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Abstract

In this article, we give an explicit formula for the universal weight function of the quantum
twisted affine algebra U, (Ag)). The calculations use the technique of projecting products of
Drinfeld currents onto the intersection of Borel subalgebras of different types.

1 Introduction

A universal weight function of a quantum affine algebra is a family of functions with values in
its Borel subalgebra satisfying certain coalgebraic properties. It can be used either to construct
solutions of g-difference Knizhnik-Zamolodchikov equations [TV] or to construct the off-shell
Bethe vectors, thus generalizing the nested Bethe ansatz procedure [KR]. A general construction
of a weight function has been suggested in [EKP]. It uses the existence of Borel subalgebras of
two different types in a quantum affine algebra. One type is related to the realization of U,(g)
as a quantized Kac-Moody algebra, and the other comes from the “current” realization of Uy (g)
proposed by Drinfeld in [D]. It was proved in [EKP] that the weight function of the quantum
affine algebra can be represented as the projection of a product of so called Drinfeld currents on
the intersection of Borel subalgebras of U,(g) of different types.

In the paper [T] the method of the algebraic Bethe ansatz was developed for the case of
the quantum twisted affine algebra Uq(Aéz)). In particular there was suggested an inductive
procedure for the construction of off-shell Bethe vectors for finite dimensional representations
of U, (AP,

The main result of the present paper consists in the applying of the approach of [EKP] to
obtain an explicit formula for the universal weight function of the quantum twisted affine algebra
Uq(Aéz)). As a corollary we derive an integral presentation for the factors of the universal R-
martix of Uq(Agz)), connecting the usual and the Drinfeld comultiplications, as well as for the
universal R-matrix itself. An analogous formula for the universal R-martix of U, (;[2) is presented
in [KP].

The paper is organized as follows. In Section 2, we describe two realizations of the quantum
twisted affine algebra Uq(Aéz)). In Section 3, we adapt the general result of [DKP1] and [EKP] to
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the quantum twisted affine algebra Uq(Af)). In Section 4, we introduce the so called “composite
currents” and derive their analytical properties, which are crucial for our investigations. Section
5 contains an exposition of the main result. Here combinatorial formulae for the universal weight
function and other related objects are presented. Most of the proofs are collected in Section 6.
Finally, Section 7 contains examples of the universal weight function.

2 Two descriptions of the quantum affine algebra Uq(Ag) )

2.1 The Drinfeld realization

Quantum affine algebra Uq(A§2))ﬁ is an associative algebra generated by elements

an, n € Z\ {0}, and K7,

en?fn? neZ?

subject to certain commutation relations. The relations are given as formal power series identities
for the following generating functions (currents):

:Zekz_k, kaz . K (2) = KO exp< (g—q~ Zainﬁ"

keZ kEZ
as follows:

where

n>0

qz +w) f(w) f(2),

(¢ —2)(g"" + )

alz) =

(1 -q*x)(1+q ')’

z
and § (—) is a formal Laurent series, given by
w

8(z/w) = (z/w)™.

ne”L

Generating functions e(z), f(z) satisfy the cubic Serre relations (see [D]):

Sym (q_321 —(q2

21,22,23
Sym (¢ 7%z — (¢7?
21,22,23

Sym (q?’z1

21,222,723

Sym (q3z1 —

21,%2,23

+q Y+ z3) e(z1)e(z2)e(z3) = 0,

+q Nt 230 fa)f(2) f(23) = 0,

— (@ +q)z "+ 23 ) e(z1)e(z2)e(z3) = 0,

(¢* +q)zo + 23) f(21) f(22)f(23) = 0.

3with zero central charge and dropped grading element.
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Define the principal grading on the algebra U, (A; )) by the relations

dege, =3n+1, deg f,, = 3n — 1, deg a, = 3n, deg Kgﬂ =0. (2.16)

The assignment ([2.16]) defines Uq(Ag)) as a graded associative algebra.
The Hopf algebra structure on Uq(Ag)) can be defined as follows:

AP (e(2)) = e(z)®@1+ K (2) ®e(z), (2.17)
AP (f(2) = 1@ f(2)+ f(z) ® KT(2), (2.18)
APNKE(2) = K*(2) @ K*(z), (2.19)
aPle(z)) = —(K (2))"e(2), (2.20)
aP)(f(z)) = —f(2)(KT(2)7", (2.21)
a P (E*(2)) = (K*(2))7", (2.22)
ePe(z)) = 0, (2.23)
eDN(f(2)) = o, (2.24)
ePHKE(Z) = 1 (2.25)

where ADP) | () and aP) are the comultiplication, the counit and the antipode maps respec-
tively. We will call AP) a Drinfeld comultiplication. The map AP) defines the structure of
topological bialgebra on A = Uq(Ag)) which means that for any n € Z this map sends an ele-
ment z of the graded component A[n] to the sum of spaces ), Alm(n) — k] @ A[-m(n) + k],
where m(n) is an integer such that for each k the corresponding summand on the right hand
side of AP)(z) is finite. See [EKP} Section 2] for details.

2.2 Chevalley generators of Uq(Af))

Another realization of Uq(Agz)) can be obtained using Chevalley generators. Quantum affine

algebra Uq(Agz)) is an associative algebra generated by elements eia, €1(5_2q), kg +1 k§t12 o

satisfying the following relations:

kaeraky' = ¢ eta, ka€i(s-20)ka = 7€ 4(5-20);

k5—2ae:|:ock5__12a = q:F2e:|:oc7 k5—2ae:|:(6—2a)k5__12a = qi4e:|:(6—2a)7
k§k6—2a =1, [e:l:(:n eq:(6—2oc)] =0,

] ko — k1 o5 nae ] ks—20 — k5o,
) —Q - 77 6_ oy - —ZQ = —7

q—q! 2 =~(0-2a) q—q!

(adg exa)’es(5-2q) =0, (adg €4 (5-20)) €xa =0,
where
(adq e:l:a)(x) = €4al — kil k}le:taa
(adgexr(5-00))(@) = ex(s20)® — ki 9@k e4(5-20)-

The principal grading is given by relations

degeq, = £1, deg e (5—2q) = £1, deg kX! = deg k}s 9 = 0.



The Hopf algebra structure associated with this realization can be defined by

A(ea):ea@)l"’_ka@ea: A(€5 2a) = €5— 2a®1+k5 20 @ €5_9q,
Alea)=1®e atea®k,, Ale_(5-20)) = 1 ® €_(5-20) T €_(5-20) ® kj_'90;
Alky') = k' @ky, Alkila,) = kil ® k3o,

e(exa) =0, elex (6—20a) ) =0,
e(ky!) =1, e(k5 o) =
aleq) = =k teq, ales_oq) = k‘é_ 90, €5—201>
ale—a) = —e—aka, a(e_ (6— 2a) —€_(5-2a)ks—2a;
a(ky') = k', a(k3l50) = ki ons

where A, ¢ and a are the comultiplication, the counit and the antipode maps respectively. We
will call A ”standard” comultiplication.

