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" A MODEL FOR PRIVATE STORAGE -
BEHAVIOR UNDER COMPETITION AND MONOPOLY
WITH AN APPLICATION TO KOREAN RICE SPORAGE

Lloyd D. Teigen*

. Abstract

This paper analyzes storage behavior and price response
when industry-wide profit maximization occurs (the case of
.a monopoly or a cartel) and when the price rise just equals
the average cost of storage (a characterization of competitive
‘equilibrium for a storage industry). The model is based on
a linear demand curve with inventory costs per metric ton
stored which are assumed to be the sum of interest costs
plus a fixed storage rate per month.

An empirical example using the parameters for Korean
rice storage 2.d marketing is used to illustrate the workings
of the model ird compare its results under the monopoly and
competitive aijsumptions. The model serves to illustrate
‘the extent to .+hich a monopoly can insulate itself from the
external forces of the market.
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- Introduction

o Inventory policiea aro import.ant aspects of the economics
underlying the markcts for all comodities. They are partlcu_— -
J.arly important in agriculture becaose of the “te'mporally dis-
crete prodaction 'process and the conltinuons consumption processes.
The tinie ‘frama for the dévelopment of snch storage

policies may be from month to month or from year to year or
poasibly the focus is on the long run equlllbr:mm storage
lcvels. This study concentrates upon ‘the month to month
(short term) storage decisions, with the capability to adjust
the yearly storage levels in the face of changing demand pros-
pect.s. “Gustafson / 67 focused' his atteniion on the year to
year carryover with some anal&éis_ of the long run storage levels
in equilibrium. |

' The orimary sector involved in the storage policy for-
m\xlation msy be a govemment agency [ 6, 8/ or a private firm.
The ‘approach to the derivation of the storage pollcies may be
to eimu]at.c the cons_equcncea of a number of alternatives and
then a’elect.' one. [5, 87 or‘it'may'involve specifying an
optima]ity criterion ‘and then analyt.ically der:wing the optimal
policy on t.hat basis [ 6_7 The analytical aolutiona to the
cptdnal at.orage policy might be deri\red ror diacrete points in



time by & dynamic programing algord.thm [ 6_7 or as a continuous fun-
ction of time using the methods of vhe calculua of va.riationa , a8 in the
monopoly model developed in this study. ' o |
This paper, then, is addressing inventory policy by exmining thel
behavior of pri_vate , profit _motivated\ individuals , with an analytical
means to deterxﬁine their behavior, uti]izing.the theory of differential
‘equations in both the competitive and monopolistic forms of the model,
with the primary relation in the monopolistic case derived using the
" methods of the calculus of variations. )
This pape: has four subsequent sections, dealing with the structure
‘of the model, interpreting the assumptions implied by the structure of
the model, mathematically analyzing the behavior of the model under
competitive and monopo]istiq assumptions, and using t}.w'model to analyze
the intra-year pattern of rice storage and marketing in Korea. Following
these are brief statements which present a sumnéry of the conclusions of
- the paper and offer suggestions for further related research.

- There are three appendices to this paper. The first two present
the detailed algebraic analysis of the storage model under the competitive
aesumptio_n and under the monopolistic assumption. The third appendix
reviews :c;he basic principlés of the calculus of variations, including
both the neceasary and sufﬁ.cient conditions for min:unizing a functional.

Structurg of tho Model
) v‘Stomo _Iavel !

)+ [C ) + o) - 2)) -



Demand Equation
Pkt) - a - b (D(t) +G(t)).
Storage Profit Level
7() =10) + [* [3() (5'(3)) - 1) Tay-

LY,

Farm Harvest Rate

H(t) = H ?-2—6 2 MY,

1l
Government, Sales Rate
- G(t) = c(-1/3 + t/18).
Gross Farm Income

FY(t) = FY(0) + j: P(y) H(y) dy.

Consumer Expenditure

X(t) = X(0) + 5 : P(y) D(y) dy.

Revenue from Government Sales .

T(t) = T(0) + [ 23) 60) @

Behavior Assumptions

| In. the monopolistic case, the storag: level S(t), and hence
sales to consumers D(t)g( ia determined in such a way as to
maximize year-end profits from privéte atorage activity, TJ(12).



Table 1: Variables and Parameters Within the Model

Endogenous Variables

P(t) = Price W/MT*
D(t) = Sales rate to consumers . MT/Month
S(t) = Private storage level : ' MT
IC(t) = Inventory cost rate W/Month
T(t) = Accumulated profit level W

FY(t) = Accumulated farm income W
X(t) = Accumulated consumer expenditure on

the commodity w
TX(t) = Accumulated revenue from government

sales, ignoring government storage costs W

Predetermined Variables

~ H(t) = Harvest rate MT/Month
G(t) = Government sales rate MT/Month
Parameters

r = Interest rate ' o -%/Month
k = Warehousing costs | (W/MT)/Month
a = Price intercept ‘ o W
b = Price response to total demand W/ (MT/Month)
C = Government inventory capacity MT .
H = Level of farm harvest MT/Year

#* Won per metric ton. At the current time $1.00 U.S. = 400 Won
Korean, approximately. ‘



In the competitive case, storage levels and sales
to cdneumers are such that the:monﬁh—to-month<rise in
'pricea is just sufficient to'équal the average cost of

holding inventories.

Interpretacion of the Model-

The storage equation reflects the identity which states
that if additions to the private supply (harvest plus govern- -
ment sales) exceed the withdrawals for private consumption
(or salés by the private sec?or to the public) the inventory
of the coﬁmodity will increase.

| The inventory cost equatidn states that there are two
components of the (variable) costs of storage. The interest
6harge is based upon the instantaneous value of the invéntory.
By so doing the annual aggregate (integral over tﬁe year)
of these charges is equal to the annual interest rate
multiplied.by the average value of the.inventory over the
year. The ;econd component of inventory cost indicates that
there are atorage costs that vary directly with the physical
size of the‘invéntory irreapectivpvof its value. Such costs
mighﬁ_inclnde the costs of operating heating, cooling of
drying equipment, the costs from quality deterioration and



theft, and the losses due to rodents and bin leakage. Costs .
which depend more upon the changes in the inventor&, such as
loading and unloading, and buying and selling costs, could
affect the form ér the parameters of the solution under the
‘tuo cases, but are not analyzed in this paperz( |

.The demand equation, which determines the price in -
this model, states that price responds to the rates of private.
plus government demand in the samé degree. If the government
is purchasing (G(t) is negative), the price will be higher
than it would bo-if the government‘is selling, for a giveh
level of private consumption. This formulation assumes that
any income effects which may alter the level or form of the
demand relationship occur at the outset of the year, but
are unchanging through the year. It further assumes that.l
there is no seasonal price functions which cannot be explained
by quantity variations.

The profit equation assumes that the same price is paid
' 'or‘received for the commodity whether it is being purchased
of sold. Mbreovef, it assumes that the government pays the

same prices for both buying and selling as consumers or private



storage firms do. No buying or selling costs are assumed in
this model. ' The profits in the model derive from bﬁying the
commodity when it is plentiful and the prices are low and
selling it latei' when the prices are higher, taking account
of the costs of holding the inventory. The time interval
[0, 12_7 is asvsumed to be such that‘ it begins at the outset
of harvest and ends just prior to thé next hé.rvest.
The intei'pretation of H(t) as a harvest fate implies

that the farmers participate in the storage activities.y
The sales from farmers to commercial warehouses at times
other than harvest are ignored under this ihterpretation
because the profit from the fartﬁer's storage to that point
would.be a cost to the commercial warehouse and the storage
. profit equaﬁion represents the sum of the farm plus commercial
. storage profits. The model assumes that the farmer's produc-
'tign activity is reimbursed at the price which prevails at
the nixoment’\' of harvest and that farm consumption is included
with urban consumption in D(t). |

 The particular form of the harvest equation assumes
that ‘harvest 'is distributed according to a fourth order gamma
_pr&bability function with mean of ofxe_ month a.nd standard



deviation of % month. Table 1 shows that the assumed harvest
is more than 95% completed by the end of the second month
of the harvest season. In this model, the crop year and the

time indexing begins at the time the harvest begins.

Table 1: Assumed Harvest Rate

Months since the Percentage of Crop

Start of Harvest . yet to be Harvested
.000 ‘ 100.0%
.918 50.0%
1.670 10.0%
1.940 5.0%
2.511 1.0%
3.266 0.1%

The»éovernment purchase equation reflécts the assumption
that the government agency buys the grain at a linearly
decreasing_rate for six months, at which time all of its
stofage facilities will be full, and then begin to sell from
ité stocks at the saﬁe linearly increasing rate for the next
. six monthszl' The government behavior equation analyzed in
this paper assumes that there would be no net government

impprts and no quantity losses from storage.



Analysis of the Model

: In.this section of ‘the paper we will analyze the storage
model undez an assumption of cdmpetitive Behavior and under
'aﬁ aesumptioﬁ of monopolistic behavior. The competilive
aasumption ialthat prices will risernly as much as the per
unit cost of storing the commodifyvzrb, p. 211 /. 1If the
prices were expected to rise by more than this émount, largér
invgntories.will be ﬁeld, resulting in higher'curfent peribd
prices and lower future prices and hence a smaller price change.
.Iikewise, should prices be expected to rise by less than this
aﬁount, smaller inventories would be held increasing future
pfices at the expense of current prices, and the price change
would be largeré( |

The monopolistic assumption is that the industry can
manage ité inventofy‘leveis and selling behavior in such a
way.as to maximize the profits from storage for the entire
industfy. vaplicit in this situation is the agsumption that
| the industry does have all the relevant information in terms
of parameﬁera and relationshipsggvailable to it when.it is
deriving its storage strategy.

