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Antiferromagnetic spin Seebeck effect across the spin-flop transition:
A stochastic Ginzburg-Landau simulation
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We investigate the antiferromagnetic spin Seebeck effect across the spin-flop transition in a numerical
simulation based on the time-dependent Ginzburg-Landau equation for a bilayer of a uniaxial insulating
antiferromagnet and an adjacent metal. By directly simulating the rate of change of the conduction-electron spin
density s in the adjacent metal layer, we demonstrate that a sign reversal of the antiferromagnetic spin Seebeck
effect across the spin-flop transition occurs when the interfacial coupling of s to the staggered magnetization
n of the antiferromagnet dominates, whereas no sign reversal appears when the interfacial coupling of s to
the magnetization m dominates. Moreover, we show that the sign reversal is influenced by the degree of spin
dephasing in the metal layer. Our result indicates that the sign reversal is not a generic property of a simple
uniaxial antiferromagnet, but controlled by microscopic details of the exchange coupling at the interface and the
spin dephasing in the metal layer.
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I. INTRODUCTION

Although an antiferromagnet violates the rotational sym-
metry in spin space [1], it does not show net magnetization
under zero magnetic field [2]. Because of this magnetically
silent feature on a macroscopic scale, in comparison to fer-
romagnets, antiferromagnets had not been a major player in
practical applications of magnets [3]. However, the advent of
spintronic technology put a new twist on this practice because
manipulation of spins on the subatomic scale allows us to har-
ness the staggered moments in antiferromagnets. Indeed, the
discovery of the exchange bias effect has opened up industrial
applications of antiferromagnets [3]. Since then, especially
over the last 10 years, substantial progress has been made in
antiferromagnetic (AF) spintronics [4–6], as exemplified by
an extraordinarily good spin transport property [7–11] and an
electrical manipulation of the Néel ordered parameter [12,13].
Therefore, it is of significant importance to investigate the spin
current physics in antiferromagnets.

For the investigation of spin current physics, one choice
is to use the spin Seebeck effect (SSE) as it is a simple and
versatile means for generating the spin current from a tem-
perature bias [14,15]. Since discovered in a ferromagnet [16],
the SSE has been extensively studied in a series of insulating
ferrimagnets [15,17,18]. The SSE has recently been extended
to insulating antiferromagnets such as Cr2O3 [19], MnF2 [20],
NiO [21,22], α-Cu2V2O7 [23], and FeF2 [24]. This AF SSE
offers a nice playground to investigate the interplay of spin
current and antiferromagnetism [25–28].

Recently, the AF SSE was observed in Cr2O3 with a si-
multaneous measurement of the AF spin pumping [29]. This
material is a uniaxial antiferromagnet, and under a magnetic
field parallel to the anisotropy field the system exhibits a

spin-flop (SF) transition, i.e., a spin structural transition from
parallel to perpendicular configurations with respect to the AF
easy axis [3]. A surprising feature of the result is that the
sign of the SSE signal is reversed across the SF transition.
Subsequently, a similar behavior is reported in α-Fe2O3 [30].

Experimentally, in previous AF SSE measurements such
a sign reversal was not observed either in Cr2O3 [19] or in
MnF2 [20]. On the theoretical side, the sign of the AF SSE
below the SF transition was argued to be the same as the
ferromagnetic SSE in Ref. [31] using the Holstein-Primakoff
magnons valid at low temperatures (see supplemental material
therein). The same conclusion was derived in Ref. [32] using
the Ginzburg-Landau model valid near the Néel temperature.
By contrast, it was argued quite recently [33] that the sign
of the AF SSE below the SF transition is opposite to that
of the ferromagnetic SSE. Given these conflicting results,
clarification of whether or not the sign reversal of the SSE
is a generic property of a simple uniaxial antiferromagnet is
an urgent issue.

In this paper, we present a numerical investigation of
the AF SSE across the SF transition. We simulate the
time-dependent Ginzburg-Landau (TDGL) equation for an
insulating uniaxial antiferromagnet with thermal noise. In
thermal equilibrium, the Ginzburg-Landau model is well
known to describe the SF transition near the Néel tempera-
ture (see Sec. 48 of Ref. [34]). The TDGL equation which
we employ here [32,35,36] is an appropriate dynamical gen-
eralization of the equilibrium Ginzburg-Landau model. By
simulating the spin current pumped into the adjacent para-
magnetic (PM) metal that acts as a spin-Hall electrode, we
examine temperature and magnetic field dependences of the
AF SSE across the SF transition. Then we show that the
sign of the AF SSE across the SF transition is determined by
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the microscopic details of the interfacial exchange coupling
between the antiferromagnet and the spin-Hall electrode.
Namely, when the conduction-electron spin density s of the
spin-Hall electrode dominantly couples to the staggered mag-
netization n of the antiferromagnet (we term this interaction
“Néel coupling,” which is allowed for interfaces as exempli-
fied by the exchange bias effect), the AF SSE reverses its
sign across the SF transition. By contrast, when s dominantly
couples to the magnetization m (we term this interaction
“magnetic coupling”), no sign reversal appears. Moreover, the
appearance of the sign reversal also requires the condition that
the spin dephasing of s is not too strong (for a quantitative
discussion, see Sec. V). Based on these results, we propose a
possible mechanism for the sign reversal. That is, the presence
of the sign reversal in recent experiments for Cr2O3 [29] and
α-Fe2O3 [30] may be understood as a result of the sizable
Néel coupling at the interface, whereas its absence in previous
experiments for Cr2O3 [19] and MnF2 [20] may be due to the
dominant role of the magnetic coupling.

The rest of this paper is organized as follows. In Sec. II, we
describe our model, i.e., the TDGL for a uniaxial antiferro-
magnet that exhibits the SF transition. In Sec. III, we calculate
the equilibrium phase diagram of the system and perform
a numerical simulation of the antiferromagnetic resonance
(AFMR), in order to check if our model can appropriately
describe known physical properties of a uniaxial antiferro-
magnet. In Sec. IV, we perform a numerical simulation of the
AF SSE to investigate the sign-reversal phenomenon across
the SF transition. The results are discussed in Sec. V and a
conclusion is given in Sec. VI.

II. MODEL

In this section, we describe the TDGL model used in this
paper. We consider a bilayer composed of an antiferromag-
netic insulator (AFI) with its temperature T and a metal (M)
playing the role of spin-Hall electrode with its temperature
T + �T , as shown in Fig. 1.

First, we focus on the AFI layer. For AFI, we use the
Ginzburg-Landau free energy of the following form [32,34]:

FAFI = ε0v0

{
u2

2
n2 + u4

4
(n2)2 + K0

2
(n × ẑ)2

+ K1

2
(n · x̂)2 + D

2
(n · m)2 + D′

2
m2n2

+ r0

2
m2 − Hex

h0
· m

}
, (1)

where m and n are, respectively, the total magnetization and
staggered magnetization which are coarse grained within an
effective cell volume v0. Here, ε0 is the magnetic energy den-
sity, and h0 = ε0v0/(γ h̄) is the unit of the magnetic field with
γ and h̄ being the gyromagnetic ratio and Planck constant,
respectively. The distance from the Néel temperature TN is
measured by u2 = (T − TN)/TN, u4 is the quartic coefficient,
and K0 (K1) is the uniaxial (in-plane) anisotropy [37]. The
dimensionless coefficient r−1

0 = A/(T + �) with two param-
eters A and � gives the PM susceptibility in the PM phase, and
terms proportional to D and D′ describe the coupling between
m and n. Here and hereafter, we only consider a spatially uni-

FIG. 1. Schematic illustration considered in this paper for the AF
SSE. AFI and M refer to an antiferromagnetic insulator and a metal,
respectively, and the interfacial exchange interaction is denoted as
Jsd, which corresponds to either Jsd = Jm (magnetic coupling) or Jn

(Néel coupling).

form magnetization dynamics [32,38]. The external magnetic
field Hex is given by

Hex = H0 + hac, (2)

where H0 = H0ẑ is a static magnetic field and hac is an ac
magnetic field, the latter of which is needed to discuss the
AFMR modes in the next section.

Next, we focus on the interaction between the AFI and M at
the interface. In this work, we examine two types of the inter-
facial exchange coupling. The first is the coupling between the
magnetization m in the AFI and the conduction-electron spin
density s in the M, which we term “magnetic coupling.” The
second is the coupling between the staggered magnetization
n in the AFI and the conduction-electron spin density s in the
M, which we term “Néel coupling.” Therefore, the interaction
between the AFI and M at the interface is described by a free
energy,

FAFI-M =
{−Jms · m for magnetic coupling
−Jns · n for Néel coupling,

(3a)

(3b)

where Jm (Jn) is the magnetic (Néel) coupling constant at the
AFI/M interface. Note that the above form of the exchange
interaction at the AFI/M interface is invoked from the knowl-
edge of the exchange bias effect; see Eq. (28) of Ref. [39]. To
the best of our knowledge, no quantitative estimate of these
coupling constants has been reported so far, which is left for
future research.