2.3 The isomorphism between two realizations

The isomorphism between two descriptions of the quantum affine algebra Uq(Ag)) can be es-
tablished by the following maps:

ks—2a — K72 ka — Ko,
€5—20 — a(Qflfo — fof1) K2, ea — €0, (2.26)
e_(5—22) — aKZ(qg tege_1 — e_1ep), e_a — fo,

1
q+q

where a = —.

Remark. For generic g, the mapping above is an isomorphism of associative algebras. It preserves
the counit, but does not respect the comultiplication maps A and A(P). The relation between
the two comultiplications is described in Section [3.41

3 Orthogonal decomposition and twists of Drinfeld double

In this section, we adapt the theory of orthogonal decompositions and twists of Drinfeld double
developed in [EKP] to the Uq(Ag)) case.

3.1 Borel subalgebras in Uq(Aéz))

Recall that in any quantum affine algebra there exist Borel subalgebras of two types. Borel
subalgebras of the first type come from the Drinfeld (“current”) realization of Uq(Agz)). Let Up
denote the subalgebra of Uq(Ag)), generated by the elements Kgﬂ, fn,n € Z; an,n > 0, and
let Up denote the subalgebra of Uq(Af)), generated by the elements KSEI, en,N € Z; an,n < 0.

They are Hopf subalgebras of Uq(Ag)) with respect to comultiplication AP). The “current”
Borel subalgebra Ur contains the subalgebra Uy generated by elements f,,, n € Z. The “current”
Borel subalgebra Ug contains the subalgebra U,, generated by elements e, n € Z.

Borel subalgebras of the second type are obtained via the Chevalley realization. Let U, (by)

and Uy(b_) denote a pair of subalgebras of Uq(Agz)) generated by elements

1 1
€ay €5—2a; k(:xt and €—a; €_(§—2a); kE



respectively. In terms of the Drinfeld realization, these subalgebras are generated by elements
Ki', eo, afifo—foft  and  K§', fo, g lege—1 —e_1eq,

respectively. The algebras U,(b) are Hopf subalgebras of Uq(Ag)) with respect to comultipli-
cation A and, moreover, coideals with respect to the Drinfeld comultiplication. More precisely:

Proposition 3.1 For any element x € Uy(by) we have an equality

AP z) =2 @1+ > a; ®@b;  for some by € Uy(by), such that e(b;) =0, (3.1)
i=0

In particular, subalgebra U, (by) is a left coideal of Uq(Agz)) with respect to coproduct AP,
ie. AP (U, (by)) C Uq(Ag)) ® Uq(b4). Analogously, Uy(b_) is a right coideal of Uq(Ag)) with
respect to the same coproduct.

The proof of Proposition B.1lis given in Section [6.1]
Let U;E, U o U and Uy denote the following intersections of Borel subalgebras:

Uf_ =UprNU,b_), U}' =UprNU,(by),

Ulf =UgnU,(by), Ugp =UpNUg(b_).
Here the upper sign indicates the Borel subalgebra U, (b+) containing the given algebra, and the
lower letter indicates the “current” Borel subalgebra Ur or Ug that it is intersected with. These
letters are capitals if the subalgebra contains imaginary root generators a,, and are lower case

otherwise. The intersections have coideal properties with respect to both comultiplications. In
particular, Proposition B.I] and its analog for Borel subalgebra U,(b_) imply the inclusions

AP UL c Up @ U, AP UL CU; @ Up,
APNUL) Cc Uy @ Ug, ADPNUH) c U@ U,

3.2 Projections

Let A be a bialgebra with multiplication map p, comultiplication map ¢, unit 1 and counit e.
We say that its subalgebras A; and Az determine an orthogonal decomposition of A (see [ER]),
if:

(i) The algebra A admits a decomposition A = Aj.As, such that the multiplication map
w: Ay ® Ay — A establishes an isomorphism of linear spaces.

(ii) A; is the left coideal of A, Aj is the right coideal of A:

SA) CA® A,  §(A) C Ar® A

There is a pair of biorthogonal decompositions of “current” Borel subalgebras, equipped with
comultiplications A(P) and its opposite, namely Ug = U}U p and Up = Uf_ U;E. The condition
() is a corollary of the theory of Cartan-Weyl bases (see [KT]); the condition (i7) follows from
Proposition B.11



Let P™ and P~ denote the projection operators corresponding to the second decomposition,
so that for any fy € U}' and for any f_ € Uf_

PH(f-f+) = e(f-) f+, P=(f-f+) = f-e(f+)- (3.2)

Projection operators related to the first decomposition are denoted by P** and P*~, in such a
way that for any ey € Ul and for any e_ € Ug

P*t(eye ) =ese(e ), P (eye ) =¢e(eq)e_. (3.3)

3.3 Completions

Algebra Uq(Ag)) admits a natural completion Uq(Ag)), which can be described as the minimal
extension of Uq(Ag)), that acts on every left highest weight and on every right lowest weight
Uq(Agz))—module with respect to the standard Borel subalgebras(see [DKP2]).

In a highest weight representation of Uq(Agz)), any matrix coefficient of an arbitrary product
of currents f(z1)... f(zn) is a Laurent polynomial in {z1,...,2,} over the ring of formal power
series in variables {z9/21,23/22,...,2n/2n—1}. It converges to a rational function in the domain
|z1] > |2z2] > --- > |zn|. The latter observation and the commutation relation (22)), which
dictate the way of taking an analytic continuation from the domain above, allow us to regard

products of currents as operator-valued meromorphic functions with values in U, (A(2))

The projection operators P*, defined in the previous subsection, extend to the completion
UrpCU (A( )). The projection operators P** extend to another completion UsCU (A(2))
where U, (A( )) denotes the minimal extension of U, (A( )) that acts in every left lowest weight
and in every right highest weight Uq(Aé ))—module.

3.4 Relations between coproducts and the universal R-matrix

Let R and KC denote the following formal series of elements of the tensor product Ur ® Up:
- _ dz _ dz
R = exp ((q —q 1)}146(2) ®f(2)—> =1+(¢—q 1)]46(2) @ f(2)—
—q dz dz
le—a™ ) q %7{ e(z1)e(z ®f(21)f(22) ! 22+ o

_ ex n(q— q)? e
Lo (Z @@+ ) g ") '

n>0

By ¢ f(z)dz we mean a formal integral that is equal to the coefficient of 2~ in the formal series
f(z). We further set

Ry= (P~ ®P")(R), R_-=(PT®P)(R), and R=RIK'R_, (34)
where h = log K.

Proposition 3.2 (i) The tensor R?' is a cocycle for AP) such that for any = € Uq(Ag))

A(z) = RZAP) () (RZ) !
(17) The tensor R is the universal R-matriz for Uq(Ag)) with opposite comultiplication AP :

A(z) = RAP(x)R™Y  forany z € Uq(Ag)).



