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ABSTRACT

Starting from the recent action proposed by Sen [1, 2], we evaluate the parti-
tion function of the compact chiral boson on a two-dimensional torus using a
path-integral formulation. Crucially, we use a Wick-rotation procedure ob-
tained from a complex deformation of the physical spacetime metric. This
directly reproduces the expected result including general characteristics for
the theta functions. We also present results for the chiral 2-form potential
in six dimensions which can be readily extended to 4k + 2 dimensions.

*E-mail address: e.andriolo@qmul.ac.uk
"E-mail address: neil.lambert@kcl.ac.uk
¥E-mail address: tristan.orchard@kcl.ac.uk
$E-mail address: c.papageorgakis@qmul.ac.uk


mailto:e.andriolo@qmul.ac.uk
mailto:neil.lambert@kcl.ac.uk
mailto:tristan.orchard@kcl.ac.uk
mailto:c.papageorgakis@qmul.ac.uk

Contents

1 Introduction 2
2 Background 4
2.1 Sen Action for Chiral Forms . . . . . . . . . . . . 5
2.2  Wick-Rotation via Metric Deformation . . . . . . . . . . . . . .. ... ..... 7
3 The Path Integral for the Two-dimensional Chiral Boson 8
3.1 The Dirac Path Integral Prescription . . . . . . . .. ... ... ... ... ... 9
3.2 Chiral-boson Partition Function . . . . . . . . . . . . ... ... ... .. 13
3.3 General Theta-Function Characteristics and Holomorphic Structure . . . . .. 15
4 Chiral Two-form Potentials in Six Dimensions 17
4.1 Preliminaries . . . . . . . .. 17
4.2 Setup of the Calculation . . . . . . . .. ... .. 20
4.3 Explicit Evaluation . . . . . .. ..o 22
5 Conclusions 27
A Detailed evaluation of 2D Partition Function 29
A.1 Oscillator Modes . . . . . . . . 30
A2 Winding Modes . . . . . . . .. 30
A.3 General Theta-Function Characteristics . . . . . . . . . o v v v v v v v v v . 32
A.4 Holomorphic Structure . . . . . . . . ... 33
B Zeta-regularised product 34

1 Introduction

Self-dual 2k+ 1-forms in 4k+2 dimensions are ubiquitous in physics. They enter the description
of the two-dimensional Quantum Hall effect, appear in the spectrum of string theory as the
Ramond-Ramond 5-form flux in ten-dimensional Type-IIB supergravity, and M-theory in the
low-energy effective field theory of a single Mb5-brane. There are, however, well-known difficul-
ties in writing down Poincaré-invariant Lagrangians for self-dual fields and many alternatives
that side-step this issue have been put forward over the years [3-18].



More recently, Sen proposed a novel, string-field-theory inspired action for self-dual forms
that maintains manifest Lorentz invariance, [1, 2]. His construction combines two fields: a 2k-
form appearing with wrong-sign kinetic term, and a 2k + 1-form that is self-dual with respect
to the flat reference metric 7. The physical spacetime metric g enters the Lagrangian in a
non-standard way and as a result diffeomorphism invariance takes a novel form. The action is
quadratic in these two fields but they are non-trivially coupled. However, in the Hamiltonian
description, the wrong-sign unphysical degrees of freedom explicitly decouple from the physical
ones. Furthermore only the physical degrees of freedom are sensitive to the physical metric
and external sources. One is then left with a positive-definite Hamiltonian, which correctly
captures the physics of self-dual forms with respect to the physical spacetime metric g. This
action was supersymmetrised for the case of the self-dual 3-form in the abelian six-dimensional
(2,0) theory in [19] (wherein an interacting non-abelian generalisation was also constructed),
and certain geometric aspects of the formalism were elucidated in [20].

Turning to the quantum theory, and given the complications of finding action principles for
self-dual fields, a popular approach for obtaining the chiral form partition function via a path-
integral computation is so-called “holomorphic factorisation”: One starts with the action for
the non-chiral version of the field, evaluates the corresponding path integral in the Wick-rotated
theory, observes that the result essentially factorises and reads off the chiral part [21-23]. In a
more rigorous approach,’ the partition function of the self-dual field is determined via a Chern—
Simons “holographic” description in 4k + 3 dimensions [17, 26, 27] that takes into account the
topological aspects associated with the quantisation of the self-dual field. For example, it is
well established that such a partition function is not uniquely defined without the choice of a
background spin structure, or equivalently the choice of a holomorphic line bundle, of which
the partition function is a section. Within the holographic approach of [17], one is naturally
forced to make such a choice when imposing the Gauss law constraint on Chern—Simons theory
in one dimension higher.

Since the information about the background spin structure should in principle be encoded
within the action in the form of topological terms [21, 22|, one could naturally ask whether
candidate actions for chiral forms in 4k + 2 dimensions can reproduce the chiral partition
function via a path integral formulation, without resorting to the Chern—Simons description.
In this paper we use the action of [1, 2] as a starting point for precisely such a calculation for
the chiral boson on the torus.? An immediate obstacle pertains to Wick rotating the action
to Euclidean signature, as the standard analytic continuation to imaginary time leads to a
path integral that does not converge because of the wrong-sign nature of one of the fields.
Moreover, one may wonder how to impose a self-duality constraint when the signature changes
and the Hodge star no longer squares to the identity. Here, however, we employ an alternative
prescription for Wick rotating via a complex deformation of the physical spacetime metric, as
suggested by Visser [30]. It is a happy coincidence that the non-standard coupling of the fields

'For a Hamiltonian version see also [24, 25)].
20One can attempt to carry out a path integral approach by introducing an infinite number of auxiliary fields
[8, 28]. For another construction see [29].



in the Sen action to the background metric is precisely such that the resulting path integral
is convergent. Furthermore, as this alternative Wick rotation does not modify the reference
metric, the self-duality constraint is unaffected and the physical degrees of freedom of the
system are explicitly preserved.’

This allows us to proceed with the evaluation of the path integral. Note that in our cal-
culation both the physical and unphysical modes contribute to the partition function. In this
way, through a collection of delicate but ordinary manipulations, we recover the standard ex-
pression for the chiral-boson partition function in the form of the ratio 6(7)/n(T"), where T is
related to the complex structure of the torus by an SL(2,7Z) transformation.* It is interesting
to point out that, when the radius-squared of the chiral boson is rational (corresponding to a
rational conformal field theory), the resulting partition function is an extended u(1) character
as expected [34-36]. In our calculation the choice of spin structure corresponds to introducing
topological terms (i.e. terms that do not affect the equations of motion) to the Sen action
along with a change in the boundary conditions for the fields. We make appropriate choices for
such terms, leading to more general theta characteristics in the 6(7")/n(T) result, once again
as expected for the widely studied chiral boson.

The extension of these results to 4k 4+ 2 dimensional theories is of great interest and we
initiate this study by evaluating the path integral of the six-dimensional version of the Sen
action on the six-torus, i.e. k = 1, including an additional topological term. One recovers
once again appropriate generalisations of the two-dimensional answer, involving higher theta
functions with general characteristics. Our results here can be readily extended to more general
values of k.

The rest of this paper is organised as follows. We begin in Section 2 with a summary of the
salient features of the Sen action [1, 2], as well as the Wick-rotation prescription of [30]. We
continue in Section 3 with the implementation of the Wick rotation and evaluation of the path
integral for the chiral boson on the torus. We calculate the oscillator and winding-mode con-
tributions to obtain the 6(T")/n(T) result, with the more general theta characteristics following
suit after adding appropriate topological terms to the action and modifying the boundary con-
ditions. In Section 4 we sketch the corresponding setup for the chiral 2-form potential in six
dimensions and calculate the oscillator and winding-mode contributions to the path integral.
We conclude with some closing comments and open questions in Section 5.

2 Background

We begin our discussion by providing some background material that will form the starting
point of our calculation.

3Note that the idea of Wick rotating a theory wvia complex deformations of the spacetime metric has very
recently re-emerged in the context of determining which class of complex geometries can a generic quantum field
theory be consistently coupled to, and the possible implications of such a procedure for quantum gravity [31-33].

4We appreciate that the moniker “partition function” could be taken as an abuse of language. What we mean
is the path integral evaluated on a spacetime that is a Euclidean torus.