We now discuss the magnetization dynamics in this bilayer
(Fig. 1). The dynamics of m and n in AFI is described by the
TDGL equation [32,35,36],

∂

∂t
m = γ Hm × m + γ Hn × n + �mHm/h0 + ξ, (4)

∂

∂t
n = γ Hn × m + γ Hm × n + �nHn/h0 + η, (5)

where �m and �n are damping coefficients for m and n, re-
spectively, and the effective fields Hm and Hn are defined by

Hm = − 1

γ h̄

∂

∂m
(FAFI + FAFI-M) (6)
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and

Hn = − 1

γ h̄

∂

∂n
(FAFI + FAFI-M). (7)

The two fields ξ and η in Eqs. (4) and (5) represent thermal
noises for m and n, taking the form of Gaussian white noises
with zero means and variances,

〈ξ i(t )ξ j (t ′)〉 = 2kBT �m

ε0v0
δi, jδ(t − t ′) (8)

and

〈ηi(t )η j (t ′)〉 = 2kBT �n

ε0v0
δi, jδ(t − t ′), (9)

where i, j denotes x, y, z, and the noise fields satisfy

〈ξ i(t )η j (t ′)〉 = 0, (10)

meaning that ξ and η are statistically independent.
Turning to the M layer, the dynamics of s is described by

the following TDGL equation:
∂

∂t
s = γ Hs × s + χMγ h̄

τM
Hs + ζ, (11)

where s is the conduction-electron spin density in the M,

Hs = − 1

γ h̄

∂

∂s
(FM + FAFI-M) (12)

is the effective field for s, and

FM = 1

2χM
s2 (13)

is the free energy for the M, with χM and τM being the spin
susceptibility and spin-flip relaxation time in the M, respec-
tively. The last term on the right-hand side of Eq. (11) is the
thermal noise field in the M layer, which is represented by a
Gaussian white noise with zero mean and variance

〈ζ i(t )ζ j (t ′)〉 = 2kB(T + �T )χM

τM
δi, jδ(t − t ′). (14)

Note that the TDGL equation (11) coincides with the stochas-
tic Bloch equation used to describe the M layer in Ref. [32],
where the AF SSE below the SF transition was investigated.

In our numerical simulation, we use τM as the unit of time,
TN as the unit of temperature, h0 as the unit of magnetic
field, and ε0v0 as the unit of energy. Then, we introduce the
following rescaling:

t/τM → t, T/TN → T, Hex/h0 → Hex. (15)

With these dimensionless quantities, the TDGL equations for
m and n [Eqs. (4) and (5)] read

∂

∂t
m = ω̃0Hm × m + ω̃0Hn × n + �̃mHm + ξ̃, (16)

∂

∂t
n = ω̃0Hn × m + ω̃0Hm × n + �̃nHn + η̃, (17)

where �̃m = �mτM, �̃n = �nτM, and ω̃0 = γ h0τM. In these
equations, ξ̃ and η̃ are the dimensionless noise fields with the
correlators

〈̃ξ i(t )̃ξ j (t ′)〉 = 2�̃mkBTN

ε0v0
T δi, jδ(t − t ′), (18)

〈̃ηi(t )̃η j (t ′)〉 = 2�̃nkBTN

ε0v0
T δi, jδ(t − t ′). (19)

In a similar manner, the TDGL equation for s [Eq. (11)]
becomes

∂

∂t
s = ω̃0Hs × s + χ̃MHs + ζ̃, (20)

where χ̃M = χMε0v0, and the dimensionless noise field ζ̃ sat-
isfies

〈̃ζ i(t )̃ζ j (t ′)〉 = 2χ̃MkBTN

ε0v0
(T + �T )δi, jδ(t − t ′). (21)

In these equations, the dimensionless interfacial exchange
coupling parameter, J̃m = JmτM/h̄ or J̃n = JnτM/h̄, implicitly
appears.

To numerically simulate the dimensionless version of
the coupled TDGL equations [Eqs. (16), (17), and (20)],
we discretize the dimensionless time as tp = p�t
(p = 1, 2, . . . ) [40]. The resultant discretized version
of Eqs. (16), (17), and (20) is integrated by using the
Heun method [41], where the noises are discretized as
ξ̃(tp) = ∫ tp+1

tp
ξ̃(t )dt/

√
�t , η̃(tp) = ∫ tp+1

tp
η̃(t )dt/

√
�t , and

ζ̃(tp) = ∫ tp+1

tp
ζ̃(t )dt/

√
�t . Then, the average value of a

physical quantity O is obtained by a long-time average over
successive measurements from the simulation,

〈O〉 = 1

Nstep

Nstep∑
p=1

O(tp), (22)

where Nstep is the number of total time steps.

III. PHASE DIAGRAM AND ANTIFERROMAGNETIC
RESONANCE MODES

In this section, we show the equilibrium phase diagram
and AFMR modes calculated from our TDGL model in
order to check if the model appropriately describes the
known physical properties of uniaxial antiferromagnets. The
Ginzburg-Landau approach to the phase diagram including
the SF transition can be found in a textbook [34], while the
AFMR modes and the AF spin pumping phenomenon have
been investigated in recent experiments [29,42]. As we argue
below, the consistency between our result and the properties
known in the literature ensures that our numerical calculation
correctly captures the low-energy physics of uniaxial antifer-
romagnets that is relevant to the AF SSE.

A. Phase diagram and equilibrium quantities

Here we discuss the phase diagram and equilibrium quanti-
ties of the AFI. Analytical expressions for phase boundaries in
the (T, H0) phase diagram of the AFI modeled by Eq. (1) are
derived in Appendix A. The SF field HSF, i.e., the first-order
phase transition line between the AF phase and the SF phase,
is given by

HSF =
√

K0

D

[
r0 − D + 2D′

2u4

(
u2 + D + D′

D
K0

)]
. (23)

In addition, a second-order phase transition line HAF/PM sepa-
rating the AF phase and the PM phase is given by

HAF/PM = r0

√ −u2

D + D′ , (24)
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FIG. 2. (a) Phase diagram drawn by Eqs. (23)–(25). (b) Mag-
netic field dependence of the magnetization at several temperatures.
(c) Temperature dependence of the spin susceptibility in the AF
phase. (d) Magnetic field dependence of the staggered magneti-
zation at T = 0.8. (e) Temperature dependence of the staggered
magnetization in the AF phase. (f) Temperature dependence of the
staggered magnetization in the SF phase. In all figures, u4 = 0.1,
K0 = 0.1, K1 = 0.01, D = 0.4, D′ = 0.07, �/TN = 1.0, and A/TN =
1.43 are used. In (b)–(f), ω̃0 = 0.04, �̃m = 8×10−4, �̃n = 1.6×10−3,
kBTN/ε0v0 = 1.4×10−4, �t = 0.1, and Nstep = 3×107 are used. The
data in (b)–(f) are normalized by the maximum value in each figure.

whereas another second-order phase transition line HSF/PM

separating the SF phase and the PM phase is given by

HSF/PM = r0

√
−(u2 + K0)

D′ . (25)

Figure 2(a) shows the (T, H0) phase diagram of the AFI
drawn by Eqs. (23)–(25). The overall behavior is consis-
tent with the experimental phase diagram for MnF2 [43],
FeF2 [44], and thin films of these materials [45]. Here, we
follow the terminology of Ref. [43] for each phase (see Fig. 3
therein). Note that although the PM phase under magnetic
fields possesses a field-induced magnetization, such a forced-
ferromagnetic phase is the same as the PM phase in that it does
not exhibit any magnetic long-range order (see, also, Sec. 48
of Ref. [34]).

FIG. 3. (a) Absolute value of the AFMR frequencies [Eqs. (26)–
(28)] in the AF and the SF phases as a function of external magnetic
field H0. Here the frequency is renormalized by the zero-field reso-
nance frequency ωAFMR [Eq. (29)]. The dashed black line denotes the
PM resonance frequency ω̃0H0, and the hand symbol signifies the
handedness of each mode. (b) Schematic illustration of the AFMR
in the AF phase (upper) and the SF phase (lower). The magnon
resonates with the RH/LH ac field in the former, whereas it resonates
with the RH/linearly polarized ac field in the latter. (c) Power ab-
sorption in the AF phase (orange) and SF phase (green) at T = 0.8,
obtained in our TDGL simulation for a circularly polarized ac mag-
netic field [Eq. (30)]. The power absorption is normalized by the
maximum value. (d) Magnified view of the power absorption in the
SF phase for a linearly polarized ac magnetic field [Eq. (32)]. The
normalization of the vertical axis is the same as (c). For details, see
the main text. Here, u4 = 0.1, K0 = 0.1, K1 = 0.01, D = 0.4, D′ =
0.07, �/TN = 1.0, A/TN = 1.43, ω̃0 = 0.04, �̃m = 8×10−4, �̃n =
1.6×10−3, �t = 0.1, T = 0.8, hac = 10−3, kBTN/ε0v0 = 1.4×10−4,
J̃m = J̃n = 0, and Nstep = 5×103 are used.

In order to check if our TDGL simulation is consistent with
the analytical phase diagram shown in Fig. 2(a), we perform
a numerical sampling of the magnetization and staggered
magnetization. We first discuss the magnetization. Figure 2(b)
shows the magnetic field dependence of 〈mz〉 at several dif-
ferent temperatures. At temperatures T = 0.7 and 0.8, we
can clearly see that the magnetization abruptly jumps at HSF,
signifying the first-order nature of the phase transition at HSF.
By contrast, at T = 0.9, the abrupt jump of 〈mz〉 disappears
and changes to a smooth variation at HAF/PM, reflecting the
second-order transition nature of HAF/PM. The positions of the
phase transitions in Fig. 2(b) are in line with Fig. 2(a), and
the behaviors of the magnetization are consistent with the
experimental results of Refs. [19] and [20].

Figure 2(c) shows the temperature dependence of the par-
allel spin susceptibility χ̃‖ = 〈mz〉/H0 under a field H0 = 0.2
parallel to the easy AF axis (i.e., H0 ‖ ẑ). In addition, in order
to calculate the perpendicular susceptibility χ̃⊥ = 〈mx〉/H0,
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we reorient the external magnetic field to a direction perpen-
dicular to the easy axis (i.e., H0 ‖ x̂; this field configuration
is only used here). In the figure, we see a clear deviation of
these two susceptibilities below the AF ordering temperature,
which reproduces the well-known result for a uniaxial antifer-
romagnet [46].