Proof: For any element X € Up ® Up, let : X : denote the same element presented as a sum
> aib; ® ¢id;, where a; € U, b € Ug, ¢; € Uy, d; € U;f. In the work [DKP1], it was proved
that the element R’ = :R: K is a well defined series in elements of the tensor product ﬁE QUp,
which represents the tensor of the Hop@ pairing ( , ) : Ugp ® U;p — C, that is

(1®a,R)=a, be1,R)=>

for any a € Ug and b € U, FE Due to Proposition and to the theory of Cartan-Weyl bases
for Uq(Ag)) developed in [KTJE the pair (U;S,Uy) forms an orthogonal decomposition of the
bialgebra Ug. Analogously, the dual pair (U 7o U;f) forms an orthogonal decomposition of the
bialgebra Up. This implies the decomposition R’ = R} RS, where R is the tensor of the pairing
of Uf and U 7o R, is the tensor of the pairing of U and U;f. They are given by the relations:

Ri=19 P (R)=P*+ P (R')=P" 2P (R), .
Ry =10 PH(R) = P o PF(R) — (P~ © P*(R)) K. (3:5)
The last equalities in both lines of (3.5]) are implied by the following observation: the application
of projection operators to both tensor components automatically performs the normal ordering
of the tensor R. The factorization of the tensor K follows from the definitions of the projections.

Now, part (i) of the proposition becomes a direct generalization of Proposition 3.8 of [EKP].
One can check that the conditions (H1)—(H6) of Section 2.3 of [EKP] are satisfied for the algebras
Ay =US, Ay = Uy, By = Ui, By = Uf_ due to the theory of Cartan-Weyl bases, Proposi-
tion B.2] and the relations ([B.5]). Under the same settings part (ii) is the direct generalization of
the results of [EKP) Section 2.3]. O

Remark. Note that all the results of this and of previous sections could be easily modified for
the central extended algebra Uq(Ag)) with an added grading element. See e.g. [DK].

3.5 The universal weight function

Let V be a representation of the algebra Uq(Ag)) and v be a vector in V. We call v a highest
weight vector with respect to the current Borel subalgebra Ug if

K*¥(z)v = Az)v,

where A(z) is a meromorphic function, decomposed in series in z~! for K*(z) and in series in z
for K~ (z). Representation V is called a representation with highest weight vector v € V with

respect to Ug if it is generated by v over Uq(Aéz)). Suppose that for every finite ordered set
I ={iy,...,in}, an element W(z;,,...,z;,) is chosen. It is a Laurent polynomial in {z;,,...,2;, }
over the ring Uq(Ag)) th [Ziys Zig [ Zigs -+ s Zin [ zinfl]] satisfying the following conditions:

“which means that (a1a2,b) = (a1 ® a2, A°?(b)) and {(a,bibs) = (A(a),b1 ® b2) for any a,a1,a2 € Ug and
b,b1,b2 € Up.

°In [DKPI] this result was derived for U, (;[2) However, the arguments therein are general and work for any
quantum affine algebra.

5To adapt the result of [KT] to our case, one should replace g-commutators with ¢~ ‘-commutators in the
construction of the Cartan-Weyl basis.



(1) for any representation V' that is a highest weight representation with respect to Ug with
highest weight vector v the function

wy (Zigs oy 2iy) = W(ziyy oy 20, )V
converges in the domain |z;,| > -+ > |z;,| to a meromorphic V-valued function;
(2) W=1if I =g;

(3) let V.= V3 ® V4 be a tensor product of the highest weight representations with highest
weight vectors v; and vy and the highest weight series {A(l)(z)} and {)\(2)(7:)}; then for
an ordered set I we have

wy ({#iier}) = Z wv ({zien }) ® wy, ({Zien )

I=I 12
-2
— 2/ zi)(q + 2/ %)
« [T A®) (@~ /=)t z/5) g0
zle_.r[l E (1—q72z/2)(1 + qzj/z)
i€ly,j€l2
A collection W(z;,,...,z2;,) for all n is called the universal weight function. Using Proposi-

tion 3.2, we get the following direct generalization of [EKP, Theorem 3]:
Proposition 3.3 The collection P*(f(z,),..., f(zi,)) is a weight function for Uq(Ag)):
W(Zil, . 7Zin) = P+ (f(Zil), e 7f(2'ln)) (37)

Our main goal from now on is to calculate the latter projection.

4 Composite currents

In the following sections we use the abbreviated notation P for the projection PT.

4.1 Definitions

We introduce a pair of new currents s(z) and t(z). The first one plays a crucial role in the
following discussion since the main result is formulated in terms of the projection P(s(z)). Thus
s(z) and t(z) are a pair of Laurent series with coefficients in the completed algebra Up given by

dw

) = e fEw)E, (4.1)
12 = ey JENw) (42)

We call generating functions s(z), t(z) the composite currents. We treat them as meromorphic
operator-valued functions in the category of left highest weight Uq(Agz))-modules.

Proposition 4.1 In Uy the composite currents s(z) and t(z) can be represented as the following
products:

N —1
(o) = W=D g, (4.3
(a+a*)(*—q?)

1+¢3

F(@2)f(2). (4.4)



Proof:

e SO = i (0w ) -
_ (2 — ¢*w)(gz + w) @t Aat -9,
— i (BT ) D20 gy,

The second equality is proved in a similar way.

4.2 Analytic properties

We use the following vanishing conditions on products of Drinfeld currents: diagonal condi-
tions (i) follow from relation (22 and Serre conditions (ii) follow from analytic Serre rela-

tions (212 (see [DK]):
(i) the product f(z)f(w) has a simple zero on the hyperplane z = w;

(i) the product f(z1)f(z2)f(23) has a simple zero on the following lines: z; = —qz3 = ¢%22,
29 = —qz1 = ¢’z3 and 23 = —qz2 = ¢°21.

We collect data derived from the vanishing conditions in the following table:

s(z)f(w) f(w)s(z)

ZEeros poles ZEeros poles
w=z w = ¢’z w=z w=z
w=—q2|lw=—q¢2||w=—-q¢'2|w=—¢32
w=—qz w=—qz w=—qz w=—qz
w=q 2z w=q 2z w=q 2z w=q 2z

where the first pair of zeros is a consequence of the diagonal conditions while the second pair
is obtained from the Serre relations. Cancelling zeros and poles at the same points we derive
that s(z)f(w) has just one simple zero surviving on w = z and just one simple pole on w = ¢?z.
Analogously, f(w)s(z) has a simple zero on w = —q¢ 'z and a simple pole on w = —¢ 3z.
Therefore the following equality of holomorphic functions holds:

(g% —w) _ v
G w) W) =" S f(w)s(z) (4.5)

