative risk aversion (CARA) preferences,
GBM tradable asset prices and an income process following an arithmetic Brownian motion
(ABM), while Henderson additionally obtains hedges for GBM and mean-reverting incomes
in incomplete and compete markets, respectively. For more general processes or utilities,
the solutions in Svensson and Werner and Henderson are typically in terms of value func-
tions, while in Tepla in terms of sensitivities of tradable wealth with respect to asset and
state prices. Duffie, Fleming, Soner and Zariphopoulou (1997) and Viceira (2001) consider
the hedging of stochastic income with constant relative risk aversion (CRRA) preferences
and the tradable asset and income following GBMs and discrete-time lognormal processes,
respectively. The former work demonstrates the existence of the solution in a feedback
form and derives its asymptotic behavior for large wealth, while the latter work derives a

log-linear approximation for the optimal policies in discrete time.

The rapidly growing so-called “mean-variance” hedging literature in dynamic incomplete
market settings studies optimal policies based on hedging error means and variances. A large
body of literature characterizes these hedges for a quadratic criterion over the hedging er-
ror. In the context of futures hedging, Duffie and Richardson (1991) provide explicit optimal
hedges that minimize the expected squared error when both the tradable and non-tradable
asset prices follow GBMs. Schweizer (1994) and Pham, Rheinlander and Schweizer (1998)
in a more general stochastic environment obtain a feedback representation for the optimal
policy. Gourieroux, Laurent and Pham (1998) derive hedges in terms of parameters from a
specific non-tradable asset payoff decomposition, but are difficult to obtain explicitly. Bert-

simas, Kogan and Lo (2001) solve the quadratic hedging problem via dynamic programming
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and numerically compute the optimal hedges. Schweizer (2001) provides a comprehensive
survey of this literature with further references and notes that finding tractable optimal
quadratic hedges is still an open problem. To our best knowledge, with the exception of

Duffie and Richardson, there are no works that derive explicit quadratic hedges.

Duffie and Richardson (1991), Schweizer (1994), Musiela and Rutkowski (1998) solve the
dynamic minimum-variance hedging problem by reducing it to a quadratic one, thus char-
acterizing the pre-commitment hedges at an initial date from which the hedger may deviate
in the future. Duffie and Richardson and Bielecki, Jeanblanc and Rutkowski (2004) also
characterize the pre-commitment minimum-variance hedge subject to a constraint on the
mean hedging error. This literature, however, lacks explicit results in the case of stochastic
mean returns and volatilities, and explicit hedges are only obtained in Duffie and Richard-
son for GBM asset prices. Duffie and Jackson (1990) derive explicit minimum-variance
hedges in futures markets under the special case of martingale futures prices, which makes
the hedging problem time-consistent. In the case of mean-variance hedging, by employing
backward induction, Anderson and Danthine (1983) obtain hedges in a simple three-period
production economy, while Duffie and Jackson (1989) in a two-period binomial model of

optimal innovation of futures contracts.

The remainder of the paper is organized as follows. In Section 3.2, we describe the
economic setting and determine the dynamically optimal minimum-variance hedges via dy-
namic programming. We then explicitly compute these hedges in plausible environments
with stochastic mean returns and volatilities, and present the time-consistency conditions.
In Section 3.3, we compare our dynamically optimal hedge with the pre-commitment, static
and myopic hedges, while in Section 3.4, we generalize our baseline model to the case of
mean-variance hedging and the case of multiple assets. Section 3.5 concludes. Proofs are in

the Appendix.

3.2. Dynamic Minimum-Variance Hedging
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3.2.1. Economic Setup

We consider a continuous-time incomplete-market Markovian economy with a finite horizon
[0, 7). The uncertainty is represented by a filtered probability space (2, F,{F:}, P), on
which are defined two correlated Brownian motions, w and wy, with correlation p. All
stochastic processes are assumed to be well-defined and adapted to {F;, ¢ € [0,T]}, the

augmented filtration generated by w and wy.

An agent in this economy, henceforth the hedger, is committed to hold a non-tradable
asset with payoff Xp at time 7. The non-tradable asset can be interpreted in different
ways depending on the application. The process X may represent the price of oil, copper
or other commodity that the hedger is committed to sell at time T, or may denote the
price of a company share that the hedger cannot trade so as to preserve company control.
Alternatively, the non-tradable asset may be interpreted as a firm or a project cash flow,
the realization of which is defined by the non-tradable state variable X, such as economic
conditions, temperature or precipitation level.?® Without loss of generality, we adopt the

first interpretation and postulate the price of the non-tradable asset to follow the dynamics

Ci()(: = m(Xy, t)dt + v( Xy, t)dwxy, (216)
where the stochastic mean, m, and volatility, v, are deterministic functions of X. The
risk associated with holding the non-tradable asset can be hedged by continuous trading
in two securities, a riskless bond that provides a constant interest rate r and a tradable
risky security. Depending on the application, the risky security can be interpreted as a
stock, a futures contract or any other derivative security written on the non-tradable asset.
Accordingly, the mean and volatility of instantaneous returns on tradable security, which for

expositional simplicity we call the stock, in general may depend on the non-tradable asset

price, X. The dynamics for the stock price, S, is then modeled as

dSt

? = M(St,Xt,t)dt—|—0’(St,Xt,t)d’wt, (217)
t

391f the terminal payoff is a non-linear function of some state variable Y, h(Yr), one can always redefine
the state variable to be X; = E¢[h(YT)], so that the terminal payoff is Xr.
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where the stochastic mean return, p, and volatility, o, are deterministic functions of S
and X. We will denote us, o¢, ms and 14 as shorthand for the coefficients in equations

(216)—(217).

The hedger chooses a hedging policy, @, where 8; denotes the dollar amount invested in
the stock at time ¢, given initial wealth Wy. The hedger’s tradable wealth W then follows
the process

dWy = [rWi + 0y (pe — 7)) dt + 0,0 duwy. (218)

The market in this economy is incomplete in that it is impossible to hedge perfectly the
fluctuations of the non-tradable asset by tradable wealth. Dynamic market completeness
obtains only in the special case of perfect correlation between the non-tradable asset and
stock returns, p = =£1, in which case the non-tradable asset can be replicated by stock
trading and the hedge portfolio uniquely determined by standard no-arbitrage methods.
Since perfect hedging is not possible in incomplete markets, the common approach in the
literature is to determine a hedging policy according to some criterion that determines the

quality of hedging.

The mean-variance hedging literature addresses this for hedging criteria based on the
mean and variance of the hedging error, X7 — Wr. The mean squared error, Ey (X1 — Wr)?,
is a commonly employed measure for the quality of hedging from the class of mean-variance
criteria (e.g., Duffie and Richardson, 1991; Schweizer, 1994; Gourieroux, Laurent and Pham
1998; Bertsimas, Kogan and Lo, 2001, among others). In general, these quadratic hedges
have a complex structure in that they are derived either in a recursive feedback form (e.g.,
Schweizer, 1994; Pham, Rheinlander and Schweizer, 1998) or depend on parameters from
a specific decomposition of the non-tradable asset price X which are difficult to obtain
explicitly (e.g., Gourieroux, Laurent and Pham, 1998). Duffie and Richardson provide an
explicit quadratic hedge for the special case of both the non-tradable asset and stock prices
following GBMs. However, for richer stochastic environments, quadratic hedging has failed

to produce tractable, explicit policies.
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Another natural criterion for the quality of hedging is the variance of the hedging error,
vary[ X7 — Wr], widely employed in static and myopic settings (analyzed in Sections 3.3.2—
3.3.3), as well as dynamic settings (e.g., Duffie and Richardson, 1991; Schweizer, 1994;
Musiela and Rutkowski, 1998; Bielecki, Jeanblanc and Rutkowski, 2004, among others).
This literature obtains the variance-minimizing policies primarily as a special case of the
quadratic hedging problem sitting at an initial date. The time-inconsistency of the variance
criterion, however, may induce the hedger to deviate from the initial policy at a later date,
as discussed in Section 3.2.4. Moreover, as in the quadratic case, the variance-minimizing
policies have not generally been obtained explicitly, with the notable exception being the

Duffie and Richardson case of both risky assets following GBMs.

In this paper, we employ the variance-minimizing criterion for the hedger whose problem

is
mein vary[ Xt — Wrl, (219)
subject to the dynamic budget constraint (218). We solve this problem by dynamic pro-

gramming and hence provide the time-consistent dynamic hedging policy.
3.2.2. Dynamically Optimal Hedging Policy

In this Section, we determine the dynamically optimal minimum variance hedges. The
application of dynamic programming, however, is complicated by the fact that the variance
criterion is non-linear in the expectation operator and in general not time-consistent. To
address these problems, we follow the approach in Chapter 2 developed in the context of
dynamic mean-variance portfolio choice and derive a recursive formulation for the hedger’s
objective function, which yields the appropriate Hamilton-Jacobi-Bellman (HJB) equation
of dynamic programming. Proposition 3.1 reports the optimal policy derived from the

solution to this equation and the resulting optimal quality of the hedge.