2.1 Sen Action for Chiral Forms

In [1, 2] Sen put forward the following action as a candidate for capturing the physics of chiral
forms on a 4k + 2-dimensional spacetime with general metric:

S:1/(;dPA*ndP—ZQ/\dPJrQ/\M(Q)) , (2.1)

(2m)3k+1
where P is a 2k form with the wrong-sign kinetic term and @ = x,,@ is a self-dual 2k + 1-form.
Note that even though the spacetime metric g is non-trivial, the Hodge star is evaluated with
respect to the Minkowski metric 7. Instead, the non-triviality of the background is encoded in
the term M(Q), where M is a map from *,-self-dual forms to x,-anti-self-dual forms such that

mw) '=w— M(w) , (2.2)

is self-dual with respect to x4. The action (2.1) is invariant under infinitesimal diffeomorphisms,
aH — xt + €#(x), up to the boundary term

QS:CM;H{/MQPAMﬂ, (2.3)

through the non-standard transformations

QQ:_<12“)@g>

where

§(w) =

1
'VM§)‘w)\mm“p71d:c“ Adxtt AN datret (2.5)

(p—1)
for any w = ]%w,,lm,,pdx”l Ao ANdxt®

A closed-form expression for M (Q) was proposed in [20] under the assumption that it is
symmetric; Q1 A M (Q2) = Q2 A M (Q1), and x,-anti-self-dual; as only these combinations
appear in (2.1).° This construction considers a basis of %, -(anti)self-dual forms

1/4k +2
w_’é, W_A, for Azl,...,2<2kil> , (2.6)

®Qur conventions are those of [20] where the %, operation in D spacetime dimensions is given by

€012...(D-1)D = -1

*gw = 1/—g

1 1 v
1P1 VpPp M1 YD—p
TEu1 i —pr1.vp Y ...g Wpy...ppdx™ A A dx

p! (D —p)
and analogously for x,.
SFor an alternative construction see [37].



on which
Mw_a)=0, M(wd)=M*Pu_p, with MAP=MmP4. (2.7)
In terms of this basis, a x4-self-dual 2k + 1-form can be expanded as
et = NPl + KABw_p . (2.8)
By demanding that wf — MABy,_ B is indeed x4-self-dual one determines that
MAB = — (N1 KB (2.9)

The following combinations of Lagrangian fields

. 1+ %
Q(s) ._Q+< 5 )dP

Q) = Q- M@, (2.10)

correspond on-shell to a singlet and a standard self-dual 3-form under diffeomorphisms, hence

they are respectively identified with the unphysical and physical chiral degrees of freedom of
the system. In the Hamiltonian formulation of the theory, the degrees of freedom Q(5) and Q4
decouple from each other and one isolates the physical chiral form, satisfying Q) = *4Q(y)
[2, 20].

It is straightforward to introduce sources to (2.1) by extending the action to”

1 1 . )

(2.11)

This action enjoys a standard gauge symmetry through shifting P by an exact 2k-form. It is
interesting to also observe that under the following wider class of transformations

P—P+A
J— J+dA
Q—>Q—<1+2*">d/\, (2.12)
the action (2.11) changes by
S—>S+(27r)14k+1/dAA(dP—J). (2.13)

It should be appreciated that the last term in (2.11) does not contribute to the equations of
motion for P, Q. Nevertheless, one needs to add it to the action so as to achieve (2.13), which
we will see plays an important role in the interpretation of the partition function of the chiral
boson.

Despite the non-standard coupling of the fields to the background metric, the action (2.11)
passes various consistency checks for £ = 0,1, when compactified on a torus and respectively
on a circle, K3 and a non-compact Riemann surface [2, 20].

"The source J is a standard (k -+ 1)-form, which transforms as usual under diffeomorphisms. To see how (2.4)
and (2.10) get modified when J # 0, see [20].



2.2 Wick-Rotation via Metric Deformation

When evaluating the path integral, one usually passes to the Euclidean version of the theory to
ensure convergence. However, applying the standard Wick-rotation procedure of analytically
continuing to imaginary time for (2.11) leads to a non-convergent answer because of a wrong
sign for the P kinetic term along with the dP A @@ mixing term. A new prescription is also
needed since, due to the self-duality constraint, one would like to Wick rotate the theory
without altering the degrees of freedom of the system.

We will employ the proposal of Visser [30], where instead of analytically continuing to
imaginary time, one performs a complex deformation of the Lorentzian spacetime metric g,
and not the coordinates, via

A
(9w = G +ieE— . (2.14)

Here, € is the deformation parameter, V* is an arbitrary, nowhere-vanishing timelike vector
field (which is guaranteed to exist because the spacetime has a global Lorentzian signature)
and V), is the associated co-vector, i.e. V, := g, V”. For the simple case of flat space and a
constant vector V,, = (—=1,0,...,0), (2.14) results in

ge = diag(—1 —ie, +1,...,+1), (2.15)

which recovers the standard Minkowski metric for € = 0 and the Euclidean metric for € = 24. In
fact this case is completely equivalent to the standard Wick rotation via analytic continuation
to imaginary time; see [30]. Following this, the prescription for analytically continuing to
Euclidean signature for arbitrary metrics consists of taking (2.14) and setting e = 2i.® Note
that the resulting Euclidean metric is in general not unique but depends on the choice of
constant timelike vector V*.

Although this recipe was initially put forward to produce Euclidean metrics that are com-
patible with the existence of a Lorentzian metric [30], it is particularly apt in our case where the
physical metric dependence of (2.11) comes entirely through M. We stress that the reference
metric 7 is left untouched by this Wick rotation, bringing in two advantages. First, we can
keep the original constraint @ = %, even in the Wick-rotated theory, and this guarantees that
the latter describes the same number of degrees of freedom as the Lorentzian one. Second, the
Wick rotation (2.14) makes the path integral convergent. This happens because the wrong-sign
term dP A %,dP remains a purely oscillatory contribution, and this allows us to immediately
single out a holomorphic partition function.

It is noteworthy that very recently the idea of Wick rotating a theory via complex deforma-
tions of the spacetime metric has re-appeared in an attempt to replace the standard axioms of
QFT with the requirement that they be consistently coupled to complex metrics [31]. Appli-
cations of this proposal to quantum gravity were considered in [32]. In these works, a complex

80ne cannot make this simply a real deformation by e.g. setting i = ), and taking X from 0 — —2, as the
metric would become singular at A = —1 or € = 7. The complex deformation allows us to go around this point
in the e-plane.



metric is allowed, under the condition that it leads to a convergent path integral. As will
become clear such constraints arise naturally for our metric.

3 The Path Integral for the Two-dimensional Chiral Boson

In this section we will write down a well defined path integral for the two-dimensional chiral
boson on T2, starting from the action of [2, 20] and analytically continuing to Euclidean sig-
nature a la [30]. We will then evaluate it to directly obtain the chiral boson partition function
with particular characteristics for the theta function. More general theta-characteristics will
be introduced by including boundary terms in the action, and adjusting the periodicities of the
scalar field. In this section we will denote the 0-form P by ¢ and the 1-form @ by H to keep
closer contact with the literature.

To start we define our path integral on the torus of Figure 1 using coordinates (z°, '),

subject to the identifications
2220 4 orl, 2ot 4 2nl, (3.1)

where [ is an arbitrary length scale. The metric is then dimensionless and in these coordinates
reads

—L?2+ L2tan’a LiLgtana
Juv = ( 0 0 10 (3.2)

LiLgtan o L?

Note that the choice of constant timelike vector V* needed to implement the Wick rotation in
(2.14) is not unique. We find it natural to use the timelike vector V# := (1/Lg, —tana/L1),
see Figure 1. With this choice, the deformed metric becomes

(6 = (—(1 +i€)L3 + L3tan’ o  L;Lgtan a) ’ (3.3)

LiLgtan o L%

which leads to the usual flat metric on the flat Euclidean torus for ¢ = 2i. Note that the
determinant of g, is proportional to (1 + i€), so the analytic continuation must be performed
by avoiding € = +4.? From now on we will set € = 2i.

We next define the 1-forms

wy = dz® — dat
w_ =da® +dat (3.4)

satisfying

*,,wi = :l:wi
wy Aw_ = 2daz® Adat . (3.5)

9We also avoid € € iR<g, as we have implicitly placed the branch cut of \/—gc = L1 Lov/1 + i€ there.
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Figure 1: The flat torus parametrised by the coordinates 2%, 2!, in red. In blue, the time-like

vector that will be used to perform the Wick rotation.