We next discuss the order parameter of AFI, i.e., the stag-
gered magnetization 〈n〉. In Fig. 2(d), we show the magnetic
field dependence of the staggered magnetization at T = 0.8.
Since the thermal energy has a sizable weight in comparison
to the anisotropy energy and hence an over-barrier transition
making changes of the sign of 〈n〉 occurs in our simulation
(see Fig. 6 of [47] and Fig. 2 of [48]), we plot the absolute
value of the staggered magnetization. At lower fields (i.e.,
the AF phase), the staggered magnetization exhibits 〈nx〉 =
〈ny〉 = 0 because 〈n〉 is oriented along the easy AF axis, i.e.,
〈n〉 ‖ ẑ. However, upon increasing the magnetic field, 〈nz〉
abruptly disappears at HSF, followed by a sudden growth of
〈ny〉 (i.e., the system enters the SF phase). The y component
is selected because the x axis is the hard axis due to the
in-plane anisotropy constant K1. Upon further increasing the
magnetic field, 〈ny〉 disappears at HSF/PM. These results for
〈n〉 confirm the consistency of our numerical simulation with
the analytic phase diagram [Fig. 2(a)] along a line AF →
SF → PM at T = 0.8. We have also confirmed that along
other constant-temperature lines, our numerical simulation is
always consistent with the phase diagram given in Fig. 2(a).
The discontinuous change of the direction of 〈n〉 at HSF signi-
fies that it is the first-order phase transition.

Next, in Fig. 2(e), we show the temperature dependence of
the staggered magnetization across the AF/PM phase bound-
ary at H0 = 0.2. In the figure we clearly see that the staggered
magnetization is ordered along the easy AF axis in the AF
phase, and it vanishes at HAF/PM. Similarly, in Fig. 2(f), we
show the temperature dependence of 〈n〉 across the SF/PM
phase at H0 = 1.2. In this case, the staggered magnetization is
ordered perpendicularly to the easy axis (〈n〉 ⊥ ẑ), and it dis-
appears at HSF/PM. In both cases, the staggered magnetization
continuously vanishes at HAF/PM and HSF/PM, such that these
boundaries signify the second-order phase transition.

From these results, we can confirm that our numerical
simulation is consistent with the analytic phase diagram given
in Fig. 2(a).

B. Antiferromagnetic resonance modes

Next, we discuss the AFMR modes of the AFI. Analytical
expressions for the AFMR modes of the AFI modeled by
Eq. (1) are derived in Appendix B.

In the AF phase, the resonance modes are given by

ω± = 1
2 ω̃0H0

[
1 + χ̃‖

{
D

(
n2

eq − m2
eq

) + K0
}]

± 1
2

[
(ω̃0H0)2{χ̃‖

[
D

(
m2

eq − n2
eq

) − K0
] + 1

}2

+ 4(ω̃0neq)2K0
(
χ̃−1

⊥ + Dm2
eq

)]1/2
, (26)

where χ̃‖ = [r0 + (D + D′)n2
eq]−1 and χ̃⊥ = (r0 + D′n2

eq)−1

are the parallel and perpendicular spin susceptibilities in the
AF phase. Following the terminology of Ref. [29], we call
the + branch the “right-handed” (RH) mode, whereas the −

branch is the “left-handed” (LH) mode. Note that we define
the frequency of the LH mode so as to have the negative sign
because, with this definition, it is easier to distinguish the LH
mode from the RH one, whereas the conventional definition
gives a positive sign for both modes [29,42].

In the SF phase, on the other hand, one resonance fre-
quency is given by

ωQFMR =
√

(ω̃0H0)2 − (ω̃0neq)2K0/χ̃SF, (27)

where χ̃SF = (r0 + D′n2
eq)−1 is the spin susceptibility in the

SF phase. Hereafter, this mode is called the “quasiferromag-
netic resonance” (QFMR) mode [29,42] in this paper. Another
resonance frequency in the SF phase is given by

ωflat =
√

K1n2
eq

{
ω̃2

0

/
χ̃SF + 2(ω̃0H0χ̃SF)2(u4 − 2D′)

}
, (28)

which is hereafter called the “flat mode.”
In Fig. 3(a), the AFMR frequencies calculated from

Eqs. (26)–(28) are plotted as a function of the magnetic field
H0, where the frequency is normalized by the zero-field reso-
nance frequency

ωAFMR = ω̃0neq

√
K0/χ̃⊥. (29)

Let us now turn to the TDGL simulation of the AFMR
modes. As schematically depicted in Fig. 3(b), we use the
following circularly polarized ac magnetic field to resonate
the AFI system:

hac(t ) = hac(cos ωact, sin ωact, 0), (30)

where we define the positive sign of ωac so as to give the right-
handed helicity. In the AFMR, the AFI system establishes a
steady state by absorbing and releasing the same amount of
energy. The mean power absorbed to the system per unit time
can be evaluated by the following formula [49]:

Q = −
[
〈m〉 · dhac(t )

dt

]
Tac

, (31)

where [·]Tac = 1
Tac

∫ Tac

0 dt (·) denotes the time average over one
period of the ac magnetic field, Tac = |2π/ωac|. We numer-
ically sample the power absorption [Eq. (31)] by simulating
Eqs. (4) and (5).

Figure 3(c) shows the result of our TDGL simulation for
the power absorption plotted as a function of ωac for a constant
magnetic field and T = 0.8. In the AF phase [orange line in
Fig. 3(c)], we observe two peaks at ωac/ωAFMR ≈ −0.5, 1.5,
which can be inferred from Fig. 3(a) by sweeping ωac at
H0 = 0.4 and finding a cross point with the LH mode (RH
mode) at |ωac|/ωAFMR ≈ 0.5 (|ωac|/ωAFMR ≈ 1.5). In the SF
phase [green line in Fig. 3(c)], on the other hand, we observe
one peak at ωac/ωAFMR ≈ 1.8, which can also be inferred
from Fig. 3(a) by sweeping ωac at H0 = 1.0 and finding a
cross point with the QFMR mode. Therefore, the resonance
positions in our TDGL simulation are in good agreement with
the analytical calculation of the AFMR frequency shown in
Fig. 3(a) for the RH, LH, and QFMR modes.

By contrast, confirmation of the flat mode ωflat requires
some care since it has a linear polarization along the z
axis [33]. Therefore, instead of the circularly polarized field
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given by Eq. (30), we apply the following linearly polarized
field:

hac = hac(0, 0, cos ωact ). (32)

Figure 3(d) shows the power absorption numerically simu-
lated for an external ac magnetic field given by Eq. (32).
Here, we see a very tiny peak around |ωac|/ωAFMR ≈ 0.2. The
reason for this weak resonance could be due to the extremely
low frequency of the flat mode, which is proportional to
the square root of the weak in-plane anisotropy constant K1

[see Eq. (28)].
The results in this section demonstrate that our TDGL

simulation correctly captures the dynamics of two magnon
modes in the AF phase (the RH and LH modes) with opposite
helicities, the QFMR mode in the SF phase with the helicity
the same as the RH mode, and the flat mode with linear
polarization. Therefore, we can confirm that the low-energy
excitations needed to describe the AF SSE are well repro-
duced in our TDGL simulation.

IV. ANTIFERROMAGNETIC SPIN SEEBECK EFFECT

We are now in a position to discuss the AF SSE. In this
section, we perform a TDGL simulation of the AF SSE to
investigate the sign-reversal phenomenon across the SF tran-
sition. In our simulation, not only the TDGL equations for
the AFI layer [Eqs. (4) and (5)], but also the TDGL equa-
tion for the M layer [Eq. (11)], are numerically solved with the
Heun method [41] because these stochastic equations are cou-
pled through the interfacial exchange interaction [Eqs. (3a)
and (3b)]. This point, that we directly evaluate the spin current
injected into the M layer by tracking the time evolution of
s, distinguishes our approach from the previous works rely-
ing on the spin-mixing conductance phenomenology [33,50].
Note that the numerical cost in our approach becomes more
expensive due to the increase in the dynamical variables. The
advantage of our approach is that a more microscopic origin
of the sign reversal of the AF SSE can be identified.

The spin current injected into the M layer is defined as the
rate of change of the spin density, i.e.,

Is = 〈∂t sz(t )〉. (33)

The right-hand side of this equation can be transformed using
the z component of the Bloch equation (20). Then, when we
discuss the magnetic coupling [Eq. (3a)], the spin current is
given by

Is = J̃m〈mxsy − sxmy〉, (34)

whereas when we discuss the Néel coupling [Eq. (3b)], it
becomes

Is = J̃n〈nxsy − sxny〉. (35)

In addition to the interfacial exchange coupling parameters
Jm and Jn characterizing two types of the interfacial exchange
interaction, another important parameter is the dimensionless
parameter,

ω̃0 = γ h0τM, (36)

which leads to two different behaviors in our simulation.
Physically, this parameter measures the strength of the spin

FIG. 4. Spin current obtained for the (a),(c) magnetic coupling
and (b),(d) Néel coupling using ω̃0 = 0.5. In (a) and (b), the spin
current at T = 0.7 is plotted as a function of temperature bias �T
for several values of H0, where the black solid line shows a linear-
regression fit. In (c) and (d), the magnetic field dependence of the
spin current is plotted for several temperatures. In (a) and (b), the
data are normalized by the maximum value in (a) in order to enable
the comparison of (a) and (b), whereas in (c) and (d), the data are
normalized by the maximum value in (d). Here, we use �̃m = 0.01,
�̃n = 0.02, J̃m = 0.01 (magnetic coupling), J̃n = 0.01 (Néel cou-
pling), and kBTN/ε0v0 = 1.4×10−4. Nstep = 1×1010 in (a) and (c),
while 1×1011 in (b) and (d). Other parameters characterizing the
equilibrium properties are the same as in Fig. 2, i.e., u4 = 0.1, K0 =
0.1, K1 = 0.01, D = 0.4, D′ = 0.07, �/TN = 1.0, and A/TN = 1.43.

dephasing in the M layer. Below, we present results of our
simulations for two different values of ω̃0 = 0.5 and ω̃0 =
0.04.