In a similar way, we obtain one more table:

s(z)s(w) s(w)s(z)
ZEeros poles ZEeros poles
w ==z w:q2z w =2z w:q_2z
w = —qz w=—-¢2 || w=—-q¢'2|w=—¢32
w =2z W=z w =2z w =z
w=—q 'z |w=—q¢ 'z w = —qz w = —qz
w = q22 w = q22 w = q_zz w = q_2z
w=—q 'z |w=—-q¢ 'z w = —qz w = —qz
w = —qz w = —Qqz w = —q_lz w = —q_lz
w=q 2z w=q 2z w = ¢’z w= ¢’z




In this case the first four zeros are derived from diagonal conditions and the rest from Serre
relations. Thus the product s(z)s(w) has simple zeros at the points w = z and w = —gz and
simple poles at the points w = ¢?z and w = —¢®z. Once again we obtain the following equality
of holomorphic functions:

(z — ¢Pw)(z + ¢*w)
(z —w)(z + qu)

(¢*z — w)(¢*z + w)

(z —w)(gz +w) s(w)s(2). (4.6)

s(z)s(w) =

5 Calculation of the weight function

5.1 Required notation

In this section we introduce some notation that is frequently used below. The following rational
functions are formal power series, converging in the domain |z1] > -+ > |2,].

n—1 p p n—1 2 (]22
n — <1 - 7
k(Z1,.--,2n—15%n) = 5 5.1
P( n n) Ezk—zigzn—q% ( )
ik
A\ (Z . . ) 2k ﬁ (Zn — zi)(zk + q3zi) (5 2)
(21,5 Zn—1; = ) .
U gz bz ot (e + 02) (2 — 6P2)
( ) ﬁ Zn — % ﬁ (Zn + qzi)(zk - q22i)(zk + qszi) (5 3)
k\Z15 -5 2n—152n) = ) .
: e Rk TR (21 + qzi)(2n — ¢2i) (20 + ¢*2i)
ik
n—1 n—1 2
Zn + Q% (2n — 2i)(2k + q2i) (21 — ¢°2;)
V(21,0 2n—152n) = —q" i 5.4
( " ) E 2k — %4 1_11 (qzr + 2i)(2n — q22i)(zn + qui) (54)
ik
Let F(z1,...,2n-1;2n) and S(z1,. .., zn—1; 2 ) denote the following combinations of projections:
n—1
Fotreoor ot = PFG) = S oot ns 2n) PUF (1), (5.5)
k=1
n—1
8(217 <oy 2n—1; 2n) = P(S(Zn)) - Nk(zla <oy 2n—1; Zn)P(S(Zk)) -
k=1
1 (5.6)
— VE(21, -y 2Zn—1; 2n) P(s(—qzk))-
k=1

Let I = {i1,...,ir} and J = {j1,...,Jr} be ordered subsets of an ordered set {1,...,n}. We
call an ordered pair of subsets {I, J} a PT-admissible pair of cardinality r if the following hold:

e INJ =0,
® J1> 2> > g

o jy>idp forl=1,...,r.

10



For each PT-admissible pair {I, J} of cardinality r, and for any k = 1,...,r, we introduce a for-
mal power series T}“J (21,...,2,) that is the decomposition in the domain |z1| > |z9| > -+ > |2,]
of the rational function

ip—1 Jr—1
k . 7 —qzy
TI7J(’Z17“‘7ZTL):_>\Z']€ (Zil,...,Zikil,Zl,...,ij_thk) H Oé(z—> H Oé< > 5
'k 'k

/=1 (=1
é#ilv"'vikfl Z;é7,1772k
(5.7)
where z;,,...,2; , are skipped in the row z1,...,z;, _1 of variables of the function );, above.
In other words, each of z;,,...,%;, , occur in the variables of function J);_, but only once.
Now, for each P*-admissible pair {I, J} of cardinality r and for any k = 1,...,n such that
k ¢ TUJ, we introduce a generating function F: }“ s(z1,..., 2n). Namely, for such a k there exists
a unique p = 1,...,7 + 1 for which j, < k < jp—1, with jo =n +1, j,41 = 0. Then we set
]-"f’J(zl, ceiyzZn) =F (21'1, ey Zip_1s 2Ly ,zk_l;zk) , (5.8)
where again z;,,...,2;,_, are skipped in the row 21,...,zx_1.
Finally, we define a q-commutator
[a,b] ;21 = ab — ¢ oa (5.9)

and a pair of ordered products

T

- o
[[Gr=6G1Ga2... G, [[Gr=Gr...G2Gh.
k=1

k=1

5.2 Main results

Theorem 1 Projections of currents f(z) and s(z) can be written as follows:

P(f(z) = > faz ™ (5.10)

n>0

P(() =~ (PG il + [ o+ PUED],) - (B1)

Theorem 2 The projection P(f(z1) - f(zn)) can be expressed by the following explicit formula:

[n/2] r
P(f(Zl)"'f(Zn))ZZ Z HTﬂlJ(zl,...,zn)x

r=0 {I,J} m=1
|=|J|=r

= =
X HS(Zi17"'7Z7:k—1;Z7:k) H ]:IZ,J(zl,...,zn), (5.12)
—1 =

ol

¢
41,7

where S(z1,. .., 2n-152n), L (21, 2n), FLy(21,---,20) are defined by (5.8), (5.7), (5.3)
respectively. The second sum in the formula [513) is taken over Pt -admissible pairs {I,J} of
cardinality v, and in the case I = J = @& we have only one summand

.F(Zl,. .. ,25_1;2’5) .

—!=

o~
Il

1

"please note that the definition differs from the one given in [KTJ.
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We illustrate Theorem 2] by giving examples in Section [7l

5.3 Calculation of other projections

In this section we obtain some formulae for projections P~, P** P*~. The proofs almost
literally reproduce the ones of Theorem [2, and we skip them.
Let us introduce a composite current

- dw
5:) = res flw)f(m) 2.
w=—qz w
As a matter of fact §(z) = —s(—qz), but §(z) is more convenient for calculating projection P~.

The following theorem holds:

Theorem 3 Projections P~(f(z)) and P~(5(z)) can be written as follows:

P (f(2)) = > far ", (5.13)
n<0
PG = s (Lo PG, +a P @) ~ i ],). (514)

Now we introduce some more notation:

. b — 2 z
k(215 22,0y 2n) = H 1= Hq k (5.15)

Zk_zzi: qzl—z

=2
1#£k
3 (21— 2) (P + 2)
Me(215 22,0y 2n) = , 5.16
k(2122 o) oz + qzk ZEI (gzk + 2i)(g%21 — 2) (5.16)
_ 21—z 1 (a2 + 20) (P ok — 20) (P + 2)
21329,y 2p) = , 5.17
ik (215 22 ) 21_[ 2k — 2 g (qz1 + 2:) (P21 — zi) (@321 + 2;) (5.17)
i#k
_ ! gz + zi 1r (21 — 2)(qzk + 2) (P2 — %)
Up(21; 29, . .. = . 5.18
a1 2 ZH2 k_%g (26 + q2:)(@°21 — 2:)(¢P21 + 2i) (519
i#k
Define the following combinations of projections:
F(z1520,- 5 20) = P (f(21)) = > (21520, 20) P~ (f (), (5.19)
k=2
S(z1522, -, o) = P7(8(21)) = > (21522, -, 2) P (3(21)) —
h=2 (5.20)