Proposition 3.1. The optimal hedging policy and the corresponding variance of the hedging
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error are given by

pvi o, OEf [ Xpe "(T=0)] OF; [ Xpe "(T—Y)]

= =X 22
et Ot ! 8Xt +St 6St ’ ( 0)
T OF*[X7]\2
var, [ Xr — Wi = (1—p*)E / VX2 (20 ds|, 221
W =wil = (= AE| | ax (5T @l (221)

where W is the terminal tradable wealth under the optimal hedging policy, and Ef[-] denotes
the expectation under the unique probability measure P* on which are defined two Brownian
motions wi and w* with correlation p such that the processes for the non-tradable asset, X,

and stock price, S, are given by

aX, - as
= (g — piy FeZ 7 g 4 v dwyy, L — rdt + oydw?, (222)
X (o St

and the P*-measure is defined by the Radon-Nikodym derivative

* - s—T
e O R
dP '

(223)

Proposition 3.1 provides a simple, fully analytical characterization of the optimal hedging
policy in terms of the exogenous model parameters and a probability measure P* (discussed
below). We first note that the optimal hedging policy (220) preserves the basic structure
of that in complete markets. Indeed, the perfect hedging policy in complete markets (with

p = £1), obtained by standard no-arbitrage methods, is given by

ERN[X. —r(T—t) ERN[X. —r(T—t)
Q:Z%Xta t [ Té ]+Sta t [ TC ]

Ot 8Xt 8St ’ (224)

where EJ*V[] denotes the expectation under the unique risk-neutral measure and EfN [Xpe™"(T=1)]

represents the unique no-arbitrage value of the asset payoff Xp. The complete-market dy-
namic hedge is comprised of the Greeks, given by the sensitivities of the time-t asset value to
the non-tradable asset and stock prices (X and S dynamics under the risk-neutral measure
are as in (222) with p = +1). Thus, our dynamic hedge (220) is a simple generalization
of the complete-market perfect hedge, with the additional parameter p accounting for the

market incompleteness and the measure P* replacing the risk-neutral measure. This is
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in stark contrast to the optimal hedging policies obtained in the mean-variance hedging
literature which reduce to perfect hedges in complete markets but do not maintain their
intuitive structure in incomplete markets. Moreover, as demonstrated in Section 3.2.3, our
simple structure allows us to explicitly compute the optimal hedges under various stochastic

economic setups.

The probability measure P* naturally arises in our setting and facilitates much tractabil-
ity. To highlight the role of this measure, we note the following relation (as derived from
Proposition 3.1 in the Appendix) between the expected discounted non-tradable asset payoff,

Xpe "=t under the new and original measures:
Ef [ Xpe " T = B[ Xpe 7T — By [Wie " TD — ). (225)

The residual term, F; [W;e*"(T*t) —TW,], represents the expected discounted gains in tradable
wealth that the hedger forgoes in order to hedge the non-tradable asset over the period
[t, T], that is, the cost of hedging. So, the right-hand side of (225) represents the expected
discounted terminal payoff net of the hedging cost, while the left-hand side the expectation
under P*. In other words, the probability measure P* incorporates the hedging cost when
computing the expected discounted asset payoff. Henceforth, we label P* as the “hedge-

T=1] as the “hedge-neutral

neutral measure” (see Remark 1), and the quantity E;[Xpe "
value” of the payoff X7, analogously to the risk-neutral value in the complete-market case.
We further note that the hedge-neutral value can also be interpreted as the minimal time-¢
value of a self-financing minimum-variance hedging portfolio for which the expected hedging
error, B[ X — W], is zero. To demonstrate this interpretation, we observe from (225) that
the expected hedging error is zero only if the initial value of the self-financing portfolio equals
the expected discounted non-tradable asset payoff under the hedge-neutral measure, that
is, W; = Ef[Xpe "(T=9)]. Since the hedge-neutral value is related to the expected hedging
error, the hedger guided by the minimum-variance criterion can achieve a better hedging
quality by accounting for the sensitivities of the hedge-neutral value. Hence, the hedges are
in terms of the hedge-neutral value sensitivities, which we interpret as the delta-hedges, as

in the standard analysis of the Greeks.
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The quality of the optimal hedge, as measured by the variance of the hedging error
(221), also has a simple structure. The hedging error variance is driven by the level of
market incompleteness, p?, and becomes zero in complete markets. Moreover, the quality of
the hedge decreases with higher volatility of the non-tradable asset, 14, or higher sensitivity
of the hedge-neutral value with respect to the asset price, 0E;[X7]|/0X, since it becomes

more difficult to hedge the non-tradable asset.

The optimal hedging policy (220) admits intuitive comparative statics with respect to the
model parameters. Assuming for simplicity that the market price of risk, (u;—7) /oy, is driven
by the variable X; only, we see that the total investment in absolute terms, |0;|, is decreasing
in the stock price volatility, o;, because higher volatility makes hedging less efficient. The
correlation parameter p has both a direct and an indirect effect on the magnitude and sign
of the hedge. The direct effect implies that the magnitude of the hedge is decreasing in
the absolute value of the correlation, |p|. Intuitively, for higher absolute correlation more
wealth is allocated to the stock as the hedge becomes more efficient. This effect is most
pronounced in complete markets when p = 41, and the non-tradable asset can perfectly be
hedged. With zero correlation, p = 0, the direct effect disappears as it becomes impossible to
hedge the non-tradable asset. The indirect effect enters via the joint probability distribution
of the prices of tradable and non-tradable assets. This latter effect, along with the effects of
the non-tradable asset volatility, time horizon and market price of risk, can only be assessed

in specific examples for which the optimal hedge can explicitly be computed.

Remark 1 (The hedge-neutral measure). Our hedge-neutral measure P* is a particu-
lar risk-neutral measure, which is not unique in incomplete markets. A similar intuition for
P* with the same label is developed in Chapter 2 in the context of dynamic mean-variance
portfolio choice, where this measure is shown to absorb intertemporal hedging demands in
such a setting. The measure P* also turns out to coincide with the so-called “minimal mar-
tingale measure” solving mcgn E[—1In(dQ/dP)], where dQ/dP denotes the Radon-Nikodym

derivative of measure () with respect to the original measure P. The minimal martingale
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measure is argued to arise naturally in the different context of “risk-minimizing hedging,”
introduced by Follmer and Sondermann (1986) and Follmer and Schweizer (1991). These
works define the cost of hedging as Cy = W; — fg 0:dS:/S; and minimize the risk mea-
sure, By[(Cr — Cy)?], with respect to W, and 6., for t < 7 < T. In contrast to our work,
the resulting hedging policies do not satisfy the budget constraint and require additional
zero-mean inflows or outflows to it. As argued by Pham, Rheinlander and Schweizer (1998)
in the context of mean-variance hedging a more suitable measure is the “variance-optimal
measure” that solves mén E[(dQ/dP)?]. The reason is that in general the optimal policy
can be characterized in terms of the variance optimal measure, and only in terms of the
minimal martingale measure in the special cases where the two measures coincide under the
restrictive conditions of either fOT(MS —r)/o.ds being deterministic or the stock price, S,

not being affected by the state variables.
3.2.3. Applications

In this Section, we demonstrate that in contrast to the extant mean-variance hedging liter-
ature, our dynamically optimal minimum-variance hedges can easily be explicitly computed
in settings with stochastic means and volatilities. We here interpret the hedging instrument
as the stock of a firm that produces the commodity the hedger is committed to hold. It is
then plausible that the stock mean return is increasing in the commodity price and the stock
volatility decreasing, since the higher commodity price tends to increase the firm cash flows
and decrease their risk. Towards this, we consider two examples, each accounting for one
of these effects.?® In both examples, the non-tradable asset price follows a mean-reverting
process, which is consistent with the empirical evidence on oil and other commodity prices.
For example, Schwartz (1997) and Schwartz and Smith (2000) provide supporting evidence
for Gaussian mean-reverting logarithmic commodity prices, while Dixit and Pindyck (1994)

and Pindyck (2004) employ a geometric Ornstein-Uhlenbeck process to model and estimate

40 A more realistic model would combine the two effects and may include dependence on the state variables
that affect both tradable and non-tradable asset prices. In Section 3.4.2 we show that our model can easily
be extended to incorporate additional state variables.
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oil price dynamics.