Figure 4 shows the spin current obtained by a TDGL
simulation for ω̃0 = 0.5. In Figs. 4(a) and 4(b), the spin cur-
rent is plotted as a function of temperature bias �T for the
magnetic coupling [Fig. 4(a)] and Néel coupling [Fig. 4(b)],
respectively. The simulations are done for both the AF phase
and the SF phase [see Fig. 2(a) for the phase diagram]. As
we can see, in both phases the spin current is proportional
to the temperature bias with zero intercept, demonstrating
that our simulation is within the linear response regime as in
experiments [51]. Note that the sign of the spin current for the
magnetic coupling [Fig. 4(a)] is always positive, whereas its
sign for the Néel coupling [Fig. 4(b)] becomes negative in the
AF phase. In Figs. 4(c) and 4(d), the magnetic field depen-
dence of the spin current is plotted for the magnetic coupling
[Fig. 4(c)] and Néel coupling [Fig. 4(d)], respectively. In the
case of the magnetic coupling [Fig. 4(c)], for T = 0.7 and
0.8, the SSE signal grows with positive sign at lower H0, and
there is an abrupt jump in the SSE signal with no sign reversal
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FIG. 5. Same as Fig. 4, but using ω̃0 = 0.04. Here, we use
�̃m = 8.0×10−4, �̃n = 1.6×10−3, J̃m = 8.0×10−4 (magnetic cou-
pling), J̃n = 8.0×10−4 (Néel coupling), and kBTN/ε0v0 = 1.4×10−4.
(a),(c) Nstep = 3×1010, (b) 8×1011, and (d) 2×1012.

across the SF transition. By contrast, in the case of the Néel
coupling [Fig. 4(d)], for T = 0.7 and 0.8, the SSE signal starts
from a negative sign at lower H0, and it suddenly reverses
its sign across the SF transition. Finally, turning to the spin
current in the PM region, the SSE signal is always positive
and there is no singular behavior in the signal. Our result
shown in Fig. 4(c) is consistent with the experiments reported
in Refs. [19] and [20], whereas the one shown in Fig. 4(d)
reproduces the experimental result of Refs. [29] and [30].

Next, we demonstrate that the sign reversal of the AF SSE
across the SF transition [Fig. 4(d)] disappears for a too strong
spin dephasing in the M layer (i.e., for smaller ω̃0). Figure 5
shows the spin current simulated for ω̃0 = 0.04. In Figs. 5(a)
and 5(b), the spin current is plotted as a function of tempera-
ture bias �T for the magnetic coupling [Fig. 5(a)] and Néel
coupling [Fig. 5(b)], respectively. As in Figs. 4(a) and 4(b), the
TDGL simulation results belong to the linear response regime.
In Figs. 5(c) and 5(d), the magnetic field dependence of the
spin current is plotted for the magnetic coupling [Fig. 5(c)]
and Néel coupling [Fig. 5(d)], respectively. A crucial differ-
ence from Figs. 4(c) and 4(d) is that no sign reversal can be
found in Figs. 5(c) and 5(d). Since ω̃0 is the only the parameter
changed from Fig. 4, the result shows that the stronger spin
dephasing (smaller ω̃0) makes the sign reversal vanish.

Finally, we examine the temperature dependence of the
AF SSE. Figure 6 shows the spin current as a function of
temperature at H0 = 0.1 for ω̃0 = 0.5 [Fig. 6(a)] and ω̃0 =
0.04 [Fig. 6(b)]. As concluded in Ref. [32], we see that there
appears a cusp at T = TN in the signal, reflecting that the AF
SSE is proportional to the spin susceptibility which possesses
the cusp structure at the Néel temperature. We also see that

FIG. 6. Temperature dependence of the spin current for (a) ω̃0 =
0.5 and (b) ω̃0 = 0.04. The temperature bias is fixed at �T = 0.3.
In (a), we use Nstep = 1×1010 for the magnetic coupling and Nstep =
3×1011 for the Néel coupling, and the other parameters are the same
as Fig. 4. In (b), we use Nstep = 3×1011 for the magnetic coupling,
and Nstep = 2×1012 for the Néel coupling. The other parameters are
the same as Fig. 5. The data are normalized by the maximum value
of |I (max)

s | in each figure.

in the case of the Néel coupling, the AF SSE reverses its
sign below the Néel temperature for ω̃0 = 0.5, but this sign
reversal disappears for ω̃0 = 0.04.

The result of our TDGL simulation in this section demon-
strates that the presence of a sizable Néel coupling is the origin
of the sign reversal in the AF SSE across the SF transition.
Moreover, it also demonstrates that the sign reversal disap-
pears for a too strong spin dephasing in the M layer.

V. DISCUSSION OF THE RESULTS

In this section, we discuss the results obtained in the
preceding section by focusing on the condition for the sign
reversal of the AF SSE across the SF transition. We first
derive an analytical expression for the AF SSE in the AF
phase by extending the calculation of our previous work [32],
and then discuss the condition for the sign reversal. For this
purpose, we use the dimensionful form of the TDGL equa-
tions (4), (5), and (11), instead of their dimensionless versions
[Eqs. (16), (17), and (20)].

We first note that in Fig. 4(d), a negative sign of the AF
SSE signal is obtained in the AF phase, where an analytical
calculation of the AF SSE is possible along the line of calcu-
lation in Ref. [32]. Here, we extend that calculation [32] to the
one including higher-order terms with respect to ω±τM, where
ω± is the RH/LH mode frequency defined by Eq. (26). Then,
in the case of the magnetic coupling, the spin current driven
by the AF SSE is given by (see Appendix C for details)

Is = J2
mK�T

1 − |ω+ω−|τ 2
MK0χ̃‖(

1 + ω2+τ 2
M

)(
1 + ω2−τ 2

M

) , (37)

whereas in the case of the Néel coupling, it becomes

Is = J2
nK�T

1 − |ω+ω−|τ 2
M(K0χ̃‖)−1(

1 + ω2+τ 2
M

)(
1 + ω2−τ 2

M

) , (38)
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where K = 2kBχMmeqτM/h̄2 is a positive coefficient, and
meq = χ̃‖H0/h0 is the field-induced magnetization in the AFI
under a magnetic field H0ẑ along the anisotropy axis. Note
that in the limit of |ω±|τM 
 1, the above results reduce to
the result of Ref. [32]. Note also that as emphasized below
Eq. (26), the LH mode ω− has a negative sign in our definition.

In discussing the above two Eqs. (37) and (38), it is impor-
tant to recall that the factor K0χ̃‖ is small in realistic situations,
i.e., K0χ̃‖ 
 1, and that a condition |ω+ω−|τ 2

M 
 1 holds in
order for the M layer to act as a good spin sink. With these
conditions, we see that the AF SSE that emerges from the
magnetic coupling [Eq. (37)] is always positive for �T >

0 [32] (note that the definition of positive �T is opposite to
Ref. [32]). By contrast, the AF SSE that emerges from the
Néel coupling [Eq. (38)] can be negative when the condition

|ω+ω−|τ 2
M � K0χ̃‖ (39)

is satisfied, which, in the dimensionless form used in the
numerical simulation, is transformed into

|ω̃+ω̃−|ω̃2
0 � K0χ̃‖, (40)

where we introduced ω̃± = ω±/γ h0. In Eq. (40), the only
parameter that depends on a material choice for the M layer is
ω̃0. Therefore, a larger ω̃0 allows Eq. (40) to be satisfied. This
is indeed seen in Fig. 6, where the sign reversal of the Néel
spin current occurs for a larger ω̃0 = 0.5 [Fig. 6(a)], whereas
such a sign reversal does not happen for a smaller ω̃0 = 0.04
[Fig. 6(b)].

Before proceeding, it is informative to describe the dif-
ference between the present formalism using the interfacial
exchange coupling [32] and the one using the spin-mixing
conductance [33]. According to the spin-mixing conductance
formalism [33], the spin pumping current is given by

Ipump
s = gmẑ · 〈m × ∂t m〉 (41)

in the case of the magnetic coupling, and

Ipump
s = gnẑ · 〈n × ∂t n〉 (42)

in the case of the Néel coupling, where gm and gn are the
corresponding spin-mixing conductances. Then, the AF SSE
signal can be expressed as

Is = Ipump
s − Iback

s , (43)

where Iback
s is the backflow current. Note that the back-

flow current is related to the pumping current by Iback
s (T ) =

Ipump
s (T + �T ) due to the fluctuation-dissipation rela-

tion [52]. As discussed in Appendix C, these spin-mixing
conductances are obtained within our formalism as gm =
J2

mχMτM/h̄ and gn = J2
n χMτM/h̄, where this correspondence

holds only in the |ω±|τM → 0 limit. Therefore, the difference
between the two formalisms is that our formalism can take
into account the dynamical information of the M layer as well
as the AFI layer, but the spin-mixing conductance formalism
deals only with the dynamics of the AFI layer.

A physical interpretation of Eqs. (37) and (38) regarding
the sign of the AF SSE is as follows. First, it is important
to note that the RH mode has a positive helicity with higher
frequencies, whereas the LH mode has a negative helicity with
lower frequencies [see Fig. 3(a)]. Second, a higher frequency

of the RH magnon results in a smaller magnon population
∼T/ω, but at the same time it results in a larger pumping cur-
rent since the latter is proportional to the magnon frequency,
i.e., Ipump

s ∝ ωẑ · 〈mω×m∗
ω〉 for the magnetic coupling, and

Ipump
s ∝ ωẑ · 〈nω×n∗

ω〉 for the Néel coupling. Then, within the
present TDGL approach to the AF SSE valid at kBT � h̄ω,
the former disadvantage of the RH magnon with a smaller
population is overwhelmed by the latter advantage with a
larger pumping current. Namely, in both cases of the magnetic
and Néel couplings, the first term in the numerator of Eqs. (37)
and (38) is determined by the RH mode magnons, thereby
giving the positive sign of the AF SSE. The difference be-
tween the magnetic and Néel couplings appears in the second
term in the numerator of Eqs. (37) and (38). Because this term
is higher order with respect to |ω+ω−|τ 2

M that involves the
timescale of the M, its effect is considered to come from the
backflow current Iback

s that produces a negative contribution.
In the case of the magnetic coupling, the correction to the
backflow current is so small, of the order of (K0χ̃‖) 
 1, and
therefore no sign reversal happens. By contrast, in the case
of the Néel coupling, the correction to the backflow current
is huge, of the order of (K0χ̃‖)−1 � 1. This brings about a
sign reversal of the AF SSE when the condition of Eq. (39) is
satisfied.