Following the discussion around Egs (2.6)-(2.9) one arrives at the expression:!°

Ly .
— 4+ tana+1
M=o (3.6)
A —tana — 1
Lo

By further introducing the complex structure

L
r=(tana+ i), (3.7)
Ly
we can rewrite (3.6) more simply as
ol T+1
=— =: . 3.8
M p— M (3.8)

Remarkably, M is a meromorphic function of 7, and since Im(7) is strictly positive, so is

Im(M).
We can now expand
H=H"w,
J=Jw,+J w_, (3.9)
in terms of which the action (2.11) becomes

5= 5 [ (= 500 + 50100 =21 @0 + 010)

T o
FOM(HT + TN+ 4H T + 2J+J’> . (3.10)
3.1 The Dirac Path Integral Prescription

Since we are dealing with a constrained system, we would now like to evaluate the Dirac path
integral for the action (3.10). Due to x,-self-duality Hy = H™ = —H; and we can identify ¢

10306 as to arrive at a convergent path integral we pick the negative branch for the square root on the complex

plane (v/—1 = —3).



and H; as field variables with canonical conjugate momenta

08 1
¢ = —=
1 000 2w

5S
(=0 +2Hy) , T .= e =0. (3.11)

The Hamiltonian density is thus

H=q- I:—2(7TH¢ — Hy)? - %(8@)2 —2H101 — 2(J — H )P M +4H J~ —2J"J| |
(3.12)
and the constraint surface is defined by!!
x1(z°, 1) == I (20, 1)
ety fua), [ aiuaah)
_ _% [ﬂmﬁ —H - %8@ (T = HOM + J‘} (21 | (3.14)

which are primary and secondary constraints respectively. The constraints x; and xo form a
pair of second-class constraints,'? since their Poisson bracket reads

Dt (), 3o (2% ) oo = — 2 (1 4+ M)S(at — yb) | (3.15)

T
The Dirac path integral is then given by [38, 39]

Z|JE M| = /[Dwn%ﬂmnfh] B <7TH¢ — Hy — %a@ +(JT = H)M + J>

N (HHl) /det{Xi;Xj}xO % Cisz de(60¢H¢+80H1HH1—'H) . (316)

Up to an overall constant factor

1
5<7TH¢ —Hi = 5016+ (J" = H)M + J‘)W x

o<5<H1— (WH¢—;61¢+J+M+J_>> , (3.17)

1+M

and the functional integration over II'1 and H; can thus immediately be performed to get

Z[Ji,./\/l] _ /['D(ﬁ'DH‘z’]ei Jr2 d2x[00gl1®—H] (3.18)

Hi— 17 (7119 = 201 ¢+ T+ M+T )

" Given two functionals F, G of the fields ¢* and their conjugate momenta IT¢, we denote with {F, G},o their
Poisson bracket at equal time, i.e.

[ .. GF ¢ G oF
{F, oo ‘/ A S5 (0, 21) BT (a0, ) 361 (a0, ) O (a0, 21) °

(3.13)

12There are no first-class constraints for this system. This fact is particular to two dimensions since, when
working in 4k 4 2 dimensions with £ > 0, the local gauge redundancy of P should be taken into account. We
will come back to this point in Section 4.
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In this framework, the first thing to do is to exploit the translational invariance over the
space of II?, to factorise the path integral (3.18) into

Z[JE, M) = W[JE, M / [DI1¢]ei™ w1 Jn2 (1) / [Dg)etSenldT5] (3.19)

where we have defined the overall field-independent function of the sources

WITE, M) 1= e Jr2 PolTTTHMTIT)?) (3.20)
and
Suln 1] = o [ (= 5000 + 5010 - 57 @+ 010)°
+ %(aogb + o) (MJIT + J*)) . (3.21)

Note that in order to arrive at (3.19), we just used the fact that 7 is the (reference)
Minkowski metric; no assumptions were made about the physical metric g, the data of which is
contained inside M. Note also that once we Wick rotate the physical metric as in (3.3), both
functional integrations over II? and ¢ yield convergent Gaussian integrals, see (3.8).

To proceed with the evaluation, we expand II? in terms of an L?(T?) basis, i.e.

1
I1%( = > TP ,etT Fo—itm , (3.22)
ng,n1 €Z2
with ano g = (I, ., )* such that
/ o)~ ] / g, ., - (3.23)
(no,n1)€Z?

Performing a complex integral over all Hﬁom with (ng,n1) € Z? would double count the
independent fields. Therefore we need to restrict to a domain U C Z? that has the property
that U N (=U) = 0. Furthermore Hfio must be treated separately as it is real so (0,0) ¢ U.
But when combined we need U U (—U) U (0,0) = Z2. To this end we find it helpful to define

U .= {(no,nl) S Zz‘no +ny > 0} U {(no, —no)’no S N} . (3.24)

Pictorially we can think of this as the set of parallel diagonal lines (ng + p, —ng) with ng € Z
for a fixed p € N along with the half-line (ng, —ng) with ng € N. Then we can easily rewrite

H /dﬂgo ny / ngO H /dH’go ni no nl)*

(no,n1)€Z2 (no,n1)eU

_ /R daig, [ <2 /R dRe[II, , JdIm[II7,, m]) ., (3.25)

(no,n1)eU

11



and hence find for the II? functional integral

. . |U|
o1 im s fuz Pa(TT9)? _ i M+1 i M+1
/[DH |e"T Mt Jr Gl M 2(27rl)2 v , (3.26)

where |U| is the cardinality of U.

To compute |U| we note that the half-line (ng, —n9), no € N contributes > 7° _; 1 = ((0) =
—1/2 to |U|. On the other hand, each complete line (ng+p, —ng) consists of two half-lines plus
a point and hence contributes 2¢(0) + 1 = 0 to |U|. Thus we simply find

Ul =-1/2, (3.27)
and so

/ [DI19)ei™ a1 Jo2 P2 (3.28)

From here onwards we will use ~ to denote equality of the partition function up to an
irrelevant—although possibly infinite—constant.

All in all, we have reduced the functional integral (3.19) to the evaluation of the Feynman
path integral for the effective action (3.21):

Z10%, M| ~ WTE, M| / (D|eiSerso:T] (3.29)

This result, reached using the Dirac path integral and employing the regularisation (3.27),
can in fact be reproduced by considering the Feynman path integral for the original action. To
see this we complete the square on H™ in (3.10) by introducing

=y (J+ n /\1/1J> (0064 10) (3.30)

By construction H is an arbitrary x,-self-dual form and hence [DH*] = [DH*]. Thus the
Feynman path integral for (3.10) factorises into

Z = WITE, M| Zs (M) / (Do)eiSenleT*] (3.31)
where

Z(M) = /[folﬂe;i Jpo Pz M(HT)? (3.32)

Since the imaginary part of M is positive, the integration over HT converges and using the
same regularisation as for (3.28), one recovers an overall constant

Zy(M) ~ 1. (3.33)

12



Encouraged by this agreement we will directly employ the Feynman path-integral description

in our upcoming discussion, Sections 3.3 and 4.

After this preliminary work, our task now is to evaluate the functional integral (3.29). We
assume that the field ¢ is compact with radius R, i.e.

p=¢+21R (3.34)
and it thus admits the following decomposition on the torus

(ZS = ?bw.m. + ¢0sc . (3~35)

The ¢w.m. and ¢ respectively encode the winding and oscillatory modes of the field:

R
Dy, = 7(m0x0 +miz'), mo,my € Z (3.36)
¢osc = Z ¢no,n1eilTnoeilTn1 s <Z>—n0,—n1 = (¢no,n1)* s (337)
ng,n1 €Z2

where the prime symbol on top of the sum denotes that the choice (ng,n1) = (0,0) must not
be taken into account.

The compact field ¢ can admit topologically non-trivial configurations because it appears
in the action only through its derivative: the action is still single-valued on the torus even when
¢ is not. The same is not true for J which thus admits the following expansion on the torus:

zno

zl *
Ingmi € e T J-ng,—n1 = (Jngny)™ - (3.38)

ng,n1 €Z>

Since the effective action (3.21) is quadratic in ¢, ¢w.m. and ¢osc decouple. In the following
subsections their contributions to the path integral will be determined separately.

Finally, it is important to note that, in the absence of sources, (3.21) closely resembles the
Siegel action [3]

SSlegel /d2 ( 80¢ (81(25)2 + A (80¢) + 61925)2) ) (339)

where X is a Lagrange multiplier imposing the chiral condition on ¢. This can also be related
to the Floreanini-Jackiw action [4, 6]. However, one key difference is that M in (3.21), unlike
Ain (3.39), is a constant and not a Lagrange multiplier hence the interpretation is different: in
our case M is not a field but is in fact fixed by the complex structure of the spacetime torus.

3.2 Chiral-boson Partition Function

At this stage, many of the algebraic manipulations needed for the remainder of this section are
standard, see e.g. [5, 29, 40]; we refer the reader interested in the full details to Appendix A
and only provide a summary of the results.

13



Evaluating the effective action (3.21) on the oscillator modes we find

!/
1
Sitldses 7 =7 3= { b (= = o+ )?)

no,n1

1

+4il(no + 11) bnginn (g —ny + MJ—_no,—m)} , (3.40)

which by letting n := ng + n; and m := n; leads to (see Appendix A.1)

Zosc = 1;[ m . (3.41)

n>0
Here we introduced the important parameter

1
147"

T:= —%(1+M‘1) = (3.42)

which in turn can be related to 7 via an SL(2,7Z) transformation. In Appendix B we show that
the infinite product appearing in (3.41) can be regularised to

1
]-;[ n(m —ZI- Tn) ~ n(T) (3.43)
n>0
thus arriving at
Do~ — . (3.44)
n(T)

Next we turn to the winding modes, which lead to a non-trivial dependence on the sources
of the partition function. Evaluating the effective action (3.21) on the winding modes returns

2
Set[bwm., J5] =T (—Rzmg + R*m3 — %(mo +my)? + 2R(mg + ml)j(o)) , (3.45)

where we defined a complex structure on the sources by
J=J"+ L (3.46)
M b

with normalised zero mode defined by

©0._ 2 /2 +, 1
T = oy d:c<J ) (3.47)

Following on from the oscillator discussion this leads to (see Appendix A.2)

Zwm. = 33 §(R2n — m)e2imen T+ 2imiing @) (3.48)
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where T was defined in (3.42). One then finds that Z, . = 6(0) for R? irrational. Instead, if R?
is rational—that is when R? = r; /ry for some coprime integers 71, ro—one gets a non-vanishing
contribution whenever

n = pro and m=pry, (3.49)
for any p € Z. Hence for R% = ry/ro we have

Do, = 5(0) Z€2i7r7"1r2p2T+2i7r\/7"17‘2]7(7(0) -~ 9[8}( /77“1T2j(0)|27“1?"2T) ) (3‘50)
p

In writing the last step of (3.50) we have dropped the §(0) as an irrelevant but infinite constant
arising from the unphysical chiral modes, originating from the wrong-sign kinetic terms in the
Lagrangian (see Appendix A.2).