In our first example, the non-tradable asset price follows a mean-reverting Ornstein-

Uhlenbeck (OU) process:*!
dXt = A(X — Xt)dt + deXt; (226)

with A > 0. The stock price has mean returns linear in price X and follows the dynamics

considered in Kim and Omberg (1996) in the context of dynamic portfolio choice:

ds,

?t = (r + o X;)dt + odw. (227)
t

According to Proposition 3.1, finding the optimal hedging policy amounts to computing

the expected non-tradable payoff under the hedge-neutral measure. Since under the hedge-

neutral measure the non-tradable asset price, X, also follows an OU process, its first two

moments are straightforward to obtain (e.g., Vasicek, 1977). Corollary 3.1 reports the

optimal hedging policy and its corresponding quality.

Corollary 3.1. The optimal hedging policy and the corresponding variance of the hedging

error for the mean-reverting Gaussian model (226)-(227) are given by

or = P trirtpn)(—i) (228)
g

. 1 672()\+p17)(T7t)

van[Xr = Wil = (1= p")7" 2(A + pv)

(229)

The optimal hedge is a simple generalization of the complete-market perfect hedge, with
pU replacing U in complete markets to account for the imperfect correlation between the
stock and non-tradable asset. This explicit solution also yields further insights that cannot
be analyzed in the general framework of Section 3.2.2. In particular, Corollary 3.1 reveals
that the sign of the hedge is given by that of the correlation parameter, p. When the non-

tradable asset and stock prices are positively correlated, only a long position in the stock

4“1The OU process allows considerable tractability at the cost of possibly negative prices. Alternatively, the
hedging strategies can explicitly be derived in a model with the stock mean return driven by a mean-reverting
logarithmic non-tradable asset price, as in Schwartz (1997) and Schwartz and Smith (2000). In this case all
prices would remain positive.
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can reduce the hedging error variance, and vise versa for negative correlation. Moreover,
the absolute value of the hedge and the variance of the hedging error are decreasing in the
speed of mean-reversion parameter, A. This is intuitive since a higher speed of convergence
to the mean leads to a lower variance of the non-tradable asset payoff, and hence a smaller
hedge. The hedging quality also improves as the degree of market completeness, captured
by p?, increases. Moreover, the hedging quality is higher for a positive correlation than for
a negative one of the same magnitude since positively correlated stock better tracks the

non-tradable asset price.

The second example considers the case of the stock volatility being decreasing in the

non-tradable asset price, which follows a square-root mean-reverting process
dXt = A(X - Xt)dt + Uy/ Xtdth, (230)

with A > 0. The stock price follows the stochastic-volatility model employed by Chacko and

Viceira (2005) in the context of portfolio choice:

dS; 1
— = udt —dwy. 231
S, pat =+ 4 X, Wy (231)

As in the previous example, the explicit hedge follows easily from Proposition 3.1. Corollary

3.2 presents the optimal hedge along with the associated variance of the hedging error.

Corollary 3.2. The optimal hedging policy and the corresponding variance of the hedging

error for the mean-reverting stochastic-volatility model (230)—(231) are given by

0r = prtef(TJr)\JrPD(M*T))(T*t)’ (232)

X - ) ) 72)_(1 — e~ 2(A+pp(u—r))(T—t)
vl =Wl = O )

o~ ANT=t) _ p=2(\+pp(p—1))(T—t)

A+ 2p0(p — 1)

+ (1-p")2 (X - X)

(233)

Corollary 3.2 reveals that the absolute value of the hedge is increasing in the non-tradable
asset price. This is because a high asset price implies a low stock volatility. Hence, a higher

stock holding is required to hedge the non-tradable asset. The sign of the optimal hedge
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equals that of the correlation p and its absolute value is decreasing in the mean-reversion
parameter \. For the same reason as in the previous example, the hedging quality improves

with increased mean-reversion or degree of market completeness.
3.2.4. Time-Consistency Conditions

We here discuss the time-inconsistency of the variance minimization criterion and establish
conditions on the economy, albeit restrictive, under which time-consistency obtains. First,

we observe that by the law of total variance

varg [XT — WT] = Et[VaI‘H_T(XT — WT>] + Vart[Et+T(XT — WT)], 7> 0. (234)

Sitting at time ¢, the hedger minimizes the sum of the expected future (¢t 4+ 7)-variance
of hedging error and the variance of its future expectation, both of which may depend on
future strategies. When the hedger arrives at the future time ¢ + 7, however, she minimizes
just the variance at that time, and regrets having taken into account the second term in
(234), the time-t variance of future expectation, since it vanishes at time ¢ + 7, and hence

the time-inconsistency.

The time-inconsistency issue disappears in complete markets (p = +1), where the non-
tradable asset can perfectly be replicated by dynamic trading, leading to zero hedging error
variance. However, it is still possible to have time-consistency of the variance criterion in an

incomplete-market economy under certain restrictions, as summarized in Proposition 3.2.

Proposition 3.2. Assume that the stock risk premium is zero, uy —r = 0. Then the
variance criterion (219) is time-consistent and the ensuing optimal dynamic minimum-

variance hedging policy is given by

—r(T—t) —r(T—t)
9: _ %Xt 6Et[XT€ ] + St 8Et[XT€ ]

2
Ot 6Xt 8St ( 35)

In an economy with no compensation for risk taking and where the stock is traded only

for hedging purposes, the variance criterion becomes time-consistent. The reason is that
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with zero stock risk premium, the (discounted) tradable wealth reduces to a martingale
and so the hedging costs (second term in (225)) disappear. Consequently, the non-tradable
asset, and hence time-t hedge, are not affected by future policies, eliminating the time-
inconsistency.*> Moreover, we see that the structure of the optimal hedge is as in complete
and incomplete markets, but now the original measure acts as the valuating expectation.
This optimal hedge generates those obtained by Duffie and Jackson (1990), who consider
among other problems, minimum-variance hedging with futures contracts which turns out
to be time-consistent. As in Proposition 3.2, it can be shown for their economic setting with
martingale futures prices and interest accruing on a futures margin account that the variance
criterion is time-consistent and the optimal hedge is given by (235), which generalizes their
explicit hedges derived for martingale and geometric Brownian motion non-tradable asset

prices.

Proposition 3.2 also allows us to convert the minimum-variance hedging problem con-
sidered in Section 3.2.2 to a time-consistent one, as discussed in Corollary 3.3.
Corollary 3.3. In our incomplete-market economy consider the class of risk-neutral prob-
ability measures, P", parameterized by n, on which are defined two Brownian motions w
and w" with correlation p such that the processes for the non-tradable asset, X, and stock
price, S, are given by

2%
Xt

- ds.
= (mt — pyy v _ 1= ,0277t> dt + vidw’l,, ?t = rdt + odwy, (236)
ot t

and the P"-measure is defined by the Radon-Nikodym derivative

dP? b (2 s T e, T et
=€

qp - 7 , (237)
where wt is a Brownian motion uncorrelated with w and defined by dw#- = (dwxt —
pdwy;)//T— p?.

The following minimum-variance criteria
var] [ X1 — Wy, (238)

“2Formally, the first term in the law of total variance (234) depends only on future policies, while the
second term depends only on the time-¢ policy, 8:. As a result, the minimization of time-t variance does not
lead to any inconsistency.
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where the variance is taken under a risk-neutral measure P", are time-consistent with the
optimal hedge given by

Ui —r(T—t) Ui —r(T—t)
X, OE/'[Xre ] LS, OE/'[Xre ]

o1 = 24
t Ot 8Xt aSt ’

(239)

where E}'[] denotes the expectation under P". For n =0, a risk-neutral measure is hedge-

neutral and the optimal hedge (239) equals the dynamically optimal hedge (220).

Corollary 3.3 reveals that a risk-neutral measure adjusts the variance criterion so that it
becomes time-consistent. The criterion (238) treats the non-tradable asset and stock price
processes as if they were under a risk-neutral measure. Under this measure the stock has
mean return equal to the riskless rate r, and hence zero risk premium, which implies time-
consistency by Proposition 3.2. The dynamically optimal hedge (220) is then obtained from

the time-consistent hedging problem when 7, = 0.
3.3. Comparison with Pre-commitment, Static and Myopic Hedges

In this Section, we compare our dynamically optimal hedging policy with popular minimum-
variance hedging policies employed in the finance literature and practice. First, we consider
the policy that minimizes the hedging error variance at an initial date. Second, we look at
the classic static hedge that minimizes the hedging error variance at an initial date and does
not allow subsequent portfolio rebalancing. Finally, we study the popular myopic hedge that

in each period hedges the changes in the non-tradable asset price over the next period.

