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Kurzfassung

Die vorliegende Dissertation basiert auf vier Artikeln zu elliptischen und Siegelschen
Thetareihen fiir indefinite quadratische Formen. In den ersten beiden Artikeln wer-
den bekannte Aussagen fiir elliptische Thetareihen auf Siegelsche Thetareihen, das heifst
Thetareihen von hoherem Geschlecht n € N, verallgemeinert. Im dritten und vierten
Artikel betrachten wir elliptische Thetareihen zu quadratischen Formen der Signatur
(m —1,1), um holomorphe und fast holomorphe Modulformen zu konstruieren.

In der Theorie der elliptischen Thetareihen ist Vignéras’ Modularitéts-Kriterium ein
wichtiges Werkzeug, um modulare Thetareihen zu konstruieren oder Modularitét nachzu-
priifen: Betrachtet man Funktionen mit einer bestimmten Wachstumsbedingung, die eine
Differentialgleichung zweiter Ordnung erfiillen, so kann man mit diesen Funktionen modu-
lare Thetareihen zu indefiniten quadratischen Formen konstruieren. Wir zeigen, dass es fiir
Siegelsche Thetareihen ein System von partiellen Differentialgleichungen gibt, die dieselbe
Eigenschaft erfiillen, und wir somit eine naheliegende Verallgemeinerung erhalten.

Die explizite Konstruktion von Thetareihen, die holomorph sind und modular trans-
formieren, birgt fiir indefinite quadratische Formen im Gegensatz zur Betrachtung positiv
definiter Formen zusétzliche Schwierigkeiten. Fiir elliptische Thetareihen existieren ver-
schiedene Ansétze, in denen einerseits eine nicht-holomorphe modulare Thetareihe und an-
dererseits eine holomorphe (aber nicht-modulare) Version definiert werden. Wir beschéfti-
gen uns insbesondere mit Zwegers’ Konstruktion fiir quadratische Formen mit Signatur
(m —1,1) und zeigen, dass wir auf eine dhnliche Weise modulare Siegelsche Thetareihen
zu quadratischen Formen dieser Signatur konstruieren kénnen. Dariiberhinaus bestimmen
wir den holomorphen Anteil dieser Thetareihen.

In den letzten beiden Artikeln erweitern wir Zwegers’ Konstruktion in eine andere Rich-
tung, indem wir die Definition der Thetareihen um homogene und sphérische Polynome
erweitern. Die Definition dieser Thetareihen héngt von zwei Vektoren ¢; und cg ab, die
in einem festgelegten Kegel Cg liegen. Zunéchst betrachten wir den Fall, dass ¢; und
c2 im Inneren von Cg liegen und definieren eine holomorphe, eine fast holomorphe und
eine modulare Version einer Thetareihe. Wir untersuchen auch, unter welcher Bedingung
diese tibereinstimmen, um fast holomorphe und holomorphe Modulformen zu konstruieren
und letztendlich viele explizite Beispiele zu generieren. Anschliefsend betrachten wir auch
den Fall, dass einer oder beide Vektoren ¢; auf dem Rand von Cg liegen. Diese Er-
weiterung ermoglicht die Betrachtung von Beispielen einer ganz anderen Art: Zum einen
bietet dies eine Moglichkeit, das modulare Transformationsverhalten der Eisensteinreihen
herzuleiten. Auferdem fiigen sich auf diese Art Modulformen auf I'y(4), die bei der Betra-
chtung von Potenzen quadratischer Polynome mit ganzzahligen Koeffizienten entstehen,
in die Theorie der Thetareihen zu indefiniten quadratischen Formen ein. Zuletzt kann
so auch die Modularitit einer Maass—Form vom Gewicht 3/2, deren holomorpher Anteil
durch die erzeugende Funktion der Hurwitzschen Klassenzahlen H(8n + 7) gegeben ist,
gezeigt werden.



Abstract

In this thesis, we embed four research articles on elliptic and Siegel theta series for indefi-
nite quadratic forms. In the first two articles, we generalize results on elliptic theta series
to Siegel theta series, i.e. theta series for arbitrary genus n € N. In the third and fourth
article we consider elliptic theta series for quadratic forms of signature (m — 1,1) in order
to construct holomorphic and almost holomorphic modular forms.

A useful tool in the theory of elliptic theta series is Vignéras’ modularity criterion: con-
sidering functions with a certain growth condition, which satisfy a particular second order
differential equation, one can construct modular theta series for indefinite quadratic forms.
Furthermore, this result can be applied to check whether a given theta series transforms as
a modular form. We show that for Siegel theta series we can define an analogous system
of partial differential equations and thus obtain a straightforward generalization.

If one does not consider positive definite quadratic forms but indefinite ones, the explicit
construction of theta series that are holomorphic and modular, poses some difficulties. For
elliptic theta series, there exist various approaches in which a modular (non-holomorphic)
theta series is defined on the one hand and a holomorphic (but not modular) version
on the other hand. We examine Zwegers’ construction for quadratic forms of signature
(m—1,1) and show that in a similar way non-holomorphic modular Siegel theta series for
quadratic forms of this particular signature can be constructed. Moreover, we describe
the holomorphic part of these Siegel theta series.

In the last two articles, we generalize Zwegers’ construction in a different direction
by including homogeneous as well as spherical polynomials in the definition of the theta
functions. The definition depends on two vectors ¢; and c2, which are located in a special
cone Cg. In the first article on this matter, we consider the case that ¢; and ¢z are
located in the inner part of Cg and give a general construction of a holomorphic, an
almost holomorphic, and a modular theta series. We state under which condition these
versions agree and thus obtain almost holomorphic and holomorphic modular forms. This
turns out to be a rich source of explicit examples, which we can often identify as eta
products or eta quotients. In a sequel to this project, we also allow ¢; or cg to be located
on the boundary of Cg. This extension provides examples of a slightly different flavor. In
particular, we can recover the modular transformation behavior of the Eisenstein series,
of certain modular forms on I'g(4) that appear during the investigation of sums of powers
of quadratic polynomials of a fixed discriminant and of a Maass form of weight 3/2, whose
holomorphic part is determined by the generating function of the Hurwitz class numbers
H(8n+T7).
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1 Introduction

In this introductory chapter, we provide an overview of the theory of modular forms with
a special focus on elliptic and Siegel theta series for indefinite quadratic forms. First, we
wish to motivate the study of theta series by investigating an example that makes use of
the characteristic properties of modular forms. Instead of giving precise definitions at this
point, we focus on general connections and ideas. We then make a short remark on the
notation used throughout this thesis, give a description of the main objects that form the
subject of this work and present important previous work related to our contributions.
After these preliminaries, we conclude this chapter by giving a summary of the main
results of this thesis.

1.1 Theta series and their applications

The main motivation to get involved with theta series is the fact that they provide nice
examples of modular forms, i.e. holomorphic functions on the complex upper half plane
H={z+1iy =z € C|y > 0} that behave “nicely” when we consider a certain group
action of I'j = SLa(Z) (or certain subgroups thereof) on H. We call these modular forms
elliptic to distinguish them from Siegel modular forms of genus n € N. These form a
generalization of this concept in the sense that we replace H by the Siegel upper half-
space H,,, which is the space of complex symmetric n X n-matrices with positive definite
imaginary part, and that we find an appropriate generalization I'), of I';.

First, we consider the number theoretic problem of describing the number of ways an
integer can be represented by a fixed positive definite quadratic form. Here, we will
see that the Fourier coefficients of elliptic and Siegel modular forms contain interesting
arithmetic information and that the theory of modular forms provides a very elegant way
to approach this problem.

Let @Q : R™ — R be a positive definite quadratic form, which is integer-valued on the
lattice Z™, and P : R"™ — C a spherical polynomial of degree . Then the elliptic theta
series

Oq.r(2):= »_ Pu)q®™  (¢=¢", z € H)

uezm

is a holomorphic modular form of weight m/2+ a (on some subgroup of I'; and with some
character, which both depend on the quadratic form Q).

If for example we take m = 8, Q@ = || - ||> and P = 1, then the theta function ©¢ p is
a modular form of weight 4 on the congruence subgroup I'g(4). The Fourier expansion of
this theta series is

00 8
ng(n)q” with rg(n) := Hu €78 | Zuf = n}‘
n=0 =1
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On the other hand, one can show that for even integers k > 4 the Eisenstein series

B [e.e]
Gr(z) == —272 + de_l(n)qn, where oj(n) := Z dF
n=1 1<d<n
d|n

and By the k-th Bernoulli number, are modular forms of weight & on I'; and that a basis
of the three-dimensional vector space of modular forms of weight 4 on I'g(4) is given by
{G4(2),G4(22),G4(42)}. Thus, we can write the theta series as a linear combination of
these three functions and by comparing the Fourier coefficients we get for any n € N the

formula:
rg(n) =16 »_ (~1)"*d®
1<d<n
d|n
Naturally, one may consider other positive definite quadratic forms ) and obtain similar
results for the number of representations of an integer n by @, which is more conveniently
denoted by rg(n) and is always finite.

Taking this problem to a more general setting, we consider an n x n-matrix 71" instead
of an integer and ask how many ways there are to represent this matrix with regard to
the map U — U'AU (for U € R™*™) induced by a positive definite symmetric matrix
A € Z™*™_ In other words, we want to investigate the properties of

r(A,T) = |{U € Z™" | U'AU = T}|.

First of all, we notice that we can only have r(A,T) # 0 if T' is symmetric, positive semi-
definite and even. By considering the diagonal entries of T, for which r¢(7};) < oo holds
for all 1 < i < n, we deduce that r(A,T) is finite. In order to investigate this number a
bit further, we consider the Siegel theta series

19A(Z) — Z eﬂ'itr(UtAUZ)’
Uezmxn

which is a Siegel modular form of weight m/2 (on the full Siegel modular group I, if we
additionally assume that A is unimodular) and has the Fourier expansion

da(2)= > r(AT)em T2,
?Fjwzo

Further, we define the Siegel Eisenstein series of weight k£ and genus n as

Ey(Z):= )  det(CZ+D)™" with M= (45),
MeT, 0\'n

where we sum over a complete set of left coset representatives of I', g = {M €T, | C' = O}
in I'),. One can show that Fj is a (non-vanishing) Siegel modular form of weight k on T,
for even integers k with £ > n+1. Let us now assume that 8|m and denote by Ay,..., Ay
a complete set of representatives of all positive definite unimodular even symmetric m x m-
matrices. A first result is given by the analytic version of Siegel’s Hauptsatz:
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Theorem. For m =2k > 2(n+ 1), we have

r(A,, A,)!
T(Al, Al)_l + ...+ T‘(Ah, Ah)_l )

h
Ey(Z) = ZmVﬁAV(Z) with my, =
v=1

One can now determine the Fourier coeflicients of the Eisenstein series to describe the
weighted sum Zﬁ:l myr(A,,T) appearing as the Fourier coefficients of the right-hand
side. For N € N, we introduce the notation 7 (A, T') for the number of solutions U € Z"™*™
of U'AU = T (mod N ), which are distinct modulo N. Further, limy_,o, means here that
N runs through a suitable sequence of numbers, for example the sequence {2!,3!,4!, ...},
and I' denotes the usual Gamma function. Beyond that we keep the same assumptions as
before and obtain Siegel’s Hauptsatz in its original version:

Theorem. For any even symmetric positive definite matriz T € Z"*"™, we have

h
Z myr(Ay, T) = Ky det Tm=—n=1)/2 i N"((”+1)/2_m)TN(A, T)

N—oo
v=1

n—1
. L _ m—uv\ 1
with Ky, = 2 g~ mn/2 1_[077(m ”)/QF(T> .
V=

Note that Siegel [Sie35] proves this theorem under slightly more general assumptions,
whereas we followed Freitag’s description [Fre83, p.285-297| here. As one might guess
from the right-hand side of the formula above, the proof of the last theorem requires
various non-trivial calculations. Then the result follows from the analytic version stated
before, which is established by using the theory of Hecke eigenforms and thus involves
a profound understanding of these objects itself. However, here it suffices to note the
parallels in the approach for fixed genus 1 and for arbitrary genus n and the fact that in
both cases we can apply results on elliptic and Siegel theta series to solve number theoretic
problems.

Apart from that, there are numerous connections to other areas that motivate the study
of theta series. In this Ph. D. dissertation, we focus on the construction of modular forms
by considering Siegel and elliptic theta series. In contrast to the examples we have given
here, we will consider indefinite quadratic forms and study series that are (in general)
non-holomorphic.

1.2 General remarks on notation

Except for Chapters 4 and 5, we use bold letters for vectors, whereas the vector entries
just occur in light print, i.e. we write v = (v1,...,v,,) for v € R™. As usual, matrices
are represented by capital letters. When we consider a matrix M € R™*"™ in terms of its
column vectors m; € R™, we use the notation M = (my ... my,). We denote by N the set
of positive integers, whereas Ny indicates that zero is included. For a better readability,
we often write exp(z) instead of e* | especially when the exponent is a very long term or
contains matrices.

We explain general definitions and notation throughout the next sections. Non-standard
definitions are also repeated within the main chapters to enhance readability. Moreover,
recurring terms are collected in the index.

10
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1.3 Definitions and previous results

In this section, we give a comprised review of the theory of Siegel and elliptic modular
forms with due regard to theta series for positive definite and (non-degenerate) indefinite
quadratic forms. In Section 1.3.1, we introduce elliptic modular forms and variations of
this definition. First examples of holomorphic modular forms are then provided by theta
series attached to positive definite quadratic forms. We have a closer look at the case where
the quadratic form is indefinite. In order to do so, we review a widely used modularity
criterion, which also allows a quite general construction, in Section 1.3.2. In Section 1.3.3,
we give an overview of recent constructions of theta series for indefinite quadratic forms
with a special emphasis on signature (m — 1,1). In Section 1.3.4, we shortly address the
concept of a (harmonic) Maass form. The last part of this introductory section is dedicated
to the notion of Siegel modular forms, and again we conclude this part by addressing the
construction of explicit examples via Siegel theta series.

1.3.1 Elliptic modular forms and the role of theta series

An interesting survey on elliptic modular forms is, for example, given by Zagier [Zag0§],
where many connections to other topics in number theory are explained. We follow his
exposition here, but focus on the most important definitions and put a special emphasis
on theta series.

Let H denote the complex upper half plane

H={z+iy=2¢€C|y>0}.
Further, define the full modular group

F1:SL2(Z):{7: (Z cbz) 6Z2X2]ad—bc:1}

that acts on H by the M&bius transformation

az+b
cz+d

(v, 2) = vz =

Now we can already state the definition of a modular form:

Definition 1.1. Let f: H — C and k € Z. We call f a (holomorphic) modular form of
weight k if it satisfies the following three conditions:

(a) The function f is holomorphic on H.
(b) For every v = (2%) € Ty we have f(vz) = (cz + d)* f(2).
(¢) The function f is holomorphic at infinity, i.e. f(z + iy) = O(1) for y — oc.

We often refer to these forms as elliptic modular forms as opposed to the notion of
Siegel modular forms of higher genus n. When it is clear from the context that we deal
with holomorphic elliptic modular forms, we just speak of modular forms. The modular
forms above build the finite-dimensional vector space My (I'1) over C. Thus, we may
establish several useful identities among them, but we also see that these properties are
very restrictive: only if k > 4 is even, we obtain non-trivial functions satisfying Definition
1.1 at all. Relaxing these conditions allows us to study a bigger variety of functions.

11
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There are numerous variations of condition (a). In general we might just consider real
analytic functions on H. One notion that will appear throughout this thesis is that of
an almost holomorphic modular form. We use this term for functions that transform like
modular forms and can be written as a polynomial in 1/y with holomorphic coefficients
fi, that is f(z) = Z?:o fi(z)y~%. We call d the depth of f. The constant term fy plays a
special role, as this holomorphic function, which we call a quasimodular form, determines
the almost holomorphic modular form.

There are several possibilities to relax condition (b). First of all, one can restrict one-
self to considering the action of a discrete subgroup I' of I';. (Then we also reformulate
condition (c¢) and require that f is holomorphic at all the cusps of I'.) Often, one con-
siders subgroups that are defined by certain congruence relations. In this thesis, we only
encounter the congruence subgroup I'o(N) of level N € N, defined as

[o(N) = {(i Z) el ’050 (modN)}.

Moreover, we can replace (cz 4+ d)* by an automorphic factor € : I' x H — C, which is
holomorphic in z € H, and satisfies |(7, 2)| = |cz + d|¥ and (v, 2) = &(v,7'2)e(v, 2)
for all 7,7’ € T, see for example Rankin’s book [Ran77, p. 70-87] for details. In the course
of this work, we mostly substitute (b) by the condition

f(rz) = x() (cz + d)f f(2) for v = (25) € To(N),

where Y is a character, and we also consider modular forms of half-integral weight k. In this
context we define for a non-integer exponent x, as usual: let z € C, then z* := exp(x log 2),
where log z = log|z| + iarg(z), —m < arg(z) < w. For non-holomorphic modular forms it
is sometimes convenient to consider the automorphic factor as (cz + d)¥! (cz + d)*? with
ki,ky € %Z and then give the weight in the form of the pair (k1,k2). Note that in our
constructions of modular forms, we rather modify the function itself by multiplying by
the imaginary part of z to avoid this.

Further, the automorphic factor does not need to be scalar-valued. We can also con-
sider vector-valued modular forms, i.e. holomorphic functions F' : H — C" that satisfy
F(yz) = M(7)(cz + d)¥ F(2) with M(y) € C™" for v € T'y. The components of F are
scalar-valued modular forms on a congruence subgroup of I'1, so this is a different way to
represent modular forms on congruence subgroups.

Note that the dimension of M (T) is finite and that we can use the explicit Sturm bound
(given by Sturm [Stu87] for integral and by Kumar and Purkait [KP14] for half-integral
weight) to establish identities among modular forms of weight k& on I'g(/V) as is done in
Chapter 4.

Before we address a reasonable relaxation of condition (c), we note that a modular form
that satisfies the stronger condition of vanishing at the cusp (at all the cusps if we consider
a subgroup of I'1) is called a cusp form.

It is quite common to weaken (c), such that f only needs to be meromorphic at co.
Then we call f a weakly holomorphic modular form and for a fixed weight k£ we denote the
vector space over C formed by these functions as M ,!C(Fl). Note that this vector space is
already infinite-dimensional for all even k. Again, we can transfer this to modular forms
on subgroups.

The concept of a modular form in general seems to be interesting and, as we have
seen in the introduction, one can establish number theoretic and arithmetic relations by
considering explicit examples. One of the richest sources of examples is the theory of theta

12
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series. We fix some notation in order to define these objects.

Definition 1.2. Welet @ : R™ — R denote a non-degenerate quadratic form of signature
(r,s) that is integer-valued (or half-integer-valued) on Z™. More often, we directly use
the matrix A that defines @, i.e. Q(u) = jutAu. So A € Z™ ™ is a non-degenerate
symmetric matrix of signature (r,s). We call the smallest N € N such that NA~! is an
integer matrix the level of A. If additionally the diagonal entries of A are even, we call
A an even matriz (in this case, we also define the level of A as the smallest N € N such
that NA~! is an even matrix). The associated bilinear form is, as usual, defined by

B:R™ xR™ — R, B(u,v) = Q(u+v) — Q(u) — Q(v).

Remark 1.3. In Chapter 4, we assume that the matrix A is even, whereas in Chapter 5,
A is not necessarily even.

We take the quadratic form to be fixed and define the elliptic theta series.

Definition 1.4. Let A € Z. Further, let p : R™ — C such that the following series
is absolutely convergent. We define the theta series associated to p with characteristics
a,beR™ as

Oapp(z) =y ? Z p(Ly}/?) gRO) 2miBED) (q = &™),
Lca+72Zm

Let @ denote a positive definite quadratic form and P a spherical polynomial of degree
d. Further, set a = b = 0. This type of theta series has been studied by Schoeneberg
[Sch39] and Ogg [Ogg69] for the case that m is even and by Shimura [Shi73| for the case
that m is odd. They showed that ©p(z) := Y _ycym P(£) q®® is a holomorphic modular
form of weight m/2 + d on some subgroup of SLs(Z) and with some character. We have
already seen an example of this construction and its connection to representation numbers
in Section 1.1.

The construction of modular forms via theta series becomes more intriguing when we
consider indefinite quadratic forms. In the next section, we review a result by Vignéras
that describes a useful tool to determine the modular transformation behavior of theta
series for indefinite quadratic forms and also provides an explicit construction.

1.3.2 Vignéras' modularity criterion for elliptic theta series

In order to check whether a theta series transforms like a modular form, one considers
the generators of I'1, namely the transformations z — z + 1 and z — —1/z. Under
the translation z +— 2z 4+ 1, the form of the theta series usually allows us to check by
a straightforward calculation that this transformation preserves the theta series up to a
constant factor depending on the characteristic and the quadratic form. The second case is
a bit more complicated: one calculates the Fourier transform of the summand in the theta
series and checks whether it is more or less an eigenfunction with regard to the Fourier
transform. If that is the case, one can apply the Poisson summation formula to determine
the transformation behavior of the theta series. Then Ogqp,(—1/2) can be written as a
finite linear combination of theta series @a,B, (z) with altered characteristics 6,5 and we
say that it “transforms like a modular form” — the precise transformation behavior can
then be determined depending on the explicit form of the given theta series.

Following these steps, Vignéras [Vig75, Vig77| gives a quite simple criterion to determine
modularity, which is widely used in the construction of modular theta series. This criterion
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is applicable to theta series for non-degenerate quadratic forms of arbitrary signature (r, s).
We apply this result in Chapters 4 and 5 and we also use a part of Vignéras’ argument
in Chapter 2 when deriving an analogous result for Siegel theta series, so we recapitulate
the assumptions and the main ingredients of the proof within this section.

We use the usual multi-index notation on R™: for & € N we have |a| := Y /" | o; and

o ::Hl<aii)ai'

1=

For p € [1,00) let LP(R™) denote the Lebesgue space of functions f : R”™ — C for which

1/p
1l = ( / If(-’v)l”dw>
R’ITL

is finite. Further, we define the following differential operators:

Definition 1.5. Let u € R™, then we define the Euler operator

0 - 0
E=u'— = Ug =—
ou Z d oug
d=1
and the Laplace operator associated to A

(0N 0~ 0 D
Aa= (Ou) 4 ou a%_:l 8ua(A )“”aub‘

Further, we set D := & — Ay /4.

According to Vignéras, we then have the following theorem to characterize modular
forms:

Theorem 1.6 ([Vig75, Theorem 1]). Let A € Z. We set p(u) := p(u) exp(—27Q(u)).
Assume that for any polynomial R : R™ — R with deg(R) < 2 and any partial derivative
0% with |a| < 2, the function p satisfies the growth condition

R-pc LYR™ N LAR™) and 0%p € LY(R™) N LAH(R™). (1.1)

Further assume that p is a solution of the differential equation Dp = Ap. Then Oqp )
transforms like a modular form of weight m/2 + X for some character x and on some
subgroup of I'1 both depending on the level of the quadratic form.

The proof can be summarized as follows: By writing w = (ug,...,u) in a suitable
basis of R™, we can replace the non-degenerate quadratic form @ of signature (r, s) by the
normalized quadratic form w — $(uf +...+u2—u?  —...—u2). For k= (k1,...,ky) €

Ng*, the multi-dimensional Hermite functions

M o ﬂ'u2 81{3” — Tl'u2
Hi(u) = H Hy, (u,) with Hy, (u,) = e™» o (e 2 #) (1.2)
pn=1 8u#

14



1 Introduction

form an orthogonal basis of £2(R™) with regard to the inner product

(f.0) = | flg(uydu for f.g € LR

so we can write any p that satisfies the growth condition (1.1) as p = ZkeNg" cpHyp, with
ck € R. Considering the Hermite function Hy, for a fixed k, Hy itself is an eigenfunction
with respect to the Fourier transform and it satisfies a certain second order differential
equation depending on e(k) := k1 + ...+ kr — kg1 — ... — k.

The first property is used by Vignéras to construct modular theta series. We do not need
the explicit construction in the further course of this thesis and thus omit further details
here. However, from the second property it follows that if p(u) = p(u) exp(27rQ(u))
satisfies Dp = Ap for a fixed A € Z, the indices k with ¢, # 0 are determined by A,
namely k has to satisfy A\ = e(k) — s. If the quadratic form is positive definite, we
immediately deduce that there remain only finitely many possibilities to choose k, which
gives us a finite basis for the vector space of solutions of Dp = Ap. Moreover, we only have
polynomial solutions p, which follows immediately by considering the form of the Hermite
functions in (1.2).

If the quadratic form is indefinite, we use the fact that the differential operator D (for
the diagonalized quadratic form as we consider it here) as well as the Hermite functions
can be separated into parts that depend on subspaces of R™ where the quadratic form is
positive or negative definite, respectively. For n = 1, this is already sufficient to argue that
p and thus also all possible solutions p(u) = p(u) exp(27rQ(u)) of Dp = Ap are described
by a (now possibly infinite) linear combination of functions Hg(u) exp(27rQ(u)) with k
such that A = e(k) — s.

For Siegel theta series of higher genus n, namely in the proofs of Proposition 2.19 and
2.23, we use the same argument to describe the polynomial part of the solution. However,
the final conclusion that a basis of all solutions is provided by functions for which the
associated theta series transforms like a modular form requires additional argumentation.

Remark 1.7. (a) If p is a Schwartz function, it satisfies in particular the growth condition
(1.1). Throughout this thesis, we only consider Schwartz functions.

(b) Vignéras also gives a formula for the modular transformation behavior of ©4p, on
the congruence subgroup I'g(N). We review this result in Theorem 4.6.

1.3.3 Explicit constructions of theta series for indefinite quadratic forms

Vignéras’ result does not only provide a modularity criterion but also gives a very nice
construction of modular theta series. In particular, the construction of a theta series
for a positive definite quadratic form that we have seen at the end of Section 1.3.1 is
a special case thereof. Moreover, Siegel [Sie51| constructs non-holomorphic theta series
for non-degenerate quadratic forms of arbitrary signature and ensures the convergence by
using a majorant associated to the quadratic form. These series can be seen as an explicit
realization of Vignéras’ result as well.

Borcherds [Bor98| provides a similar construction but also includes polynomials in the
definition of the theta series. We examine his result a bit further, as we will see some
parallels in our construction of Siegel theta series.

Borcherds considers the non-degenerate quadratic form @ with signature (r, s), an even
lattice L C R™ with the associated dual lattice L' and an isometry v mapping L ® R to
R™*. Considering the inverse images v+ and v~ of R™? and R%* under v, one decomposes
L®R in the orthogonal direct sum of a positive definite subspace v and a negative definite
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subspace v~. For the projection of A € L ® R into v* one writes A,z and obtains the
positive definite quadratic form Q,(A) = Q(A,+) —Q(\,-). As the decomposition into the
subspaces v and v~ is not unique, Borcherds’ theta series include an additional parameter
to indicate the choice of v+ € G(M), where the Grassmannian G(M) denotes the set of
positive definite r-dimensional subspaces of L@ R. For z e Hh,k e LQR,v € L'/L, A
the Laplacian on R, and p : R™ — R a polynomial that is homogeneous of degree « in
the first r variables and homogeneous of degree 3 in the last s variables, he defines

Or4+~(z, b, k;v,p) := Z (e_A/Swyp) (v()\ + h))
AEL+~

. g2mi (z(A+h)2, /242(A+h)2_ /2-(A+h/2k))

and shows that this is a non-holomorphic modular form of weight (r/2 + a, s/2 + ().

So we can obtain modular forms via theta series, but we have to ensure the convergence
of the sum that defines the theta series and, in general, we will obtain non-holomorphic
series. A different approach opposed to using majorants, is the following: For a quadratic
form of signature (m — 1, 1), Gottsche and Zagier [GZ98| construct indefinite theta func-
tions by restricting the summation in the series to a cone where the quadratic form can
be bounded by a positive definite quadratic form. We can sum up the construction as
follows: let @ be an integer-valued quadratic form of signature (m —1,1) on Z™, let B be
the bilinear form associated to @ and fix a vector c¢g € R™ with Q(cp) < 0. Then let

Cqo:={ceR™|Q(c) <0, B(c,co) <0}
denote one component of the light cone in R™, where the quadratic form is negative, and
Sg :={ceQ™|Q(c) =0, B(c,co) <0}

the set of cusps of Cg. Let ¢1,¢c2 € Cg := Cg U Sg and let @ € R(e1) N R(ez), b € R™,
where R(c) is R™ if ¢ € Cg and {a € R™ | B(c,a) ¢ Z} if ¢ € Sg, then

002 (r) = > {sgn(B(c1,£)) — sgn(B(ca, £)) } 2™ BED), (1.3)
Lea+7Zm

These theta series are holomorphic and for the case ¢1, ca € Sg it is shown in [GZ98| that
they are also modular. For cy1,c2 € Cg the function @Zf,;cz is in general not modular.
However, special choices of a,b and ¢1,c2 € Cg (see the articles by Andrews [And84]
and Polishchuk [Pol01] for examples) give modular theta series. Note that for signature
(1,1) these theta series are related to the indefinite theta functions constructed by Hecke
[Hec25, Hec27].

Zwegers [Zwe02] defines a modular completion of the holomorphic theta series in (1.3).

Replacing the sign function by the error function
4 2 oo
E(z) := 2/ e ™ du =sgn(z) — sgn(z)/ u™2eTmu dy
0 22

he constructs a modular version of this theta series as follows: for ¢1,co € 6@ set

égfl;cz (T) — Z {pcl (£y1/2) o pcz (£y1/2)}qQ(£)62ﬂB(z’b),
Lea+7Zm

16



1 Introduction

where

E(2Le® ) fecec
p(w) = (wcxc)) resre
sgn(B(c,v)) if ce Sp.

In |[Zwe02] it is shown that @31502 is modular of weight m /2. As these theta series are in
general not holomorphic, he further investigates when the modular and the holomorphic
version agree in order to obtain a holomorphic modular form. Let

Aut™(Q,Z™) :={g € GLn(Z) | g*Ag = A, B(ge,c) <0 forall c € Cp}

denote the automorphism group that leaves the quadratic form @, the lattice Z™ and the

choice of Cg unchanged. Then

Qgci.gc2 _ Qc1,c2
Gga,gb - 9a,b

holds and for ¢1, ca and a, b such that the conditions ge; = ¢; for i € {1,2}, and g 'a €

a+7Z™, g7 'b € b+Z™ are satisfied, it is shown in [Zwe02] that the non-holomorphic part
of the theta series vanishes. We will extend this result in Chapters 4 and 5 by including
homogeneous and spherical polynomials in the definition of the theta series.

Analogous constructions can be found for quadratic forms of general signature: Alexan-
drov, Banerjee, Manschot, and Pioline [ABMP18a] give a construction for signature (m —
2,2) by considering two pairs {c1,¢}}, {c2, ¢} of vectors in R™. By imposing suitable
conditions on these vectors they construct holomorphic theta series and modular comple-
tions thereof (for the latter, they introduce generalized error functions). They also outline
a generalization to arbitrary signature (r, s), which is then explicitly realized by Nazaroglu
[Naz18]: here, s pairs {c;,c;} are needed and the construction requires slightly stricter
prerequisites to ensure the convergence of the theta series.

We emphasize these two constructions since they extend the methods used in [Zwe02].
However, one should also mention Westerholt-Raum’s more abstract approach [WR16] and
the connection to the theta forms introduced by Kudla and Millson [KM86, KM87|, which
is described by Funke and Kudla [FK17,FK19| and in the special cases s = 1,2 by Kudla
[Kud13,Kud18| and Livinsky [Liv16]. Furthermore, Alexandrov, Banerjee, Manschot, and
Pioline [ABMP18b| suggest (for signature (m — 2,2)) a construction of theta series for
N-gons. In a recent preprint, Funke and Kudla [FK21| explicitly realize this construction
and outline a generalization to arbitrary signature (r, s).

We will not give any further details concerning these interesting constructions of theta
series since we primarily work with Zwegers’ construction for signature (m — 1,1).

1.3.4 Harmonic Maass forms and mock modular forms

Among real analytic modular forms (that we can, for example, construct via theta series
as in the last two sections), we address the concept of a Maass form. We only provide
the most important definitions here and refer to the expositions by Ono [Ono08| and
Bringmann, Folsom, Ono, and Rolen [BFOR17]| for a more detailed description.

For k € %Z, we introduce the hyperbolic Laplacian of weight k that is defined as

0? 0 0? 0? 0 0
— 2 ) — — 2 _ R ) [ ] —— = )
A=~y 020z + 2Zky82 4 (31:2 * 8y2) * Zky(@:c * Z(‘9y) (z=z+iy).

Maass forms are real analytic functions that transform as modular forms of weight k£ and
are eigenfunctions of Ag. We will focus on harmonic Maass forms here, i.e. forms that
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vanish under the hypberbolic Laplacian:

Definition 1.8. We call a real analytic function f : H — C a harmonic Maass form of
weight k (on T with character x) if the following conditions are satisfied:

(a) We have f(yz) = x(7)(cz + d)¥ f(z) for all y = (2}) €T
(b) We have A, f = 0.

(c) There exists a polynomial P(z) € Cg~!] such that
f(z) = Pp(z) = O(e™*¥) fory — oo

for some € > 0. At all the other cusps of I" we require analogous growth conditions.

The differential operator & (f) := 2iyk% maps harmonic Maass forms of weight &
to weakly holomorphic modular forms of weight 2 — &k (see Bruinier’s and Funke’s work
[BF04]). It is common to call the image of a harmonic Maass form f under the &-
operator shadow of f. Further, one can show that a harmonic Maass form has a unique
decomposition f = f* + f~ into a holomorphic part f* and a non-holomorphic part f~.
If f~ is zero, we just have a (weakly holomorphic) modular form of weight k. Otherwise
we refer to the holomorphic part f* as mock modular form. If the shadow of f has the
form of a theta series, we say that fT is a mock theta function.