Combining (3.50) with Z.s. and the source-dependent prefactor appearing in (3.29), we
have

Z1TE,T) ~ W[JE, T) Zose Zy.mm,
e wa](jT ()O) 2ninaT)
o ? O] (v 7@ 1257
n(T) '

In the absence of sources, this can be interpreted as a u(1),,,, character, as expected for a

o x Jr2 (T T MY

(3.51)

chiral boson on a rational square radius.!® Moreover, since (3.51) is left invariant by 71 ¢ 7o,
we recognise an underlying duality acting as R <> 1/R. This fixes the self-dual radius to be
R? = /T2 = 1 which, as r; and 7y are coprime, means setting r; = r9 = 1 and we find an
su(2); character. All these results are compatible with the formulation of the chiral boson as
the edge mode of abelian Chern—Simons theory in one dimension higher [34-36]

To summarise, when R? is rational our computation precisely lands—up to the SL(2,7)
twist encoded in 7 — T—on the expected result for the chiral-boson partition function. For
R? irrational, the theta function collapses to one, and Z is only proportional to 1/n(T).

3.3 General Theta-Function Characteristics and Holomorphic Structure

We now see how the discussion from the previous section can be extended to include general
theta-characteristics. To this end we take

R R
Gwm. = T(mo + OJO)JJO + T(ml + 041)301 5 (352)

for some constants ag, ;. Here ¢ is not single-valued over the torus and now satisfies
o(2° + 27, ) = ¢(a®, ) 4 27 R(mo + ap)
o(2°, 2! + 271) = ¢(2°, ') + 27 R(my + o) . (3.53)

3For the interested reader a useful resource is [40].

15



Shifting ¢ by a constant is a symmetry of the action, corresponding to a constant choice of A in
(2.12). Thus we can view this identification as an orbifold whose action is different over the two
1-cycles of T?. However, we do not want to allow for orbifold actions of the form ¢ =2 ¢ + A for
any constant A as that would completely remove all zero modes. So we restrict to mg, m1 € Z.
Another way to say this is that we restrict to orbifold actions for which
1

— ¢(dp—A)€eRZ, (3.54)
27
where the integral is over any 1-cycle of the torus and

R R
A= Taodxo + 7a1da:1 : (3.55)

is a fixed closed 1-form. Note that we can also think of these boundary conditions in terms of
U = i/,
Uz + 2mnl, 2t + 2mint) = e%i("OaOJ“"lal)‘ll(xO, zhy . (3.56)

Thus if we think of ¥ as a dual fermion then A encodes the spin structure. It is tempting to
interpret A as a connection 1-form and d¢ — A as a covariant derivative, as in [27]. However,
this interpretation has difficulties in higher dimensions.

Next, we repeat the winding-mode calculation with the more general modings mg — mg +
ag, mp — my + aq, while also adding the following term to the action (3.10):

1
Sa=5- 5 TQ.A/\d(b. (3.57)

This term is a total derivative and hence does not affect the equations of motion or any of
the symmetries, including infinitesimal diffeomorphisms. However, it does give the following
contribution on the winding modes if R? = r1/ry (see Appendix A.3)

Zwm. = e TP [g} (\/T1T2j(0)‘27’17'2T) , (3.58)
where

a=(ap+a1)/re, B =2ra; . (3.59)

Finally, let us look at the zero-mode contribution to the partition function:

a 0
7~ Wm0 0= 1) (5] (v g O2riraT)
n(T) ’

where W/[J] only depends on the non-zero-mode sources. This is almost a holomorphic function
of J (0), which is encoded in the statement that

_ o 700
DZ:_< 0 +Z7T‘7>Z_0. (3.61)

(3.60)

o070 "o T T
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As a result one sees that under a shift (see Appendix A.4)

+ 2ny/r1roT (3.62)

m

©) , 70
J VT2

the overall change to Z is simply

7 —y emimnt2mi(ma—nf)) o5 [ JAAA 7 (3.63)

The change in the partition function is therefore a pure phase for all m,n. However, the
transformation (2.12) can only account for some of the shift symmetry of the partition function.

The action is not invariant under (2.12), but the change only depends on the sources and
theta-characteristics. We find that, when evaluated on a winding mode ¢y, = R(mu +
ay)xt /1, we find that

(m(a0+a1)72r1r2na1)72l\/r1r2n(7J_('_0)+J(_O))+\/%m¢](_o)Z ’ (364)

27

Z —em
which agrees with (3.63) for the identifications o = (ap + aq)/r2 and f = 2rja. This is
usually interpreted as saying that the partition function is a section of a line bundle over the
space parametrised by 7(®) modulo the identification (3.62), that is an auxiliary complex torus
parametrised by the zero-modes of the sources, Jt2.

4 Chiral Two-form Potentials in Six Dimensions

The approach that we used for evaluating the chiral-boson partition function in two dimensions
can be extended to 4k+2-dimensions where one has self-dual 2k+1 forms. Of particular interest
are self-dual three-forms in six dimensions (associated with superconformal field theories such
as the (2,0) theory) and self-dual five-forms in ten dimensions (which arise in type IIB string
theory). Here, for concreteness, we will detail the computation in six dimensions, i.e. k = 1.
The extension to more general k follows readily, and for £ = 0 reproduces the chiral-boson
results.

4.1 Preliminaries

Before explicitly computing the partition function let us first make some general comments.
Following on from the discussion of Section 3.3 we consider the action (2.11):
1 1 —~ 1
Se =—= ~dBANxydB—-2HNdB+ (H+J)ANMH+J)+2HNJT — -J AN*xpJ
(27)5 Jro \ 2 2
1
(27)° J1o

CNdB . (4.1)

We have opted to replace P and @ for the more traditional B and H as in [19, 20] and in the
second line we have included a boundary term determined by a closed three-form C, dC = 0.
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Once again, such a term does not contribute to the equations of motion and preserves all the
symmetries of the original theory. In particular, the action is invariant under infinitesimal
diffeomorphisms z# — x* + &(z), provided &* is single valued on TS. Analogously to what
happened in the previous sections, we will see that the role of C is to allow for more general
theta-characteristics.

Next we consider the transformations (2.12). Under such a transformation we find that S¢
becomes:

1
SC[B,H,J]—>SC[B,H,J]+(27T)5/T6dAA(dB+C—J). (4.2)

These transformations play three roles. First, if A = d\ then we have a familiar abelian gauge
transformation B — B + d\ and the action is invariant. These represent redundancies and, for
example, we can choose \ to set the timelike components of B to zero. Note that in the case
of a two-dimensional chiral boson there are no such gauge symmetries.

Second, if A is closed (dA = 0) but not exact then these transformations are genuine
symmetries of the action that we can orbifold by. This allows us to introduce the analogues
of the winding modes from the chiral boson case. Here B is not single-valued over the torus.
Rather we allow for so-called large gauge transformations

B— B+ A, dA =0, (4.3)
where A # dA. With this in mind if we go around a loop in the x* direction we can take
B(z" + 27l) = B(z) + AW | (4.4)

where A is a closed 2-form. Although this looks like a valid identification for any choice of
A one needs to be more careful: We do not want to say that any closed A® is allowed, as
this condition is too strong.'* Rather, we want to impose a flux-quantisation condition

— dB € R° Z, (4.5)
(27m)3 Js,

for some fixed R and any three-cycle ¥3. This integral will be non-zero if B is not single valued
as in (4.4). By including C we can be a little more general. We can change the flux-quantisation

condition to

(2;3/2 (dB—C) e R*Z. (4.6)

We can also interpret these boundary conditions as acting on the Wilson surface operators of
B:

i1
W(Ss) = emt am? o 7 (4.7)

1411 the case of a chiral boson such a condition would amount to saying that ¢ = ¢ + 27 R for any constant R.



where Y9 is a 2-cycle. By construction W (X2) only depends on the coordinates 2+ that are
normal to ¥9. Our boundary condition corresponds to

W (D) (@ + 2mint’) = ¥ s W (5) (2 (4.8)
where Y3 is the 3-cycle obtained by transporting Yo around the closed loop created by ot =
o+ 27inH .