To assess the relative performance of any given two policies, we compare their hedging
error variances. Since the conditional variances in general are stochastic, for tractability we
consider a relative performance measure that computes the percentage increase or decrease
in the unconditional expected variance when the hedger switches from the dynamically

optimal to an alternative hedging policy:

Ey [Vart (XT _ W%lternative)]

A =
t EO [Vart(XT — Wj*w)]

~1, (240)

where Wg'ternative denotes the terminal tradable wealth under the alternative policy, 6y,
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considered in Sections 3.3.1-3.3.3.43 A positive relative performance measure implies that
the quality of the dynamically optimal hedge is on average higher than that of the alter-
native hedge, in which case we say that the dynamically optimal hedge outperforms the

alternative one.
3.3.1. Comparison with Pre-commitment Policy

We here investigate the performance of the dynamically optimal hedging policy as compared
with that of the policy that minimizes the hedging error variance at an initial date 0, as
considered in the literature (e.g., Duffie and Richardson, 1991; Schweizer, 1994; Musiela and
Rutkowski, 1998). As discussed in Section 3.2, the variance-minimizing hedger may find it
optimal to deviate from the latter policy at future dates unless she can pre-commit to follow

it, and henceforth we refer to it as the pre-commitment policy.

To our best knowledge, Duffie and Richardson are the only ones to provide an explicit
expression for this policy in the context of hedging with futures contacts and interest ac-
cruing on a futures margin account when the futures and non-tradable asset prices follow
GBMs. Therefore, we compare the two policies for the case of the non-tradable asset and

stock prices following GBMs:

dX

=t = mdt+ vdwyy, (241)
Xt

d

% = pdt + odwy, (242)
t

where m, v, u and o are constants. The dynamically optimal hedge is obtained from
Proposition 3.1, while the pre-commitment hedge along the lines of Duffie and Richardson
(1991) adapted to our setup. Proposition 3.3 presents the two policies and a simple condition

for the dynamically optimal hedge to outperform.**

Proposition 3.3. The dynamically optimal and pre-commitment policies for GBM non-

43 All our relative performance results in Sections 3.3.2-3.3.3 (Propositions 3.4-3.5) remain valid for a more
general, conditional relative performance measure given by vari[ Xy — W] / var, [ Xr — W] — 1.

“Proposition 3.3 does not report the variances of hedging errors under the two policies since this Section
focuses on relative rather than individual performances. These variances, however, can be deduced in the
proof of Proposition 3.3 in the Appendix.
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tradable asset and stock prices (241)—(242) are given by

or = PUxelmer—pv(pn)/o)(T-1) (243)
g
eiommit — %Xte(m—T_PV(H_T)/U)(T_t) (244)

_ M(T; r ((Xoe(m—r—pv(u—r)/cr)T . WO)@Tt . (Xte(m—r—pu(u—r)/cr)(T—t) . Wtcommit)> ‘

Furthermore, 3 t < T such that the relative performance Ay > 0 for t > t, i.e., the dynami-

cally optimal hedge outperforms the pre-commitment hedge after a period of time.

Proposition 3.3 reveals that the dynamically optimal and pre-commitment hedges are
generically different. While the dynamically optimal hedge is a simple generalization of
the complete-market hedge (with p substituted in), the pre-commitment hedge inherits an
additional stochastic term (second term in (244)). To see why this term arises, we observe
that if the hedger follows the dynamically optimal policy from time ¢ on, her expected

hedging error is (as shown in the Appendix)
E(Xr — Wi)e "T0] = Xyemr=eru=n/o)T=) _ yy, (245)

Hence, the second term in (244) hedges the deviations of the expected discounted hedging
error, Ey[(Xr — W;)e "1, from its time-zero value (compounded by a term reflecting
accrued interest in [0,¢]). The hedger tries to keep this deviation close to zero because a high
variability in the expected hedging error implies a high time-zero hedging error variance
(from the law of total variance (234)). So, when the second term in (244) is positive,
the hedger reduces her stock holding, and hence her anticipated tradable wealth, thereby
increasing the future expected hedging error making it closer to time-zero hedging error; and
vise versa when the second term is negative. The structure of the pre-commitment policy
highlights the time-inconsistency of the problem. It shows that sitting at time ¢, the hedger

still behaves so as to maintain a low time-zero rather than time-t¢ hedging error variance.

Proposition 3.3 also reveals that the dynamically optimal hedge always outperforms
the pre-commitment one after a certain period of time. Since the pre-commitment hedge

minimizes the time-zero hedging error variance, it performs better for small time periods
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Figure 3.1: Relative Performance of Dynamically Optimal and
Pre-commitment Hedges.

The figure plots the relative performance measure A; (equation (240)) as a function of time for vary-
ing levels of market price of risk. The dynamically optimal policy outperforms the pre-commitment
one whenever A; > 0. Correlation and horizon parameters are assumed to be p = 0.5 and T = 1.
The volatility parameter v = 0.36 is taken from the estimate in Schwartz (1997), based on weekly oil
futures price data in January 1990-1995, while market price of risk range of [0.15,0.6] is consistent
with the estimates in Mehra and Prescott (1985), Cogley and Sargent (2008), and others.

t. However, at later dates, the dynamically optimal hedge performs better since the time-
inconsistency makes the pre-commitment hedge suboptimal. In the case when the non-
tradable asset and stock prices follow GBMSs, the relative performance measure, A, can
explicitly be computed (as reported in the proof of Proposition 3.3). Conveniently, this
measure depends only on the correlation parameter p, non-tradable asset volatility v, market

price of risk (u—7) /o, and the hedging horizon T'—¢. Since the relative performance measure
turns out to not be sensitive to p and v, we focus below on its behavior with respect to T'—1¢
and (u—r1)/o.

We consider a specific example in which the non-tradable asset is oil and the stock repre-
sents the stock of an oil producing company. The GBM model for oil prices is a special case
of those in Gibson and Schwartz (1990) and Schwartz (1997) when the convenience yield
is assumed constant rather than mean-reverting. Figure 3.1 plots the relative performance

measure A; over time for different market prices of risk. It demonstrates that for plausible
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parameters and one-year hedging horizon, the dynamically optimal policy starts outperform-
ing the pre-commitment policy from mid-year on. Moreover, for lower market price of risk,
the relative performance measure gets closer to zero, reflecting the fact that the difference

between the two policies is reduced (as observed from the expressions (243)—(244)).
3.3.2. Comparison with Static Policy

We now examine the classic static hedging problem in finance where an initial hedge, chosen
to minimize the hedging error variance, is not readjusted throughout the hedging period.
Due to its tractability and intuitive appeal, the static minimum-variance hedge is widely
used by both practitioners and academics. The classic theory of the static hedge and its
real-life applications are presented in all the prominent textbooks in derivatives and risk-
management (e.g., Duffie, 1989; Siegel and Siegel, 1990; Stultz, 2003; Cvitanic and Zapatero,
2004; McDonald, 2006; Hull, 2008), as well as being employed in empirical works (e.g.,
Ederington, 1979; Rolfo, 1980; Figlewski, 1984; Kamara and Siegel, 1987; Kerkvliet and
Moffett, 1991;In and Kim, 2006). As discussed in Section 3.4.1, a generalization of the static
hedge to static mean-variance hedge (incorporating additionally the mean in the hedging

criterion) is also widely employed in the literature.

A static hedger minimizes the variance of the hedging error at the initial date 0, subject

to the static budget constraint
Wpr = WoerT + Ho(ST/SO — erT), (246)

and holds the initially chosen hedge, 5t%%¢/Sy, in units of stock, throughout the hedging
horizon. The solution to this problem is easily obtained and the time-¢ static hedge is given

by45
COVo (ST/St, XT)
varg [ST/St] '

static __
et —_—

(247)

The static hedge is simply driven by the comovement of the stock return and the non-

tradable asset payoff over the remaining hedging period. The hedge is positive when the

45Since the hedger holds the same number of units of stock over the horizon, 057*¢ = (951" /S,)S,.
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stock is positively correlated with the asset payoff since then the stock better tracks the asset
payoff over the period. We observe that our optimal dynamic hedge (220) can equivalently

be rewritten as

covy(dS; /Sy, dEf [ Xpe~"(T=1)])

2
O

0; = (248)

Clearly, the dynamic hedge inherits the basic intuitive structure of the static hedge, but now
tracking comovement between the instantaneous stock return and the change in the hedge-
neutral asset payoff value, and so capturing the arrival of new information. The dynamic
hedge is positive for positive correlation between the stock and hedge-neutral value since

then the stock trading better replicates the non-tradable payoff.

One important difference between the static and dynamically optimal hedges is that
the static hedge in general does not provide a perfect hedge, even in dynamically complete
markets when p? = 1 (with one notable exception as discussed below), in contrast to the
dynamic one. This is because the static hedge cannot adjust to the arrival of new information
as it does not rebalance the initially chosen policy. Consequently, the dynamic hedge always
outperforms the static one when the market is close to being complete. We next compare
the two hedges and their performances under popular price dynamics for which the relative
performance measure A; (expression (240)) can explicitly be computed. In addition to
considering the non-tradable and stock prices following GBMs (241)—(242), we also study

the cases of their following ABMs

dXt = mdt+ljdth, (249)

dS; = pdt+ odwy, (250)
with m, v, @i, & constants, as well as the non-tradable asset following an OU process
dXt = )\(X — Xt)dt + ﬂdth, (251)

with X and A > 0 constants. Proposition 3.4 reports the results.