" Before beginning the analysis, two important algebraic |

-substitutions will be made: from the definition of storage



level, we obtain that S'(t) = H(t) + G(t) - D(t) or °

- D(t) = H(t) + G(t) - s'(t). This can be substituted into

the demand equation or obtain P(t) = a + bS'(t) - bH(t)-- 2bG(t)
This relates the price level to the storage function which

‘is golng to be our primary control 1nstrument.

"Storage Behavior under Competitive Assumptions. Our
assumption regarding the competitive markét wés that prices.
would change the same amount as the storage costs per metric
ton of the commodity. Algébraically, this is equivalent to
P'(t) = I6(t)/S(t) = rP(t) + k. This differential equation
could be solved as it is, or as is done hers,‘solved to
deterﬁine,the storage levels by substituting the demand
equation for P(t). This gives rise to the following differ-
ential equétion involving storage

ratk | opo(e) + £(t),

S"(t) - rs!(t) =
where £(t) = H(t) + 2G(t) is the portion of the price equation
which depends explicitly upon time. ﬁith our particular stérage
and. government sales equations the equation beéomes‘

s0(t) = x1(t) = 2K 4 20(d + £) = x0e/9 + (3eR-(rtdhn At A



The general aolution to this nonhomogeneoua eecond order
' .different.ial equation is N )

ratk

5(t) = 5g + 57t - (== + --)t + ::3 He~l* (1+at+8t.2+ 2t'3) '

The numeric_al "conetants Sp and 5, are determined by the
boun&ary conditions imposed upon storage behavior in the
‘particula:.r situation. If we impose the conditions that
there is no carry-in and no carry—oet (i.e. 5(0) = 8(12) = 0)
" we can derive the 'Qalues of the Sy and S parameters-z(

Sp = (Hel? - m(!ei-k) )/(e’2-1)  and

uz (“”“) - H)/(e 12‘”

: if the. carry-in eqﬁaied the carry-out, but equaled a minimum
- level of working stocks, rather than zero, Sy would be
| increased by the amount of these working stocks and Sj would
‘not ‘be cha.nged. '
From this solutioq we can determine the rate at which
‘the e’torag'e' level changes through time to be |
8'(t) = r Sle - (E2E) + 26(t) + H(t).
""mis 1mp].1.ea that the price level is determined to be
P(t) =pyr Sle " - kfr.



"

" From these equations it is possible to derive explicit
gigebraic formulas for the remaining_endogenqus~variables in
‘the'model (gross farm income, consumer expenditure, gross
margin oﬁ‘government sales). Indeed, these have been derived:
and are included in an algebraic appendix to this paper.
For fhe most part, the equations provide few insights into
the operation of the model.

One exception is the derivation of profit in this com-

petitive case. The profit is found to be:

702) = -br (12 (E2¥) - 1) 5(0),

This means that if the carry-in at the beginning of the year .
- is zero, there will be, on balance, no net profits realized
A.by the storage sector. Thus the expectation of zero profit
in competitive equilibrium is fulfilled.

The next subsection of this paper will present the analysis
of the storage model under the assumption of a monopoly organi-
gation of the storage industry.

Storage Behavio:: under Mbnogolistic Asgumptions. If
_the storage 1ndust.ry was a monopoly, the slngle firm would
be able to manage its inventory levels in such a way3that
4 thé indnaﬁ:y profit from storage would be mmxhuiied.' Thus‘f



our a.mlyaia of atorage under monopoli.atic conditiona :la
: derivud from the a.aamnption that yaar-end storage proﬁts, !
: l)‘ (12), are maximiged by the choice of an appropriate storage
\‘ poncy.
{Tm) =7(0) + S [P(y> (51() - 10(y) Jar §
Ol.t<12 | :
Because both the price and the inventory cost, are
u.’ﬁmqtions of the storage level, its rate of change and time,
" we can put our ob,je‘ctive functipn into the form
| Sli F(S,S't)dt, the mm;imization (or minimization)
of which is the first general problem in the Calculus of
Variations. |
A necpssary condition for a function S(t) to be an
extremal solution to the problem is that it saﬁigry the

Euler Equation:

RF(S,5',t) _ _d F(5,8't)
-1 Qt, PEL :

= 0.

~For our particular proble_mywe have
oF Lo

— = p P(t)._-l- k

%

¥ oxg

;'2.'; = P(t) + (s-(t) + rs(t)) aS‘ ‘s an@ j

o

7 ';-sp, - b si -.pr' +bv(s"" +'rS'.'){l_

t'"



et

‘where £(t) = H(t) + 20(t) s the portion of the price
_equation which depends explicitly upon time. Thus, the
- Buler eqﬁatibn is

sH ?E_."k--f-i-l'fl

2 2
With our partlcular aasumptions regarding the harvest rates
and govemment behavior made explicit, the Buler Equatipn

becomes

n = ratk, >£ 1y _Ort -4t 128 3 =Lt
2s‘ o gc(3+18) 9+128Hte - (L) 5 Ht e ,'

- 'The solution to this differential equation, with
- exception of two parameters (S0 and Sl) to be determined by

. the boundary conditions, is

S(t) = 5 + 53t G () + 38 (wer)n? - 5 ¢

- He"‘*t ((1—;'-") + (241.5r)t + (h+2r)t2 + (l‘i;ﬁ-’-')t:").

\

If, as in the competitive case, we determine these two
parameters based on the assumption of zero carry-in and carry-
oug (S(0) = s(12) = 0), these are the spéciﬁc parametersg/
which result:
5= ( S

8y = - (KD - 3("“‘)-,<1+zr)



’Q'v’;ingain, :lf a. ninim\m hwl ot world.ng atocka were dea:lred, |

; "So would b increuod accordingly, but 5 vould not be changed.
The ute ot chl.nge ot atorage is detemined from this to be

| s'(t.) = sl + ( + m(l-l-ér))t - .,,. 2 + rHe'l‘t'(O 5+2t+at2 1;’ t3)‘
: o 1- H(t.) - |

| And this gives rise to the -pricé'equation, which is
“P(t)=a+2§°+bsl+ (ﬂ‘+— (6r-1))t -E-zbf’ 2

L. O rbHe"*t(O.5+2t+l.t2+~—3 3).

A1l of these equations together enable one to obtain
exp]iclt. algebralc representat.ions for all of the other endoge-
nous variables under this monopolistic form of the model. In
an algebraic appendix to this paper the expressions for gross.
fm’ income, consumer expenditure and gross margin from goveriiirferit
sales are presented. The expression for private sector profit
in this mohopolistiq case was not calculated because of the
ca‘nplexity of the éxpre(ss:_lon, In most empirical applications one
would use a ;:omputer ‘program to trace out thg consequences for
a p'artic_:ulﬁr set of data and the nwnericall e;raluation would be
most e‘xpedi#rﬂ. N
| In the next section of this paper we will discuss the results
of an empirical applicat.ion of this model to. the case of rice
jstorago and urketing in Korea. In this diacuasion the com-

.'.petit.ivo lnd the monopolietic veraione of the model are con-
v'trut.od lnd som obsemtiona are made regarding the empirical

f_’gonennntionn of. tho nodel for po]icy purposes. -
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Korean Rice Storage and Marketing -
An Fmpiricial Application

This discussion will present an empirical application of
this model of storage behavior to describe the .atra-year
responée of rice marketings and storage in Korea. This will
consist of a presentation of the basic parameter values used
in tﬁe model, a description of the response of the storage
model under the competitife assumption, a description of the
response of the model under fhe ménopolistic assumption, and
some concluding remarks on the two forms of the model and its

implications for policy makers.

Basic Data Used in the Model: The empirical numbers which
are used in this application of the model arc taken to represent
the situation pertaining to the marketing environﬁent for
domestic Korean rice in quite broad terms. While careful
thought preceded the choice of the parameter'values, they are
not being represented as-the results of ény exhaustive econometric
study.

.’At the heart of this model is the demand equation, This
is aasdmgd»to be lines-, with no intra-ycar income effects;
and in pﬁice-dependént form. This is assused to have an own=

priéofélaaticity of -0.4 at the price ot»lzs'wsn/kilogram



and the '6ons‘\"nnpt’io'ln\ rate of one-third of a m:ll]ibn metric tons |
lper mont.hlq/ Thus, price (in won per metric ton) is given by
vthia relation.

P = 437500 ~ 0.9375 Q. |

The harvest level is assumed to be four million metric
vtbhs ber year, vwhich is virtual;y the same as the 1971 pro-
ductiof; of 3.998 million metric tonsy. The implicit assump-
tions regarding the timing of harvest are diséussed :m the |
ﬁection "Interpretation of the Model."

The assumed ‘interest rate is 1.5 percent per month,
which is the same rate charged by the Mediuwn Industry Bank for
operation loans-l—2( " Some interest rates on loans are higher and
some lower. If anything, this rate may be lower than the
opportunity dost of capital for many storage enterprises, since
“the so-called "curb-market? rates are much hiéher than the
official bank rates. |

The nonintereét cost of storage is assumed to be 250 won
per metric tlon per mont.h. The current year MAF specihcatlon
of storage charges for. polished rice in Seoul is 9.55 won per
.metric ton per day, with an insurance fee of 1.32 won/ton/day,

in addition to thatid/
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The government storage capacity is assumed to be 700,000 '
metric_tonsgél This is assumed to be filled by buying for six
months at a linearly decreasing rate, and then emptied by sell-

ing at that same rate.