The third application of the transformation (2.12) enables us to think of the source zero-
modes as coordinates on an auxiliary complex torus as in Section 3.3, Jre [27]. This corresponds
to considering transformations where dA # 0, so J shifts. The action is no-longer invariant
under (2.12) but if we impose another flux-quantisation condition

dANe R 7Z , (4.9
(27r)3 3 )

then the shift in the action is
Se|B, H,J| — Sc[B, H, J] + ASc[J] + 2mn (4.10)

where n € Z and
1

ASclJ] = —— dA N (2C - J) . 4.11
] = s [, 4 (20— ) (111)

Thus the path integral and partition function is invariant under such shifts, up to a phase
factor that only depends on C and J. This is often summarised by saying that the partition
function is a section of a line bundle over Jpe, which consists of sources J modulo dA subject
to (4.9). However, once again one must be a little more careful. Under such a shift we have

Z[J +dA] = /[DB/DH/]eiSC[BlvHI7J+dA]
= /[DB,DH/]eiSC[B+A’H_(dA)+)7J+dA]
= / [DB’DH’]eiSc[B,H,J}erscm

— eiASc[J] /[’DBDH}CiSC[B’H’J]
= A5z (4.12)

where in the second line we chose B = B+ A, H = H — (dA)+ and in the fourth line we
assumed [DB'DH'] = [DBDH|. When we integrate out B and H we can only perform shifts
by A if the latter preserves the form of B and H that we integrated over. Since we integrated
over all H’s this is not a problem for H. However we did not integrate over all B’s; rather we
restricted to B’s that satisfy (4.6). The change B — B’ amounts to just shifting the sum over
the winding modes. Thus we can only shift by A’s such that

1 / 3
— dA € R°Z 4.13
(27f)3 3 ( )
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in addition to (4.9). This in turn is only possible if R® = ry/ry is rational, in which case we
take

(2717)3/2 AN € /i3 T . (4.14)

4.2 Setup of the Calculation

Having discussed the six-dimensional action in general let us now calculate the partition func-
tion. Here we can be more explicit with our discussion. To that end we introduce a basis of
(anti)self-dual 3-forms as in (2.6)

wf = (1 + %,)d2" A dz’ A da?
w_p = (1 —%y)dz® Adz' Ndad | (4.15)

where 7,7 =1,...,5 and A = (ij) with ¢ < j running over all 10 possibilities. Note that these
are chosen such that

wi ANw_p = 20pd°z . (4.16)

Furthermore we introduce a basis of 2-forms:

dzO A dzt
a _ A A 417
w2 { dz* Ndad ( )

where the index a runs over (0i) and (ij) (again with ¢ < j). Thus there are 5+ 10 = 15 values
of a. It is helpful to expand

dzt N ws = K““Bwf + LM Byy_p (4.18)

for some K**g and L**B. In particular we see that

1
Kroy =~ [ dof Awl Aw_
AT 502n1)6 /Te SRR
1

For future reference we observe that the non-vanishing values of K#¢g, LH*B are i%. However
the non-vanishing components of K*48 + LF%p are 4+1. Furthermore we can compute

(da* N wg) A sxy(da” A wg) = —2(K“aBLVbB + K”bBL““B)de
=: 2k 0y (4.20)

Next, we need to construct the matrix MAB as in (2.9). This is rather cumbersome for a
general metric. However, we can make the following important observation. To integrate out
H 4 from the path integral we need to ensure that Im(M48) > 0. We now prove that this is
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the case if one chooses the branch v/—1 = —i, as for the 2D chiral boson. With this choice
the Lorentzian Hodge operator x4 __,, for the Euclidean metric g.—o; is related to the Euclidean
Hodge operator *52:22_ through x4 _,, = —i*f{:m. Recall that

Q)= /T6 Q* AEQ (4.21)

defines a positive-definite inner-product over the space of (possibly complex-valued) three-forms
in 6D, for any Euclidean metric. Consider now a non-vanishing three-form 2 = Q Acpﬁ, self-dual
with respect to %4 _,,. Then

0<(QQ) =] Q"Ax}_, 0
T6 B
:i/ O A gy, 2
T6

= z/ Q"N Q
T6
= i(27) QN — KN T)AB
— —2i(271)° Q4 Qp(N* MINT — N* MENT)AB
= —2i(2r1)5 QA (N (M — MHNTAB
—2i(2rD)S(NTQH) T (M — MHWTQY) | (4.22)

where we remind the reader that @ﬁ = NABwf + KABy_p and KAB = —NACMCB. Thus

we find that choosing v/—1 = —i leads to —Z(M — MVT)AB being positive definite. This implies
that

Re (iHAHBMVAB) <0, (4.23)

for any real values of H 4, which will be needed to ensure convergence of the functional integrals
appearing in the partition function.

To continue we expand the fields, sources and C as

H = Hw}

B = Byw§

J=Jiwi+ T 4wy

C = agudx" Nwy | (4.24)
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where H4 and B, are functions and «,, constants. The action can now be written as

2 1 M
Se = (2m)5 /6 d%(@%’””abﬁuBaauBb = 2LMAH A0, Ba + (Ha + J3)(Hp + J5) MAP
T

S 2H T A 4 T A = (RreALYE, — [ AK”bA)awabe>

2 6 (1 b A o1 —B\ L {7 {7 ‘AB
= W /'I[‘6 d ./L'(iGHVa 8uBaabe + 2L'ua a'uBa(Jj{ + MABJ ) + HAHBM
— (KPAL ) — [y K000, By — JLT 4 = T AT MG
(4.25)

where

Hy=Ha+J5 — (L"P8,B, — T BYML (4.26)
and

G;wab _ l{,uuab _ L,uaCLVbD]VlV61D
= —KHr [P gV el _gpnaC D pq L (4.27)

4.3 Explicit Evaluation

At this stage we are ready to evaluate the path integral for (4.25). In principle, one would have
to carry this out via the Dirac path-integral procedure, as we implemented for the chiral boson
in Section 3.1. However, encouraged by the observation in two dimensions that the Dirac
and the Feynman path-integral prescriptions led to the same answer (up to multiplicative
constants), we will be cavalier and proceed directly with the Feynman path integral

215, T4 MAP) = / [DBDH]e' | (4.28)

It should be noted that one should also mod-out by the volume of the gauge symmetry of the
2-form B; for the sake of simplicity we will work in the gauge where By, = 0, so there is no
infinite-dimensional residual gauge and we do not need to introduce ghosts fields.

We can perform the H,4 functional integrals since we have seen that —i(M — M")AB is
positive definite so that they are convergent. There are ten values of A and each H 4 has an
expansion in terms of a real zero-mode and an infinite tower of complex Fourier modes:

/
ffA = hoa + Z hnHAem“xu/l , (4.29)
N

with (hA,nu)* = ha,—n,.- However, these can be seen to integrate to one after zeta-function
regularisation, as we saw above in (3.28).

Thus we are left with evaluating

ZITH T4 MAP] ~ / [DB]etSess (4.30)
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where the effective action left over as the result of the H4 integration is given by

2 1
Seff = @y /T ) de(iGW“b@uBa&,,Bb + 20149, By T4 — (KM*ALY 4 — LM 4 KN a,,40, By
— o~ —~— | ~\A4B _
T (MM = M) M) (75 - T ) (4.31)
and we have introduced
Ja=J5+ ML P
Ja=Jt+ T BM YL (4.32)

This defines a complex structure on the sources where we view J4 and J4 as holomorphic and
anti-holomorphic coordinates respectively.

It is clear from the simple dependence of S.ry on Ja that the partition function is holo-
morphic in a twisted sense:

_ A - 0 6 (T T o1 o\ AP .
D214, T5) = ( 57 - 2l <M (M* — M) M) Ts ) Z1T4, T =0,  (4.33)

while the holomorphic derivative is

5 _ — _
DP = 2+ 2mil® (M(M - M*)—lM*)AB T5. (4.34)

This holomorphic structure captures the simple dependence on Jg:

_2i f’]1‘6 d6x(J’\;lJ*(./’\\/lJ*—/’\>lJ)71/’\>lJ)ABJAjB

Z[JTa, JB) = e@P ANAR (4.35)
where Zp,[J4] can also be further factorised as
i Tk T -1 7F AB
VA oo Jre (M (M =M M) JAJBZ}(LO) T - (4.36)

So our final task is to compute

- o(0)
20 4] = / [DB]aSJ}f[BJA]

o _ 2 6. (1 uwab paA
Scit = Gm)p /Tsdx<2G OuBa0y By + 2L 0, BaJ

N (KuaALVbA _ LuaAKVbA)a“aabe> . (437)

To this end we expand the fields in Fourier modes

!/
Ba = ba + UJ(J,MZ'M + Z ba7nau€ina”xu/l Nap ez s (438)

Nap
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with (bamau)* = ba,—n,,- We have separated out the zero-modes as they are real. The w,,, are
the analogues of winding modes and the flux-quantisation condition (4.6) implies that
R3
Wap = T3 (Map + ap) May € Z . (4.39)

Since the action is quadratic the evaluation of the partition function factorises into a contribu-
tion arising from a sum over the winding modes m,, and an integral over the oscillator modes

ban,,:

[jA] 70 70)

osc

(4.40)

Let us first evaluate the action on the oscillator modes. The calculation is similar in form
to that of Section 3.2. The action evaluates to

S = —2mit Y (Gwabnunybanubb,_nu — 4l L, ban, T Q”“)) : (4.41)
a,ny
where the integral over T® has imposed Nay = —Npy = ny. The integral over the bgy,’s now

produces

—il
Zosc ~
H det(Grvabn,n,)

1
H det(2Krag L¥*Bn,n,, + QLWIALVbBMABTLMTLV)

1
~ 4.42
ln_[ det(2LVPA(LraA — Khe g \nyn,, + ALFAALVP BTy pnyn,,) (4.42)
1
where the determinant is over the a, b indices and
1 ~_
Tap = —5(0ap + Mp) - (4.43)

We should also be careful here to impose a gauge-fixing condition such as only including modes
where a = A. It is difficult to evaluate this expression more precisely in general. We recall
that the non-zero values of (L**4 — K#4) and 2LH*4 are £1 so the determinant is of a matrix
which is quadratic in the integers n, and linear in T4 g, much like (A.6). We will suggestively
denote it as:

1
g 1= ——— . 4.44
" ngh(Ta) (44

Next, we evaluate the action on the winding modes. Again it is helpful to introduce

+ . a
wy = K" qwyq

w = LN, (4.45)
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We can apply similar maps to aq, and mg,. In this case we find

) 2 6 A+ oA pe1 B4 R, A
5632(277)5/Tedx<_w wy —w “w MAB—l—gaAw +lf3a wy + 2w jA)

@~ w A B Mk + 20 A(Ta — S(R/Pa%) — (w — (R/) ez )

Il
o
SN
et
—

'I[‘G

d6x< —w A w B (0ap + .//\ZATE) + 20~ (Ja + (R/1)*(a™* — af))

|
o
SN
o
—

'I[‘G
+ (w A = (R/1)*a” Mywly + (R/1) a4 (of — a‘A>) : (4.46)

where we have introduced

3

R
why = w A —wh + l—g(aj —a ). (4.47)

The point about w'; is that, given (4.39), then
why =wt —wh = (R/1)>ma , (4.48)
for some m 4 € Z. Whereas
w A = (R/1)}a~" = (R/1)*m™™ m el . (4.49)
Therefore we see that the sum over m4 imposes a delta-function constraint

Z 647TiR6m—AmA — Z 5(2R6m7A o pA) . (450)
mAE€Z0 pAcz10
For RS irrational, the only solution is mA4 = pA = 0 and hence Zv(qun, ~ 1. However, for
RS =1y /ry we find m™4 = ront/2 and p? = rin? (recall m~* € 1Z). Substituting this back
into the action gives

Z\Svozn _ e47riR6a*A(aj—ofA) Z Z 5(2R6m—A _pA)
pA m—A

e—47r7rR6i(m’A+oFA)(m*B—i-oFB )(0aB +/’\;1JZ}3)+8WR3i(m’A+a’A)(‘71&0) +R3(a~A=al))

X
miadpag | O (0)
~e 40 8 (\/Tﬂ’sz | 2T1T2TAB) ) (4.51)
where we find the higher-dimensional theta functions:
A , A
S) g ] (24| 7aB) = > eminA+at)(nP+aP)rap+2mi(ndtat)(za+Ba) (4.52)
A nAez10

Here we have introduced the normalised source zero-mode

0 _ 20 6, 1+ 1 f-1 7-B
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and theta-characteristics

at =2qa74 /T2

Ba =2ri(at —af). (4.54)
In summary, our final answer for the six-dimensional partition function is

ol

8,4 ] <\/T1T2j£10) | 27“17”2TAB>

b (Ta)

©

i Tl T ~\AB —
7 p—miarBa = @y Jro Ao (MM =M TIM) T T (TB =T )

(4.55)

Note that for vanishing characteristics we find a higher-dimensional analogue of T-duality:
R << 1/R.

It is important to make some comments about gauge symmetries. The expressions for Zy .
that we have above are gauge invariant and hence the path integral will over-count the physical
degrees of freedom. We have assumed a simple gauge-fixing condition of the form By, = 0.
This means that only components of B = B,w§ with a = (ij) need to be considered and these
are in one-to-one correspondence with the A-indices. We do not expect that this leads to a
change in our final result as the over-counting simply leads to an overall constant multiplying
the partition function.

One can also see this at the level of the winding modes wg,,. There are 6 x 15 = 90 possible
choices of w,, but only 20 possible 3-forms dB. Indeed one sees that some wg,, lead to dB = 0:
for each choice of a there are in fact only 4 choices of p such that wg,dz"w® is non-zero.
Furthermore, different choices of w,,, can lead to the same non-zero dB. Again this represents
an over-counting but one which simply leads to an overall rescaling of the partition function.
The gauge-invariant information is only contained in the 3-forms and therefore we assume that
the sum over wg, and integral over oscillating modes bgy,, can be entirely captured by the

+ w=A) -A

contributions from (w7}, w and nj, n

To demonstrate this more explicitly, we consider the case where the physical metric is (in
Lorentzian signature)
g = diag (—L3, LT, ..., L3) . (4.56)

To construct MAB we see that a basis of self-dual 3-forms with respect to x4, are given by

gp_‘é = (14 %,)dz® A dz* A da?

A A
N W+ +CUA— 2792 _2w+ — WA—
=5 +VL;°L; "L —
14+ V/L2L2L2 1—V/L2I[2L2?
_ /2’ 10,4 4 /21 0 0a (4.57)

where V = LgLq ... Ls. From here we can read off

NAB _ _ 7
1+ V/AsL2

(4.58)
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where Ay = L;L;. Finally we want to Wick rotate in the same way as in Section 3, which
effectively amounts to sending

LO — —iLO . (459)

Thus we find
1+iV/AsL2
_TA + 1 AB

MAB —

where 74 = iLgA4/V. For such metrics MAB becomes diagonal and each component has the
form that we saw for the chiral boson but with a purely imaginary complex structure 74. Note
that in this case
1 -1
TaB = —3 <5AB + MAB)
1
B 1474

0AB - (4.61)

As a result Z\SVO, En factorises into a product of more familiar functions from the two-dimensional
chiral boson discussion:

10 A
zZ0. =11¢ [ P ] (x/T1T2J£‘0) | =2r1re/(1+ TA)) (4.62)
! A

Lastly, we note that —1/(1 + 74) is simply an S and 7" modular transformation away from 74.

5 Conclusions

In this paper we performed a direct calculation of the partition function associated with the
Sen action for chiral forms in 4k + 2 dimensions in a path-integral formulation. As this action
contains unphysical fields with the wrong-sign kinetic term, convergence of the path integral was
achieved through a non-standard analytic continuation to Euclidean signature via a complex
deformation of the metric and not time. This procedure had the additional benefit of leaving
the self-duality condition of the self-dual form, @) = %,Q, untouched and directly led to a
holomorphic result.

To appreciate this last point, one should take a step back to understand what happens
within the holomorphic-factorisation approach to the partition function of the chiral boson.
In that framework, one starts with the Lorentzian path integral of a non-chiral boson ¢, i.e.
Zne. ~ [[Dg)exp(i [ d*xd,¢0"¢) and by Wick rotating as usual, 2° — —iz", one evaluates
[D¢] exp(— [ d*z(do¢)* + (814)?). This leads to a real result of the schematic form

_ 00

Zne. ~W(T =T ——, 5.1
( ) 7 (5.1)
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where the sum is over the characteristics of the theta functions, see [23], and 7 is the complex
structure of the torus. Then, one would like to conclude that the chiral-boson partition function
is indeed the holomorphic theta function, with some undetermined characteristics (which can
get fixed, case by case, according to the actual physical system that the chiral boson is meant
to describe). In so doing one also needs to ignore the anomalous factor W.

Instead, in the approach taken here, the kinetic term of the non-chiral boson does not get
Wick rotated and one computes the path integral of a complezr action. Rather, the convergence
arises from the M term in the action. In fact, thanks to implementing the Wick rotation as a
metric deformation, and to the precise nature of the non-standard coupling of the Sen action
to the curved background, M is simply related to the torus complex structure 7 and enters in
a manifestly holomorphic way.

In this way, for the chiral boson in two dimensions, we reproduced the classic 6/n result
by a calculation of the path integral on T2. The argument of this expression was an SL(2,7Z)
transformation away from the usual T? complex structure. General theta-function character-
istics were incorporated by introducing a topological term to the Sen action and adjusting the
periodicities of the scalar on the torus. We then proceeded to repeat the same computation
for the significantly more complicated case of the six-dimensional theory on T¢, under certain
assumptions about the equivalence of the Dirac and Feynman path-integral prescriptions for
the Sen action and the form of the contributions of 2-form gauge orbits. The result, which was

a generalisation of the two-dimensional one, can be straightforwardly extended to higher k.