To summarize this section, the sign reversal of the AF SSE
across the SF transition requires the following two conditions:
(i) the presence of a sizable Néel coupling Jn [Eq. (38)] and
(ii) moderate strength of the spin dephasing τ−1

M in the M layer
[Eq. (39)].

VI. CONCLUSION

The main result of this paper is that under certain con-
ditions, the sign of the AF SSE is reversed across the SF
transition, but the sign reversal is not the generic property of
a simple uniaxial antiferromagnet. Indeed, the sign reversal
requires the following two conditions: (i) there exists a sizable
Néel coupling Jn at the AFI/M interface that produces the Néel
spin current given by Eq. (38), and (ii) the spin dephasing τ−1

M
of the M layer is not too strong so that it satisfies the inequality
given by Eq. (39).

Although the sign reversal of the AF SSE across the SF
transition has been discussed by Reitz et al. [33] theoretically,
our approach has several advantages over their phenomeno-
logical one [33]. First, the present approach has identified
that the Néel current [Eq. (38)] producing the sign rever-
sal originates microscopically from the Néel coupling given
by Eq. (3b). A possible way of experimentally realizing the
Néel coupling is to prepare an atomically sharp uncompen-
sated interface [53]. Also, since the Néel coupling has the
same symmetry as the exchange bias effect in a ferromag-
net/antiferromagnet bilayer [3] under the sublattice exchange
transformation, we expect that the tendency for an antiferro-
magnet to exhibit the exchange bias effect is the key parameter
controlling the sign reversal. Second, we provide a possible
scenario for the absence of the sign reversal in previous exper-
iments for Cr2O3 [19] and MnF2 [20], as well as its presence
in recent experiments for Cr2O3 [29] and α-Fe2O3 [30], once
we are allowed to assume that the details of the interfacial
exchange coupling depend on material choices and sample
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fabrication conditions. Needless to say, the validity of our
scenario should be examined by future experiments. Third, the
present approach allows us to calculate the temperature de-
pendence of the AF SSE. In particular, our result may account
for the disappearance of the sign reversal as a function of
temperature in a Cr2O3/Pt bilayer [29] [see Fig. 4(d) therein],
as such a disappearance is indeed demonstrated in Fig. 6(a).

To conclude, we have demonstrated with the stochastic
TDGL simulation that a sign reversal of the AF SSE appears
across the SF transition (see Fig. 6). Moreover, we have
shown, with an analytical calculation of the AF SSE in the
AF phase, that the sign reversal requires the following two
conditions: (i) there exists a sizable Néel coupling Jn at the
AFI/M interface that produces the Néel spin current given by
Eq. (38), and (ii) the spin dephasing τ−1

M of the M layer is
not too strong and satisfies the inequality given by Eq. (39).
Our result indicates that the sign reversal of the AF SSE
across the SF transition is not a generic property in a simple
uniaxial antiferromagnet. We also argued that the existence of
a sizable Néel coupling at the interface, which may manifest
itself as a tendency to exhibit the exchange bias effect, is the
key parameter for observing the sign reversal. These findings
have identified important key parameters for the sign-reversal
problem in the AF SSE. We hope the present results contribute
to further development of the AF spintronics.
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APPENDIX A: CALCULATION OF THE PHASE DIAGRAM

In this Appendix, we analytically examine the phase dia-
gram of the AFI modeled by Eq. (1).

1. AF/SF boundary

The phase diagram of the AFI is obtained by minimizing
the free energy given in Eq. (1). By introducing the relative
angle θ (angle φ) between m and n (n and x̂) to represent
n as n = n(sin θ cos φ, sin θ sin φ, cos θ ), the free energy is
rewritten in the dimensionless form as

FAFI = u2

2
n2 + u4

4
n4 + 1

2
(D + D′)m2n2

+ 1

2
(K0 + K1 cos2 φ − Dm2)n2 sin2 θ

+ r0

2
m2 − H0m, (A1)

where we set m = mẑ. Minimization of the free energy with
respect to m, n, cos φ, and sin θ gives their equilibrium values.
Because of the in-plane anisotropy K1, we see that cos φ = 0
(i.e., φ = π/2) minimizes the free energy with respect to φ.

From the term proportional to sin2 θ in the above free
energy under the condition cos φ = 0, we find that the sign
of K0 − Dm2 determines the boundary between the AF phase
(θ = 0) and the SF phase (θ = π/2). To determine the critical

field, we minimize the free energy with respect to m and n by
calculating ∂FAFI/∂m = 0 and ∂FAFI/∂n = 0, and we obtain

m = {r0 + (D cos2 θ + D′)n2}−1H0, (A2)

u2 + u4n2 + (K0 − Dm2) sin2 θ + (D + D′)m2 = 0. (A3)

We first determine the boundary by approaching from the
AF phase (θ = 0), where we have a condition K0 − Dm2 =
0+ at the boundary. By solving Dm2 = K0 with respect to n,
we obtain

n2 = 1

D + D′

(√
D

K0
H0 − r0

)
. (A4)

At the same time, substituting m2 = K0/D into Eq. (A3), we
have

u2 + u4n2 + D + D′

D
K0 = 0. (A5)

By substituting Eq. (A4) into Eq. (A5) and solving for H0, the
critical field is calculated to be

H (1)
SF =

√
K0

D

[
r0 − D + D′

u4

(
u2 + D + D′

D
K0

)]
. (A6)

Next, we apply the same procedure to the SF phase (θ =
π/2), where we have a condition K0 − Dm2 = 0− at the
boundary. For Dm2 = K0 with respect to n, we obtain

n2 = 1

D′

(√
D

K0
H0 − r0

)
. (A7)

At the same time, substituting m2 = K0/D into (A3), we have

u2 + K0 + u4n2 + D′

D
K0 = 0. (A8)

Substituting Eq. (A7) into Eq. (A8), and solving for H0, the
critical field from the SF phase is given by

H (2)
SF =

√
K0

D

[
r0 − D′

u4

(
u2 + D + D′

D
K0

)]
. (A9)

In our numerical study, the position of the AF/SF boundary is
well described by the average of H (1)

SF and H (2)
SF , i.e., Eq. (23)

in the main text. We have numerically confirmed that Eq. (23)
reproduces the boundary obtained by free-energy minimiza-
tion.

2. AF/PM and SF/PM boundaries

We turn to the boundary between the AF phase and the PM
phase. In the AF phase (θ = 0), we first substitute Eq. (A2)
into Eq. (A1) to eliminate m, and then perform a Landau
expansion with respect to n, obtaining

FAFI = 1

2r0

[
u2r0 + D + D′

r0
H2

0

]
n2

+ 1

4r0

[
u4r0 − 2

(
D + D′

r0

)2

H2
0

]
n4 + · · · . (A10)

Since the coefficient of the quartic term is positive in the re-
gion in question, the AF phase and the PM phase are separated
by a second-order transition. The boundary is determined
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by the coefficient of the quadratic term, i.e., u2r2
0 + (D +

D′)H2
0 = 0, which gives the critical field given by Eq. (24)

in the main text.
In a similar manner, we can also calculate the SF/PM

phase boundary. In the SF phase (θ = π/2), we first substitute
Eq. (A2) into Eq. (A1) to eliminate m, and then perform a
Landau expansion with respect to n, obtaining

FAFI = 1

2r0

[
(u2 + K0)r0 + D′

r0
H2

0

]
n2

+ 1

4r0

[
u4r0 − 2

(
D′

r0

)2

H2
0

]
n4 + · · · . (A11)

Since the coefficient of the quartic term is positive in the re-
gion in question, the SF phase and the PM phase are separated
by a second-order transition. The boundary is determined
by the coefficient of the quadratic term, i.e., (u2 + K0)r2

0 +
D′H2

0 = 0, which gives the critical field given by Eq. (25) in
the main text.

APPENDIX B: CALCULATION OF THE
ANTIFERROMAGNETIC RESONANCE MODES

In this Appendix, we analytically examine the AFMR
modes in the AFI modeled by Eq. (1).

1. AF phase

Here, we focus on the AF phase (θ = 0) and calculate two
AF magnon modes. In the AF phase, we can safely disregard
the in-plane anisotropy K1 as its effect on the magnons is neg-
ligibly small. We introduce δm = m − meq and δn = n − neq,
where meq and neq are the equilibrium values of m and n. We
first substitute these decompositions into Eqs. (4) and (5), and
then linearize the equations with respect to δm and δn. Intro-
ducing Fourier transformation δO(t ) = ∫ ∞

−∞
dω
2π

δO(ω)e−iωt ,
we obtain the following eigenvalue equation:

(ω − ÂAF)

(
δm−(ω)
δn−(ω)

)
=

(
0
0

)
, (B1)

where we have introduced rotating coordinate representation
δO± = δOx ± iδOy for a vector O. The matrix ÂAF in the
above equation is given by

ÂAF =
(

aAF, bAF

cAF, dAF

)
, (B2)

where each matrix component is defined as

aAF = ω̃0H0, bAF = ω̃0neqK0,

cAF = ω̃0neq
(
χ̃−1

⊥ + Dm2
eq

)
,

dAF = ω̃0H0χ̃‖
[
K0 − D

(
m2

eq − n2
eq

)]
, (B3)

where the imaginary part of the coefficient describing the
relaxation is neglected, and χ̃⊥ and χ̃‖ are defined below
Eq. (26).