- Z (21529, -, 20) P (3(—q ' 21)),
k=2

Now, let I = {i1,...,i.} and J = {j1,..., .} be ordered subsets of an ordered set {1,...,n}.
We call an ordered pair of subsets {I,J} a P~ -admissible pair of cardinality r if the following
hold:

e INJ =0,

12



o i < ig < i < By

o iy < gy, forl=1,... r.
For each P~ -admissible pair {I, J} of cardinality r, and for any k = 1,...,r, we introduce a for-
mal power series %ﬁj (21,...,2y) that is the decomposition in the domain |21| > |29| > -+ > |2,]

of the rational function

n n
~k 3 . ik — 9%k
TI’J(Z:l’""Zn)_)\jk (Zik7zik+17"‘7Zn7zjk717"'7zj1) H Oé<—> H Oé(z—e s

Z
Z:]k-i-l ¢ Z:lik-i-l.
LFG1 k-1 LFG1555k
(5.21)

where zj,,...,%; , are skipped in the row z; 11,...,2, of variables of the function S\Zk above.
In other words each of z;,,...,2j , occur in the variables of function S\ik, but only once.

Now, for each P~-admissible pair {I, J} of cardinality r and for any k = 1,...,n such that
k ¢ 1,J, we introduce a generating function F }“ s(z1,..., 2z,). Namely, for such a k there exists
a unique p = 1,...,7 4 1 for which 7,1 < k <4}, with ig =0, 4,41 = n + 1. Then we set

]}f’J(zl, o zp) =F (Zk;2k+1, ey 2y Zjp_1y e ,zjl) , (5.22)
where again z;,,...,z;,_, are skipped in the row 2zjy1,..., 2.
Then we have the following theorem:

Theorem 4 The projection P~(f(z1) - f(zn)) can be expressed by the following explicit for-
mula:

[n/2] r
P™(f(z) fle) =Y > T (e 2m) x

r=0 {I,J} m=1
|=|J[=r

— 1~

N
X H fJ(zl,...,zn) S (25 2j 12 21) . (5.23)

e
I

1

where 5(z1;z2...,zn), %ﬁj(zl,...,zn), ]:'}“J (z1,-..,2n) are defined by (52.20), (5.21), (222)

respectively. The second sum in the formula ([523) is taken over P~-admissible pairs {I,J},
and in the case I = J = & we have only one summand

]}(zf;zf-i-lw .. wzn) .

—!=

~
Il
i

To obtain the formulae for projections P** and P*~ we introduce an involution ¢ of the
algebra Uq(Ag)) such that

ten) = fon, (fn) = e—n, t(an) = a_y, W(Ko) = Kt (5.24)

One can see that
1Pt = P, (5.25)

Using this identity we can compute P**(e(21)...e(2,)) as tPT(f(27Y) ... f(z7h)).

Corollary 5.1 An integral presentation for the factors of the universal R-matriz of Uq(Ag))

can be obtained by applying formulae (5.12), [523) and (5.24) to relations (3.4)).

13



6 Proofs

6.1 Proof of Proposition

The statement is multiplicative with respect to x; hence it is sufficient to prove it for gener-
ators eq, €s5_oa, kil of the subalgebra U,(by). For elements e, and kX! the property (B.1)
follows directly from the isomorphism between the realizations (2Z26]) and the formulae of the
comultiplication A(P) @I7)-(Z2Z5). Thus we only need to check the property for es_oq.

Let d be a grading on the commutative algebra, generated by the elements a;,7 € N and K,
such that d(a;) =i and d(Kp) = 0. Using Drinfeld comultiplication formulae we obtain

AP (fo)=1® fo + Z fon ® Kolp,

n=0
APNf) =1® fo+ Y f-nt1 @ KoJn,
n=0
where I,,, J,, € C(q)[a1,ag,...] are polynomials in variables a;,7 € N of degree n over the quotient

field C(q). According to (2.20]) it only remains to check the statement of the lemma for

x = qfifo— fofi.

The equality

AP qf1fo— fof1) = 1@ (afifo— fofr) + 3 foiv1 ® (@Tnfo — foTn)

n=0
holds modulo Uq(Agz)) ® Uqy(by). Formulae (2.26]) imply that
1@ (¢f1fo — fof1) € Ug(AP)) @ Uy(b2).
To prove the same for the second summand we use equality
K*(2)fo=q "foK*(z) mod Uy(by),
which one can obtain from relation (2.4)). O

6.2 Proof of Theorem 1

The first part of the theorem immediately follows from the definition of the projection P*. The
proof of the second part is a little bit more complicated. We start with an equality

s (£ = e e, (-0 ).

w=—q~1z w ((]2 + q_l)z w=—q~ 1z w

Using the Cauchy Residue Theorem we rewrite the latter residue as the following sum:

res (- 002 ) =

w=—q~ 1z w

= (e (- 0@ ) + e (2 - w0 ) )

W=00 w w=0 w

14



It remains to calculate the residues at w = 0 and w = oo.

res <(q22 - w)f(z)f(w)%) = ¢*2f(2) fo — f(2)f1.

w=0

Since f(z)f(w) is well defined only in the domain |z| > |w|, we evaluate the residue of its
analytic continuation at w = oo :

wW=00

d—w) = res <<z/w ~ Ao ta)

res <(q22’ —w)f(2)f(w) " (14+q1z/w)

f<w>f<z>dw) |

1
which after putting u = — equals
w

. <(q2—uz) (q_l—l—uz)f(l) f(z)du> _

u=0 (14 g~ tuz) u u?

=z <Qf12_1f(2) —qfof(2)+ (@ +q-1-q7") Zf-n(—q‘lz)"f(2)> :

n=0

Previous relations imply

5(2) = ——— (G [/ (), fol - +a [z ()] o +
+(@+q—1-q¢ )P (f(—q'2)) f(2)), (6.1)

where [a, b] 41 is defined by (59). Recalling projection properties (3.2)),

P(s(2) = =5 P (@) foly s +a [z 1 ()], ).

7 +q
To finish the proof we rewrite relation ([2.2]) in coordinates:

q2fn+2fm — qfmfnr2+ q2fm+2fn — qfnfmi2 = (1 - q3)(fm+1fn+1 + fn+1fm+1)- (6-2)

Using relation ([6.2]), the projection properties ([3.2)) and the Borel subalgebras description, given
in the Section Bl we obtain that

qfifo— fuf1 €UL, forn >0,
qfmfo— fofm € UL, form > 0.