Response of the Competitive Model: The competitive model

assumed that prices rose only to the extent that the average
cost per metric ton of storage was covered By that price ribe.
As was mentioned in the theoretical analysis of the model, this
agsumption gives rise to a specific differential equation which
determined storage levels, and hence, consumption rates and
prices. |

The competitive model determined that it was necessary
at the beginning of ﬁhe crop year to have working stocks of
rice in the private storage sector at least ;ﬁ the amount of
135,200 metric tons to enable all demahds to be met without
resulting in negativevstorage levels. The maximum level of |
privately stored rice caiculated by the model is slightly more than
2.5 million metric tons. This is somewhat more than twice the
1971 USAID estimate of total storége'capacity [ 13/, but the
two estimgtes may'nbt'be comparablé‘sinceAthg estimate of this
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mddel,inclﬁdes' fé.m storage for farm consumption and for
- off-farm sale at, later times of the yéar, as well as commer-
ciai storage. |
The rate of total rice consumption through the year

deéx;eases in an almost linear fashion from the rate of 580
thousand tons per month as thé harvest begins to 86 thousand
tons per month at the end of the crop year. Perfectly uniform
consumption would be at the rate of 333 thousand tons per
month throughout the year.
| Corresponding to this consumption patt.ern, the price
level steadily increases from 112.6 won per kilogram at the
beginning of the year to 138.1 won per lo.logram at the end
of the year. This increase follows an exponential gro_wth
_path (sinu.la.r 4o compound interest)

~ The value of the rice production in terms of these prices
is 4L58.4 bil'lion won. This is about 20 percent higher than
the 1971 va.lue of rice- production of 373.4 billion won, but
there are no marketing and transportation costs assumed in
this model.‘

The total consumer expenditure on rice in the example

ia 487.4 bi].]ion won.
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The accumulated gross margin at the end of the year from
the governmental storage activity is 11.9 billion won, with
~the largest deficit which is incurred during the year equal
to 81.6 billion won. |

The costs and returns of the private sector stérage
operation which are indicated by the model are as follows.
Thev.éccmmlated interest plus noninterest costs of storage at
the end of the year amount to 20.6 billion won. The model
~calculates a year-end loss from storage activities of 3.468
billion won, which is equal to the annual cost of .holding a
carfyover of 135,200 tons plus a numerical discrepancyw
of 21 mil]ion won, about 10 won per year per person who might
" be involved in storage actlvity. The largest deficit :anurred
_during the year by the private storage sector (indicating the
magnitude of the working credit requirements of the sector)

is 277.3 bllhon won.

Figure 1 illustrates the time pattern of consumption
rates, price level, and storage level as calculated by the
model under the competitive assumption.

Aa' a crude test of the applicability of the model in -
describing the pattem of rice ma.rketing in Korea both the
;‘Aoutpnt of this storage model and Korean correapond:\ng data‘ =
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were indexed so that the maximum intra~year value was 1000,
and the variance of the errors of the indexed data around
the indexed output was compared _with the variance of the
indexed data. Thié retio will be 1 - R , the adjusted
correlation éoefﬁ.cient, for the proportional relaticnship
between the model output and the actual data.

The relation between the storage level of the model and
per capita farm storage for September through September rice
years from 1964 to 1971 indicated an ﬁz of 830 fof this
competitive model.

- The calculated consumption rates compare more with farm
marketing than with consumption per se. The equivalent R
was .32, for ihe comparison with rice taken into Seoul for
November through October years from 1963 to 1968£‘J. The
comparisons of the model's calculated consumption with either
x‘arm or nonfam household consumption resulted in negative
1-12 equivalents. _

The comparison of the ind...ed output to the indexed
prices of rice received by fArmers in bctober through October
rice years from 1964 to 1971 resulted in an A equivalent of

4580,


http:ind.�.ed

| : S.'mce there eeems to. be a reasonable correspondence :
‘between the real world data for Korea and the resulte indicated
: by this competitive model, there would appear 't0 be a degree

of empirical va]idit.y in the compa.rieon of thie model with

the monopolletic model of the next section.



25

Resgl ongse of the Monopolistic Model: The storage model is
being analyzed under monopolistic asswasptions in the Korean

setting primarily to provide a contrasting case for the com-
petitive modul. However, there is a dominating firm (Korean
Epress Company) in the private storage industry which controls
atorage ¢apacity for 2M thousand metric tons of bagged grain
/[ 13_/. This was almost. as much capacity as all other private
storage firms in Korea by the USAID estimate. If the response
of the monopolistic version of the model provided‘a better
explanation of the data for the Korean rice inarketing system
t.han' the competitive model, we could then conolnde thai_; this
dominant firm is able to exércise signiﬁcant control over .
the market. |

" The response of the monopolisﬁic model will be desoribed
-as the solution to the s;c.orage profit mabd.miZing equation and, |
Beoause of the nature of that .response, .the response of the model
when the storage levels and corresponding derivative is .twice
that ind;;cated by the profit maximizing equaticns. In the.
‘modified' version of the monobolistic model, the same forcing
mnotion .acts on the differential equation for storage as is
felt in the competitive model.

The Ehler equation for this maudmizing model states tha.t
ft.he at.orage levels of a storage monopo]y &re changed 8o that ‘ |


http:derivati.ve

o h_tine point the rete or chenge ot the wzinel revenue,--‘ :

res norege ia equal to the mginal coet (which :Ln thie - |
'?"cue eq\ule the lverage coet) or storage. . m. comparee with ]
ithe ccllpetitive ue\nption the.t ‘the rate of che.nge in pricee o
:equah the everege coet. (which is equal to the marginal cost) -
'or etorage. S , 4 | ,
I the, prbfit WzMg 'modelthe working stocks neeeseax'y
_at the beginning of the year to meet, all demands while maintain-
ing positive etorage levels in 79110 metric tons. Under this
vereion of the model t.he m&dmnn storage levels are 1.26 million
tene, or ebout lOO thoueand t.ons more than the 1971 USAID estimate
| [ 13./ of total capacity to store bagged grain in Korea,
In thie profit maadm:lzing version of the model, the rate
- of eoneumption rises from 168 thoueand tone per month at the
?beginning of the year to a pee.k rate of 1, 955 million tons per |
month at the time of poak harvest (about 25 days after the
‘ b'etart of harveet) and then drope off to a rate of 154 thousand‘
_tons per month at the. end of the year. s before, the uniform
;l_nte of oonemption ia 333 thoueand tona per month, |
| ‘l‘he price ptttern whieh eomeponde t.o thie consmption
f]’ut.a etu'te et 500 won per ld.logram at t.he beginning or the
drope t.o the negatiVe pr:loe ot 3206 won. per kilogram at
_,o'r"pux eml\nption, riaee to & local maximm of 366 -
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‘I.fwon per ld.logru three uonthe atter harveet, md then drope L
‘,"ito 7&. won per ki]ogrn et tho ond of the crop year.' | ST ‘
necme ot the negative pricea &t the time of peak pro~ =
:duction and peek conaunption, this version of the model ‘
: ccnputoo a negative value of productlon (-2869 b:.l]ion won)
a.nd a negative value of constmpt:’.on (-1140 billion ‘'won).
. ' The year end cumulative .gross margin from government
""a_torage activity is 173.6 billion wop, ‘or nearly 15 times the
level in the competitive nodel, reflecting the impaict of the
negative pricee during its acquisition period. |

‘I'he privato sector storage prof:Lts in this profit maximiz-
ing vereion of the model. a.re 1A98 billion won. In th:Ls version
of the model the storage sector is generat:mg revenue on both
_ the purchaee and sale of mvontory stocks ’ .e stocks are
- being built up while the price is negative and are being drawn |
down when the price is positive (the ultimate in a buy-low,
‘eell-high etrategy) |
| ‘Figure 2 preeente »the response of the storage model |
.undcr the monopolietic uc\nption. The aaine'e‘caie is used for
atorege leveh as for the ccmpetitive model, hwevor, the
' aoele tor com\nption ia throo timee tha.t in the competitive
| .‘foue qnd ror prioo io ﬁtteou tinee the scale in the oompetitive
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The o‘tﬁr&ge pa.tltex"n» 'cqnf‘dmd‘reasohablyt weutothg tm §
pﬁérage' p@ﬁ_tem- for rice w:lt.h an ﬁz equivalent of 811, The =
ditfei'ence between the levéi of storage under this niom':poliatic‘
model and that under the competitive model has &'Lready been |
noted. o

-The compariéon of the caiculated coneumpﬁon of the
monopol& model' ytith the rice shipments to Seoul indicated an
equivalent l;.z- of -0.307, which meant that the average monthly
ahipmenﬁ described that variation better than the monopoly
model output. '

The comparison with the prices received by farmers for
rice indicated an iz of -69, which indicated the predicted
prices ;lere‘ greatly inferior to the average price as an expla-
nation‘.. This would be expected because of the negative prediéted
values. |

These results seem to serve as a quantitative support
tor the rejection of thia monopolistic form of the stora.ge
model as a repreaentation of the behavlor of the Korean rice
narkete within a year, 4

| Bacme the ditterence between the response of the monopo- i’
J.‘l.ot‘.lc nodel abovu and that of the conpetitive nodel of the |
¢ 'tnbuet.ion is 80 great., ono night. wondor if 1*. 15
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dne to the tom of the ditterential equation or due; to the B
}‘diftemce :ln the mplitude of t.he torcing runction being
,applied to the equation. To anewer this equation, the forcing
runction in the differential equation for monopolistic storage
_w_aa set equal to the forcing' function of the competitive model
(i.e. it was doubled) and the modei'e vz»'eeponae was observed. -
v | In th_is, veraion, then, the minimum carryin ne.ceasary to

eatisfyb all-de{mands while maintaln:mg positive storage levels
is 158‘2.20'metric tons. The maximum level of private storage
is 2.52 mill{ton metric tons. These eqcceed the corresponding
values from 't_he competitive model by 23 thousand and 10
thousand tons, respeotivehl'. |

The rate of consumption in this version decreases almost
monotonically from 569 thousand metric tons per month at the
beginning of the year to 75 ‘thousand metrn.c tons per month
at the end of the year ‘with an almost imperceptible trend
revereal in t.he ﬁret month fo]lowed by a more rapid rate

o
of decrease’ etarbing in the eecond month of the crop year.

o

That ie;' eoneumption doea not decrease as fast in the rirat
two montha or the year as it doee 1ater. '

Gorreeponding ‘o thie rat.e of conetmption, the pr:Lcee
et.art at. 123 won. per k:llogrm and drop to 93 won per kilogram’



3%

~ in the seéohd month after the beginning of harvest. After |
that, the prices} continuously rise at a decreasing rate to
the year-end price of 148 won per kilogram,

This version of the model values rice:production at
428.5 billion won and consumers spend 469.4 billion won on
rice‘.i Both of these values are less than those in the
competitive case (30 billion won and 18 billion won less,

respectively).
| The government's é.ccumula‘ted gross margin from its
storage activities is 26.4 billion won, with the largest
accumﬁlated deficit in this storage account being 74.6
billion won. |

" The profit and loss accruing to the private storage
~sector under this variant of the monopolistic model is

quite similar to that in the competitive model. The sector
‘a8 a whole showed a year-end loss of 4.062 billion won of .
which all but 28 million won is the cost of holdihg the
necesaary working stocks. The accumulated private inventory
jcoat.s are 18.5 billion won at the end of the year. The
}hrgeot. intra-year dencit in the private storage sector is ‘
260 billion won, which is the amount of ahort term financingn
" wh.\oh the private storage aector w:u.'l. need
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Response of the Force-Increased Monopoly Std:age’

— e

R g

i

PRV

3

S .