The equilibrium magnetization and staggered magnetiza-
tion, meq and neq, are calculated from Eqs. (A2) and (A3)
by setting θ = 0. From the condition that the determinant
of Eq. (B1) is equal to zero, we can obtain the two magnon
frequencies ω± given in Eq. (26).

2. SF phase

Here we focus on the SF phase (θ = π/2) and calculate the
eigenmodes. Following the same procedure as above, we can
write a 6×6 matrix equation for (δm, δn)T , but one notices
that this matrix equation reduces to the following two matrix
equations composed of 3×3 matrix:

(ω − ÂQFMR)

⎛⎝δmx(ω)
δmy(ω)
δnz(ω)

⎞⎠ =
⎛⎝0

0
0

⎞⎠ (B4)

and

(ω − Âflat)

⎛⎝δmz(ω)
δnx(ω)
δny(ω)

⎞⎠ =
⎛⎝0

0
0

⎞⎠, (B5)

where the matrix ÂQFMR and Âflat are, respectively, given by

ÂQFMR =
⎛⎝ 0, aSF, bSF

cSF, 0, 0
dSF, 0, 0

⎞⎠ (B6)

and

Âflat =
⎛⎝ 0, eSF, 0

fSF, 0, gSF

0, hSF, 0

⎞⎠. (B7)

The matrix components of these matrices are defined by

aSF = −iω̃0H0, bSF = −iω̃0neqK0, cSF = iω̃0H0,

dSF = −iω̃0neqχ̃
−1
SF , eSF = −iω̃0neqK1,

fSF = iω̃0neq
(
χ̃−1

SF − 2D′m2
eq

)
, gSF = 2iω̃0n2

eqmeq(D′ − u4),

hSF = iω̃0meqK1, (B8)

where we again neglect the relaxation term for simplicity. The
equilibrium magnetization and staggered magnetization, meq

and neq, are calculated from Eqs. (A2) and (A3) by setting
θ = π/2, where χ̃SF = (r0 + D′n2

eq)−1 is the spin suscepti-
bility in the SF phase. The conditions for the determinant
of Eq. (B4) and Eq. (B5) to become zero, respectively, give
ωQFMR [Eq. (27)] and ωflat [Eq. (28)].

APPENDIX C: DERIVATION OF Eqs. (37) and (38)

In this Appendix, we present the derivation of Eqs. (37)
and (38). As stated in the main text, here we use the dimen-
sionful form of the TDGL equations (4), (5), and (11). Since
we are concerned with a low magnetic field region H0 
 HSF

in this calculation, we set D = 0 in Eq. (4).

1. Derivation of Eq. (37)

We begin with the derivation of Eq. (37). This equation had
already been calculated in the limit of ω±τM 
 1 [32], and
the calculation here is basically the same as Ref. [32]. The
additional aspect here is that we take into account the higher-
order terms with respect to ω±τM.

The spin current injected into the M layer is defined by
Eq. (33). By using the z component of Bloch equation (11) as
well as introducing the rotating coordinate representation of
the magnetization fluctuation δm± [see Eq. (B1) above], the
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spin current mediated by the magnetic coupling [Eq. (3a)] is
given by

Is = Jm

h̄

∫ ∞

−∞

dω

2π
Im〈〈δm−

ω δs+
−ω〉〉, (C1)

where the Fourier transformation introduced above Eq. (B1)
is used, and 〈〈δm−

ω δs+
−ω〉〉 is defined by 〈δm−

ω δs+
ω′ 〉 = 2πδ(ω +

ω′)〈〈δm−
ω δs+

−ω〉〉.
The fluctuations δm−

ω and δs+
−ω can be obtained after lin-

earizing the TDGL equations (4), (5), and (11) with respect to
δm±

ω , δn±
ω , and δs±

ω :

(ω − Â±)

(
δm±

ω

δn±
ω

)
=

(
iξ±(ω)
iη±(ω)

)
+

(± Jm
h̄ meq + i �mJm

γ h̄h0

± Jm
h̄ neq

)
δs±

ω ,

(C2)(
ω + i

τM

)
δs±

ω = i
JmχM

τM
δm±

ω + iζ±
ω , (C3)

where the above equations are also expanded up to the linear
order with respect to Jm. The matrix Â± is given by

Â± =
(

a±, b±
c±, d±

)
, (C4)

where the matrix component is defined by

a± = ±γ H0 − i�mχ̃−1
‖ , (C5)

b± = ±γ h0K0neq, (C6)

c± = ±γ h0χ̃
−1
‖ neq, (C7)

d± = ±γ h0K0meq − i�nK0. (C8)

By operating the propagator Ĝ± = (ω − Â±)−1 to Eq. (C2)
from the left-hand side, we obtain the dynamic fluctuations
of δm±, δn±, and δs±. Substituting δm±, δn±, and δs± thus
obtained into Eq. (C1), we obtain

Is = 4kB�T χMJ2
m

ε0v0 h̄τM
Lm, (C9)

where we used the expression for the correlator of
thermal noises 〈〈ξ−

ω ξ+
−ω〉〉 = 4kBT �m/(ε0v0), 〈〈η−

ω η+
−ω〉〉 =

4kBT �n/(ε0v0), and 〈〈ζ−
ω ζ+

−ω〉〉 = 4kB(T + �T )χMτ−1
M . In

Eq. (C9), Lm is defined by

Lm =
∫ ∞

−∞

dω

2π
[�m|G−

m (ω)|2 + �n|G−
n (ω)|2]ω|g(ω)|2, (C10)

where

G−
m (ω) = ω − d−

(ω − ω+)(ω − ω−)
, (C11)

G−
n (ω) = b−

(ω − ω+)(ω − ω−)
, (C12)

and g(ω) = (ω + i/τM )−1.
We evaluate the frequency integral in Eq. (C10) with the

residue theorem. By picking up two magnon poles at ω∗
+ and

ω∗
− in the upper-half plane, with the asterisk denoting the

complex conjugate, Eq. (C10) becomes

Lm = Nm1 + τ−2
M Nm2

D
√

Z∗(ω∗+
2 + τ−2

M

)(
ω∗−

2 + τ−2
M

) , (C13)

where Nm1, Nm2, and D are defined by

Nm1 = {�m(ω∗
+ − d )(ω∗

+ − d∗) + �nb2}
×ω∗

+(XY + �+
√

Z∗)ω∗
−

2

+{�m(ω∗
− − d−)(ω∗

− − d∗
−) + �nb2

−}
×ω∗

−(−XY + �+
√

Z∗)ω∗
+

2
, (C14)

Nm2 = {�m(ω∗
+ − d−)(ω∗

+ − d∗
−) + �nb2

−}
×ω∗

+(XY + �+
√

Z∗)

+{�m(ω∗
− − d−)(ω∗

− − d∗
−) + �nb2

−}
×ω∗

−(−XY + �+
√

Z∗), (C15)

D = (�2
+ − Y 2)(X 2 + �2

+), (C16)

and we introduced the notation �± = �nK0 ± �mχ̃−1
‖

and ω+ − ω− = √
Z = X + iY . Using the relation

X 2 − Y 2 ≈ (a− − d−)2 + 4b−c− = (γ H0)2(1 − χ̃‖K0)2 +
4(γ h0)2n2

eqχ̃
−1
‖ K0, XY ≈ (a− − d−)�− = γ H0(1 −

χ̃‖K0)�−, ω+ + ω− = a− + d−, and ω+ω− = a−d− − b−c−,
Eqs. (C14)–(C16) are calculated to be

Nm1 = 1
2ω∗

+ω∗
−
√

Z∗γ h0meqK0χ̃‖D, (C17)

Nm2 = 1
2

√
Z∗γ h0meqD, (C18)

where we used

D = 4
{
�mχ̃−1

‖ �nK0(γ H0)2(1 − χ̃‖K0)2

+�2
+(γ h0neq)2χ̃−1

‖ K0
}

(C19)

to simplify the result. Substituting Eqs. (C17) and (C18) into
Eq. (C13), the integral Lm now becomes

Lm = 1

2
γ h0meq

ω+ω−K0χ̃‖ + τ−2
M(

ω+2 + τ−2
M

)(
ω−2 + τ−2

M

) , (C20)

where we have used ω∗
+ ≈ ω+ and ω∗

− ≈ ω− since Re[ω+] �
Im[ω+] and Re[ω−] � Im[ω−]. From Eq. (C9) and Eq. (C20),
with the use of a relation ε0v0 = γ h̄h0, we finally obtain
Eq. (37).

In passing, we shall discuss the formal relationship be-
tween the present approach and the other approach relying on
the spin-mixing conductance phenomenology [33]. According
to Ref. [33], the spin pumping current is given by Eq. (41),
where gm is the corresponding spin-mixing conductance. By
comparing the spectral representation of Is in our approach
[Eq. (C9)] with Eq. (41), we identify gm = J2

mχMτM/h̄. Note
that this correspondence holds only in the |ω±|τM → 0 limit.