1.3.5 Siegel modular forms and Siegel theta series

From the end of the 19th century on, Picard [Pic82], Blumenthal [Blu03, Blu04|, Hecke
[Hec11, Hecl13, Hec24|, and Braun [Bra38, Bra39| (among others) investigated generaliza-
tions of elliptic modular forms. We focus on functions that are defined on the space of
complex n X n-matrices with positive definite imaginary part. These are nowadays called
Siegel modular forms since a first systematic description was given by Siegel [Sie35, Sie39),
including the substantial result known as “Siegel’s Hauptsatz” that we have stated in
the introduction. Concerning the theory of Siegel modular forms, the books by Andrianov
[And09] and Freitag [Fre83] and v. d. Geer’s exposition [vdGO8]| serve as good introductory
texts emphasizing different aspects of this subject. We follow these references here.

First of all, let us fix a generalization of the complex upper half plane, the so called
Siegel upper half-space that is defined as

H, :={Z =X +iY | X, Y € R"" symmetric, Y > 0},

where we use the notation Y > 0 for symmetric matrices that are positive definite and
consequently Y > 0 for positive semi-definite matrices. Further, for Y > 0 we let y1/2

denote the uniquely determined symmetric positive definite matrix, for which Y1/2.y'1/2 =
Y holds.
We define modular forms on H,, for the full Siegel modular group

D= {M = (é g) €z | MM = g}, where J = ( © I”),

which operates on H,, by

Z v+ M(Z) = (AZ +B)(CZ + D).
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One can show that this is indeed a group action on H, by verifying that this map is
well-defined, maps H,, into itself and satisfies (M M')(Z) = M{(M'(Z)) for M, M’ € T,.
We mention one relation that is obtained while showing the second point: the imaginary
part Y of Z and the imaginary part Y of M (Z) satisty

(CZ+D)'Y(CZ+ D) =Y.

In particular, Y is positive definite and symmetric.

Definition 1.9. We call f : H,, — C a (classical) Siegel modular form of genus n and
weight k if the following conditions hold:

(a) The function f is holomorphic on Hi,.
(b) For every M € I',, we have f(M(Z)) = det(CZ + D)k f(Z).

(¢c) |F(Z)] is bounded on domains in H,, of the form Hf :={X +iY € H,, |Y > ¢ [}
with € > 0.

For n > 1, condition (c) is automatically satisfied due to the Koecher principle, see
[Koeb3]. In order to state this principle we recall that an even matrix is a symmetric
integer-valued matrix with even diagonal entries.

Proposition 1.10 (Koecher principle). Let n > 1 and let f : H,, — C satisfy (a) and
(b), then f has a Fourier expansion of the form

f2)=" > aV)exp(ritr(VZ)).

V even, V>0
Moreover, f(Z) is bounded on any subset {Z € H,, | Im(Z) > - I} fore > 0.

Remark 1.11. For non-holomorphic modular forms, the Koecher principle does not nec-
essarily hold anymore. In our case, we build Siegel theta series by using Schwartz functions
and obtain absolutely convergent series. These series also admit a Fourier expansion and
thus we can still apply the Koecher principle. Note that the Koecher principle still holds
on congruence subgroups of I';,, see for example [And09, p. 22f.|.

As for elliptic modular forms, the conditions in Definition 1.9 might be weakened to
obtain a bigger variety of functions. Most concepts that were described above for elliptic
forms have a straightforward generalization for higher genus n. For example, one can
define an almost holomorphic Siegel modular form as a function that satisfies condition
(b) and can be written as a polynomial in 1/det Y with holomorphic coefficients.

When we consider congruence subgroups I'g(N) of T'y, the congruence condition applies
to the lower left entry of the matrices in I'g(N). The analogue for the Siegel modular
group is the subgroup that consists of matrices M = (é g) e I',, with C = O (mod N).
In the vector-valued setting, we can replace the automorphic factor det(CZ + D)* by
p(CZ + D), where p : SL,(C) — GL(V) is a representation in the automorphisms of a
C-vector space V.

Remark 1.12. In this thesis, we generally obtain real analytic Siegel theta series that can
be seen as entries of vector-valued Siegel modular forms, so we just say that the series we
consider have modular transformation properties. We do not compute the automorphic
factor for general modular substitutions of I',, here but restrict ourselves to describing
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the transformation behavior for the generators of I',,. For an explicit description of the
modular transformation behavior of Siegel theta series for positive definite quadratic forms
on congruence subgroups see for example the work by Andrianov and Maloletkin [AMT75].

As in the last section, we construct Siegel theta series as examples of Siegel modular
forms.

Definition 1.13. For A € Z"™*™ a non-degenerate symmetric matrix of signature (r,s),

we define the (indefinite) quadratic form Q(U) := 1 tr(U*AU) on R™*".

Then we define the Siegel theta series for an indefinite quadratic form as follows:

Definition 1.14. Let H, K € R™*" and let A € Z. Further, let p : R™*"™ — C such that
the following series is absolutely convergent. The theta series with characteristics H and
K associated to p and A is

Yy icp,A(Z) = det y A2 Z p(UYY/?) exp (ritr(UAUZ) + 2mi tr(KCAU)).
UeH+Zm*n

Remark 1.15. As in the elliptic case, the absolute convergence will become apparent in
the explicit construction of the Siegel theta series. Depending on the context we drop
some of the parameters:

(a) In Chapter 2, we do not assume that A is even as we also consider matrices with 1’s
and —1’s on the diagonal to simplify certain proofs. Further, we take A and p to be fixed
in the definition of the theta series and these parameters do not change when we consider
modular substitutions of Z (in contrast to the characteristics H,K), so we write ¥y k
instead of ¥y x p,A-

(b) In Chapter 3, we construct two versions of Siegel theta series, which have different
properties according to the functions p that we associate. In both cases we have A = 0.
Again, we take A to be fixed, so we drop this parameter in the index. Besides, we do not
determine the explicit transformation behavior (as we do that in Chapter 2 already), so
we also disregard the characteristics H, K. Thus we write ¥, instead of ¥ 1 p 4.

If A is positive definite, one can construct a holomorphic Siegel modular form as follows:
Let P be a spherical polynomial of degree a@ € Ng, i.e. P : R™*™ — R satisfies the
homogeneity property P(UN) = det N*P(U) for all N € C"*™ and P vanishes when we
apply the operator tr A 4, where

O\t 40
Avi=(gp) 47 g

If we additionally require that the matrix A is unimodular (which implies 8|m), we get
that Y0 0,p 4 is a holomorphic Siegel modular form of genus n and weight m/2+ « on the
full Siegel modular group. We keep this construction in mind, when we describe Siegel
theta series for quadratic forms of arbitrary signature (r, s).

We will shortly address the notion of a Siegel-Maass form in Chapter 6. We refrain here
from giving an exact definition but just note that the concept is a natural generalization
of the definition of a (harmonic) Maass—form in Section 1.3.4.

1.4 Outline and summary of the main results

The review of the known results in this area provides a good framework for the four
research articles that we present in the following chapters. Up to some minor changes
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concerning typographical errors and notational adjustments, these chapters contain the
articles in its original form. Therefore, each chapter starts with an introduction into the
topic and a section about notation and preliminaries and ends with a list of references.
For this reason, each chapter can be read independently. However, we use results from
Chapter 2 in Chapter 3, and Chapter 5 can be seen as an extension of Chapter 4, so it
seems advisable to maintain this order. Here, we briefly summarize the main results.

1.4.1 A modularity criterion for Siegel theta series

In Chapter 2, we give a generalization of Vignéras’ modularity criterion [Vig77] to Siegel
theta series of arbitrary genus n € N. First, we find an analogue to the differential
equation of second order that Vignéras considers by introducing the n X n-system of
partial differential equations of second order

(E—ﬂ)pzﬂnp (A €Z), (1.4)

4

where E and A 4 are generalized versions of the Euler operator and the Laplacian asso-
ciated to an indefinite matrix A € Z"™*™, respectively. In the second part, we explicitly
construct Siegel theta series: For a positive definite quadratic form, it is sufficient to
slightly generalize the known holomorphic constructions that we have seen in Section
1.3.5 to the construction of non-holomorphic theta series with modular transformation
behavior. For indefinite quadratic forms, we provide a new construction, which is very
similar to Borcherds’ construction of elliptic theta series in [Bor98|. We choose homoge-
neous polynomials in the construction of the theta series and ensure convergence by using
the majorant matrix associated to the indefinite matrix, which gives us non-holomorphic
Siegel theta series with modular transformation properties. Finally, we come back to the
first part and show that the functions that we use in the construction of the theta series
satisfy the system of partial differential equations we have set up before. In particular,
they describe a basis of all solutions — thus we have established a modularity criterion
for Siegel theta series that proves to be an analogue to Vignéras’ result. In a simplified
version, choosing the characteristics H = K = O, we can state this result as follows: if p
satisfies a certain growth condition and is a solution of (1.4), the associated Siegel theta
series

0p(Z) := det Y /2 Z p(UY/?) exp(mitr(UAUZ)) (Hp, 2 Z =X +iY)
UeZan

transforms like a Siegel modular form of genus n and weight m/2 + A.

1.4.2 Siegel theta series for quadratic forms of signature (m — 1,1)

Since the Siegel theta series for indefinite quadratic forms that are constructed in Chapter
2 are in general non-holomorphic, the question arises, whether one can describe the holo-
morphic part of such theta series. Investigating this problem is the subject of Chapter
3. As the construction above depends on the signature (r,s) of the quadratic form, we
just consider quadratic forms of signature (m — 1,1) and build upon Zwegers’ description
[Zwe02] of elliptic theta series for this specific signature. We show that in a similar way
we can construct holomorphic Siegel theta series and an associated modular version of
this series. For the holomorphic series, it is quite straightforward to generalize Zwegers’
result to arbitrary genus n € N: We restrict the summation to a subset of the lattice on
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which the quadratic form is bounded by a positive definite quadratic form to ensure the
convergence of the series and, as we take locally constant functions, we obtain a holomor-
phic theta series. For our purposes, we can consider the quadratic form @ on R™ instead
of Q on R™*™ (both are defined by the same matrix A, though). We fix n + 1 vectors in
R™ that lie in Cg and collect them in a matrix

C:=(coec1-..cn) € R with ¢; € Cp C R™.

Then we consider the matrices

Ci=(co...6...cpn) ER™M (0<i<n),

where = means that the respective column is omitted. Further, let R” > x; := U'Ac; for
0 < i < n and define Z; by setting

Fi= (—1)'det(zo...Ti... zn) = (—1)'det(U'AC;) (0 <i < n).

If we then set

FU) = H sgn(z. B H sgn(z.

i=0
the theta series 97 is defined by an absolutely convergent series and is holomorphic in
Z € H,,.

In order to describe a modular Siegel theta series, we have to introduce some more
notation. Let B denote the bilinear form associated to @@ and let A~ denote the negative
semi-definite part of A. Further, u™ is the projection of u € R™ onto a subspace where
the quadratic form defined by A is positive definite, and .S, is the n-simplex whose vertices
lie in one of the components of R, where () is negative. For

g(U) := /(—Q(C))n/ exp(2m tr(U'A™U)) /\ u ,de),

Sn

the theta series 94 (for A = 0) transforms like a Siegel modular form of genus n and weight
m/2. It is easy to deduce modularity and determine the weight, when we observe that g can
be written as one of the functions that we already know from the construction in Chapter
2. Finally, we show that the series 1, describes almost everywhere the holomorphic part
of J,.

1.4.3 Elliptic theta series with homogeneous and spherical polynomials

In Chapters 4 and 5, we present two research articles that are joint work with Sander
Zwegers, in which we consider elliptic theta series for quadratic forms of signature (m —
1,1). We generalize Zwegers’ construction [Zwe02| that we have recapitulated in Section
1.3.3 by including homogeneous and spherical polynomials in the definition of the theta
series. (We call a polynomial f : R™ — C spherical (of degree d) if it is homogeneous
(of degree d) and vanishes under the Laplacian A = Ay, i.e. Af =0.)

We set

00 k n
N (=D" A% 1 0 _ 1 9
e : z;) (87T A" and O : —Q(c)c 5o 00 iz:cl Do
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and for a homogeneous polynomial f : R" — C of degree d we define f = e AT
Further we set

" gk (Bl \ | gk 7 £ o
pelfl(v) == Zk =0 )kk' A( *Q(C)) e f(v) if ce Cg,

sgn(B(c,v)) - f(v) if ¢ € Sg.

We define the following three versions of a theta series associated to @ and f with
characteristics @ € R(c1) N R(c2) and b € R™: we have the holomorphic series

GZfécz[f](T) = Z {sgn(B(cl,E))—sgn (ca,? }f 27riB(£,b)’
Lca+2Zm

the almost holomorphic series

9617cz [f]( = yid/2 Z {Sgn C]_, SgH(B C2, }f £y1/2) ( ) Qﬂ'iB(e’b)a
Lca+Zm

and the non-holomorphic modular series

@2;62 [f]( _ y—d/Q Z {pcl £y1/2 —p c2 [.ﬂ (ey1/2)}qQ(£) eQTriB(Z,b).
Lea+7m

If f is spherical of degree d, the almost holomorphic theta series Qcr.ez [f] and the holo-
morphic theta series @12 f] agree.
In Chapter 4, we consider theta series with respect to ¢1,c2 € Cg. In this case, we may

just consider a = b = 0. We determine a criterion according to which 012 and Ge1c2
agree: we consider elements g; from the automorphism group Aut*(Q,Z™) C GL,,(Z),
which leaves @), Z™ and the choice of the component Cg unchanged, and homogeneous
polynomials f; of degree d that satisfy

Z(fi — fiogi) =0 for I a finite set of indices.
el

We show that the theta function

Z@ng Z@cgz

i€l el

is an almost holomorphic cusp form of weight m/2+d, depth < d/2 and a certain character
x on I'g(N). We also note that the function does not depend on the choice of ¢ € Cg. This
construction provides numerous explicit examples. We provide some for quadratic forms
of signature (1,1) and (2,1), taking homogeneous and spherical polynomials f; to obtain
almost holomorphic and holomorphic cusp forms. We also introduce additional periodic
functions in the definition of the theta series to obtain a greater variety of examples.
Often, we can identify these functions as eta products or eta quotients.

Since there are numerous interesting modular forms that appear in the form of theta
series with homogeneous or spherical polynomials but require at least one ¢; to be located
on the boundary of the cone Cg, we extend this result to the case ¢; € Sg in Chapter
5. We then recover the modular transformation behavior of the Eisenstein series and we
discuss modular forms on I'g(4) that were discovered by Zagier |Zag99| when he considered
the sum of powers of quadratic polynomials with integer coefficients. In both cases we have
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1 Introduction

to take into account that we need to relax the condition a € R(e1) N R(ecz) and thus get
additional meromorphic terms. It is not difficult though to find functions with the same
transformation behavior as the theta series, which exactly describe these meromorphic
parts. A slightly different application is the construction of a harmonic Maass form of
weight 3/2 on I'g(2), whose holomorphic part is (up to a rational power of ¢) the generating
function of the Hurwitz class numbers H(8n + 7).
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2 Siegel theta series for indefinite
quadratic forms

This chapter is based on the manuscript [Roe2lal of the same name published in the
journal Research in Number Theory.

2.1 Introduction

In the course of his work on the Minkowski-Hasse principle for quadratic forms over the
rationals, Siegel introduced a natural generalization of elliptic modular forms of higher
genus n [Sie35]. Among those functions, nowadays called Siegel modular forms, Siegel
theta series play a similarly important role as do theta series do in the context of elliptic
modular forms. In a recently published article by Dittmann, Salvati Manni, and Schei-
thauer [DSMS21]|, a basis of the space of Siegel cusp forms of degree 6 and weight 14 is
given by harmonic Siegel theta series. By considering one of these basis elements, the au-
thors deduce that the Kodaira dimension of the Siegel modular variety Ag = Sp15(Z) \ Hg
is non-negative.

In order to give more examples of Siegel theta series and make use of the connection
to various topics — such as algebraic geometry and number theory — it is desirable to give
a general framework for the description of holomorphic and non-holomorphic Siegel theta
series analogous to what is already known for elliptic theta series owing to the work of
Vignéras [Vig77|. If theta series are built from functions that satisfy a certain second-
order differential equation, the modularity of these series immediately follows. For the
(generalized) error functions, which are employed in the recent discussions of theta series
for indefinite quadratic forms, this criterion is used to derive the modular transformation
behavior of the emerging theta series. Namely, these are the results by Zwegers [Zwe02] for
quadratic forms of signature (m — 1, 1), by Alexandrov, Banerjee, Manschot, and Pioline
[ABMP18a] for signature (m — 2,2) and for arbitrary signature by Nazaroglu [Naz18] and
Westerholt-Raum [WR16|, which are brought together by Kudla [Kud18| and Funke and
Kudla [FK19|. Even before that, Kudla and Millson [KM86, KM87] considered a certain
class of Schwartz functions to define modular forms in terms of theta functions and obtain
holomorphic modular forms valued in the set of cohomology classes.

In most of these examples the criterion given by Vignéras plays an important role in
order to deduce modularity, so the question arises whether a similar result holds for more
general types of theta series. Vignéras herself derives the result of [Vig77| in a second
paper by considering the Weil representation and mentions that the result is expected to
hold for Hilbert and Siegel theta series as well, see [Vig75].

In the following, we prove this for the latter case by describing Siegel theta series for
indefinite quadratic forms and deriving a generalization of Vignéras’ result for generic
genus n. We adopt an elementary approach similar to the one in [Vig77], which has the
advantage that we explicitly construct a basis of suitable functions. This construction
also embeds the known results for positive definite quadratic forms, which is for instance
described by Freitag [Fre83|. In this case, these “suitable functions” are harmonic poly-
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2 Siegel theta series for indefinite quadratic forms

nomials and one obtains holomorphic series. However, the Siegel theta series that are
constructed in the present paper are in general non-holomorphic. In a sequel to this pa-
per, we will investigate the special case where the quadratic form has signature (m —1,1)
and, by applying the result shown here, deduce the modularity of non-holomorphic Siegel
theta series, which are related to holomorphic (non-modular) Siegel theta series.

We give a short overview on the main results. We use standard conventions concerning
the notation, so e(z) := exp(2miz) and multiplication is hierarchically higher than division,
for example 1/87 means 1/(87).

Definition 2.1. Throughout this paper, let A € Z™*™ denote a non-degenerate symmet-
ric matrix of signature (r, s).

Remark 2.2. Note that we do not generally assume that A is even. Also, in some sections
we explicitly set s = 0 and thus employ properties of the then positive definite matrix A.

We construct modular forms on the Siegel upper half-space
H, :={Z =X +:iY | X,Y € R™" symmetric, Y positive definite}

in the form of Siegel theta series. We denote by S(R™*"™) the space of Schwartz functions
on R™*™ and then choose f : R™*™ — R such that

f(U) exp(—mtr(U'AU)) € S(R™*™).
This ensures the absolute convergence of the theta series that we define in the following.

Definition 2.3. Let H, K € R™*™ and let A € Z. The theta series with characteristics H
and /C associated with f and A is

Oy (Z) = Vi pa(Z) =det Y2 N f(UY?) e(tr(U'AUZ)/2 + tr(K' AU)).
UeH+Zm*n

Remark 2.4. We drop the parameters f and A in the index, when the transformation of
U9 xc leaves them invariant. In the following, it becomes clear that the choice of A depends
on f, so we do not include it as additional parameter in the definition.

For a positive definite matrix A, we consider polynomials P : C"*" — C that satisfy
P(UN) =det N*P(U) for all N € C"*" and a fixed a € Ny. These polynomials form a
complex vector space, which we denote by Pa"". For a modified polynomial

p(U) = exp(—tr Ay/87)(P(U)) where Ay = (i)t Aili
ou ou’
and when we take A to be even and set A = «, the theta series Y004 transforms
like a Siegel modular form of weight m/2 4+ « on a congruence subgroup of I';, and with
some character, where both depend on the level of A. If P € P3"" is annihilated by the
Laplacian tr A 4, we obtain the holomorphic theta series considered by Freitag [Fre83].

When A denotes an indefinite quadratic form of signature (r, s), we write A = AT + A~
with a positive semi-definite matrix AT and a negative semi-definite matrix A~ and denote
by M = AT — A~ the positive definite majorant matrix of A (see Remark 2.9). We consider
the function

g(U) = exp(—tr Ay /87) (P(U)) exp (2 tr(U'A™U)),
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2 Siegel theta series for indefinite quadratic forms

assuming that P € P_"; factorizes as P(U) = Po(U") - Ps(U™) with P, € Pg"", P €

77;"’” and U = UT 4+ U~, where U™ denotes the part of U that belongs to the subspace
on which A is positive semi-definite, i.e. tr((U")'AU") = tr(U*ATU) and similarly
tr((U7)*AU~) = tr(U*A~U). For this choice of g and considering an even matrix A and
setting A = oo — 3 — s, the theta series Y0 04,4 transforms like a non-holomorphic Siegel
modular form of weight m/2+ X on a congruence subgroup of I';, and with some character,
where both depend on the level of A.

These explicit constructions do not only give examples of Siegel modular forms, but by
applying Vignéras’ result for genus n = 1, we show that we obtain a similar criterion as
in [Vig77] to determine whether a Siegel theta series transforms like a modular form:

Theorem 2.5. Let A € Z and let f : R™*"™ — R such that
f(U) exp(—mtr(U*AU)) € S(R™")

and f is a solution of the n X n-system of partial differential equations
A
(E— —A)f =X-1-f with E := Uti and A4 as defined above.
4T ou

For H =K = O and A even, the theta series Uy i 1,4 in Definition 2.3 transforms like a
Siegel modular form of genus n and weight m/2+ X, where the level and character depend

on A.

Remark 2.6. In this paper, we determine the transformation behavior of ¥4 i r 4 with
respect to the transformations Z +— Z + S for a symmetric matrix S € Z"*" (see Lemma
2.25) and Z + —Z~! (see Proposition 2.33). The results hold for any H, X € R™*" and
we do not generally assume that A is even. By setting further preconditions for H, K
and A, one can then construct vector-valued Siegel modular forms of genus n and weight
m/2 + X on the full Siegel modular group or scalar-valued modular forms on congruence
subgroups, see also Remark 2.8. However, we will not explicitly elaborate on that here.

The outline of the paper is as follows: In Section 2.2, we briefly summarize the most
important notions about Siegel modular forms that are relevant for this paper. In the next
section, we examine the complex vector space formed by the solutions of the n x n-system
of partial differential equations from Theorem 2.5. Under the additional assumption that
a solution f must satisfy the growth condition f(U) exp(—mtr(U'AU)) € S(R™*"), we
explicitly determine a basis (which is finite if A is positive or negative definite and infinite
otherwise) of this vector space. In Section 2.4, we show that these basis elements can
be used to construct theta series of genus n that transform like Siegel modular forms of
weight m/2 + X. In order to do so, we first construct non-holomorphic theta series for
positive definite quadratic forms. With some modifications, this can be generalized to
theta series associated with indefinite quadratic forms.

2.2 Notation and preliminaries

We fix notation and summarize standard results about Siegel modular forms and refer to
Andrianov [And09, p.1-25] and Freitag [Fre83| for further details. For convenience, we
replicate some definitions of the last section. We also comment on results by Borcherds
[Bor98] and Vignéras [Vig75] and point out differences to our set-up.
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2 Siegel theta series for indefinite quadratic forms

Denote the Siegel upper half-space by
H, :={Z =X +iY | X,Y € R™" symmetric, Y positive definite}.

We let Y1/2 denote the uniquely determined symmetric positive definite matrix that sat-
isfies Y2 . YY/2 — Y. The same holds for the square root of A, when A is a positive
definite matrix.

We define modular forms on H, for the full Siegel modular group

T,={M=(45) ez’ | M'JM =17}, wheeJ=(9 &),
which operates on H,, by
Z v+ M(Z) = (AZ +B)(CZ + D).
The imaginary part Y of Z and the imaginary part Y of M (Z) satisfy the relation
(CZ+D)'Y(CZ+ D) =Y. (2.1)
In particular, Y is positive definite and symmetric.

Definition 2.7. We call F': H,, — C a (classical) Siegel modular form of genus n and
weight k if the following conditions hold:

(a) The function F' is holomorphic on H,,,
(b) For every M € T',, we have F'(M(Z)) = det(CZ + D)* F(Z),

(¢) |F(Z)] is bounded on domains in H,, of the form Hf := {X +iY € H,, |Y >¢- I}
with € > 0.

Note that the weight is not necessarily an integral number. In this context, we define
— as usual — for z € C and any non-integer exponent r that 2" := exp(rlog z), where
log z = log |z| + iarg(z), —m < arg(z) < .

Due to the Koecher principle (cf. [Fre83, p.44f.]), which holds for n > 1, all functions
satisfying (a) and (b) admit a Fourier expansion over positive semi-definite even symmetric
matrices and are in particular bounded on H for any ¢ > 0. So we do not need to
impose an analogue of (c) as condition. If we consider non-holomorphic modular forms,
the Koecher principle does not necessarily hold anymore. In our case, we build Siegel
theta series by using Schwartz functions and obtain absolutely convergent series, so these
functions also satisfy condition (c).

Remark 2.8. The full Siegel modular group I';, is generated by the matrices ({’5 Ii ) with
S =5%and (P J") (cf. [Fre83, p.322-328]), so any function F with F(Z + S) = F(Z)
for symmetric matrices S € Z™" and F(—Z~') = det Z¥F(Z) satisfies condition (b).
For the theta series with characteristics H,/C that we construct here, we observe the
following: Up to a factor depending on H, A and S, we can write ¥y x(Z + 5) as a theta
series of the same form but with a slightly changed characteristic H, IE, see Lemma 2.25.
We can express U3, c(—Z 1) as a linear combination of theta series ¥ 741, —2(Z), where
J € A7 mod Z™*", see Proposition 2.33.

If A is an even unimodular matrix and H = K = O, the theta series transforms like
a modular form on the full group I';,, see Example 2.31 when A is positive definite and
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2 Siegel theta series for indefinite quadratic forms

Example 2.34 when A is indefinite (in the last case we might obtain a character of I';, as
an additional automorphic factor).

If H and K are rational matrices, we can take the series ¥4 x as entries of vector-valued
functions, which then define modular forms on the full Siegel modular group. In another
approach (see for example Andrianov and Maloletkin [AM75]), one could consider suitable
congruence subgroups of finite index in I',.

In Section 2.3 as well as Section 2.4, we will consider a fixed decomposition of the
non-degenerate matrix A of signature (r, s), so we give a precise description here.

Remark 2.9. Let vyp,...,v, denote the eigenvectors that correspond to the positive
eigenvalues of A and vy41, ...,V the ones that correspond to the negative eigenvalues.
We normalize these eigenvectors in a suitable way so that for S = (vq,...,v,,) € R™*™

S'AS =7 with Z := <I’“ O ) .

0 —I
As {v1,..., v} forms a basis of R™, we write any vector w € R™ as u = > ;_; \jv; +
> it 1 Aw; and define wt =377 Nwg and w”T =Y Aw.

So for the inverse of S, we have A = (S~1)*ZS~!. This enables us to write A as the
sum of the positive semi-definite respectively negative semi-definite matrices

I, O O O
+ . 1yt [ Lr -1 - —1yt —1
AT = (ST (O O> S and A” = (S7") (O _Is> ST

We also associate the positive definite matrix M := (S71)'S~1 = AT — A~ If we write
UcR™" as U =U"+U", where UT := (uf,,u;’;) and U™ = (uy,...,u,), it is
straightforward to check that

tr(UN)'AU™T) = tr(U*ATU) and  tr((U)'AU™) = tr(U'A7D).

As our construction of Siegel theta series in Section 2.4 is very similar to Borcherds’
set-up [Bor98| for n = 1, we briefly recall his result and point out the main differences.

Remark 2.10. Borcherds considers a non-degenerate quadratic form @ with signature
(r,s), an even lattice L C R™ with the associated dual lattice L’ and an isometry v
mapping L ® R to R™*. Considering the inverse images v and v~ of R™" and R%* under
v, one decomposes L ® R in the orthogonal direct sum of a positive definite subspace v
and a negative definite subspace v~. For the projection of A € L ® R into v* one writes
A+ and obtains the positive definite quadratic form Q,(A) = Q(A,+) — Q(A,-). As the
decomposition into the subspaces v and v~ is not unique, Borcherds’ theta series include
an additional parameter to indicate the choice of v € G(M), where the Grassmannian
G(M) denotes the set of positive definite r-dimensional subspaces of L ® R. For z €
Hi,h,k € LeR,v € L'/L, A the Laplacian on R™, and p : R”™ — R a polynomial that
is homogeneous of degree « in the first r variables and homogeneous of degree 3 in the
last s variables, he defines

Or4~(2 hoksv,p) = > exp(—A/8my)(p) (v(A + b))
A€L+~
ce(zA+Rh)2 /24 ZA+h)2 /2 — (A + h/2,k))

and shows that this is a non-holomorphic modular form of weight (r/2 + «, s/2 + 3).
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2 Siegel theta series for indefinite quadratic forms

In the present paper, we fix the decomposition A = AT + A~ and the majorant matrix
M = A" — A~ by taking the eigenvectors of A as a basis in R™. Then U € R™*"
is projected onto U™ in the positive definite subspace and U~ in the negative definite
subspace. However, choosing any other decomposition of A into a negative and a positive
definite part leads to an analogous construction.

In Definition 2.3, we represented ¥4 x such that the analogy with Vignéras’ construction
(see Remark 2.11) is visible. We can also write these theta series as

Ini(Z)= > exp(—tr(AyY")/8m)(P(V))
UeH+Zm*n

e(tr(U'ATUZ) /2 + tr(UA™UZ) /2 + tr(KYAU)),

which resembles Borcherds’ construction. Note that we can multiply the series by the
factor det Y/2*# to obtain the weight m/2 + A (where A = a — § — s) instead of (r/2 +

a,s/2+ ).

We conclude this section by reviewing Vignéras’ construction [Vig77] and addressing
essential differences.

Remark 2.11. Vignéras considers theta series of genus 1

Po0(2) =y Fluvy) e(Qu)2),

uel

where L C R™ denotes a lattice, Q(u) = %utAu a quadratic form of signature (r, s) and
z = x + iy an element of the upper half-plane H;. The following two requirements are

imposed on the function f: Set f(u) = f(u) eXp(727TQ(’U,)). Then for any polynomial
p: R™ — R with deg(p) < 2 and any partial derivative 0% with |a| < 2,

p-feLY®R™NLAR™) and 8°f € LY(R™) N L2R™).

Furthermore, f satisfies the differential equation of second order

Ay , " ) N R
E——)f=M\- th F = —— and Ay = A —_—
( 4 )f !/ Wi ;ud Oug and 24 Z 8ua( Jab Ouy,

a,b=1
Then g ¢ transforms like a modular form of weight m/2 + .

For higher genus n € N, we introduce some notation to formulate an analogous growth
condition. For p € [1,00) let LP(R™*™) denote the Lebesgue space of functions f :

R™*" — C for which
1/p
£l = (m / \f(U)\”dU>

is finite. We use the usual multi-index notation on R™*™, where o € N§"*" with || =

D it Z?:l Qij, SO

ve= [[ vg and o= [] (agu)a”.

1<i<m 1<i<m v
1<j<n 1<j<n
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2 Siegel theta series for indefinite quadratic forms

For f : R™*™ — R, one sets f(U) := f(U) exp(—ntr(U*AU)) and — analogously to
Vignéras — assumes that for any polynomial p : R™*" — R with deg(p) < 2 and any
partial derivative 0% with |a| < 2,

p-feLYR™™) N LAR™) and 8°f € LYR™™) N L2(R™F™). (2.2)

This allows us to apply Vignéras’ result for theta series of genus 1 (as we make use of the
fact that Hermite functions build an orthogonal basis of £2-functions) and the Poisson
summation formula.

However, for simplification, we replace assumption (2.2) by the more restrictive assump-
tion that fvis a Schwartz function.

2.3 A generalization of Vignéras' differential equation

To derive an analogue of Vignéras’ result for Siegel modular forms of higher genus n € N,
we introduce matrix-valued operators generalizing F and A 4.

Definition 2.12. For U € R™*" let 9/0U = (8/0U,,) We define the

. 1<p<m,1<v<n’
generalized Euler operator

0 “ 0
E=U'""+- withE;=) Ug—-— (1<i<n 1<j<

and the generalized Laplace operator associated with A

9\t 0 0 0
Aygi=(=—) A7'—=— with (A4);; = A p——.
2= () A7 g i (A aél T
For the normalized Laplacian A; we simply write A. Further, we set
Ay
Dy =E—- —.
A 47
The n x n-system of partial differential equations
Daf=X-1-f for X\ € Z and A indefinite of signature (r, s) (2.3)

is a direct generalization of the set-up in [Vig77]. In this section, we examine the com-
plex vector space formed by the solutions f of (2.3) that additionally satisfy the growth
condition

F(U) exp(— tr(Ut AU)) € S(R™™).

We explicitly determine a basis (which is finite if A is positive or negative definite and
infinite otherwise) of this vector space.

2.3.1 Functions with a homogeneity property

As mentioned in the introduction, we employ polynomials with a certain homogeneity
property to construct Siegel theta series. In the following, we introduce the complex
vector space of all functions with this homogeneity property. For a differentiable function
f, we show in Proposition 2.15 that f is homogeneous of degree « if and only if f solves
the system of partial differential equations Ef = « - I - f. Further, we show in Lemma
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2.16 that for a polynomial function p it is already sufficient that Ep = C'- p holds for some
C € C™" to deduce that p is a homogeneous function.

Definition 2.13. For ao € Ny, m,n € N, we define the complex vector space
Fm={f:C™" — C| f continuous, f(UN) = det N*f(U) for all N € C"*"}.