.k

A

T
i

s don fo B

A

IS SR ARSNES

i WG X Aok
A1EE - otk
- ‘L.v.ﬁu.-
l..n..“..l.v... b .,“....Hx !—]3 lm..w,. .
. - o o] of .t-.......-.a-..-
L
“T. L oy
ood =i - - -
s 0 T3 -
- LR THAFE
] j o R i .
. -, 7 pom g o 00 -Wl..l <4 oo Lﬁ.fv. 4..11 t—y
—f- I8 R 0 I8 O I 1 W30 O X gopen dmdmi
- .t Y 5 3Y B8 Y B By P9 95 i T G 1) B - of] o .
. EL T FH
1 . ‘-m o b b i1 g 4-
. . ” ] . ..L.........._ﬁ ..w. ..
g o ]
L] g 51
; : B R g 1
1 . i o R e o o
L : b doodp-] g fodefof o] -
ie | SR iy

] 3
e g -
T ™.

< ——

+
:

e,

v
1.

T
i

>
-

B o

I
LI R

o
i

v
4
.

Lt

t

v
o

————.
. L.

N

et - em o

40

Million Won

0.0

oh’

a
Metric

Per

Metric

Per Tons =

th.

3
-

“Tons

H
!

-LJ

-4~

T
.
3
]

SRUTT T TR



33

Figure 3 presents the response of prioes » consumption
.and storage under this version of the monopolistic model with
increased external forces acting on it. All scales in this
figure are identical to those in the competitive model to
facilitate‘; direct comparison. |

"i'he oomparison of this storage response with fam".
storage levels indicatea ‘the same iz as the pure monopoly
model (.811) because of the proportionality of the two
responses, but the absolute ‘level is more comparable to
that of .the competitive model.

The comparison of the predicted consumption rates with
i'omvmarketings s. @8 indicated by rice shipments to Seoul,
resulted in an 52 equivalent of .283, which is somewhat
less than that for the competitive model.
| The orodictod price pattern from this version of the
model was hot as good a predictor oi‘ farm rice prices as _
was the pattem generated by the competitive model. The
1ndioated Rz for this case was .106. ’

; 'l'akon in total, thse compa.risons seem to indicate that
t.ho prodiotiona of the monopoly atorago models » in either
ton, m intorior to those of the canpetitive model.

ren thW&h the 18-1‘8081" private grain otorage company
,_,-j_‘fconpw) hu about ten. poroont or the. indicated




,totel pr:lnte stonge requ:lrenente (2u4 thouaand metric tons. -
in 1970 [ 13_7), its behavior hu not reeulted in other t.m |
"}ccnpetitive pertommce ot the rice merketing and etore.ge |

, eeet.or, at. least ae indiceted by the pubuehed data ooneulted
in me etud_y., However, if the dominant tirm in an industry
con'prole only ten pefcent of that market, there is usually
ttle expectation of monopolistic behavior.

This analysis of the storage model under the monopolietic
uc\ieption demonstrated that :l.f‘the privat.e storage sector
were ellowed to collude in order to jointly maximize storage
eeetor pront.e » performance which is not uauany desired would
be the relult. : ioee of the crop would be etored after harvest,
“there would be . hrge intra-year price va.rietion ~ including
\negat.ive prices, and producer income would be depressed.

The reuon that the pure monopolietic model resulted
in euoh pertomnce is that the roree that the market is
epp]w:lng t.o t.he etorege eector is much weaker under monopoly
than under oonpetition. When the nme external force is
eppl:l.ed to the difrerentiel equetion for- the monomlietie
rom of the nodel, t.he overlll mpmee is quite similar to
that ot the eonpet.itive nodel vd.th the enly major eameption |

being a ndyeer nc 1n pxd.cee. B SN
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oncluging Remarks on _Korean Rice SLorage. Even though
'bhia paper is not intended to be a thorough analysis of the

po;licy opti_.ons which are available to rice price planners, there_
;re' gome obaervationa on market behavior that show through the
model's results, - o

The first observatibn is that the operation of government's
grﬁn management fund for purposes of intra-year price stabili-
.zation can be a profitable §peration, particul'arlyvif there is
no interference with tﬁe normal operation of the pricing mechanism.
The non-interest costs of storing the government inventory is
about 117 nii]li_on won, or less than one percent of the accumulated
gross margin from éovemment storage activity under the competitive
model, If the government paid the same interest rate as the
private eect.orA the total (interest plus noninterest )_ costs would
be about 20 million won less fhan the government'!s accumulated
gross margin in the competitive case, and equal to 14.6 billion
ﬁon glving the government an indicated profit of .]._1.8 billion
won 1n the case of the augnented monopoly model. Because the
gn:ln managemnt. mnd receives subsidized credit, these: ﬁgures_':u
v.would understat.o the govemment ga.ins from storage. -

Tho secoml obeomtion is that ot.her rulea govoming
;‘;mumt purchase and sales behavior, while not exsmined in



-' vthie peper, can’ e.leo be enalyced by this model with a ninimm
" of noditicetion. 1t purcheeee were proportionel to the diff-
erence between the ectuel price and a target price, all thet
'would be necessary is the re-interpretetion of the two paremetere '
of the demand equation. In thie case, there would not necessarily
‘be the belmce between purchaee and eelec which is built into
this fcrmuletion, and importe (or eccporte) would make up the’
difference. In this ceee, however, I have not devised a way
~of incorporating the govermnent etorege capacity ccnetraint
into this model without substantial revision of the current
: e_tructure.' . o ' o
B is'elco poeeible to use this model t:o termine ‘the
, etorege pattern which maximizes gross fam income. The storage
pattern under that policy would probebly be much different
from thoee anelyzed in thie paper.

One might went to ene.lyze the effect cf different levele
- of government etorage cepeeity on the response of the model,
e.8. pricee ’ etorege levele , farm income, govermnent storage
prefit, etc. By eo doing, much of the meteriel needed for the .
" benefits of etcre:_'e could be. generated to be ueed in a benefit-'
- eoet- !"'.’”'."" o;.um-. 1n thi}e ane}lyeie would be the |

mponee in thev oeee ioffno' govierment- etorage.
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A third observation regards the i‘ntertemporal} pattern
of prices. This model shows that under any reasonably free:
market in whic: productibn occurs only in certain times of the
‘year when consumption is spread . ough the year, prices must
riae enough to cover the 'costs of storage, or there will not
be a free]yniotivated transfer of goods from one time period
to the next. In that circumstance, there would be substantial
pressure to force up the price on the remaining supplies.
Thus, a program which expects to achieve total ﬁr:‘ ce stability
(constant. prices throughout the year) while relying on private
industry to carry out the storage function, is destined to
fail, because the private storage sector requires a minimum
price rise 'to} enable it to cover its costs.

The model shows that no excessive profits are being
" made by the storage industry and, as a matter of fact, the
induatry is not quite obtaining the opportunity cost of
their working capital. This is because of the costs of
,‘ naintaining the working stocks and the relatively small hsaée
that the .aa'c'itor. experiences in addiﬁion to the costs of the |
| 'working otock. The only reasons that actual storage profits
,Vf_'"light bo messiva are that the ﬁ.xed atorage cha.rgea conta:l.ned,
proﬁt rltu whieh were thmelw: meaoivu or that. tho o



;intereat ratea uaed 1n the analyais excoed the true opportunity
L cost of capital to atorage ttnns | ‘ |
Finally, thia model aeema to preaent a thirly reason-
:ably representatior of atorage ‘behavior and inter—temporal B
ajprice and conaumption response. It should then be used as a :
“basis for analyzing the effects of price and storage policy
>deciaions, at least until a better model is available for -

‘these purposes.
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»é.nd' Conclusions

. In this paper we preaented a model of atorage behavlor
4n which. the average costs of storage consist of the interest
- on the inventory investment plus a rixed amount per month,
and price is set by the demand curve, given, a predgtemined
level -of harvest. Particular aséumptions vwere made regarding
the timing of the harvest and the fonﬁ bf the purghase response
followed by the gc;vemment‘storage sector, so as to obtain
more concrete results from the analysis. Specifically, it
was assumed that the government bought and 's0ld the commodity
at the prevailing free market price at the time of sale, and
| filled its inventory c#pacity by purchasing at a linearly
decreasing rate for six months and then seJ_.Jing at the same
linearly iﬂcreasing rate for the next six months and that the
harvest was distributed according to a fourth order Géin}na
'denaity mn;:tion with the mean equal to one month and the
standard deviation equal to one-half month.