2. Derivation of Eq. (38)

We next present the derivation of Eq. (38). In the case of
the Néel coupling, the spin current injected into the M layer is
given by

Is = Jn

h̄

∫ ∞

−∞

dω

2π
Im〈〈δn−

ω δs+
−ω〉〉, (C21)

where the spin current is mediated by the Néel coupling
[Eq. (3b)]. The fluctuations δm−

ω and δs+
−ω can be obtained

104417-11
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in a manner similar to obtaining Eqs. (C2) and (C3), by taking
notice of the replacement of Jm with Jn and resultant changes,

(ω − Â±)

(
δm±

ω

δn±
ω

)
=

(
iξ±(ω)
iη±(ω)

)
+

( ± Jn
h̄ neq

± Jn
h̄ meq + i �nJn

γ h̄h0

)
δs±

ω ,

(C22)(
ω + i

τM

)
δs±

ω = i
JnχM

τM
δn±

ω + iζ±
ω . (C23)

By substituting δm±, δn±, and δs± obtained from
Eqs. (C22) and (C23) into Eq. (C21), we have

Is = 4kB�T χMJ2
n

ε0v0h̄τM
Ln, (C24)

where Ln is defined by

Ln =
∫ ∞

−∞

dω

2π
[�m|F−

n (ω)|2 + �n|F−
m (ω)|2]ω|g(ω)|2,

(C25)
in which we defined

F−
n (ω) = c−

(ω − ω+)(ω − ω−)
(C26)

and

F−
m (ω) = ω − a−

(ω − ω+)(ω − ω−)
. (C27)

We evaluate the frequency integral in Eq. (C25) with the
residue theorem. By picking up two magnon poles ω∗

+ and ω∗
−

in the upper-half plane, we have

Ln = �mc2
− + �n(ω∗

+ − a−)(ω∗
+ − a∗

−)

(�+ − Y )(X + i�+)
√

Z∗(ω∗+
2 + τ−2

M

)ω∗
+

+ �mc2
− + �n(ω∗

− − a−)(ω∗
− − a∗

−)

(�+ + Y )(X − i�+)
√

Z∗(ω∗−
2 + τ−2

M

)ω∗
−

= Nn1 + τ−2
M Nn2

D
√

Z∗(ω∗+
2 + τ−2

M

)(
ω∗−

2 + τ−2
M

) , (C28)

where

Nn1 = {�mc2
− + �n(ω∗

+ − a−)(ω∗
+ − a∗

−)}
×ω∗

+(XY + �+
√

Z∗)ω∗
−

2

+{�mc2
− + �n(ω∗

− − a−)(ω∗
− − a∗

−)}
×ω∗

−(−XY + �+
√

Z∗)ω∗
+

2
, (C29)

Nn2 = {�mc2
− + �n(ω∗

+ − a−)(ω∗
+ − a∗

−)}
×ω∗

+(XY + �+
√

Z∗)

+{�mc2
− + �n(ω∗

− − a−)(ω∗
− − a∗

−)}
×ω∗

−(−XY + �+
√

Z∗), (C30)

and D is defined in Eq. (C16). Again using the relation
X 2 − Y 2 ≈ (a− − d−)2 + 4b−c− = (γ H0)2(1 − χ̃‖K0)2 +
4(γ h0)2n2

eqχ̃
−1
‖ K0, XY ≈ (a− − d−)�− = γ H0(1 −

χ̃‖K0)�−, ω+ + ω− = a− + d−, and ω+ω− = a−d− − b−c−,
Eqs. (C14) and (C15) become

Nn1 = 1
2ω∗

+ω∗
−
√

Z∗γ h0meq(K0χ̃‖)−1D, (C31)

Nn2 = 1
2

√
Z∗γ h0meqD. (C32)

Note that Nn2 in Eq. (C32) becomes equal to Nm2 in
Eq. (C18). Substituting Eqs. (C31) and (C32) into Eq. (C28),
we now have

Ln = 1

2
γ h0meq

ω+ω−(K0χ̃‖)−1 + τ−2
M(

ω+2 + τ−2
M

)(
ω−2 + τ−2

M

) , (C33)

where we have again used ω∗
+ ≈ ω+ and ω∗

− ≈ ω−. Using
Eqs. (C24) and (C33), and a relation ε0v0 = γ h̄h0, we finally
obtain Eq. (38).

As in the previous section, we discuss the formal relation-
ship between the present approach and the other approach
relying on the spin-mixing conductance phenomenology [33].
According to Ref. [33], the spin pumping current is given
by Eq. (42), where gn is the corresponding spin-mixing con-
ductance. By comparing the spectral representation of Is in
our approach [Eq. (C24)] with Eq. (42), we identify gn =
J2

n χMτM/h̄. Note that this correspondence holds only in the
|ω±|τM → 0 limit.

[1] P. W. Anderson, Concepts in Solids (Benjamin, New York,
1963).

[2] T. Nagamiya, K. Yoshida, and R. Kubo, Antiferromagnetism,
Adv. Phys. 4, 1 (1955).

[3] J. M. Coey, Magnetism and Magnetic Materials (Cambridge
University Press, Cambridge, 2009).

[4] T. Jungwirth, X. Marti, P. Wadley, and J. Wunderlich, Antifer-
romagnetic spintronics, Nat. Nanotechnol. 11, 231 (2016).

[5] J. Železný, P. Wadley, K. Olejník, A. Hoffmann, and H. Ohno,
Spin transport and spin torque in antiferromagnetic devices,
Nat. Phys. 14, 220 (2018).

[6] V. Baltz, A. Manchon, M. Tsoi, T. Moriyama, T. Ono, and Y.
Tserkovnyak, Antiferromagnetic spintronics, Rev. Mod. Phys.
90, 015005 (2018).

[7] H. Wang, C. Du, P. C. Hammel, and F. Yang, Antiferromagnonic
Spin Transport from Y3Fe5O12 into NiO, Phys. Rev. Lett. 113,
097202 (2014).

[8] W. Lin, K. Chen, S. Zhang, and C. L. Chien, En-
hancement of Thermally Injected Spin Current Through an
Antiferromagnetic Insulator, Phys. Rev. Lett. 116, 186601
(2016).

[9] R. Lebrun, A. Ross, S. A. Bender, A. Qaiumzadeh, L. Baldrati,
J. Cramer, A. Brataas, R. A. Duine, and M. Kläui, Tunable long-
distance spin transport in a crystalline antiferromagnetic iron
oxide, Nature (London) 561, 222 (2018).

[10] W. Yuan, Q. Zhu, T. Su, Y. Yao, W. Xing, Y. Chen, Y. Ma,
X. Lin, J. Shi, R. Shindou, X. C. Xie, and W. Han, Exper-
imental signatures of spin superfluid ground state in canted

104417-12

https://doi.org/10.1080/00018735500101154
https://doi.org/10.1038/nnano.2016.18
https://doi.org/10.1038/s41567-018-0062-7
https://doi.org/10.1103/RevModPhys.90.015005
https://doi.org/10.1103/PhysRevLett.113.097202
https://doi.org/10.1103/PhysRevLett.116.186601
https://doi.org/10.1038/s41586-018-0490-7


ANTIFERROMAGNETIC SPIN SEEBECK EFFECT ACROSS … PHYSICAL REVIEW B 105, 104417 (2022)

antiferromagnet Cr2O3 via nonlocal spin transport, Sci. Adv. 4,
eaat1098 (2018).

[11] C. Hahn, G. De Loubens, V. V. Naletov, J. Ben Youssef, O.
Klein, and M. Viret, Conduction of spin currents through in-
sulating antiferromagnetic oxides, Europhys. Lett. 108, 57005
(2014).

[12] P. Wadley, B. Howells, J. Železný, C. Andrews, V. Hills,
R. P. Campion, V. Novák, K. Olejník, F. Maccherozzi, S. S.
Dhesi, S. Y. Martin, T. Wagner, J. Wunderlich, F. Freimuth, Y.
Mokrousov, J. Kuneš, J. S. Chauhan, M. J. Grzybowski, A. W.
Rushforth, K. W. Edmonds et al., Electrical switching of an
antiferromagnet, Science 351, 587 (2016).

[13] S. Y. Bodnar, L. Šmejkal, I. Turek, T. Jungwirth, O. Gomonay,
J. Sinova, A. A. Sapozhnik, H. J. Elmers, M. Klaüi, and M.
Jourdan, Writing and reading antiferromagnetic Mn2Au by
Neél spin-orbit torques and large anisotropic magnetoresis-
tance, Nat. Commun. 9, 348 (2018).

[14] H. Adachi, K. I. Uchida, E. Saitoh, and S. Maekawa, The-
ory of the spin Seebeck effect, Rep. Prog. Phys. 76, 036501
(2013).

[15] K. I. Uchida, H. Adachi, T. Kikkawa, A. Kirihara, M. Ishida, S.
Yorozu, S. Maekawa, and E. Saitoh, Thermoelectric generation
based on spin Seebeck effects, Proc. IEEE 104, 1946 (2016).

[16] K. Uchida, S. Takahashi, K. Harii, J. Ieda, W. Koshibae, K.
Ando, S. Maekawa, and E. Saitoh, Observation of the spin
Seebeck effect, Nature (London) 455, 778 (2008).

[17] K. Uchida, J. Xiao, H. Adachi, J. Ohe, S. Takahashi, J. Ieda, T.
Ota, Y. Kajiwara, H. Umezawa, H. Kawai, G. E. W. Bauer, S.
Maekawa, and E. Saitoh, Spin Seebeck insulator, Nat. Mater. 9,
894 (2010).

[18] S. Geprägs, A. Kehlberger, F. D. Coletta, Z. Qiu, E.-J. Guo, T.
Schulz, C. Mix, S. Meyer, A. Kamra, M. Althammer, H. Huebl,
G. Jakob, Y. Ohnuma, H. Adachi, J. Barker, S. Maekawa,
G. E. W. Bauer, E. Saitoh, R. Gross, S. T. B. Goennenwein et al.,
Origin of the spin Seebeck effect in compensated ferrimagnets,
Nat. Commun. 7, 10452 (2016).

[19] S. Seki, T. Ideue, M. Kubota, Y. Kozuka, R. Takagi, M.
Nakamura, Y. Kaneko, M. Kawasaki, and Y. Tokura, Thermal
Generation of Spin Current in an Antiferromagnet, Phys. Rev.
Lett. 115, 266601 (2015).