For n = 1, this is the usual definition of a homogeneous function of non-negative degree.
As a subspace, we consider all polynomials of this class, which is the space Pa"" from the
introduction.

Remark 2.14. The vector space Py is described by Maass [Maa59]. He determines the
structure of Py"", shows that it has finite dimension and even gives an explicit formula
for the dimension. In the following, Ba""" denotes a finite basis of Py"". We state some
observations to show that we obtain non-trivial examples.

e For m < n, we have Fo"" = C: We take U € R™*" such that f(U) # 0. One can
multiply elementary matrices from the right such that U is in reduced column echelon
form. If U has less rows than columns, at least the last column is a zero column.
Setting N = diag(1,...,1,\) with A ¢ {0,1}, leads to the identity f(U) = A*f(U),
which is only satisfied for &« = 0. The orbit of the right action of invertible matrices
on U € C™*™ is dense and f is continuous, so f is a constant function.

o Notethatf-ge}';ﬁ% forfefgn’n,gefgl’” and f+g € Fu" for f,g € Fa".

e For m > nlet U € C™™™ be a square submatrix of maximal size of U € C™*".
Clearly, we have det U%* € P5"". Due to this and by picking up on the previous
point, we obtain all functions in Pa"" by taking the product of a (possibly different)
n X n-minors det U and linear combinations thereof.

Homogeneous functions that are also differentiable are characterized by the identity
Ef =a- f. We observe that this statement can be generalized.

Proposition 2.15. Let f : C™*" — C be a differentiable function. We have f € Fy'™"
if and only if Ef =« -1 - f.

n
Proof. For U € C™*™ and N € C™*", the derivative of the entry (UN)ge = > U Nye
v=1

withl <k<m,1<{<nis

OUN)ge _ )0 it j#Y,
ONy; Uy ifj="¢.

Therefore,

Hence we obtain for the derivative of f(UN) with respect to N that

o e
L (FON) =V L ON)
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and by the definition of the generalized Euler operator E with respect to U we have

EBHWUN) = N 2wy = 8- (row)). (2.4)

The adjugate matrix adj(N) € C*"*" is defined as (adj(N))Z.j = (—1)" det Kfﬂ, where
Nji denotes the (n—1) x (n—1)-matrix obtained by deleting the j-th row and i-th column.
Laplace expansion of the determinant gives

(det N) = az?f <Z(—1)@'+kmk det]\NfZ-k> = (—=1)"7 det Ny,
0 \g=1

0
8Nij
Hence the derivative of the determinant of NV is the transpose of the adjugate matrix:

0 et
G—N(det N) = adj(N) (2.5)
For f € Fo"", the identity f(UN) = det N f(U) holds for all N € C"*". From equations
(2.4) and (2.5) we obtain

t 8 _ t 8 o
(Ef)(UN)=N a—N(f(UN)) =N a—N(detN f(U))

=adet N1 N'adj(N)" - f(U) = adet N - T - f(U),

since adj(N)N =det N - I. We set N = I and get the identity Ef =« -1 - f.
To show the other implication, notice that f(UN)(det N)~ is constant with respect to
N if f satisfies Ef = a - I - f: using the identities (2.4) and (2.5), we obtain

Nt@?\f(f(U]\U det N™) =det N~ (Ef)(UN) —adet N~*-1- f(UN) = 0.
Thus we have f(UN)det N~ = C(U), where C is independent of N. For N = [, this is
f(U), and hence we conclude f(UN) = det N®f(U). O

Later we will only consider polynomial solutions. In this case, we can state the following
lemma, which can be left aside for now, but will be used in the proof of Proposition 2.23.

Lemma 2.16. Let p : C™" — C be a polynomial that solves the system of partial
differential equations

Ep=C-p (CeC™™). (2.6)
If p is not the zero function, the matriz C has the form C = a -1 for some a € Ny.

Proof. First, we examine the case m = n = 2 and write U = (‘é g) and

pla,b,c,d) = Z Ca B, a®bPd® with Ca,8y,5 € C.
0,57%561\]0

By assumption, p satisfies the 2 x 2-system of partial differential equations
0 0
a ¢\ [da b _ (Cu Cl2>_ o7
Go(E 4@ e 7
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Considering the upper left equation, we have

0 0
(a% + C&)p = Y (a+capea®t’?d =Cup,
a,B,v,06Np

thus o+~ = C11. Analogously, we deduce by the bottom right equation that 5+ 6 = Cosy
holds. As p is a polynomial, C7; and Cas denote non-negative integers. We write C11 = k
and C = ¢ from now on. We have shown that p is homogeneous (in the original sense)
of degree k in the variables of the first column a, ¢ and homogeneous of degree ¢ in the
variables of the last column b, d. It is easy to see that C1o = (91 = 0 holds: By assumption,
the polynomial p satisfies the upper right equation

(a% + c%)p =Ci2 - p. (2.8)
As the left-hand side is a polynomial, homogeneous of degree k 4+ 1 in a, ¢ and of degree
£ —1in b,d, and the right-hand side is a multiple of p, i.e. homogeneous of degree k
and ¢, we deduce that Cis must equal zero. Analogously, we conclude by the bottom left
equation of (2.7) that Cy; = 0.

It remains to be shown that & = £ holds. We write

p(a,b,c,d) Zacypaybd)
a+y=k

where p, , denote homogeneous polynomials in b, d of degree £. Then equation (2.8) with
C19 = 0 has the form

Z a*tle 7pa,’7(b d) + Z a®et! aadpa,’v(b d) = 0.
at+y=k a+y=k

We obtain by comparison of the coefficients of a¥c*, 0 <v <k+ 1, u=k+1—uv:

gpoz—l,'y_g_l(b, d) for 1 <a< k, v = k—«

0 —pok(b,d) =0 and %

9d (b,d) =

0
adl
Thus, we recursively determine the structure of po , to be pa~ (b, d) = > i er bi=d" with
er € R. In particular, we see that the exponent of d does not exceed o, i.e. § < a.

We make use of the symmetric structure of the polynomial p and exchange a and ¢ and
also b and d in the equations above. Then we obtain § < v. By interchanging a and d
along with their exponents o and § as well as b and ¢ along with their exponents § and ~
and using the bottom left equation of (2.7), we obtain v < § and v < 3. We have shown
a =90 and v = 8, and in particular, £ = £ holds.

For generic m,n € N, we reduce the n x n-system Ep = C'-p to the case m =n = 2. We
write U = (u1,...,uy) with u; € C™ and choose N € C™*™ such that the i-th column of
U is substituted by au; + cu; and the j-th column by bu; + duj, where we assume that
1 < j,i.e. we have

UN = (u1,...,au; + cuj, ..., bu; +duj, ..., up).
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A simple calculation yields

0 0 0 Js]
aai +Caj a9b+c9:l E” EZ]
(baa —|— d*a,c biaab + dTal ( ) Ej’L Ejj

As p solves (2.6) by assumption, we have

G 9)(F )een=(G &)owm

For 2 x 2-systems of this form we have shown above that Cj; = C}; = a for some o € Ny
and C;; = Cj; = 0. As we can choose any i,j € {1,...,n} with i < j, we deduce the
claim. 0

2.3.2 Description of theta series with modular transformation behavior by
partial differential equations

In this section, we show the connection between the functions with the homogeneity prop-
erty that was described in the last section and the functions that are employed in Section
2.4 to construct modular Siegel theta series. Moreover, we apply Vignéras’ result for n = 1
to explicitly give a basis for the vector space of solutions of (2.3) under the additional
growth condition.

First, we state a lemma that holds for any symmetric non-degenerate matrix A of
signature (r, s). Namely, we compute the commutator of the k-th power of the Laplacian
(tr A 4)* (we will drop the brackets and write tr A¥ for simplicity) and the Euler operator.

Lemma 2.17. The commutator of E;j;j (1 <i<mn,1<j<n) andtr Alf_l 18
[Eij,tl‘ Aﬁ] = Eij - tr AZ —tr Aﬁl : Eij = -2k - (AA)ij - tr Alj(l (k? S N)

Proof. We show the claim by induction on k. For k = 1 one calculates the commutator of
tr A4 and E;;. By definition we have

"~ i 0 0 0
tr Ay - Ej = A N =V,

which we can write — denoting by d;; the Kronecker delta — as

& L ok 02 D2
ANy (Udimr——r— + Saabei s + 0 5)
;a7§1( Jab < W OUacOU0Ug " OU0Ug " 0Uae0Uy;

S Y Vi A g+ S A (i s
- DU, POy | = " \OUajOU, OV )

Since A~! is symmetric, this is Eij-trAs+2-(Aa)ij. The operators (A4);j and tr Ay
commute; thus we deduce for k+— k + 1
tr AZJA . Ei]’ =tr AA . (El] - tr AZ + 2k - (AA)ij -tr Aﬁ(l)
= (EU tr A+ 2 (AA)ZJ) . tI"AIIZ + 2k - (AA)ij . tI‘AZ
:Eij 'tI‘AIZJrl—}—Q(kZ—}—l) . (AA)ij -trAi. OJ

35



2 Siegel theta series for indefinite quadratic forms

We can now conclude that all solutions of (2.3) can be ascribed to functions that have
the homogeneity property of degree A by applying the previous lemma and Proposition
2.15.

Lemma 2.18. Let f,g : R™"™ — R denote functions for which exp(citr Ay)f and
exp(catr A q)g are well-defined for any ci,co € R (we apply this result to polynomials f
and g in the following, hence these conditions make sense). Moreover, we assume that f
and g are related by f = exp(—tr A4/8m)g. Then f is a solution of (2.3) if and only if
g satisfies Eg=X-1-g, i.e. g€ F\"".

Proof. We set ¢ := —1/87 to shorten notation. For
- ck k mxn
f(U) =exp(ctrAx)(g(U)) = 7 tr A% (g(U)) (U eR™ ")
k=0 "

we consider the entry (i,7) for 1 < i <n,1 < j <n of the system of partial differential
equations (2.3):

0 L oo k41
Eijf +2c (Ax)if = o5 (By - trAl)g+2° Lk' ((Aa)ij - trA%)g
k=0 k=0
0k o0 k
. C k C k—
et ; i (B tr Qg+ 2; Gy (Aadiy - tr A g

x k
C _
:Eijg—i- E H(Eij-trAIZ+2k‘(AA)ij-tI‘AIZ 1)9
k=1

Due to Lemma 2.17, we have
(Eij -tr Ai + 2]43 . (AA)ij -tr A{Zfl)g = (tl" AZ . Eij)g

and therefore obtain

>k
c
Eijf + 2¢ - (AA)ijf = Z E tr AZ (Eijg) = eXp(CtI‘ AA)(EZ'jg).
k=0
If E;jg = A-6;5-g holds, the right-hand side equals A-d;;- f. As we have g = exp(—ctr Ay)f
(see Property 2.20), we deduce that exp(ctr A4)(E;jg) = A-d;; - f implies E;jg = A-d;5- 9.
By Proposition 2.15, this is equivalent to g € F,"". O

In the next proposition, we consider (2.3) for positive definite matrices A, namely the
system of partial differential equations

Dap=a-I-p for a € Nygand A positive definite. (2.9)

We determine a finite basis of all solutions of (2.9) by additionally imposing a certain
growth condition. Together with Proposition 2.30, where it is shown that theta series
associated with these functions transform like modular forms, we obtain Theorem 2.5 for
positive definite matrices A. In the proof, we employ Vignéras’ result [Vig77| and the fact
that we can explicitly construct a finite basis By of Pa"" due to Maass’ result [Maa59].

Proposition 2.19. Let By denote a finite basis of Pa'" and let A € Z™*™ denote a
positive definite symmetric matriz. FEvery solution f : R™*™ — R of (2.9) that addi-
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tionally satisfies the growth condition f(U) := f(U) exp(—wtr(U'AU)) € S(R™*") is a
polynomial. Moreover, a finite basis of this space of solutions is given by

p= exp(— tI‘AA/S’]T)P with P € B,

Proof. We give a short review of Vignéras’ reasoning and apply it to functions with matrix
variables. We identify R™*" with R™" by writing R™*" 5 U = (u1,...,uUyn), u; € R™,
as column vector

ui
u=| : | e R™.
Un

If f satisfies the system of differential equations (2.9) for ¢ = —1/8, it follows in particular
that

tr(Da)f =an- f (2.10)

holds. We have

oS ) RN 0
trE:ZZUdini and trAA:Z Z WW(AA)WWW’

=1 d=1 v=1p,p=1

which are the usual Euler operator on R™" and the Laplacian associated with the positive
definite mn x mn- matrix that consists of blocks of m x m-matrices that are zero except
for n copies of A on the diagonal. We write U in a suitable basis such that we consider the
quadratic form (S™1)* AS~1 = I to express f in an orthogonal basis of Hermite functions
Hj, in mn variables as

f= Z cpH, withe, € Rand k= (kuy)lgugm71§,,§n,
keNg™

where the Hermite functions in several variables are defined in terms of Hermite functions
in one dimension:

m n dk v
HyU) = [[ TI Hpo V) with Hi,, (Un) = exp (ng,,)dU;W exp(—27U2,)
p=1lv=1 pv

Since f is a solution of (2.10), a basis of all functions f is determined by the finite set
of Hermite functions Hy with |k| = 2%, >°0_ ku = an (this is Vignéras’ argument,
see [Vig77]), where we can rewrite Hy(U) = pg(U) exp(—7 tr(U*AU)) with the Hermite

polynomial pg. So f(U) = f(U) exp(mtr(U*AU)) can be expanded in terms of finitely
many orthogonal Hermite polynomials pg and thus is a polynomial itself.

Thus, g := eXp(tr AA/87r)f is a polynomial that satisfies Eg = «- I - ¢ by Lemma 2.18.
We can choose any basis Ba""" of Pa"" to describe these homogeneous polynomials. Hence
we also obtain a basis of the solutions of (2.9). As Pg"" is a finite-dimensional vector
space, the basis By"" is finite. O

Now we let A denote an indefinite matrix of signature (r, s) again. When we consider the
associated system of partial differential equations (2.3), the solutions, which we describe in
Proposition 2.23, can be traced to functions that are defined on U¥ respectively, where U™
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is the projection of U onto the subspace where A is positive definite and U~ the projection
into the subspace where A is negative definite. So we first consider Z = (16 7015) instead
of A and the corresponding system of partial differential equations

Drf=\-I-f (AN€Z), (2.11)

which can easily be split up into one part that depends on the first r rows of U and another
part depending on the last s rows of U. We write U, and U for these projections of U.
Here, we have M = I and thus A;; = A, and we show that a basis of all solutions is
given by the functions

exp(—tr A/87) (P(U)) exp(—2n tr(ULUs)), (2.12)
where P splits as P(U) = P-(Uy) - Ps(Us) with P, € By"" C Pa"" and Ps € B"" C Pg™"

with (a, 8) € N2 such that a — 8 = A + s.

Lemma 2.20. If one applies the Laplacian Az and the Euler operator on a product of
functions g, h : R™*"™ — R, then the following rules hold:

0 \t 0 d \t 0
Arlg-h) = g- Arh+h-Aro+ (550) T (550) + (550) -2+ (559)
E(g-h)=g-Eh+h-Eg
We omit the proof as the claim follows by a straightforward calculation. The part of
(2.12) that depends on the subspace of R™*" on which the quadratic form is negative

definite, satisfies a slightly different system of partial differential equations than the one
given in Lemma 2.18, as an additional exponential factor occurs.

Lemma 2.21. Let BZL’" denote a basis of Pgn’". We consider the system of partial differ-
ential equations

D_if=—(B+m)-I-Ff. (2.13)

A finite basis of all solutions of (2.13) that additionally satisfy the growth condition
F(U) exp(mtr(UV)) € S(R™™) is given by the functions

fp(U) :=exp(—tr A/8m) (P(U)) exp(—2m tr(U'U)) with P € Bg".

Proof. We define g(U) := exp(—2m tr(U'U)) and hp(U) := exp(—tr A/87)(P(U)). Both
functions satisfy systems of partial differential equations similar to (2.13): we check that

(Eg)(U) = —4mg(U) - U'U

and

(Ag)(U) = —4rm - I - g(U) + 167°g(U) - U'U
hold. Hence we have
1

Ag=-Eg—m-1-g. 2.14
A9 g—m-I-g (2.14)

Due to Proposition 2.19 for A = I, the identity

1
—Ahp=Ehp—p3-1-hp (2.15)
4
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holds if and only if P € 77;"’". Using the multiplication rules from Lemma 2.20 and
applying (2.14) and (2.15) in the calculation of Afp = A(g - hp), we obtain

1 1 0 \t7 0 0 t/, 0
P = M(Q'A’W”P g+ (59) () + (g0e) (aug)>
:g-(Ehp—B-I-hp)—i-hp-(—Eg—m-I-g)—Qg‘Ehp

——(8+m)-I-fr—Efp,

where we use in the second step that Ethp = Ehp holds, since hp satisfies (2.15) and the
Laplacian is symmetric.

Analogously, one can show that for any solution f of the system (2.13) of partial dif-
ferential equations, the function h(U) = f(U) exp(27 tr(U'U)) satisfies D;h = -1 - h.
Since

h(U) exp(—m tr(U'U)) = f(U) exp(r tr(U'V)) € S(R™*")

by assumption, we can apply Proposition 2.19, which states that we can describe a finite
basis for all functions h by hp = exp(—tr A/8x)(P(U)) with P € Bgl’n. Thus, the
functions fp form a finite basis of the solutions of (2.13) that satisfy the aforementioned
growth condition. O

In the next lemma, we show that the substitution of U by S~'U leads to the desired
system of partial differential equations that is associated with A.

Lemma 2.22. Let S € R™™ sych that A = (S7')'ZS~! and consider the functions
f, fIS71 : R — R, where f[STYH(U) = f(S7IU). The function f satisfies (2.11) if
and only if f[S™Y satisfies (2.3).

Proof. Let i,5 € {1,...,n}. It suffices to calculate

(A (FISTH©)) = 6%221 e (A_l)“bﬁbj(f(s_w))
N e _ _ 2f .
_a,b%:fs DA™ (S0 50, (S7U)
m 82f . »
-3 1, 6%6%(5 U) = (Az)if)(S7IU)
=1
and
B m 8 B m B 8f B
Ey; (f[571(U)) =dZ;UdiaUdj(f<S ) =dVZI Uai(S ™ uap—(7'0)
= (S i (570) = (B f)(50)
v=1 vy
to deduce the claim. ]

Proposition 2.23. Let By denote a basis of Pa" and let A € Z™*™ denote a non-
degenerate symmetric matriz of signature (r,s). As in Remark 2.9, we write A as the sum
of a positive semi-definite matriz AT and a negative semi-definite matriz A~ and define
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M := At — A~. The functions
f(U) = fa3(U) = exp(—tr Apr/87) (P(U)) exp(2m tr(U'A™U)),

where P € PZL_’F% is given as the product P(U) = P.(UT) - Ps(U™) with P, € By"" C Py
and Py € Bgn’" C 732”’” for (o, B) € N2 such that o« — 3 = X\ + s, form a (possibly infinite)
basis for the space of solutions f : R™*"™ — R of (2.3) that additionally satisfy the growth

condition
f(U) exp(—mtr(U'AU)) € S(R™*™).

Proof. We consider the case A = Z. First we take (a, 3) € N3 with a« — 8 = A + s to be
fixed and show that f = f, g solves (2.11). As the eigenvectors of A form the canonical
basis of R™, the polynomial P splits as P(U) = P.(U,)- Ps(Us), where U, € R™*" consists
of the first r rows of U and Ug € R**™ of the last s rows of U. The exponential part of f
has the form exp(—27r tr(UgUs)), so we can write f := f,. - fs, where f,. denotes the part
dependent on U, and fs the part dependent on Us. By Lemma 2.20, we have

Ef:fr'Efs+fs‘Efr-

The expression
Azf=Az(fr- fs)=[r - Dzfs+ fs- Azfr
t t
+ () 7 () + Gut) 7 (5 %)

AIf = f'r : AIfs + fs : AIfr;

o, (2 o, (O
anr_<8UO > and Wfs_<66U5f$>.

These relations also show that we can write Az f, = Ay f, and Azfs = —Ayp, fs. Then
we consider the system of partial differential equations depending on the first r rows of
U, where f, corresponds to the function f from Lemma 2.18. Independent from that,
consider the part depending on the last s rows of U and apply Lemma 2.21 for f;. Putting
these results together, we obtain

simplifies to

since

AIf:47T(fr(Ef5+(ﬁ+3)Ifs)+fs(Efr_alfr))

=dr (E(f fo) + (—a+B+s) I (frfs))
:471'-(Ef—(a—,3—8)‘f'f)7

where a —  — s = \.
To show that these functions form a basis of all solutions, we employ a similar ar-
gument as in the proof of Proposition 2.19. Again, we use Vignéras’ result to show

that the solutions f of (2.11) have a certain form: We define the function f(U) :=
f(U) exp(—m tr(U'ZU)), which is a Schwartz function by assumption. Furthermore, iden-

40



2 Siegel theta series for indefinite quadratic forms

tify R™*"™ with R™" by writing U € R™*™ as a column vector in R™". As we have
r+s

tr(UVTU) = Z(Z - > v,

v=1 p=1 p=r+1

which equals the normalized quadratic form of signature (rn, sn) on R™", we write J?as

_ r+s
fu) = exp( WZI<ZI — 211 Uzl,)).
v=1 pu= u=r

As an £2(Rm”)—function,~f is given in an orthogonal basis of Hermite functions Hy in mn
variables in the form of f = ZkeNgLn cr Hy, with ¢, € R. Since f is a solution of

tr(D)f =An-f (A€ Z), (2.16)

we restrict the possible basis elements that appear in the expansion of f

r+s
f: Z cx Hi, where e(k Z(Z kpw — Z k’;w)
keNg" v=1 p=1 p=r+1

e(k)=n(A+s)

Thus, as a consequence of Vignéras’ result for genus 1, any solution of (2.16) is given as a
(possibly infinite) linear combination of functions

Ju(U) := Hp(U eXP( Z(Z Ti U3V)>,

v=1 p=1 p=r+1

where the Hermite functions on R™" (respectively R™*™) are given as product of one-
dimensional Hermite functions:

U):ﬁf[HkW(Uw):p(Ur)q eXP< ZZ )

p=1lv=1 p=1lv=1
with polynomials p, ¢, which are defined on U,, U respectively. Rewriting fi as

r4+s n

Je(U) = p(U)a(U) exp(=27 > STUZ,) = p(Uy)q(U;) exp(~2m tr(ULU,)), (2.17)

p=r+1v=1

each solution of (2.11) is given as a linear combination of functions of the form (2.17). The
system of partial differential equations (2.11) is separable, i.e. can be broken into the part
that depends on U, and the part that depends on Ug. Likewise, f is given by a polynomial
factor p depending on U, and a factor of the form ¢(Us) exp(—27r tr(UStUs)), where ¢ also
denotes a polynomial. We can write Dz = D" + D? such that the differential operator D"
vanishes if we apply it to a function on Us, and has the form D; when applying it to a
function that is defined on U,.. Analogously, D® only depends on U and is of the form
D_j, when applying it to functions on Us. So we have Dz fr, = A\ - I - fi, with

(Dzfi)(U) = q(Us) exp(—27 tr(UUs)) D" (p(Ur)) + p(Uy) D*(q(Us) exp(—27 tr(ULUs))).
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For fi(U) # 0 we divide by fi and obtain for each entry of the system of partial differential
equations a sum of two partial differential equations that depend on different variables and
therefore have to admit constant solutions. It follows that a function fy solving (2.11) is
given as the product described in (2.17) with the additional restriction that

LT(p(UT)) =C, and

= C’s
p(Ur

Ds (q(Us) exp(—27r tr(UgUs)))
q(Us) exp(—27r tr(UStUS))
with C,,Cs e R"*™ and C, + Cs = )\ - I.

We show that C, = « - I for some o € Ny holds and thus Cs = (A — «) - I. By applying
the operator exp (tr A/ 87r) to p(U,), we can deduce analogously to the proof of Lemma
2.18 that p(U,) satisfies

D" (p(Ur)) = Cr : p(Ur)

if and only if the polynomial P,(U,) := exp(tr A/87r) (p(UT)) satisfies EP, = C, - P,.
We have shown in Lemma 2.16 that this system of partial differential equations admits
polynomial solutions only if C;. = « - I with « € Np.

Thus, every solution f of (2.11) is described by basis elements fi that consist of two fac-
tors that depend on different variables: p solves the system of partial differential equations
in Proposition 2.19, where we have shown that these solutions can be described by a basis
of homogeneous polynomials of degree . Similarly, the function ¢(Us) exp(—27r tr(ULU. S))
solves the system of equations in Lemma 2.21, where we also described a basis of solutions
using homogeneous polynomials of degree 3. We conclude that all solutions of (2.11) are
described by the functions f, g defined above with «, 8 € Ny such that o — 8 = X + s.
Thus, the basis consists of infinitely many elements if r, s > 0 (i.e. when A is indefinite)
and finitely many otherwise (i.e. when A is positive or negative definite).

We substitute U — S~1U and apply Lemma 2.22 to obtain the result for the system of
partial differential equations (2.3). Note that for every basis element f, g the polynomial
P splits as P(U) = P.(U") - Ps(U™) by assumption. O

2.4 Construction of theta series with modular transformation
behavior

In this section, we construct Siegel theta series, which transform like modular forms of
weight m/2+\, arising from the functions that we considered in the last section as solutions
of Daf = A-1-f. We explicitly determine the transformation behavior of the theta series
with respect to Z + Z + S (for a symmetric matrix S € Z"*") and Z +» —Z 1. To state
the next lemma, in which we describe the transformation behavior of ¥4 x with respect
to the first-mentioned transformation, we introduce the following notation for matrices:

Definition 2.24. (a) For M € ZM*" we define My € Z*** by (My)i; = M;; for i = j and
zero otherwise.

b) We write 1, for a matrix with p rows and v columns, whose entries are all equal to
1%
1.
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Lemma 2.25. Let S € Z™*" denote a symmetric matriz. With respect to Z — Z + S,
the theta series from Definition 2.8 transforms as follows:
i (Z + S) = e(—tr(H' AHS) /2 — tr(SolumAcH) /2) U, #(2)

. 1
with K := K + HS + iA’lelmnSO

Proof. Write U = H + R with R € Z™*" such that
tr(U'AUS) = tr(H'AHS) + 2tr((HS)'AR) + tr(R'ARS).
It is straightforward to see that
tr(HtAHS) + 2tr((7—LS)tAR) = — tr(HtAHS) + 2tr((7—l5)tAU).

As A and S both denote symmetric matrices and 22 = x mod 2 for any = € Z, we have

r(R'ARS) = ZZRWAWSW mod 2.
v=1p=1

To rewrite the expression on the right-hand side in terms of matrices, we introduce the
matrix 1,, € Z™*™ that only contains 1’s as entries and obtain

e(tr(R'ARS)/2) = e(tr(SolnmAoR)/2)
— e (tr((A™ Ao Lo S0) AT) /2 = tr(SoLum AoH) /2) . O

In the following two sections, we determine how the theta series behaves under Z —
—Z~1. To put it briefly, we calculate the Fourier transform of the summand and then
apply the Poisson summation formula. We define the Fourier transform associated with
the matrix A:

Definition 2.26. Let f : R™" — C such that f € S(R™"). Then f € S(R™*")
denotes the Fourier transform

/ FU) e(te(VEAU)) dU

Rmxn
with dU the Euclidean volume element.

Note that we do not take the standard definition of the Fourier transform as a uni-
tary operator here, but rather we obtain the additional normalizing factor |det A|~"/2.
Consequently, the Poisson summation formula has the form

o orw= > ). (2.18)

Uezmxn VeA-1zmxn

In Section 2.4.1, we consider theta series associated with positive definite quadratic forms
and give a set of examples of non-holomorphic Siegel modular forms. We obtain those
results by generalizing the set-up of Freitag [Fre83]. In Section 2.4.2, we see that a sim-
ilar construction also yields theta series associated with indefinite quadratic forms that
transform like Siegel modular forms.
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2.4.1 Theta series for positive definite quadratic forms

In this section, p : R™*"™ — R is a polynomial and A € Z™*™ is a symmetric positive
definite matrix. Following Freitag [Fre83|, we first examine the series

S p(U) e(te(UtAUZ)/2) (2 € Hy). (2.19)
Ugzmxn

We consider the operator

0
trAA_Z Z aU e 57
v=1 p,p=1 g
and define
x  k
exp(ctr A ) (p(U)) = Z c—'(tr AN (p(U)) (ceC).
k=0

Since we are assuming that p is a polynomial, this sum is finite.

Lemma 2.27. The following rules hold for a,b,c € C and M € C™*™ N € C"*":

exp(atr A ) (exp(btr Aa)(p(U))) = exp((a+b)tr As)(p(U)) (2.20)
exp(ctr Ag) (p(al)) = (exp(a’ctr Aa)p)(al) (2.21)
exp(ctr Ay)(p(UN)) = (exp(ctr(NA4AN"))p)(UN) (2.22)
exp(ctr A ) (p(MU)) = <exp(ctr((aaU) MAM aaU))p) (MU) (2.23)

Proof. We derive Property (2.20) by considering the Cauchy product for the absolutely
convergent series > oo Z(atr Ax)* and 370, & (btr Ax)k. The identity (2.21) follows
immediately from (2.22), when we set N := a -1 € C"*". To show (2.22) we consider
p(UN) and apply the Laplacian. We have

n

a m
a0y, PO =303 Z Mg ),

=1 i=1 l

since

0 otherwise.

8(UN)ZZ . Ny ifl= Hy
o,

With the same argument we obtain

o2 o%p
_— UN NygNye———
09U, 00, (b g:l DU 40U e

(UN)
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and therefore

tTAA(p(UN)) = Z Z (%}(A_l)#pagw(p(UN))

— ~ N 9\t -1 9 st
= (szl@v () ), A e (5 ) ) ON)
= (tr(NAAN")p)(UN).
Rewriting the Laplacian in the sum then gives (2.22). Analogously we obtain (2.23). [

We calculate the Fourier transform of the summands in the series (2.19). To shorten
the calculation, we apply the following result by Freitag [Fre83, p.158f.], who considers
Gauss transforms: we have

/ p(U+ V) exp(—7tr(U'U)) dU = exp(tr A/4x) (p(V)). (2.24)

RmXn

Note that Freitag uses the normalized Laplace operator tr A = tr A;. In the next lemma,
we see that for arbitrary polynomials p, the functions p(U) e(tr(U*AUZ)/2) are not nec-
essarily eigenfunctions with regard to the Fourier transform:

Lemma 2.28. Let f : R™*" — C, f(U) := p(U) e(tr(U' AU Z) /2). The Fourier trans-
form of f is
F(V) =det A7V2 det(—iZ) ™2 e(— tr(VEAV Z7Y) /2)
- (exp(i tr(AAZ_l)/47r)p> (—vzZh.
Proof. We rewrite Freitag’s result (2.24) to obtain a form that is suitable for the calculation
of the Fourier transform: We substitute U by U + iV, and as we examine a holomorphic
integrand in several complex variables, we apply the global residue theorem (i.e. instead

of integrating over U one can integrate over U + iV without changing the integral) and
obtain

/ p(U) exp(—m te(U0) + 2mi te(VIU)) dU
]Ran

= exp(—w tr(VtV)) / p(U +1iV) exp(_W tr(UtU)) dU (2.25)

Rmxn

= exp(—m tr(V'V)) (exp(tr A /4m)p)(iV).
To determine

Fv) = / p(U) e(t(U' AU Z)/2 + tr(V AU)) dU,

RmMmXn

we set Z = 7Y and substitute U by A~1/20y —1/2 (A and Y are positive definite symmetric
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2 Siegel theta series for indefinite quadratic forms

matrices, so the same holds for the inverses and uniquely determined square roots):

/ p(U) exp(—m tr(U'AUY) + 2mi tr(V' AU)) dU

RTYI/XTL

= det A72 det Y /2 / p(A™V2uy—1/2)

RmXn

: exp(—w tr(UU) + 2mi tr((Al/QVY—l/Q)tU)) U

This is (2.25) evaluated at AY2VY—1/2 with a slightly changed argument in the polynomial
p. We apply (2.22) and (2.23) and use that Y is symmetric to write f as

det A™™? det Y ~™/? exp(—m tr(VtAVY_l)) (exp (tr(A4 Y_l)/47r)p) (VY.

As the integrand is a holomorphic function, we resubstitute Y = —iZ (for the inverse we
have Y ! = iZ~!) and deduce the claim by analytic continuation. O

In order to obtain an eigenfunction under the Fourier transformation, Freitag [Fre83]
chooses p to be a harmonic polynomial, i.e. (tr A)p =0 and p(UN) = det N®p(U) holds
for all N € C" ™. We consider the more general class of polynomials

pz(U) = exp(—tr(A Y1) /87) (P(U)) with P € P, (2.26)

We described the vector space P € Pa"" in Section 2.3.1, where we have also seen that the
functions p(U) := exp(— tr(A4)/87)(P(U)) with P € Ps"" form a basis for the vector
space of the solutions of D4 f = «-I- f. The slightly modified functions in (2.26) depend on
the imaginary part Y of Z, which means that we lose holomorphicity in the construction of
the theta series. However, for harmonic polynomials P, we obtain the holomorphic theta
series considered by Freitag. Note that this is basically a generalization of Borcherds’
construction for n = 1 in [Bor98|, see Remark 2.10 for a more detailed explanation.