Proposition 3.4. The dynamically optimal and static hedges and their relative performances

under various non-tradable asset and stock price processes are as given in Table 3.1.
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Table 3.1
Optimal Dynamic and Static Hedges and Their Relative Performances

The table reports the dynamically optimal and static hedges and the sign of their relative performance
measure A; (equation (240)) when non-tradable asset and stock prices follow various stochastic
processes. We say that the dynamically optimal hedge outperforms the static one when A; is
positive, and underperforms when A, is negative. ABM, GBM and OU denote arithmetic Brownian
motion (equations (249)—(250)), geometric Brownian motion (equations (241)—-(242)) and Ornstein-
Uhlenbeck mean-reverting (equation (251)) processes, respectively. In all cases, we assume p # 0,
since otherwise the stock cannot hedge the non-traded asset and all the hedges are trivially zero.

Optimal Hedges Performance Processes
dynamic 6 static ;" sign Ay asset X stock S
PUS: pUSy 0 ABM ABM
[ea (o2

Xo ,(m—r—pr =) (T—t X0S; e”"T -1 (m—p)T + p>0

pVU t o(m—r—pr2T)( ) 50 t eeng_l e(m—p) { Jr/— 0<0 GBM GBM
7S, Ae MNT=1) fper(T—1) 7S, 1—e— T

s e e ot + ou  aBM
%67()\4’7“)(’1‘775) ngost le;)e;i? e—hT + ouU GBM

The dynamically optimal and static hedges coincide in the special case of the non-
tradable asset and stock prices both following ABMs. This is because, with random walk
prices, the non-tradable asset and stock price variances and covariances are deterministic
and hence the new information released over time does not help predict them better than
the information available at the initial date, and therefore the hedging problem is effectively
static by its nature. The two policies are considerably different, however, in the other settings
where the dynamic hedge typically outperforms the static one. In particular, when the non-
tradable asset and stock prices follow GBMs, the dynamically optimal policy outperforms
the static one when the correlation parameter p is positive. With a positive asset-stock
correlation, the stock process better imitates the fluctuations in the non-tradable asset price,
which improves the quality of hedging. When the correlation is negative, the dynamically
optimal hedge always outperforms after a certain period of time (as demonstrated in the
Appendix) but may underperform in the beginning if the stock market price of risk is
implausibly high. Finally, when the non-tradable asset price follows an OU process, the

dynamic hedge always outperforms. With the predictability in the non-tradable asset price
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present, the dynamic hedge better accounts for the arrival of new information over time,

and hence performs better.
3.3.3. Comparison with Myopic Policy

Finally, we compare the dynamically optimal and myopic hedges. At each point in time,
a myopic hedger hedges the instantaneous changes in the non-tradable asset price via the
instantaneous changes in tradable wealth. Hence, the myopic hedge can be viewed as the
static hedge over an infinitesimally small hedging horizon, repeated over time. The myopic
hedge retains the tractability of the static hedge which makes it appealing for practitioners
and academics (e.g., Kroner and Sultan, 1993; Lioui and Poncet, 2000; Brooks, Henry and
Persand, 2002).

The myopic hedger at each point of time minimizes the variance of the hedging error
over the next instant

min var[dX; — dWy], (252)

0
subject to the budget constraint (218). The variance of this instantaneous hedging error
can explicitly be computed to be given by a quadratic function of a hedging policy. The
minimization of this variance leads to the following explicit expression for the optimal myopic
policy:

pyrere = P x, (253)
O¢

The myopic hedge is simply the instantaneous version of the static hedge and is in general
different from the dynamically optimal hedge (220). In particular, the myopic hedge ignores
the potential impact of mean-returns on the hedging error variance since the first term in
the asset dynamics (216) is conditionally riskless over next instant. As a result, the myopic
policy in general does not provide a perfect hedge even in dynamically complete markets,
just like the static one. Consequently, it underperforms the dynamically optimal hedge when
the market is close to being complete. As in the previous Section, we compare the myopic

and dynamically optimal hedges for popular price processes, including GBMs (241)—(242),
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Table 3.2
Dynamically Optimal and Myopic Policies and Their Relative Performances

The table reports the dynamically optimal and myopic hedges and the sign of their relative perfor-
mance measure A; (equation (240)) when non-tradable asset and stock prices follow various stochas-
tic processes. We say that the dynamically optimal hedge outperforms the myopic one when Ay is
positive, and underperforms when A, is negative. ABM, GBM and OU denote arithmetic Brownian
motion (equations (249)—(250)), geometric Brownian motion (equations (241)—-(242)) and Ornstein-
Uhlenbeck mean-reverting (equation (251)) processes, respectively. In all cases, we assume p # 0,
since otherwise the stock cannot hedge the non-traded asset and all the hedges are trivially zero.

Optimal Hedges Performance Processes
dynamic 6} myopic 0% sign Ay asset X stock S
275 75 0 ABM ABM
0 m-r _ p-r
v g
pVUXt e(m—r—pr225)(T—t) PVUXt + p>0, m-r > p'u -r GBM GBM
v o

m—-rT T
<ot

prSt )\efMTf;\:_treT(Tit) ﬂvﬁst + ou ABM
07 = () (T—1) oo n ou GBM

ABMs (249)-(250), and OU (251). Proposition 3.5 reports the two hedges under these

settings, as well as their relative performances.

Proposition 3.5. The dynamically optimal and myopic hedges and their relative perfor-

mances under various non-tradable asset and stock price processes are as given in Table 3.2.

The myopic and dynamically optimal hedges coincide under the random walk environ-
ment of ABM since the hedging problem is effectively static by its nature, as discussed in
Section 3.3.2. In the other environments, the two hedges generically differ, with the dy-
namically optimal hedge typically outperforming the myopic hedge. With predictable OU
non-tradable asset prices, the dynamically optimal policy better incorporates the arrival of
new information and hence outperforms the myopic one, as in static case of Section 3.3.2.
When the asset and stock both follow GBMs, the two hedges coincide in the very special

case of the non-tradable asset market price of risk equalling that of the stock (adjusted by
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correlation p). The reason is that in this case the tradable wealth better tracks the non-
tradable asset price since the myopic hedge not only minimizes the instantaneous hedging
error variance but also matches the risk premia on the non-tradable asset and tradable
wealth.*® The dynamically optimal hedge, however, outperforms for positive asset-stock
correlation and relatively high asset market price of risk, and otherwise can outperform or
underperform. As an example, consider the case of hedging gas prices that follow GBM
with parameters m = 0.836 and v = 0.59 (approximated from OU gas log-prices estimated
in Jalliet, Ronn and Tompaidis (2004)). In this case, the dynamically optimal policy out-
performs the myopic one for positive correlation and plausible stock market prices of risk of

[0.15,0.6].
3.4. Extensions

We now generalize the results on minimum-variance hedging derived in Section 3.2 along
two dimensions. First, we consider a more general model in which the hedger is guided
by a linear mean-variance criterion over the hedging error. Second, we demonstrate that
the minimum-variance hedging model can easily be extended to a richer environment with

multiple non-tradable assets and stocks.
3.4.1. Mean-Variance Hedging and Benchmark Tracking

We here consider a hedger who also accounts for the mean hedging error, and trades it off
against the hedging error variance. Such a mean-variance hedging criterion is commonly
employed in a variety of, primarily static, settings (e.g., Anderson and Danthine, 1980, 1981,
1983; Hirshleifer, 1988; Duffie, 1989; Duffie and Jackson, 1989). Our analysis in this Section
is also related to the literature on portfolio management with benchmarking. In this liter-
ature, money managers are evaluated relative to a benchmark portfolio and are concerned
about their tracking error, defined as the deviation of a manager’s performance from that of

the benchmark. The mean-variance tracking error model amounts to mean-variance hedging

46More generally, it can be shown that the dynamically optimal and myopic hedges coincide whenever
(m¢ —r)/ve = p(ue — 7)/o¢. The intuition is the same as in the case of GBM asset and stock prices.
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if we relabel the non-tradable asset X as the benchmark portfolio and observe that tracking
error is the negative of hedging error. Roll (1992), Jorion (2003), Gomez and Zapatero
(2003), Cornell and Roll (2005) discuss the implications of such benchmarking on portfolio
efficiency and asset pricing. Chan, Karceski and Lakonishok (1999) and Costa and Paiva
(2002) discuss the implications of estimation risk and robust portfolio selection with bench-
marking. These works all employ a static mean-variance framework by either minimizing
the tracking error variance for a given mean, or maximizing the tracking error mean for a

given variance.