For n > 0 the relation above is obvious, for n = 0, m = 1 it follows from the formulae (2.20)),
and finally for n < 0, m # 1 equality (6.2)) provides us with the desired relation. Therefore we

obtain
1

P(s(2) = ~ g (alPUG). folyr + A2 fo + PUEN] ).
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6.3 Proof of Theorem 2

Assume 0 < p < k < n—1. We introduce the formal power series 7y (21, ..., 2n—1; 25 ), Which is
the decomposition in the domain |z1| > |z2] > - -+ > |z,| of the rational function

k—1 n—1
z —qz
Thop(215 -3 Zn—1;2n) = —Ae(21, -+ Zn—1; 2n) H « <—Z> H « < jk€> . (6.3)

z
t=p+1 k7 epr1
£k

Now, we use iterative application of:
Lemma 6.1 The projection P(s(z1)...s(2p)f(2zps1) .- f(2n)) can be written as

P(s(z1)...5(zp) f(zpg1) .- f(2n)) =
= P(s(z1) ... 5(zp) f(2p41) - - - [(2n=1)) F (21, - s Zn—1; 2n) +

n—1
+ Z Tkm(zl,...,zn_l;zn)P(s(zl) . S(zp)s(z) f(zps1) - - fzh—1) f(Zhs) - ..f(zn_l)),
k=p+1
(6.4)

where F(z1,...,2n—1;2y) is defined by (5.7).

we reduce evaluation of P(f(z1)...f(zn)) to the problem of calculating P(s(z1)...s(zm)) or
P(s(z1)...8(zm)f(2m+1)). Applying Lemma to P(s(z1)...5(zm)f(2m+1)) once more we
reduce the case to the evaluation of P(s(z1)...8(zy)). The latter is achieved by using:

Lemma 6.2 The projection P(s(z1)...s(zn)) admits a decomposition
P(s(z1)...5(zn)) = P(s(21) ... 8(2n-1))S(21, .-, 2n—1; Zn), (6.5)

where S(z1, ..., 2n—1;2n) 15 defined by ([{5.4).

One can see that on every step of the iterative application of Lemma [6.1] we either factor pro-

jection P(s(z1)...s(2p)f(2pt1) - - - f(zn)) into the product P(s(z1)...s(zp)f(zpt1) - .. f(zn-1)) X
XF(z1,. .., 2n-1; zn) or replace product f(z;)f(z,) with the current s(z;). Thus, sets [ and J in
the formula (5.12]) indicate that on the (n+ 1 — j;)-th step, we replaced f(z;,)f(2;,) with s(z;,),
on the (n + 1 — jp)-th step we replaced f(zi,)f(2j,) with s(z;,) etc. O

6.4 Proof of Lemma

For any current a(z) = 3 an,z™" let a™(2) denote currents

nez
a(w) dw n
R A Y
_ a(w) dw n
a”(2) _7{1—(,2}10? —Zanz

One can see, that
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Let us introduce notation that is used in the proof below. Let M. be a square matrix of order
n—1, and F, S. and V. be (n — 1)-dimensional vectors as follows:

F=(P(f(z1)),..-, P(f(2n-1)) (6.6)
Se = (P(S(czl)), - ,P(S(czn_l)) , 6.7
1 1
Vc:<1—c—1zn/z1’”"1—c—1zn/zn_1>’ (6.8)
1 1
M, = : : , (6.9)
1 1
m 1—cl2p1/2n-1

with ¢ = £¢*. Next, we introduce the following rational functions of z:

(1-2)(¢* + )

B(x) = 1= n)(g+a) (6.10)
(@)@ ) +qa)
") = @A+ Po)la + 2) (6.1)
Let also
actifz) = Res WL gy = Res Yy = Rey KU (6a2)

for ¢ = +¢*. One can see that a.(z) = A(c —2)7!, Bo(x) = Blc— )71, v.(z) = C(c — z)7}, for
some constants A, B, C.

Now, by the definition of projection P we have f(z) = f*(z) — f~(2). Using projection
properties we obtain

P(s(z1)...s(zp) f(zp1) - - - f(z)) =
= P(S(Zl) - 8(2p) f(2p41) - - f(zn—l))P(f(Zn)) -
— P(s(21) - 5(2p) f(2p11) - f(2n=1) f 7 (20))-

To calculate the second summand on the right hand side we need to move current f~(z,) in
front of the product s(z1)...s(zp)f(2p+1) .. f(2n—1). This can be done by inductive application
of:

Proposition 6.3 The following commutation relations hold:

a) let a(z) and a.(w/z) be as in (210) and (612); then

f(2)f~(w) = a(z/w)f~ (w)f(2) +
+ g (w/2) [T (¢*2) f(2) + a_g1 (w/2) [T (=g 2) f(2); (6.13)

b) let f(z) and Be(w/z) be as in (6.10) and (612); then

s(2) [ (w) = B(z/w) [~ (w)s(z) +
+ Bz (w/2) [ (%2)s(2) + B_g-1(w/2) [ (=g 2)s(2).  (6.14)
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Informally, the proposition above states that on pushing f~(z,) to the left in the product
s(z1)...5(2p) f(2pt1) - - - f(2n—1)f" (2n) some rational functions of z, arise, which after decom-
position into partial fractions appear to have only simple poles on the hyperplanes z, = ¢z
and z, = —q~'z;. Thus the following formula holds:

P(s(z1)...s(zp) f(zp+1) - - - f(z)) =
= P(s(z1)...5(zp) f(2p+1) - - - [(2n=1)) P(f(2n)) — quXT — V_qleT, (6.15)

where X and Y are (n — 1)-dimensional vectors with coordinates

X;=q %2 Res P(s(z1) ... s(zp) f(zp+1) - - - f(zn)),

2n=q22;
Y = —qz; Res P(s(z1)...5(zp) f(zp41) - - f(2n)),

Zn=—q "z

and V. is given by (6.8]). Notice that X; and Y; do not depend on z,. Since we have n — 1
vanishing conditions, s(z1) - s(2p) f(2p+1) - - - f(2n) has simple zeros on the hyperplanes z, = z;
for j =1,...,n —1; we can compose a system of linear equations

MgzX" +M_ 1 YT = P(s(21) ... 5(2p) f(2p41) - - - f(20=1))FT,

with F and M, defined by (6.6]), (69]). Expressing X from the system above and substituting it
into equation (G.15)), we get

P(s(21). . 5(2p) f(zps1) - - f(2n)) =
= P(s(21) - 5(5)F(zp11) - S (2n-1) (P(F(zn)) = Ve MR'FT) -
— (Vg = VMM ) YT
Proposition 6.4 We have the following equalities:
a) let F(zi1,...,2n-1;2n) be as in (50); then

P(f(zn)) — quM;;FT =F(z1,.--,2n-1}2n); (6.16)

b) let \i(z1,...,2n—1;2n) be as in (5.2); then

n—1
(V_qfl - quMq—;M_qﬂ) YT =3 Nz zam12)Yi (6.17)
i=1

Applying Proposition [6.4] we arrive at the equation
P(s(z1)...5(zp) f(zps1) .- f(z)) =
n—1