[20] S. M. Wu, W. Zhang, A. KC, P. Borisov, J. E. Pearson, J. S.
Jiang, D. Lederman, A. Hoffmann, and A. Bhattacharya, An-
tiferromagnetic Spin Seebeck Effect, Phys. Rev. Lett. 116,
097204 (2016).

[21] J. Holanda, D. S. Maior, O. Alves Santos, L. H. Vilela-Leão,
J. B. Mendes, A. Azevedo, R. L. Rodríguez-Suárez, and S. M.
Rezende, Spin Seebeck effect in the antiferromagnet nickel ox-
ide at room temperature, Appl. Phys. Lett. 111, 172405 (2017).

[22] G. R. Hoogeboom, Geert-Jan N. Sint Nicolaas, A. Alexander,
O. Kuschel, J. Wollschläger, I. Ennen, B. J. Van Wees, and T.
Kuschel, Role of NiO in the nonlocal spin transport through thin
NiO films on Y3Fe5O12, Phys. Rev. B 103, 144406 (2021).

[23] Y. Shiomi, R. Takashima, D. Okuyama, G. Gitgeatpong, P.
Piyawongwatthana, K. Matan, T. J. Sato, and E. Saitoh, Spin
Seebeck effect in the polar antiferromagnet α-Cu2V2O7, Phys.
Rev. B 96, 180414(R) (2017).

[24] J. Li, Z. Shi, V. H. Ortiz, M. Aldosary, C. Chen, V. Aji,
P. Wei, and J. Shi, Spin Seebeck Effect from Antiferromag-
netic Magnons and Critical Spin Fluctuations in Epitaxial FeF2

Films, Phys. Rev. Lett. 122, 217204 (2019).

[25] S. Takei, T. Moriyama, T. Ono, and Y. Tserkovnyak,
Antiferromagnet-mediated spin transfer between a metal and a
ferromagnet, Phys. Rev. B 92, 020409(R) (2015).

[26] G. Tatara and C. O. Pauyac, Theory of spin transport through an
antiferromagnetic insulator, Phys. Rev. B 99, 180405(R) (2019).

[27] K. Shen, Pure spin current in antiferromagnetic insulators,
Phys. Rev. B 100, 094423 (2019).

[28] R. E. Troncoso, S. A. Bender, A. Brataas, and R. A. Duine, Spin
transport in thick insulating antiferromagnetic films, Phys. Rev.
B 101, 054404 (2020).

[29] J. Li, C. B. Wilson, R. Cheng, M. Lohmann, M. Kavand, W.
Yuan, M. Aldosary, N. Agladze, P. Wei, M. S. Sherwin, and
J. Shi, Spin current from sub-terahertz-generated antiferromag-
netic magnons, Nature (London) 578, 70 (2020).

[30] W. Yuan, J. Li, and J. Shi, Spin current generation and detection
in uniaxial antiferromagnetic insulators, Appl. Phys. Lett. 117,
100501 (2020).

[31] D. Hirobe, M. Sato, T. Kawamata, Y. Shiomi, K.-I. Uchida, R.
Iguchi, Y. Koike, S. Maekawa, and E. Saitoh, One-dimensional
spinon spin currents, Nat. Phys. 13, 30 (2017).

[32] Y. Yamamoto, M. Ichioka, and H. Adachi, Spin Seebeck effect
in paramagnets and antiferromagnets at elevated temperatures,
Phys. Rev. B 100, 064419 (2019).

[33] D. Reitz, J. Li, W. Yuan, J. Shi, and Y. Tserkovnyak, Spin
Seebeck effect near the antiferromagnetic spin-flop transition,
Phys. Rev. B 102, 020408(R) (2020).

[34] L. D. Landau, L. P. Pitaevskii, and E. Lifshitz, Electrodynamics
of Continuous Media (Butterworth-Heinemann, Oxford, 1984).

[35] R. Freedman and G. F. Mazenko, Critical dynamics of isotropic
antiferromagnets using renormalization-group methods:
T � TN , Phys. Rev. B 13, 4967 (1976).

[36] B. I. Halperin, P. C. Hohenberg, and E. D. Siggia,
Renormalization-group treatment of the critical dynamics of
superfluid helium, the isotropic antiferromagnet, and the easy-
plane ferromagnet, Phys. Rev. B 13, 1299 (1976).

[37] W. Yung-Li and H. B. Callen, Spin waves in the spin-flop
phase of an antiferromagnet, and metastability of the spin-flop
transition, J. Phys. Chem. Solids 25, 1459 (1964).

[38] W. F. Brown, Thermal fluctuations of a single-domain particle,
Phys. Rev. 130, 1677 (1963).

[39] R. L. Stamps, Mechanisms for exchange bias, J. Phys. D. Appl.
Phys. 33, R247 (2000).

[40] G. Parisi, Correlation functions and computer simulations,
Nucl. Phys. B 180, 378 (1981).

[41] A. Greiner, W. Strittmatter, and J. Honerkamp, Numerical inte-
gration of stochastic differential equations, J. Stat. Phys. 51, 95
(1988).

[42] P. Vaidya, S. A. Morley, J. Van Tol, Y. Liu, R. Cheng, A.
Brataas, D. Lederman, and E. Del Barco, Subterahertz spin
pumping from an insulating antiferromagnet, Science 368, 160
(2020).

[43] Y. Shapira and S. Foner, Magnetic phase diagram of MnF2

from ultrasonic and differential magnetization measurements,
Phys. Rev. B 1, 3083 (1970).

[44] A. R. King, V. Jaccarino, T. Sakakibara, M. Motokawa, and M.
Date, H-T phase diagram of randomly diluted FeF2, J. Magn.
Magn. Mater. 31, 1119 (1983).

[45] A. S. Carriço, R. E. Camley, and R. L. Stamps, Phase dia-
gram of thin antiferromagnetic films in strong magnetic fields,
Phys. Rev. B 50, 13453 (1994).

104417-13

https://doi.org/10.1126/sciadv.aat1098
https://doi.org/10.1209/0295-5075/108/57005
https://doi.org/10.1126/science.aab1031
https://doi.org/10.1038/s41467-017-02780-x
https://doi.org/10.1088/0034-4885/76/3/036501
https://doi.org/10.1109/JPROC.2016.2535167
https://doi.org/10.1038/nature07321
https://doi.org/10.1038/nmat2856
https://doi.org/10.1038/ncomms10452
https://doi.org/10.1103/PhysRevLett.115.266601
https://doi.org/10.1103/PhysRevLett.116.097204
https://doi.org/10.1063/1.5001694
https://doi.org/10.1103/PhysRevB.103.144406
https://doi.org/10.1103/PhysRevB.96.180414
https://doi.org/10.1103/PhysRevLett.122.217204
https://doi.org/10.1103/PhysRevB.92.020409
https://doi.org/10.1103/PhysRevB.99.180405
https://doi.org/10.1103/PhysRevB.100.094423
https://doi.org/10.1103/PhysRevB.101.054404
https://doi.org/10.1038/s41586-020-1950-4
https://doi.org/10.1063/5.0022391
https://doi.org/10.1038/nphys3895
https://doi.org/10.1103/PhysRevB.100.064419
https://doi.org/10.1103/PhysRevB.102.020408
https://doi.org/10.1103/PhysRevB.13.4967
https://doi.org/10.1103/PhysRevB.13.1299
https://doi.org/10.1016/0022-3697(64)90062-9
https://doi.org/10.1103/PhysRev.130.1677
https://doi.org/10.1088/0022-3727/33/23/201
https://doi.org/10.1016/0550-3213(81)90056-0
https://doi.org/10.1007/BF01015322
https://doi.org/10.1126/science.aaz4247
https://doi.org/10.1103/PhysRevB.1.3083
https://doi.org/10.1016/0304-8853(83)90823-5
https://doi.org/10.1103/PhysRevB.50.13453


YAMAMOTO, ICHIOKA, AND ADACHI PHYSICAL REVIEW B 105, 104417 (2022)

[46] C. Kittel, Introduction to Solid State Physics, 6th ed. (Wiley,
New York, 1986).

[47] W. Wernsdorfer, E. B. Orozco, K. Hasselbach, A. Benoit, B.
Barbara, N. Demoncy, A. Loiseau, H. Pascard, and D. Mailly,
Experimental Evidence of the Néel-Brown Model of Magneti-
zation Reversal, Phys. Rev. Lett. 78, 1791 (1997).

[48] J. L. García-Palacios and F. J. Lázaro, Langevin-dynamics
study of the dynamical properties of small magnetic particles,
Phys. Rev. B 58, 14937 (1998).

[49] L. D. Landau and E. Lifshitz, Statistical Physics, Part 1, 3rd ed.
(Butterworth-Heinemann, Oxford, 1984).

[50] J. Barker and G. E. W. Bauer, Thermal Spin Dynamics of
Yttrium Iron Garnet, Phys. Rev. Lett. 117, 217201 (2016).

[51] K. I. Uchida, H. Adachi, T. Ota, H. Nakayama, S. Maekawa,
and E. Saitoh, Observation of longitudinal spin-Seebeck effect
in magnetic insulators, Appl. Phys. Lett. 97, 172505 (2010).

[52] J. Foros, A. Brataas, Y. Tserkovnyak, and G. E. W. Bauer,
Magnetization Noise in Magnetoelectronic Nanostructures,
Phys. Rev. Lett. 95, 016601 (2005).

[53] M. W. Daniels, W. Guo, G. M. Stocks, D. Xiao, and J. Xiao,
Spin-transfer torque induced spin waves in antiferromagnetic
insulators, New J. Phys. 17, 103039 (2015).

104417-14

https://doi.org/10.1103/PhysRevLett.78.1791
https://doi.org/10.1103/PhysRevB.58.14937
https://doi.org/10.1103/PhysRevLett.117.217201
https://doi.org/10.1063/1.3507386
https://doi.org/10.1103/PhysRevLett.95.016601
https://doi.org/10.1088/1367-2630/17/10/103039