Lemma 2.29. Let pz denote a polynomial from (2.26) and define
fz(U) :=pz(U) e(tr(U'AU Z) /2).
The Fourier transform of fz is
F2(V) =i7™/2 det A2 det(—Z )M f (V).
Proof. We apply Lemma 2.28 and then use the linearity of the trace and Property (2.20):
/ p2(U) (6 (U AU Z) /2 + tr(VEAU)) dU
RmXn
= det A™"/2 det(—iZ) "™ e(—tr(V*AVZ 1) /2)
(exp(itr(AaZ7") JAm — tr(A4Y 1) /87)P) (=VZ 1)
(

= det A™"/2 det(—iZ) "™ e(— tr(V'AVZ 1) /2)
- (exp(—tr(As (Y1 =2iZ71))/8m)P) (-VZ 1)

(2.27)

If Y denotes the imaginary part of —Z !, the identity Y = Z 'Y Z ! holds by (2.1).
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2 Siegel theta series for indefinite quadratic forms

Hence
Yy l-2iz'=y Y z-2iv)Z2 ' =Y 'Zz =z Y2y ' 2)z =z vz

The matrix Z is symmetric and therefore also its inverse Z~!, which means that we can
rewrite (2.27) as follows:

det A™"/2 det(—iZ) ™2 e(—tr(V*AVZ™1)/2)
- (exp(—tr((—Z*I)AA(—Z*I)tf/*I)/87T>P) vz

Using Property (2.22) and the homogeneity of P € P,"", we conclude that the Fourier
transform of f has the form

F2(V) = det A= det(—iZ) ™% det(—Z 1) e(— tr(VIAV Z 1) /2)
. (exp(— tr(Aa };71)/871') P) (V)
= det A72 det(—iZ)™™/% det(—Z 1) f_4-1(V).

Separating constant factors and factors depending on the determinants of A and Z, we
deduce the claim. O

This construction yields theta series that transform like Siegel modular forms:

Proposition 2.30. Let A € Z™*™ denote a positive definite symmetric matriz and p the
polynomial defined as p(U) = exp(— tr AA/87r) (P(U)) with P € Pa"". For the corre-
sponding theta series V1 i given in Definition 2.3 we have
Orpc(—Z7 1) =i ™2 det A2 det 2™/ 3 e (tr(HAK))
> Vgk,-n(Z).

JeA—lzmxn mod Zmxn

Proof. We recall the definition of ¥4 x, which is

Opi(Z) =detY /2 >~ p(UY'?)e(tr(U'AUZ)/2 + tr(K' AU)).
UeH+Zm*n

We use Property (2.22) and the homogeneity property of P to rewrite
det Y =2 p(UYY/2) = exp(— tr(A4Y 1) /87) (P(U)) = pz(U),

and analogously p_,-1(U) = det Y ~*/2p(UY/2). That means the theta series has the
form

k(2= Y {p_Z—1(U+H)
Uezmxn

e(—tr((U +H)P AU +H)Z™Y) /2 + te(KTAU + H))) }
By Lemma 2.29, the Fourier transform of the summand equals

immM2 det AT det ZM/ 2T p g (V 4+ K) e(te((V + K)PA(V + K)Z) /2 — tr(HPAV)).
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2 Siegel theta series for indefinite quadratic forms

The summands in the theta series are Schwartz functions as A denotes a positive definite
quadratic form. Hence we apply the Poisson summation formula (2.18), and obtain

19H7IC(—Z_1) = i~m/2 qet A™/2 det 7™/ 2t e(tr(HtAlC))

Z pz(V) e(tr(VIAV Z) /2 — tr(H'AV))
Vek+A-1zmxn
= 72 det A2 det 22 e(tr(H'AK))

> V7x,-#(Z),

jeAflzmxn mod ZmXxn

which completes the proof. O

Example 2.31. For m = 0mod8, we choose an even unimodular matrix A € Z™m*™,
which means in particular that det A = 1 and A~! € Z™>*™. Considering the theta series

90,0(Z) =detY ™ Y~ pUY'?) e(tr(U'AUZ)/2),
UEmen

we have 00 o(Z + S) = Y0,0(Z) for any symmetric matrix S € Z"*" by Lemma 2.25
and ¥0.0(—Z~1) = det Z™/>** 9 (Z) for a polynomial p as chosen in Proposition 2.30.
Thus, J0,0 is a non-holomorphic Siegel modular form of weight m /2 + a on the full Siegel
modular group I'j,.

2.4.2 Theta series for indefinite quadratic forms

In this section, we consider theta series associated with non-degenerate symmetric matrices
A € 7™ with signature (r, s), where s > 0. As described in Remark 2.9, we decompose
A= A" 4+ A~ by employing the matrix of normalized eigenvectors S € R™*™ so that we
obtain the associated majorant matrix M = AT — A~ and the projections U* of U into
the positive and negative subspaces of R™*" respectively. We replace the polynomials p
that were defined in Proposition 2.30 by functions of the form

g(U) :=exp(—tr Ay /8m) (P(U)) exp (27 tr(U*A™U)), (2.28)

where P € P is given as the product P(U) = Po(U™) - P3(U™) with Py € Pa"" and
Pg € Pgl’". For « — 8 = X\ + s, we know from Section 2.3.2 that these functions are
solutions of Daof = A- I - f. Of course, we can also replace g by a linear combination of
functions of this type, under the assumption that (o, 3) € NZ such that « — 8 = A + s, to
construct modular Siegel theta series. However, it is sufficient for the proof of Theorem
2.5 and simplifies the following calculations just to consider g as defined above, since
these functions in particular include the basis elements of the vector space of solutions of
Daf=Xx-1-Ff.
In analogy with the last section, we define

gz(U) := exp(— tr(AMY_l)/87T) (P(U)) exp(27 tr(UA™UY))
and
f2(U) =gz (U) e(tr(U'AUZ) /2).

For s = 0, we get back the functions from Lemma 2.29, so we use the same notation.
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2 Siegel theta series for indefinite quadratic forms

Lemma 2.32. The Fourier transform of fz(U) = gz(U) e(tr(U*AU Z)/2) is
F2(V) = i ™2 ()85 det A|72 det(— 2Ly /2 det Z ) £ (v,

Proof. We change the basis of R™ by the substitution of U +— SU to obtain a part that
depends on the first r rows of U (again, we denote this part of the matrix by U,) and one
part that depends on the last s rows of U (analogously, we denote this part by Us):

/ 9z(U) e(tr(U'AU Z) /2 + tr(U*AV)) dU

Rmxn

_ / exp(— tr(AyY )/87) (P(U))

Rmxn

cexp(2mtr(U'A™UY) + mitr(UYAU Z) + 2mi tr (U AV)) dU
= det S" / exp(—tr(AY 1) /87) (P(SU))

Rmxn

cexp (=27 tr(ULUY) + mitr(U'ZU Z) + 2mitr(U'ZS™'V)) dU

We can split up the integral, as the polynomial P factors as a polynomial dependent on
U, and U; respectively. We now apply the results for positive definite quadratic forms.
By Lemma 2.29, we obtain

/ exp(—glﬂ_ tr(<aaUr>taaUr Y1>) (Pa(Uy)) e(te(UMT, 2)/2 + tx(VU,)) dU,

R’I‘XTL
— Z'frn/2 det(_Zfl)r/2+a e(_ tI‘(VTt‘/}Zil)/Q) (229)

.exp(_;rtr«a; )taf; 17-1)> (Pa(V})-

We treat the part that depends on the negative definite subspace like an expression that
is associated with a positive definite quadratic form given by I and consider —Z € H,, as
variable in the Siegel upper half-space. Also note that by (2.1) we have

Z ' '=Z7"'22'=Z7 " Z+2v)z ' =2 422 'YZ ' =2 + 2. (2.30)

In particular, Im(Z_l) = Im(—Z1) =Y and thus we have

/ exP(‘slw “((aaUS)taaUS Y‘l)> (P3(UL)) e(= tr(U3U:Z) /2 = tx(VUs)) dU

RSXTL
— i ()P det(Z )Y e (te(VIVAZ 1) /2)

. eXp<_817T tr((a(‘?/s)ta?/; 57_1)) (P5(V3)),

(2.31)

where we evaluate the Fourier transform for —V;, and use Property (2.22) and the identity
Pg(—V;s) = (—1)P*Pg(V5) to rewrite the expression. We now consider the product of (2.29)
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2 Siegel theta series for indefinite quadratic forms

and (2.31) (we make use of (2.30) again to rewrite the exponential factor) and obtain:

/exp(—tr(AYl)/Sw)(P(SU))
R cexp(=2m tr(ULUY ) + mitr(U'ZU Z) + 2mi tr(U'ZV)) dU
= Z’—mn/Q(_l)ﬁs det(_Z—l)r/Q-i-a det?-(s/?rﬂ) exp(—(tr A?_l)/87r) (P(SV))
cexp(—mite(VIZIVZ ) - 2mtr(VAV,Y))

We evaluate this integral at S~'V to complete the proof. Without loss of generality, we
can assume that det .S > 0 and therefore write det S™ as | det A|"/2. O

Thus, we can state a more general version of Proposition 2.30 for Siegel theta series for
indefinite quadratic forms.

Proposition 2.33. Let A = a — 8 — s and let g : R™*" — R define a function from
(2.28). The theta series of the form

Opi(Z) =detY M2 N g(UYV?) e(tr(UTAU Z) /2 + tr(K' AU))
UeH+7Zm*n

transforms as follows:

D e (—271) = i7m2 (1) S2EANEBS| qet A|7/2 det 2(7=9)/2HB o (tr(HPAK))
> V7ix,-n(Z)

JGA—lszandmen

Proof. We use the same approach as in the proof of Proposition 2.30. By Property (2.22),
we have g_,-1(U) = det Y ~(@+8/2g(UY'1/2) and thus we rewrite the theta series as

(=271 = det V2037 Jg (U +H)
UEZan

e(—tr((U +H)PAWU +H)Z™Y) /2 + te(KHAU + H))) }
By Lemma 2.32, the Fourier transform of the summand equals

iTm2(—1)55| det A| T2 det 272 det (= Z) 2P gL (V + K)
e(tr((V + K)'A(V + K)Z)/2 — tr(H'AV)).

By (2.30), we have Y = Z 'Y Z~! and thus rewrite
det }75/2+ﬁ det Zr/2+a det(_7)5/2+ﬁ — (_1)(3/2+ﬁ)n det Z(rfs)/2+afﬂ det YS/2+B.
As det Y/?184,(U) = det Y ~M2g(UY/2) by Property (2.22), we have

Inpc(=Z71) = i7" et AT det 2092 e tr(HEAK))

-det Y ~? > g(VY2)e(tr(VIAV Z) /2 — tr(VEAH)).
VeK+A-1zmxn
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2 Siegel theta series for indefinite quadratic forms

Again, we write

det Y —/2 > g(VY'2) e(tr(VIAV Z) /2 — tr(VEAH))
VeK+A—1zmxn

= > Vg+x,-1(2),

j€A7 lzmXn mod ZmXxn
which completes the proof. O

Example 2.34. We obtain examples of non-holomorphic Siegel modular forms on the
full Siegel modular group if H = K = O and A is an even unimodular matrix and
additionally i""/2 (—1)(/2+8)n+8s — 1 holds. Note that an even symmetric unimodular
matrix of indefinite signature (7, s) only exists when » — s = 0 mod 8 and is isomorphic to
H} @ (£Fs)* with k = min{r, s} and £ = |r — s|/8, where Hy = ({}) and Ej represents
the equivalence class of all even unimodular positive definite matrices of rank 8 (note
that we take Eg if r > s and —Fg if r < s), see for example Husemoller and Milnor
[HMT73, p.24-26] for more details.

2.4.3 Proof of Theorem 2.5

In Section 2.3, we introduced the n x n-system of partial differential equations Dsf =
A-1 - f and determined a basis for all the solutions f that additionally satisfy the growth
condition f(U) exp(—mtr(U'AU)) € S(R™*") (see Proposition 2.23). In this section,
we have determined the modular transformation behavior of the associated Siegel theta
series ¥y i, 1,4 by explicitly calculating the transformation formulas for the generators
Z +— Z+S (see Lemma 2.25) and Z + —Z ! (see Proposition 2.33) of the Siegel modular
group. For an even matrix A and A = o — 3 — s, the theta series Y0 0,4 transforms like
a Siegel modular form of genus n and weight m/2 + A on some congruence subgroup of
I',,. This proves Theorem 2.5.
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3 Siegel theta series for quadratic forms
of signature (m —1,1)

This chapter is based on the preprint [Roe21b| of the same name, which is available under
arXiv:2106.05703. We use the same notation as in the previous chapter. However, the
matrix A is even now and has fixed signature (m — 1, 1).

3.1 Introduction

While Siegel modular forms play an important role in various areas of mathematics, such
as number theory and algebraic geometry, the number of explicit constructions is rather
limited. We can obtain interesting examples by considering Siegel theta series that are
associated with quadratic forms Q(U) = £ tr(UAU) on R™*", where A € Z™ ™ is an
even symmetric and non-degenerate matrix with signature (r,s).

If A is positive definite, we can construct Siegel theta series as follows (see [Roe21a| for
a more detailed description). We consider functions of the form p = exp(—tr A4/87)P,
where

tr A 00 (_1)lc . PN
exp(— r87rA> - kg%) (87)k k! (trAA)k with Ay = (%> A 1%7

and P : C™*" — C is a polynomial that satisfies the homogeneity property P(UN) =
det N*P(U) for all N € C™" and a fixed @ € Nyg. We define the Siegel theta series
associated with p as

0p(Z) =det Y2 3" p(UY'?) exp(mitr(U'AUZ)) (Hyn > Z =X +iY),
Uezmxn

where H,, is the Siegel upper half-space and Y/ is the square root of the positive definite
matrix Y. Then ¢, transforms like a Siegel modular form of weight m/2 + . As the ho-
mogeneity property of P is not maintained when we apply the operator exp(— tr A 4/87),
these examples are in general non-holomorphic. Only when we consider harmonic poly-
nomials, i.e. (tr A4)P = 0, we obtain holomorphic functions (see for example Freitag’s
exposition [Fre83]).

For indefinite quadratic forms it is generally difficult to construct Siegel theta series
that are holomorphic and modular. Kudla [Kud81|, however, considered quadratic forms
of signature (n,1) to construct holomorphic Siegel modular forms of genus n and weight
(n+1)/2 as the integrals of non-holomorphic theta series. We employ a different approach
and recall that we can generalize the construction above to obtain Siegel theta series for
indefinite quadratic forms that transform like modular forms (see Borcherds’ construction
[Bor98] for n = 1 and our own recent result [Roe2la| for higher n). In general, these
are non-holomorphic and choosing a harmonic polynomial P does not suffice to establish
holomorphicity.

In the present paper, we will deal with quadratic forms of signature (m — 1,1) and
find for arbitrary genus n € N holomorphic Siegel theta series that are related to non-
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3 Siegel theta series for quadratic forms of signature (m — 1,1)

holomorphic modular Siegel theta series. We obtain this construction by generalizing the
result on elliptic modular forms by Zwegers [Zwe02]. So we review some results on elliptic
theta series first.

For positive definite quadratic forms, we have Schoeneberg’s description [Sch39] for the
case that m is even and the result by Shimura [Shi73| for the case that m is odd. For
Q(u) = 3u'Au, where A has signature (m — 1, 1), Géttsche and Zagier [GZ98| introduced
holomorphic theta series, which were then modified by Zwegers [Zwe02| to construct theta
series with modular transformation behavior. Instead of defining the theta series as a
series over a full lattice in R, one sums over a suitable cone in R™ to ensure the absolute
convergence of the series. We introduce some notation to make this more explicit. We
refer to one of the components of {¢ € R™ | Q(c) < 0} as Cg and define the theta
function depending on two vectors cg,cy1 € Cg. Further, let h,k € R™, and let B denote
the bilinear form associated with ). Then the holomorphic theta series is given by

Veg,en ( Z {sgn(B(co,u))—sgn(B(c1,u))} exp(2miQ(u)z+2miB(u, k) (z € H)
u€h+7™m

and the modular theta series by

ont= X () ()

wehizm (Co _Q(Cl
-exp(2miQ(u)z + 2miB(u, k)),

where y = Im z > 0 and

E(x) = 2/; exp(—mﬂ)dv = sgn(z) — sgn(x) /OO v /2 exp(—mv)dv (z € R).

x2

Since E(xy'/?) — sgn(x) for y — oo, the theta series ¥¢y ¢, describes the holomorphic
part of 1/9\00701 and therefore we call 5::0,(;1 the modular completion of J¢ ¢ -

For signature (m — 2,2), holomorphic theta series and their modular completions were
constructed in the work of Alexandrov, Banerjee, Manschot, and Pioline [ABMP18a].
Their suggestion for a generalization to generic signature (r, s) was then explicitly carried
out by Nazaroglu [Naz18|. In a slightly different setting, considering positive polyhedral
cones, similar results were presented by Raum [WR16]. Also Funke and Kudla [FK17,
FK19| gave a general framework for the construction of non-holomorphic theta series for
indefinite quadratic forms.

From a geometric point of view, an analogue of these theta series can be constructed
as integrals of the theta forms introduced by Kudla and Millson [KM86, KM87, KM90|
(in the latter, Siegel modular forms of higher genus are also discussed). The connection
between the geometric and the classical approach was established in the aforementioned
works by Funke and Kudla [FK17,FK19] and in the special cases where s = 1,2 by Kudla
[Kud13, Kud18|.

We will employ this connection in the following when we describe modular Siegel theta
series for quadratic forms of signature (m — 1,1). This has also been done by Livinsky
[Liv16]. He deduces the connection to Zwegers’ theta series, gives a construction for
arbitrary n € N and furthermore a very explicit description of these theta series for the
case n = 2. We obtain almost the same construction for the modular version of the theta
series. However, a connection to holomorphic series is not given in [Liv16]. In contrast
to that, we determine an explicit construction of the associated holomorphic Siegel theta
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series and establish a connection between the holomorphic and the modular version. Note
that we have to assume m > n to obtain non-vanishing series.

We state the main results in more detail in the next section. There we also introduce
the notation and several important definitions that will be used throughout the rest of
the paper. Besides, we shortly recapitulate a result of [Roe2la|, which states that theta
series arising from certain functions transform like Siegel modular forms. In Section 3.3,
we construct holomorphic Siegel theta series and thus prove part (i) of the main theorem.
In Section 3.4, we consider Siegel theta series with modular transformation behavior (this
is part (ii) of the main theorem). To conclude this section, we show that the function
used in the construction of the modular series asymptotes to the function employed in the
construction of the holomorphic one, which proves part (iii). We will also see there that
for n =1 we get back Zwegers’ result [Zwe02].

3.2 Definitions, previous results and statement of the main
results

We define the Siegel upper half-space as
H, :={Z = X +iY | X,Y € R"" symmetric and Y positive definite}
and the full Siegel modular group
Tp:={M=(A8)ez? | M'JM=J}, whereJ=(9 @),
which operates on H,, by

Z v+ M(Z) = (AZ +B)(CZ + D).
The group I';, is generated by the matrices (%l Ii ), where S € Z™*"™ is symmetric, and

the matrix (g _O]") , cf. [Fre83, p.322-328|. We define Siegel theta series of the following
form:

Definition 3.1. Let H, > Z = X + Y and let A € Z™*™ be an even symmetric
and non-degenerate matrix with signature (r,s). The theta series with characteristics
H, K € R™*™ associated with p : R™*" — R and A is defined as

Ip(Z) = VnppalZ) =Y pUY'?) exp(mitr(U'AUZ) + 2mitr(K' AU)).
UeH+zm*n

Remark 3.2. (a) We have to ensure by the choice of p that the theta series ¥,, is defined by
an absolutely convergent series (which is not obvious as A is indefinite). For the modular
as well as for the holomorphic version, we will see that this is satisfied (see Remark 3.5
and Proposition 3.16).

(b) Note that we normally also have the factor det Y ~*/2 in the definition of ¥, where
the choice of A € Z depends on p, but here we will consider theta series with A = 0.

(c) As we take A to be fixed, we usually drop this parameter in the index. We do the
same for the characteristics H, IC, as they only play a role when we determine the explicit
modular transformation behavior.

In [Roe21a| we specifically constructed modular Siegel theta series of this form. In order
to do so, we split up A into a positive semi-definite part A™ and a negative semi-definite
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3 Siegel theta series for quadratic forms of signature (m — 1,1)

part A~. Further, we define M as a positive definite majorant matrix associated with A,
i,e. M = AT — A~. Then we can also write U € R™*"™ as U = UT + U, where U™ lies
in a subspace of R™*™ on which the quadratic form is positive semi-definite and U~ in a
subspace of R™*™ on which the quadratic form is negative semi-definite. In [Roe2la| we
obtained the decomposition of A by considering the eigenvectors of A. However, we can
consider any decomposition of this form, see (3.2) for the one used in the present paper.

For a € Ny, let P5"" denote the vector space of polynomials P : R™>*" —s R with the
homogeneity property P(UN) = det N*P(U) for all N € R"*™. Further, for M € ZF*#
we define My € Z*** by (My)ij = M;; for ¢ = j and zero otherwise and we use the
notation 1,,, for a matrix with n rows and m columns, whose entries are all equal to 1.

A special case of Lemma 4.2 and Proposition 4.10 in [Roe2la] is the following result,
where we choose «, f € Ny with o — f = s so that the weight is m/2. Also note that in
contrast to [Roe2la] we choose A to be even in the present paper.

Theorem 3.3. Let o, 5 € Ny with o — 8 = s. Further, let P be defined as the product
PU) = P.(UT)- P,(U™) with P, € P and Py € 77;1’" and set

tr A
81

p(U) = exp(— ) (P(U)) exp (27 tr(U*A™U)). (3.1)

Then the transformation behavior of 9, is as follows. For any symmetric matriz S € Z™*"

and K := K + HS, we have

O pcpa(Z + 8) = exp(—mitr(H'AHS) — mitr(SolpmAoH)) Z),

H,E,p,A(

and we have

Dt e pa(—Z7 1) = i7mn/2(—1)8/2HB 05| et A|="/2 det Z™/? exp (2mi tr(HAK))

Z Vg1ic,-m,p,A(Z).
jeA—IZan mod ZmXxn

Remark 3.4. We can then either take rational matrices H and K and consider these
theta series as entries of vector-valued Siegel modular forms or we set H = K = O and
obtain scalar-valued modular forms for a certain character and on a suitable congruence
subgroup of level N in T',, (where N is the level of A, i.e. the smallest N € N such
that NA~! is an even matrix). However, we restrict ourselves to the description for the
generating matrices of I',. To put it short, we just say that a Siegel theta series of this
kind transforms like a (Siegel) modular form.

Remark 3.5. For p : R™*” — R as in (3.1), the series that defines ¥, is absolutely
convergent, because the part of the expression that determines the growth is

exp(2rtr(U'A™UY) — wtr(U'AUY)) = exp(—m tr(U'MUY)),

where M = AT — A~ is the positive definite majorant associated with A described above
and Y is positive definite.

From now on we take the signature of A to be (m — 1,1). This and more notational
conventions are fixed in the following definition.

Definition 3.6. Let A be an even symmetric and non-degenerate matrix of signature
(m — 1,1). Then we define the quadratic forms @ : R™*" — R, Q(U) := %tr(UtAU)
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3 Siegel theta series for quadratic forms of signature (m — 1,1)

and @ : R™ — R, Q(u) := ju'Au with the associated bilinear form B(u,v) = Q(u +
v) — Q(u) — Q(v).

We write henceforth u; for the j-th column vector of U = (uy...up) € R™*". We
can thus write Q as Q(U) = >_7_; Q(u;) to consider the quadratic forms on the column
vectors of U.

Further, we fix an element ¢ € R with Q(c) < 0 to split A into a negative semi-definite
and a positive semi-definite part. In order to do so, we set

_ Acc'A
" 2Q(c)

and we define the corresponding quadratic forms Q~ (U) :=  tr(U'A~U) and QT (U) :=
$tr(UATU). In Lemma 3.18, we will see that indeed Q@ is a negative semi-definite
and QT a positive semi-definite quadratic form. We will also show there that if we write
U = Ut + U° by setting u;: = B;g’gg)c and u;' = uj — u;?, the part UL lies in the
subspace where @ is positive semi-definite and U in the subspace where Q is negative
semi-definite.

We recall the construction of elliptic theta series in [Zwe02| for quadratic forms of
signature (m — 1,1). One fixes one of the components in R, where @ is negative, by
taking a vector c¢g € R™ with Q(cg) < 0 and setting

and AT:=A- A" (3.2)

Co:={ueR™|Qu) <0, B(u,co) <0}.

The theta series in [Zwe02] then depend on two vectors cg,c1 € Cg. To generalize this
construction to higher genus n we need to define several similar objects:

Definition 3.7. We fix n+ 1 vectors in R, which lie in Cg, and collect them in a matrix
C:=(coc1...cn) € R™ (D With ¢; € Co C R™.

We will also consider the matrices

Cii=(co...G...cn) ER™™ (0<i<n)

where ~means that the respective column is omitted. For U € R™*" let R" 3 x; := Ut Ac;
for 0 < ¢ < n and define z; by setting

Ti = (—1)"det(zo...%;...Tpn) = (—1)idet(UtA6’i) (0<i<mn). (3.3)

We use these T; to define an absolutely convergent and holomorphic theta series. For
the definition of a modular version we consider an n-simplex in R™ that is defined as
follows:

Definition 3.8. We define the n-simplex

Sn = { zn: tici
1=0

Remark 3.9. (a) Up to a sign the integral of a certain n-form over S, is independent
of the explicit parameterization of S,. So we will only fix a parameterization when we
explicitly evaluate the integral.

t;>0forall0<i<n and Ztizl}.
=0
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3 Siegel theta series for quadratic forms of signature (m — 1,1)

(b) We have S,, C Cg: By definition we can write any ¢ € S, as ¢ = > jt;c; with ¢; > 0
for all 0 <4 <n and E?:o t; = 1. As not all ¢; vanish, we have

n

1 n
Qec) = 3 Z tit; B(cs,cj) <0 and B(e,co) = ZtiB(Ci,CO) <0,
i,j=0 =0

thus ¢ € Cqg.
(c) Sy is a compact set in R™, because it is closed and bounded.

We establish a connection between the holomorphic and the modular versions of the
theta series. For this purpose we need to transfer the concept of a modular completion
that we know for elliptic modular forms to higher genus n.

Definition 3.10. Let Y € R™*™ denote a positive definite symmetric matrix. Then all
diagonal entries of Y are positive. When all the entries on the diagonal simultaneously
go to infinity, we define this as ¥ — oo. If we have a modular theta series ¥, and a
holomorphic theta series 9, for which g(UY1/2) — f(U) for Y — oo holds, we then say
that 9, describes the holomorphic part of ¥, and on the other hand 9, is referred to as
the modular completion of ;.

The main theorem we are going to prove is the following:

Theorem 3.11. (i) For

ol 4sgn(T) o 1—sgn(d)
o= =l—7"-11——"
i=0 i=0
the theta series 9y is absolutely convergent and holomorphic in Z € H,.
(i) Let
g(U) = g% (U) := /(—Q(c))”/2 exp(2m tr(U'AU)) /\ B(uj,de).

S j=1

Then the theta series ¥4 transforms like a Siegel modular form of weight m/2.
(i1i) We have g(UY'Y?) — f(U) almost everywhere for Y — co.

Remark 3.12. (a) We define the function f in order to describe the holomorphic part of
g as good as possible with a relatively simple function. By definition, f is locally constant
and evaluates to 1 or 0 almost everywhere. We see in Proposition 3.22 that the same
holds for g(UY'/2) for Y — oo. Further, f(—U) = (=1)"f(U), as sgn(det((—U)tAé’i)) =
(=" sgn(det(UtA@)) for U € R™*"  and we also have g(—U) = (—1)"g(U), which can
be deduced immediately from the definition of g. Although f and g occur to have similar
properties, ¥ does not exactly describe the holomorphic part of ¥4(Z) for Y — oo. In
Remark 3.23, we outline a more precise description of the holomorphic part of ¥J,.

(b) In order to obtain non-vanishing functions f and g, we must assume m > n, so we
make this assumption throughout the rest of this paper. From Lemma 3.13, it immediately
follows that this is a necessary condition so that f does not vanish identically. The same

holds for g: the column vectors u;- of U lie in an (m — 1) - dimensional subspace of R™,

so for n > m we have for all U € R™*" linear dependencies among the n vectors uj'

Using the fact that the wedge product is a distributive and alternating map, we deduce
that the n-form /\;L:1 B (uj‘, dc) vanishes identically and thus in particular g.
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3 Siegel theta series for quadratic forms of signature (m — 1,1)

3.3 Holomorphic Siegel theta series

In this section, we construct theta series of genus n associated with indefinite quadratic
forms of signature (m—1, 1) that are holomorphic. For this purpose, we consider the locally
constant functions f described in Theorem 3.11(i). As in Zwegers’ work [Zwe02], we show
that the choice of f restricts the summation in the definition of the theta function 9 to
a component in R”*™ on which the indefinite form is bounded from below by a positive
definite quadratic form.

For z; as in (3.3), we define this component as

Ca:={UeR™"|;>0foral0<i<n or 7 <0foral0<i<n,

where in both cases not all Z; vanish}.

By definition, f(U) = 0 for U ¢ Ca, as either Z; = 0 for all 0 < i < n, or both summands
vanish since there exist i,j € {0,...,n} with ; > 0 and z; < 0, so the support of f lies
in C4. Even if C4 is large, the corresponding theta series might vanish but at least we can
exclude choices of C for which C4 is the empty set and thus f = 0. For n = 1, this is done
by choosing two linearly independent vectors cg and c¢;. For higher genus n, we show in
the next lemma that the matrix C should have full rank, i.e. the n 4+ 1 column vectors
are linearly independent (as we assume m > n, we can always choose that many linearly
independent vectors).

Lemma 3.13. If C = (cgci ... cy) does not have full rank, C4 is empty.

Proof. If cg,c1,...,¢n € R™ are linearly dependent, we can write without loss of gen-
erality co = Y ;" ; Nic; for \; € R. We determine Zj, for k € {1,...,n}, substituting
rog — Z?:l )\iwi:

Tp = (—1)F Z)\i det(.’ni T1...Tk. ..mn) = (—=1)F), det(mk T1...Tp... .'L'n) = —\,Z0.
i=1

For U € Ca, T and Ty are both non-positive or both non-negative, so we either have
A <0 or 7o = 2 = 0. If the latter case holds for any k, all Z; (0 < i < n) vanish, which
contradicts our definition of C4. So we have A\ < 0 for all k € {1,...,n}. But since

0 > B(co,co) = Z)\,B(co,ci), where B(cg,¢;) <0 forall 1 <i<n,
i=1

not all Ax can be non-positive. Hence C4 is the empty set. O
We use the following statement to construct positive definite quadratic forms:

Lemma 3.14 ([Zwe02, Lemma 2.6]). Let cg,ce € Cq be linearly independent. The
quadratic form

B(cg, ce)B(ck,v)B(ce, v)
4Q(cr)Q(ce) — B(ck, ce)?

2—,6 :R™ — R, QZ,Z('U) =Q(v) +

1s positive definite.

For U € C4 we have:
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Lemma 3.15. For any column vector wj of U € Ca, there exist k,{ € {0,...,n} such
that

sgn(B(ck, uj)) # sgn(B(ce, uj)).
Moreover, ¢ and cg are linearly independent.

Proof. Let v € R™. We calculate the determinant of the (n + 1) x (n + 1)-matrix
(C'Av C'AU) = (C*'Av C'Auy ... C'Auy,) (3.4)

by expanding along the first column and obtain

det (C*Av C*'AU) = Z(C’tAv)l.Hfi = ZB(CZ-,'U)EEZ-.
i=0 i=0

For v = u; the determinant vanishes, as (3.4) has two identical columns, i.e.

Z B(c;,uj)z; = 0.

1=0

For any U € C4, we cannot have B(c¢;,uj) = 0 for all ¢ € {0,...,n}, since otherwise the
j-th row of U'AC}, is zero, which implies 7y = 0 for all k € {0,...,n}. If B(ci,uj) >0
for all i € {0,...,n}, the expression Y !, B(¢;, u;)T; would be strictly positive (resp.
negative) since Ty > 0 (resp. T < 0) for all k € {0,...,n}, where at least one inequality
is strict. With the same argument, we exclude the case B(c¢;, uj) < 0 for alli € {0,...,n}.
Hence there exist k,¢ € {0,...,n} with sgn(B(ck,Uj)) # Sgn(B(Cg,u]')).

We note that any linearly dependent column vectors ¢ and cg admit the same sign: Let
A € R such that ¢ = Aeg. Then B(ceg, ce) = AB(ck, cg) holds. As we have B(cg,cp) <0
and B(ck, cx) < 0 for ¢, ce € Cg, the factor A is strictly positive, hence sgn (B(cz, uj)) =
sgn(AB(ck, uj)) = sgn(B(ck, uj)). O

We use Lemma 3.14 and Lemma 3.15 to construct holomorphic theta series.

Proposition 3.16. The series defining 9 is absolutely convergent. Moreover, ¥y is a
holomorphic function in Z € H,,.

Proof. We have f(U) =0 for U ¢ C4 as noted above. For U € C4 we obtain:

1 ifz; >0 forall0<i<n,
—1 ifz; <0 forall0<i<mn,

fU) =

oF=n=1 if 7. >0 for k values in 0 < i < n and 7; = 0 otherwise,

—ok=n=1 it ¥, < 0 for k values in 0 < i < n and 7; = 0 otherwise.

Since only the values U € C4 contribute non-vanishing terms, we split up C4 in smaller
components. In each component, the expression tr(U*AU) is bounded from below by a
positive definite quadratic form built from the quadratic forms Qlj, , that were introduced in
Lemma 3.14. For a fixed u;, we apply Lemma 3.15 and take k, ¢ with sgn(B(c;muj)) =+
sgn(B(ce, ujz)), so Bleg,uj)B(eg,uj) < 0. Since cx,ce € Cg and these vectors are
linearly independent, we have

B(cg, ce)
4Q(ck)Q(ce) — B(ck, ce)?