| This modei was analyzed under two behavioral a.s_smnpﬁions.v
’_«Firat, the réf.e of change of pricea is equal to the average
coat of storage, vhich defined the reaponse of the model under
"’conpetitive condttiona.. The aecond ua\mption ia that tota.l
1nduatry etorage profita are ma:dmisod during the atorage



whi, h' is equivalent: to equet.ing t.he ret.e ot change
‘ & remue ,‘oa;‘etorage to the wgiml coet. of

stonge moeecond uuupﬁon deﬂ.ned the mpome ‘of. t.he
‘:;-;lodel under mn.ue conditiona ' S |
Baaed upon the mponee or the Wo rom of the. model
nnder parametere approx:lmat:lng the aituation of rice. etorage '
: 1n Korea we were able to compare the pertoma.noe of the storage
1nduet.ry under competit.ion and monopoly The most strildng
i" ._eonclueion waa that the at.orage level in the monopolistic case
*",roee to only half the. level achieved :Ln the competitive case,
ae a reeult. of t.he ineulation that a monopolietic etorage
i oeetor hae frem the extemal foroee of the market. This level
,. of et.orage wae not eufricient to prevent the price of the
omodity from plmet.ing to negat:we 1evele at harveet time
“and rapidly rie:l.ng during a poet-harvest etorage before the
goverment etarts to ee]J. l‘rom their stocke. |
Beoa\we t.he nmopohetic rom of the nodel appears to
: follow a policy o!. h\ying wh:lle the price 1a negative and




fuggestions for Further Research

' The analysis of this paper deals with the situation of
" a single couunodity being stored and consumed. In later atudieﬁ
At yiéuld be particularly useful to generalize the results. |
, '6f.this.xpodel to the case of muitiple commodities, ﬁth non-
- gero cross elasticities of demand and possible competition
for the use of both private and government storage facilities.
From a policy-maker's viewpoint, it would be desirable
"t.q ﬁeu the consequences of a number of alternative policies -
o regarding governmeht storage beha‘viqr, possibly including tests
. of different policy response parameters. Some of these
. that might be 'con,sidered' were mentioned in the "Concluding
Remarks on K;rean Rice Storage." .
A third extension of the model iﬁcorporate the effects
of conatréini;s on storage capacity (both puﬁ]ic and private)
- into the modé'l in a lmore explicit fashion than is currently
" being dons. S
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i -qutnotes

'l'he utmcture of theae two equations is determined at -

-~ least in part by the empirical content of the Korean

situation which will be analyzed later in the paper.
Any other functions with continuous first derivatives
should work as well in other situations. Justification
of these two forms will come later (see pp. 9-10). '

The sales to consumers, D(t), are determined from the
change in inventory, given the predetermined harvest
rate and govemment market activity.

In the competitive case, this type of specificat.ion
would give rise to a nonlinear, nonhomogeneous differ-.
ential equation of second order.

CIf H(t) is ihterpi'eted as a farm sales rate, the

storage profit is that of the commercial storage

sector, rather than that which accrues to all storage.
‘In. this case, D(t) would represent only urban (or nonfarm)

consumption.

It is realized that this is only one of many
alternative assumptions which could be used to
describe this exogeneous input to the private

storage model. Another quite plausible, and

equally as tractible, assumption is that government
sales are proportional to the difference between the
realiged price and a target price, i.c., if the realized

price is "too high" the government would be selling,

while it would buy if the actual price were "too low."
Under this assumption net imports would be calculated as

‘the residual difference between accumulated purchases
‘ and accmlmlated sales.

o Such dynamic disequilibri\m phenomena -as recognition
. and decision lags are not being coneidered in this .

'_,__n'gment.

, "'I‘he act.usl paranetera, Sos and s;, differ from the -
“values. calputed in the expressions by a tom of the .
‘order. of:
19633 o8/ (e12r-1) 1s pubtracted from. so and sdded
Wiy

tude -approximately 10~V



Footniotes
“Conte

Q/ “For ‘our’ problen we can 1nt.crpret the first term of the
Dﬂcr equation as the marginal cost of storage and thc
second term as’ ‘the’ rate of change of the marginal .
‘Tevenue from storage. ‘Thus .the: Buler ‘equation states
‘that 'a monopolistic atorage industry is inequilibrium
when the rate of change of the marginal ‘revenue equala
,the marginal coct of storagc. o

9/ ‘Sl actually also contains another term which is of order
less than 10-11 in magnitude. Tnis is + 5 =48 (9816, 5+2610 5r).

Thc elasticit ia thc same as that used in other KASS
“-analyses / 8 The price level is the level at which
-rice prices’ arc currently set by the government and

thc quant.it.y level ic one-twe].t‘t.h of the assumed harvest.

[ 9 p. 136..7
[ 3, p- 337]

This data was provided by thc plannmg section of the
Food Bureau of MAF.in a September 12, 1973 interview.
o In January 1971 the corresponding data were 7.70 and
- [ 09 for warchouae and grain insurance, respectively

’ p. A.

A/ A USAID study in 1971 /713, p. 3-5-13_7 estimted the
- MAF and NACF capacity to store bagged grain in -
,Deccmbcr 1970 to be 625000 met.ric tons.

15/ It can be provcd that the annual profit from storage
~activities under. this model ic equal to the negative.
“of theicoat:of holding the carryover when the carrgﬁ :
lequals :the carryout.. Specifically, it is -br(lZ(—F-)-H)
‘times ‘these working stocks. When there is a zero
rlc\ncl ot wox'king ctocka ) therc ic sero net proﬁ.t. v

W‘mo tond.nal dlt.c of October 1968 was chosen because different
f;cvcn-cnt bwing policy.went. into effect at that time which =
‘altered the’ pattern of chiment.s in: favor of ear]y, rather than '
:fhtcr,,lulcc. ' The opening data point for each year. (October)
4s dropped because of the difficulties of the. comparison-of

m\'ilt :\d.th :_‘,;,iodoratcly continuouc data. scricc.
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APPENDIX



Al braig Analysis of the Com titive Model

In mathmtical terms our assumption governing the com-
petitive case can be atated as
P1(t) = IC(t)/S(t) = r P(t) + k, that the price rise equals the
. average cost of stofage. Recall that P(t) = a + bS'(t) - b £(t),
where 'f(t) = H(t) + 2G(t) is the portion of the demand curve
~ that depends ﬁpon time alone.
bs" - b £'(t) =ra + rbS'(t) - r b £(t) + k, or

gn(t) - rsv(t) = T2 K

- r £(t) + £1(t).

The solution to the homogeneous part is S(t) = So + Slert,
where §, and si_ are constants to be determined by the initial
conditions of the problem. Sﬂbstit.uting the assumed forms of
"the G and H functions into t.he equatlon we obtain the explicit
‘ rorm of the differential equation

ra + k
b

L '
S - rSt = + 20/18 + 2rc(- - t/le) + (31-.2 - 143 )H“ l‘t-rH%'-tBe'l't,

" _ '_'r'a'i'k 1.y 2_ 3 -4t
or 8 - 7St im Sm + 20(55 + 2) - 10L/9 + (3% (h+r)t‘)Hl§‘?e

To obtain the particular aolutioné to the equation, we will
aeparate t.he o:pression to the right of the equality into two
_'diot.inct portions. - |

. For s"-rs' -A-Bt. wewilltrys klt+k2t

S'-kl+2k2t ; S"-Zlcé



L7

B S B rC v
-r2k, = B o — - =
T2k, - Y 9(zr) 18 o
- BZkz A_B _A_GC ratk 1.1
2ky = ik, = A = -1 2" " F ™ 2°(1er 3).
. . 0t2
Thus the first particular solution is s(t) = _(r_:%l_c + gg-)t + ctTB
For S" - rs! =4 (32 = (4r)t)e b, we will try g
3!
2 -4t 1/
S(t.) = (kg + kyt + k,t” + kBt Je#* as the particular solution,

51(6) = (g + 2kt + 3k, t2 - Lky - bkt - l.kzt - Lk, £3)e MY,
s"(t) = (2k, ~ kky + (6ky - Bk,)b - 12k3t - Wk, - mco)
- W2, - Bt - A3k, = Wk NE + 26kgt3)e T

L ; 43
. = - % [ — R )
16k3 + t.r}ca Y H(4 + r) | k3 3
16k2-12k -12k3-3rk + Lrk =&H k, = -8H
3 3 2 21 . 2
26ky - 8y - By + bley + hrky - 2rky = O
(L + r)kl -=_1(>k2 “+2rk, - 6k3 | kl = -4H

16k0 Uy = My + 2y = ¥y + ey = 0

z.(a + £y = (B4r)ky - 2k, = (e+r)(-H) -2(-2H) xo = -H

'So, the second particu]ar solution is S(t) = -H(1+Lt+8 1243 2t3 )e kv,

'nme, the general equation deacribing storage behavior in this
model is , o
s(t.) - so + s1 ‘_ --v(-i";--k + 2°)t. + ct2/18 He""*’(1+at.+at2 32*'3



,"where So and Sl w.lll bo detemined by the boundary conditiona i
._:lnposed upon. atorage behavior. o ' ‘ B
' If we impose the conditione that S(O)=S(12)-0 on the
solution, we obtain the following values for so and Sl
(O)BOimpliesso+Sl-H=0.. |
5(12) = 0 implies 5 + €275, - 125225 + 22 ) + g0 - HeB(19633) = 0.
Because e “8 is of the order of magnitude 10"21 the ent.lre |
producf, which involves it will be smaller than 10710 ang is
.neg]igiblé. With that convention, we obtain
S0 = (X7 - 12(""‘“‘) - 10710)/(¢%"21)  ana
5 --(12 (Z2) - 1 + 20°20)/(e™270).
If the ca.rry-in equa.ls the carry-out, but is dlfferent from zero,
So will be increased by the amount of the ca.rryover.
qu,, some of the aecor;dary_relatlons within the model will
be derived. . Each of these are‘ determined once the ‘storage levels
are known. The rate at which storage changes within the yearv' is

§1(t) = rsyett - (== ) + 0t/9 + Hebb(Z2E ),

'i‘he price level within ﬁho year :ls _

P(t)i}- a+ brslert ﬁ + 3;"9) + bOL/9 + bH"" t3e~4t . 2bG(t/18~ ",;3.-)
| -w(L)t3 o:-*

'P(t) - brsle - k/r. _



9 |

1-':4'me level of gross farm’ incane is S P(t) H(t) dt. |

FI(12) = 512 brs i t3 ()% gy - He/r = ((-L)'mrsl k/r)H. |

fhg profit from‘ govemmenf. aalea, ignoring storage costs, is S o P(t.)g(t)dt..,
E_Tx(lz)"= le brs,C (-1/3 + t/lB)eﬁ' dt - ‘k/r J“i c(-1/3 + t/18)dt. |

=50 L2=e'2)/3 + = (12677 - 2 (62-1)) - o(E ).