It is worth making contact between our calculation and the canonical-quantisation com-
putation of the partition function of the Sen action. In the latter approach one introduces a
pair of non-canonically conjugate variables, II* ~ II” 4 dP (see [2, 20]), in terms of which the
Hamiltonian schematically splits into H ~ H, + H_. Here H is a negative-definite Hamilto-
nian which completely decouples from the system, while 7 _ is the physical Hamiltonian which
describes the correct spectrum of the chiral form. Therefore, within the canonical approach to
quantisation, one can simply recover the partition function of, e.g. , the compact chiral boson
by computing Tre?™ ™ H- see [2]. Note that, due to the nature of the Legendre transform, the
decoupling of the unphysical modes is not straightforward in the Lagrangian formulation of
the theory. Nevertheless we found a sensible result by keeping all modes and this is due to the
non-standard Wick rotation, which preserved the wrong-sign modes in Lorentzian signature
as oscillatory contributions in the Euclidean path-integral. In other words, the Wick rotation
(3.8) left the kinetic term of ¢ in (3.10) unaffected and thus it made sense to compute the
path-integral of the Wick-rotated theory without removing any contributions.

It is satisfying to see the chiral partition function emerge directly from an honest functional-
integral calculation. Our work hence provides nontrivial evidence that the proposal [1, 2]
correctly captures the physics of chiral forms also within the framework of the path-integral
approach to quantisation. It would be interesting to apply the above methods to more com-
plicated background geometries, such as higher-genus Riemann surfaces in two dimensions for
which a globally defined timelike killing vector does not exist.
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Finally, we note that although the action is invariant under infinitesimal diffeomorphisms
the partition function is not modular invariant, indicating that there is a failure of global dif-
feomorphisms. A failure of modular invariance implies that the chiral field in 4k 42 dimensions
is not a genuine 4k + 2 dimensional system; it is more appropriate to think of it in terms of the
dynamics on the boundary of a 4k + 3 Chern—Simons theory. However, since we reproduced
the correct result from a path-integral formulation in 4k + 2 dimensions, perhaps it could be
possible to relate the Sen action to Chern—Simons theory in one dimension higher. Another
hint towards this direction is the fact that the fields @ and P mix under diffeomorphisms, (2.4),
which could be a sign that they both originate from the same object in a higher-dimensional
theory. A higher-dimensional interpretation of the Sen action could additionally shed some
light on the true geometric nature of M. We hope to return to these questions in the future.
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A Detailed evaluation of 2D Partition Function

In this appendix we present the calculation of the 2D partition function of Sections 3.2 and 3.3
in full detail. These algebraic manipulations are very familiar from Conformal Field Theory
(see e.g. [40]) but their applications and interpretation in the context of the Sen action are
somewhat different. Our modular function conventions are:

04| lr) 1= D eimlrel sl | n(r) >0, 2€C, 0, BER, (A.1)
pEZ

and

77(T) — e7riT/12 H(l _ eQm‘nT) ) (A2)
n=1
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A.1 Oscillator Modes

Evaluating the effective action (3.21) on the oscillator modes we find

! 1
Seff[gbosca J:t} =T Z {|¢no,n1 |2 <7’L% - n% - M(no + n1)2>

no,n1

. I
+4ll(n0 + n1)¢n07n1 (Jjno —ni + M‘]—no,—rq)} . (Ag)

Even though the source J explicitly enters this expression, the dependence on J will be washed
away upon integrating over each oscillator, and the contribution Z,s. of the oscillatory modes
to the partition function will be independent of J. Indeed, let ¢ = ¢1 + i¢p2 represent a generic
oscillator mode appearing in (A.3) and let j denote a contribution from the source. For a
complex number G with positive imaginary part we then have

/d¢d¢*eiG¢|Q+ij¢:2/ Aoy dpoeiC(PIT03)+is(é1+id2)
C R2

_2/d¢leiG(¢1+2jG)2/d¢2eiG(¢2+i2jc)2
R R

211
= A4
G (A4)

Note that the chiral (right-moving) modes with ng+n; = 0 lead to a vanishing action: since each
of them merely contributes to the path integral as an overall infinite constant (~ [ dpdp*e™),
we will only include the modes ¢p,,, with ng +n; # 0. Furthermore, due to the reality
condition (¢ngn,)* = ¢—ng,—n,, We restrict to ng+mny > 0 to avoid double counting. Therefore,

OSC:< H /d¢no7n1 ano,nl)*) Sett{fosc 0]
no+n1>0
21
= 11 ) , (A.5)

normso (M0 1) (n1 —no) — i (no +np)?

Zose €valuates to

which by letting n := ng 4+ n1 and m := n; can be tidied up to

Zose = || (Z : (A.6)

L on(m+Tn)
n>0
where
T= tatmty=_" (A7)
T2 o1+ '
A.2 Winding Modes
Evaluating the effective action (3.21) on the winding modes returns
R2
Segt[bwm., JT] =T <—R2m(2) + R?m? — ﬂ(mo +m1)% 4+ 2R(mg + ml)j(o)) , (A.8)

30



where 7 is the normalised complex-structure zero mode defined in (3.47). Following on from
the oscillator discussion we find

Z eiSeH[¢w.m.7Ji}

mo,m1

B Z efiﬂ-RQ((mo+m1)(mo*ml)+(m0+m1)2M71)+2iﬂR(m0+m1)\7<0) ‘ (A.9)

Zy.m.

mo,mi1
By introducing n = mg + m; and m = m; we recast this into
7 _ Z e—i?‘(’R2 (n(n—Qm)—l—nQM’1)+2i7TRnJ(O)
w.m. —
m,n
_ Z p2miR?mn ,—irR?n? (14+- M)+ 2irRng () (A.10)
m,n
The sum over m is of the form
o errm =N "5z —q) (A.11)
meZ qEZL

which inserted into (A.10) gives
Zm. =y > 0(R*n — q)en i T2imknT O (A.12)
noq

where T was defined in (A.7). As discussed in Section 3.2, when R? is rational and equal to
r1/re for r1, ro coprime, we find contributions from g = rip, n = rop:

Zuym. = 6(0) Y emmirar T e, (A.13)
p

whereas when R? is irrational we find
Zwm. =0(0), (A.14)

as the sum in (A.12) only has contributions from n = ¢ = 0.

We want to understand the origin of the §(0) divergence. In the case of an irrational R? it is
clear that in terms of (A.10) the 6(0) divergence arises from the infinite number of degenerate
contributions to the partition function that arise from chiral modes in the sum over m at n = 0.

In the case of rational R? we note that there is a degeneracy where we shift a given winding
mode (mg, m1) by a chiral mode, (s,—r2s), s € Z. Despite not being linear in the winding

modes, one sees that upon shifting ¢w.m. — Gw.m. + TR(sxO — sz!) the action transforms as

Sett[Pwm., J5] = Sestldwm., J7] — 27r1ps (A.15)

and hence e is invariant. Thus summing over all winding modes induces a divergent contri-
bution arising from an infinite number of states which only differ by a chiral mode of ¢ but which
all give the same contribution to the partition function. In essence this §(0) therefore repre-
sents the contribution of the unphysical chiral modes that originate from the wrong-sign kinetic

terms in the Lagrangian. We accordingly simply discard the infinite constant in Eq. (3.50).
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A.3 General Theta-Function Characteristics

To include general theta characteristics we take

R R
Gw.m. = 7(7710 + Oéo)xo + 7(m1 + 041).%1 , (A.lﬁ)

for some constants o, ;. This will have the effect of shifting the sum over n in (A.10) to
n + ap + a1 and thereby introducing the a-characteristic in (A.1).

In attempting to repeat the winding-mode calculation with the more general modings mg —
mo + ag, m1 — mq + a1, one quickly discovers that the sum (A.11) will now involve x =
R%(n + ap + a1) and for generic ag, o this can never be integer (including zero). To counter
this we add the following term to the action (3.10):

1
Sp=8—— [ Ande. (A.17)
2 T2

This term is a total derivative and hence does not affect the equations of motion or any of
the symmetries, including infinitesimal diffeomorphisms. As discussed around (3.33), we will
bypass the Dirac path integral and work directly with the Feynman path-integral formulation
of (3.10), in terms of which one finds that the above term carries through and appears as is
in the effective action (3.21). However, it does give the following contribution on the winding
modes

S Aw.m. = Sw.m. — 27TR2ao(m1 +ao1)+ 27rR2a1(m0 + ap)
= Swm — 27TR2(oz0 +a1)my + 27TR2a1(mg +myq)
= Swm. — 27TR2(a0 +ap)m+ 2rR?aqn . (A.18)

Performing the shift n — n+ o+ a1, m — m+a; in (A.10) and including this extra term we
find

A _ 627riR2(m+o¢1)(n+o¢0+a1)e?iﬂR2(n+a0+o¢1)2T+2i7rR(n+o¢0+a1)J<0) e—27riR2(o¢0+a1)m+27riR2a1n
w.m. — E
n,m
_ § :627riR2mn62i7rR2(n+a0+a1)2T+27riR(n+o¢0+a1)J<0) e?ﬂiR2a1(ao+a1)+47riR2a1n ] (Alg)
n,m