>0
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3 Siegel theta series for quadratic forms of signature (m — 1,1)

and thus Q(uj) > Q;’g(uj) Considering Q(U) = >_7_; Q(u;), the quadratic forms Q;’g
give a lower bound for each u; and thus also a bound for U € C4. Note that in general
we have to take different forms Q,Jg ; for each column vector. As' Y € R™*" is a symmetric

positive definite matrix, the square root Y1/2 € R™*" ig uniquely determined and positive
definite. The set C4 is invariant under the substitution U +> U = UYY? and we find
for every column %; of U a lower bound in terms of a positive definite quadratic form as
before. Hence,

’exp(m’ tr(UtAUZ))| = exp(—mtr(U'AUY)) = exp( 271'2@ U )

is bounded from above by the sum of positive definite quadratic forms Q:, , that we choose
for all column vectors i; independently. We split up the sum over U € C4 N Z™*™ in
finitely many sets, according to the quadratic forms Qk y, that give a lower bound for
Q(U). Thus, the series is absolutely convergent. Since f is locally constant (the points of
discontinuity are given by the matrices in H + Z™*" with z; = 0 for some i € {0,...,n}),
the series 9 is holomorphic in Z. O

Remark 3.17. We give a specific formula for f here, but we can replace f by any locally
constant function that is zero for U ¢ C4 to obtain a holomorphic theta series.

This shows part (i) of Theorem 3.11. In the following section, we construct certain
functions g (depending on the choice of C') such that ¥, has modular transformation
properties. We will see that g(UY'/2) — f(U) almost everywhere for Y — co.

3.4 Siegel theta series with modular transformation behavior

In [Roe2la| we have constructed theta series ¥, that transform like modular forms by
considering a certain family of functions g, which we described here in Theorem 3.3. A
crucial attribute of these functions is that we can split up ¢ in two factors where one
depends on a subspace of R™*™, on which the quadratic form is positive semi-definite,
and the other on a subspace where the form is negative semi-definite. In the following,
we first determine explicitly how we split up the quadratic form for matrices of signature
(m—1,1). Then we show that we can apply the result of [Roe21a] to deduce the modular
transformation behavior of the theta series.

In the next lemma, we show that @ is positive semi-definite on U+ = (u7" .. uTJ;)

negative semi-definite on U¢ = (u§ ... uf).

and

Lemma 3.18. For Q : R™*"™ — R, we have the decomposition Q = Q* + Q~, where
Q™ is positive semi-definite and Q™ negative semi-definite. Moreover, QT(U) = Q(U™)
and @~ (U) = Q(U°).

Proof. By the definition of A~ in (3.2), we immediately obtain

n
ZB(C, uj)? <0 forall U € R™". (3.5)
j=1

Q-(U) - tl“<UtAcctAU> _ 1

4Q(c) 4Q(c)
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Since AT = A — A, we have

QHU) = %tr(UtAU) - tr<UtACCtAU>

4Q(c)
n 1 n
= ;Q(ug’) " 100 ;B(& uj)’ (3.6)

- 1Q(0)Q(uy) — Ble,u)?
2 1Q(e) |

The numerator of each summand represents the determinant of the Gram matrix

(siesy o)

For linearly independent vectors ¢ and wj, the quadratic form @ has signature (1,1) on
spang{c,u;}, i.e. the Gram matrix has negative determinant. For linearly dependent
vectors ¢ and wj, we obtain zero. As Q(c) < 0, we thus see, using (3.6), that QT (U) >0
for all U € R™*". Note that Q" (U) = 0 holds if and only if every column of U is a
multiple of c.

The negative semi-definite part @~ only depends on U¢. This follows immediately when

we use the identity Q(u§) = Bflg?g))z :
1 - 1
Q" (V) = j50g 2= Blewi)® = 3 Q) = 5 u((U)AU7) = Q)
=1 j=1

Then the positive semi-definite quadratic form QT only depends on U™, i. e. the part of U
that is perpendicular to ¢, because Q(u;) = Q(uj‘) —I—Q(u;?). Thus we have Q = QT +Q~
with QT(U) = Q(U+) and Q~(U) = Q(U°®). O

Before we prove the remaining parts (i) and (iii) of Theorem 3.11, we recall Zwegers’

construction [Zwe02] for the case n = 1, as that makes clear how we choose the set-up for
higher genus n. We merely give the function h that defines ¥y, here:

Definition 3.19 (|Zwe02, Definition 2.1]). Let cp,c1 € Cg C R™ and define

h(w) = ho (4) = E(ﬁ%) - E(ﬁ%).

Kudla [Kud13] and Livinsky [Liv16| showed that the corresponding theta series 9, can
be constructed as integrals of the theta forms introduced by Kudla and Millson [KMS86,
KM87]. We do something similar here, that is we show in the next lemma that h is
obtained by integrating a certain 1-form over S7. To this end, we have to choose an
explicit parameterization of S1, here we consider

S1 = {tC() + (1 - t)Cl ’ tc [0, 1]}

Lemma 3.20. We can write h as

B(e, u)2> B(ut,dc)

h(u) = 2/31 exp <7T Q0 ) with de = (dcy, ..., dey)".
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Proof. Note that

0 3}
%B(c, u) = Au and %Q(c) = Aec.

Since u = ut + gg:(:)) ¢, we obtain

ﬁ( B(c,u) ) Auy/—Q(c) + AcB(e, u)(2 \/7) Aut
)

s\ o Qo) Q)
Hence
0 B(c,u)\  Aut _/ Blcu)y , Aut B(c,u)?
2" (o) = vt Veaw) ~veae e )

so the total differential of E with regard to c is the exact 1-form

B B 2\ B(ut,d
dE(M) _9 exp(w (c,u) ) (u”, de) (3.7)
—Q(c) Q(c) —Q(c)
We integrate both sides of (3.7) over S; to finish the proof. O

We transfer this construction to Siegel theta series of generic genus n € N by considering
the integrand of the function A from Lemma 3.20 for each column vector u; of U and taking
the wedge product over all j = 1,...,n to obtain an (exact) n-form that is integrated over
the n-simplex S,.

Note that this is an explicit realization of the theta forms 0 s for arbitrary signature
valued in closed differential forms that were constructed by Kudla and Millson [KMS86,
KM87,KM90|. The next proposition is a result that was also shown by Livinsky [Liv16]
in his Ph. D. thesis (based on an unpublished manuscript by Kudla [Kud13|): he defines
@% u as the integral of the closed n-form @y over the simplex A (which is S, in our
notation) and thus constructs a non-holomorphic Siegel modular form.

We make a similar construction but instead of using the connection to the theta forms
O, we show that we obtain functions that we already know from [Roe21a], which also
shows that the Siegel theta series that we obtain are modular.

Proposition 3.21. The theta series 9, transforms like a Siegel modular form of weight
m/2.

Proof. We recall that the integrand of g is
(—Q(c))_n/ exp(2mtr(U'A™U)) /\ u ,dc).

Now we first consider the wedge product and write the bilinear forms as sums. Using the
distributivity of the wedge product, we obtain

/\ ( Z (Auj)kjdckj) = Z (Auf‘)kl s (Aui‘)kndckl VANRAN dckn-

Jj=1 “kj=1 ki,..kn=1

As we have dci, A ... ANdey, = 0if k; = k; for any ¢ # j and dcg, A ... ANdey, =
sgn(a)dcka(l) Ao A dcka(n) for any permutation in the symmetric group o € S, this
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expression equals

Z < Z sgn(o) H(Auj‘)ka(j)> deg, N\ ... Ndcg,,.
j=1

1<ki<ko<...<kn<m “c€Sn,

We observe that the part in brackets is the determinant of the matrix

(Aud)p, (Aug)y, - (Aub),
((Aug)y,),; = (A, (Auzde - (e | i cnncgcm, (39
(Aul)e, (Aud)e, - (Aud),

which is a square submatrix of maximal size of AU+ € R™*". We use multi-index notation
to rewrite this. Let

K::{k:(lﬁ,...,kn)EN”|1§k1<k2<...<k‘n§m}

and for A € R™*™ let us denote by Ag € R™*" the square submatrix that consists of the
rows determined by k. So (3.8) can be written as (AU )y, for k € K. Obviously, P (U) :=
det ((AU™)k) has the homogeneity property Pi(UN) = det N - P, (U) for N € C™*", with
the degree of homogeneity being 1. Applying the Laplacian tr Aj; means differentiating
twice with regard to every row, so a function with the determinant-like structure of P
and degree 1 will necessarily vanish under this operator, i.e. (trAp;)Pr = 0. So P
is harmonic and we simply have exp(— tr Ay;/87)(Pk(U)) = P(U). Further, we note
that P only depends on a subspace of R™*" where the quadratic form @Q is positive
semi-definite.
By Lemma 3.18, we have

exp(2rtr(U'AU)) = exp(4nQ~(U)) = exp (47 Q(U")),

Rm)(n

so the exponential factor solely depends on a subspace of on which @ is negative

semi-definite. Thus the integrand of g has the form

(—Q(C))_n/2 exp (47 Q(U®)) Z det((AU*)g) der,  with deg, = deg, A ... Adey,, (3.9)
keK

which is a function as described in Theorem 3.3. Using the notation of this theorem, we
have a function where P, is a harmonic polynomial of degree &« = 1 and Ps = 1 (and so
has degree = 0). So the associated theta series transforms like a Siegel modular form of
weight m /2.

In Remark 3.9, we observed that S,, C Cg holds and that S, is compact in R". Hence
the points in S,, do not accumulate near the boundary of Cg, i.e. where Q(c) is almost
zero. So the summands of the theta series associated with (3.9) are rapidly decaying
functions and we can integrate termwise over \S,, to obtain 9,. The modular transformation
properties are preserved as they are independent of the choice of C. Thus 9, is well-defined
and transforms as a modular Siegel theta series of weight m /2. 0

In the definition of ¥, we consider g(UY'/2) instead of g(U), where Y denotes the
imaginary part of Z. We are interested in the behavior of the theta series for large values
of Y. For n = 1, it is clear that we consider the imaginary part y € Rsg as large,
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when y — co. We recall that in Definition 3.19 the error function E was considered,
where E(xy'/?) — sgn(z) for y — co. For arbitrary genus n € N, we gave a generalizing
definition of Y — oo in Definition 3.10. We show in the next proposition that g(UY1/?)
asymptotes to the locally constant function f(U) for Y — cc.

Proposition 3.22. We have g(UY'/?) — f(U) almost everywhere for Y — occ.

Proof. Using identity (3.5) we can write the integrand of g as

uj-, de

exp (o 3 Bleug?) A\ Dol
p<Q(c) ;B( ’ J) )]/\1 —Q(c) .
We substitute

B(c,u
v UtAc (e;u1)

1 :
- VRE VO | g,

C, un)

In the proof of Lemma 3.20 we have shown that

0 ( B(e,u) ) _ Aut

0e\\/=Q(e))  /=Qle)’
1
so the differential of v; = Lg(j)) with respect to c is easily seen to be dv; = B\;LQ’(CIC)).
— C — c

We can thus write g as

/exp(—ﬂ(v% +...+ Ui)) dvy A ... A doy,

Xn

where (for z; = Ut Ac;)

L toxo + 1121 + ... + Ty
o=
\/—Q(toco +tie1+ ...+ tncn)

ti>0forall0<i<n and Ztizl}.
i=0

We describe this integral depending on whether U is in C4 or not. If
11 .1 o
det = E T; 3.10
(x() 1 ... wn) i—0 ‘ ( )

vanishes, we have U ¢ C4, as either all Z; vanish or there occur Z; and z; that have
different signs. Moreover, considering the left-hand side of (3.10), the vectors xo, ..., Tn
are linearly dependent, and so the vertices ;//—Q(¢;) (0 < i < n) form a simplex whose
dimension is strictly lower than n. But when integrating an n-form over this simplex, the
integral takes the value zero.

If (3.10) does not vanish, we have 0 € X, if and only if U € C4, which is a direct
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consequence of Cramer’s rule: the system of n + 1 linear equations

to 1

1 1 ... 1 th 0
<:E0 r1 ... a:n> -
tn 0

has a unique solution (tg,t1,...,t,) € R**! with ¢; > 0 for all 0 < i < n if and only if
T = (—1)'det(zo... ;... 2n) (0<i<nm)

are all non-negative or all non-positive. If z; = 0 for any i € {0,...,n}, the zero vector is
located on the boundary of X,,.

For U € Cy4, we also determine the orientation of X, in R™. Let the canonical basis
{e1,...,en} of R™ represent the equivalence class of positive orientations in R"™. We
consider the unit simplex with the vertices 0, ey, ..., e, that we can also write as

n
Tn::{(tl,...,tn)eR” t;>0foralll<i<n and 27;51}.
i=1

This simplex has a positive orientation in R™. When we consider a diffeomorphism between
T, and any other n-simplex in R™, we can thus determine whether this orientation is
preserved (then this simplex also carries the positive orientation in R™) or reversed. Setting

{x0+ztz z_xO

we consider the diffeomorphism

ti>0foralll <i<n and th<1}
=1

803Tn_>X7/17 t:(tl,..., '—)$0+Zt —:L‘O

We denote the differential of ¢ by Dy and observe that det (Dgo(t)) is independent of t
and — adding an extra column and row — equals

1
det(a:l—mo o — Lo ... mn—wo):det< 0 0 )
rg L1 —LQg ... Ly — I

When adding the first column to each of the other columns, we observe that we obtain
the expression in (3.10), so the determinant of Dy is strictly positive if z; > 0 for all
i € {0,...,n} and strictly negative if z; < 0 (in both cases at least one of the inequalities
is strict, as U € C4). Up to a normalization, this is X,,, which we can write as

To + > i ti(zi — o)
\/—Q(Co + i ti(ei — co))

n
ti>0foralll <i<n and Ztigl
i=1

X, =

Since S, C Cgq as observed in Remark 3.9, we have \/ Q(co + >0 tiles — co)) > 0,

so the orientation of X, and X, agree. We make a final substitution, which does not
change the orientation: we substitute U — UY /2 for Y = Im Z, which means that we set
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3 Siegel theta series for quadratic forms of signature (m — 1,1)

Z; = Yl/Qmi and integrate over

. toXo + t1 & co X ”
o 0w0—|— 1$1+ + nLn tlzoforauogzgn and Ztl:l
\/—Q(tOCO +tici+ ...+ then) =0

instead of X,,. As Y is positive definite and symmetric, so is its square root Y1/2. Since
det Y1/2 > 0, the property that 0 € X, if and only if U € C4 is still maintained. While the
integrand is still the same as before, the set X, also depends on Y/2. Now we determine
how X, changes when we consider Y — 00, so first we observe which property the square
root of Y necessarily satisfies for large Y.

We have defined Y — oo as Yj; — oo for all j € {1,...,n}. By definition of Y'/2 we
have Y = YY/2.Y1/2 which means that the j-th diagonal entry is Yii=>1_4 ((Yl/Q)jl,)Q.
So when Y — 00, in each row of Y1/2 the absolute value of at least one entry tends to
infinity. Thus, every entry of &; tends to oo and as the vertices of X,, expand outwards,
the object we obtain depends on the location of 0 in relation to this simplex.

For any U such that 0 ¢ Xn, the set is shifted away from 0. As the integrand decays
fast for large values of v € R", the value of the integral and thus the whole expression
g(UY/?) tends to zero. By the definition of f, we also have f(U) = 0 for U ¢ Cy4, so
g(UY/?) = f(U) for Y — oo here.

If 0 is an interior point of )v(n, the simplex asymptotes to R™. But we know that we
have

/exp(w(v% +... +’U721)) dvi A ... Ndv, =1,
RTL

when the canonical basis {e1, ..., ey} fixes a positive orientation in R”. Thus g(UY/?) —
+1 for Y — oo, where the sign depends on the orientation of the original n-simplex X,
in R™ that we described above: the sign is positive if 2; > 0 for all 1 < i < n and negative
if z; <0 for all 1 <7 <n. When Z; are strictly positive or negative for all i € {0,...,n},
this is exactly the definition of f for U € C4. So g(UY'/?) = f(U) for Y — oo almost
everywhere. The limit of g(UY/2) may differ from f(U) when 0 is a boundary point, but
the values of U for which this holds form a null set in R™*"™. O

In the following remark, we give a short description of g(UY/?) for Y — oo for the
case that 0 is a boundary point of X,.

Remark 3.23. Let 1 < n’ < n. When for exactly n’ values Z; = 0 holds, the zero vector
is located on an (n — n/)-face of X,. If n/ = 1, this is a facet of X,,, so the value of g
approaches +1/2. In this case, we actually see that this agrees with the value of f(U), as
Z; = 0 holds for exactly one i € {0,...,n}.

For n’' > 2, the area that we obtain by intersecting X,, with the (n’ — 1)-dimensional
unit-sphere is called the solid angle Q. Then g asymptotes to /A, where A, is the
surface area of the unit-sphere. Again, the sign reflects the orientation of X,, (resp. Xn)
in R™, as described in the previous proof.

Considering the solid angle that depends on the exact position of 0 in the simplex, one
could determine an exact formula for the holomorphic part of ¥,. However, the resulting
function will look extremely complicated (for n = 2 one could for example use the result
in [Liv16]), so we used the holomorphic function f, which has a much simpler form.

In this section, we have thus shown the second and third part of the main theorem: By
Proposition 3.21, the theta series in Theorem 3.11(ii) transforms like a Siegel modular form

67



3 Siegel theta series for quadratic forms of signature (m — 1,1)

of genus n and weight m /2. Part (iii), giving us the connection between the holomorphic
version and the modular version of the theta series, follows by Proposition 3.22.

Acknowledgments. The author would like to kindly thank Sander Zwegers
for suggesting the topic, as well as providing a lot of insightful advice.

68



Bibliography

[ABMP18a
[Bor9g]
[Fre83)|
[FK17]

[FK19]
[GZ98]

[Kud81]

[Kud13]
[Kud18]

[KMS6]
[KMS7]

[KM90]

[Liv16]
[Naz18]
[Roe21al
[Sch39]

[Shi73]
[WR16]
[Zwe02]

S. Alexandrov, S. Banerjee, J. Manschot, and B. Pioline, Indefinite theta series and general-
ized error functions, Sel. Math. New Ser. 24 (2018), no. 5, 3927-3972.

R. Borcherds, Automorphic forms with singularities on Grassmannians, Invent. Math. 132
(1998), no. 3, 491-562.

E. Freitag, Siegelsche Modulfunktionen, Grundlehren der mathematischen Wissenschaften
254, Springer-Verlag Berlin Heidelberg, 1983.

J. Funke and S. Kudla, Mock modular forms and geometric theta functions for indefinite
quadratic forms, J. Phys. A: Math. Theor. 50 (2017), no. 40.

, On some incomplete theta integrals, Compos. Math. 155 (2019), no. 9, 1711-1746.

L. Gottsche and D. Zagier, Jacobi forms and the structure of Donaldson invariants for 4-
manifolds with by = 1, Sel. Math. New Ser. 4 (1998), no. 1, 69-115.

S. Kudla, Holomorphic Siegel modular forms associated to SO(n,1), Math. Ann. 256 (1981),
517-534.

, A note on Zwegers’ theta functions, unpublished note (2013).

, Theta integrals and generalized error functions, Manuscripta Math. 155 (2018),
no. 3-4, 303-333.

S. Kudla and J. Millson, The theta correspondence and harmonic forms. I, Math. Ann. 274
(1986), no. 3, 353-378.

, The theta correspondence and harmonic forms. II, Math. Ann. 277 (1987), no. 2,
267-314.

, Intersection numbers of cycles on locally symmetric spaces and Fourier coefficients
of holomorphic modular forms in several complex variables, Publ. Math. THES 71 (1990),
121-172.

I. Livinsky, On the integrals of the Kudla-Millson theta series, Ph.D. Dissertation, Toronto,
2016.

C. Nazaroglu, r-tuple error functions and indefinite theta series of higher-depth, Commun.
Number Theory and Phys. 12 (2018), no. 3, 581-608.

C. Roehrig, Siegel theta series for indefinite quadratic forms, Res. Number Theory 7 (2021),
no. 3.

B. Schoeneberg, Das Verhalten von mehrfachen Thetareihen bei Modulsubstitutionen, Math.
Ann. 116 (1939), no. 1, 511-523.

G. Shimura, On modular forms of half integral weight, Ann. Math. 97 (1973), no. 3, 440-481.
M. Westerholt-Raum, Indefinite theta series on cones, preprint, arXiv:1608.08874 (2016).
S. Zwegers, Mock Theta Functions, Ph. D. Dissertation, Utrecht, 2002.

69



4 Theta series for quadratic forms of
signature (n —1,1) with (spherical)
polynomials

This chapter is based on the manuscript [RZ21] of the same name, which is available under
arXiv:2102.09329 and accepted for publication in the International Journal of Number
Theory. This project is joint work with Prof. Dr. Sander Zwegers and my share of the
work amounted to 50%.

Note that the notation differs from the previous chapters, as we deal with elliptic mod-
ular forms, so we fix the genus n = 1, and from now on n is the dimension of the matrix
A, which defines the quadratic form. Also, we do not use bold print for vectors as it will
be more obvious from the context when we consider vectors.

4.1 Introduction

One of the few known general constructions of holomorphic modular forms is via theta
series: if @) : R® — R is a positive definite quadratic form, which is integer-valued on the
lattice Z", and P : R™ — C a spherical polynomial of degree d, then the theta series

Og.p(7) = Z p(g)qQ(é) (¢ = 2T Tm(r) > 0)
Lezn

is a (holomorphic) modular form of weight n/2 + d (on some subgroup of SLa(Z), with
some character; see [Sch39, Ogg69| for the case that n is even and [Shi73| for the case that
n is odd). If for example we take n = 4, Q@ = || - ||> and P = 1, then the theta function
O©¢,p is modular of weight 2 on I'g(4). Writing this theta series as a linear combination
of Eisenstein series we obtain Jacobi’s four-square theorem, which gives a formula for the
number of ways that a given positive integer m can be represented as the sum of four
squares:
{eeZ' |G+ GB+6+06=m}=8 > d
d|m,4)d

For indefinite quadratic forms the situation is more complicated, because the sum
> vezn P(0) ¢9® doesn’t converge. However, there are several ways to remedy this and
attach theta functions to indefinite quadratic forms. For example one can use majorants
(see [Sie51]) to obtain non-holomorphic modular forms.

In [Vig75,Vig77] Vignéras gives a nice general construction for indefinite theta functions:
if @ is a non-degenerate integer-valued quadratic form on Z", and p : R — C is a
function that satisfies certain growth conditions and the differential equation Dp = dp,
where d € Z and )
4
with & := Y"1 Uia%i the Euler operator and A = Ag the Laplace operator for @, then

D:=&—-—A,
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4 Indefinite theta series with (spherical) polynomials

the theta series

OQp(1) =y~ > pty'?)g?"  (y =Tm(r))

ez

is a (non-holomorphic) modular form of weight n/2 4+ d. Note that both the construction
for positive definite quadratic forms and Siegel’s construction ([Sie51]) are a special case
of Vignéras’ result.

Another way to obtain indefinite theta functions is to restrict the sum over the full
lattice to the sum over a cone. In |[GZ98| Gottsche and Zagier construct such indefinite
theta functions for the case that the signature of @ is (n — 1,1). The slightly modified
definition of these functions is: let () be an integer-valued quadratic form of signature
(n —1,1) on Z™, let B be the bilinear form associated to @, let c¢1,ca € C := Co U Sg
with Cg one of the components of {¢ € R" | Q(c) < 0} and Sg the set of cusps of Cg,
and let a € R(c1) N R(c2), b € R, where R(c) is R" if ¢ € Cg and {a € R™ | B(c,a) € Z}
if ¢ € Sg, then

02(r) == Y {sen(B(c1,0)) —sgn(B(cy, 0)) } ¢? e BED),
lea+2Zm

These functions are holomorphic and their Fourier coefficients can easily be computed.
In the case that c1,cp € Sg it is shown in [GZ98] that they are in fact modular. For
c1,c2 € Cg the function ©, 1’ % is in general not modular, only for special choices of a,b
and c1,c € Cg (see [And84] and [Pol01] for examples). Note that for signature (1,1)
such modular © ali, % are related to the indefinite theta functions constructed by Hecke in
[Hec25, Hec27].

In [Zwe02] the second author showed that we can remedy the non-modularity of O,
by considering a slightly modified version: for ci,co € Cg define

C17C2

Seicap oy . B(c1,0) 12\ f Bleas ) 190\ o) 2riBes)
C) = F|——=— | ——= )
ot ") ee%:Zn{ ( —Qlen)” )5 —Qer)” )y

where
E(z) := 2/ =™y = sgn(z) — sgn(z)/ u2e ™ . (4.1)
0 22

In [Zwe02] it is shown that G)Cl’ is modular of weight n/2 (alternatively, one could use the
methods from [V1g75 V1g77] to simplify the proof), but in general it is not holomorphic.
We can view @Cl’ ? as the modular “completion” of @Cl’cz. One application of these
indefinite theta functlons is that one can use them to study the modular behavior of
Ramanujan’s mock theta functions (see [Zwe02]). Further, in certain special cases one has
@lefz = @le;CQ, which explains the modularity of ©¢"; in these cases. Note that recently,
analogous constructions have been found for quadratlc forms of general signature: see
[ABMP18a| and [Kud18| for signature (n — 2,2), and [WR16|, [Naz18| and [FK19] (in
chronological order) for the general case.

The aim of this paper is to generalize the results from [Zwe02] for quadratic forms of
signature (n—1,1) to include (spherical) polynomials. For this we actually construct three
versions for the theta function attached to a homogeneous polynomial: a holomorphic,
an almost holomorphic, and a modular version. By giving a criterion for the almost
holomorphic and the modular version to agree, we obtain a construction of theta functions
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4 Indefinite theta series with (spherical) polynomials

for quadratic forms of signature (n — 1,1) which are almost holomorphic modular forms.
The restriction to spherical polynomials then yields holomorphic modular forms.

4.2 Definitions and statement of the main results

For the rest of the paper, we assume that the quadratic form @ has signature (n — 1,1)
and is integer-valued on Z™. We let A denote the corresponding even symmetric matrix
(so Q(v) = 1v'Av) and let B be the bilinear form associated to @: B(u,v) = utAv =
Q(u+v) — Q(u) — Q(v). Since @ has signature (n — 1,1), the set of vectors ¢ € R"
with Q(c) < 0 has two components. If B(cy,c2) < 0, then ¢; and ¢z belong to the same
component, while if B(ci,c2) > 0 then ¢ and ¢z belong to opposite components. Let Cg
be one of those components. If ¢g is in that component, then Cg is given by:

Co:={ceR"|Q(c) <0, B(c,co) <0}
We normalize the elements of C such that Q(c) = —1 and set
Co:={ceR"|Q(c) = -1, Blc,cp) < 0}.

Definition 4.1. Let f : R® — C be a homogeneous polynomial of degree d and let
c1,c2 € Cg. We define the holomorphic theta series associated to @ and f by

Qe[ f](1) = Z {sgn(B(cbg)) —sgn(B(cg, L }f Q(Z
Lezm

For the corresponding almost holomorphic and non-holomorphic versions we also need:

Definition 4.2. Let A = Ag := (%)tA_la% denote the Laplacian associated to @ (we
omit @ in the notation, as we take it to be fixed). We set

o k n
—A/87 . (=D & _ 9 _ 0
c ‘ Z(Sw)kk‘!A’ dei=cy, ;Clavi

and for a homogeneous polynomial f : R” — C of degree d we define f:: e 2/57 f and

(-1 k k7
pelf](v) == Z yPSTON E®(B(c,v)) - 0Ff(v).

Definition 4.3. Let f : R® — C be a homogeneous polynomial of degree d and let
c1,c2 € Cg. We define the almost holomorphic theta series associated to @ and f by

62 [f](r) ==y~ " {sgn(B(c1,£)) — sgn(B(cz, )} F(Ly"/?) @ .
ez

Further, we define the corresponding non-holomorphic theta series by

O [f)(r) =y~ > {p [y ?) - p 1ty ) } 20
Lezn

Remark 4.4. (a) According to Lemma 4.14, v — e~ 279@) (pc1[f](v) — p[f](v)) is a
Schwartz function. This ensures the absolute convergence of the sum defining ©2[f].
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In the proof of Lemma 4.14 it is further shown that for any polynomial P we have
[P(0) e (sgn(B(e1, v) — sgn(B(ez,v)))| < 2|P(v)| 7>,

where QT is a positive definite quadratic from. This directly gives us the absolute con-
vergence of the sums in the definition of ©°<2[f] and of ©°¢1<2[f].

(b) For a homogeneous polynomial f of degree d, AFf is zero (in particular for k > d/2)
or a homogeneous polynomial of degree d — 2k. Therefore, the degrees of the monomials
in f have the same parity as the degree of f, and y —d/2f (fyl/ 2) is a polynomial of degree
< d/2 in 1/y. Thus we can view Qcie [f] as a polynomial of degree < d/2 in 1/y with
holomorphic coefficients. Such functions are called almost holomorphic of depth < d/2,
so @c1.e2 [f] denotes an almost holomorphic theta series of depth < d/2. Further, ©¢-“2[f]
is the “constant term” of ©¢1: [f] (viewed as a polynomial in 1/y).

We denote by N the level of A, thus the smallest N € N such that NA™! is an even
matrix. To describe the modular transformation behavior of ©°2[f] for a congruence

subgroup of level NV, we introduce the character y which is defined as follows (see Theorem
2 in [Vig77]):

Definition 4.5. Let (—) denote the Kronecker symbol. For v = (‘é S) € T'o(N) we set

= (=1)"2de an = or n even
x(7) = (%)m(’y) with {D (-1)""det A and v(7) = 1 f ’

=2det A and v(y) = (5) (—4) "2 for nodd.
Theorem 4.6. The theta function CEES [f] transforms as a modular form of weight n/2+d

and character x on T'o(N): we have

ar +b
ct +d

&) (E0) = (o) for + e i)

forally=(2%) € To(N).

In order to construct almost holomorphic and holomorphic modular forms, we consider
the automorphism group, which leaves the quadratic form @), the lattice Z™ and the choice
of the component Cgp unchanged:

Definition 4.7. Let
Aut™(Q,Z") := {g € GL,(Z) | *Ag = A, B(gc,c) <0 for all c € Cy}.

Theorem 4.8. Let I be a finite set of indices. For all i € I let f; be a homogeneous
polynomial of degree d and let g; € Aut™(Q,Z"). Under the assumption that

> (fi= fiog) =0,

el

Z@C gic Z@c gzc

el el

the theta function

is an almost holomorphic cusp form of weight n/2 + d, depth < d/2 and character x on
Lo(N). Further, it doesn’t depend on the choice of ¢ € Cg.
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Remark 4.9. Since ©“°[f] is the “constant term” of Qe ez [f], we get that the cor-
responding holomorphic theta function ), ; ©“9°[f;] is a quasimodular form (with the
given weight, depth, character and subgroup). For more details on almost holomorphic
modular forms and quasimodular forms see for example Section 5.3 in [Zag08|.

Definition 4.10. We call a polynomial f : R" — C spherical (of degree d) if it is
homogeneous (of degree d) and vanishes under the Laplacian, i.e. Af = 0.

Remark 4.11. If f is spherical of degree d, then we have f = e A/87f = f and
Y2 F(eyl/?) = y=4/2f(0y1/2) = f(). Hence the holomorphic theta function ©°<2[f]
and the almost holomorphic theta function Qcre2 [f] agree. This observation immediately
leads to the following corollary to Theorem 4.8.

Corollary 4.12. Let I, f; and g; be as in Theorem 4.8, with the additional condition that
fi is spherical for all v € I. Under the assumption that

> (fi— fiog) =0,

el

Z Q%9ic Z Q59

el el

the theta function

is a (holomorphic) cusp form of weight n/2 + d and character x on T'o(N). Further, it
doesn’t depend on the choice of c € Cg.

Remark 4.13. Since E is odd, we get p [f](—v) = (=1)T1p°[f](v). Hence if the degree
d of f is even, we trivially have that Qerez [f] is identically zero. Similarly, Qe [f] and
©2[f] also vanish. In this case, non-trivial results can still be obtained by introducing
characteristics a,b € Q™ and setting

@Z;il;cz [f] Z {pcl 1/2 co [f] (eyl/Q)}qQ(f) eQm‘B(f,b)’
Lea+Zm

and similarly for the holomorphic and the almost holomorphic versions (as was done in
[Zwe02|, where the case d = 0 is considered). Analogously, one can include periodic
functions on Z", that is, functions m : Z™ — C such that there is an L € N for which we
have m(¢ + ¢') = m(¢) for all £ € Z™ and all ' € LZ™, and consider

0“2 [m, fl(r Z {sgn (c1,0)) —sgn(B(co, L }m Q)
LeZm
961762 [m f =Y —d/2 Z {Sgn 017 - Sgn 627 }m 1/2 Q(E)a
Lezn
&2 fm, 1)(7) =y {1 ~ 570 ) ()20
Lezn

With a slight generalization of Vignéras’ result one can show that Qe [m, f] again trans-
forms as a modular form of weight n/2 + d, but the subgroup and the character now also
depend on the choice of m. We omit the details. Theorem 4.8 and Corollary 4.12 then
generalize to: for all ¢ € I let m; be a periodic function on Z", let f; be a homogeneous
polynomial of degree d, let ﬁ =m; - f; and let g; € Aut™(Q,Z"). Under the assumption
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that ZZGI( — f;0g:) =0, the theta function
Z @c 9y, f;] = Z 0%9:[my, fi]
i€l el

is an almost holomorphic cusp form of weight n/2 + d and depth < d/2. If we further
assume that f; is spherical for all ¢ € I, then

D65 my, fi] = Y O [my, fi] = Y 0°%[f]
i€l i€l el

is a (holomorphic) cusp form of weight n/2 + d.

4.3 Proof of Theorems 4.6 and 4.8, and Corollary 4.12

To prove Theorem 4.6 we’ll use the results from [Vig75, Vig77|, for which we have to show
that the function p := p“[f] — p®[f] satisfies the necessary growth conditions (Lemma
4.14) and the differential equation Dp = dp (Lemma 4.15).