A dynamic mean-variance hedger chooses an optimal hedge, trading-off lower variance

against higher mean of hedging error, by solving the dynamic problem
max B[ X — Wr] - %Vart[XT — W, (254)
t

subject to the budget constraint (218), where the parameter -y captures the hedger’s attitudes
towards risk. The optimal quality of the hedge is measured by the value function J;, given
by the criterion in (254) evaluated at the optimal policy. As in Section 3.2 we consider the
time-consistent solution to problem (254) obtained by dynamic programming. Proposition

3.6 reports the dynamically optimal hedging policy along with the value function.

Proposition 3.6. The dynamically optimal mean-variance hedge, 0;, and the corresponding

value function, Jy, are given by

0; = %Xt 6E;‘[X;;:<Tt)] + St 8E;‘[ngt’"(Tt)] — ﬂ;;?Te_T(T_t) (255)
* T1 (ps—r 2 —r(T— * T 1 (ps—r 2 —r(T—
N fZXtaEt [(ft $<M°5X3 ds)e (T t)] +StaEt K : ’IV(HC;S? ds)e (T t)}?
_r\2
Joo= —3(=p)E| /t ' u?Xf(aEs [XTH"’;;S(%) ] ) as] (256)
R R GO

Proposition 3.6 reveals that the dynamically optimal mean-variance hedge is comprised

of three types of terms. The first two terms in (255) comprise the variance-minimizing
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hedge of Section 3.2, reflecting the hedger’s aversion towards hedging error variance. The
third term is the speculative demand, as referred to in the related works (e.g., Anderson
and Danthine, 1980, 1981; Duffie, 1989), and arises due to the hedger’s desire for high mean
hedging error. Finally, the last two terms in (255) are the intertemporal hedging demands,
familiar in the portfolio choice literature. These demands arise due to the fluctuations in
the non-tradable asset and stock mean returns and volatilities, and in our framework are

simply given by the sensitivities of the hedge-neutral value of anticipated speculative gains.

The optimal hedge (255) can explicitly be computed for specific stochastic environments,
as in the case of the minimum-variance hedge. However, in this case, the computations are
more involved, and the hedge depends on the hedger-specific parameter v. Moreover, in
contrast to the minimum-variance hedge, the dynamically optimal mean-variance hedge, in
general, differs from its associated pre-commitment one even in complete markets. Fur-
thermore, even though the hedging problem can be reduced to one with a time-consistent
criterion under some conditions as in Section 3.2.4, the solution from such a criterion does
not, in general, coincide with the actual one (255), unlike in the minimum-variance case.
The value function (256) that measures the quality of the optimal hedge implies a better
hedge with a higher value. However, it can be verified that unlike the minimum-variance
hedge, the optimal mean-variance hedge does not provide a perfect hedge (i.e., having zero
hedging error variance) even in complete markets because the hedger forgoes lower hedging

error variance for higher mean.
3.4.2. Multi-dimensional case

We now demonstrate that the results of Section 3.2 can be extended to the case with
multiple non-tradable assets and stocks. We consider an economy in which uncertainty
is generated by two multi-dimensional Brownian motions wx = (wxi, ..., wx N)T and w =
(wy,...,wg)". By p we denote the N x K correlation matrix with elements p = {pnx}

representing correlations between the Brownian motions wy, and wy.
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There are N non-tradable assets whose prices, X = (X1, ..., Xy) ', follow dynamics

dX;¢
Xit

= m; (X, 0)dt + v ( Xy, t) T dwse, i=1,..,N, (257)

where m; and v; are deterministic functions of X. We let m = (mq,...,my)" and v =
(V1,...,vx) " denote the vector of mean returns and the volatility matrix whose elements v =
{vni} represent covariances between the non-tradable asset returns and Brownian motion
wy. At future date T, the hedger is committed to hold a portfolio of non-tradable assets
with payoff ¢ X7, where ¢ = (¢1,...,¢n)" denotes the vector of units held in assets. An
asset that is not held by the hedger (¢; = 0) may still affect the dynamics of the assets held
and can be relabeled to be a state variable, such as economic conditions, temperature or

precipitation level.

The risk associated with the portfolio of non-tradable assets can be hedged by trading
in a riskless bond with constant interest rate r and K tradable securities with prices S =
(S, ...,8%) " that follow the dynamics

dS;i

S :Mj(St,Xt,t)dt+O'j(St,Xt,t)wat, ] == 1,...,K, (258)
J

where p; and o; are deterministic functions of S and we let p = (p1,..., ux)| and o =
(01 sy O'K)T denote the vector of mean returns and the volatility matrix of stock returns,
assumed invertible, respectively. The hedger chooses a hedging policy, 8 = (01, ..., 0k ), where
0; denotes the vector of dollar amounts invested in stocks at time t. The tradable wealth

W then follows the process
AW, = [rW, + 9:(/% —r)|dt + GQ—Jtdwt. (259)

The hedger’s dynamic optimization problem is as in Section 3.2. At each time ¢, she mini-
mizes the variance of her hedging error, ¢ ' X7 — Wy, subject to the budget constraint (259).
The optimal policy is then derived by dynamic programming as in Section 3.2. Proposition

3.7 reports the dynamically optimal hedge and its associated quality.

Proposition 3.7. The optimal hedging policy and the corresponding variance of hedging
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error are given by

OFE;[¢p" Xre "(T-1)

. 7 OFE* TX efr(Tft)
o = (up o) Ty 2 T Ly Sgr200)
t t
T OFE*6T X OF*[¢T X
vanlo™Xr - W5) = B[ S 1= ooy P20 X ) o)
t S S

where Ix, and Ig, are square matrices with the main diagonals X1y, ..., Xyt and Si¢, ..., Skt,
respectively, I a K x K identity matriz, and E[[-] denotes the expectation under the unique
hedge-neutral measure P* on which are defined N -dimensional Brownian motion wy and
K-dimensional Brownian motion w* with correlation p such that the process for the non-

tradable assets, X, and stock prices, S, are given by

dX; _ . )
X‘Zt — (mit—y;t'—p—ratl(m—r)) dt—{—ui—trdth, 1=1,...,N,
(A
dsS;
Tjt = rdt+o}dwf, j=1,..K,
J

and the P*-measure is defined by the Radon-Nikodym derivative

dpP* — 6_% ./g(MS_T)T(UsU;r)il(MS_r)ds_.be(Ugl(ﬂs_r))was‘
dP

The dynamically optimal hedge (260) has the same structure as in the case of the sin-
gle non-tradable asset and stock, but now additionally incorporates the effects of cross-
correlations. This hedge can explicitly be computed for various stochastic investment op-
portunities, leading to a rich set of comparative statics. The expression (261) for the optimal
hedging error variance reveals that the dynamically optimal hedge provides a perfect hedge

when p' p = I, which generalizes the market completeness condition of Section 3.2.
3.5. Conclusion

This work tackles the problem of dynamic hedging in incomplete markets and provides
tractable optimal hedges according to the traditional minimum-variance criterion over the
hedging error. The optimal hedges are shown to retain both the simple structure of complete-

market hedges and the intuitive features of static hedges, and are in terms of the familiar
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Greeks, widely employed in risk management applications. Moreover, in contrast to the
existing literature, the hedges are derived via dynamic programming and hence are time-
consistent. The dynamically optimal hedges are shown to outperform the static and myopic
ones in plausible stochastic environments, coinciding with them only in the simple case of
both risky assets following ABMs. They also outperform the pre-commitment hedges after a
period of time, as demonstrated in the case of assets following GBMs. Due to its tractability,

the baseline analysis can easily be extended in various directions, as shown in the paper.
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3.6. Appendix: Proofs

Proof of Proposition 3.1. We obtain the optimal hedge (220) by following the method-
ology in Chapter 2 and applying dynamic programming to the value function J;, defined

as

J (X, Sg, Wi, t) = vary [ Xp — Wr]. (262)

Suppose, the hedger rebalances the portfolio over time intervals 7. The law of total variance

(234) substituted into (262) yields a recursive representation for the value function:
Jt = Héln Et[t]t+7'] + var [EtJrT(XT - WT)] (263)
t
We next substitute Wy in (263) by its integral form
T T
Wr = Wye'(T—0 +/ Os(ps — r)eT(T_S)dS +/ 0505”7 dwy,, (264)
t t

obtained from the budget constraint (218), and take into account that optimal hedges 0},
€ [t+7,T], are already known at time-t from backward induction. Letting the time interval

7 shrink to zero and manipulating (263), we obtain the continuous-time HJB equation
0 = min Fy[d.)] + vare[dG) — d(We =), (265)
t
with the terminal condition Jy = 0, where G; is defined by
T
G(Xy, Sy, Wi, t) = Ey[Xp — / 0% (s — r)e" T ds]. (266)
t