The sum over m reproduces the same J-function as in (A.12). Thus if R? = ry/ry we once
again find n = pro and hence

Zw.m. ~ e—wiaﬂ Z €2i7TT‘17’2(p-‘rOé)QT-f-QZ‘ﬂ'(p-‘rOé)(\/T17‘2._7(0)+B)

p
— P98 (Vrirag O2rirT) | (A.20)
where
a=(ag+o)/ry, B =2ra . (A.21)
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A.4 Holomorphic Structure

Consider the zero-mode contribution to the partition function (3.60). By observing that theta
functions satisfy, for m,n € Z,

6 [g} (z4+m+nT|T) = e in’TH2mi(ma—nf)—2minz g [%} (2]7) (A.22)

one sees that under a shift

m

VT2

JO - g0 4 +2ny/rirT (A.23)

the theta function in (3.60) changes by:

0{%] (V2T O12r e T) — 6_2”’”QT”2+2’”(ma_”f3)_2mmj(0)n9[g} (vrirad O |2rroT)
(A.24)

This is clearly a function of T for any m,n # 0 (J© itself has T' dependence) and since T is
complex this is not a pure phase. To see how the partition function transforms, we must also
calculate the change to the anomalous prefactor W. Shifting J(© by (A.23) is equivalent to
shifting the components of J by

1 1
JT Jt+ — —
— + 9 (mm 7'17’2n)

) (A.25)
J = J - 2 riron ,
which can in turn be written as
1 1 m
J— J+dA, ith A=—"—(m-2 0_ — ! A.26
+ wi QZM(m r1T9N)T 5] mx ( )
This can then be used to find the change in the anomalous term
W — 627rir1r2Tn2+27rim\7(O)n+# J INdA+Timn W, (A27)
such that the overall change to Z is simply
7 eﬂimn+27ri(mo¢—n,8))eﬁ fJ/\dAZ ) (A28)

The change in the partition function is therefore a pure phase for all m,n.

We observe that Eq. (A.26) can be seen as part of the transformation (2.12). However, in
this interpretation the winding modes of ¢ are similarly shifted by (2.12):

1 1
mo — mo + Tﬁ(m —2rirom) , mp — my — 5% . (A.29)

In order for this shift to make sense, i.e. for the winding modes to be mapped to winding
modes, we see that we must restrict m = 2rym’ with m’ € Z. Thus the transformation (2.12)
can only account for some of the shift symmetry of the partition function.
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The action is not invariant under (2.12), but the change only depends on the sources and
theta-characteristics. Explicitly, we find that, when evaluated on a winding mode ¢y, =
R(my, + ay,)x# /1, the action shifts by'®

S—>S+217T/dAA(d¢+A—J)

T
=5+ —((m—2riron)(m1 + 2aq) + m(mg + 2ap)) —
7"2(( 17ran) (M 1) (mo 0)) s

2 21
=S+ I(m(oeo + a1) — 2rirenag) — 21 rlrgn(—JJ(rO) + JEO)) + 7mJ£O)
r2 rira
+ zm(ml +mg) — mnm . (A.30)
()

To remove the dependence on the winding-mode numbers mg, m; we see that in in addition to
m = 2rym/, which makes the last term a multiple of 27, we also require m’ = rom/” so that
the second to last term is also a multiple of 2. Thus for m = 2ryrem” the shift in the action,

modulo 27, is independent of the winding modes and hence we find that
27 (0) 4 7(0) 21 (0)
7 eE(m(a0+a1)—27’1r2no¢1)—2l1/rlrzn(—J+ +J° )+ﬁmJ7 7 : (A31)

which agrees with (A.28) for the identifications a = (ap + 1) /72 and § = 2rja.

B Zeta-regularised product

In this appendix we will detail some aspects of the regularisation that we used in Section 3.2.
In what follows T' = —%(1 + ﬁ) =Ty + 15, with 71,75 € R and 75 > 0 as long as 79 > 0, see
(3.8).

The infinite product

=1 ——, (B.1)

can be regularised in the following standard fashion. First we will consider the auxiliary sum'®

Gls, T) = Z_;ZM (B.2)

which is naturally defined for Re(s) > 1. Then, by freely commuting the infinite sums with each
other, and with the integrals that appear, we will analytically continue the latter to Re(s) > 0.
Finally, we will define (B.1) by

G(s,T)

s=0

(B.3)

P :=exp [;
s

5Note that there is an additional contribution to (2.13) arising from the A A d¢ term.

"*From now on, Y, will be a shorthand for Y, .
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It is easy to see that
G(S, 11 + 1,T2) = G(S,Tl,TQ) , (B4)

so we can employ its discrete Fourier transformation F'(s,p,Ts) defined by

1
F(SvpaTQ) ::/ dX€2ﬂ-ixpG(37X7T2> ) (B5)
0

to recast G(s,T1,T») as

G(S, Tla TQ) - Z 6_27r7;pT1F(57 b, TQ)

P
1 > 1
=N ezl [ g 2mPX B.6
Ze /0 Xzzns(m—l—nx—l—inTQ)Se (B-6)
P

n=1 m
Let k € Z and r € {0,...,n — 1} so that we can write m = kn + . Then the last line becomes

oo n—1

1 ) 1 1
_ 2mip(x—T1) —_
G(S’T17T2) ZZZZ/O dxe ns (r—l—n(X—l— k‘) —|—inTz)s

p n=1r=0 £k

co n—1

k+1 ) 1 1
- mip(y—T1) _—_
_Zzzz/k dyer i n® (r +ny +inTh)

p n=1r=0 k

XU e (e —T}) 1
— dye2mp(x—5 -1 : .
ZZZ/O@ * [n2(x + iT2)]
— [T k() 1
= dyeTFMXT )y . =, B.7
Yy [ P70yt 1T0)] (7

where we performed the change of coordinates y := x + k and x := y + - respectively in the
second and third line, whereas in the last step we used

n—1 .
. n if p=knkeZ
Z 6727”%1" _ p (BS)
— 0 otherwise
Since T5 > 0 we can now implement the following integral representation of z~*
1 1 1 & »
— = / dtt*~1et* for Im(z) >0, (B.9)
25 5T(s) Jo
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and, by switching to the y := n?t variable, (B.7) becomes

1 1 > +oo . 00 L
G(S,Tth) - — Z Z n/ dye 2mkn(xT1)/ dts—1ein (x+iTo)t

i T'(s) — = 0

112% ) Lemzmibnti=Tay [ ) cix(emne)
- s e~ 2miknTi —Tay dxe Tkn+y

s T'(s) / /_Oo

k n=

2m 1 S 1 OO s—1 _ —2miknT1—Toy

= 79@ Z 2s—1 ; dyy e (5(27rkn + y)
=0n=1
1 ey ok Se2m'l~mT
= Go(s,T1,T») .
0(57 1, 2 (S Z( ) 2
k=1n=1

(B.10)

Here we have split the & = 0 contribution G(s, T, T3), which requires additional regularisation,

from the k£ > 0 terms which are instead convergent for Re(s) > 0.

To compute Go(s,T1,T2) we first observe that it is formally given by

27 omikn T —
Gols,T1, Ty) = ans 1/ dyy*—Le~2miknTi=Tou 5,

zSFs

11 1 i o2k 5 g2miknT
200 T(s) & koo
where the extra factor of 1/2 arises since
) f(e) if c€ (a,b)
/ drd(x —c)f(x) = { 3 f(c) if c € {a,b}
‘ 0 otherwise

To regularise this we deform k& — k + € so that

11 1 s (2me)* e2mient
T, Th) = -~ —— —
G0(87 1 2) 98 (S)Z:l< TL) €

and therefore, for small s,

1 & 27e\ ° 627rienT
Gols, Ty, T2) = 2I0(s) 7;1 <m> €

- 2mienT

- i((O) +misTC(—1) + O(s2,€)

where ((s) = >_,°, n~° is the Riemann zeta function, for which ¢(0) =

—% and ¢(—1

(B.11)

(B.12)

(B.13)

(B.14)

L
12"

Since the divergent part of (B.14) does not depend on T', we regularise the k = 0 contribution
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in (B.10) by neglecting the 2 divergence. In this case, when s — 0%, the expression (B.10)
looks like!”

21k e2miknT
G(s,Th,Tp) = smiT((— —|—SZZ< > + O(s?)

k:lnl

=smiT¢(—1) — s Z log(1 — e2™T™) 1 O(s?) , (B.15)

k

where we identified )72 | &= = —log(1 — ¢). Recalling that {(—1) = —1/12 we find

%) _27 1
= ]:[ H m + nT - g H eQﬂ"LTn = n(T) ' (B16)

Finally, to make contact with the path-integral computations performed in Section 3.2 (see
(3.41)) we note that in our regularisation the product (let a be a complex number)

a
O | ek (B.17)
n#0
becomes
1
P, =exp a*G(s,T))| = a®OT) —_ | B.18
@6t T (B.18)

and by using (B.15) we find that G(0,7") = 0.
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