Lemma 4.14. For ci,cp € Cg and f, p°[f] as in Definition 4.2

v e (p[f](v) — p2[f)(v))
is a Schwartz function.

Proof. If ¢; and ¢y are linearly dependent, the expression p®[f](v) — p?[f](v) vanishes,
thus we assume that they are linearly independent.

Since p°[f] is the finite sum of C™°-functions, v — e =272 (pe1[f](v) — p°2[f](v)) is also
a C>-function. To show that it is a Schwartz function we begin by sphttmg p°[f](v) as
the sum of E(B(e, ))f( ) and

~ (D

— — (k) ORI

— Z ()R E%)(B(c,v)) - 07 f(v). (4.2)

k=1

We have E'(B(c,v)) = 2¢~™B(e)* and with induction we can easily sce that for all k € N
we can write E®) (B(c,v)) as a polynomial (in v) times e~™3%)°  Hence we can write
e~ 2R 5e[ f](v) as a polynomial times e~ 27Q<(*) where Q.(v) := Q(v) + $B(c,v)% Since
Q. is a positive definite quadratic form (Lemma 2.5 in [Zwe02]), v + e~ 2™Qc(®) js g
Schwartz function and hence so is v — e_QWQ(A”)'ﬁC[ fl(v). What remains to be shown is
that v = e 2" @W[E(B(c1,v)) — E(B(c2,v))] f(v) is a Schwartz function. Since f is a
polynomial, we actually only need to show that v — e 2 QW) [E(B(cy,v)) — E(B(c2,v))]
is one. By induction on the total number of derivatives we can easily see that any higher-
order partial derivative of e=2" QW) [E(B(cy,v)) — E(B(ca,v))] is of the form

Po(v)e >0 (E(B(c1,v)) — E(B(c2,v)))
+ P1 (U) e—27rQ(U)e—7rB(Cl,U)2 _ PQ('U) e—Qﬂ'Q(’U)e—ﬂ'B(CQ,’U)2’

where Py, P; and P, are polynomials. By the same argument as before, the expression
Pi(v) e~ 2mQ) ¢=mB(ei0)” ig g Schwartz function, so it suffices to show that for any polyno-
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mial P
|P(v) e ™) (B(B(c1,v)) — E(B(c2,v)))| (4.3)

is bounded on R"™. For this we use more or less the same arguments as in [Zwe02|: rewriting
E as in (4.1), an upper bound for the expression in (4.3) is given by the sum of the three
expressions

|P(v) ) e~ 2@ sgn(B(ci,’U))ﬂ(B(cl-,v)2)‘, (1=1,2) (4.4)
where () := [ uwY2e "y, and
|P(v) e 2mQ) (sgn(B(c1,v)) — sgn(B(cz,v)))|. (4.5)

Considering (4.4), we use 0 < B(x) < e ™ for € R>g to find
|P(0) €220 sgn(B(cs,v)) B(B(ci, 0)?)] < |P(o)]e~2m), (46)

where the last expression is bounded on R" (as before).
Obviously, (4.5) vanishes if sgn(B(c1,v)) sgn(B(cz,v)) > 0 holds. For linearly in-
dependent vectors ¢1,c; € Cg we can check (Lemma 2.6 in [Zwe02|) that QT (v) =

Q(v) + %B(cl,v)B(c%v) is a positive definite quadratic form. As ¢1,¢2 € Cg,

we have B(ci,c2) < 0 and ¢, ¢ span a subspace where @) is of signature (1,1), thus
the determinant of (]328?013) BQ(C;E;))) is negative, i.e. 4 — B(cy,c2)? < 0. Hence, for
sgn(B(c1,v)) sgn(B(c2,v)) < 0 we have Q(v) > Q1 (v) and so

‘P(U)eﬂwQ(v) (sgn(B(c1,v)) — sgn(B(CQ,v)))‘ <2 ‘P(v)|e*2”Q+(”)

)

where 2|P(v)]|e= 2727 () is bounded on R™.
Thus we have shown that the expression in (4.3) is bounded, which completes the
proof. O

Lemma 4.15. For f, f and p°[f] as in Definition 4.2, we have Df: d]/f\ and Dp°[f] =
dp°[f]-

For the proof we need:

Lemma 4.16. We have De 2/87 = ¢=2/87E . Further, the differential operators D and
OF (k € Ny) satisfy the commutator relation [D, %] = —kok.

Proof. One can easily check that [, A] = —2A and [D, 9.] = —0, hold, which by induction
generalize directly to [€, AF] = —2kAF and [D, 9¥] = —kd¥ for all k € Ny. Further,

—A/87r Z 5 Ak]
k:O
> I X (—1)F A
k - k+1 _ 2 —A/8w
Z —2RAT) = 47 Z (8m)kk! A an’
k:() k=0
and so De A/8T — ¢=A/8mg. OJ

Proof of Lemma 4.15. Since f is homogeneous of degree d, it satisfies £f = d f and so
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Lemma 4.16 gives
D]/C\: De—A/87rf — 6—A/87rgf — de—A/Sﬁf — df

Further, we have

DOEf = 0Df — koL f = (d— k) OLf
and a direct computation gives
E(E(B(c,v))) = 2B(¢,v)e ™" and  A(E(B(c,v))) = 87B(c,v)e PV,
Hence we find D(E(B(c,v))) = 0 and
DO (E(B(c,v))) = 05D (E(B(c,v))) — k0¥ (E(B(c,v))) = —kd¥(E(B(c,v))).
Since 9% (E(B(c,v))) = (—=2)*E®)(B(c,v)), this yields
D(E®(B(c,v))) = —kE®(B(c,v)).
For the product of two functions we have

df10f2
9 O, 61)]'

DUy f2) = Dfi fo+ fi-Dfs = 5= D3 (A7)

i=1 j=1

Setting f1(v) = E®)(B(c,v)) and f = 8f]? gives

n n B 8f Bf 8 —~
D G g = 30 DA (A0 B (B v) 50 6 T0)

i=1 j=1 =1 j=1

= Z EF (B 0) ey 04 F(w) = EED(B(e) - 0 Flw
and so
D(EW(B(e,0)) -85 F(0)) = (d—2k) BO (B(e,0)) -0k Flv) — o BED(Ble, ) -0 Flo).
Hence
DpFIfi) = ,io =20 B (e, ) - 0 F) — 5B (Bl ) -5 )}

d (—1k (k) k7 c
= dY o BP(B(e,w) - 96 F(0) = dpelf)(0),

~

where we have used that 99*! f(v) = 0. To prove this last identity we observe that if f is

7



4 Indefinite theta series with (spherical) polynomials

homogeneous of degree d, then 9, f is homogeneous of degree d — 1. Hence 9%+ f = 0 and

SO
adﬂjz‘: ad+1efA/87rf — efA/871-8d+1f -0

This finishes the proof. O

Proof of Theorem 4.6. We set p = p°[f] — p®[f]. According to Lemma 4.14, v —
e~2mQW)p(v) is a Schwartz function. Further, it follows directly from Lemma 4.15 that p
satisfies the differential equation Dp = dp. Hence we can apply Theorems 1 and 2 from
[Vig77] to get the desired result. O

As is usual in the theory of theta functions, we additionally introduce the characteristic
A in the dual lattice (Z")* = A7'Z" to be able to study the modular transformation

properties of Qe [f] in more detail.

Definition 4.17. Let A € A7!'Z" and let f and ¢, ¢y be as in Definitions 4.1 and 4.3.
We define

@i1,62 Z {sgn Cla sgn 02, }f
LeEX+TZ™
O [f)(r) =y~ * > {sgn(B(cr. ) — sgn(Blea, 0))} F(Ly'/?) g%,
LeEX+TI™
OS2 f)(r) =y~ Y O )(ey) - p2 ()} g
Lex+17m

Remark 4.18. Since these definitions depend only on A modulo Z", we will consider A
to be in the finite set A~1Z"/Z".

The modular transformation properties for the generators 7" and S of I'y := SL(Z) we
immediately get from (1) and (3) in [Vig77|. Note that there is a typo in (3), which we

have corrected here (e2™BM#) is missing).

Lemma 4.19 (Vignéras |Vig77|). The theta functions with characteristic satisfy
85 f)(r + 1) = 2O B 1)(r),

Sr1r)(-1ym) = (imprrs LI 5 amsn g

V | det A| MEA*lZTL/Z’VL

Using these we’ll show:

Lemma 4.20. For all v € I'y we can write Oerez [an/ercﬂ as

S ey,

AEA—1Zn )7n
where @, 1 ATIVZ )7 — C satisfies o 0 g = ¢y for all g € Aut™(Q,Z").

Remark 4.21. (a) We can easily check that left-multiplication with g € Aut™(Q, Z") is
a bijection from A~1Z"/Z™ into itself. Hence for a function ¢ on A=1Z"/Z" po g is also
a function on A=1Z" /7"

(b) In [Sch39] and [Shi73] explicit formulas are given for the coefficients ¢, (\) for the case
that @ is positive definite. Similar formulas hold for the indefinite case, but these are not
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given explicitly in [Vig77]. Considering the pair (A~1Z"/Z", Q) as a finite quadratic mod-
ule, one could give an exact formula for the matrix coefficients of the Weil representation
associated with (A~1Z"/Z" Q) by applying Strémberg’s result (Theorem 6.4 in [Str13]).
This gives an explicit formula for ¢, () for d = 0, which can then be modified for arbitrary
d. However, for our purposes it suffices to know that the coefficients ¢, satisfy ¢, 0g = ¢,
for all g € Aut™(Q,Z").

Proof of Lemma 4.20. We say that a function is of the right form if we can write it as

ST e ey,

NEA—1Zn I

where ¢ o g = ¢ holds for all g € Aut*(Q,Z"). We first observe that Qce [f] is of the
right form: we have

erefl= Y e\,

AEA—1Zn 70

with p(A) = 1 if A = O0modZ"™ and 0 otherwise. Indeed we have p o g = ¢ for all
g € Aut™(Q,Z"). Further, it follows from Lemma 4.19 that if & is of the right form, then
SO are h|n/2+dT and h‘n/2+dS:

h‘n/?—i—d Z p(A) @?702 /] |n/2+dT
NeA-17Zn /70
= > ewemevete = Y (W) e,
)\GA_IZ"/Z" )\EA_IZ”/Z"
h‘n/Q-{-d Z QD()\) @ihc? [f]|n/2+ds
AeA—1Zn /7m
( )n/2+2d+1

_ Z ( Z e27riB()\,/4) @thz [f]
AEA—1Zn /Zn V| det A peA-1Zn jzn

= Y wwerelr,

pEA=1Zn I
with @1 () := () e?™RN and

» (—iyn/2 241 §)n/2+2d+1 Z 2w ()
wa(p) := e TP p( ).
V| det A AeA—1Zn )70

Since we assume p o g = ¢ for all g € Aut™(Q,Z"), it follows directly that we also have
piog=; (i=1,2) for all g € Aut™(Q,Z") (for i = 2 replace (\, i) by (g, gu) and use
part (a) of Remark 4.21).

Since the group I'y is generated by T and S, and Qcez [f] is of the right form, it now

follows that ©<12[f]| .~ is of the right form for all € T'. 0

’n/2+

Remark 4.22. From these computations we also see that the coefficients ¢, () don’t

depend on the choice of ¢1, co. Further, they do depend on the degree d of f, but not on
f itself.

Proof of Theorem 4.8. The key to the proof is that under the assumption that ), (fi —
fiogi) = 0 is satisfied, the modular theta series ) ., @C’gic[fi] and the almost holomorphic
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theta series ), ; @C’gic[ fi] coincide. In fact, we will show that more generally we have

DO IE e 17 I SOV I ) (4.7)

iel, \eA—1zn /7n iel, \eA—1zn /7n

if pog = ¢ holds for all g € Aut™(Q,Z"™). As in the proof of Lemma 4.14, we split p°[f](v)
as the sum of E(B(c,v)) f(v) and p°[f](v). Further, we split E by using (4.1). Together
this gives

P If) () — p2[f1(v) = {sgn(B(c1,v)) — sgn(B(ez,v)) }f(v) + 5 [f](v) — 52[f](v), (4.8)
where
PLfl(v) = p°[f](v) — sgn(B(c,v)) B(B ( v)?) f(v).

In the proof of Lemma 4.14 we have seen that v +— e=2"Q)3¢[£](v) is a Schwartz function
and from (4.6) we get

|27 sgn(B(c, v)) B(B(e,v)?) f(v)] < | f(v)| e,

where Q). is a positive definite quadratic form. Hence for ¢ € Cg

I =y~ Y w1fey )

LENT™

converges absolutely. With (4.8) we thus obtain
O 2[f] = OS2 [f] + 05! [f] — 952 (). (4.9)

Now let g € Aut™(Q, Z"). We can easily check A(fog) = (Af)og, which gives fog = f/o\g,
and (9%.f) o g = 0F(f o g). Using these in the definition of p°[f] (equation (4.2)) and of
p°[f] we find pP°[f](gv) = p°[f © gl(v) and p?°[f](gv) = p°[f © g](v). Replacing (c, A, ¢) by
(gc, gA, gf) in the definition of ¥§[f] then gives

P = 951F o g]. (4.10)
Using (4.9) we find
Yoo e El= Y (eSS
i€l, \e A1z /7™ i€l Ne A= J7m
+ > (M) ISLSfi] = > (M) IL[fil-
€, Ne A= 7 i€l \e A=l J7n

Replacing A by g;), assuming ¢ o g = ¢ for all g € Aut™(Q,Z"), and using (4.10) we get

S el = > elaNSIE = Y. (N USlfio gl

AeA—1Zn )70 AEA—1Zn )70 AEA-1Zn /7n
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and so we obtain

DD OV LN D SO O VR GV /)

iel, \eA—17n /7m i€, \eA—17n /7

= > e[ fieg] =0,

NEA-17Zn /7 icl

which proves (4.7).
We have already seen in the proof of Lemma 4.20 that we can choose ¢ as ¢(\) =1 if

A = 0modZ" and 0 otherwise, which gives that the modular theta series ) . ; (f)c’gic[fi]

and the almost holomorphic theta series ) . ; @qgic[ fi] agree, thus we obtain an almost
holomorphic theta series of depth < d/2 with the desired transformation behavior.

In the Fourier expansion of @31’02 [f] only positive powers of ¢ occur, as the quadratic
form @ is bounded from below by a positive definite quadratic form Q* on the support
of {sgn(B(c1,0)) — sgn(B(CQ,E))}J?(EyI/Q) (as shown in the proof of Lemma 4.14). Us-
ing (4.7), Lemma 4.20, Remark 4.22, and again (4.7) we can write for any v € I'; the
function )., @Cvgic[fi]‘n/ﬂdy as a linear combination of (:)f\’gic[fi] and thus we have a

Fourier expansion with positive powers of ¢ in any cusp (where the Fourier coefficients
are polynomials of degree < d/2 in 1/y). This shows that ). ; (3079”[]%] = el ocsie]f;]
is an almost holomorphic cusp form of depth d/2 with the given modular transformation
properties.

Exactly as in the proof of p%¢[f](gv) = p°[f o g](v) we also have p9¢[f](gv) = p°[f o g](v).
Replacing (c1, ¢2,¢) by (gci1, gea, gf) in the definition of Qe [f] hence gives

Grenaa(f) = & f o g
for all g € Aut™(Q,Z"), and so for ¢,c’ € Cg we have
04[] — 899 [f] = 6°[fi] — €% [f] = O°[£] = 6°7 [fi0 i) = 6°[fi — fi 0 g,
where in the first step we used the trivial identity
(p°1Fi] = L) = (W71 = 0" 1)) = (°1F] = p° () = (L] = p"“[£i]).
Summing over all ¢ € I then gives

el = 3 641
iel i€l

which proves the last part of the theorem. O

Proof of Corollary 4.12. The result follows immediately from Theorem 4.8 and Remark
4.11. O

4.4 Explicit examples

Finally, we give explicit examples which can be constructed by using the main results of this
work. We already obtain a vast variety of nice examples for low dimensions. Considering
some quadratic forms more thoroughly, we can also make statements about the number of
different modular forms we might get (see Example 4.25) and give a general construction
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for specific quadratic forms of level 4N (see Examples 4.27 and 4.28). If possible, we
identify the theta series as eta quotients and define as usual n(7) := ¢"/?* [0, (1 — ¢")
and 1y (1) :=n(MT). Note that we don’t actually prove these identities, we only verified
them by computing the first 1000 coefficients in the Fourier series. For the proof one
would have to use results on eta quotients (as for example in [GH93|) to determine the
exact modular transformation behavior, as well as determine the corresponding Sturm
bound (see [Stu87] for modular forms of integral weight and [KP14| for modular forms of
half-integral weight).

Studying binary quadratic forms of signature (1,1), we do not seem to obtain any
interesting examples when we include spherical polynomials of degree d > 0. For d = 0
though, we can introduce for i € I periodic functions m; and choose g; € Aut™ (@, @2) and
polynomials f; such that the functions f; = m;- f; satisfy the assumption ) . ;(fi—fiog;) =
0 in Remark 4.13. We begin this section by giving some very simple examples for this case
choosing I = {1} and f; = 1.

Example 4.23. Let Q(v) = v{ + 5vjva + v3. We take g = (% §) € Aut™(Q,Z?) and
c= \/% (_52) € Cg. As a periodic function m : Z? — C with m o g = m we choose

mio) = (50

where (_—3) is odd and has period 3. In this way we find the modular theta series

Z {sgn(f1) +sgn(42)} <_3> q€%+5£1£2+g%7
(€72 0+l

which we identify as 4n37m21. Note that this is also an example given in [Pol01]|, where a
similar construction yields a big number of modular forms associated to indefinite binary
quadratic forms. We can also transfer our construction to other quadratic forms, for
instance Q(v) = v} + 6v1v2 + v3, so that we obtain the theta series

—4
> {sen(f1) + sgn(f2)} <> o0t
tez? 01+ Lo

which equals 4ngn6.

So for signature (1, 1) we obtain examples (some of which are already known) by employ-
ing periodic functions and the homogeneous polynomial f = 1. However, we will now have
a look at quadratic forms of signature (2, 1), and here we will take (spherical) polynomials
of higher degree to obtain a new interesting set of examples. We'll first give two examples,
where we can immediately apply Theorem 4.8 and Corollary 4.12. In the first of those
we will basically determine all pairs of homogeneous polynomials satisfying the condition
of Theorem 4.8, hence providing many cases where we obtain almost holomorphic cusp
forms of weight 3/2 + d. To make this more precise we consider the following lemma.

Lemma 4.24. Let Q : R?> — R be a quadratic form of signature (1,1) and let g €
Aut(Q,R?) with detg = 1 and g # +I. Let d € N be odd and let Uy C R[z1,x2] be the
vector space of homogeneous polynomials of degree d. Further, let U, be the endomorphism
of Ug given by Vy(f) := f — fog. Then ¥, is an automorphism of Uy.

Proof. Over R we can split ) as the product of two linear factors: Q = hy - ho, where
this decomposition is unique up to the order of the factors and multiplication by a scalar.
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Since @ o g = @, we thus have

h1 og :)\hg, hl cg :/\hl,
or
haog =A"thy, haog = A"thy,

with A € R*. The first situation cannot occur, since then the matrix of the linear map
Uy — Uy, h — h o g with respect to the basis {hy, ha} of U; would be (9\ )‘61 ), which
has determinant —1. However, with respect to the canonical basis the matrix is g%, which
has determinant 1. Further, in the second situation we have A # +1, since A = +1 would

imply g = £+, which we have excluded. So we have
hiog=MAhi  and  hoog=A"lthy,

with A € R* and A # +1. With a suitable change of variables we can write any f € Uy
as a homogeneous polynomial of degree d in hy and ho, that is as a linear combination of
the monomials h?lhg"" with a1 + oo = d. For such monomials we then have

Wy (5 h5) = (L= X0 g,

where 1 — A*17%2 £ 0, since A # +1 and a1 # ag (o) + a2 = d is odd). For the inverse
we have

1
1— Jor—a

so it follows directly that W, is an isomorphism. O

w0 ) = nge,

Example 4.25. Let Q(v) = v? + 4v3 — 202 and fix ¢ =

the matrices

(_81) € Cg. Further, we pick

Sl

and go =

N O W

1 0 4
g=10 1 0
0 0 3

T woo

0
3
4
from the automorphism group Aut™(Q,Z3). For arbitrary odd degree d we construct ho-
mogeneous polynomials f; and fo such that the condition Z?Zl( fi — fiogi) = 0 from
Theorem 4.8 is fulfilled. We start by noting that we can directly eliminate certain poly-

nomials which will necessarily give vanishing theta series: if f; is odd in the first variable
v1, then we have

{sgn(vs) — sgn(—4ve + 3v3)} f1(v) = —{sgn(vs) — sgn(—4v2 + 3v3)} f1(v)

under the substitution v; — —wv;. Therefore, we assume that fi is even in v; and hence
so is fi — f1 0 g1. Similarly, we assume that fo and fo — fo 0 go are even in vg. Thus we
are looking for polynomials f; and fo for which f; — fi 0o g1 = —(fa — f2 0 g2) is in the
vector space V; of homogeneous polynomials of degree d that are even in both v; and vgy
(and odd in v3). We note that dim Vy = (d + 1)(d + 3)/8.

The idea now is that we can start with any polynomial f € V; and use Lemma 4.24 to
construct a unique polynomial f;, which is even in vy and satisfies fi — fi 0o g1 = f: we
write f(v) as >, v¥¥py(va, v3), where py is a homogeneous polynomial of degree d — 2k.
Then ), v%k(\llil (pk))(v2, v3), where g1 = (3 %), satisfies f; — fiog; = f. Similarly, there
exists a unique polynomial fo, which is even in vy and satisfies fo — fo 0 g9 = —f. This
way we obtain a vector space of dimension (d + 1)(d + 3)/8 of solutions (f1, f2) satisfying
the condition Z?Zl(fl — fiogi) =0 from Theorem 4.8.
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We now go a step further and assume that f is spherical and consider the corresponding
polynomials f; and fs. Since fi is even in vy, so is Af;. Further, we have A(f; 0 g1) =
(Af1) o g1 and so we get

(Af1)) = (Afi)og1 =A(fi — fiog1) =Af =0,

which by Lemma 4.24 and our previous construction yields Af; = 0. Similarly, we also
have Afs = 0. Hence we have shown that if f is spherical, then so are fi; and fs.
Further, the map Aly, : Vj — Vy_o is surjective, which one can easily check by using
that A(v{0520$?) is a linear combination of v 205205, v{ 052 2033 and v v§2vgs 2,
together with induction on oy + ap. Therefore, the kernel of Aly, has dimension dim V; —
dim Vy_9 = (d+1)/2, and so we obtain a vector space of dimension (d+ 1)/2 of spherical
solutions (f1, fo) satisfying the condition Z?Zl( fi — fiogi) =0 from Corollary 4.12.

For d = 1 the vector space V; is one-dimensional and is spanned by f(v) = 2v3. The
corresponding polynomials f; and fo are easily determined to be fi(v) = —2v2 + v3 and
fa(v) = v1 — vs3. Since they are spherical, we obtain the following holomorphic cusp form
of weight 5/2 on I'g(16):

2
1=

2
6°0<(f](r) = > O fi)(r)
=1

1

= > {sgn(B(c,0)) —sgn(B(gic, 0))} f1(0)g?"

Le73
+ > {sen(B(c,0)) —sgn(B(gzc, 0))} f2(£) %
Le73
= Z {(sgn(ls) — sgn(—40y + 3(3)) (—2(5 + £3)
Lez’

+ (sen(ls) — sgn(—201 + 3£3)) (41 — £3)} q9O

We identify this theta function as the eta product 4n3n4n3.
For d = 3 the vector space V3 has dimension three. In Table 4.1 we list a possible basis
of polynomials f, together with Af and the corresponding polynomials f; and fs.

[ Af f1 f2
vivy | ws Fv3(—20s + v3) Loy (3v — 4vs)(v1 — v3)
v3v3 %vg 1—141)2(3112 — 2v3)(—2v9 + v3) %v%(vl — v3)

vi | =3y | — (803 + dvovs — Tvd)(—2v2 + v3) | —35(20% + 20103 — Tv3)(v1 — v3)

Table 4.1: Basis elements f of V3 and the corresponding polynomials f; and fo
In all three cases the corresponding theta function Y7, Cf)c’gic[ fil = Y2, ocsie[f)]

is an almost holomorphic cusp form and the holomorphic theta function ) ;7 ; ©%9%¢[f;]
is a quasimodular form of weight 9/2 and depth 1 on I'g(16). We can identify these
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quasimodular forms as

;77(27)277(47)77(87)2 (Ga(r) = 5Ga(2r) + 10Ga(87) — 24G5(167) +4 W}

-2 n(2r)(ar)n(sr)?

- (Ga(7) = Ga(27) = 2G5 (47) + 26G5(87) — 24G(167) + 4%)

and
% 17(27')217(47')77(8T)2(G2(2T) + 3G (47) + 4G2(8T)),

where Ga(7) 1= —2; + .00, 01(n)¢" is the quasimodular Eisenstein series of weight 2
and depth 1.

From Table 4.1 we can directly construct two linearly independent spherical solutions:
for the spherical polynomial f(v) = (v — 4v3)vs we have
Tvi — 1205 +8vgv3)(—2v2 +v3) and  fo(v) 3v} —4vyv3 —28v3) (v —v3).

filw) = = =

The corresponding holomorphic theta function Z?Zl ©9:¢[f;] is a modular form of weight
9/2 on I'y(16) and equals

2 nra(arin(sr)?

- (Ga(r) = 3G (27) — Ga(47) + 18Ga(87) — 24Ga(167) +4 W)

For the spherical polynomial f(v) = (3v} + 1203 + 4v3)v3 we have

1

fi(v) = ﬁ(Zlv% + 403 — 40v9v3 + 280v3) (—2v2 + v3),
1

fo(v) = ﬁ(v% + 8403 + 28v3 — 20v1v3) (v1 — v3).

The corresponding holomorphic theta function is again modular and equals

—gn(QT)Zn(élT)n(&')Q (G2(27) — 4G5 (47) + 4G2(87)).

Example 4.26. Considering the twelve diagonalized quadratic forms of signature (2,1)
and level 24 and choosing spherical polynomials of degree 1, we already obtain eight
different eta quotients of weight 5/2. We list possible choices of @, g; and f; and the
corresponding eta quotients that Z?:l @C’gic[ fi] evaluate to in Table 4.2 (we omit the
quadratic forms which lead to the same eta quotients). As in Example 4.25 one could
generate many (almost) holomorphic cusp forms of weight 3/2+d by constructing suitable
homogeneous polynomials of higher degree d.

Just like for quadratic forms of signature (1, 1), we obtain further examples for quadratic
forms of signature (2,1) if we modify the polynomials in the theta series by introducing
an additional periodic factor as described in Remark 4.13.

Example 4.27. Let Q(v) = v? + v3 — NvZ, where N € N is such that 2NV is not a perfect
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4 Indefinite theta series with (spherical) polynomials

Q 5 € AU (Q,7) et 1 Ol

° 138, 00l
ot et 20t o= (138).0n= () | ) oy | s/
v + 203 — 302 glz(é‘%%),m:@gé) ggg:;ﬂi;v& g3/ (m2m3nis)
ot o202 = (138) 0= (310) | oy =y | s
v} + 205 — 63 91:<é%§)a92:<§21§> ﬁﬁifﬂﬁz% P nsia/ (angnsy)
vt 4603305 | o= (149) e = (380) |0 220 | st/ )
st +0 =18 | gr= (159) 0= (300) | oy —mr v | e/ o)
200 +63 33 | g = (§49) o2 = (B08) | To00) 220200 | i )
wt ot 28 [ = (14).0= (1) | o) S| et

Table 4.2: Eight different cusp forms of weight 5/2 on I'g(24)

square. As matrices in the automorphism group Aut*(Q,Z?) we choose

[y
—_

-1 0 0 1 0 0 1l 22l Ny
g=10 10], g=[|0 -10 and g3= | = Ny,
0 0 1 0 0 1 Y Yy T

where (x,y) is an integer solution to the Pell equation z? — 2Ny = 1. We take the
spherical polynomials fi(v) = Syvs + L2 vs, fo(v) = 2yvi + Z2vs and f3(v) = v3 and
consider the periodic function

where the Dirichlet character (_—4) is given by

A 1 ifn= 1 (mod4),
(*) =4¢-1 ifn=-1(mod4),

0 otherwise.

We set fZ = m - f; and observe that m o gy = mo gy = —m and m o g3 = m. Hence
ZZ 1(fz fiogi) =0is equivalent to fi + fiogi + fo+ faogo+ fs — f3 ©gs = 0, which

we can easily verify for the polynomials fi, fo and f3 above. Thus, Zi:l Qogic [m, fi] =
Z?:l ©%9%¢[m, f;] is a cusp form of weight 5/2. For ¢ = ﬁ(ﬁl) we have gic = goc = ¢,

so for this choice of ¢ € Cqg the first two theta functions ©%91¢[m, fi] and ©%92¢m, fy]
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4 Indefinite theta series with (spherical) polynomials

vanish. Hence we obtain the modular theta series

3

> 6°9<[m, f;) = ©°9[m, f3](r)
=1

—4 —4
_ Z {sgn(ls) + sgn(ylr + yls — xls)} (Z) (E) 0gqtHBNE,
LeZ3

For N = 1 we take (z,y) = (3,2) as our solution to the equation z? — 2y? = 1. The
corresponding theta series is 4n3n2/n?. For N = 3 we take (z,y) = (5,2) and identify the
theta series as ‘o
"187124
3 3
N4M12M6748
For N = 4 we take (z,y) = (3,1) and the theta series equals 4n3ngnis. For N =6, 2 =7

and y = 2 we find 812178135/ (n476).
For N =1 and d = 3 we could for example take the spherical polynomials

8 — 3218M167is-

fi(v) = T(vg + v3)3,
fz(v) = 7(7)1 + U3)3,
fa(v) = 411‘13 + 41)% +3(v1 + m)v% — 9u1v2(v1 + v2).

Again, the condition f1 + f1 091 + fo + fao g + f3 — f3 0 g3 = 0 is satisfied, so

Z {sgn(3) + sgn(26; + 205 — 3(3)} (;—4) (;—4) f3(0) R
Lez? ! 2

is a cusp form of weight 9/2, which we can identify as

n(27)°(87)?
2

B

(Ga(7) = 5Ga(27) + 12G2(87)).

In the next example, we give a similar construction for quadratic forms of level 4N. Here
we assume that N itself is not a perfect square, and consider I = {1,2} and a different
periodic function.

Example 4.28. Let Q(v) = v} + v3 — Nov3, where N € N is not a perfect square. As
matrices in the automorphism group we choose

010 1 0 O
g=11 0 0 and g=10 = Ny]|,
0 01 0 v =z

where (z,y) denotes an integer solution of the Pell equation 2 — Ny? = 1 for which
x is odd (if for the fundamental solution (x1,y;) the integer x; is even, we take the

solution (z2,y2) given by zo = 23 + Ny = 1 + 2Ny, y2 = 271y1). Further, we choose
0 ~

c= \/% _01) € Cg. As gic = c holds, the theta series ©“9'¢ vanishes, thus we only need

to determine sgn(B(c,v)) = sgn(vs) and sgn(B(gac,v)) = —sgn(yvs — xv3) to write out
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4 Indefinite theta series with (spherical) polynomials

the theta series later. For the periodic function

( ) B (—1)U2 if U1 7_é V2 (modZ),
M= 0 if v1 = v2 (mod 2)

we have mo gy = —m and m o go = m, as = is odd and y is even. For a polynomial

fi, we again set f; = m - f; and observe that 212:1(]71 — fz o gi) = 0 is equivalent to

it fiocgi+ fa— faog2=0.
Let o := y/ged(z — 1,y) and 8 := (xr — 1)/ ged(z — 1,y). For 0 <r < (d—1)/2, we
define the homogeneous polynomials of degree d

fi(v) := fi(v) = hi(0)Q(v)"  and  fov) = f3(v) = hy(v) Q(v)",

where

71n(v) = *{(Oz(vl + Ug) + /ng)dfmn + (a(—vl + Ug) 4 5U3)d72r
+ (a(vr —v2) + Bu3) " + (a(—v1 — vg) + 51;3,)d_27"}7

1 - — 4T
By(v) = S{ (a1 + v2) = Bua)'™ + (a(—v1 +v2) = Bu) "}
By a simple calculation, where we use that f; = f10g1, d is odd and go leaves () invariant,
we check that the polynomials above fulfill the equation f; + fiog1 + fa — fao g2 = 0.
We use these to construct the almost holomorphic cusp forms

[\

N 6e%<lm, fi](r) = 6%92[m, fy](r)

=1

=y 2 Z {sgn(ls) + sen(yls — xt3) ym(l) fo(ty'/?) ¢?®
LeZ3

of weight 3/2 + d. In general, f; and fo are not spherical, but applying the Laplacian, we
see that for i = 1,2

A(ff(v)) = r(2d—2r+1)h£(v)@(v)r71+%(2a2—,82/N) (d—2r)(d—2r— 1)h§+1(v)Q(fu)’”

holds. So we can choose a linear combination of these homogeneous polynomials to con-
struct the spherical polynomials

S 2 2\7 2(d—r) ro(
e S ey (290 Vi e

r=0

using the notation of trinomial coefficients (jZZ) = ],Z—:E, withn = j+k+/ for j,k,¢ € Ny.
Hence we obtain the holomorphic cusp form

2

> 6% m, F|(1) = ©°%[m, By](r) = Y_ {sen(ts) + sgn(yls — vts) }m(¢) Fa(£) g?.
= LeZ3

For N = 2 we take (z,y) = (3,2), thus @« = § = 1. Then we have for d = 1 the spherical
polynomials fi(v) = vs and fo(v) = vo — v3 and the theta series equals (—4)n3nin? (we
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4 Indefinite theta series with (spherical) polynomials

obtained the same eta product in Example 4.25).
For d = 3 we obtain for r = 0 the pair of homogeneous polynomials

S (v) = v3(30] + 3v3 + v3),
() = 3v3(vy — v3) + (v2 — v3)3.