We note that 0f, J; and G; do not depend on wealth W;. To verify this, we substitute Wp
n (264) into the variance criterion and observe that the variance criterion is not affected by
W¢, and hence 0}, J; and G; depend only on X;, S; and t. Applying Ito’s lemma to J, Gy
and Wyer 1), substituting them into (265) and computing the variance term, we obtain

the equation

0Gy 0G; 0G oG
O—DJt + l/t2X2<aX> +2p1/tO'tXtStaXi aSZ 252(85;)
oG oG
2 2 QT(T t) t L\ r(T—t)
+ Héln |:9 20,0 (,OUtXt 9X, + 01 S —— a5, ) i| , (267)
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subject to Jr = 0. The minimization in (267) has a unique solution

0Gt —r(r—1) , g 9Gt —r(r—1),

. v
o =" tXt X, 95,

(268)

Substituting (268) back into (267), we obtain the following PDE for the value function

0G; )

DJt + (1 - )<VtXt 8X

=0, (269)

with the terminal condition Jr = 0. The Feynman-Kac solution (Karatzas and Shreve,

1991) to equation (269) is then given by

J, = (1 p))Es [/tT <VSX52§;i)2ds]. (270)

To complete the proof it remains to determine the process G; in terms of the exogenous
model parameters. By applying the Feynman-Kac theorem to (266), we obtain a PDE for

Gy. Substituting 0; from (268) into this PDE, we obtain the equation

2
0 Gt 526 Gt) :0,

8Gt me —T 6Gt 6Gt 28 G
i+ (memn ) X oty (X G b S g ot

ot 0X, 95, toxz

with the terminal condition G = Xp. Its Feynman-Kac solution is then given by
Gy = By [X7], (271)

where the expectation is under the unique probability measure P* on which are defined two
Brownian motions wy and w* such that under P* the asset X and stock S follow the pro-
cesses given in (222). Substituting (271) into (268) and (270) yields the optimal hedge (220)
and the hedging error variance (221), respectively. To find the Radon-Nikodym derivative
dP*/dP, we decompose the Brownian motion wyx as dwxy = pdw; + de#, where
wit = (wyx — pwy)/ \/m is a Brownian motion uncorrelated with w;. Applying the
Girsanov’s theorem (Karatzas and Shreve, 1991) to the two-dimensional Brownian motion

(wy, wi-) T yields the Radon-Nikodym derivative (223).

Finally, we derive the representation (225) for E;[Xre "(T=8] by first taking the expec-
tation of (264)

T
B [Wi — wer@- )} - B, [/ 0% (115 — r)e" T=)ds] , (272)
t
and then substituting (271) and (272) into (266).
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Proof of Corollary 3.1. Under the probability measure P*, the process (226) becomes

dX, = (A + pﬂ)( - Xt)dt + pdw?,, (273)

A+ pv

for which the conditional moments are well-known (e.g., Vasicek, 1977), yielding

AX AX _
iyl My — (\p2)(T—1)
;[ Xr] /\+pﬁ+( t /\+pp)e :

Substituting this into the expressions in Proposition 3.1 yields the desired expressions (228)—

(229).

Q.E.D.

Proof of Corollary 3.2. Under the probability measure P*, the process (230) follows

dynamics
AX

— X v/ Xpdw,. 274
)\—l—pD(,u—r) t)dt+1/ tdth ( 7 )

ax, = (\+po(p—n)) (

The conditional expectation of Xr is well-known (e.g., Cox, Ingersoll, and Ross, 1985) to

be
EiXp = — X ( L A—X>67<A+pv(ufr)>(m),
A+ po(p—r) A+ po(p—r)
Substituting this into the expressions in Proposition 3.1 yields (232)—(233). Q.E.D.

Proof of Proposition 3.2. First, we derive a variation of the law of total variance.
From the law of total variance (234) with an infinitesimally small interval 7, we obtain the

following equality in differential form:
0= By |dvar,(Xr — Wr) + vars(dEs[ X7 — Wr] )]. (275)

Integrating (275) from t to T yields

T
var [ Xp — Wy = E, [/ varg(dEs[ X1 — Wr])

t = ds] : (276)

From the assumption u; — r = 0 and the integrated budget constraint (264), it follows
that Ey[Wr] = Wie"T=Y. Hence, by Itd’s lemma

OB (X1] o OFi[X1] T

dEt[XT — WT] = ()dt + VtXtT)Q Tst

dwt — Htoter dwt. (277)
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Substituting (277) into (276) and computing vars(dE:[ X7 — Wr]), we obtain:

OE,[X7]
X, 85,

0X,
(278)

T
vary [ X0—Wr] = E, {/ (080567"(T_5)—pV3X8
t

Minimizing the expression under the integral in (278) gives the global minimum to the
variance criterion, yielding the hedge (235). Finally, we observe that for u; —r = 0, the
dynamically optimal hedge (220) coincides with the hedge (235) since the Radon-Nikodym

derivative (223) equals unity, and hence the the variance criterion is time—consistentQ ED

Proof of Corollary 3.3. The hedging criterion (238) can be represented in integral form
(276) in which all the expectations and variances are under the measure P" (223). By
definition of a risk-neutral measure P", the stock mean return equals r, and hence E}[Wr] =
Wye"T=%) . Then, along the same lines as in the proof of Proposition 3.2, replacing at each
step Ex[-] and var[-] by E/[] and var][], respectively, it can be shown that the criterion

(238) is time-consistent and the solution is given by (220). Q.E.D.

Proof of Proposition 3.3. We first compute the optimal hedges and hedging error vari-
ances, and then derive the properties of the performance measure A;. From Proposition
3.1, under the measure P* the process X is a GBM with mean return (m — pv(u —r)/o)

and volatility v, which then yields
Ef[X7] = Xpelm—pvlu=n)/o)(T—t), (279)

Substituting (279) into Proposition 3.1, we obtain the dynamically optimal hedge (243) and

the associated hedging error variance

. (2 42p0 0 (T—1) _ 4
vany (X = Wi = (1= )P Xpe e SO0 05— s mn(280)
Ve + 2pv5—

The optimal pre-commitment hedge (244) for the case of r = 0 and Wy = 0 has been

obtained by Duffie and Richardson (1991) in the context of futures hedging.*” To obtain

4"For the case of r > 0, Duffie and Richardson provide the optimal pre-commitment hedge assuming
interest accrues to a futures margin account, and so such a hedge will be different from that in our economic
setting.
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it for our case of r > 0 and Wy > 0, we observe that the budget constraint (218) can
equivalently be rewritten as

AWy = ;i dt + 05 dwy, (281)
where W, = Wie" T8 — Woe'™, iy = (u—r)e" T, 5, = ge" T, The hedging problem
with the budget constraint (281) reduces to the case with r = 0 and Wy = 0, and hence the

pre-commitment hedge (244) is easily obtained from the solution in Duffie and Richardson.

We next determine var;[ X7 — WE™mi] by deriving the first and second moments of an

auxiliary process H; which coincides with the hedging error at t = T" and is defined as
H, = Xte(m—r—pu%)(T—t) N WtCOmmiteT(T_t). (282)

Substituting the pre-commitment hedge (244) into the budget constraint (218) and applying

It0’s lemma to H; we obtain:

n=r
o

T=8) dupi-. (283)

— 2 _
dH, = (“ ~ T) (HO—Ht)dt+%(Ho—Ht)dwt+\/1 Ry Xemeey

Integrating (283) from ¢ to 7 and taking the time-¢ expectation on both sides yields a simple

linear integral equation for Fy[H,|, the unique solution to which is given by

Ey[H,] = Ho + (H; — Ho)e (& )*(7=1),

To find the second moment of H;, we apply Ito’s lemma to (H; — Hp)?:

—7\2 By
d(H,—Hy)? = —((“J ) (Hy— Ho)?— (1— p2)2 X 2e2m=prEZ5)(T t>)dt+(...)dwt+(...)dw§.

Integrating both sides from ¢ to 7 and then taking the time-t expectation we obtain E;[(H,—

Hy)?] as the solution to a linear integral equation given by

E(H, — Ho)? = (H,— Hp)%e ("))

(4200 E58) (1=) _ p=(E55)2(r—1)

o

—r e
+ (1-— 2 VZAX-QeQ(mfpl/”(7 )(T—t)
( P ) t 1/2—{—2pl/M;r +(/L;7")2

Given the first two moments of H; and taking into account that Hp = Xp — Wff’mm“, we

obtain:

vary [ Xp — W§ommit] = (H, — Hy)2e~(")*(T-0) (1 - e—<%>2<T—t>) (284)
(V420 E20)(T—t) _ o= (E55)2(T—t)

V2 4 20T 4 (15T

[

p—r

4 (1_p2)y2Xt262(m—pI/ ) (T-t) €
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Since the second moments of X; and H; are determined explicitly, it is straightforward
to explicitly compute Eg[var;(Xr — Wi)] and Eo[vary (X7 — WEmmi)]. The relative perfor-

mance measure (240) is then given by:

—r v? Py e i P Y g A
At — VQ + QPVM? _(%)2(11_” e( +2p o +( o ) )(T t) -1
)2

v?+ 2/)1/% + (% e(ﬂ-i—?pu%)(T—t) -1

1 — e~ (P2 EE (5252t

+ = ’ (1 - e(“a’??(Tﬁ))) ~1. (285)

6(zzerQpD%)(Tft) 1
Letting ¢ go to T in (285), it is easy to show that Ap > 0, and hence there exists a time ¢

such that A; > 0 whenever t > t.