= P(s(zl) coos(zp) f(Zpg1) - - f(zn_l))]:(zl, ey Zn—132n) — Z Ai(21y 0y 2Zn—1;2n) Y.
i=1

Now let us notice that Y; = 0 for i = 1,...,p, since the product s(z1)...5(2p)f(2p+1) --- f(2n)
does not have poles on the hyperplanes z, = —g~'z; for i = 1,...,p. Taking into account that
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the action of projection P(f(z)f(w)) is well defined on every highest weight Uq(Agz))—module
for any arbitrary z and w, we obtain the following commutation relations:

a(z/w) P(f(w)f(2)), (6.18)
B (z/w) P(f(w)s(2)), (6.19)
P(S(Z)S(’w))z (z/w) P(s(w)s(2)), (6.20)

with o(z), B(z), v(z) defined by ([2I0), (EI0) and (GIT]) respectively. Notice, that in the
relations above one should take an analytic continuation of the left hand or the right hand side

when necessary. Using relation (6.18]), we rewrite Y}, as follows:

Y = H a(—qzi/z) ¥

i=p+1
X (—qul)%:fi?ls ZiP( s(21) - s(2p) f(21) f(2pt1) -+ f (2rm1) f (2eg1) - - £ (20)),

where p < k < n, and «o(z) is defined by (2I0). Finally, using relation (6.I9) and mutual
commutativity of the projection P and of the operator of taking a residue, we obtain

k—1 n—1
Y, = H a(zifzr) H a(—qzi/z1) %
i=p+1 i=p+1
itk
x P(S(Zl)---S(zp)S(Zk)f(ZpH)---f(Zk—l)f(ZkH)---f(Zn—l))-
Hence the statement of the lemma holds. O

6.5 Proof of Lemma [6.2
We start with:

Proposition 6.5 Current s(z) admits the following expansion:

. +
s(z) = PT(s(2)) + (%f_ (—q_lz) f(z)) — s (2). (6.21)

Hence the projection P(s(z1)...s(z,)) can be evaluated via pushing f~ (—¢ '2,) and s~ (zy)
in front of the product s(z1)...s(z,). We use Proposition and:

Proposition 6.6 The following commutation relation holds:
s(z)s™ (w) = v(z/w)s™ (w)s(z) +
+ 72 (w/2)s%(¢%2)s(2) +7_gs (w/2)sT (—°2)s(2) +7_g-1(w/2)s™ (=¢~'2)s(2), (6.22)

where y(z) and v.(w/z) are given by (€11 and (613).
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Then we arrive at the following equation:
P(s(z1)...8(zn)) = P(s(21) ... 8(2p-1)) P(s(2n)) = VX' = V_, YT = V_Z",  (6.23)
where X, Y and Z are (n — 1)-dimensional vectors with coordinates

X, =q 2zt Reg P(s(zl)...s(zn)),

i
Zn=q"z;

Vi =—qz " Res P(s(z1)...5(z)),

Zn:_qilzi
Zi=—q"27" Res P(s(z1)...5(z)),

Zn:_q?)zi

and V is defined by (6.8]). Notice that Y; =0fori =1,...,n—1 since the product s(z1)...s(zy)
does not have poles on the hyperplanes z, = —¢~'z;, while X; and Z; are functions independent
of z,. Regarding 2n — 2 vanishing conditions, namely s(z1)...s(z,) = 0 on the hyperplanes
zn = z; and z, = —qz;, we can compose a system of 2n — 2 linear equations with 2n — 2 variables
X;,and Z; fori=1,...,n—1. Let

M M_
M e <Mi2q v Za) 7 V= (qu, V_q3) , and S:= (S;r, qu) )

where M., V. and S, are defined by (6.9)), (6.8)) and (6.7) respectively. Thus we can present our
system of equations as

M <}Z(;1:> = P(s(zl) ... s(zn_l))ST.
Solving the system and substituting X and Z into the equation ([6.23]) we get
P(s(z1)...5(zn)) = P(s(21) ... s(zn=1)) (P(s(2n)) — vM~isT).
Now we finish the proof by applying:
Proposition 6.7 We have the following equality:
P(s(z)) = VM7IST = S(z1,. .., 2n_1; 20), (6.24)

where S(z1, ..., 2p—1; 2n) 1s given by (5.0).

6.6 Proof of Propositions and

Since the proofs are almost the same we present only the proof of Proposition [6.3] part a).
Let us recall relation (2.2)):

(0*z —u)(z + qu) f(2)f(u) = (z = ¢*u)(qz + u) f(u) f (2).

Since product f(z)f(u) has simple poles on the planes u = ¢?z and u = —q~
following equality of two holomorphic functions

12, we derive the

1 1
f(Z)f(’LL) + W“Z) + ms(zi =
= ale/u) ff () = T5 ) (),
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As a matter of fact, the coefficients of #(z) and s(z) on the left hand side and the right hand
side are the same rational functions, but they are represented as power series in u/z and z/u
respectively for the reasons mentioned in Section 3.3l Hence we get

(¢ — z/u)(q + z/u)

= u)f(z) — “2u/2)t(z) — 6(—qu/z)s(z).
PO = 4 ey T () = g™ u/2)Hz) = 6(~qu/2)s(2)
Under the action of — jé ﬁ% the previous equality turns into
B = — azu; U zd—u ; z ész
P (0) = = § ale /T F ()5 + T2 + 7o)

Since the integral above can be rewritten as

alz/w)f~(w) f(2) + alw/2) [~ (@*2) f(2) + B(w/2) [~ (=a" 2) (=),
using relations (£3)), (£4]), we derive the statement of the proposition.

6.7 Proof of Propositions and

To prove part a) of the proposition we only need to find out that Vqul is an (n—1)-dimensional
vector W, with

n—1 o n—1 o — q2
W(k) _ n ) k )
K Ezk—zz-il;[lzn—qzi
#k
for k = 1,...,n — 1. Regarding Wq(k) as a rational function over z,, we observe that it has
simple poles only on the planes z, = ¢z; for i = 1,...,n — 1. We also know that Wq(k) is a

rational function of degree —1 in z,. Let us notice that V, is equal to the i-th row of matrix M,
if z,, = z;. Therefore Wq(k) equals 1 on the hyperplane z, = z; and equals 0 on the hyperplanes
zn =z fori=1,...,n — 1, i # k. These conditions totally determine Wq(k). Now, replacing g
by ¢* we derive statement a) of the proposition.