The corresponding almost holomorphic theta series can be identified as
2477(27’)277(47')7](87')2(G;(QT) — G3(47) + 4G5(87)),

where G3 is the almost holomorphic modular form of weight 2 given by G3(7) := Ga(7) +

8i. For » = 1 we have
Ty

f1(v) = v3(vf + v3 — 203),

f3(v) = (v2 = v3) (v} + 03 — 203)
and the corresponding theta series is
167(27)%n(47)n(87)? (G5(27) + G5(47) + 4G5(87)).

Thus, we have constructed two almost holomorphic cusp forms of weight 9/2 and depth
1.

Now we set F; = 10f — 9f! (we take the formula for F; given above, but divide by the
greatest common divisor of the integer coefficients in the linear combination) and get the
holomorphic cusp form

967 (27)*n(47)n(87)* (G2(27) — 4G (47) + 4G5(87)).

For N = 3 we take (z,y) = (7,4), thus @« = 2 and § = 3. For d = 1 we have the
spherical polynomials fi(v) = 3vs and fo(v) = 2v9 — 3vs and the theta series equals

(=8)mming/ (2ms).
For d = 3 we obtain for r = 0 the pair of homogeneous polynomials

fL(v) = vz (407 + 4v3 + 3v§),
f2(v) = 1203(2vg — 3v3) + (202 — 3u3)°.

The corresponding almost holomorphic theta series can be identified as

0y 1TIN(47) (67)?
n(27)n(37)

For r = 1 we have

(3G3(1) — 6G5(27) — 9G5(37) + 8G5(47) + 36G5(67)).

fi(v) = 3v3(v] + v3 — 303),
fr(v) = (209 — 31)3)(1}% + 03 — 31)%)

and the corresponding theta series is

n(1)n(47)*n(67)>
n(27)n(37)

(G3() — 2G5(27) — 3G5(37) + 16G5(47) 4+ 12G5(67)).
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4 Indefinite theta series with (spherical) polynomials

We set F; = fi0 -3 fi1 and get the holomorphic cusp form of weight 9/2

n(r)n(47)*n(67)*

2B

(Ga(7) — 2G2(27) — 3G2(37) — 4G (47) + 12G2(67)).
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5 Theta series for quadratic forms of
signature (n —1,1) with (spherical)
polynomials ||

This chapter is based on an article in preparation that is joint work with Prof. Dr. Sander
Zwegers. My share of the work amounted to 50%.

5.1 Introduction

Theta series for positive definite quadratic forms ) : R” — R associated to a function
f:R" — C, i.e. series of the form

O r(r) =Y f(0)q?? (q=€*", Im(r) > 0)
YI=yAl

play an important role in the construction of modular forms. In particular, if f a spherical
polynomial of degree d, we obtain a holomorphic modular form of weight n/2 + d on some
subgroup of SLa(Z) and with some character (see [Sch39, Ogg69, Shi73]). For indefinite
quadratic forms one has to ensure the convergence of the series ©¢q, (1) = > jczn f(€) q®0.
One way to do this is to include majorants as was done by Siegel [Sie51|. Further, Vignéras
[Vig75, Vig77| gave a general construction for indefinite theta functions. However, note
that both constructions give modular forms that are in general non-holomorphic.

Modular forms also arise from different contexts. Zagier [Zag99| studied sums of powers
of quadratic polynomials with integer coeflicients and discovered for an even integer k and
a fixed real number x a modular form of weight k + 1/2 on I'g(4) that has the following
expansion:

00 00
_ 2 k—1 b2—dac 1 n m? /ﬁ?(.%'
Typ(r) = Z (ax*+bx+c)" " q ~5% Z By (max) ¢"™ +6 2y Z m? g™
(a,b,c)€Z3 m=—00 m=1
ax?+br+c>0>a

(See Section 5.4.2 for the precise definitions of By and k.) The first sum has the form
of a theta series, where (ax? + bx + c)k_1 is a spherical polynomial with respect to the
binary quadratic form b —4ac of signature (2,1). In contrast to the definition for positive
definite quadratic forms, here one restricts the summation to a cone in Z3 determined by
ax? + bz 4+ ¢ > 0 > a. Zagier remarks that this observation “suggests that there may be
an arithmetic theory of theta series attached to indefinite quadratic forms in which the
summation runs over the intersection of the lattice with some simplicial cone on which
the quadratic form is positive and the result is still a modular form of the expected weight
and level”.

Later, this theory was developed by Gottsche and Zagier [GZ98] and the second author
[Zwe02] for quadratic forms of signature (n — 1,1). In these constructions it is crucial to
employ vectors ¢y, co € R™ with Q(¢;) < 0 and B(cy, ¢2) < 0, which restrict the summation
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5 Indefinite theta series with (spherical) polynomials IT

to a part of the lattice where the quadratic form can be bounded by a positive definite
quadratic form, which ensures convergence.

However, these constructions do not include spherical polynomials of higher degree, so
it is not possible to recover, for example, the function 7}, in the scope of this theory. In
a previous project [RZ21], we extended the definition of the theta functions from [Zwe02]
to include homogeneous and spherical polynomials. In [RZ21] we focused on the case
Q(c) < 0, constructed a holomorphic theta series which is not modular and a corresponding
non-holomorphic modular theta series. Further, we gave a criterion to determine when
these two versions coincide in order to construct holomorphic and almost holomorphic
modular forms.

Since there are many interesting modular forms, which can be realized as theta series
with spherical polynomials, but require ¢ € R" to be located on the boundary of the cone,
the aim of the present paper is to extend the results from [RZ21] to include vectors ¢ with
Q(c) = 0. Most of the reasoning to establish the absolute convergence of the theta series
and its modularity properties are quite analogous to the reasoning in [RZ21| and [Zwe02].
More interestingly, we show in Section 5.4 how we can use the results for Q(c) = 0 to
establish the (mock) modularity in certain special cases: we consider the usual Eisenstein
series, embed the aforementioned function Ty, in this theory, and show that the generating
function of the Hurwitz class numbers H(8n + 7) is a mock theta function.

5.2 Definitions and statement of the main results

For the rest of the paper, we assume that the quadratic form @ has signature (n—1,1). We
let A denote the corresponding symmetric matrix (so Q(v) = %UtA’U), where we assume
A € Z"™™. Further, let B be the bilinear form associated to Q: B(u,v) = u'Av =
Q(u+v) — Q(u) — Q(v). Since @ has signature (n — 1,1), the set of vectors ¢ € R”
with Q(c) < 0 has two components. If B(cy,c2) < 0, then ¢; and co belong to the same
component, while if B(ci, c2) > 0 then ¢; and ¢z belong to opposite components. Let Cg
be one of those components. If ¢g is in that component, then Cg is given by:

Co:={ceR"|Q(c) <0, B(c,co) <0}
Here we also consider the corresponding set of cusps
Sq={ceQ"|Q(c) =0, B(c,c) <0}

and let 6Q :=CgUSq. For ce 6@ we set

R™ if
R(c) := 1 ¢ € Co,
{a e R" | B(c,a) ¢ Z} if c € Sy.

In [Zwe02], the second author used the error function
4 2 oo
E(z) := 2/ e ™ du =sgn(z) — sgn(z)/ w2y
0 22
to define a non-holomorphic modular theta series and determine its holomorphic part. We

generalize this construction as follows (note that this is a slightly more general definition
as in [RZ21]| since we do not necessarily normalize ¢ € Cg and include ¢ € Sg):
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5 Indefinite theta series with (spherical) polynomials IT

Definition 5.1. Let A = Ag := (%)tA_la% denote the Laplacian associated to @ (we
often omit @ in the notation, as we take it to be fixed). We set

_agse N~ (D 1 ¢ 0 _ 1 ~. 0
‘ ' kZ:O (87T)kk!A o Vv —=Q(c) iz Vv —Q(c) ;Cl%i

and for a homogeneous polynomial f : R® — C of degree d we define f = e AT
Further, we set

d (=1 E(k) B(cw) . ak/\ ifeceC
p°lfl(v) == 2= (im - ( Qe ) -oktw) See
sgn(B(c,v)) - f(v) if c € Sg.

~

Definition 5.2. Let f : R®” — C be a homogeneous polynomial of degree d and let
c1,Ccy € éQ. We define the holomorphic theta series associated to ) and f with charac-
teristics a € R(c1) N R(c2) and b € R™ by

: omiB
@2;2 Z {sgn (c1,0)) —sgn(B(co, L } f) Q(6) g2miB(L, b)
lea+7Zn

the almost holomorphic theta series by

67 2f)(r) ==y 3 {sen(Ble1,0)) — sgn(Blea, )} f(by'1?) 20 2mBED),
lea+Zm

and the non-holomorphic theta series by

901,02 [f] _ yfd/2 Z {pcl 1/2 z[f] (Eyl/Q)}qQ(Z) e2m‘B(Z,b)‘
tea+7m

Remark 5.3. (a) We show in Lemma 5.6 that all three theta series O, [f], (:)Zfl;m [f],
(321;62 [f] are absolutely convergent. In [RZ21] this was already shown for the case c1,c2 €
Co.

(b) In [RZ21] we derived certain conditions under which the non-holomorphic theta series
agrees with the almost holomorphic theta series. For c1,co € Sg it immediately follows
from the definition that @CLCQ agrees with 661’02, which is an almost holomorphic theta
series of depth < d/2 since f isa homogeneous polynomial of degree d.

(c) As usual we call a polynomial f : R™ — C spherical (of degree d) if it is homogeneous
(of degree_ d) and vanishes under the Laplacian, i.e. Af = 0. If f is spherical of degree d,
we have f — e A8 = fandy d/2f(€y1/2) =y~ 42 f(Ly'/?) = f(¢). Hence in this case
@Zfé” [f] and the holomorphic theta series @Cl’CQ [f] agree.

In the next section, we’ll show that the following two theorems hold for the modular
theta series ©};%.

Theorem 5.4. Let c¢i,c3 € Cg, ca € Sg and a € R(c2), b € R". For c(t) = ¢ + tes, we
have c(t) € Cq for allt € (0,00) and limy o @Zfl;c(t) =047

In the next theorem, we collect the (modular) properties of @le’fz:
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Theorem 5.5. Let c1,c2 € Cg and a € R(c1),b € R™. Further, let A € Z™™ be a
symmetric matriz. The theta function with respect to (c1,ce) satisfies

1. O, [f1(r) = O3 (f](r)  for X ez,
2. 632, 11)(7) = B ST f)(r)  for pe AT,

a,b+p

5. 6% [f](r) = (~1)H16%2[f)(7),

—a,—b
4. @ZléQ [f](r + 1) = e 2mRa)— miB(ATI A% a) @foijr%A—lA* [f](T) with A* the vector of
diagonal elements of A, and @CI’CQ [f](T + 1) = e 2mR(@) @lejb[ﬂ (1) if A is even,

5. For a,b € R(c1) N R(ca) we have

661762 _ 1 — (_i\n/2+d it 2miB(a,b) 661702
a,b [f]( 7_) ( ZT) € Z b+p’—a[f] (T)

v | det A| peEA~LIZ" mod Z"

5.3 Convergence of the theta series and proof of the main
results

We first show the convergence of the theta series.

Lemma 5.6. For c1,c2 € Cq the series defining the theta functions @2,;02 [f], @Zf,;@ [f]

and 6211;62 [f] are absolutely convergent.

Proof. In Remark 2.4(a) and Lemma 3.1 in [RZ21] this is shown for the case ¢, c2 € Cg.
Note that we slightly changed the definition of the theta series, as we introduced the
characteristics a,b. However, this does not change the convergence properties. Using the
same argumentation we find that it suffices to show that the series

Z {sgn(B(c1,)) —sgn(B(CQ,K))}P(K)qQ(@ e?miBLY) (5.1)
lea+Zm

is absolutely convergent for any polynomial P and ¢y, cs € 6@. In [RZ21] we have already
treated the case €1, 02 € C’Q To obtain the other cases, we note that by the cocycle

condition 961’02 + @cQ 3 (963’01 = 0 for c1,c2,c3 € Cg it suffices to consider the case
c1 € Cq and coy € SQ (the clalm then also follows for ¢; € Sg, c2 € Cg and c1,cz € Sg).
For this, we use more or less the same arguments as in Case 2 of the proof of Proposition
2.4 in [Zwe02]: first of all, we can assume that ¢; € Z" N Cg and ¢ € Z™" N Sg. We
also choose the same decomposition ¢ = p + mcs with p € a + Z™ and m € Z, such that

5((511 C‘;)) [0,1). Then we can write the series in (5.1) as

B(ci, p
- XX {smnlBen ) +sn(mor )
u€a+Z"™  mez 1,2
Hentzy 0.1

P+ mes) qQUFBle2im 2miB(ub)+2miB (2 bym

We have P(u+mey) = ZZ:O Py (p1)m* for some polynomials Py, : R* — C. It suffices to
show that the series above converges absolutely for one of these summands with a fixed
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k€ {0,...,d}. Thus we consider the inner series

Z { sgn(B(cz, 1)) + sgn (m + g((;l’é:))) }mk gBleamm 2miBlez,bym. (5.2)
meZ ’

For B(ca, ) > 0, this equation has the form

2 Z M 2™ — 84 00p (e 0 With |z] = [qB2m) 2riBleab)] = em2mBlermy <

m>0

and for B(ca, 1) < 0, equation (5.2) has the form

9 Z mk 2™ with ‘.%" _ ‘qB(CQ,},L) e27riB(CQ7b)| _ e—27rB(02,u)y > 1.
m<—1

Let Ej ; be the Eulerian number, then we have the identities
x = S somFa™ if |[z| <1
Y Epjal =m0 7

(1 — )kt iz — Yy mFa™if [z > 1.

For k = 0 this is just the usual geometric series. The second identity follows from the first
one for 27! using the fact that Ey; = Ei —1—; holds. Thus, equation (5.2) has the form

k—1
&z i . B iB
(g Yo Bl it g = P )

7=0

The expression B(cg, 1) does not become arbitrarily small since a € R(c2), so the term
above is bounded. Then one can proceed exactly as in [Zwe02| to conclude the proof. [

Now we can prove the two main theorems, which generalize the results in [RZ21] to the
case ¢ € Cg.

Proof of Theorem 5.4. Again, we can make use of the results on theta series, for which we
do not include polynomials in the definition. We proceed as in [Zwe02]: from Proposition
2.7(5) we know that c(t) € CQ for all t € (0, 00) and that for the second part of the theorem

it is sufficient to show limy 902 <) — 0 for c(t) = ca + ter. For (p2[f] — p@[f])(v) we
have the decomposition

~ IS )2\ ~
(sen(Blez.v) — sgn(Ble(). ) F(v) + sgn(B(e(®).v)) B ZLL1Y Flo) - o) (w)

k) (_Blew) kT
where Pf](v) = Sy (b B ( Rk ) - 0k (w) for e € Co.
The first two summands are the terms that were also considered in [Zwe02]| except for
the polynomial factor f However, since f is independent of ¢, we can use the same
argumentation as in [Zwe02] and use Lemma 4.14 to get

im > {sen(Bles, ! )) — sgn(B(c(t), 0))} F(£)qQe*mBED =,
KEa+Z”
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5 Indefinite theta series with (spherical) polynomials IT

and

ltig)l sgn(B(c(t),E))B( B(c ((tc)(’é)) ) A(K) qRO2mBLb) —
tea+tzn

since both series are uniformly convergent for ¢ € (0, c0).
As c(t) € Cg for t € (0,00), we observe (exactly as in the proof of Lemma 3.1 in [RZ21])
that p°®[f](v) can be written as a polynomial in ¢(t)/1/—Q(c(t)) and v times the non-

B(c(t),v)?
polynomial factor e” @®) . Hence, we have to show that for any polynomial P there

exists a majorant for

t
P( c(t) w)
—Q(c(t))
that is independent of ¢ and for which the sum is absolutely convergent. We have to
consider what happens if ¢ | 0, so we now assume ¢ € (0,%y) for some ¢ty > 0. We follow

the proof of Proposition 2.7(5) in [Zwe02] and use the same decomposition of a + Z" into
the three subsets

P :={vea+Z"|sgn(B(cz,v)) = —sgn(B(c1,v))},
Py = {U ca+ 7" | B(Cl,U) (B(Cl,C2)B(Cl,U) — QQ(Cl)B(Cz,’U)) > 0}7
Py:={vea+7Z"|sgn(B(cz,v)) = —sgn(B(c1,62)B(C1,U) - 2@(01)3(02,1}))}-

_ B(c(t),v)?
2mQ(V)+7 =5tetyy

We then determine a majorant on each subset P; separately. We show that there exists a
polynomial P such that

()| = (e

holds for all v € R™ (|v| stands for |vi],...,|v,| here) and t € (0,¢p): We use induction on
the degree of P as a polynomial in ¢(t) and first note that we can write P as a finite linear

combination of terms of the form B(ﬁ, 7 cgt() T )P (j(cg) ) ) for suitable ¢ € C,

where the degree of P is strictly lower than the degree of P in c¢(t). So we can use the
induction hypothesis on P, and we also observe

L @,ng(»)\

5,02) B(c(t),v) ’ N t ‘B(§,01)B(CQ,U) — B(&,¢2)B(c1,v)
Blex o) v/=QUe) | | Q) Blez,v)

‘JT‘+R ol)

for a constant o > 0 and some polynomial R. In the last step, we use that |B(ca,v)]
does not become arbitrarily small for v € a + Z" since we assume a € R(c2), and that
t/+/—Q(c(t)) — 0 for ¢ | 0, so that this estimate holds for ¢ € (0, ty).

Using (5.4) we can now consider

@y

This expression has polynomial growth in v for ¢ | 0 since it is clear that the term

) (5.4)

B(c(t),v)?
) Q@)
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a _ B(c(t),v)?
e” Q) is bounded for any a € Ny. So we find a polynomial S as an upper

| WaeTEo)

bound that is independent of ¢. In Lemma 4.14 we have seen that the sum
S s
veP;

is absolutely convergent.
On P, we observe that

Bl(c(t),v)? _ B(c1,v)?  B(co,v)?
Qe®) = Qe | QL)

holds and thus

_ B(c(t),v)?
o~ 2R+ =500y

B(('Q v)? _3(01»71)2
" 2R e —2r(Q() gk )

c(t)
: ‘P< 2

Similarly as above, we have

‘PQ% )< (‘%

for some polynomial P and conclude that

)

B(cg,v)” ’L))
)e 20

027
P o]
B(c1,v)? .

has polynomial growth in v for ¢t | 0. Since the quadratic form v — Q(v) — 50(c) 1

positive definite (see Lemma 2.5 in [Zwe02]), we have constructed a suitable majorant on
Ps.

On P3 we consider the quadratic form @ of signature (n—1, 1) that is defined in [Zwe02]
as follows:

~ 2B(c2,v

Qv) :=Q(v) — Bler.a)? (B(e1, c2)B(er,v) — Q(e1) B(ca, v))

We denote by B the associated bilinear form. Setting

’CV(N) =G+t with ¢ = BQ(CSl(’CS)Cl —¢y, Gy=—cy and t= B2(Cifcii)t7
we have
Q(v) — B(c(t),v)? = Qv) - M
2Q(c(t)) 2Q(&(D)

(This identity follows quite easily using the relations shown in [Zwe02].) Again, we can
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find a polynomial P with
B(e(t),v)

c(t) 5
‘P(_Q(c(m,v>‘§P< ey |I>

and then conclude analogously as for P; that it is sufficient to show the absolute conver-

gence of
3 s(oye e
vEP3

for some polynomial S. This follows for S = 1 as in |Zwe02| and then also for non-constant
polynomials by Lemma 4.14.
Due to the uniform convergence in t € (0,tp), we can then consider lim;jo 7°®[f](v) and

B(e(t),v)2
see that the convergence is dominated by the part e” @®) | which goes to zero for ¢ | 0.
We have thus shown
hm Z FO[£](6) g0 2mBEY —

£€a+Z"

Combining the results for the three separate series that we have obtained by the decom-
position (5.3), we conclude that lim; o @?éc(t) = 0 holds. O
To describe the modular transformation behavior of @cl’cg
result [Vig77|. For the proof, we consider the Fourier transform

we can employ Vignéras’

(Ff)(v) == f(u)e 2™ qy,
RP

Proof of Theorem 5.5. (1), (2) and (4) immediately follow by the same calculations as
in [Zwe02]. The third identity holds since p°[f](—v) = (—1)¥1p[f](v) for ¢ € Cg. To
show part (5) we first consider ¢, o € Cg and make use of Vignéras’ result [Vig77|: let
g := p°[f] — p*[f]. From Lemma 3.2 of [RZ21]| we know that Dg = dg, so from [Vig77|
we get that the following identity holds for g, (u) := y~%? g(uy'/?) e>m Q7.

(_i)d—f—l
V| det A|

2miB(v+a,b) is

(Fg-1/r) (v) = (=ir)"/?*4 gr(A7)

Hence the Fourier transform of v +— g_y,-(v +a)e

2miB(u+a,b)—2miu-v _ (s \n/2+d (_i)dJrl 2mia-v -1,
g-1/-(u+a)e du = (—iT) ———c gr(A" v —b)

/| det A

By applying the Poisson summation formula, which states

DW= (FH),

vEL™ vEL™
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we thus obtain:

Aci,c 1 I
@aTéQ[,ﬂ(_;) = Z 9—1/T(v+a)62 B(v+a,b)

vEL™

_ (—iT)n/2+d _7’ Z 27rmv T L, — b)

/| det A T

A\ d+1
— (—iT)n/2+d (_7’) * 627TiB(a,b) Z eQm'B(a,u)

—— gr(u)
‘ det A‘ u€E—b+A-17Zn

(i \n/2+d (_i)d—H 2miB(a,b) 601,C2
 (irprane L S 8% L0
v ‘ ¢ ‘ peEA~L1Z" mod Z"

With part (3) we then get the desired result for the case ci,c; € Cg. Using Lemma 5.4
we get that the formula also holds for the case ¢; € Cg and ca € Sg. By the cocycle
condition the remaining two cases then follow immediately. O

5.4 Examples

The next lemma proves to be helpful in the construction of the following examples.

Lemma 5.7. Let k € N and let By denote the usual k-th Bernoulli polynomial. For all
a,f €R, and z € C with |z| < 2w we have

(=DF(E-1)! i Bmir(a+ 8 —[8]) 2™

2k m+k m!
m=0

_ Y aisso(nat B)Ftelrtetfzif Re(z) <0,
— e 1+t BRIt if Re(z) > 0

Proof. We note that

O\ k-1
k=1 _(n+a+B)z _ (nta+pB)z
(n+a+pB)" e (82) c

holds. Well-known identities for the geometric series yield for any € C and 8 € R

eV S e el <1,
I—x — D napc at iffz) > 1

As these series are uniformly convergent, we can interchange summation and differentiation
and obtain for Re(z) < 0

3" (n+a+ pElelmtat = (E?Z)’H(e(awz > em) _ (i)’f—l <e<al+/3—:ﬁﬂ)

n+B>0 n+8>0

and for Re(z) > 0

LS an gt - (27T

— z
it 0z 1—e

100



5 Indefinite theta series with (spherical) polynomials IT

For |z| < 2w, we know the generating function for the Bernoulli polynomials B,

(Oé-‘rﬂ I_BJ > Zm_l
W_—ZBmOH'ﬂ 18]) ml
From
S 2N (DR - O Bula+ 8- 18)) 2mF
( ) ( mZ::OBm (a+6-151) m! >_ 2k _mzzk m (m —k)!
the claim follows by shifting m to m + k. O

5.4.1 Eisenstein Series

For the Eisenstein series of positive even weight k we use the normalized version

G( +an1n1n2

neN2

(with By the k-th Bernoulli number) as definition.
The matrix A = ({§) of signature (1, 1) induces the quadratic form Q(v) = vivy and

the associated bilinear form B(u,v) = ujve + ugv;. For ¢; = ((1)) and ¢y = (_01) both

in Sg, a,b € R(c1) N R(cy) and f the spherical polynomial f(v) = v¥~!, we obtain the

holomorphic theta series

@le,)cz (7_) — @le;cz (7_) _ Z {Sgn(fl) + Sgn(£2)}gllf—1q£1€2 e27ri(£1b2+ﬁzb1)‘
lea+72

By Theorem 5.5 this theta series transforms as follows (A is an even unimodular matrix):

. 1
Ot (r +1) = e FRW QI (1) and O (— L) = 7 emBen i)
Next we consider what happens if we let a,b — 0 (note that 0 ¢ R(c1) N R(c2)).

Lemma 5.8. The meromorphic function

(k—1)!
(2mi(asT + b2))k

f ( ) 2ma2b1

has the same modular transformation behavior as @211;62 on I'y.

Proof. We derive the modular transformation behavior by the following two straightfor-
ward calculations: we have

(k—1)!

G _ _—2miaiaz ,2miaz(a1+b1) 727T’LQ (a)
1) = 102 2
fa,b(T + ) € e (27ri(a27' +as + bg)) fa, a+b( )
and
1 | Y (k—1)! |
G(_~ — k 27rz(a1b2+a2b1) 27mial b — k 27r7,B((l,b) G . O
f“’b< 7') e € (2mi(boT — ag))* e fo—a(7)
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Lemma 5.9. We have
. 1 e 1
Gi(r) = lim (700%(r) = Sf5(1)) (k= 4),

and for k =2

Ga(T) — 1. = lim <lim<i@zléc2( _ ,f )

)

)
Ga(T) = lim(lim (36252( ))
U

b—0 \a—0

Proof. To ensure a,b € R(c1) N R(c2), we assume a;,b; € (—1,0)
Further, we write a + Z? as the disjoint union of L, Lo, L3 with

(0,1) for i = 1,2.

L= {a—l— (2) ‘51,62 € Z\{O}}, Lo = {(a1;551)|£1 S Z\ {O}}
and Lz = {( 4,5, ) |2 € Z}.

We consider %@Z%CQ, where we first restrict the summation to L. Letting a,b — 0 we get
(for k > 2 even):

> {sen(t) +sgn(f)H7 g = 3 477 ghe
0e7? LeN?
01,6270
Restricting the summation to Ly we obtain the expression

827r72a2b1

Z {Sgn(a1 + 81) + sgn(aQ)}(al + 51) (a1+K1)(z2 27rz(a1+51)b
£,€Z\{0}

Using Lemma 5.7 (for even k) with a = a1, f = 0 and z = 2wi(aa7 + b2) this equals

g2mriazby (k—1)! 2\ Bpir(ar) (2mi(ast + b))™
2 ((27ri(a27+ b))k Z m++ k m! )

Note that we have to add the summand for ¢; = 0 if a9 is positive in order to apply Lemma
5.7, but as this extra term goes to zero if a goes to zero, we immediately neglect it here.
We subtract the non-holomorphic part % aGb, and for the remaining part we obtain

lim
a,b—0

<_627ria2b1 i Bik(ar) (2mi(agr + bz))m) _ _Bk
2 m+k m! 2k

On L3 we just use the usual identity for the geometric series and thus have

1 . )
a]li)glo(anwz627rz(a1b2+a2b1)a’1€—1 Z {Sgn(al) + sgn(ag + £2)}62m(a17—+b1)£2>
’ Uo7

1
1 _ qa1 627Tib1 ) : (55>

If ay is negative, we again have to add an extra term for ¢ = 0, which also goes to zero if
a goes to zero. If k > 4, we immediately see that (5.5) is zero, as al ! has a zero of order

hm <}qa1a2 627ri(a1b2+a2b1)ak—l
a,b—0\2 1
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higher or equal to three and we only have a simple pole. If k = 2, it plays a role in which
order we take the limit: we have

: : 1 aiaz 2mi(a1ba+azby) 1 .
%li%(il%(iq ¢ alm)) =0

since 1 — €2™®1 £ 0. On the other hand, we have

hm (hm (}qalag eQﬂi(a1b2+a2b1)a1 1 _ )) 1 hm @ qa1a2 — 1
a—0\b—0\2 1 — gume2mib 2 a=01— g™ AmiT
by L’Hospital’s rule. Combining the different parts then gives the desired result. O

Using the identities in Lemma 5.9 we can now easily recover the well-known modular
transformation properties of Gj.

Theorem 5.10. For k > 4 the Eisenstein series Gy is a modular form of weight k on
I'y: it satisfies Gp(T + 1) = Gi(7) and Gp(—1/7) = TFGR(7). Further, Gy satisfies
Gao(1T + 1) = Ga(7) and

GQ(T)—%GQ(J): L

T AT

Proof. For k > 4 we have

Gilr +1) = 1im (G0t - f L) +1))

a,b—0\\4
= lim (6—27”'@(”) G@ch’fjb - ff a+b>( )) = Gp(7)

a,b—0

and

6e(=) = Jm, ((Gei” - 325) (5))

= lm <Tk€2mB(a’b) (1 O, % — *fb a)( )) =7 G(7),

a,b—0 4 b—a

which shows that G}, is a holomorphic modular form of weight k on I'y.
For k = 2 we get Ga(7+ 1) = G2(7) using the same identity as for k& > 4, when we obey
the order of the limits and take limy_,glim,_.¢. Further,

e(-7) = pmlim( G- 379) (7))

= lim<lim (eQmB(a’b) (i il’cj - *fb a)( ))) = Ga(T) — 1. .

b—0 \a—0 AT

5.4.2 Quadratic Polynomials

In this example, we consider two modular forms of weight k 4 1/2 that were discussed by
Zagier in [Zag99]. One considers the quadratic polynomial az?+bx +c with a, b, ¢ € Z and
discriminant D := b? — 4ac. In the following, Bj denotes the k-th Bernoulli polynomial
and By(x) := Bg(z — |z]) the periodic version of the Bernoulli polynomial.
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For k € N even and D not a square, let

Pep(x):= Y (aa”+bz+c)* ! €Zfa].
b2 —4ac=D
a>0>c
For D = m? > 0, we define the right-hand side as P . and set
1 m
Py (@) = P (@) + 1 (Be(ma) — 2728, () ).
For D = 0 we simply define

_9\ Bk
P = (1 — 222 =%,
o) = (1 - a?2) 2k
Analogously, we define
Fip(x) = Z (az® + bz + ¢)*! € Z[a]
b2 —4ac=D
ax?+bz+c>0>a
and
N 1 m?k(x

L = d 1
with k(z) = 45 T T € Q (ged(r, 5) =1),
0 forxeR\Q,

B
Fk,0<m) = —27]:

Summing over all positive discriminants, we consider the generating functions

Sy (1) := Z Pep(z)g? and Ty(r):= Z Frp(z)q” (x € R)
D=0 D>0

and by plugging in the definition of P, p and Fj p we obtain the expansions

Sy(1) = Z (ax2 + bx + c)k_1q62_4ac + i Z (Bk(mx) — x2k_2Bk(%)) me

(a,b,c)€Z3 m=—00
a>0>c
and
I & K(T) —
2 _ 2 2
Ty(1) = Z (az?+br+c)f g 74ac—ﬂ Z By (mx)q¢™ +5k,2—2 Z m?q™.
(a,b,c)€Z3 m=—00 m=1
az?+br+c>0>a

The goal here is to recover the results of Zagier [Zag99] on the modularity of these functions
by using these expansions and the theory of theta series for quadratic forms of signature
(n—1,1).
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Theorem 5.11. We have:
1. For x € R, S, is a modular form of weight k + 1/2 on T'o(4);
2. For x € Q, Ty is a modular form of weight k+ 1/2 on T'o(4).

The indefinite theta function thé_lt is associated to these two functions is constructed
as follows. The matrix A = ( 020 ) defines the quadratic form Q(n) = n3 — 4ning of

signature (2,1). Further, let k& € N be even and choose the polynomial f(n) = (n12? +
nox +n3)* 1, which is spherical of degree k — 1 with respect to . While these parameters
stay the same when considering S, and T’;, we choose different elements cq,c2 € Sg. Note
that the definition of the cone is independent of the choice of x for S;, while it plays a role
when we consider T, (this is also the reason why we only allow rational parameters x in
the last case). For the characteristics a,b € R(c1) N R(c2), we introduce the holomorphic
theta series

@2%1;62 [f](7) = Z {sgn(B(n',c1)) —sgn(B(n',c2))}

n’€a+73
() x? 4 nhx + nk)F 1 Q) 2mBINY) (5 6)

Further, we consider (a,b) as the 3 x 2-matrix with the two column vectors a and b and
define the meromorphic function

L (k — 1)' 1 —8miaybs m2 Amibom
fan(7) = (8m0)F (arr + i)k eZ:Jqu ‘ |
meEas

Also we consider the unary theta function

I r) = Z 2min*T (5.7)

nez
The connection with S, and T} is then given by:

Lemma 5.12. Let
a= (al, 2a1x + a2, alazz + a2x + ag), Z = (bl, 2b1z + bs, b1$2 + box + bd)
and

a= ((Ig, 2a333_1 + ag, CL3£I7_2 + aQIL‘_l + (11), 2)\ = (bg, 2()3$_1 + bo, b3ZL‘_2 + leL‘_l + bl)

(a) Let 1 = —i(%) and ¢y = —%(é), both in Sq. Then we have

Su(r) = 3 Jlim (3O = faz (1) + 8% 2 o (7).

1
(b) Let ¢; = —%(;2296) and cp = —%(?), both in Sg. Then we have

1

1 c1,c2
3.Jim, (3O 1) + e ()

for k> 4. Let (¢/,b') = (a,b)g, with g = (95 932) (921 and gaa not both zero). Then we

105



5 Indefinite theta series with (spherical) polynomials IT

To() = * lim nm(leg};gf 1) + Sy (7)) + ©(2) (1 I p(r)+ 19’(7))

2 b—>0a—0\2 8mi \ 2 9217 + g22

for k=2.