Finally, we derive relation (245) by rearranging terms in (225) and substituting 871%})1)

Proof of Proposition 3.4. First, we consider the case when both risky assets follow
ABMs (249)—(250). From Proposition 3.1, the process for X under the measure P* is given

by

dX; = (m— pﬂu — rst)dt + vdw’yy.

Integrating from ¢ to T' and taking the expectation E;[-] on both sides we obtain:

(T =) = ST — 1)

EfXr) =X, +m(T —t)—p =

Substituting this into Proposition 3.1 yields the optimal hedge reported in Table 3.1. Since
X and S follow ABMs, covo(Xt, St) = ppaT and varg(St) = 62T. Substituting these into
gstatic in (247), we obtain the static hedge, which coincides with the dynamic one, and hence

Ay =0.

When the risky asset prices follow GBMs (241)—(242), the dynamically optimal hedge
and its corresponding hedging error variance are given by (243) and (280), respectively. The
static hedge reported in Table 3.1 is obtained from (247) by observing that since X7, S?

and X;.5; follow GBMs,

var [ Xr] = X2 T (e T0 1) var[S7] = 52T (7 (T=H) _ 1), (286)

cov (X7, S7) = X Se2mHmT=t) gpro(T=t) _q), (287)
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Substituting W3 from the static budget constraint (246) into the hedging error vari-

ance we obtain

) static gstatic 2
var [ X7 — Wile') = var, [X7] — 2 OS covy(Xp, St) + ( OS ) var[St]. (288)
0 0

We now show that for p > 0 the performance measure (240) is positive in this GBMs
case. We note that the static hedging error variance (288) is a quadratic function of 6, the
minimization of which along with the expressions (286)-(287) gives the lower bound for the

static hedging error variance:

. B 2 (epI/O’(T—t) _ 1)2
var, [Xp — Witetie] > x2e2m(T—1) <e” (T=t) _1 - el B (289)
We next rewrite the dynamically optimal hedging error variance (280) in integral form and

find its upper bound for p > 0 as:

B

T
varg[ X — Wy = Xf(l—p2)1/262m(T_t)/ e 2T (T=8) (571 g g (290)
t

T
< Xt2(1 _ p2)y262m(T—t)/ eu2(s—t)ds _ Xt2(1 _ pQ)eQm(T—t)(eu2(T—t) —1).
t

A sufficient condition for the dynamically optimal variance to be lower than the static one

is that the upper bound in (290) is below the lower bound in (289), which is equivalent to

(ePVU(Tt) _ 1)2 - (602(T;) _ 1> (eVQ(Tt) _ 1). (201)

pro o V2

To show that inequality holds, we rewrite its left-hand side as a squared integral, estimate

it from above and then apply the Cauchy-Schwartz inequality:

</tT ep”U(T_S)ds)2§ (/tT e(éJrL;)(T_S)ds)Qg (/tT 6‘72(T_8)ds> (/tT e”Q(T_S)d.s). (292)

Computing the integrals in (292) we obtain inequality (291), and hence A; > 0.

For p < 0 in the case of GBMs, we demonstrate that 6; still outperforms after a certain
period of time ¢. Substituting the dynamically optimal and static hedging error variances,
(280) and (288), into the performance measure (240), and taking limit as ¢ goes to T we

obtain:

estatic egtatic estatic

EO[V2X’% — 2pvo X7 St-° + 028%( S )2] Ey[(pv X1 — St OSo )2]

Ar = 2 250 2 —l= 2),2 2
(1 = p?)v2E[X7] (1 = p?)v2Ey[X7]
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Since A > 0 there exists ¢ such that A; > 0 whenever ¢t > . For some parameter values of

p, o, v and T, the performance measure A; can become negative but only for implausibly

large (1 —1)/0.®

The remainder of the results for the case when the asset X follows an OU process and the
stock S follows either an ABM or a GBM can be obtained along the lines of above. First,
we compute the optimal hedges and corresponding hedging error variances by applying
Proposition 3.1. Then, we characterize the static hedges by computing relevant moments
for the processes Xy, St and X.S;. Finally, we obtain a lower bound for the static hedging
error variance as above, and compare it with the dynamically optimal one or its upper

bound. Q.E.D.

Proof of Proposition 3.5. The dynamically optimal hedges reported in Table 3.2 are
the same as in Table 3.1, while the myopic hedges are immediate from the expression (253).

Thus, it remains to compare the relative performances.

When the risky assets follow ABMs, the two hedges coincide and hence A; = 0. Turning
to the case when both X and S follow GBMs, we derive the myopic hedging error variance
using the expanded law of total variance (276) and compare it with the dynamically optimal
one. From the budget constraint in integral form (264) and the expression for the myopic

hedge we obtain:

. _ T
Et[XT _ Wj’fyopzc] _ Xtem(Tft) (1 _ pVM r / ef(mfr)(Tfs)d8> B Wter(Tft)'
t

(2

Applying Itd’s lemma, we derive dE¢[Xp — WiV "], substitute it into the law of total

variance (276), and after some algebra determine the myopic hedging error variance:

; T 1 o= (m=r)(T=5)\ 9
var [XT _ Wr}nyOPZC] — Xt21/262m(T_t) /; €V2 (s—t) ((1 _ p2) (1 - pV,Uz - r ]. em — >
o o(m—1  p—r\2/1 — e (m=7)(T—s)\ 2
+ pv ( > P— ) ( o > )ds. (293)

48For example, if p = —0.2, v = 0.36, 0 = 0.16 and T = 1, the static policy outperforms at time 0 only for
(w—7)/o > 0.6. If the parameter p increases in absolute value, the lower boundary for the market price of
risk also increases.
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We now show that if (m —r)/v > p(u — r)/o, the dynamically optimal hedge outperforms
the myopic one. Comparing the dynamically optimal and myopic hedging error variances
given by (290) and (293) we observe that a sufficient condition for the dynamically optimal
hedge to outperform the myopic one is

w—r 1— 6—(m—7‘)(T—t)

1—pv > et (T-1),

m—r

This inequality can equivalently be rewritten as
T . T
/ T8 g > / e—(m=)(T=3) g
t ¢

which holds whenever condition (m — r)/v > p(u — r)/o is satisfied. If this condition is

violated, the dynamically optimal hedge can outperform or underperform.

The remainder of the relative performance results for the case when the asset X follows an
OU process while the stock S is an ABM or a GBM are obtained similarly. The dynamically
optimal and myopic hedging error variances are obtained from the expressions (221) and
(276). Tt is then directly observed that the myopic hedging error variance exceeds the

dynamically optimal one for all parameters, and hence A; > 0. Q.E.D.

Proof of Proposition 3.6. The proof is similar to the proof of Proposition 3.1. The

hedging problem is solved via dynamic programming and the value function is defined as:
J(Xy, Sp, Wi, t) = By[Xp — Wi — %vart (X7 — Wi (294)

Applying the law of total variance along the same steps as in the proof of Proposition 3.1,
we obtain an HJB equation. To solve this equation, substituting the budget constraint in
integral form (264) into the hedger’s objective (254), we show that the objective is linear in
W} and hence 6f and G do not depend on W;. In contrast to the minimum-variance case,

the value function linearly depends on Wie™T=") and can be represented as:

J(Xt, Sy, Wy, t) = Wter(T_t) + j(Xt, St, t).

(T-t)

Applying It6’s lemma to the processes jt, Gy and Wie™ we obtain a PDE for the value

function and the optimal hedge in a recursive form. The optimal hedge in terms of exogenous
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parameters is then obtained by applying the Feynman-Kac theorem, as in Proposition 3.1.

Solving the PDE for J;, we obtain the value function (256). Q.E.D

Proof of Proposition 3.7. Proposition 3.7 is a multidimensional version of Proposition
3.1 and can be proven along the same lines. Fist, using the law of total variance, we derive an
HJB equation and then the optimal hedge in a recursive form. Then, applying the Feynman-
Kac theorem we find the optimal hedge in terms of exogenous parameters. Finally, solving

the HJB PDE for the value function, we obtain the hedging error variance in closed o%
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