= 15,0 (2225 - (252) (/3 + 11850,
- 3:_19 (e2ra2) - B (12r.0)

_The total consumer expenditure on the commodity is
512 P(t) D(t)dt = FY(12) + N12) -j” P(t) S'(t)dt.
0 0 .

J’ P(t) S'(t) 512 (br? - sl(rah?k)ert -.ﬂ’ﬂés-lég-e‘_'t + ‘E-S-;-Q pe™
+ 1§8 brslﬂt.3 (r-b))ay — (ie/r) (5(12) - 5(0))

brcﬁ (624721 - (m"'k 29_)51( 2r )y
+ 9_%. (126127 (o127 l)/r) + (-‘t—)‘* brsH-

2 ’ i
- 281 () 250 (e””ﬂ) - (sl o B0

L b
+ (h-r) brs; H.
,""Ihus, cona\mer expenditure is . |
f-'x(lz) - (o r.1) (sl(iﬁf’.“) + bi;:) 9%2 (el?__‘} 1) -. b"sl (o -1) 0.



'I'he dorivation of privat.e st.orage proﬁt. in the competitive =
cue conaiata ot the derivation of the year-end coat. of . ‘ |
1nnntory lnd the negative of the accumlated groaa margin
fr«l printe ulea md then adding the two t.o obtain the
negativo of net private atorage proﬁta

e A’. Darivation of Inventory Cost |
j'mdt -'J(r P+ K)Sat = f (br°s e"™s - kS + KS)dt

. o= br2s,eTbsat .
| Sn rtsat.ﬁz @25y + 2 (H) - O+ ) (R 2. £ D)
o |
: celzr (1“0 g& _ _ __2_(_}- _ H(—-(l (h 1\)12)_._ ' (2) ’
o 18 © 3 18r° b-r , (4-r)2

er(s) 3zr(a))
(a-r)3 B(h-r)’*

-5 (g2 1>+-1(e ) - 2 @22 % 3

-H(

| 1 'h‘ L6 3.2.32
H( (h-r? (4er)3 * 3. (lo-r)‘*)

-5 (°’2"1) +8 (’2"’ ) ("”*") @ et g

+(§> (. »-1) Tz(emm ‘“:<-'*-+vu-";,,+(“)3+(’*)“)

ﬁ_"ﬁo(ﬂ——l)"'s:.(’-—-l)-(”*) czae-;-;<.12r o




5’2 e’tsat-sov’ '1)+s (°2""1)-<“**)( f"- (!-‘-f;ﬂ»

Thus year-end inventory cost is
16(12) = brs;So(el2r-1) + 1Ls‘i(e -1) - 5 (ratk) (12012°-(2=t lt"'J'))
+ bS5 (elzr 1) - g_§1(°]2!‘+1) + brSlH(l-(-L)")

: - 9r
B. Derivation of Gross Margin
_ 5 P S'dt = bS Sm efbsrat - bSlk(S(lz)-S(O)) = bSlS i

since S(12) = S(O) , ) |
12 rbgigy = RUT_)y  ratk 20 y (08T-1y | G (12e12F  e12r)
S stat rsl(Zr) ( +3)(—-—-)+9( - (rz)l

° + HEE )

'I'hua gross margin ia
S o P S'dt = llr_Si(eZLr 1) - Sl(ra+k) (e =1) -
¥ _19.. (126127 - (222 -1)) + brSyH (-'&-)’*

C. Derivation of prorit
5 ~(Profit) = I(12) + 512 P S'dt
0 0

= brSi (o -1) - 8y (ratk) (° "1) + brSlSo(e -1)
T - 5y(ratk) (1227 - (eu’-l)) + brsH
| = brsl(sl(ew-l) + So(e]zr lzr(ra-i-k) + H)
= brsy(s(e?-1) + Hel2¥ - 12(““‘) 12 e (Z2) + )
. brsl(sl(e ) (n—m("’“‘» (enrﬂ)) fron the boundary

conditions S(0 12)-0
" we obtain ().s(

- us;(sl(e 2rg) - Sl(e F1) (o +15)
'.ibrsl(sl(o -1) Sl(e -l))

wre positive, profit wmbooqmwbra<“’1>



Dsehtie fodl.

In tho monopo].istic nodel we maad ze yean-end private hi
ntorlaa Proﬁ.ts. ) L : SR LA o
e 2 303y (-s/m) - xchay or Min 5 [Pm s-m + 1) ey
[nacau thet '
81(4) = H(v) +c(t) - D(t), s that D(t) = H(8) + G(8) - 5'(t) and

| P(t) =3 - b(D(t) + G(t)) If we let 2(t) = H(t) + 2G(t), then
~‘the demand curve becomes P(t) = a + bs‘(t) -b f(t) The inventory
cont equation is I(t) = r P(t)- S(t) +k S(t). |
- For this varistion protiem, F(5,S', t) = p(t) S'(t) + Ic(t)
' 1b obtain the components of the Mer Equation:

gg-rP(t)-Hc,
'3

'aF = P(t) + s'(t) P +r s(t)ap = P(t) + b(S'+rS), and
25! 25

d.F = b§" - - bf! + b(S" + rS')
. dtasr
~Thus the Euler equation is v ,
. ma+ rbS' - rbf +k - bS" + B! - bS" - rbS! = 0,
otk o + bt = 2bS"

Or S".-‘rﬁ~ -l‘t

2 "‘ '

'n:e uolution to the houogmeoua part or the equation ia S = So + Slt,
;where so lnd 31 m conetonta to be detemined la.ter, using- the |
_mum conditiona. . Substituting back ror £in the nonhonmgeneoua

:"'oqu;uon, wo w.ln proceed to obtain the aet of particular solutions. |

,;;to bo oquntion. —



5

oon = —EAtK | o 267 4 200/3 - 26rt/28 + (3R - tP)e ™t 4 20/28,
'l‘hia can be rearranged to be '
28n = ZEEK 4 26(n/3 + 1/18) - cx-t,/9+3ﬂt et . (rﬂl+w )t """‘
: b .
280 = A - Grt/9 + H (3% = (4 + T3 je7lt,

Consider the portion which is
Csv=docwamn.

S = k2t2 + k3t3 would be a particular ‘sqiution.
St =2k t + 3k t2
st = 2k, + 6k t
g 2

h'om this, we get

6k -8 k3 = -rC/108 - |
2%k, = M2 | k, = A/A l/h( + zc(- + m))‘

. Now, consider the portion which is
gh = (31/2)(3t2 - (4 + r)t2)e b,
Ty 8= (i + lclt + kz'o +k tB)e"‘t 8s a partioular solution,

s'-e’*"(k +2k2t+3kt - bk, +kt+k2tz+k3t
L e"*‘(zk u:l 6k, akz)t - 121:31'. - :.(xc1 “‘o + (zk2 t.kl)t |

e 3



16&, - 33-*1 - Hl(a + r) n (3/2 3/a(a+r)) - -31(3/2 + 31’)

_kz -ul( +& e ISR

:}16k1 8k2 85+6k -0 kl k2+3/8k
X --n1 (-— -0 (1 )) --nﬁ;ﬁ 5§>
?161: -l.kl l.kl+2k2 01: -=k/ kz/s

s .
o "1‘3/12“3% 5252 5= " "1(256 zss) |

'Ccnb&ning bot.h the honogeneoua and the particular solution to the |
‘1m1ar oquat.ion, atoraga level is dotemined to be

;.s so +ayt +¥f ( ratk c(%':;,..l.)) o3

kb 6367 08

e | 321 ("535 + ‘%2 + (;,; + .Z.’)t + ( 3 ?")t + (l r)*'s)“’-”; °"
E. 12 (“‘*“‘)r)tz =

8 s° + slt + ( :36b b 08




,'Ir 80) =0, this inplies that
so-(l“')ﬂ 0 orthlt
g = (dtis .
5, = (A5EE

If 5(12) = O, this inplies that
.80‘::'-.!-7]2(81,+ r(3a¥2§(yb) o+ h(.ﬂ&i_‘.’_c. ) - 16rC

= ReM(EE 4 2t dar 4+ 576 + 208r + 1728(51-4-;;-5-‘5—)) =0

5o t 128, + 8rC + LC + 36ar/b + 36k/b - He"*e(9816.5 + 2610.5r).
Since loglo(e"’*e) = ~20.846135, we can neglect the last term.

stl--(“")n src-z.c (w_) (10'10) or

8 = -(.lz-‘-:-‘-i-,)ai- 2r6/3 - c/3' - 3ra/b - 3k/b + (207,

Ir the carry-in at the beginning oi‘ the year were egual to the

.