To establish the modular behavior of S, and T, we first consider the modular behavior
of @2}’)62 [f] and f(44). For this we consider modular substitutions on T'g(4) and make use
of Shimura’s definition (see [Shi73]) of the automorphic factor j(v,7) := ¥(y7)/¥(r) for
any v € I'g(4). As the modular substitutions alter the characteristics, we introduce the
modified characteristics a’, b’ as the one satisfying (a’, V') := (a, b)7.

In the next lemma we show that f(,;) and the theta function @Zfé” [f] defined in (5.6)
have the same modular transformation behavior on I'y(4):

Lemma 5.13. We have
@2(,)02 [f] ('YT) _ j(’Y, T)2k+1 eﬂiB(a,b)*ﬂiB(aQb/) @Z}ZEIQ [f] (7-) (5.8)
and

f(a,b) ('YT) _ j(7,7)2k+1 eﬂ'iB(a,b)fm'B(a’,b’) f(a’,b’)(T) (59>

for all v € T'p(4).

Proof of Theorem 5.11. We note that the maps (a,b) — (a’,b') = (a,b)y and (a,b) —
(a,b) commute and that B(a’,b') = B(d/,t’) holds. Similarly this holds for @ and b.
Hence from Lemma 5.12 and Lemma 5.13 we directly get

1

1 . c1.¢C _
Sa(yr) = 9 alll)g(](i@afé [fl(yr) = f(aj) (y7) + a2 f(aj) ('YT)>

) 1 . . i (1 _

= (v, T)2k+1 ia%ll,gloemB(a’b) miB(a’,b") (592}:;2 [f](r) — f(&/,g/)(T) 4 p2k—2 f(a/,B/)(T)>
— ](77 7_)2k+1 Sx(T)

for all v € T'9(4). In exactly the same way we obtain that for k > 4

Tp(yr) =37, 7')2k+1 T(7)

holds for all v € I'g(4). For k = 2 we use Lemma 5.12 twice (first with ¢ = I and then
with g =y = (13 122) € To(4)) and find

1 .. . 1 e k(x
T,(37) = 3 lim lim (2O 1)(07) + a3 0m) + o) ()
. 1 . . . e v 1 H(II))
_ 5 wiB(a,b)—miB(a',b') [ = c1:¢2 e /
j(y,7)° 3 lim lim ¢ (5O 1) + fap() + S 7' (97)

— (v 7)? - @ Nt — 4 7_5} 721 . "(r
=i T) + e (907 = 1) (52 220w+ 0 ) )

It is known that
3007 = (=) (e + 722,
Y22
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from which we get

Jnr) 1

JOnT) T 2mT 4 e
where j' denotes the derivative of j with respect to 7. Using ¥(y7) = j(vy,7)9(r) and
i(v, 7-)48%(77) =1, we then obtain

.0m) = i L) + 5 (9 om) = it (L2 ot + 00 )
() 0

= (1, 7)Y Tu(r) + == (V' (v7) = j (7, 7) 5=9(y7)) = (7, 7)° T (7),

i or

as desired.

Also note that S|y and Ty|y are holomorphic at oo for all v € SLa(Z): First of all,
we know that this holds for ¥ and . Since we can deduce from Theorem 2.5(4) and (5)
(analogously to Lemma 3.7 in [RZ21]) that this also holds for ©¢',**[f]if a,b € R(c1)NR(c2)
and one can show a similar relation as in the aforementioned lemma for f(a,p)> We conclude
that S, and T satisfy the desired growth conditions at the cusps of I'y(2). O

Proof of Lemma 5.12. We consider $0%;°(f], with the theta series as in (5.6). To obtain

the formula for S, we set ¢ = —%(%) and ¢y = —%(é). Writing n’ = a + <§§> with

n; € Z, this series still converges absolutely if we restrict the summation to the part of
the lattice Z3 for which n; # 0 and n3 # 0 holds and let a,b — 0. It doesn’t play a role
whether we consider the limit of a or of b first, in any case the partial sum asymptotes to

( DIEEEDY > (ma? +nox + ng)* 1% =2 3" (ma® + nyx + ng)h g9,

nezs? nez? nezZs?
n1>0>n3 n1<0<nsg n1>0>n3

substituting n — —n in the second sum and using the fact that k£ — 1 is odd.
a1

b
We fix a = (gg) and b = (g; ), where for simplicity we will only consider the case that
3

ay,as € (0,1). The other cases can be dealt with in a similar manner. In our case we then
have B(c;,a) > 0. We first investigate the series in (5.6) on the part where n; = 0 holds:
note that

sgn(B(n/,c1)) —sgn(B(n', c2)) = sgn(a1) — sgn(as + n3)

equals 2 for strictly negative ng and vanishes otherwise, so this partial sum equals

1
Z Z (a1x2 + as + (ag + n2)z + ng)kflq(“2+"2)2*4a1(“3+"3)

noEZ N3=—00

. = 8milbi (astn3)tarbs)Hdmiba(aztn2) (5 10)

We set 21 := a7 + by and write (5.10) as

e—STrialb3+87rizla1x2 Z q(a2+n2)2 eSTriz1(a2+n2):L’ e47rib2(a2+n2)

No€EZL
-1
—1 —8mi 2
2 : (a1x2+a3—|—(a2—|—n2)x+n3)k 16 8miz1(arx +a3+(a2+n2)ac+n3)‘

n3=-—00
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We make use of Lemma 5.7 with a = a1z + a3 + (a2 + n2)x, f =0 and z = —8miz; to
rewrite the sum over ng as

(_1)k_1 (k - 1)' + i Bm—&—k(ale +asz + (CLQ + HQ)x) (—87Ti21)m
(—87Ti21)k m + k m|

m=0

First, we consider the second summand, which contains no poles for a,b — 0: if we let
a,b — 0, this part goes to Bj(nax)/k, as (—8miz1)™ — 0 whenever m > 0. So for the
“regular” part in (5.10), we obtain 1 >, By(ma) g™ for a,b — 0.

We define the remaining part of (5.10), using that k is even, as

|

. . —8mia1b3+8mizia; x> (k 1) Z m?2 8mimxzi+4mibom

fla,b,x;7) = —e Srim)F q" e
meao+7

_ _6—87ria1(b1x2+bzx+b3) (k - 1)' Z me 647ri(2blx+b2)m

; k
(871-121) me2aix+az+7

If we now consider the series in (5.6) on the part of the sum where ng = 0 holds we have

_ Z Z ((a1 +n1) 22 + as + (as + n9)x )kflq(a2+n2)274a3(a1+n1)

no€Z ni1=—00
6*87”'(171 a3+bs (a1 +n1))+471'ib2 (ag +n2)
3

which equals

-1
22k—2 Z Z (a1 N % n as ‘lx‘n2)k—lq(a2+n2)274a3(a1+n1)

no€Z n1=—00
6*87”'(171 a3+bs (a1 +n1))+471'ib2 (a2 +TL2)

As this series is (up to the factor —x2*—2)

b
a1 and a3 and by and bs, respectively, we obtain the function —z2%~ 2]‘“((a3 ), (sz ), %; 7')
by

ai

just (5.10) for 1/x instead of x interchanging

and as “regular” part
oo

1
o 2k—2 m
T ? Bk(x)q .

m=—0oQ

Combining these results for the different parts of the lattice Z3 we then get

(5)-5:7))

(e e}

lim (16211362(7) — fla,b,z;7) + 2~ 2f<< 3)

a,b—0\2

1
=2 > (ma® +ngx +ng)F %M 4 Z > (Bk(mx) - 56%_2Bk(%)) ¢
nezs m==00
ni1>0>ns
=28,(7)

- ~ as b3
In terms of @ and b we have f(a,b,z;7) = f(a.;g)( 7) and similarly f(( ), <2i), %;7’) =
f(aE) (7). This gives the desired result for S;.
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1
To get the formula for 7, we now set ¢; = —% ( —2290) and ¢y = —%(%). We then have
X
1 C1,C2 1 2 ~
§@a7b [f](T) = 5 E {sgn(nlx + nox + ng + as) —sgn(ng + al)}
nez3

. (n1$2 + nox + N3 +ag)k—lq(n2+a2)2—4(n1+a1)(n3+a3)

. e47ri((n2+a2)b2—2(n1+a1)b3—2(n3+a3)b1) )

Similar to the previous case we assume as, a; € (0, 1) for simplicity and first consider the
part of Z3 where nia? + nox + n3 # 0 and ny # 0 hold. Letting a,b — 0 we then obtain

( Z — Z ) (n1a?2 + nox + ng)kf1 qQ(")

nez’d nez?
nix?4+naz4+nz>0>n nix24+naz+nz<0<ny
2 k—1
=2 E (n1x* + nox + n3) qQ(").
nezs
nix+nax+ng>0>ng

For the part of Z3 where n; = 0 holds we get

. Z (an + ns + ag)k—lq(n2+a2)2—4a1(n3+a3) 647ri((n2+a2)b2—2a1b3—2(n3+a3)b1)

ng,n3EZ
naxr+nz<0

_ 76—871'7;&1173 E (TLQLU + ns +53)k—1q(n2+62)2 6471’1'(77,2—{-52)1)2 6—8ﬁizl(n21+n3+a3)

9

n2,nN3EZ
nax+n3z<0

where again z1 = a17 + b1. Using Lemma 5.7 with o = a3, 8 = nox and z = —8wizy, we

get

- § : (an—i—ng +53)k71678mzl(n2x+n3+a3)

n3€Z
nax+n3z<0

(k—1)! _ i Bpik(as + nox — |nox]) (—8mizy)™
(8mizy )k m+k m)!
m=0

so for the “regular” part with a,b — 0 we have

sz nga: — |nox|) 1 — m2
— Z :—EZBk(mx)q .

no€Z meZ

The remaining part is

sriai. (B —1)! no+a mi(no+a2)b
e 8 1b3(<8m.z1))k Z q( 2+ 2)264 (n2+az)bz _ —f(a, b,l‘;T) = _f(57g)(7)'
no€Z
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Finally, we consider the part of Z3 where ni2? 4+ nox + n3 = 0 holds and get

fdlg—l Z qQ(nJra) eQm’B(nJra,b)

ni,n2,nN3€EZ
niz+nzr+n3=0>n,

_ ~I§—1qQ(a) e27riB(a,b) Z qQ(n) e?wiB(n,z)’

ni,n2,n3EZ
niz2+noz+nz=0>n1

T

with z := a7 4 b. We write x = £ with s € N, ged(r, s) = 1 and consider the substitution

1 r r?
(my, mg, mg) = (gnl, 2;711 + no, gm + rng + sn3).

It gives a bijection between the sets {n € Z® | ny = Omod s} and {m € Z3 | r?m; —
rmg + m3 = 0mod s}. We note that if niz? + nox + n3 = 0 holds, then we have n; =
Omod s. Further, we have Q(n) = Q(m) and B(n, z) = 2zZamgy — 4%,51m3 — 4s23mq, with
Z = (21,2212 + 22, 2122 + 21 + 23), so with this substitution we obtain

'dé:—qu(a) e?ﬂ'iB(a,b) Z qQ(m) e47ri(52m2—2%z1m3—2553m1)

m1,me,m3€ZL
m3=0>m1, r2mi—rma+m3=0mod s

_ 51571 qQ(a) p2miB(a,b) Z qmg eAmizams Z e —8misZzma

mo€Z mi1€EZ
m1<0, m1=r*mso mod s

(5.11)

alg— 1 qQ(a) eQﬂ’iB(a,b)

678772'2332 -1

§ :qm% e47ri§2m2—87ri5352(§m2—L%mzj)7

mo€Z

where r* is the multiplicative inverse of » modulo s and we used the geometric series in
the last step. As in the proof of Lemma 5.9 this part vanishes for k > 4 if we let a,b — 0.
Combining the results for the different parts we thus find for k£ > 4:

lim (192562 1) + fap (T))

a,b—0\2
1 — 2
=2 Z (n12% + nga + ng)F 1 g9 — Z Z Bi(mx)q™ =2T,(7),
nez m=—00
niz?+noz+nz>0>n;

which gives the desired result. For k = 2 we have to be careful about the order of the
limits. We denote the last expression in (5.11) by g4(7) and consider

lim lim g, 3 (T
b—0a—0 ga' b ( )’
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where (a/,b") = (a,b)g, with g = (31 932 ) (g21 and ga2 not both zero). We find

-~
2 a
lim hm Y = Z M2 . lim hmii)’
b—0a ga' b ( ) 9 b—0a—0 6_87”2352 —1
mo€Z
2 1103 + g21b3
= Z q¢™2 - lim lim J g
b—0 a—0 o—8mi((g11a3-+g21b3)7+g12a3+922b3)s2 _ |
mo€Z
2 2103
= Z q"2 - lim J
opyer’ b—0 e—87rz(gz17‘+922)b3s2 -1

—_ 11 Z my _ )7921 19(7').

~ 8mis? 9217+922 = 8T go1T + g22

Combining the results for the different parts we thus find for k£ = 2:

1 c1,C2
lim lim (560,’,}2’ [f] (T) + f(azzx)(’r))

b—0a—0
=2 Z (n12? 4 nox + n3) ¢?™
nez?
n1:c2+n2x+n3>0>n1
o 1 i Eg(mﬂ?)qmg o /{(l') g21
2 = 871 go1T + g22
:2Tx(7)—ﬁ($)L (1) — k(z qu

8mi g1 T + g22

—o,(r) - ) (1 2Ly +19'(7)),

29217 + g22
which gives the desired result for this case. O

Proof of Lemma 5.13. We can easily see that (5.8) and (5.9) are compatible with matrix

multiplication. Hence we only have to show them for the generators —I,7T and 7/ = (}1 (1))

of Tg(4). Note that j(—1I,7) = j(T,7) = 1 and j(7/,7)? = 47 + 1. We also note that
(a,b)(—I) = —(a,b), (a,b)T = (a,a + b) and (a,b)y" = (a + 4b,b).
For the sake of better readability we write G(a p) instead of 901’62 [f]. By Theorem
5.5(3), ©_(4,p) = O(ap) holds since the degree of f is odd. Thus we have

Oap)(—IT) = O(q)(T) = O_(q)(7),
which is (5.8) for v = —I. From Theorem 5.5(4) we obtain

@(a,b) (T + 1) = 6727”'62((1) @(a,a+b) (T),
which is (5.8) for v =T'. As a result, we also have

@(a,b)(T —4) = eSmiQ(a) @(a,—4a+b) (7). (5.12)
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By Theorem 5.5(5) we have

LN e B
O () = (DM e pEA%B/Zg@<b+p,_a)<f>.

To keep track of the choice of the square root, we write \/—i7 as

d(=1/7)
V2 O(r/4)

where ¥ is defined as in (5.7). Hence we have

Oy (1 k—2:k 2miB(ab 1
P <_;) — oh=24k 2miBla, )W > Oppa(T). (5.13)
pEA—LZ3 /73

Using (5.12) we obtain

(1 — 4) = SmR0+P) g

O (b1p,—a) (b4p,—A(b+p)—a) (T)-

Next we use Theorem 5.5(2) with u = —4p. Note that 447! is even, so we have u € Z3
and 4Q(p) € Z. Hence we get

Obsp,—a) (T — 4) = FTREAPBTBOPIQ 4y (7)
_ 687riQ(b)787riQ(p) [e)
_ 687r7LQ(b) e}

(b+p,—a—4b) (7)
(b+p,—a—ab)(T)-

We replace 7 by 7 — 4 in (5.13), use the identity above and then (5.13) again with a
replaced by a + 4b to obtain

) (- 1 ) = e-smiat) O(aravi) (7})
92k+1 r—4) 192k+1 /)"
Replacing 7 by —1/7 then gives (5.8) for vy =+"= (} 7).

The function f(,p) is the product of a function g4, 5, that transforms like a modular
form of weight k& and a function ¥, 4, that transforms like a modular form of weight 1/2,

as we show in the following. We define

1 1 E et
= ——— d 19 = " 4Tmb2m.
Ya1,b1 (T) Zlf (a1 + bl)k o e <T) meEa +Zq )
2

We can easily check that ¥_g, —p, = Jayp, holds, which implies f_ (4 ) = f(ap)- Thus we
have

f(a,b)(_IT) = f(a,b) (7—) - f—(a,b) (T)7

which is (5.9) for v = —1.
By straightforward calculations the modular transformation behavior of g,, 3, for 7" and
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~" follows:

1
(alr + a1+ bl)k
T ) B (47 + 1)F
dr +1 ((a1 +4b1)7‘+b1)

Yay by (T + 1) = = Ya1,a1+b1 (7_)7

Gay,b1 ( k = j(/y,’ T)2k Gay+4by by (7—)7

where we use in the last equation j(v/,7)% = 47 + 1.
For ¥, 1, we can directly compute for any N € Z

19(12,b2 (7— + N) = Z me 647rib2m+2m'm2N = 6—27riNa§ 79(127b2+Na2 (7-)’ (514)
meaos+7

as m?N = 2Nagym — Na3 (mod Z).
Since we know that the classical Jacobi theta function 0,4(7) := >, o1z gmimP T+ 2mibm

satisfies )
Ha,b (—*> = eQm’ab vV —’iTeb,,a(T),
T

we derive the functional equation

1 driaob —T T
() = [ ()

and thus

19@27172 1 __4miasgbo 19_2{72’(172 (7->
e (=) = etmiete =2 (), (5.15)

Replacing 7 by 7 — 4 in this equation and applying (5.14) for N = —1, we obtain

9 a
19(12752 (_ 1 ) _ e47ria2b2+87rib% 72b2’72+2b2 (T)

9 r—4 9 4)

We use (5.15) again with ag replaced by ag + 4by and get

Dag b (_ 1 ) — o 8mib3 Vag+4bg by (_1)
9 T—4 9 T/

Replacing 7 by —1/7 then gives

—8mib2 ;

Vagby (V') = €772 5(Y, 7) Day-tabo b (7).
Now it just remains to be shown that for (a’,0’) = (a,b)T = (a,a + b) we have
7iB(a,b) — wiB(d', V') — 8mia}by = —8mia1bz — 2mwia’
and for (a/,b") = (a,b)y' = (a + 4b,b) we have
miB(a,b) — wiB(d',b) — 8mia)by = —8mia bz — 8mib3.

These identities follow by straightforward calculations and thus (5.9) holds for —I, T and
7' and therefore on the whole group I'o(4). O

113



5 Indefinite theta series with (spherical) polynomials IT

5.4.3 Hurwitz class numbers

Chen and Garvan [CG20| investigate generating functions H, ; for Hurwitz class numbers
H(an + b) with a|24 and (a,b) = 1 and show, inter alia, that Hg7(q) = #_:)(mod 4),
where A is a certain second order mock theta function. They use the following identity
shown by Humbert [HumO7]:

m+1m2 m(m+1)/2 0

q

7‘[87 3 E T+ qm with ( || (1—4¢™)
m=1

which suggests that we can interpret the sum that defines Hg 7 as the holomorphic part

of a theta series of exactly the type that we investigated throughout this paper. Indeed,

taking A = (1), f(n) = n? (which is a spherical polynomial with regard to @), a = %( ),

b=1(}),and c1 = (9) € Sg, c2 = V2( ') € C, we obtain the theta series

O A =y D0 {sen(n) fny'/2) — p2[f)(ny!/?) f gartrmn grilmotna),
ned(9)+22
(5.16)

Note that a ¢ R(c1), but the series is still well-defined, as the summand for n; = 0

vanishes. In the following theorem we give the connection between Hg 7 and 901’62 [f], and
give their modular behavior in terms of the classical Jacobi theta function

_ Z eﬂi(n+%)27

ne’l

Theorem 5.14. The function 7 — ¢7/® Hs,7(q) is a mock theta function of weight 3/2
with shadow proportional to Os: it is the holomorphic part of the harmonic Maass form

07 (]

F = "

with (321;62 [f] as in (5.16) and n(7) := ¢"**(¢)oo

»N@

In particular, we have

1 100 0 (Z)
F(r) =a""Hsala) + /

where F is a harmonic Maass form of weight 3/2 on the congruence subgroup T'o(2). The
transformation properties of F are such that 6o F transforms as a modular form of weight
2 on I'0(2) (without a character).

Proof. First we consider the modular transformation behavior of F: from Theorem 5.5
we get

cy,co Aci,co Aci,co 1 . 3Ac1,co
O+ 1) =02 () and  8%=1f](—=) = ir* B,

)

Using the last equation (twice) we also find

81 (35) = —ier + 0 8.
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Using the well-known transformation behavior of n and 62 we get

02 T ) 92
72 1) = 2 d 72 — 72
(r+1) () an n3 (27’ + 1) 27+ 173 (7)

and so 0o F = (i/4)02/n> - (321;62 [f] satisfies

(OF)+1) = O:F)(7)  and  (0:.F) (5 ) = @27+ DA6:F)(7).

21 +1

Since T'g(2) is generated by —I, T and (3 9) we thus get that 6, F transforms as a modular
form of weight 2 on I'g(2) (without character). Hence

(a7’+b

) =S (er + PP F(r) fory = (24) € Tof2),

where ((v) = Ver + dOs(7)/02(y7) is an eighth root of unity.
By the definition of p°[f] and using

FE(z) =sgn(z)(1 — B(2%)) with B(z) = /OO w2 du,

xT

we have

y~ {sgn(o1) f(vy'/?) = p2[f](vy'/?)} = {sgn(v1) + sgn(vz) }of
1

+{ = smnepdd - o (/) +

8m2y

E"(v2y/2y) }.

This already shows how we can decompose the theta function into its holomorphic and
non-holomorphic part. For the holomorphic part we immediately derive:

i > {sgn(m) + sgn(n + 1/2)} (—1)"Fm? gz Hmints)
m,neL

=i Y (=1)"mPqmmTI2 Y fsgn(m) +sgu(n +1/2)} (—¢™)"

meZ~{0} nez
—1)™ 2 m(m-+1)/2 > (—1)ymtl 2 m(m+1)/2
—n Y SRy SRR
meZ~{0} ta m=1 ta

So ¢7/8 Hs.7(q) is the holomorphic part of F since ¢(q)2, = a3 (7).
For the non-holomorphic part of ©7';°[f] we have

i3 Y { - senln+ 5)B(un + 3)mt — — = (n+ V)

MmEZNEZL

1 1
+ %Eﬂ((n + 5)\/@)}(_1)m+nqm(m+1)/2+mn' (5'17)
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When we substitute m — n for m, (5.17) can be written as the sum of the three series

—i Z Z sgn(n + %)B(Qy(n + %)2) (m — n)? (—1)"gmmHN/2=n(n+D)/2 (5 1g)

mEZneZ
Z ZE/ n + ) ( n) (_1)mqm(m+1)/2—n(n+1)/2’ (5.19)
71'\/7
meZnel
87r2 Z ZE// n+ = \/T) (_1)mqm(m+1)/2fn(n+l)/2' (520)
mGZ nez

From the identities
Z(_l)mqm(m+1)/2 =0, Z(_l)mmqm(erl)/Q _ (q)io
meZ meEZ

(oo}

and Z )"'m 2 mm+1)/2 —(Q)B

we get that (5.18) equals

1
go Z ‘271 + 1| 5(2@ + 5)2y)q—n(n+1)/2'

neL

For (5.19) we also use E'(z) = 2¢~™* and obtain

—i \[ 2y )2

neL

Furthermore, we see that (5 20) vanishes. As f is related to the incomplete gamma
function, we define S(a; x) foo ale=mudu,ie. B(z) = B(%;x). By partial integration
we then see that

U | 1
b =2 me ™ oty
So (5.17) can be simplified to

j(q) Z|2n+1|/8( :2(n + ;) )qfn(n+1)/2'

2
neZ

By the substitution of u by (n + 1)?u, we have

1 1 & o0
2n+118(—5:2(n + *)Q?J) = [2n +1] w3 e qu = 2/ w32 () u gy,
2 2 2(n+3)%y 2y

Now we can write the non-holomorphic part of the theta function as

(n u —(n 300 mi(n+1)2z
_Z 1/8 / ZnEZe e ) (nts ) /2 du = _lnS( ) ZneZe (nt3) dz
u3/? = (=i(z4m))32 7
where in the last step we have substituted © = —i(z + 7). Combining the holomorphic
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and non-holomorphic parts we obtain the desired result:

F(r)=q"* Hs7(q) + fm /_m <—z<292+(zf)>>3/2 )

If we apply the usual &-operator, given by & (f)(7) = 2iyk%, in weight £ = 3/2 we

directly get
1
F = — 02(7),
€3/2(F)(T) i3 2(7)

which is a holomorphic function. Hence it is annihilated by the &-operator, so we have
§12(&3/2(F)) = 0. Since the weight k hyperbolic Laplacian

0? 0? 0 0
s ) (o 8
b Y 8$2+8y2 Ry 8w+Z6y
splits as Ay = —& &k, we thus have Az F = 0 and so F is a harmonic Maass form.
Further, we have seen that the image under 3/, and hence the shadow of q7/® Hs7(q), is
—1/(47/2) 5.
Applying Lemma 3.7 in [RZ21] one can immediately deduce that 6252 [f]]7y is holomor-

phic at oo for all v € SLy(Z). Since the order of the pole of 73 at co is bounded, we get
that F also satisfies the growth condition of a harmonic Maass form. O
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6 Summary and Discussion

In this chapter, we summarize the main results of this thesis and present some related
questions, which might be interesting for future research. For the notation used and the
detailed results we refer to the summary in the introductory chapter.

6.1 Siegel theta series for indefinite quadratic forms as
examples of Siegel-Maass forms

In Chapter 2, we have shown the following generalization of Vignéras’ result [Vig77]: if p
satisfies a certain growth condition and is a solution of

(o

C 4m

Jp=ALp (A€), (6.1)
the associated Siegel theta series

0p(Z) = detY M2 N p(UY'?) exp(ritr(U'AUZ)) (Hp > Z = X +iY)
U€Zm><n

transforms like a Siegel modular form of genus n and weight m /2 + A (for a character and
a subgroup that depend on A).

Vignéras concludes her article [Vig77] by additionally giving another differential equa-
tion of second order that determines whether a real analytic theta series constructed as
above is a Maass form. This result is obtained by studying the action of the Maass lower-
ing and raising operators on the theta series and showing that mapping a weight k theta
series Uy to a theta series 1, of weight k &+ 2 under these operators can be reduced to a
relation among the functions f and g. For example, we take a solution p of (6.1) for n =1
to define the (elliptic) theta series ¥, of weight & = m/2+ X, and introduce the operators

1
Ly = iy2882 and Ay := —§(E—)\).

We observe that L lowers the weight of the theta series by 2 and Ay maps a solution of
(6.1) to a solution of almost the same differential equation, where we just replace A by
A — 2. Moreover, one can show that the relation £ (d,) = Ua,, is satisfied.

Maass [Maab3, Maa71| introduced differential operators for Siegel modular forms of
genus n. Here, we only recall the definition of the operator

1

1
2(1+5ij)8Zij with aZij = 7(8Xij _iayij)'

Manl = det(Z—Z) det(0z), where (az)ij = 5

Imamoglu and Richter [IR10] then defined Siegel-Maass forms as real analytic functions
that vanish under M(,_1)/; (see [IR10] for the precise definition).

For n = 2, Bringmann, Raum, and Richter [BRR11]| considered a slightly different dif-
ferential operator, which allowed them to describe the Fourier expansions of these forms
and establish a connection to so-called harmonic skew-Maass-Jacobi forms. In particular,
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6 Summary and Discussion

they introduced higher-dimensional generalizations of the £x-operator defined by Bruinier
and Funke [BF04], inter alia, 53)27,?_1/2 = det(Y)k—3/2 M, /5. Since the functions consid-
ered in [IR10] vanish under this operator, one can see them as “holomorphic” Siegel-Maass
forms.

One should also mention Westerholt-Raum’s [WR16a| more abstract approach for the
case n = 2: as a generalization of Bruinier’s and Funke’s £-operator he considers a vector-
valued lowering operator L and defines harmonic weak Siegel-Maass forms as real analytic
functions that transform like vector-valued Siegel modular forms and are preimages of non-
holomorphic Saito-Kurokawa, lifts under L.

These various definitions of Siegel-Maass forms raise the question of how a generalization
of Vignéras’ result to higher genus n fits into this picture. When we act with Ay on a
solution of (6.1), we essentially apply (up to a constant) the Laplacian A4. Thus a
natural generalization of this operator seems to be Ay := det A 4, which acts on functions
p: R™*™ — R. Indeed, one can show that A) maps a solution of (6.1) to a solution
of almost the same system of differential equations, where we again just replace A by
A — 2. It remains to be shown that this action on p is compatible with the action of
a suitable Siegel lowering operator on v,. Finding a similar relation for a Siegel raising
operator would then allow a generalization of Vignéras’ criterion to define Siegel-Maass
forms among the modular Siegel theta series that were constructed in Chapter 2.

6.2 Generalizing the construction of Siegel theta series for
quadratic forms of signature (m — 1,1)

In Chapter 3, we constructed Siegel theta series for quadratic forms of signature (m—1,1).
Again, we considered a result in genus n = 1 due to Zwegers [Zwe02|, where for cg,c1 €
Cg = Cg U Sg, a holomorphic theta series is constructed using the function

O (u) := sgn(B(co,u)) — sgn(B(cy,u)).

This ensures the holomorphicity of the associated theta series since the summation is
restricted to a part of the lattice, where the quadratic form can be bounded by a positive
definite quadratic form. For higher genus n € N, we fixed n + 1 vectors ¢; € Cg and
replaced @ by

FU) ::HWW_Hsgn(%S)—l,
=0

. 2
=0

where
7 = (—1)'det(U'AC;)  with Ci := (co...Gi...cn).

Further, we constructed a non-holomorphic Siegel theta series that transforms like a Siegel
modular form of genus n and weight m /2 and showed that its holomorphic part is described
(almost everywhere) by the previously defined holomorphic series 9.

In Remark 3.23, we shortly addressed what has to be done to drop the restriction “almost
everywhere” and find a complete description of the holomorphic part. For the case n = 2,
there is an explicit description in Livinsky’s thesis [Liv16]. In a similar way one might
approach the case n € N, although the result is probably given by a quite complicated
formula.

Zwegers considers cp, c1 € C, i.e. vectors that can as well be located on the boundary
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6 Summary and Discussion

of the cone Cg. The fact that we assume the stricter condition ¢; € Cg simplifies the
structures of the proofs, as we do not have to consider the case ¢; € Sg separately. In
order to obtain a full generalization, one might investigate how the proofs have to be
modified in order to include these vectors.

Another question that arises in the context of this construction is the generalization to
Siegel theta series for quadratic forms of a more general signature, namely whether one
can find an analogue to the constructions by Alexandrov, Banerjee, Manschot, and Pioline
[ABMP18a| of theta series for quadratic forms of signature (m — 2,2) and Nazaroglu’s
generalization [Nazl18| to arbitrary signature.

We shortly address the first case, that is, we take a quadratic form @ of signature
(m — 2,2) and the associated bilinear form B. Further, we fix two pairs of vectors
{co, 1}, {cp, ¢} that are negative and satisfy certain additional incidence relations (com-
pare Kudla’s description in Section 3 of [Kud18| here, as his description fits better into
the setting of Chapter 3).

A holomorphic theta series is then constructed via the function

Dy (u) := %[sgn(B(co,u)) —sgn(B(c1,u))] [sgn(B(cpy, uw)) — sgn(B(cp, w))].
The convergence of the associated theta series follows by observing that on the support
of @5 the quadratic form @ can be bounded from below by a positive definite quadratic
form Q% that depends on the vectors {cg, €1, ¢p, ¢ }-
In a somewhat naive generalization, one might choose two n + 1-tuples of vectors in Cy,
that is {co,...,cn} and {cj, ..., c},}, and replace ®; by

A7) = (ﬁ sgn(%zi) +1 g sgn@;) - 1) (ﬁ sgn(i;é) +1 }j) sgn(552§) - 1)7

=0 i=0

where 7} is defined analogously as above for {cg,...,c},}.

In Chapter 3, we have seen that for U € Z™*™ with fo(U) # 0 the quadratic form
Q(U) = 3 tr(U'AU) can be bounded from below, as we can find for any column vector
u; of U a positive definite quadratic form Q;,Z with Q(u;) > Qze(uj). Here, we can
apply the same argument and thus take a positive definite quadratic form depending on
{ek,ce, c, c;} for each column vector of U. However, this construction requires all vectors
¢; to be linearly independent to obtain non-vanishing theta series, which means that m
has to be sufficiently large. This might be resolved by a modification of the construction
above. Moreover, it remains to investigate whether a suitable modular completion can be

obtained following the approach for signature (m — 1, 1).

6.3 Indefinite theta series with (spherical) polynomials

In Chapters 4 and 5, we extended Zwegers’ construction |[Zwe02] of elliptic theta series for
quadratic forms of signature (m—1, 1) by including homogeneous and spherical polynomi-
als in the definition of the theta series. The definition depends on two vectors c;, ca € 6@.
For ¢1,c2 € Cg, we gave a general construction of a holomorphic, an almost holomorphic,
and a modular theta series and determined under which condition these versions agree.
Thus we obtained a construction of almost holomorphic and holomorphic modular forms
and gave numerous explicit examples that could often be identified as eta products or eta
quotients. Further considering the case ¢; € Sg for one or both i € {1,2}, we obtained
examples of a different type.
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6 Summary and Discussion

As these constructions of holomorphic modular theta series strongly exploit the fact
that the quadratic form has signature (m—1, 1), the natural question arises whether there
is also an extension to other signatures — a first step would certainly be to generalize
Zwegers’ building block in [Zwe02] to signature (m — 2,2) and then also to arbitrary
signature. If this is possible, the inclusion of polynomials should again provide a more
general construction of examples.
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