To prove the statement of part b) we need to show that

Ak(Zn5 21, - ooy 2Zne1) = len/zk - ngM;;Mg’“;,l, (6.25)
where M(_k;,l stands for the k-th column of matrix M_,-1. Regarded as a rational function of
Zn, ANi(21,. -+, Zn_1; 2n) has simple poles only on the hyperplanes z, = ¢%z fori =1,...,n —1
and z, = —q 'z;. Since vector Vy is equal to the i-th row of the matrix M, for z, = z,
Me(21, -+, 2Zn—1; 2n) has simple zeros on the hyperplanes z, = z;, i = 1,...,n — 1. Considering
the fact that Ag(z1,...,2n-1;2,) is a rational function of degree —1 in z,, we can present it in

the following form:

M = T () e )
(21, ooy Zn_1;2n) = ——— ——— ) - C(z1,...,2p-1)-
i\%1 n—1;<n Gon + 2 o Zn_q22j 1 n—1
Equality ([6.25]) implies that

lim ((1 + qzn/zk) e (215 - - oy Zn—1; zn)) =1.

Zn——q 1z
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We finish the proof by obtaining C'(z1, ..., z,—1) from the latter condition.
The proof of Proposition is an easy modification of the proof of Proposition part a).
O

6.8 Proof of Proposition

The statement of the proposition follows from equality (6.1I]), projection properties ([8.2]) and the
statement b) of Theorem [I O

7 Examples

In this section we work out particular cases of the formula (5.12]) for n = 2, 3,4. Recall that all ra-
tional functions are considered as formal power series converging in the region |z1| > -+ > |z,|.
First of all let us recall that

P(f(2)) = [ () =) faz ",

n>0

P(s(2)) = — +q_2n§>jo afnfo = fofn+ fifo1—a  faoifi) 2

Now, for n = 2 we have
P(f(21)f(22)) = Floy 107 (21, 22) Fizy 10y (21, 22) + T{13 121 (21, 22) S (21).

Since S(z) = P(s(z)) and ]:{@} {@}(zl,...,zn) = F(21,.-,2n-1;2n), We get

S(z1) = P(s(21)),
Floyioy(21,22) = fH(=21),

2
2 ¢ -1
f{@}v{g}(zl’@) = [T(2) - 2 — 22/21 (=)

Here
(1+¢*) (1~ 22/z1)
(1+q)(q* = z2/21)(1 + qzo/21)

iy (1 2) = =
For n = 3, formula (5.12]) turns into

P(f(21)f(22) f(23)) = Ty (21, 22, 23) F3 o521, 22, 23) Fy o521, 22, 23) +

+ 7{1}7{2}(217 22, 23)8(21).?{1}7{2}(21, 29, 23) +
+ 71y g3y (21, 22, 23) 8 (21) iy 5y (21, 22, 23) +
(

)
+ oy a3 (21, 22, 23)S (22) F gy gy (21, 22, 23)-

Here again
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and ]:f@}’{@}(zl, ceoy2zn) = F(21,...,2n-1; 2n). Therefore we obtain

Foo(21,22,23) = fT(z1),
q2 —1 +
q? — 22/ (
3 et (1—23/20)(¢* =)0 = ¢*z/21) 4
]:@,@(21722723) = fT(23) - (1 — 22/21)(@ — 23/21)(@® — 23/22) (21) —
(A —z/a)(e? — ze/2)(@® — 1) +(2)
(1= 2/21)(¢* — 28/2)(@® = 28/22)"

Foo(21,22,23) = fT(22) — z1),

One can also see that

f?l},{Q}(21722723) @(21722723)7

— }“g’
‘7:{21},{3}(217'2272:3) = -7:%’@(251,252,253),

and )
Z9 1—(] +(

=T (29).
2 l—q*n/x )

}—{12},{3}(21722,23) = fT(z) -

The following expressions are obtained from corresponding rational functions by expansion in
power series in the domain |z1| > |29| > |23]:

-1 (Z P z):_ (1+q3)(1—22/2’1)
{1}.{23\*1, <2, =3 (1+q)(q% — 22/21)(1 + qz2/21)’
(1+¢*)(1 = z3/21)(1 — 23/2)
14 q)(1 + qz3/21)(q? — 23/21)(q% — 23/ 22)
(¢* — 22/21)(1 + ¢*z2/21)
(1 —22/21)(q3 + 22/21)
(1+¢*)(1 = z3/21)(1 — 23/2)
14+ q)(1 4 qz3/21)(q? — 23/21)(q? — 23/20)
(1—¢*2z/21)(q+ z/21)(1 + ¢’z /21)
(1 —22/21)(1 + qz2/21)(¢® + 22/21)

7—{11}7{3}('217 22, z3) = _(

7'{12},{3}(2172'27 23) = —(

Finally, we obtain formula (5.12]) in the case n = 4:

P(f(21)f(22) f(23) f(21)) =

= Fp (21, 22, 23, 24) F 3 o(21, 22, 23, 24) Fiy 5 (21, 22, 23, 24) Fy 5 (21, 22, 23, 24) +

+ ) Tl (2122, 28, 20)S (20) Fily 1y (21, 22, 28, 20) Fliy 3 (21, 22, 28, 24) +
a,b,i,j

+ 7010y a3y (21, 22, 23, 20)TE 0y 143y (215 22, 23, 24)S(21)S (215 22) +
+ 7{12,1},{4,3}(21, %2, 235 24)7'?271},{4,3}(»217 22,23, 24)S(22)S (225 21) +

+ T30y a2y (21, 22, 23, 24) T3 1y 4.y (215 22, 23, 22) S (23)S (235 21),
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where the sum is taken over all permutations {a,b,,j} of an ordered set {1,2,3,4} such that
1 < j and a < b. In the latter example

_ e D@ Dlat /) p
(% = 22/20)(@® + 22/21)
q2(q2 —1)(1 — 29/21)

(¢~ z/2)(@ +22/21)P(S(_q21))7

z1)) —

]:{ 1.0y (1 22, 23, 24) = fé,@(21,22,23,24) = F(z1, 22, 23; 24),
{}{]}(Z 29,23, 24) = Fig 5 (21, 22, 23, 21) = F (21, 225 23),
Fiy iy (21,220 23, 20) = F3 5 (21, 22, 23, 24) = F (215 22),

Fay 5y (21522, 23, 2) = F(20 1),

Fiay g = Fl23, 215 22),
Flayay = Flasiz),

forall 1 <7< j<4,and

Tl 9y pay (21, 22, 23, 20) = —A1(21, 22, 235 20)a(—q22/ 21) o —qz3/ 21),

Th 9y 14y (71, 22, 23, 21) = —Xa(21, 225 23)

Tlony.fasy (21, 22, 23, 20) = —Xa(21, 2, 235 20) (21 / 22)(—q21 [ 22)a( =23/ 22),

ooy 1ay (21, 22, 23, 22) = — A1 (22, 215 23)

Tis1y.fa2) (21, 22, 23, 22) = —A3(21, 22, 235 20) (21 / 23) (22 ) 23) o —q21 / 23) (g2 23),
7{23,1}7{4,2}(21, 22,23, 24) = —A1(23, 215 22),

where Ag(21,...,2n-1;2,) and «a(x) are given by (5.2]) and (2.10]) respectively.
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