, - OF

carry—out at the end or the year, t.he only thing which would differ

s Aso, which wou],d then,be increased by the amount of the ca.;':yovezf. '



;poi.ntm or tho ncondu'y rohtims u:l.thin tho_-
o model | ‘d.orimd.‘ llch ot tbuo 10 dotontnod oice the
f'f’;,‘,,.tomo hnhwm wow.
nn uto ot chmge of stomo :i.a ducribed by

- s'(t) - s1 + (2‘-“'—"‘-’+ (3'*2"");—)1; - c (-)
rb"’*'((“*_”) + (B-H.r)t ‘+ (26 + e -2 o 2r - (8}t - (.1.6+8.:)t2

1.+16r

- ( )t3)

. ;8'(t) - s + ( 2+ c(- -))t - rc(t/6) - He™ (-r/2 - 2rt - 4rt?
. : (6’0+].6r)t3) |
‘;‘sfo_‘(f,_)‘- 5, + (“‘*" + c(- §))£ . '?C(t/6)2 + rhe Wb (1 22t %416/3t3)
| 4+ ﬁé t.3ne"°*' | | |

Thc price. eqw-ion is P(t) -a- bﬂ(t) - 2bG(t) + bS'(t), or
"*,.'.P(t) =a-bH ?'ﬁ t’ "*‘ + 2bc(1/3 t/18) +05) + ( 2 + ‘:»c(Ia + -))t |

: '- -rbc(tlé )2 6" wt? "’"" + w;"’*t (J,/2+zt+z.t2 = t3 ), or

:P(t) -a- w 6’; 3.'“ + 2bc/3 * "51 + (“‘.L’.% + bc(r/3 - 1/18)t - rbc(t./é)zf :

’lf_f’i-uh""“:/mm%.é)
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f'uppor ]i.n:l.t (twelvo) is oufﬁciently hrge that wo can appmdmte
-;the detinite 1ntegra.la involving e bw the comapond:\.ng Gunm
hmct:lona with no diacemible error.

Gross farm income for the year 133 P(t) H(t)dt.
, } 0

FY(12) = S (a+b81+2bc/3)n tBQ-ht + Slz (__a,fbc( m))ﬂ 128 Wb -M'.

-5 brc(H/36 ).139 tse"*tdt + Tbi? S (1/2) 1-‘55 t3e'8"dt
0 | -
+ 2rbH2 S -3- the~at + Lrbi 312 128 5 "Bt‘dt.

16r )512128 6-8t

FY(12) = H(a+bS)+2bC/3) + n(_EE + bc(r/3 - 13)) - HrbC o

+ rbﬂ"’/ﬁz + rbi/16 + ST0HR/6L + Sroi/6l - SbiR/16.

n(:z) = H(a.+bsl+2b0/3) + H( 2 + vo(r/3 - m)) - SrbCH/LLL
+ rsz/lo 5wz/1s

The profits fran government ssles, i@oring their holding coats, ia
S’z P(t) o(t)at. | '

™(2) - (efzbc/3+bsl) S‘z C(-1/3 + t/18)at + (-—- * bc( - ) 3 c(

"""S ( +E)dt-rbGHS (s-t-ti—tﬂl—l’-é—“)t‘;

-(2-; ; “»'}éz)tl’)o"‘tdt

)dt.': k
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o 1,“ i ’ - .»., u
P - -’+c—-+—+ s
{ akadis ‘rbcl(( 288 288 192 6r)‘-

fin(zz) sc(—- - -) - rmn(.zl) + %

'Mu. cons\ner memﬁ.ture on the camodity for the year 13
S . P(t) D(t)dt Stnoe D(t) = = B(t) + G(t) - s'(t),

'-x(1z) rx(:z) -PDC(IZ) jz P(t) S'(t)dt

| Slz P(t)s'(t)dt.'-" 12 (mbc/3+bsl)s'(t)dt+ j k+ra c(- - -))s t db

; +5 L[ (( 2-(1‘.:’_‘-)(-,#0( - (--)2 fc-f‘l)bt -(lckrg+—3)1:§t3+br202(t/6)£*7dt

B S . rbﬂe"’**'(sl /z+(2sl c/3)t+(z.sl+2(—-) 28 5§)t2)dt

- S ™ -lot(( slﬂb(kﬂ'&)*_ _ _)t3+(]6(lc+ra) 32;0 ZrC P L. 32;0 ¢ )d‘b '

J. bli(sléht? ht. 61';1,-“, (6h) Ht." ~8) 44
0

ma)z rc(lc+ra) 2r§ 2y £~E§1)
_ 325 36

| mpp(letra +bc(r/3 um))s1+576b((

.m.rc(mu--)-u-;-z-hrzczwbn(&(zsl +rc/3)/16+(asl+z(——)+’-"3’§9)/32)

lm-c zsnc 5p0, bHS; CbH  5py2

‘ - 2;,_ 55, ms_bﬂ_gb;ﬂf 2 22
5 m)s'“m, :mu(216 sz% ) sk - B 32., »Sb‘rc

B2 ) - m""‘)’ﬂ“ﬁmm (&0).


http:rbO4(.J4

Totalvconaumer expenditure will be ‘ DR
5rbCH . rbi?

f 2bc k+ra |
xlz-n +0S1 4828 14 bca--_.)-___.,___,
| (12) = H(atbSy+2= M (—— )+ ( ot —
sbﬂ2 w(MEHBb(‘z(_ - _8rb62 _ 31rbcH . ToCH
. E 3 192 36
55 .q)4 DHS1 , BCH. 5bi2  32br2c2
-rw(4+16(b )+576 TR R 5

..12;.22. ‘ h&'C(k-Pra) + —- (lc+ra) - 36Sl(k+_ra) - bCSl(Br-h).

rbh 5bH2 4 bbo?
32 3

 x(12) = H(allbf’l + 2bC/3) + u(.“‘g.ri‘f) + -12rbcn +

| ToCH N 55 2 |
‘4 LO(ktra) + ———— - rbH == - —=rH(k+ra)~ —== r“bCH
st ) 36 2 "B -) 576

- 32_b:.20_2 - hsrc(lci-ra) - 36Sl(k+ra) + —— (lc+ra.) - bCS (8r-h)

o) ' 3_ _ ) 31 79r _ 552
x(1z) aﬂ+bHSl( r/z) bcsl(er l.?+'bH0( 6+576 576)

4wl e/ - 5/52) + B vra) [ - Eheoluier)26s, ]

32br2(~;e

+ -—b- (k+ra) - 5
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) ‘I'ho nothod ot optimization appliod to tho prorit equation
in the' walysis. or the monopoly model. differs from that in much-
of ooononicvmavlyoia in that it selects a time-vuying path
;':ot- ootinoi reu‘p‘onso rather than a single rate - it selects an |
optimal function rather than an optimal value of a variable.
Bocouso' tno theory underlying this process (the calculus of
voriotiono) is likely unfamiliar to many oconomists,-lf it is
' givon some detail here .g/ |
g& Order Conditions Necessg_xx for an Fxtremum: We start °

the diacuosion by introducing the concept of a functional. A
gmotiona ia a rule of correspondence (i.e. function) which
'uoigno a apocifio (real) number to eaoh function or curve
belonging to some claea of runctiona or curves. This parent
class of mnotiona wi]l usually be a normed ]inear space, which,
o hourioticolly spoald.ng, is a set of elements and a _i‘unctlon

(ito norm) uith ﬁhioh measure the "diotanoo" ‘between the elomen'ts
of the eot. For oxunplo, tho class D)(a,b) of oontinuous |
,Motiono which have oontinuous first derivativea on the interval

‘ [ o,b], togethor with the norm //V//l = max [y(x)/ + max [/y! (x)/,
: . agxeh -  agxeb
,ioonomdlinurapoco._i_‘ . o T
'nu oonoopt of oontinuity ot a runotional is analogoue to
g t.ho"concept with respect to mnotions, with the nom of the -

!_np‘on:whioh tho t\motioml ia dotinod uaod as the



http:defined'used,.as
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meaeure of "distance" bet.ween ai'guments of the functional. |
It is often useml to distinguish :Linear functionals rrom
- others. If J(h) is a functional defined on a normed linear
space R, it is said to be a continuous linear functional if
1. J(ah) = aJ(h) for any h in R and any real number a;
2. J(hy + hy) = J(hy) + J(ny) for any hy and h, in R; and
3. J(h) is continuous for all h in R.
Suppose that the inci'ement. of the functional, which is
AJ(h) = J(y+h) - J(y), can be written as the sum of a linear
functional and an error: AJ(h) = §J(h) +&//n//. T° the limit
of the error (g) is zero as the norm of h goes to zero, the
functional ia said to be dlfferentiable and the principal linear
part of the increment Y J(h),_ is called the first variation of
the functional J(h). |
The functional J(y) is said to have a (relative) extremum
for the curve y y(x) if I(y) - J(y) does not change its sign
for all curves y in a nelghborhooda/ of y= y(x) This extremun
is ealled a esk extremum if the norm used in defining the
neighborhood is the norm for the class of first order continu-
‘ously differentiable ﬁmct.lons , and is called a strong extremum
}A.tt; the norm is that for the class of continuous functions .y *



A nocouu'y oondition tor tho differontiablo I‘unctional
'.".‘J(y) to hnve an ext.remm for Y- y 1s thut it.o variation
. vanish for T=5. mat s, for all nmctiono h belonging to
| the set { h: //?-y// //h//( f} derined by scme ﬁxed, but perhapa
'mup,)o,g.r(n)-o. | ' R
| The first app]icat.ion of this theorem ‘glves rise to D.ller's.
oquation in the calculus of variatione. Let J(y) be a functional
of ‘the fomj F(x,y,y )dx defined on the set of ﬁmctions :
“which have continuous first derivatives in [ a,b_7 and satisfy
the boundary conditionszl y_(a)*lB A and y(b) =B, Then a necessary
‘eondition for J(y) to have an extremum for a function y(x) is that

y(x) satisfy Euler's equation * ®F - d 9F = 0.
| | 2y dx ay!

Second Order Conditions ﬂrricient for Min:.mizatlon The B
: firat order gondition for minimizing & functional requires that

| the first variation of the ﬁmctiona] vaniah for the extremal -
curve. 'I'his requirement is very #imilar to the first order
oondition tor the minimization of a function, namely that the
,firot derivative is sero at tho ea:trm This would lead one

to eo:peot that there my bevainilar:ltiea between the second order
conditions pex'tnning to the calculus of var:lationa and those
uaod 4n real antlyail. To 11].uatrate these sinihritiea, the
aooond ordor conditim wlll bo stated in. t.wo ways - the conditions |
1n xomral, lnd tho conditions which comapond to funct.ionala or ¢
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' the type analyzed in this paper.'. However, before the second
'order conditions can be given, our vocabulary must be extended -
and scme background results atated -/
A functional J(y) is said to be twice diffcrentiable if
its incrementv can be written in the form
AJ(h) =§3(h) + §23(n) +&//M//
where §J(h) is & linear functional {its first variation), §23(n)
'15 a quadratic functlonal,y and the error § has the limit of zero
‘as the norm of h approaches zero. The quadratic functional
SzJ(h) is sai}led the second variation of the functional J(y).
A neceésé:ry condition for the functional J(y) to have a
mnimm for the extremsl curve y =J(x) is that §2J(y)20, for
-y =/§ #nd all admissable h. However, this condition alone is not
sufficient to assure a mirﬂ.nmm, nor is the imposition of the
requirement l1:,hat'. §2J(y)>0 sufficient. 8 In order to define a
sufficient condition another concept is needed' A quadratic
functional ‘fg(h) defined on a normed linear space 1s strongly
mgigivey if there exista some positive consta.nt k such that.
fz(h)) k//h//2 for all h. |
'nma, a au.fticient condition ror the tuncticnal J(y) to have-
[a l:\nimn at y 3 g:i.ven that s.r(y) [} for y = y, is that its -
;-'nemd mution SzJ(y) bo stronglr pout.ive tor y=- y. :




. 'l'hoso nccouu'y l.nd aufﬁoient conditions. tor tho existence .
of a s ni.nimm tor u mnctional describe bounds on the behmrlor of_v'v?‘:_
vtho mnotional which may not, necesaarily, lead to recogniuble '.
bounda on the etrncturc of the runctional. In particular, it

13 not '.lmediat.ly clear what restrictions on F(x,y,y ) are lmplied
for our ana.lyais of J(y) j F(x,y,y' Ydx. '

Legendre's ;gegualitx corresponds to the necessary céhdition’_
atlted above: A necessary condition for the mnct.ional o
J(y) -5 F(x,y,y')dx, y(a) = A, y(b) =B to have a minimum at
y(x) is that @<F (x,y,¥')20 for every point of the curve

y(x) o

" In order to give us the strong poaitivity condition used
‘in"the eufficient 'c’ondition, we must have a condition which Tules
‘out, for example, the eastward path on the great circle as the
ahorteat diata.nca between New York and San Franciaco.—/ 'mia .
'condit:lon :ls the absence of conjugate pointa. o L

‘ 'I'he aocond variation of the tunctional J(y) = 5‘ F(x,y.y )dx
y(a) = A, y(b) - B can be writton as . |

52J(h) J‘ (eni+ Q hz)dx vith h(a) = h(b) =

_'uhmr '3 9%F andQ g azr- 4 %
L 'B'GTF dxay' '

-_lotico thlt. the socond miation iu a.ho a mnctional, which
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if poaitive def!mite, is nonnegative with a minimm va.lue or ‘
| gero and otherwise is negative and unbounded. Thus by mi:ﬂ.mizing
this functional we can determine whether the second variation ie
poeitive definite. The concept of conjugate points ie derived
from this optimization process. The. pomt a® (#a) is said to be.
‘conjugate to the po2int a with respect to the functional J(y) if
* the solution, h*(x), to the equa.t.ion—/ Qh -~ _d Phi = O vanishes
for x = ,a‘.(i.e. h#(a) = 0) and for x = a®, butdﬁ*(x) is not
identically zero. The ‘generalization of this definition to
the case of more than one unknown funetion involves demonstrat-
- ing the ]inear dependence of the set of disturbance functions
atthepointx=a. I

: The absence of conjugate points is predicted by Jacobi'e
necessary condition. If the extremal v = ¥(x) corresponds to a
‘minimum of the functionalj F(x,y,7' )dx and if 925' IS 0o

k(or is positive definite in the multivanate caseg along this
extremal, ‘then the open interval (a,b) conta.me no points conjugate
to a. '

This bring us to the point where we can now state a eet of

. | conditiona snfﬂciant to eetab]ish the minimm or ‘the ﬁmctional
o8 5 r(x,y,y' )dx, y(a) = A and y(b) B. It scne admiuable



ourve y = 9(:) eimultaneouely satisties the following three.

".cmditione, a weak niride

ot the et.ated functional ea:iete

;»et. r-y(x):

1.

2

'l‘he curve ﬁ(x) ie extremal, ‘which meane it eatiafiea

~ the Em.er equation.

’DY dxay'

A.n.ong the curve y = y(x) , the etrengthened Legendre
cond:n.tion is satisfied:

P(x) =3 ’b F(x,y,y ))0 (or is poeitive deﬁnit.e) |
1S A¥ , ‘

; And it mlrille’ the strengthened Jacobi condition, that,‘
“ the closed interval [ a,b_/ contains no points conjugat.e _

to the point a.

The charact.eristic of theee eufricient conditions which

'nakee them eufficient. is the fact that all three must hold

eimultaneonply If any one of the conditions breaks down, we

can no longer be aeeured thet a minimm has been attained.

In eumary, thie eection ot ‘the appendix has preeented the .

oonditione eufficient to eetab]ieh the minimum of a mnctional

in two caeee. , Firet, the minimisation of a general mnctional was
'.diecuued. Then, the oonditione regarding the minimization ot ‘
“the plrtieuhr type or mnctionel ueed in thie paper, namely
'jvhere the mnctiontl is detined b,y the integral of a function
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‘whoee ergumente are an independent va.rieble, a dependent
varieble which reeponde to the independent verieble and the
rate of change of that dependent variable. :

| AMQL&MK! The" neeeeeary and sufficient conditione '
i'or the minimization of a i‘unctionel are quite similar to those
for minimizing a function. The first variation of the functional
iniuet nec_eesaril& -‘va'nieh for any extremal eolntion, as must the
rii'et'. derivative of a function. To‘ assure that a minimum of
the functional has been obtained, the second variatior. of the
functional must be strongly positive for the extremal solution.
This is an obvious parallel to the requirement that the second’
derivative of a function be poeitive at its minimum, }

" For functionals that can be represented as S F(x,y,y )dx
these neceeeary and sufficient eonditione are repreeented by
the Buler equation, the etrengthened Legendre eondinon, and the
etrengthened Jacobi condition, all of which have been referred
to above. l’or a nmeh more complote diecuesion of this topic,
the reader ie advieed to coneult the euthor'e referenee L LJ or
lme other text on the eubject. |
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 book to ; di.cus;ion or'f.he calouius
ns. A section of a ‘chapter and cne topi';i in :l‘ -
: hematical Review section of. lancaster's M’.
Mgg ‘}?_] della with the t.opic.y T T

a dmlom ie pa.ttomed atter Gelfand and Fomin
A e-noighborhood or y(x) 1a defined as{y(x) //5-5// <tj

- for some fixed: positive real mmber&, The norm which
-4s used in. this definition is the nom of the function

- ;space 1n whioh uo are: operating

j‘The norm for the set of first. order differentiable functions
‘ ,;13 detinod a8 //y//l = max /y(x)/ + ma.x /y (x)/. The norm

for the aet of continuoua !'unctiona ia deﬁned as
r//y/lo = A /y(x)/ In ‘each’ case the maad.mization is

. x

occun'ing our a douin for which y(x) and J(y) are defined. -

j/ *Euler's cquation is a aecond order ditferential equation

- whose ‘solution contains two arbitrary constants. The two

- stated conditiona, or any pair of independent conditions,
. are used'to determine the ‘specific. paramsters of thc solution

", ‘oquation, ‘In particular, we ocould just as well use y(a) = A

S :_'lnd y'(a) =B as dterfu.tivq conditiom on y(x).

/. 1.‘  gmenmi"_'" 18 plttomod aftor Gelfmd and Fom:m |

. '» if it isa linear f\mctional”
@ :1inear functional of x for any -
.bﬂinur t‘unct.ionll




‘Footnotes -

N2

~Cont, -

,. y

If we can determine a sequence of functions.
{ hyhgshye.eein} with Lim //hy// = 0, such that for
: , ‘ . noce : 2
every k) O we can find Ny such that k?-g(hn)> J(h )) 0

for all n greater than Ny, then AJ(h){O0 for this

‘sequence and hence the functional would not be minimized.

" This would be the situation if a saddle point occurred.

This concept is to be compared with the concept of positive
definiteness. A quadratic functional A(x) is positive |
definite if A(x)) O for every nonzero element x. In a

‘finite dimensional space, a strongly positive quadratic

form is equivalent to a positive definite quadratic form,

- but in the general case strong positivity is a more

EE

stringent condition than positive definiteness.
This exampie is due to lLancaster [ 7, p. 382_7.

This equation is called the Jacobi eggat}ion of the original
functional J(y). It is the Euler equation derived in the.

- minimization of‘szJ(h).

The derived curve y =?'(x) is that curve in the class of
first order continuously differentiable curves which

‘minimizes the functional. A strong extremum would ocour
'4f the derived curve is that element of the set/ of

continuous curves which minimizes the functional.





